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\\ Abstract

i\ In this paper we consider Open Shops where th_e jobs have exponentially distri-
buted processing times. Ue determine the policies that in the class of pre~
emptive policies minimize the expected Flow Time. We also consider Opep Shops
where the jobs have random due dates. Under certain ccnditiong we determine
the policies that maximize the expected number of jobs that complete their

processing before their respective due dates. ¢
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-identical. Pinedo and Schrage [8) developed an 0(n) algorithm for .finding the
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1. Introduction

Consider two nonidentical machines and n identical jobs. Each job has to
be processed on both machines in an arbitrary order. The processing time of
job j on machine 1 (2) is a random variahle xj (Xj_), exponentially distributed
with rate A(ﬁ) . This type of scheduling model fs usually called an Open Shop.
We will determine policies that in the class of.preemptive policies minimize
or maximize given objective functions. In this class of policies the decision-
maker is allowed to interrupt the processiné of any job on either one of the
fwo machines at any time. Two policies in this class are intuitively appealing;

namely:
(1) The policy that at any point in time instructs the decision-maker, as long

as it is possible, to process on each one of the two machines a job that already
has been processed on the other machine. This policy may require the decison-
maker aﬁ times to interrupt the processing of a job. In the sequel this preemp-
tive policy is called the Shortest Expected Remaining Processing Time first
(SERPT) policy. . '

(11) The policy that, whenever one machine is freed, begins processﬁg, when
possible, a job that has not yet been processed on the other machine. '.'l'hu
policy does not require any preemptions. Acvcord.ingl,i -this inonpreenpt::lvé policy
is called the Longest Expected Remaiﬁ:’lng Pmcessﬁg 'Hne-f:l.rgt (LERPT) policy

© dme my e mt——

in the sequel.

Two machine Open Shop models with deterministic processing times have
received considerahle attention in the literature. In the papers that have

appeared in the literature on deterministic Open Shops it is usually assumed

that the processing times of a given job on the different machines are not

sequence thst minimizes the completion time of the last job, the so-called

makespan, denoted by C-.x. Chin and Achagbue [1] receﬁtly showed that the
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problem of minimizing the sum of the completion times of n jobs on two machines
is NP-hard when preemptions are not allowed. The sum of the completion times
of the n jobs is usually called the Flow Time and is denoted by ch, where Cj
represents the completion time of job j. Whether or not minimization of Flow
Time on two machines in the preemptive case is NP-hard, is an open question.
Lawler et al. [4] looked at the two machine Open Shop, where job j has a due
date D,. They showed that minimizition of the maximum lateness, where ohe

J
lateness L, of job j is defined as max (C -D »0) 1s NP-hard in the non-preemptive

3 3
case, while in the preemptive case it can be solved in polynomial time., Stochastic
Open Shop models have recelved less attention in the literature. Pinedo and
Ross [7] considered the model with n identical jobs and two non~identical machines,
where the processing time distributions of the two machines are New Better
than Used (NBU). They showed that the LERPT policy minimizes the makespan in
expectation in the class of non-preemptive policies. Pinedo and Ross alsc showed
that when the processing time distributions of the two machines are exponential,
i.e., the model discussed in this paoer, the LERPT policy minimf{zes the makespan
stochastically in the wider class of policies that do ;11ow preemptions. For
this ypicticular model, in which the processing time oistributions are exponential,
Eomons [2] as well as Pioedo and Ross [7] obtained closed form expressions for

the expected makespan under the LERPT policy.

In this paper several stochastic Open Shop models are considered, In Section

2 we use an increasing concave function g to represent the waiting cost of a jo'b,
i.e., g(cj) denotes the waiting cost of job J with completion time (:;| We show
that SERPT stochastically minimizes {g(c ). We also show that SERPT stochastically
minimizes the time of the i-th job completion, 1i=1,...,n~1, vhile LERPT
stochastically minimizes the time of the n-th job completion (cm). In Section

3 we consider Open Shops where the jobs have due dates. The following variant
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of the SERPT policy is relevant to this model: Whenever possibie, process a job
on one machine that is not yet due and that has already been processed on the
other machine, while jobs which are already tardy should be dismissed from
further consideration.. This policy we call the SERPT with deletioné policy.

