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PART I

DEFLECTION OF THICK BEAMS OF MULTIMODULAR MATERIALS

+*C.W. Bert and F. Gordaninejad
The University of Oklahoma, Norman, Oklahoma, USA 73019

SUMMARY

A transfer-matrix analysis is presented for determining the static behavior

of thick beams of "multimodular materials" (i.e., materials which have differ-

ent elastic behavior in tension and compression, with nonlinear stress-strain

curves approximated as piecewise linear, with four or more segments). To

validate the transfer-matrix method results, a closed-form solution is also

presented for cases in which the neutral-surface location is constant along

the beam axis. Numerical results for axial displacement, transverse deflec-

tion, bending slope, bending moment, transverse shear, axial force, and loca-

tion of neutral surface are presented for multimodular and bimodular models

of unidirectional aramid cord-rubber. The transfer-matrix method results

agree very well with the closed-form solutions.

INTRODUCTION

In 1941 Timoshenko I considered the flexural stresses in bimodular material,

i.e., a bilinear material having different moduli in tension and in compres-

sion. Ambartsumyan- in 1965, introduced the terminology, "bimodulus", and

extended the concept to two-dimensional materials. Numerous static papers For -A

appeared after this work; arin 3 gave the effective modulus for stiffness

-Perkinson Professor of Engineering.
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of bimodular beam undergoing pure bending.

Small-deflection bending of Bernoulli-Euler beams of homogeneous, bi-

modular material was treated in References 4-12. Large static deflections of

beams of bimodular material were analyzed in References 13-14. Kamiya 15

considered transverse-shear-deformation effects on bimodular beams for the

first time. Recently Tran and Bert treated bending of thick beams of bi-

modular materials and obtained both closed-form and transfer-matrix solutions.

To the best of the present authors' knowledge, no previous work is available

in the context of multimodular beams.

MODELING OF THE STRESS-STRAIN CURVE

Bert and Kumar 17 recently presented experimental stress-strain curves for

unidirectional cord-rubber materials. In the present work a stress-strain

curve for aramid-rubber taken from [17] has been linearly approximated by

four segments (two segments in tension and two segments in compression). For

choosing the 'break points' t and c (see Fig. 1) the area between two fitting

lines and the experimental curve in each portion has been minimized (see

AppendixA). To find comparable moduli for the bimodular case, one has to

minimize the area between two straight lines and the experimental curve (also

see Appendix A).

THEORY AND FORMULATION

Consider a rectangular-cross-section beam of thickness h and lenqth z as

shown in Fig. 2. The origin of the Cartesian coordinate system is located

on the mid-surface of the beam with the z-axis being measured positive down-

ward.



3

1. Displacement Field

The same displacement field used in classical Timoshenko beam theory is

implemented here

U(x,z) = u(x) + zi(x) , W(x,z) = w(x) (1)

where U and W are displacements in the x and z directions, respectively,

u and w are corresponding displacements at the midplane, and s is the

bending slope.

2. Stress Field

For a four-segment approximation of the normal stress-strain curve, consider-

h h
ing the general case (i.e., when - < a. . at <  ), the following stress

field has been considered for the case of convex bending (see Figs. 1 and 3).

,lc c+ EC( _ c) h/2 < z < a

E l E2 ~x I c

E Ic ac < z < zn

St (2)Eltx z n < z_E1 e <z<a t

t t + Et
E + E x t) at < z h/2

xz xz
c c t t c t

where E1C, E2C, Elt, E2
t , G, I , and £1 are material constants, 3x is the

axial normal stress, s is the axial normal strain, y xz is the transverse

shear strain, 7xz is the transverse shear stress, and zn is the location of

the neutral surface. It is noted that this material is linear elastic in

shear. Comparison of Figs. 1 and 3 leads to

Sv(z- z) (3)

c (a c - zn ) (4)
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t

(at- zn) (5)

fC = K(-h/2 - Zn) (6)
Eft = K(h/2 - zn) (7)

C t
where E and f are the final values attained at the respective compressive

and tensile outer fibers and K is the curvature.

Using linear strain measure and the strain field of equations (1), one

obtains

x  Ux u,x Z, x + Z-,x (8)
Y W + U = w +

XZ ,X ,Z ,X

Comparison of equations (3) and (8) gives

U'x = -<Zn 'x (9)

Note that ( ) denotes d( )/dx.

3. Constitutive RElation

For the assumed beam, the normal and transverse shear stress resultants and

moment, each per unit width, are defined as

h/2 h/2

(N,O) = (gx,Txz)dz , M = z dz (10)

-h/2 -h/2

Using the assumed stress and displacement field system of equations (10)

can be written as the constitutive relation for a multimodular beam:

A A + +

= B +C B (11) D1 i L A9N BCD j
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where A, B, D, and S denote the respective extensional, flexural-

extensional coupling, flexural, and transverse shear stiffnesses defined by

h/2

(A,B,D) = (lzz2)Ei(k)dz i=1,2
h/2 k=t,c

(12)
h/2

S: K2 f Gdz

-h/2

A B9
Here, the sNtiffnesses CM, CN, C, and C are not present in linear or

bimodular materials, and are as defined in Appendix B. In equation (12) t

and c denote ternsile-strain and compressive-strain regions, respectively.

The quantity K is a shear correction coefficient which is generally taken

to be 5/6 for static loading of a rectanqular-section beam.

