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PART I
DEFLECTION OF THICK BEAMS OF MULTIMODULAR MATERIALS

C.W. Bert® and F. Gordaninejad™
The University of Oklahoma, Norman, Oklahoma, USA 73019

SUMMARY

A transfer-matrix analysis is presented for determining the static behavior

of thick beams of "multimodular materials" (i.e., materials which have differ-
ent elastic behavior in tension and compression, with nonlinear stress-strain
curves approximated as piecewise linear, with four or more segments). To
validate the transfer-matrix method results, a closed-form solution is also
presented for cases in which the neutral-surface location is constant along
the beam axis. Numerical results for axial displacement, transverse deflec-
tion, bending slope, bending moment, transverse shear, axial force, and loca-
tion of neutral surface are presented for multimodular and bimodular mcdels

of unidirectional aramid cord-rubber. The transfer-matrix method results

agree very well with the closed-form solutions.
INTRCDUCTION

In 1941 Timoshenko] considered the flexural stresses in bimodular material,
i.e., a bilinear material having different moduli in tension and in compres-

7 N . . "
sion. Ambdrtsumyan™ in 1965, introduced the terminology, "bimodulus", and
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extended the concept to two-dimensional materials. Numerous static papers[ -
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appeared after this work; Marin” gave the effective modulus for stiffness
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of bimodular beam undergoing pure bending.

Small-deflection bending of Bernoulli-Euler beams of homogeneous, bi-
modular material was treated in References 4-12. Large static deflections of
beams of bimodular material were analyzed in References 13-14, Kamiya15
considered transverse-shear-deformation effects on bimodular beams for the
first time. Recently Tran and Bert]6 treated bending of thick beams of bi-
modular materials and obtained both closed-form and transfer-matrix solutions.
To the best of the present authors' knowledge, no previous work is available

in the context of multimodular beams.
MODELING OF THE STRESS-STRAIN CURVE

Bert and Kumar']7 recently presented experimental stress-strain curves for
unidirectional cord-rubber materials. In the present work a stress-strain
curve for aramid-rubber taken from [17] has been linearly approximated by
four segments (two segments in tension and two segments in compression). For
choosing the 'break points' t and ¢ (see Fig. 1) the area between two fitting
lines and the experimental curve in each portion has been minimized (see
Appendix A). To find comparable moduli for the bimodular case, one has to
minimize the area between two straight lines and the experimental curve {(also

see Appendix A).
THEORY AND FORMULATION

Consider a rectangular-cross-section beam of thickness h and length ¢ as
shown in Fig. 2. The origin of the Cartesian coordinate system is located
on the mid-surface of the beam with the z-axis being measured pcsitive down-

ward.




1. Displacement Field

The same displacement field used in classical Timoshenko beam theory is

implemented here

U(x,z) = u(x) + ze(x) , W(x,z) = w(x) (1)

where U and W are displacements in the x and z directions, respectively,

u and w are corresponding displacements at the midplane, and 3 is the

bending slope.

2. Stress Field

For a four-segment approximation of the normal stress-strain curve, consider-
ing the general case (i.e., when - % < ag , Ay < %), the following stress

field has been considered for the case of convex bending (see Figs. 1 and 3).

£ 5y 5 (e mey®) -h/zszza,
£y ey 3Lz

x £y e, Zn£2 2y (2)
E1t€1t + Ezt(ax- s]t) a, <z h/2

Tz T By

where E]C,EZC, E]t, Ezt, G, elc, and s]t are material constants, Iy is the

axial normal stress, e is the axial normal strain, Yz is the transverse

shear strain, - is the transverse shear stress, and Z, is the location of

XZ
the neutral surface. [t is noted that this material is linear elastic in

shear. Comparison of Figs. 1 and 3 leads to

B K(Z-Zn) (3)

3 = r‘(aC-Zn) (4)
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a]t = pc(at -zn) (5)
efc = «(-h/2 - Zn) (6)
sft = «(h/2-z,) (7)

where afc and eft are the final values attained at the respective compressive

and tensile outer fibers and « is the curvature.

Using linear strdin measure and the strain field of equations (1), one

obtains
= = " = O
x U,x Ux T 2oy e Ty,
(8)
g THx PU =W o
Comparison of equations (3) and (8) gives
U, Tz w,x = < (9)

Note that ( ) x denotes d{ )/dx.

3

3. Constitutive Relation

For the assumed beam, the normal and transverse shear stress resultants and
moment, each per unit width, ara defined as

h/2 h/2

(N,0) = f (cx,rxz)dz , M= f dedz (10)

h/2 -h/2

Using the assumed stress and displacement field system of equations (10)

can be written as the constitutive relation for a multimodular beam:

. r A B _
(,: \ Avcy  BeCY 0 .
) B D )
MJ = B+ Cy, D+Cy 0 Y x (11)
) 0 0 S LWt




where A, B, D, and S denote the respective extensional, flexural-

extensional coupling, flexural, and transverse shear stiffnesses defined by

h/2
(A,8,0) = | (1,2,22)Ei(k)dz i=1,2
~h/2 k=t,c
h/2 (12)
s=k2 [ Ga
“hs2

NA s CNB R CMB , and CMD are not present in linear or

Here, the stiffnesses C
bimodular materials, and are as defined in Appendix B. In equation (12) t
and ¢ denote tensile-strain and compressive-strain regions, respectively.
The quantity K2 is a shear correction coefficient which is generally taken
to be 5/6 for static loading of a rectangular-section beam.

