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[ SUMMARY
The principal object of this experiment was to evaluate the feasibil-

ity of using acoustic pulse echo techniques to determine the subsurface
structure of permafrost. Laboratory tests performed on representative
samples of permafrost, i.e., Ottawa sand, Hanover silt and Goodrich clay,
show that such acoustic methods are reasonable, provided the acoustic wave-
lengths are long compared to the radius of the scattering centers and to
the transition regions between adjacent constituents (e.g., sand, silt,jclay, ice) of the permafrost.

Our velocity measurements showed that either previous measurements
have been significantly high or the saturation levels of our samples were
lower than anticipated. The test sections deteriorated visibly during the
experimentation process. There was obviously dehydration due to sublima-
tion of the surface moisture, but the extent of dehydration in the in-
terior of the sample is not known. The velocity measurements suggest
saturation levels of 35-40%.

Acoustic attenuation measurements were performed and the results are
compared with scattering theory. The additional attenuation expected from
dissipative processes is discussed but could not be evaluated because the
dimensions of our samples were not large enough to allow the long wave-
length tests necessary to determine the parameters required in the theory.
The results of the tests did indicate, however, that if significant depth
is to be obtained frequencies of less than 10 kHz must be utilized. It
is also clear that an efficient method of coupling the energy into the me-
dium must be investigated. From the results of our theories and measure-
ments, there appears to be no significant difference between using the
compressional and using the transverse acoustic mode.

The reflectivity at permafrost-ice interfaces was investigated and
the results are compared with theory. Although both the predicted and

Imeasured losses in the reflected wave are appreciable, they do not appear
to preclude using acoustic pulse echo techniques, provided the wavelengths
are long enough to reduce the attenuation to acceptable levels. Extension
of the theory to include transition layers between constituents of the

I medium is also discussed.
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INTRODUCTION

Many operations in arctic regions require detailed analysis of the
shallow (<50 ft) permafrost subsurface. This information is particularly
important, for example, in the construction of oil pipelines; in such

Icases, however, the survey of the permafrost subsurface should not only
L be efficient and not too costly but should have a minimal environmental

impact. Determining the feasibility of using acoustic pulse echo methods
to locate, and possibly evaluate, boundaries and discontinuities in the
permafrost has been the subject of the study reported here.

The ability to use acoustic ranging to locate inclusions and dis-1. continuities in permafrost formed by dry frost regions, the subpermafrost
boundary, refrozen regions and/or upcroppings of base rock (all of which
may serve as foundations for substant4ial structures) or to locate ice
lenses, taliks, etc. (which can not) is dependent upon the acoustic prop-
erties of the respective media and the transition zones between them.
Specifically, the densities and either the longitudinal and transverse
acoustic velocities or the elastic moduli of the permafrost constituents
must be very well knpwn to determine the reflectivity at the interfaces;
the attenuation as a function of frequency must also be known to determine
the depth to which the method will be reliable.

A great deal of work has been done on measuring the velocity of
sound in permafrost using seismic techniques (see the review by Barnes'
and Zykov?). Hunter 3 has recently applied seismic techniques to mapping
subsurface structures and has also reported the results of in situ com-
pressional and transverse wave velocity measurements. Although labora-
tory measurements of the acoustic velocity in various constituents of
permafrost have been performed for some time'" and many theories 7 "'

that are applicable to the propagation of sound in permafrost have been
set forth, only in the last few years has significant progress been re-
ported on determining the sound propagation properties of frozen soils.
Kaplar"' used a resonant method to determine the elastic moduli of sev-
eral representative samples of permafrost and ice as a function of ten-

11 . perature. Timur's discusses the compressional velocity in terms of the(
ice-water-air constituents of the media and relates the observed incrgase
in velocity to the cementation of the sand grains with ice. He alsolob-