4. Equilibrium Equations

The equilibrium equations for transverse distributed loading q(x) can be

written as

N 0 ; Q + q(x) = 0 ; M - Q 0 (13)
'X ,x ,x

By substitution of equation (11) into equations (13), one obtains the

following equations of equilibrium in terms of the generalized displacements

(A'u B'j ) 0, X ,X

[S(w + )] -q(x) (14)

(B"u + D'' - S(w +, 0

x ,x ,x ,x

where
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A' = A + CA

B' :B + C N (15)

B" = B + CN

M
D' = D + CM

D

CLOSED-FORM SOLUTION

A closed-form solution can be obtained only when the stiffnesses and thus

neutral-surface position (zn) do not depend on x. Therefore, neutral-

surface location [18] must be constant

zn -u /,x = constant (16)

Using equation (11) one is able to express u and , in terms of N, M, and

the stiffnesses as follows:

= B'B"- AD'- (17)

B 14' XB -A 1 M

Combining equations (16) and (17), one obtains

Zn = (B'M- D'N)/(A'M-B"N) (18)

It is obvious that z = const. when N = 0. Thus, for these special cases

(see Appendix C)

z n= B'/A' = constant (19)

Now, equilibrium equations (14) can be simplified as follows [19]:

A'u + B'.i, 0
,xx ,xx

S(w + )=-q(x) (20)

,xx ,x

B"u + D' S(w, 0XX ,X X x
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The general solution for equations (20) can be written as follows:

+ 3B' ~2~ u(x)
u(x) = d + d2x + 3-T + UW

= -C2 + 6(B'B" -A'D') C  2C x 3C x2 + (x) (21)

3w(x) = C1 4 C2x + C3
x  + C4x + w px)

where u0, p, w p are particular solutions (see Appendix D) and C1, C2, C3,

C4 5 dI, and d2 are arbitra,-y constants determined by the boundary conditions

of the beam. The following boundary conditions have been considered for

closed-form solutions:

1. Hinged-Hinged (free to move axially at x= L)

u(O) = N(z) = 0 ; M(O) M(z) 0 ; w(O) = w() : 0

2. Clamped-Free

u(O) = N(z) = 0 ; (0) = M(Z) = 0 ; w(O) = Q(z) = 0

3. Clamped-Clamped (free to move axially at x= L)

u(O) = N(z) = 0 ; (0) :,(z) : 0 ; w(O) = w(z) = 0

The values of constants CI, , C C3, C4, d1, and d2 are listed in Appendix D.

TRANSFER-MATRIX SOLUTION

As it has been shown in [20,21], in the transfer-matrix approach, the beam

is divided into Ns elements, each of which is assumed to be of mass m and con-

centrated at the center of mass of the element. The mass center of each

element is called the station. The stations are separated by fields which

are taken to be massless and contain all of the stiffnesses of the beam.

At the end points of the beam there are two half fields of length '/2 (see



8

Fig. 4), and between these half fields there are N stations separated by
S

(Ns -1) full fields of length, Az, where Z = Z/Ns and I is the length of

the beam. By writing the equilibrium equations for each station and each

element and connecting the elements by transfer matrices, one transfers the

generalized displacements (u,w, ) and the forces (N,Q,M) from the left side

of the beam to the right side.

Since the same procedure used in [16] has been used here to derive

transfer matrices and state vectors (u,w,.,N,Q,M)T, the readers are referred

to this reference. Note that since the present work deals with multimodular

material, some changes in the field matrix are necessary (see Appendix E).

In the calculation of the stiffnesses for the cases where the axial force is

not zero, the neutral-surface locations and the corresponding distances to the

"break pcints" in the :x vs z curve (ac and a t) are not constant and not

known a-priori. Therefore, an iterative technique has been employed to com-

pute the neutral-surface locations zn, also ac and a One must first assume

(2rs +2) sets of values of zn, ac, and at and then compute the stiffnesses

and solve the governing equations for the state vector. Finally, by using

equations (18), (C.3), and (C.4), compute new values of zn, acand at.

Obviously, if the assumed and computed sets of zn, a c, and a are in

sufficiently close agreement, the problem is solved; otherwise, assume the

calculated set zn , a c, and at and repeat the procedure.

NUMERICAL RESULTS

In the following, numerical results are presented for a thick beam with

a rectangular cross section and constructed of multimodular material (see

Table 1): unidirectional aramid cord-rubber, which is used in the tire
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industry. Various boundary conditions and loading conditions were investi-

gated (see Tables 2 and 3). in the transfer-matrix analysis, twenty-five

elements were used. Each element was of length 0.32 in. for dimensional

cases and dimensionless length of 0.04 for nondimensional cases. The shear

correction coefficient was taken to be 5/6.

For all cases considered, the computations are carried out for axial

- t
elongation u (or u = u E2t /q 0 ), transverse deflection W (or W = W E2 /qo),

bendinai slope,,(or E2 /q0) axial force N (or N = N/q ;.), shear force

Q (or Q = Q/qo ), bending moment M (or M = M/qoi ) and neutral-surface loca-

tion Zn (or Zn = zn/h)' where u, W, *, N, Q, M, and zn are nondimensional

parameters.

Due to lack of comparable results in the literature, comparisons are

made between the closed-form solution (CFS) and the transfer-matrix solution

(TMS) developed here. Excellent agreement between CFS and TMS for the

twenty-five element model has been achieved and still it can be improved by

increasina the number of elements. For most of the results, the error is

less than 2',. Figure 5 contains the plots of the dimensionless transverse

deflection (W) versus dimensionless position (X = x/) for Case 11 for multi-

modular, bimodular, unimodular, and average-modular [i.e., E = (Ebt + Ebc)/2]

cases, where ;/h = 10.

As one can see, there is a considerable difference between transverse

deflection of multimodular and oimodular models on one hand and unimodular

and average modular models on the other. Note that Case 11 is a special

case because both ends are not free to move and one expects axial force to

be developed due to bending-stretching coupling caused by bimodular action.

However, the computed axial force is close to zero which means z n is constant.
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To validate TMS, in Figs. 6 through 9, a comparison is made between

TMS and CFS. Behavior of Cases 1, 4, 10, and 11 was studied for the multi-

modular model considering different dimensionless parameters (Z/h = 5, 10, 15,

M1  - 1.0, N1  - 1.0, Q1  : - 1.0).

In Table 4, for a specific beam (see Table 1), dimensioned comparisons

have been made between multimodular and bimodular models. Tables 5, 6, 7

and 9 again show the validity of TMS while they present the computed -esu

for Cases 3, 5, 6, 7, and 8.

Since closed-form solutions are not available for the complicated

boundary conditions considered in Cases 9, 10, and 11, only transfer-matrix

results are presented for these cases. In Figs. 10-13 the behavior of a

clamped-free beam (with applied moment and axial and shear forces at the free

end) and a clamped-clamped beam under a uniform load is investigated. See also

Table 10. It is of particular interest to note that in Fig. 10, the sign of

the deflection depends upon the z/h ratio, the crossover point being at Z/hz 11.