4. Eguilibrium Equations

The equilibrium equations for transverse distributed loading q(x) can be
written as
N_ =0 3 Q_ +q{x}=0 53 M -Q:=0 (13)

o X

By substitution of equation (11) into equations (13), one obtains the

following equations of equilibrium in terms of the generalized displacements

[Stw _+.)] _ = -q(x) (14)

where




AU = A+ CE
B' = B+ Cp
; (15)
B" = B + C,
D' =D+ G

CLOSED-FORM SOLUTION

A closed-form solution can be obtained only when the stiffnesses and thus
neutral-surface position (Zn) do not depend on x. Therefore, neutral-

surface location [18] must be constant
z, = -u’x/w,x = constant (16)

Using equation (11) one is able to express u . and v X in terms of N, M, and

k4

the stiffnesses as follows:

Sa—— I

G - L I R (7)
X L N
Combining equations (16) and (17), one obtains
z, = (B'M-D'N)/(A'M-B"N) (18)

[t is obvious that zn = const. when N = 0. Thus, for these specral cases
(see Appendix C)

2, = B'/A' = constant (19)

Now, equilibrium equations (14) can be simplified as follows [19]:

AU ex ¥ B 4 =0
S ox ¥ vy = malx) (20)
B“u,xx * 0 ik - S(w,x+ ) =0




The general solution for equations (20) can be written as follows:

) 3B, 2
u{x) = dy + dyx + a Cyx" + up(x)
~ 6(B'B"-A’D'_)~ _ 2
.\b(x) = -C2+—-———ST|~"—"‘ C4 2C3X - 3C4x o ’JJp(X) (2])
W(x) = Co 4 Cox + Coxé + Cox° + w_(x)
] 2 3 4 p

where Ugs 90 g are particular solutions (see Appendix D) and Cqs C2, C3,
C4, d1, and d2 are arbitrary constants determined by the boundary conditions
of the beam. The following boundary conditions have been considered for
closad-form solutions:
1. Hinged-Hinged (free to move axially at x=1L)

u(0) = N(2) =0 5 MO)=Mz)=0 ; w0)=w(z2) = 0

u(0) = N(2) =0 5 »(0) =Mr) =0 ; w0)=20()=0
3. Clamped-Clamped (free to move axially at x=1L)

u(0) = N(2) =0 5 (0) =%(2) =0 5 w(0) =w(z)=0

The values of constants C], C2, C3, C4, d], and d2 are listed in Appendix D.
TRANSFER-MATRIX SOLUTION

As it has been shown in [20,21], in the transfer-matrix approach, the beam

is divided into Ng elements, each of which is assumed to be of mass m and con-
centrated at the center of mass of the element. The mass center of each
element is called the station. The stations are separated by fields which

are taken to be massless and contain all of the stiffnesses of the beam.

At the end points of the beam there are two half fields of length 27/2 (see




Fig. 4), and between these half fields there are NS stations separated by
(Ns - 1) full fields of length, &2, where A% = 2/NS and 2 is the length of

the beam, By writing the equilibrium equations for each station and each
element and connecting the elements by transfer matrices, one transfers the
generalized displacements (u,w,v) and the forces (N,Q,M) from the Tleft side
of the beam to the right side.

Since the same procedure used in [16] has been used here to derive
transfer matrices and state vectors (u,w,w,N,Q,M)T, the readers are referred
to this reference. Note that since the present work deals with multimodular
material, some chanaes in the field matrix are necessary (see Appendix E).

In the calculation of the stiffnesses for the cases where the axial force is
not zera, the neutral-surface locations and the corresponding distances to the
“break pcints" in the g, Vs Z curve (aC and at) are not constant and not

known a-priori. Therefore, an iterative technique has been employed to com-
pute the neutral-surface locations Z also a. and ay. One must first assume
(2N3+-2) sets of values of Zos Acs and a, and then compute the stiffnesses

and solve the governing equations for the state vector. Finally, by using
equations (18), (C.3), and (C.4), compute new values of z ac,and 3, -
Obviously, if the assumed and computed sets of Z,s A and a, are in

sufficiently close agreement, the problem is solved; otherwise, assume the

calculated set Zs Ao and 2y and repeat the procedure.

NUMERICAL RESULTS

In the following, numerical results are presented for a thick beam with

a rectangular cross section and constructed of multimodular material (see

Table 1): unidirectional aramid cord-rubber, which is used in the tire




industry. Various boundary conditions and loading conditions were investi-
gated {see Tables 2 and 3). In the transfer-matrix analysis, twenty-five
elements were used. Each element was of length 0.32 in. for dimensional
cases and dimensionless length of 0.04 for nondimensional cases. The shear
correction coefficient was taken to be 5/6.

For all cases considered, the computations are carried out for axial
elongation u (or U = u Ezt/qoa), transverse deflection W (or W = W Ezt/qoa),
bending slope. (or . = - Ezt/qo) axial force N (or N = N/qoi), shear force
Q (or Q = Q/qoz), bending moment M (or M = M/qozi) and neutral-surface loca-

tion z, (or z_ = zn/h), where u, W, 7, N, §, M, and En are nondimensional

n
parameters.
Due to lack of comparable results in the literature, comparisons are
made between the closed-form solution (CFS) and the transfer-matrix solution
(TMS) developed here. Excellent agreement between CFS and TMS for the
twenty-five element model has been achieved and still it can be improved by
increasing the number of elements. For most of the results, the error is
less than 2%. Figure 5 contains the plots of the dimensionless transverse
deflection (W) versus dimensionless position (X = x/2) for Case 11 for multi-

modular, bimedular, unimodular, and average-modular {[i.e., £ = (E b, Ebc)/Z]

b
cases, where :/h = 10.

As one can see, there is a considerable difference between transverse
deflection of multimodular and bimodular models on one hand and unimodular
and average modular models on the other. Note that Case 11 is a special
case because both ends are not free to move and one expects axial force to

be developed due to bending-stretching coupling caused by bimodular action.

However, the computed axial force is close to zero which means z, is constant.
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To validate TMS, in Figs. 6 through 9, a comparison is made between
TMS and CFS. Behavior of Cases 1, 4, 10, and 11 was studied for the multi-
modular model considering different dimensionless parameters (¢/h = 5, 10, 15,
o= - 1.0, Ny = - 1.0, Q = - 1.0).