We assume that thé random variables D se++,D are exch;ngeable, 'i.e., Dil,...,n

1
has the same joint distribution for all permutations 11""’111 of 1,...,n.

n
This implies that each due date has the same marginal distribution F. Moreover,

we also assume that the marginal distribution F of job j's due date D,, 3 =1,...,0,
is concave, 1.e., that the corresponding density f is decreasing. We show that
under these conditions SERPT with deletions max mizes the expected pumber of

jobs to be completed hefore their respectiive due dates. However, SERPT with
deletions does not ma.ximize this number étochastically. ‘To 1llustrate why this

is not true we consider the special case where all n jobs have a common random

due date D with a distribution that is concave. For this case it becomes clear
that in order to maximize thé probabﬂit& of all n jobs, completing their processing

before the common due date the LERPT policy has to be adopted.

2. Minimization of the Expected Waiting Cost and Flow Time.

Io this section the SERPT policy is studied in detail. Two possible reali-
zations of the process under this policy are depicted in Figure 1. From Figure
1 it follows that a machine is busy as long as two or more jobs remain to be
processed on it. However, an idle period may occur on one of the two machines
if only one job remains to be processed on it. Consider the following example
(see Figure 1a): Machine 1 (2) is processing its last joh, while machine 2 (1)
is idle; machine 2 (1) remafns 1dle during the time, say J; (J,), that it takes
machine 1 (2) to complete the processing of the last job; after leaving machine

1 (2) this job starts its processing on machine 2 (1), which then takes an amount

|
'
t

LR S




————

S e ————————— AT A

S ——

B ot e o o . ~ e e aet

preemptionl 1 1 1 1
Ti T'z ‘1'3 '.I.". 'l.'s
machine 1 | T 1 [ ]
i
J \% v i Ja
machine 2 } | I | | . | }
2 2 2 ‘ 2 2 |
T T 1‘ T3 ) T4 Ts |
preemptions .
LI 3 T, T
machine 1 r l 1 T T i
A ‘ ' : v
machine 2 1 1 |
T A
preemption
'
|
ts
Figure 1




S,

B e e P = R s~ = vy s e . R S

of time J2 (Jl). Let Tji, 1=1,22and j =1,...,n, denote the time epoch of

of the j~th processing time completion on machine f. It is clear that an

idle period occurs on machine 2 (1) if and only if T:_ < '1'2 < '1'1

n-l — n
('1':_1 < Tnll < 2). Let kl,...,kn, a permutation of 1,._..5n, denote the
sequence in which the johs leave the gystem, f.e., job kl is the first job to
be completed, job kz the second, etc. If A ~ B denotes that random variables

A and B have the same distribution, then

C, ~ max( } X_, ):Y) 1i=1,...,0-1
& j=1.3" §=1 3 ‘

ihis implies that the time epoch of the i-th job completion, i1 - l,...,0n-1,
1s a random variable that is the maximum of the independent random variables,
each with Erlgng distributions. The distribution of the last job completion,

ck (= cw), is different. However, we may expfess I‘J(Ck ) as follows:
n n

n .2
E(C, ) = E(max ¢ } X,  } Y.)) + P(D). E(min(J,,3.))
c"n | 321 3213' 12

where P(I) denotes the probabfility of an idle period occurring.
Theorem 1.

(1) SERPT stochastically minimizes the i-th job comjlei:i.on cki’ i=1,...,0-1,

(11) LERPT stochastically minimizes the n-th job completion Ck .
n
(111) SERPT stochagtically minimizes the total waiting cost of 111 jobs,

Z g(cj), vhen the watiting cost function g(t) is increasing concave fn t.
=1
Proof: (1) This followa immediately from the fact that

c, ~nx({x, 2 for £ = 1,...,0-1
1 g3 4= Y ' '

(11) That LERPT minimizes the makespan stochastically has been shown by Pinedo
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and Ross. See the remark follawing their Theorem 2.
(111) First we show that SERPT stochastically minimizes the "Flow Time truncated

at T,” which is defined as } Cj.I (T +T. pYe! - 1,(T)), where Ij('r) = ) if

b 3

Cj < T and Q otherwise.

When one imagines machine 1 (2) to act like a Poisson process with rate

A (1) until the (n-1) event occurs, it becomes clear that '1‘:l i=1,2 and - -

j,
j=1,...,n-1, is not affected by the policy used. It is also clear from Figure
1 that Tt, i = 1,2, does depend on the policy. Let X (-Y') denote the duration