For cases where axial force is zero, the neutral-surface location is

constant: otherwise it varies along the beam length. In Figs. 14-17 the

shapes of neutral-surface curves for multimodular and bimodular models have

been shown for several cases.

CONCLUSIONS

Analyses of the bending deflection of multimodular thick beams with

rectangular cross section based on shear-deformable-beam theory are presented.

In this study, both dimensionless and dimensioned results of transfer-matrix,

as well as closed-form, solutions for a rectangular multimodular beam of

aramid-cord rubber are presented. The transfer-matrix and the closed-form

solutions are found to agree very well.

_-._- !| i 1 1 . . . . I . . . . . . . . . . . . .. .



Results of analysis of bimodular and multimodular models show that

there is not a drastic difference between the two models. Although the

multimodular model is a better one for approximating the stress-strain

curve, the bimodular approximation is less complicated. Closed-form

solutions are available only for a number of loading/boundary conditions

(in which the axial force is identically zero), but the transfer-matrix

method can he applied to more complicated geometry, loading, an' boundary

conditions. In this work, results for several boundary and loading condi-

tions are investigated. The transfer-matrix method is found to be very

effective in terms of computational time and also gives results which agree

quite well with the closed-form solutions.
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APPENDIX A

FITTING MINIMIZED CURVES TO THE STRESS-STRAIN CURVE

1. Multimodular Case

Consider the nonlinear stress-strain curve shown in Fig. A.l. For any arbi-

trary point (: u t) in the tension region ( 0 C), there are two straight

lines such that

g(] ) (A.1)

[(0 t_ af t)/ t_ Cft) I ft) +7ft

The equation of a stress-strain curve as expressed in [17] is

7(c) = K: n ; _ 0 (A.2)

where K and n are constants depending on the material. To find the proper

"break point" (-t, ), the area between the approximated curve g(c) and the

actual experimental curve J(E) has to be minimized. The mentioned area can

be expressed

t t

A [g oi [ ( E (  ]d c + ;J g ( ) -- ] a 3

0 t

Substitution of equations (A.1) and (A.2) into equation (A.3) and taking the

integrations jives

A 1 tt K t n+l 1 t t t K tn+l t n~l

S- - ) +J 2'-f )( f _) _n l_[ ) -.(t) (f

(A.)

By searching in the region of - ;.(O, tf) x (O,ct f), one is able to find a
(t t

point ,: ) such that A is minimized locally. Note that a few other

methods (e.g., least-squares method) have been tried b,t it turned out that



16

the absolute minimum point was outside of the region .

2. Bimodular Case

For this case, the least-squares method has been used. As shown in Fig. A.2,

there is a line such that
t

f

2 K n ] dK (A.5)

0

t

can be minimized in .2. Here, Ebt is the slope of that line. By taking h

derivative of equation (A.) and equating it to zero, one has

t

tl 3K (.,)

d t - 2 [Ebt -K~n] dE = 0 (A. 6)

By solving equation (A.6) for Ebt oneoban

Et _3K tn-I A7
E --- (A.7)

Eb =n+ )

For example, for aramid-rubber in the tension region (see [17]), the

following parameters are found:

nt = 1.22

Kt = 1.1 x 106 psi
t

= 0.029

Ebt = (3)(1.x 106) (0.029)1.22- = 0.47x 106 psi

An analogous calculation can be applied for the compression side of the

bend, i.e., EbC can be found, provided that Kc, n c, and rc are known.
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3. Unimodular Case

Using the same method as in Case 2 and assuming only one line, which

passes through the origin, to approximate both tension and compression

regions (Fig. A.3), one has

0 t
0 n 2 n2I= [Kc - Es] ds + [Kt - Es] ds (A.8)
Jc

Sf 0

and, then

0 t
dl- nl f nt

dE 2z[, (K n c 
- E ) ds + f (Kt E ) d ] = 0 (A.9)dE c c

Sf 0

Solving equation (A.9) for E, one obtains

K )n C+1 K t etn +1 2c 2  (A.10)K_ C Kt (t)c
E = 2c n  -n- ( ) ]/[(,f ) - )

NOTE: In the present computations, the values of cfc and ft considered

are as follows:

c t
S0.046 ; = 0.029

The constants Kc , K,, n and nt ar2 listed in [17].

C c t
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APPENDIX B

THE BEAM STIFFNESSES FOR RECTANGULAR-SECTION

BEAMS OF MULTIMODULUAR MATERIALS

For the assumed four-segment model, there are two different bendinq cases

in general, convex downward and concave downward bendina. in convex down-

ward bending, the top layer of a beam is in compression and the bottom layer

in tension. Conversely, in concave downward bending, the top layer of the

beam is in tension and the bottom layer is in compression.

Depending on the location of zn, ac, and at in cx vs z, eight different

cases might occur. For example, for convex downward bending, consider the

case when zn, ac, and at are in the range of -h/2 and h/2 (see Fia. 3).

Substitution of equation (2) into equation (10) and using equations (3), '4),

and (5) leads to

a Zn a

N [<Elc(ac z + <E2 C(z - a)]dz + KE(Z -z )dz + <Etz Zn)dZ

-h/2 ac Zn

h/2

+ [<El t(at - zn) + <E2t(z -at)]dz (B.l)

at

and

a z

[<E C(ac- zn) + <E2C(z- ac)]z dz+ <E1 (z -Zn) dz
-h/2 a

c
a h/2

+ t<E t(z -Zn)z dz + [<Elt(at- Zn) + <E2
t(z- at) ]z dz (B.2)

z a
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Equations (B.1) and (B.2) can be written in the following form

Ca a h/2

N (-<z K[ E2C dz +J rEc Z+a E1 tdz+ h E2 tdz]
-h/2 a Zn at

a h/2 h/2
[_i E2zdz + 1 dz+ Eltdz- Etd]

-h/2 at at

a z .a t  h/2
)[ C dz+ t z dz+ El z dz+ E2 z dz]h 2 j )