In Table 4, for a specific beam (see Table 1), dimensioned comparisons
have been made betwean multimodular and bimodular models. Tables 5, 6, 7
and 9 again show the validity of TMS while they present the computed vesu
for Cases 3, 5, 6, 7, and 8.

Since clased-form solutions are not available for the complicated
boundary conditions considered in Cases 9, 10, and 11, only transfer-matrix
results are presented for these cases. In Figs. 10-13 the behavior of a
clamped-free beam (with applied moment and axial and shear forces at the free
end) and a clamped-clamped beam under a uniform load is investigated. See also
Table 10. It is of particular interest to note that in Fig. 10, the sign of
the deflection depends upon the :/h ratio, the crossover point being at /h: 11,

For cases where axial force is zero, the neutral-surface location is
constant: otherwise it varies along the beam length. In Figs. 14-17 the

shapes of neutral-surface curves for multimodular and bimodular models have

been shown for several cases.

CONCLUSIONS

Analyses of the bending deflection of multimodular thick beams with
rectangular cross section based on shear-deformable-beam theory are presented.
In this study, both dimensionless and dimensioned results of transfer-matrix,
as well as closed-form, solutions for a rectanqular multimodular beam of

aramid-cord rubber are presented. The transfer-matrix and the closed-form

solutions are found to agree very well,
g Y
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Results of analysis of bimodular and multimodular models show that
there is not a drastic difference between the two models. Although the
multimodular model is a better one for approximating the stress-strain
curve, the bimodular approximation is less complicated. C(losed-form
solutions are available only for a number of loading/boundary conditions
{in which the axial ferce is identically zero}, but the transfer-matrix
method can be applied to more complicated geometry, loading, an! boundary
conditions. In this work, results for several boundary and loading condi-
tions are investigated. The transfer-matrix methed is found to be very
effective in terms of computational time and also gives results which agree

guite well with the closed-form solutions.
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APPENDIX A

FITTING MINIMIZED CURVES TO THE STRESS-STRAIN CURVE

1. Multimodular Case

Consider the nonlinear stress-strain curve shown in Fig. A.1. For any arbi-

trary point (at,ct) in the tension region (e > C), there are two straight

lines such that

t
(C; /Et)E (A ])
M Lt o e e Do Dy e b |
J -Of [ "z.f_- E‘r.f C'f
The equation of a stress-strain curve as expressed in [17] is
-(e) = K:" ; e >0 (A.2)

where X and n are constants depending on the material. To find the proper
"break point" (st,:t), the area between the approximated curve g{e) and the
actual experimental curve s(e¢) has to be minimized. The mentioned area can

be expressed

{ [a,(c) - =(c)]de (A.3)

Substitution of eguations {A.1) and (A.2) into equation (A.3) and taking the

integrations jives

n+l, n+1 n+1
' tt K t i1 t t t K t t
A=il*' e GBI EF CR e (B B O
(A.2)
By searching in the region of . = (O,etf) X (O,:tf), cne is able to find a

point (5t,:t) such that A is minimized locally. Note that a few other

methods (e.g., least-squares method) have been tried but it turned out that
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the absolute minimum point was outside of the region 2.

2. Bimodular Case

For this case, the least-squares method has been used. As shown in Fig. A.2,

there is a line such that

.t
e )
o t  ,on (A.5)
I‘} [Eb:'K;]d‘:
0
can be minimized in . Here, Ebt is the slope of that line. By taking the

derivative of equation (A.5) and equating it to zero, one has

t

£f
2 [ gt - k" g = 0 (A.6)
b 0

By solving equation (A.6) for E t, one obtains

t 3K n-1

] t
By =iz (of)

(A.7)

For example, for aramid-rubber in the tension region (see (17]), the

following parameters are found:

ny = 1.22
ke = 1.1 x 10° psi
St
P 0.024
6
t _ (3){1.1x107) 1.22-1 _ 6 .
Eb = —-—T—m—'—— (O 029) = 0.47x10 psi

An analogous calculation can be applied for the compression side of the

bend, i.e., EbC can be found, provided that Kc’ n_, and afc are known.

c




3. Unimodular Case

Using the same method as in Case 2 and assuming only one line, which
passes through the origin, to approximate both tension and compression

regions (Fig. A.3), one has

0 et
n > o~ f n
I=qr [K-:C~E-:J de + ! [K_t-Es]Zde (A.8)
Je ¢ J t
if 0
and, then
t
0 €
. f n
dl _ , (| e ) t W _
aE - 2;[}. . (KC_ - Ee)e de + [ (Kts - Ec)e de]l =0 (A.9)
2p 0
Solving equation (A.9) for E, one obtains
K n +1 K n +1 2 2
_ C ;. Cy¢ t ty ¢ c 7] (A.10)
E = 2[nc+] (t‘f ) - nt+] (Ef ) ]/[(Ef ) - (Ef )
NOTE: In the present computations, the values of sfc and 5ft considered

are as follows:

- C . A
e T 0.046 e = 0.029

The constants Kos Koo nes and ny arz listed in [17].
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APPENDIX B
THE BEAM STIFFNESSES FOR RECTANGULAR-SECTION
i BEAMS OF MULTIMODULUAR MATERIALS
For the assumed four-segment model, there are two different bending cases

in general, convex downward and concave downward bendina. In convex down-

ward bending, the top layer of a beam is in compression and the bottom layer

in tension. Conversely, in concave downward bending, the top layer of the

beam is in tension ard the bottom layer is in compression.