flserved a hysteresis effect in the velocity coinciding with the freeze-
thaw cycle and related it to interfacial forces and a slight salinity of
the interstitial liquids. Nakano and his co-workers 1 1"- have performed
a series of careful laboratory experiments on samples of Ottawa sand,
Goodrich clay and Hanover silt, measuring the compressional. velocity using
pulse echo techniques and measuring the shear velocity using Snell's law
of critical angle methods. For the case of Ottawa sand, the velocity was
related not only to temperature, where the hysteresis effect of Timur was
observed, but also to the saturation of the sample.
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L As discussed previously, the attenuation of the sound as a function
of frequency must be well known if the investigator is to maximize both
the depth of penetration into the medium and the resolution with which
the subsurface inclusions and discontinuities are observed. Unlike ve-
locity, there unfortunately appears to have been little work performed
in this area, at least in the laboratory. Anomalously high attenuation
has been observed by Hunter3 and by Press and Dobrin 1' during seismic ex-
periments in regions of thin permafrost. However, since Donato" has
shown that for this condition the attenuation is related to the ratio of
the wavelength to the thickness of the sample, this anomaly is probably
related to Lamb-like propagation modes21 in the medium rather than its
gross properties. An excellent review article (with extensive bibliog-
raphy) on the attenuation of acoustic waves at seismic frequencies
has been written by Jackson and Anderson.2 2 However, because of the long
wavelengths used in seismic work, the results in those studies may not be
applicable to the problem being studied here because of the resolutionjthat is required to adequately analyze the subsurface structure.

[ EXPERIMENTS
• Samples

r. The data reported were obtained on idealized, i.e., homogeneous and
isotropic, samples of representative permafrost constituents furnished
by the U.S. Corps of Engineers' Cold Regions Research and Engineering
Laboratory. Specifically, we used samples of 20-30 Ottawa sand, Hanover
silt and Goodrich clay, formed in cylinders approximately 6 inches in
diameter and 18 inches long. To prepare the samples, the dry soil was
saturated with distilled water, and then placed in a mold. The old was
placed in a cold room and subjected to rotary motion to prevent localized
concentrations due to gravity while the sample was freezing.1 7

During the course of the experiment, some evidence of deterioration

became apparent. Cross sections of the sample indicate this deteriora-
tion certainly was caused by sublimation at the surface and perhaps con-

* tributed to a general degeneration of the sample. It most assuredly was
Li a contributing factor to the anomalous results that are discussed later.

Results of Velocity Measurements

Figure 1 is a block diagram of the instrumentation used to obtain
the velocity, attenuation and reflectivity measurements. In this system
a pulse timing generator furnishes pulse length and rate information to
a pulsed power oscillator, and a trigger signal to the oscilloscope. The
oscillator, in turn, provides a cw pulse of the desired frequency, rate and
length to an acoustic transducer coupled to the sample. The transmitted
acoustic signal is received by a second transducer fixed to the opposite
side of the test section, amplified, and transmitted to the oscilloscope.

I3ilS
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Figwe 1. Bloc diagrm of inut'nentation.

The time of flight of the acoustic pulse in the sample is determined
I by measuring, with a calibrated time delay, the oscilloscope sweep time

from the origin to the first received signal and to the subsequent arrivals
that represent multiple reflections in the test section. Typical results
are shown in Figures 2 and 3.

On relatively homogeneous materials, measurements using this tech-
nique are normally accurate to within 1 1/2%, with the largest error in
the measurement of length. For the materials being discussed here, how-
ever, the velocity measurements are not that accurate because of loss of
resolution due to multipath spreading of the pulse during transmissions
and, in some cases, because of the long wavelengths required due to the
high attenuation.

lI The results of the velocity measurements are shown in Figures 4-6
and the mean values are tabulated in Table I. During the tests, the
sample temperature was maintained as nearly constant as possible at -1SOC.

Tabl. 1. Tabulation of avemge veZooitiee.
* i Material Ottawa Sand Hanovef r Silt Goodrich Clay

Camp. Vol. 3417 * 435m/s., 3096 t309 m/sec
Trans. Vel. 2266 1 424 a/sec 180S t 333 m/sec 206S ± 206 a/se

[I4
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1 Figure 2. Typical result of velocity experiment on Ottawa sand.

Frequency = 64 kHz, sweep = 50 j8ec/cm.

[

L.

II

[1 Figure 3. Typical result of velocity experiment on Hanover silt.

Freqecy~n - 82 kdls, sweep = 50 lisec/m.
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1. The results differ appreciably from those of Nakano and Froulall (Figures
7 and 8) at the same temperature. Although the cause of the disparities
is not known, dehydration of the samples is a strong possibility. This
hypothesis is substantiated by Nakano's and Arnold's1 7 measurements of

1 -the velocity in frozen Ottawa sand vs saturation and temperature (see
Figures 9 and 10, and Table II). These data indicate that our Ottawa
sand samples, rather than being totally saturated, actually were only
saturated to 35-40%. Unfortunately, similar data are unavailable for
Hanover silt and Goodrich clay. These materials would be expected, how-
ever, to behave in a fashion similar to that of Ottawa sand. Thus, the
lower velocity values observed, particularly in the case of Hanover silt,
are probably due to a lower saturation level and are not necessarily
surprising.