-h/2 a Zn at

ac aC h/2 h/2

+ I Eca dz E d E t a dz E E2 a dz]

h/2 -h/2 at a t  (B.3)

a z a h/2
(<zn) E 2 z dz+ z dz+ dz+ 2 zdz]

-h/2 a Zn at

a a h/2 h/2
Sz dz- t+ [- E2 -z dz+ E1 z dz+ E 1 2 dz]

-h/2 -h/2 at  at

a z a h/2
• a E2 z dz + E c 2 dz  t z2d z  E2tz dz2 ') [ 1 + El zd+! , tzdz

-h/2 ac  zn  t

a a h/2 h/2
+i c E c a c ECacdz + Eatdz - Eutazdz]

+a d - -l+ [, E r}
2 ~ . i c1t 2 ad1-h/2 -/2 at  at  (B.4)

Combining equations (9) and (11), one gets
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N = (-KZ )A' + <B' (B.5)

M = (-Zn )B" + KD' (B.6)

Comparison of equations (B.3) and (B.5) with equations (B.4) and (B.6) and

considering equations (12) and (15), one finds that

a h/2
N (Elc  E2 z (E t

1 E2 )dz

-h/2 at

a h/2
C B (E2c -EC)acdz (Elt E2t)atdz

-h/2 at (B.7)

ac  h/2

CM= M a (EI -E2c)z dz+ h (El tE 2t)z dz

-h/2 a.

M a h/2

C D= a c (E2r CElc )acz dz+ h (Elt - E2t)atz dz
-h/2 ac

As mentioned before, eicht cases may occur deperding on the location of zn'

a., and a. These cases have been analyzed as the same as the general case as

follows (for convex downward bending)

Case 1:
S lt It  Et (

x El.I + Et (E - 1 ) -h/2 < z < h/2 (B.8)

A' hE1t

B' = hat( E Et)
B' hat ( - 2 (B.9)

B" 0

D' = h3E2 t/24
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Case 2:

Ef It 1 t+ Et2 ) at  < z < h/2 ( .10)

I Eltx -h/2 _< z < a.

It

A' = hE1t

B' = - (E I t- E2t)(h/2 - at) 2/2
(B.l1)

B" 0

rh3(E t E t)/S + a3 (E2t
- Elt)/21/3 + h2a1(El t - E2t)/8

Case 3:
Elt It + Ettzx- h12

1 E 2  x 1 /

- Zn < z < at (8.1)
EI x -h/2 < z < zn

A' = h(E I Elt)/2 + zn(EIc - Elt)

B' = [h2 (E t- E C)/2 + at(h-at)(Elt- E2 t) + z 2 (ElC-Elt)]/2

B" = (Et - EC)(h2/4 - z 2 )/2 (B.12)

D' = Ln3 (EIc + E2 t)/8 + at3(E2t
_ EIt)/2 + zn3 (E1 C- Elt)]/3

+ h2at(E
t -Et)/8

Case 4:

This case is the general case (see Fig. 3) which has been discussed in

detail earli_, in this Appendix.

Case 5:

fE t~x z h/2
c
S a c < z < zn (B.13)

c Ic  (- cEl 1 + 2 , x" I ) - i _ c
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A' = h(Et +EIC) + Zn (E C - Et)

B' = [h2(Elt-EC)/4 + z 2(EC El t) + ac(ac+ h)(El c -EC)]/21 1 1 CC 12
t- 1)(2c/ 2

B" : (Eft E C)(h2/4- zn2 )/2 (B.14)

f =[h3(Et +E 2C) + zn
3 (E Ic E t) + ac3(Elc E2c)/21/3

h c - E2C)/8

Case 6:

f~iCC aC  h/2

x -- L c I c E~c(B.15)

c-
E x 1I +) -h/2 < z < a c

A' = hE c

B'= (E1 C- E2C)(h/2+a C)2/2

B"= 0

O' = [h3(E C+E2 C)/8 + ac3(E C- E2C)]/3 - h2ac(Elc- E2C)/8

Case 7:

x E Il 1 c + E2C(sx-ElC) -h/2 < z < h/2 (B.17)

A' hE C

B' ha c(Ec - E2C ) C 2 (8.18)

B" 0

O' h3E 2c/2 4

Case 8:

I x zn < z < h/2

/ -(B.19)X
SE c  -h/2 < z "z n

-Xn
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A' h(Elt+E + z -Elt): El ) + Zn(El c  1

t ) 2
B' = (E t -t C)(h 2/4-Z n)/2 (B.20)

B" (Et c2.22

B" = (Elt-E C)(h2/ 4 -Zn 2)/2

D' = [h3 (Et +EIC)/8 + zn3 (El C-Et)]/3

For concave downward bending, one is able to derive similar equations for

stiffnesses by converting as follows:

c t t c

E2  -* E2  E --- E ac - at

E 1  Elt E2
t  E 2c  a t c

APPENDIX C

COMPUTATION OF zn, ac, AND at

For multimodnular beams, the following equation is not sufficient to deter-

mine the neutral-surface location zn

Z B'M- D'N (C.1)Zn -A'M - B"N

even for cases where N =0

z n B'/A' (C.2)

Two more equations are needed for computing zn because the stiffnesses are

not only dependent on Zn but they are functions of a and at as well.

Dividing equation (4) by equation (6) and equation (5) by equation (7) and

solving for ac and at, one can get (for the convex downward case)

ac = (c/. c) (h/2 + zn z (C.3)

at = (-it/ ft) (h/2 - Zn) zn (C.4)

n).Z
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For the concave downward case

ac 1 /C fcc) (h/2 - z n) +Zn (C.5)

at ( t/ ft ) (h/2 + zn) zn (C.6)

The system of nonlinear equations (C.1), (C.3), and (C.4) for the convex

downward case, or equations (C.1), (C.5), and (C.6) for the concave down-

ward case, can be solved by usingi iteration of the Gauss-Seidel type [22].

APPENDIX D

ARBITRARY CONSTANTS AND PARTICULAR SOLUTIONS

The values of constants C1, C2, c3, C4, d1, and d 2 for the various boundary

conditions considered are listed below.