Depending on the location of z_, 2. and a, in S, Vs Zy eight different

t
cases might occur. For example, for convex downward bending, consider the

n

wh nd
case when Zn’ ac, a at

Substitution of equation (2) into equation (10) and using equations (3), (4),

are in the range of -h/2 and h/2 (see Fig. 3).

and (5) leads to

a z a
[c c c (N o
N = j [<E] (ac- zn) + <k, (z - ac)]dz + ] <€, (z -zn)dz + j <Ey (z -zn)dz
-h/2 a. z,
h/2
+ ( {<E t(a -z ) + <E t(z -a,)]dz (8.1)
J RS T4l TR t :
3
and
e c c < " c
= T - ! ! - -
M = | [<_] (ac- zn) + <Ey (z ac)dz dz + j <E, (z zn)z dz
-h/?2 ac
a h/2
Y Yz dz+|  [<E{f(a, -2.) + «E,%(2-a,)]z dz (8.2)
)\ \-I Z'Zn Z '(-I at' n K'Z - t .
z, a,




Equations (B.1) and (B.2) can be written in the following form

a z a h/2

“ECar s [ Sz v | Eltdg e | t

, 5 dz J p dz j E] dz | E2 dz]
-h/2 a. zn at

N = (-<z ) [,

[
n !

s [ P T dg s f £ Cdy 4 { t f t, 9.
- 24z + | p dz + E] dz - 1 £E,°dz]}

) . 2
=h/2 ~h/2 a

t 4

a b4 a h/2
t
E2 2 dz]

A a h/2 h/2

P C Fc ¢ i t 1 t
+ [- E2 z dz + i Ey"z dz+ ! E] z dz g E2 z dz]
“h/2 ~h/2 a a

t t

a z a h/2
-c c 2 ¢ 2 ~t

e c Lo t2 [ - t2
1y E2 z°dz + j E1 z"dz + j E1 z°dz + L z°dz]
-h/2 a. Z, at

a h/2 h/2
+ [rac £ dz - ' E.Cadz+ | : e tads o / e, ta,dz])
P f2dctr o B TS B B B

-h/2 -k/2 a, 3, (8.4)

Combining equations (9) and (11), one gets

-~ a




N = (-KZn)A' + «B' (B.5)

M= (-KZn)B” + «D' (B.6)

Comparison of equations (B.3) and (B.5) with equations (B.4) and (B.6) and

considering equations (12) and (15), one finds that

2. h/2
N _ c c t t
| Cy = ) (E,7-£,7)dz + (€,7-€,7)dz
~-h/2 at
. h/2
N _ o o t t
Cg = | (B, -E%adz | (£ -Eadz
-h/?2 at
(8.7)
{
| raC rh/z
M _ C c t t
CB = J (E~| 'EZ )Z d2+} (E] *E2 )Z dz
-h/2 a.
M ‘aC (h/z
M o C t t
CD = } (EZ - E] )aCZ dz + J (E] - E2 )atz dz
-h/2 a

As mentioned before, eight cases may occur deperding on the location of Z.

a_, and a_. These cases have been analyzed as the same as the general case as

c’ t
follows (for convex downward bending)

Case 1:

e ms) 22z h)2 (8.8)




21

Case 2:
t t t
jE] £ +E2 (-:x-klt) a, <z < hy2
s (8.10)
LE t. -h/2 =z < ay
1 °x
A" = ne,
B = - (E]t-EZt)(h/Z-at)Z/Z
(B.11)
8" = 0
3 t t 3 t t 2 t t
v T +F - -
D "h (E] HEy )/8 + at (E2 E] V/27/3 + h t(ET E2 1/8
Case 3:
t t te. __ t . .
JEl St Byl - ) a, <2< h/2
. lg1tgx z,0<z<a (8.11)
c
TREN -h/2 <z <z,
" C t C t
Al = n(E1 + E] y/2 + Zn(E1 - E] )
T ? t c t t 2 C t
g' = [h (E2 -E] V/2 + at(h —at)(E] -E2 } o+ z (E] -E] 1172
3" = (E,°-£,°)(n2/4 -z 2)72 (8.12)
.3 C t 3 t t 3 C t
D' = [n (E] + E2 )/8 + at (EZ -E] y/2 + Zn (E] - E] 11/3
2 t t
+ h at(E] -E2 }/8
Case 4:

This case is the general case (see Fig. 3) which has been discussed in

detail earli_. in this Appendix.

Case 5:
t ¢ 7 <
'(E] €y z, sz zh/e
_ C .
1 [51 > a, <21z (B.13)
c_¢ - Cy __ ¢ h .
E] 1 + t2 VEXT ) h/ZiZ _dc




Case 6:

Case 7:

Case 8:

u

t

t C C
Mﬁ +E )+2ME1-E

2
(8 T 65078 + 2, 26, )8+ a(a + ) (£, - £,5) )2

1

(E]t - E]C)(h2/4-zn2)/2 (B.14)
3,0t
[h2(E, 4 E,0) + zn3(E]C-E]t) + ac3(E]C—E2C)/2]/3
3 c c
I(E]Cex a. <z <h/2
(8.15)
c ¢ ¢ < .
[E] £ +E2 (ex—;] ) -h/2_<_z_ac
(o]
1
(€, - €,%) (h/2+ 2 )%/
0
3 o C 3 c o 2 C C
[h (E] +E,7)/8 + a, (E1 -E,7)1/3 - h aC(E] -E,7)/8
B 10+ (e -6y -h/2 <z < h/2 (8.17)
C
h,
C C
ha (£} -E,7) (8.18)
0
3. ¢
h’E, /24
A2y 2.<7<h/2
(8.19)
Cc .
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. t c o t
A= n(E;+E) + oz (B -ED)
. L t Cy (2 2
B' = (E;" - £ ")(h%/4 -2 %)/2 (8.20)
3 = (£, £,5)(n2/4- 2, 2)/2
D' = [h3(E]t+ E]C)/8 + zn3(E]C -E]t)3/3

For concave downward bending, one is able to derive similar equations for

stiffnesses by converting as follows:

APPENDIX C

COMPUTATION OF Zs 2 AND a,

For multimodnular beams, the following equation is not sufficient to deter-
mine the neutral-surface location Z,

'M-D'N
‘M-B"N

(c.m)

even for cases where N = 0

z, = B'/A' (C.2)

Two more equations are needed for computing z, because the stiffnesses are
not only dependent on z, but they are functions of 3. and a, as well,
Dividing eguation (4) by equation (6) and equation (5) by equation (7) and

solving for a_ and a,. one can get (for the convex downward case)

C
ac = (505755 (hr2 v 2) - 2 (c.3)
a, = (55755 (2 - z) + g (c.4)
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For the concave downward case
c
a_ = (eq7/eg ) (h/2 - 2.) + 2 (C.5)
a, = (e75/e.) (b2 +2) - 2 (C.6)
t RIS n n :

The system of nonlinear equations {C.1), (C.3), and (C.4) for the convex
dovnward case, or equations (C.1), (C.5), and (C.6) for the concave down-

ward case,canbe solved by using iteration of the Gauss-Seidel type [22].