TabZe I. Description of Specimens

Wet Dry Water Ice
Thickness d Density Density Content* Saturationt

Specimen (cm) (g/cau) (g/cum) () Vo" Pntl.o ()

1 2.394 1.962 1.609 21.91 0.6470 99.70

2 2.373 1.863 1.598 16.59 0.6583 74.19

3 2.437 1.773 1.554 14.09 0.70S3 58.82

4 2.399 1.771 1.589 11.47 0.6677 SO.57

S 2.363 1.71S 1.S6S 9.59 0.6933 40.72

6 2.400 1.717 1.592 7.85 0.6646 34.77

7 1.321 1.670 1.$90 S.04 0.6667 22.27

8 1.339 1.604 1.562 2.66 0.6965 11.24

9 1.318 1.588 1.572 1.02 0.68S8 4.40

10 1.311 1.580 1.580 0.00 0.6772 0.00

Weight percent of water referred to the unit weight of dry soil.

tWeight percent of ice referred to the weight of ice, which could fill total void.

(after Nakano and Arnold"7)

Results of Attenuation Measurements

The attenuation of the acoustic wave in the medium is a principal
concern in determining both the resolution and depth that can be attained
with pulse echo techniques. This attenuation, whether originating from
dissipative considerations (i.e., internal friction, thermal dissipation,
viscous slippage at crystal boundaries, etc.) or from acoustic scattering
from inhomogeneities in the medium, is very sensitive to frequency. In
fact, the resolution of the technique is inversely proportional to the
frequency of the acoustic wave. Thus to optimize his experiments, the
investigator must be able to predict the attenuation as a function of
frequency.

9
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[ An acoustic wave propagating in a nonhomogeneous medium will inter-
act with the inhomogeneities and part of the energy will be scattered out
Of the sound beam. When the wavelength of the sound is large compared to
the size of these scattering centers, the interaction is minimal and the
energy loss is small compared to that caused by classical dissipation.
For this situation, the acoustic attenuation can be predicted by the

I -long wavelength theories discussed in Appendix A. However, when the
- size of the scattering center is a significant portion of the wavelength,

the attenuation due to scattering cannot be neglected.

I. TTo determine the attenuation due to scattering, consider an isotropic
solid elastic medium containing a concentration of scatterers. The inhamo-
geneities in the medium can be mathematically characterized by a generalized
function,

D(S,I,ar...) SCsi)I(si,sj)GCa,l) ... , )

where SCsi) is a structure distribution function which describes the
relative importance of the various types of scatterers in the medium,
I(si,sj) is a distribution function which describes the interaction
between scatterers and multiple scattering of the sound, and G(a,l) de-
scribes the distribution of the size and position, etc. of the scatterers.

F Assuming a plane wave moving in the Positive x-direction, the intensity
of .the sound is given by

I so e 2 , (2)

where a is the attenuation constant, x is the penetration distance into
the material and 1o is the intensity of the original sound wave. If the
energy losses are all considered to be caused by scattering processes,
Eq. (2) may be rewritten

I. Io-rx (3)

where r is the generalized scattering cross section and is governed by the
size, shape, position, etc. of the scatterers in the medium. In term of
Eq. (1), r may be written

r ff.. D(SI,G,r,...) y,(a)dIda... , (4)
ra

where now i(ca) is the scattering cross section of a single independent
scatterer. The attenuation is then given by

ff .. 1(...r . yia)d*.. .()

)ij Sa

13



This equation states that the attenuation is determined by the scat-
toting cross section and the distribution of the scatterers. The cross
section is dependent upon the interaction of the wave with each individual
scatterer, while the distribution function is the probability of the wave
encountering that scatterer in the medium.

For purposes of calculation, permafrost is considered to be composed.. of an array of elastic scatterers, i.e., granules of Ottawa sand, etc.,
imbedded in an ice matrix. To calculate the scattering cross section of
a single scatterer, the problem shown in Figure 11 must be resolved.

INCIDENT

IWAVE Pit -X19j~

a CL1 , CT1

[ 1 ICL29 'PS

SPHERICAL SCATTERED
SCATTERER WAVE

P-gura 11. Reerentation of the problm.