1. Hinged-Hinged (free to move'axially at x= L)

C1  -u (0
C2 = -(C3:' + C4§) - wP ( P ~() (D.1)

C 3 = [~(0/2] - 3C 4

C4 = 6 A #'-BB *:B'[u ()-u (0)] + D'[. (0)].
4 ,AD BB) P'x P'x pIx p~x

d u P(0)

d2  u ( + (5B8/A' )C4

2. Clamped-Free

C 1 = - w P(0)

2 ~ PX1 P( p (D.2)

C3  (1)/2 + A'S; AD4w. ~ ~ j3~ 2(B'B"- '' WpX.,

C A'S FC - (0)j'I 6 8'"- A'D' 2 *p
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dI  - Up (0)
B' S,

d2 = - Up(z) + 'T) +2 p,x B 'S "-' )V ,X

3. Clamped-Clamped free to move axially at x= L)

Cl = - w p(0)

C2 6(B 1B" - A'O ) 0
S -A') 4  (D.3)

C3 = [Up(O) - Up ( 3B'/A')c 4 :1]/2,
SA'

p pC4 SA' -I2 - B B - A D ' ) { 'p(O ) : ( ) - 2[Wp (O ) - Wp( )]/ i.

d= - Up(0)

"2' = u (0) - u (i) - 3B'/A')C
- o p

The particular solutions for uniform and sinusoidal normal load are as

listed below.

For uniform normal load q(x) = o

B 'qo 3
Up(X) A'D'- T7 x

q0 AGa0
S - o3 (D.4)p X S 6(A' -- B'- -

A'q 0
Wp(X) 24(A'D' - BB -T x

For normal load q(x) = qo sin :x, where -n/,:

U p( A - A D' - B"- cos

A'q
o

p(x) (A'D' - B - cos ,x( .5)
p 1A' '-B TCS~

w (x) _- r.2 [ A' R -~-- sin x]
PS
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For normal load q(x) = 0 cos ax:

B'qo
p(x) = - (AD' - B'B") sin cx

A'q0
(x) = (A'D' -B'B" sin ax (D.6)
w (x) A- D' q -[ BA'

p o S + 0 B") I Cos axWp(X) = + a,:(A D' - 6B"

APPENDIX E

TRANSFER MATRICES

The equilibrium equations for each station can be written in matrix

notation as follows

R 1 L

U 10 0 0 00 0 U

1W 0 1 0 0 0 0W

0 0 1 0 00 0

N 0 0 0 1 0 0 N (E.1)

O 0 0 0 0 1 0 qs Q

0 0 0 0 0 0 1 M

0 0 0 0 0 0 1 1.

where qs is the concentrated load at each station. In more compact form

equation (.) is
R L

[S] =[Ts] [S] (E.2)

The matrix [TS] is known as the station matrix. In matrix notation the

equilibriu-i equation for each field under a distributed load q(x) is
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rU 1 0 0 B"-' , D' B'. K U

W 0 0 -L, 1- ( . 2-1.A ( ) I -B (.) -v'L K - - Kc  W
2Y0- S 4 y 2r 4y m K

0 0 1 -A-A' (wZ)2 B A' K
y 2Y 2L m

NS= 0 00 1 0 0 0

Q 000 0 1 0 -KQq

0 00 0 0 -K
m

1)0 0 0 0 0 1I j. L 0 0
]+1

(E.3)

where

y : 'B"-A'D'

K q q( )d', (E. )q
0

K -q( [j dr

0

Values of K and K for various loadings are listed in Table 2. Equation
m q

1, -4) also can be written as

L  31] [ 1R (E.5)
isl [T i i

The :'atrix [T.]i is called the field matrix.
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Table 1. Elastic Properties and Geometric Parameters
for an Aramid-Cord Rubber Beam

Longitudinal Young's Modulus, Longitudinal-Thickness Shear
psi x I0-  Modulus, psi x 10-:

Model* Tension Compression Tension and Compression
Et t c c

M E2  E E1  EcG

0.580 0.420 0.032 0.010 0.537
Et bC
E bEc

B b b
0.470 0.180 0.537

E E
U 0.275 0.275 0.537

A 0.244 0.244 0.537

U Beam length 8.0 in.
Beam depth (thickness) 0.6 in.
Beam width 1.0 in.

M Multimodular, B Bimodular, U Unimodular, A Averaae Modular.
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Table 3. Values of Km and Kq for Various Loadings

Type of Loading Km Kq

Uniform Load

q(x) = 0 q0 ()2/2

Sine Load
nqo 0 n 7 q 0 o s n,

q(x) = q sin - x [Ez cos x - n-x0 - n- j-1 n7 n~ 7

(sin x sin -T-xj Cos . X

x

Cosine Load

q(x) qo cos x n n x. q .(sin x.

0 n T 0 nj -

Cos xj sin x. .1 sin x 1-j-1 "C- - .

i lI I

x

HL. .1____"_
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MULTIMODULAR BEAM BIMODULAR BEAM

(a) (b)

Fig. 14 Cases 1, 3, 7, 10, and 11

(a) (b)
Fig. 15 Cases 4 and 6

(a) (b)

Fig. 16 Cases 2, 5, and 8

-m
(a) ** (b)

Fig. 17 Case 9

TENSION

COMPRESSION

Computations are applicable to a specific beam (see Table 1).**For Case 9: M -0.1 lb-in., N1 =-1.0 Ib, and Q = -0.1 lb.
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PART II

PREDICTION OF BENDING RUPTURE STRENGTH

OF NON-LINEAR MATERIALS WITH DIFFERENT BEHAVIOR

IN TENSION AND COMPRESSION

Charles W. Bert
The Univers-ity of Oklahoma
Norman, Oklahoma 73019

Abstract - Many materials have quite different stress-strain relations in

tension and compression. Examples include such diverse materials as rock,

cast iron, concrete, tire cord-rubber, and soft biological tissues. It is

shown by analysis in this paper that DBTC (different behavior in tension and

compression) has a profound effect on the flexural strength as predicted by

application of fundamental continuum mechanics relations. The thecry is

applied to a non-linear material model which is shown to be applicable to two

widely different materials: concrete, which has more strength degradation i-i

tension than in compression, and steel cord-rubher, which has strength which

is enhanced in tension by cord strengthening and degraded in compression by

cord microbuckling.
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1. INTRODUCTION

It ias ].on~ en knwrt that celrtai- mate ri als belhave sign ificantly

*ifforenLl in tensioni thin in compression. For examnple, this was recognized

by Saint-Venant 1)[, who anilyzed the oure bending behavior of a beam hlaving

different non-11inear stres;s-strain curves in tension and comression.