APPENDIX D
ARBITRARY CCNSTANTS AND PARTICULAR SOLUTIONS
The values of constants C], CZ, C3, C4, d], and d2 for the various boundary

conditions considered are listed below.

1. Hinged-Hinged (free to move axially at x=1L)

C] = - up(O)

: 2 : :
CZ = . (C3( + C4L ) - [Wp(") - wp(o)]/‘ (D.1)
Cy = [epx(8)/2] - 304

Al

¢4 = ETETTEET {B'[up,x(z)- up,x(O)] + 0l ) "p,x(o)]}
dy = - up(O)

. . (68" /A'VC.:
dy = - [“p,x(“> + (6B'/A")Cy: ]

2. Clamped-Free

. : A'S: . o
C3 - .D,X(‘)/Z + Z(BIBII-AIDI [wpyx(“) + ,p\l]

_ A.S _— AT
S g AT (G 40




~ . B'St . -
d2 = -y (1) + BTE - ADT [:wp,x(") + p()]

C] = - wp(O)
6(B|BH_A|D|) .

Cp = ==& Cy + +5(0)
Cy = [up(O) - u{e) - (38'/AY)C,270/2
| SA"
i C4 = SAl""]Z(B'B”-H.DI) { p(o) + up(’) -ZEWD(O) "Wp(;)]/’2
!
1 ..
i d] up(O) ?
. d, = [uD(O) - up(:.) - (3B'/A')C4:“]/::

The particular solutions for uniform and sinusoidal normal load are as
listed below.

For uniform normal load q{x) = qy°

U (<) =z ‘“‘u—lo T X3
. p 5{AD"-8"8")
] A.Il
. ’lx) = - Q—‘O_ ‘( - e — X3
.p\ S / 67\? T _BISH
A'qo a

U G B e

i For normai load q(x) = a, sin zx, where 1+ = n-/::

| 2
up(x) = AT CE R C08 X
A'qo
p(r() = - (AT CBTETY Cos X
o] 1
\ = 9 l .__A.__ - i 7
Np(X) = "L‘:‘ [S + ?\AID! - ‘Bﬂ’) sin X1
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For normal load q{x) = G, COS ax:
_ B’qo :
Up(X) = - (AID' N 8|B|-.)' SN aX
A'q
v (x) = 0 sin ax (D.6)
p 33(ATD -B'B") :

Al

q
.0l
W (X) = al [S + CLZ(A‘D' -8'8“)] COoS aX

APPENDIX £
TRANSFER MATRICES
The equilibrium equations for each station can be written in matrix

notation as follows

(U\;R (10000 00| (u)
B 01 00000 |u
L 0010000 :
{N - o001 000Ny (E.1)
0 000010 af |Q
]iM‘ 000000 1] |H
ij Loo o000 ] |1

where A is the concentrated Toad at each station. In more compact form

equation {E.1) is .

R
(s, = [75],[s], (€.2)
1 1 1

The matrix [TS]- is known as the station matrix. In matrix notation the
i

equilibriu~ equation for each field under a distributed load q{x) is




where

vz B'B" - A'D
(o cC atoe:
q ; qlLzidg
0
- rHL e N A
Km B ) ;q(;;d:
0

Values of Km and Kq for various loadings are listed in Tahle 2.

/
\

i

.4) also can be written as
el R
(51 = [1.1.08)
i+] 3 1

Tne matrix [T.] s called the field matrix.
s 1

Equation
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Table 1. Elastic Properties and Geometric Parameters
for an Aramid-Cord Rubber Beam

Longitudinal Young's Modulus, Longitudinal-Thickness Shear
psi x 10-° Modulus, psi x 107
|
Model” Tension Compression Tension and Compression l
» £ t £ t £.C £ °
2 M 2 1 1 2 G
ey
3 0.580 0.420| 0.032 0.019 | 0.537
. S £t £ C
§ & B | b b
! L 0.470 0.180 0.537
| +
| 2 E E
! “ 0.275 0.275 0.537
i A 0.244 0.244 0.537
|
; oL Beam length 8.0 in.
T3 Beam depth (thickness) 0.6 in.
© 2]  Beam width 1.0 in.
5 <
L ©
L.’Ja.i

*M ~ Multimodular, B ~ Bimodular, U ~ Unimodular, A ~ Average Modular.




able 2. Surmary of Casas Considersad

bR oY)
I

o w
—

cundiry Zondifion and (Case courdary Condition ancg
z Fosition Mo, Leoad Pecition

A1 v,
1 b Dl ; 400
z v m
P z%? p —7&“%%
LTI
T A
1 /LD .| T
.

LS )
N

ff/

N A

! ‘ lIITﬁ;
_L\J\ 9 2!"'1&

A A g
+ RN R ‘RN
] 1 7
A
5 ?‘l 1 4,
r A
] NE% q

N
AANAR AL
e
_—
—
. -
. -
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Table 3. Values of Km and Kq for Various Loadings

Type of Loading K Kq

Uniform Load

- A2)2 A

a(x) = q, q,(24)%/2 S
L
[ Y ¥ ¥
> X

Sine Load
a(x) = sin 00 x B’ [¢ cos AT K . 9%° (cos 1T x
, a4 > no Licos —x. 4 - = - (cos .