of the last jobe.xecﬁtion on machine 1 (2), f.e., the amount of processing machine
1 (2) still has to do after 1‘:"_1 (T:_l). We now show that SERPT minin;izes the
Flow Time truncated at T for aﬁy rea_lization of 'Ii, 1i=1,2 and j = 1,...,n—i,
and X and ¥. From Figure 1 it follows that the waiting cost incurred up to X
max (Tx‘;-l"rxzx-l) is minimized by SERPT. The waiting cost incurred after max
(Ti_l,Ti;l) ié positive only when T > max (‘1’:" _l,'r:_l) . Under SERPT i and ¥
correspond to the same job, namely job k- Under other ?olicies X and Y may
correspond to different jobs. It can be easily verified that ﬁhe waiting cost
incurred after max ('l.'l];__ ,‘l': _1) vhen X and Y correspond. to the same job is never
larger than the c«:;st incurred after max~(fri_1,‘r:_1) when X and Y correspond to
different jobs, even though in the first case an idle period may occur én one of
the machines and in the second case no idle period occurs. So the Flow Time
truncated at T is minimized by SERPT for any realizationof 1';,' 1= 1‘.2 and
3 - 1,...,0-1 and X and f.. SERPT _there.fore minimizes the Flow Time truncated
at T a}ao stochastically.

The I’;low Tine truncafed at T can be viewed as & cost function g(t), equal

tot for t 2 T. This f_unction is increasing concave. Instead of a single

waiting cost function, consider now m waiting cost functions g,(t), 1 = 1,...,m,
: g |

defined as follows:
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gi(t)-qi't for 0 < ts T,

Si(t) =a; T, | for '1'1 <t.

SERPT minimizea each of these cost functions stochastically and hence also
m
ge) = Isg i(l:), where g(t) is a piecewise linear concave function withm + 1
" 4=l i
pleces. Now, any concave function can be approximated by such a piecewise linear

concave function, where possibly one of the T:l has to be chosen . A standard

continuity argument completes the proof of the Theorem, [

3. Stochastic Open Shops with Random Due-Dates.

Now we assume that job j, § = 1,...,n, has a random due date D, and that

3
the due dates Dl"”’nn are exchangeable, i.e., D:'_i,...,l)1 has the same joint
n
distribution for all permutations 11""’.1n of 1,...,n. We also assume that the

common marginal distribution ¥ of Dj' h 1,.;.,n, is concave, which ig equivalent
to Dj'a density function f being decreasing. Our goal fls to find in the class

of preemptive policies the policy that maximizes the exi:ected number of jobs

that complete their processing before their respective due date§.

We first determine the optimal policy in the class of .policies which allow

preemptions only at the time epochs when rt;he‘ status of a job chénges, i.e,,

either whéﬁ a due date occurs, or when a mchﬁe finishe§ wii:h the processing
-of a job or when a job leaves the system. Next we explain why there is no. ad-
vantage to preempt at any other time epoc.h, even whén allowed to do so. Suppose
time t is a decision moment when the status of one of tﬁe jobs changes. Considering
only jobs with due dates. after t:I.me.t, let R, denote the number of jobs that still
need processing on both machines and let ny (nz) denote the number of jobs that
already have completed their proces.si_ng on machine 2 (1), but still have to be

processed on machine 1 (2). Because the processing time distributions are
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exponential, we denote the state S of the system at time t by (nlz,nl,nz). .
The random variable Nl(s) denote's the number of jobs to iae completed after

time t before their respective due dates when the decision-maker acts according
to policy 1r1. In the sﬁbsequent lemma and theorem we repeatedly use the
following approach v;hen comparing Nl(S) with NZ(S) or'with Nl(s'). .We condition
on the first event after time t, which may be a due date occurring or a machine -
finishing with the processing of a job, and compare Nl(s) with.'Nl(S') (or with
Nz (S)) under the condition of a particular event occurring first. Let 1r* denote
the SERPT with deletions policy.

Lemma:
* *
E(N (k—l,éﬂfl,m-!:l)) < 1 + E(N (k,£,m))
Proof: Observe that in state (k—1,£+1,m-|_-1) there 1s one more job in the system

than in state (k,£,m). Thus one more job has left the system in state (k,1,m).

Let this job be called job O and assume that it left the system before its due

" date in order to Justify the first term on the R.H.S. Now the following

inequalities can be verified:’

1) E(N(0,1,1)) < 1 + E( (1,0,0)) -
(11)a BN 0,241,1)) s 1 + EQN (1,2,0)
(10)b B (0,1,m+1)) < 1 + BN (1,0,m)
(111) E(N (0, 841,m#1)) < 1 + E(N"(1,2,m)
(1v) E(8"(k-1,1,1)) 5 1 + B (K,0,0)) f
a EQF (k-1,£41,1)) < 1 + EQV (k,2,00)
(b " (e-1,1,040)) 51 4 EQY(K,0,m) ;
(v1) x(u*(k-;,tﬂ,mi)) S1+ E(N*(k,t,m))
(1) Let G denote the marginal distribution o'f the remaining time it takes for
a specific due date to occur when we are at decision moment t. Since F is con-
8
j
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cave, G is concave. Condition or the time it takes machine 1 (2) to complete

a job and denote this by u (V). Now

EQN (0,1,1)) = E(u) + G(v)
while

1+ E(N'(1,0,00) = 1 + G(utv)

and since the distribution G is concave, () follows. The proofs of (if),...,(vi)
are by induction on k,f and m. The details can be found in Pinedo [5].