Soeciff: -exoerimental :evi~lence of DBTC has been reoorteJ for cast iron by

G i Ir: E21 r rord-raboer b)y Clairk [31 , oolymers by Zemlya'kov, [4], conIcrete '-y

Seefri.?-3 et -U. [5), ccortical bone by Sionkin and RZobin [6], various kincas of

rock by ialisonl and- Tharp [7], and soft biological tissue by Pearsall and

Roberzs [a) . -of course, the specific micrornechanisms reoonsible for DBTC vary

from one class of material to another. Stiff, brittle soliils are weakened in

ten-;io-i by microcrac~s, while soft fiber-reinrorceJ materials are weakened in

cnnmarosseGcn b fiber nicrobuckling.

rn tn3 piper, -a g-neral theory is pr sene for the prediction of th

maximulm bending moment achievable in unidirectional pure bending for an

arbitrary mal-rial %with DBTC. Subsequently, the general theory is applied to

a simpl e odlwhich is suitible for widlely 3ifferent materia~ls: concrete

using a continuous damage mechanics model for the tensile behavior, and

cord-rubber.

2. GNERAL~ T'HEORY

The theory ieve:Loped here is an extensi-on of the basic: theory of

ici~s-::nnalbendnc evelco- ed by 9ac h anci Baumnann f 9]; see Nadai (10]

sict-ion 22-1 . Th-! material is assinel to 1), subjectei to a ujnidirecotional

onure% bend1ing moment, i.e., there is no anplied d2irect tension or comression.

The -.s r-oss s3ection oand loadi4n; are assumed to be symme-tric about the same

axis, sD that bendin-7 takes -,~ in a single plane (no twisting or warping).
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Poisson-type lateral contraction effects are neglected* and the beam cross

section is assumed to be sufficiently compact that cross-sectional distortion

(ovalization and warping) and buckling do not occur. Plane sections are

assumed to remain plane so that the axial strain E is given

C = Kz (1)

where z is the normal position coordinate, measured positive downward from the

neutral-surface position, and K is the bending curvature.

The beam material may have arbitrary uniaxial stress-strain behavior in

the longitudinal direction, i.e.,

at(e) E > 0

(2)
Cc(S) E < 0

where a is the axial normal stress and at(c) and Cc(S) are arbitrary

continuous functions.

In the absence of direct axial loading, equilibrium of forces in the

axial direction requires

0 Ct
0 c(<Z)b(z)dz + I r t(Kz)b(z)dz = 0 (3)

-Cc 0

Here the respective compressive and tensile outer-fiber distances are denoted

by Cc and Ct and the cross-sectional width at distance z is denoted by b(z);

see Fig. 1. substituting specific expressions for b(z), oc(<Z), and at(<zJ

into (1), integrating, and using the following geometric relation (see 7ig. 1)

allows determination of Cc and Ct:

Cc + C t = H (4)

Equilibriam of the internal moment due to the stress distribution with

the externally ipplied beniing moment M4 gives

*This assumption is more reasonable for bending than for tension loading,
and more reasonable for brittle materials, such is concrete and rock, than for
ductile metals such as considered by Bert et al. (111.
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0 zra,(z)b(z)'iz + ft at<b(-)z M (5)
-cc 0

The ultiate 'bending moment is Eound by using tec~a aiu o

ietar-;nine the? relative mnaximun, i.e.

.4 =Mmax -,whefl *fl/ in(

where p is any convenient paramneter which can b edas a ne )Er~a

Jeformation.

in principle, the general theory can be appli-?l to dny material -crovidedj

thatt has con1tinulous hilt different* s tress -s train curves in- tenTs io. and

compression) with any singly-symmetric cross section. The simi larity with the

theory -,L ductile failure by plastic tensile instability originate d by

Consi~lere (121 is rreadily appare nt; c~.,Nada Lr[10] , section 8-1.

3. A NON-LINEAR '4rRI A ODEL

The following mathematical relationship is proposed to approxnate the

stres-s-strai n b-ehavior of a vrity of actual materials:

ci4) ~ 2
(7)

t -t2

-whe an! :ie te Young's moduli in compressi:)n ani t-ension)r And F

ire -a1so n-.aterial constants. This model can be considered to be a

g-neilzati-on of Krijcinovic's model for plain concrete r 41 In this se

Ec = t = c 0,, t - t'

wnee Disctn-nrcrc-dae to~Lu D>,) relat ] to .'anson ini

Hmt s l? ier ers io.n 5 1] o f Ka ch anov' s c o ncept of co)n t i nu i r ana ge me chan Ic s

*The ca-2 Df lan-age inicc- ins'tabiiity in beam 'bending for -.-iterial.s

naIL nq the e continuious de-naje in tension and cororssion was consi ier-d

2.srm [ 31
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(16]. For an excellent review of CDM, the reader is referred to Hult (17].

The present model is an improvement on the Krajcinovic model in that it

also includes compressive non-linearity as suggested by British Standard CP110

(181:

Fc = -E 2 /4fcu (9)

where fcu is the material's ultimate strength in uniaxial compression (see

Appendix A2).

To apply equation (7) to unidirectional cord-rubber, using experimental

data for cord rubber reported by Bert and Kumar (191, one has Et Ec, Fc =F t

> 0.