- . nw
qou(s1n = X

T .. N7
xj_]] - sin = xj ])
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PART 11
PREDICTION OF BENDING RUPTURE STRENGTH

OF NON-LINEAR MATERIALS WITH DIFFERENT BEMAVIOR

IN TENSION AND COMPRESSION

Charles W. Bert
The University of Okxlanhoma
Norman, Cklahoma 73019

Abstract - Many materials have guite different stress-strain relations in

tension and compression. Examples include such diverse materials as rock,

cast iron, concrete, tire cord-rubber, and soft biological tissues. It is

shown by analysis in this paper that DBTC (different behavior in tension and

compression) has a profound effect on the flexural strength as predicted by

application of fundamental continuum mechanics rslations. The thecry is

applied to a non-linear material model which is shown to be applicable to two
pp P

widely different materials:

concrete, which has more strength degradation in
tension than in compression, and steel cord-rubber, which has strength which

is enhanced in tencion by cord strengthening and degraded in ~ompression by

cord microbuckling.

\——
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1« INTRODUCTION
I~ ™~as lon>y Lo2n ¥nown that certain materials behave significantly
dif€erently in tension than i1a compression. For exanmple, this was recognized
by 3aint-vanant (1], who analyzed the pure Dbending behavior of a beam having
differeant non-linsar stress-straln curves in tension and comprassion.
Specifi: experimental evidance of DBTC has been reported for cast ivon by
Gilbars 2], cord-ruabober by Zlark [3], solyamers by Zemlvaxov (4], concrete hy

Seefriad et al, [3], ccriical bone by Simkin and Robin [8], wvarious kinds o

"y

rock by Hailmson and Tharp [7]), and soft biological tissu= by Pearsall and
Robarts [3], Of course, the specific micromechanisms reponsible for DBTC vary
from one class of material to5 Another., Stiff, brittle solids are we2akened in
tension by aicrocracks, whil2 soft fiber-ra2inforced materials are weakened in
comprassion by fiber microbuckling,

In thls piper, 2 general theory is prasented for the prediction of the
maximum bending moment achisvable in unidirectional pure bending for an
arbitrary mat2rial with DBTC. Subsequently, the general theory is applied to
a simple andel which is suitable for widely 3different materials: concrete
using a continuous damage mechanics model for the tensile behavior, and

cord-rubber,

2. GENERAL THEORY
The +=haory developed here i3 an extension of the basic theory of

i

inidire<zional bandiag developed by 3ach and Baumann [3); s2e Nadal [10],

ul

aztion 22-1. Th2 material is assumel o be subjectad to a unidirectional

0

ure bhending noment, i.e,, there i3 no applisd direct tension or compression,
The peam sross s3action and loading are assumed to de symmetric about the same

axis, s2 that bending takes plaze in a single plane (no twisting or warping).
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Poisson-type lateral contraction effects are neglected* and the beam cross
section is assumed to be sufficiently compact that cross-sectional distortion
(ovalization and warping) and buckling do not occur. Plane sections are
assumed to remain plane so that the axial strain € is given
€ = Kz (1)
where z is the normal position coordinate, measured positive downward from the
neutral-surface position, and < is the bending curvature,
The beam material may have arbitrary uniaxial stress-strain behavior in
the longitudinal direction, i.e.,
rot(e) €320
g =1 (2)
oc(€) € <0
where ¢ is the axial normal stress and o.(¢) and o.(¢) are arbitrary
continuous £unctions,
In the absence of direct axial loading, equilibrium of forces in the

axial direction requires

0 C
[ octkz)blz)dz + [ op(xz)blz)dz = 0 (3)
-Ce 0

Here the respective compressive and tensile outer-fiber distances are denoted
by C. and C¢ and the cross-sectional width at distance z is denoted by b(z);
see Fig., 1. Substituting specific expressions for b(z), 0.(xz), and g(<z)
into (1), integrating, and using the following geometric relation (see Tig. 1)
allows det2rmination of C. and Cy:
Ce + Cp = H (4)
Equilibrium of the internal moment due %0 the strass distribution with

the externally applied bending moment M gives

*This assumption is more reasonable for bending *han for tensinn loading,
and more reasonable for brittle materials, such as <oncrate and rock, <han for

ductile metals such as considared by Bert et al, {11].
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0 C

t
[ zog(kz)b(z)dz + [ zop(kz)v(z)dz = M {
-Ce 0

ul
~—~

The ultimate bending momeant is found by using iffaran<ial calculus <o
detarmine the relative maximum, i,.e.

M o= Mpax when M/3dp = ° (%)
where o 13 any convenilsant parameter which can b2 usad as a neasare of
izformation.

In principle, %the general theory can be appli=2d to any matarial {(provided
that {% has =<ontinuous but different* stress-strain curves in tension and
compression) with any singly-symmetric cross section. The similarity with the

theory =f Jductile failure by plastic tensile instability originat23d by

Considere [12] is readily apparant; <.f£., Nadai [192], section 8-1,

3. A NON-LINEAR MATSRIAL MODEL
The following mathematical relationship is propesed to approxinate the

strass-strain behavior of a variety of actual materials:

H

gt(e)

o

wherz Z, and ¢

i

+ are the Young's moduli in comprassiosn ani teansion and F. and

C

Ty are 4130 naterial constants. This model can be considered to be a

jJ2neraiization of Xrajcinovic's model for plain concrete [14], 1In this =ase,
= T = - m2¢

c 0, Fy 24,D¢ (3)

wherz Do 13 2 tensile-nizrocrack-damage nodulus {(D.>2) relat2d %o Janson ani

*The case 2f danige induced 1astability in beam bending for materials
naviag the 3ame continuous H3anage in tension and comprassion was consiilerad

hy 3sterom {(13].
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(16]. For an excellent review of CDM, the reader is referred to Hult {17].

The present model is an improvement on the Krajcinovic model in that it
also includes compressive non-linearity as suggested by British Standard CP110
{18}:

Fe = -E2/d4fy (9)
where f.,; is the material's ultimate strength in uniaxial compression (see
Appendix A2).