We are now ready for the main result of this section.

Theorem 2: SERPT with deletions maximizes the expected number of jobs that

complete their processing before their respective due dates.

Proof: We first show that SERPT with deletions is optimal in the clasé of

policies that allow preemptions only at time epochs when the status of a job
changes. It suffices to show'that at any such decision moment, in any state, it
is no worse to use SERPT with deletions'(n*), than to take an action not
prescribed by this policy (i.e., starting a job that still needs processing on
both machines before a job that only:needs processing on one machine) and use
SERPT with deletions from the next decion moment on. Call this last policy ='.

*
In order to prove optimality of m 41t suffices to show the following inequalities

for every k,£ and m:
E(N (k,2,m)) > (N'(k,2,m)).

Suppose that under 7' a joh has bheen started on machine 1 which still needs

' *
processing on both machines while under v a job has been started on machine 1
that only needs processing on machine 1. Condition on the first eveat to happen.

The only event that makes a difference at the next decision moment is machine 1

Lreie -
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finishing with the processing of a job. In case this event occurs N'(k,£,m)
* * *

becomes N (k-1,£,m+l) while N (k,£,m) becomes 1 + N (k,£-1,m). From Lemma 2

we have

E(N (k-1,8,m+1)) <1 + EQN (k,2-1,m))

This shows that SERPT with deletions is optimal in the class of policies that
allow preemptions only at the time epochs that the status of a job changes. Now
it remains to be shown that if the decision-maker is allowed to preempt between
decision moments it is not optimal to do so. If a random variable Y has a
distribution that is concave, then the random variable Z = (Y|Y>t) has a concave
distribution for any value of t as well. Assume the decision-maker is allowed
to preempt at any of the time epochs A,ZA,BA,...,tl,tl-i-A,...,tz,..., where

ti’ i = 1,2,... is one of the original decision moments.. 'rhén a standard
induction argument, that starts at the end of the process, shows that the
decision—paker never should preempt ';betwe'en the decison .moments (for a similar
induction argument see the proof of Theorem 3 :lnAPi:gedo [6]1). This completes
the proof of the theorem. [

Theorem 3 gtates that£ the number of jobs to complete their processing be-
fore their respective due dates is maximized £n expectation by SERPT with
deletions. However, SERPT with deletions does not maximize this number
stochastically. cjons:lder the case where all ;-]obs have a common random due date
D, which ‘is a special case of Dl""’Dn being exchangeable. In this case the

SERIfT with deletions policy is equivalent to the SERPT policy. In the next

theorem we show that SERPT does not ma:dmize the number of jobs to complete their

processing before D stochastically. Furthermore, we give an easy proof for the

fact that SERPT maximizes this number in expectatfon when the due date distribution

is concave.

i
|
|
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Theorem 3:
(1)  SERPT maximizes the probability of completing j jobs, j = 1,...,n—;

before a common due date with an arbitrary distribution.

(i1) LERPT maximizes the probability of completing all n jobs before a common
due date with an arbitrary distribtuion.

(i1i) SERPT maximizes the expected number of jobs to be completed before a .
common due date, when the due date distribution is concave.

Proof: (1) Follows immediately from Theorem 1 (1).

(i1) Follows immediately from Theorem 1 (1i).

(i{i) The probabili-.ty that job j with completion time C, finishes before .

3
its due date is 1-F(cj). The objective to be minimized is Z I":'('Cj)._‘ “This
is equivalent to the objective dealt with in Theorem 1 (iii) and according
to Theorem 1 SERPT minimizes this objective in expectation Qhen F is.: ' : \

concave.: [

4. Remarks : .

For the reader who is familiar with the notation developed by Graham et al.

O R

£ 4

[3] for deterministic scheduling problems it is clear that the models discussed
in this paper are stochastic counterparts of the deterministic models Ozlphtnl):cj

and Oz'lpmtn, dj - dlz Uj.

The problems discussed in this paper become more complicated when there are
more than two machines. It is difficult to formulate an optimal policy for

these problems.. This jump in complexity when going from two to three machines

%
A
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is a very common phenomenon in both deterministic and stochastic scheduling.
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