If one assumes a rectangular beam of width B, application of equation (7)

in equation (3) yields:

1 BK(EtCt2_EcC 2 ) + ! BK2 (FtCt 3 +FcCc 3 ) 0

or
3 EcCc2-EtCt

2

K= 3 1~~E~~ (10)
2 FtCt3+FcCc(

Integrating equation (5), using equation (7), one obtains

3 B<(EtCt 3+EcCc 3 ) +-L B<2(FtCt4-FcC, 4 )  (11)

Substituting the expression for K from equation (10) into equation (11)

and using equation (4) to eliminate Cc, one finally obtains the following

expression for M as a function of Ct:

(Ec(H-Ct)2-EtCt 2](EtCt 3+E H-Ct)3
M = ( 3/ 2 ) t 3 + 7

FtCt3  Fc(H-Ct)
3

[F Ct
4  - Fc(HCt)

4 ][Ec(HCt)
2 EtCt

2.2

(FtCt 3 + Fc(H-Ct)3] 2  (12)

Of course, the ultimate bending moment (Mu) can be found as i function of

B,H,E7,EtFc, and Ft by either direct substitution or use of differenti.l

calculus (dM/dCt = 0).
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4. APPLZCATION TO POLAIN ;-)\C:EjTE

Be-rt and Kunmac 201 'o.e that fr: ini-s[11na teriil P,=E

-C= 0, a nd ' Ft iven 11y' equation (3) eql 'uatI.on (1) akes a fo3rm th&.t

M 6[1-( 158) K, 3/4 )Kt 2 1Kt-2-1,/2)K,,- 3 ] (13)

t92 an,! K, 7*_/'H.f 3Brt ini Kumrar soeithia! the ultirate

vaeoff -n, n, i ').-J7 -It '.<r_ 0.5875. These values are both slightly

hinner tna-n the values III,= 0.35A. at Kt =0.5305 obtaineil by Kraicinovic, who

u~ed he )Liowi-nq fai lu-re criterion, which is appropriate only for failure in

uni form uniax.ia' tension

do/de = 0 (14)

It i-- trsd~ttionai --D report uliattn <tr--nqth 1ita in benfiing in t.erms of

").1 tir s trenq;th defined as the :noximum tensile stress at ultimate

no '1~ e~ icee accordiingj to the sitpl,, -irely esicformula

fbu MuC/I (15)

whe r.

I = BH 3 ./'12 ; C = H12 (16)

-D isI e mhsi dtat the value, o)bt-inedl by ise of equation (15) is not

a S tre- S ;.A-lue; it is 'uLst In inisx of oit-arngability expre--ssed in

ujn ts -f 4for:70 per unit are A.

oonn , th-e def:inition of mu (E 6MU/OtO-ij2 ) with equations (13) and

1', ne cain eisity s;how that

fu=Dtm, (17)

It is shown in Appendix \1 that use of tb- criterion do/5.c for uniform

-) in~dtj L ead to the folln)wing expression for the ultimate te nsile
ixtr IInIj -,al
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Thus,

fbu/ftu = 
4 mu (19)

Fig. 2 shows a comparison among the experimental data of Gonnerman and

Shuman [21] and of Brooks and Neville [22] (both wet and dry stored) and the

theoretical prediction of Krajcinovic (14] and of Bert and Kumar (201.

It is noted that the Krajcinovic and Bert and Kumar prelictions both are

fbu vs- f., relations that are straight lines starting at the origin (with

slopes of 1.42 and 1.63, respectively). However, the experimental curves are

straight lines shifted upward so that they have fbu intercepts. Apparently

this upward shift is due to statistical considerations, such as considered by

Well and Daniel [23], for instance, using the Weibull distribution [24] and by

Jayatilaka (251, using a different approach.

It is well known that concrete has a stress-strain non-linearity in

compression, although less pronounced than the one in tension. This was

recognized in British Standard CP110 (18]; see also Refs. [26-30]. This

non-linearity is represented by the term in equation (7) with a coefficient

Fc. To obtain a quantitative value for F., one must know either

(1) the mean compressive stress-strain curve to failure

(2) the mean compressive strength (fcu), for it is shown in

Appendix A2 that Fc = E2/Dc where Dc = 4fcu.

(3) the rati: of mean compressive strength to mean tensile strength

for Dc/Dt = fcu/ftu.

Since the author has not yet been able to obtain a copy of Ref. [211, it

is necessary to consider typical values of fcu/ftu. (Ref. [221 had fcu/ftu

15.) From statistical considerations, for various values of the Weibull

parameter and sample size, Jayatilaka [251, Table 5.13, gave values of fcu/ftu

ranging from 3 to 20. However, the ratio fbu/ftu predicted by the present

theory is not strongly affected by fcu/ftu, as can be seen in Table 1.
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Piechnik and Pachla [311 proposei A power-law damage function to describe

the tensiie behavior of olain -oncrete. kn analysis using this damage

function to predict :iilure in beniinj ani in tension is presen:-ed in Appendix

B. For n = 4, the value recommended by Piechnik and Pachla, %jb,/D = m=

0.715 at -a value -of 0.529 for Kt foc the bending case. For tension, a value

of 0.669 is Attained for atu/D. Thus,

Obu/Otu = 0.715/0.669 = 1.07

This value of 1.07 is considerably >oer than is consistent with the

expe rimental results of Refs. [21] and (22]. The explenation for this

disccepancy may be any one of the following factors or a combination of them.

(1) Difference in details of cement, composition and fineness,

agqrsgrate size, materi al quality, and c rinj [32] between the

192CI American concrete [21) and the 1977 British concrete [22)

-n one can, and -he 1979 Poi:-h concrete t31j on the other.

(2) Incrc ce in measured jbu/tu due to a bri ttle failure

eanisn and st.-itistical size effects -s discussed

[_" icusly.

(3) Possibility that the material damage relation for concrete

has a threshol.d effect, as suggested by Young [33) and Bert

and Kumar (201, rather than the , ;h power-law dataile function

sug,3et e in [3]

5. NPPIC?-ATIIN TO CORD-REINFORCED RUBBER

It was shown in the recent experiments of 3ert and Kmar [19] that the

stress-strain relations of this class of materials is strongly iependent upon

the type of cori. For example, aramii-rubber loaded in the corn direction

LI') has i iristic discontinuity in slope at the origin (Ec > Ec), yet the

snme natetral loaded at ) t. rn the cord 3irection is very nearly linearly

through ,rE- = Et, Pc = Ft = 2 . %s an example of the appli ation of the
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generalized model presented in Section 3, steel cord-rubber specially made to

have highly waved cords is considered. Then Ec . Et = E and Fc = Ft = F > 0.