To apply equation (7) to unidirectional cord-rubber, using experimental

data for cord rubber reported by Bert and Kumar [19], one has E¢ = E., Fo = F¢
> 0.

If one assumes a rectangular beam of width B, application of equation (7)
in equation (3) vields:
1
% BK(E{Cy2-EcCo?) + E'BKZ(FtCt3+FcCc3) =0
or
¢ - 3 ECeTECe] (o)
2 FCyd+FeCed

Integrating equation (5), using equation (7), one obtains

1
M = & Br(ECp3+E.Cc3) + 3 B2 (F Cpd-PCeh) (1)

1
3
Substituting the expression for k from equation (10) into equation (11)

and using equation (4) to eliminate C., one finally obtains the following

expression for M as a function of Cy:

(Eq(H-Cy) 2-ErC2) {EeCr3+E(H-Cy) 3

M = (B/2)
FeCpd + Fo(H-Cy)3

2
[FeCed = Fo(H-Cyp) ) [EQ(H-Cp) 2-E¢Cy 2]
(FoCed + To(H=Cy)31°

+ (98B/16) (12)

Jf course, the ultimate bending moment (M,) can be found as a function of

3,H,E.,

W]

t+Fey and Fy by either direct substitution or use of differential

caleulus (dv/4C, = 0).
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4., APPLICATION TO PLAIN TONCRETE

11

Bert and Xumar [20] showed that for Krajcinoviz's [14] nmaterial |

(

c
= F, %¢ = 0, and Fy given by sguation {3)], 23uatlon (12) takes a form that
<an ba 2xpressed as

. - 1 ey s Ve 2% 0w =2 oy =3

Moo= 6[1-{15/8)Ky + (3/4)R 9T {KeT-=(1/2)K77) (13)
wnern Mo GM/BDCH2 and Xy = Jp/d. Bert and Kumar showed that the altinmate
valia of =m, =, is 92,407 at X = 0.5875. These values ar:z both slightly

high=r than the values m, who

[l
(@)
.
W%}
w
o]
ir
7

t

i
(]
.
¥y}
Ut
]
[
G
o
cr
)
joR
5}
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foti
o
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1

w
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Y]
-
=
0]
<
-
Q

~

usaed the following failura criterion, which is appropriate only for failure in
uniform uniaxial tension
do/de = 0 (14)
It is tradizional to report ultimate strzngth data in beading in terms of
wandlag ruptare strength defined as the maximum Zensile stress at ultimate
baniiag menent caleglated according to the simple, purely =2lastic formula

fy = MyC/I (15)

I = 8BH3/12  ;  C = H/2 (16)

It i3 *» b2 emphasizaed that the value obtained by uase of ejquation (15) is not

a strass value; 1t is 2ust an index of aomeat-carrying abilicy exprassed in

=
3
v
Wt
"2
]
2]
rt
)
[a
Q
)

ver unit ar=a.
Combining the definicion of =, (= 6MU/Dt?H3) with equations (13) and
L15), nne can 2asily show +hat
fhu = DMy (17)
[t is snown ia Appendix A1 that use of th- criterion dg/dc for uniform

axial lnading leads %o the following expression for the ultimate tensile

Eey = Do/t (18)




60

Thus,

/ey = 4my (19)

Fig. 2 shows a comparison among the experimental data of Gonnerman and
Shuman [21] and of Brooks and Neville [22] (both wet and dry stored) and the
theoretical prediction of Xrajcinovic {14] and of Bert and Xumar [20%.

It is noted that the Xrajcinovic and Bert and Kumar preldictions both are
fpy vs. £y, relations that are straight lines starting at the origin (with
slopes of 1.42 and 1.63, respectively). However, the experimental curves are

straight lines shifted upward so that they have f,, intercepts. Apparently
this upward shift is due to statistical considerations, such as considered by
Weil and Daniel [23], for instance, using the Weibull distribution [24) and by
Jayatilaka [25], using a different approach,

It is well known that concrete has a stress-strain non-linearity in
compression, although less pronounced than the one in tension. This was
recognized in British Standard CP110 [(18]; see also Refs, [26-30). This
non-linearity is represented by the term in equation (7) with a coefficient
Fo+« To obtain a quantitative value for F,, one must know either

(1) the mean compressive stress-strain curve to failure

(2) the mean compressive strength (f.,), for it is shown in

Appendix A2 that Fo = E2/Dc where Do = 4f.,.

(3) the rati> of mean compressive strength to mean tensile strength

for De/De = fou/fey.

Since the author has not yet been able to obtain a copy of rRef, [21], it
is necessary to consider typical values of f.y/fy,. (Ref, [22] had f_,/f¢y =
15,) From statistical considerations, for various values of the Weibull
parameter and sample size, Jayatilaka {25], Table 5.13, gave values of f.,/f¢,

ranging from 3 to 20. However, the ratio fy,/fy, predicted by the present

theory is no: strongly affected by fou/ferur a5 can be seen in Table 1.
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<

PiechniX and Pachla [31] proposed a power-law damage function to dessribe
the =ansile behavior of plain zconcrate, An analysis using this damage
function to predict “ailure in bendinjy ani in tension is presenzad in Appendix
8. For n = 4, ths valu2 recommended by Piechnik and Pachla, uy,/D = n,; =
7.715 at a valua of 3.529 for X for the bending case. For tension, a value
of 0./5693 is attainad for oy,,/D. Thus,

Opy/0ey = 0.715/0.669 = 1.07

This value of 1.27 is considerably lower than is consistent with the

—
[

experimental rasults of Rafs., 1} and (22]. The explanation for this

)

discrapancy may be any one of the followiny factors or a combination of them:
(1) Difference in details of cement, composition and fineness,
aggragrate size, material guality, and curing [32] between the

1928 Am=rican concrate {211 and the 1977 3ritish concrate [22)

21 on2 nhana and the 1979 {31} on the other.