F Incorporating the methods of Ying and Truell2 ' and of Corbato" and
Uretsky,2 ' and using the experimentally measured values of velocity and
density as reported by Nakano, o the product of the scattering cross
section and the square of the frequency (yv2 ) were calculated numerically
as a function of the circumference-to-wavelength ratio for both a shear
and compressional incident plane wave. The results of this calculation
are shown in Figures 12-14. In the frequency region for ka<<l, i.e.,
for wavelengths much larger than the scatterer radius, the scattering
cross section is of the form

y -v , (6)

ii which is the result expected from standard Rayleigha2 scattering. In
general, the scattering cross sections for ka< and kalS can be
approximated by

Goodrich clay

Oaf
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Hanover silt

$VS6a dD/cm2
YCop 2.56 x 10-1 V S a3 + 3.62 x 10-12

=Va dB/cm2

Yshear 2.17 x 10-2 V 2. 44 a2.4 + 1.1242 x 10-101.
Ottawa sand

Va6 dB/.CM2
02P 1.03 x 10-11 v1'9 al' 9 + 4.75 x 10- 10

v1,a6 d/m
Yshear 19V.Va24 01 dB/cm 2
shear 7.86 x 10-  1 v '  aAl + 6.87 x 10- 5

where the frequency is in megahertz and the scatterer radius, a, is in
centimeters.

To evaluate the attenuation due to scattering from these expressions,
the distribution functions in the medium must be either known or assumed.
Because the necessary data are presently unavailable, and to minimize
the complexity of the calculation, the following assumptions have been
made.

1. No interaction exists between the scattering centers, and the
wave, once scattered, will not be re-scattered back into the
sound beam. This approximation is not extremely valid for

. materials with as high a concentration of scattering centers
as those being discussed here and will tend to make the pre-
dictions somewhat higher than if multiple scattering had been
considered.

2. There are N scattering centers per unit volume and the centers
are uniformly distributed throughout the medium. With the
exception of the Goodrich clay sample, this appears to be a
reasonable assumption. It will, of course, not be valid for
in situ measurements.

3. All of the scattering centers are of the same size, with a
radius ao . Since the materials used in the manufacture of the
test samples were filtered for size, this assumption is per-
fectly reasonable. During field tests, this assumption becomes
invalid. However, if radius ao is selected as the average
scatterer size, then it can be argued that only the larger

Sis



inhoogeneities in the distribution will affect the scatter-
ing. This assumption will make the calculated attenuation
less than that expected during the experiment.

Using, these assumptions, the attenuation due to scattering may be

written

. N
ascattering = * y(a o) (10)

which predicts the "first order" attenuation to be expected from the
scattering mechanism. Using the curves of Figures 12 through 14 and
the relation

(ll)
ka - a (

where v is the frequency in hertz, C is the velocity in centimeters per
second, and a is the radius of the scatterers in centimeters, the atten-
uation due to scattering for values ka<l and ka>15 can be approximated
by:

Ottawa sand

aV4 dB/m
cup= 1.14 x 10-2 VS.9 + 1.44 x 10 6 d

(12)
V4  dB/z

shear 6.52 x 10-3 v2 .41 + 2.086 x 10- 7

Hanover silt

- V4 dB/m
acop 5.12 x 10"' v' + 4.63 x 10-'

(13)

shear = dB/m3.42 x 10"  1.44 x 10"

Goodrich clay

MCC" V4 dBl,ScoP 5.50 x 10"2 V' 1.15 x 10(4ii (14)

1sh.1r 14 x 10-2 V + 1.03 x 10" d

n 19
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1. where v is in megahertz. For values of 1< ka< IS, the approximations of
Eqs. (12) through (14) are still more or less valid for order of magnitude
calculations, but will invariably yield predictions that are significantly
low.

Equations (12) through (14) have been solved as a function of frequency
and the solutions are shown in Figures 15 through 17. For the frequencies

L considered during these experiments, relatively good agreement was ob-
served between the theory and the experiment, with the exception of the
Goodrich clay samples. The reason for the variance between the theory
and the results of the Goodrich clay experiment can be seen in Figure 18.
The theories assume both total saturation and homogeneity. Earlier it
was speculated that during the course of the experiment the test samples
degenerated appreciably because of dehydration. This degeneration was
assumed to be limited to sublimation of the surface areas, but subsequent
analysis of the velocity data has shown that the samples were not totally
saturated at the time of the experiment. Figure 18 indicates that homo-
geneity also was not necessarily achieved in the test samples.