Then equation (12) simplifies to

M/BH2 = (E2/F)(1-2Kt)[3 - (2 (1_2Kt+2Kt2) 1-2Kt )2] (20)

3Kt-3Kt+1

It can be shown that the maximum vlaue of dimensionless bending moment is

6MuF/BE 2H2 = 0.433 at a value of 0.380 for Kt. Now due to the monotonically

increasing slope of the tension portion of the stress-strain curve, it does

not exhibit a maximum-load phenomenon. (Tensile failure is obviously due to

another mechanism, probably cord failure.) Thus, in this case, it is

necessary to ratio the bending strength to the compressive strength rather

than the tensile strength. From Appendix A2, one has

acu = -E 2 /4F (21)

Thus,

6Mu/BH2
Iotu/cul = =1.73

E2/4F

This indicates that abu is 1.73 times the compressive strength. In reality,

the tension portion of the steel-cord rubber is even steeper than indicated by

a power of two. Thus, abu would be expected to be even greater. This could

not be verified experimentally due to the extremely flexible nature of the

matieral, i.e. its flexural stiffness is too low to measure in practice.

6. CONCLUSIONS

A general theory was developed for predicting the maximum bending moment

that can be carried by beams having arbitrary compact cross sections and

constructed of material havinq an arbitrary non-linear stress-strain curve

that is different in tension and in compression. As an application of the

theory, it was applied to rectangular-cross-section beams of plain :oncrete

and of =ord-rubber.
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A?PENDIX A: RELATI)NS BE'ITEEN TENSILE AND COMPRESSIVE

STRENGTHS AND MATER:AL DAMAGE

1. Tension Loadingj

Using

a = E + FtE
2  

; 0 (At)

it is obvious that material instability cannot occur unless Ft < 0. Then the

Considere criterion [12] is

30o 0 (A2)

9 r

E + 2FtF = 0

Thus, the strain at which tensile instability occurs is

eti = -E/2Ft A3

and the tensile strength is

E2 E2  E2

Otu = - = 4 4 = Dr,/4 (A4)

2. Conmrassi:on Loading

Using

EC + 7 c: 2(A5)

it is obvious that material ins tability cannot occur in this Situation unless

> 0. Again ising the Consije1re criterion, equation (A2), one obtains the

f)tlowin expression for the instabilty strain:

-c, =.. E/2Fc (A6)

inI the predicted compressive strength is
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E2  E2

c 2 = - E2/4Fc = Dc/4 (A7)

= - 2FC 4FC ./r

APPENDIX B: EFFECT OF POWER-LAW TENSILE-DAMAGE
FUNCTION ON BENDING STRENGTH OF CONCRETE

1. Bending Loading

In the continuum damage theory [17], the nominal stress a is related to

the net or true stress S by the following relation

C = (1-u)S (l)

Here w is called the damage.

Piechnik and Pachla (30] proposed the follc4ing power-law damage function

for concrete in tension:

w = (S/Dt)n  (B2)

Here n and Dt are material constants. Based on limited test data, Piechnik

and Pachla recommended a value of 4 for n. Thus, the following expressions

for w are used here:

(S/Dt)n for S > 0
S= { (33)

0 for S 4 0

Since

S = EC (B4)

we obtain the following expression for the stress distribution

Uc(E) = EC E 4 0
a = {(35)

at(E) - EE - E(E/Dt)nen+l e > 0

It is readily apparent that this model is a generalization of the

linear-damage molel hypothesized by Krajcinovic [14].

rise of equatian (B5) in equation (3) leads to the following relationship

between the curvature < and the dimensionless tensile-outer-fiber distance (Kt

Ct/H):

< = (Dt/EHKt)[1+(n/2)]1/n(2Kt-' - Kt- 2 )l/n (B6)



65

Similarly, substitution of equation (35) into equation (5) and

integration gives

3?4/3KE
3 

= Kt
3
+(1-K )

3 
- [3(2+n)/2(3+n)](2K 

2
-K t ) (37)

Finally, substitution of equation (36) into equation (B7) yields

m = 6"4/BH2 21[1+(n/2) 1,'n (2K. -Kt--3+N + (3-2N)KA] BS)

oviouSly, for the c:±se of linear damage (n = I), equation (BS) reduces to

equatin (13).

2. Tension Loadinl

Applying the tensile instability criterion, equatL:n (A2) to at(E) as

given by equation (B5), one obtains the following expressions for the

instY. C: lit y strsin ind ultimate tensile strength:

gti = (Dt/E)(n*1)-I/n (B9)

t = D(n+1)-l/n[1-(n+i)-n+ ] (B10)

Table 1. Eff-ct of ratio of compressive to tensile strength on
ratio of bending to tensile strenqth

,FC/Ft fbu/ftu

0 1.63

10 1/10 1.61

3 1/3 1.57

. ..... :. ,.o es _t t e rrd Edn. . Navier ' " "-"

:.+k"~ '.- as n .'s'" ? ." " ,," . ! 5. ? r s (S.4
SS.r;s.jS4n

....... en i
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20. Abstract (cont'd)

Numerical results for axial displacement, transverse deflection, bending
slope, bending moment, transverse shear, axial force, and location of
neutral surface are presented for multimodular and bimodular models of
unidirectional aramid cord-rubber. The transfer-matrix method results
agree very well with the closed-form solutions.

In part I, it is shown by analysis that different behavior in tension
and compression has a profound effect on the flexural strength as predicted
by application of fundamental continuum mechanics relations. The theory is
applied to a nonlinear material model which is sho%, n to be applicable to
two widely different materials: concrete, which has more strength degrada-
tion (modeled by continuum damage mechanics) in tension than in compressicn,
and steel cord-rubber, which has strength which is enhanced in tension by
cord szrenqzhening and degraded in compression by cord microbuckling.
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