it

(2) 1Incre s=2 in ameasured T/ Opry due to a brittle failure

me~hanism and statistical size =2ffacts as discussed

f3) »Possizility that the material damage relation for concrate
has a thrashold effect, as suggested by YTouny {33} and Rert

and Xumar [20], rather than the ', jh power-law dama3i2 Sianction

5. APPLICATINN TO CORD~RTINFORCED RUBEBER
It was shown 1a the racent 2xpariments of 3ert and Kumar [13] that the
strass-strain relatisns of =his class of materials is strongly iependant upan

Eha type oI cord, Fovr example, aramii-rubbar lnaded in the zord diraction

1
cr
Y
o
1]

(2?) has 1 irastic discontinuity in slop2a at the origin (E5 > E5), 7

same material loaded as 32° t> tha cord diraction is very ne2arly linearly
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generalized model presented in Section 3, steel cord-rubber specially made to
have highly waved cords is considered. Then Eqo ® E¢ = E and Fo = F¢ = F > 0.
Then equation (12) simplifies to

M/BH2 = (E2/F)(1-2K¢)[3 --%1(1-2Kt+zxt2)0———1135£-—)2] (20)

3Ke=3Ke+1

It can be shown that the maximum vlaue of dimensionless bending moment is
; 6MuF/BE2H2 = 0.433 at a value of 0.380 for Xp. Now due to the monotonically
) increasing slope of the tension portion of the stress-strain curve, it does
not exhibit a maximum-load phenomenon. (Tensile failure is obviously due to
another mechanism, probably cord failure.) Thus, in this case, it is

necessary to ratio the bending strength to the compressive strength rather

than the tensile strength, From Appendix A2, one has

Oecu = =-E2/4F (21)
r Thus,
i
] : | | 6M,, /BH2
Op/0 = —= 1,73
: tu/ “cu E2/4F

This indicates that oy, is 1.73 times the compressive strength. In reality,

the tension portion of the steel-cord rubber is even steeper than indicated by

a power of two. Thus, Jp, would be expected to be even greater. This could

not be verified experimentally due to the extremely flexible nature of the

matieral, i.e. its flexural stiffness is too low to measure in practice,

6. CONCLUSIONS
A general theory was developed for predicting the maximum bending moment
that can be carried by beams having arbitrary compact cross sections and
constructed of material having an arbitrary non-linear stress-strain curve
that is different in tension and in compression. As an application of the

theory, it was applied to rectangular-cross-section beams of plain concrete

and of cord-rubber,
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APPENDIX A: RELATIDNS BETWEEN TINSILZ AND CCMPRESSIVE
STRENGTHS AND MATERIAL UAMAGE

1., Tension Loading

Using

2 -

o= €2 5 230 (A1)

9]

Z +

ty

it is obvious that material instability cannot occur unless ¥y < O, Then the

~

Considere criterion [12] is

Z + 2F,e = 0

Thus, the strain at which tensile instability occurs is

€¢i = -E/2F¢ (a3)
and the tensil2 strength is
B2 E? E2
A T N R Ay
2, Comnr2ssion Loading
Using
0= e+ 72 ;£ <D (as)

it is obvious that material instability cannot occur in this situation unless

Fo » 0. Again using the Considdre criterion, equation (A2), one obtains the

E5liowing exprassion for the instabilty strain:

S .: = -

cL T

O]

/2F {a6)

and the predictad compressive strangth is
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g2 g2 5
= o —— —_— = = T = =
Ocu 2, + arg ES/4F; = D./4 (A7)

APPENDIX B: EFFECT OF POWER-LAW TENSILE-DAMAGE
FUNCTION ON BENDING STRENGTH OF CONCRETE

1., Bending Loading

In the continuum damage theory [17], the nominal stress ¢ is related to
the net or true stress S by the following relation
o = (1-w)s (381)
Here w is called the damage.
Piechnik and Pachla (30] proposed the foli:wing power-law damage function
for concrete in tension:

w = (S/D)N (B2)
d2r2 n and D are material constants. Based on limited test data, Piechnik
and Pacnla recommended a value of 4 for n., Thus, the following expressions
for w are used here:

(S/Dg)R for s > 0O
W o= (B3)
0 for < 0

Since

S = Ee (B4)

W2 obtain the following expression for the stress distribution

oe(E) = Ee € <0
g = 1 {35)
o (E) = Ee - E(E/Dy)PeM*) ¢ > 0
I is readily apparent *hat this model is a generalization of the
linear-damage model hypothesized by Krajcinovic [14].
Use of equatioan (B5) in equation (3) leads to the following relationship
between the curvature < and the dimensionless tensile-outer-fiber distance (K

= Ct/H):

X = (Dp/EHK) [1+(n/2)11/0(2k, "1 - x,=2)1/n (B6)




65

Similarly, substirtution of equation (B5) into equation (5) and
integration gives
31/38cd3 = Ke3+(1-X)3 = [3(2+n)/2(3+n) ) (2K 2K ) (37)
Finally, substitution of =2quation (36) into equation (B7) vyields
‘ m = 8M/BOLHZ = 201+{a/2) 110 (2k ek m2) WAk Ta3en ¢ (2-20)KC) (B8)
Soviously, for the case of linzar Jdamage (n = 1), eguation (33) raduces to

aguation {13),

2. Tension Loading

Applying tne tansile instability criterion, equation {A2) to 0 (E) as
given by equation (B5), one obtains the following expra2ssions for the

ins=zability strain and ulzinate tensile strength:

(De/E) (ne1) =1/ (89)

m
vt
-

li

Q
[nd
54

I

D(n+1)=1/N[1-(n+1)-NH1 (210)

Tabla 1. £ffact of ratio of compressive to tensile strength on
ratio of bending to tensile strenath

feu/feu Fo/Fe fru/fea
» 0 1.63
10 1/10 1.61
3 1/3 1.57

T T R A AN WM W WY EEE PN YWMEW AV IR R AT R LETI MW AR A MITE TS AR SR M2 B W MAR Samoar woas
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