At the beginning of this section we mentioned the attenuation loss
due to dissipative mechanisms, i.e., thermal losses, internal friction,
viscous slippage, etc. These processes have not been specifically eval-
uated for the permafrost specimens studied here, primarily because the
dimensions of the test samples precluded using acoustic frequencies that
were very long compared to the radius of the scattering centers. Further
experimentation should be performed to acquire the long-wavelength param-
eters necessary to evaluate the long wavelength solutions discussed in
Appendix A.

Results of Reflectivity Measurements

The energy of an acoustic wave encountering a boundary between two
elastic media is divided between reflected and transmitted modes (see

* Figure 19). To determine the feasibility of analyzing the subsurface
structure of permafrost, the relative amount of energy in the reflected
modes must be known. In Appendix A, the problem of two ideal elastic

-media in rigid contact, i.e., presuming no slippage at the boundary, has
been solved as a function of incident angle for both compressional and
transverse acoustic waves incident on a permafrost-to-ice boundary. The
results of this calculation are shown in Figures 20-25 and indicate that,
for normal incidence, a minimum loss of 7 to 11 dB is to be expected at
the boundary, depending on the mode of the incident wave and the perma-

* frost material; for an Ottawa sand-Goodrich clay interface (Figures 26
and 27), losses exceeding 13 dB can be anticipated in the reflected wave.

20
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1.

To experimentally measure the reflectivity theoretically predicted
above, the experiment diagrammed in Figure 28 was performed. In this
test, an ice-permafrost boundary was formed as shown in Figure 29. A
hydrophone was imbedded in the ice a known distance from both the surface
and the interface. An acoustic transducer was coupled to the ice surface
and pulsed. The amplitude of the acoustic wave was then recorded by the

TO RECEIVER

HYDROPHONE

TO TRANSMITTER

/PERMAFROST

TRANSDUCER ICE

Figure 28. Diagram of the refZectivity experiment.

hydrophone both for the initial pulse and for the reflection from the
interface. A typical result is shown in Figure 30. Correcting for at-
tenuation losses in the ice, it was then possible to determine the energy
loss at the boundary. The results of this measurement are shown in Table
III. With the exception of Hanover silt, the losses observed during the
test are clearly significantly larger than the theory predicted. There
are many reasons for this result, including irregularities at the inter-
face, inhomogeneous media, etc., but not the least of them is the exist-
ence of a transition layer. Figure 31 is a diagram of the transition layer
problem.

lablZ III. ResuZZt of refZeotivity measurements
(eneg y Zoos at the permafroat-ice boundary).

Predicted Measured
Material Value Value

Ottawa Sand - Ice 7.0 dB 12.9 dB

Hanover Silt - Ice 9.9 dB 1O.S dB

Goodrich Clay - Ice 8.3 dB 16.2 dB

I 34
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Figure 29. Photograph of test sample used in reflectivity measure-[ ment for ice-clay interface. (Note the cond ition of
the clay surface.)
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Figure 30. Typical result of reflectivity measurement.
(Arrow 1 denotes initial pulse; arrow 2 de-
notes reflected pulse.)

I

SINCIDENT REFLECTED

Co WAVE WAVE
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0  0

C =f TRANSITION LAYE

p = g(x)

/ / v x =h

C2

P2 Ix

Figure 31. Diagram of transition layer problem.

36



The reflectivity of an acoustic plane wave normally incident on a
layer between two isotropic media for which the velocity and density are
dependent upon the depth into the layer is theoretically considered in
Appendix A for the case of C = (l+ax)n as a function of the thickness-
to-wavelength ratio in the incident medium, koh. The results of this cal-
culation for the special cases of n=l (a linear transition between media)
are shown in Figures 32-34. This calculation demonstrates that the ef-
fect of the layer is insignificant for wavelengths that are long compared
to the thickness. However, when the wavelength becomes on the order of
the thickness, the reflectivity becomes oscillatiry with increasing koh.
Thus, some knowledge of the interface between permafrost materials will
be required to allow the experimenter to use acoustic frequencies that
will result in the maximum energy possible being reflected from the
boundary.

CONCLUSIONS AND RECOMMENDATIONS

The feasibility of utilizing acoustic range-echo techniques to effi-
ciently analyze subpermafrost structure to significant depths depends upon
several factors. The more ciitical problems, those associated with the
velocity and attenuation of the acoustic wave in the medium, with the
acoustic impedance mismatch at boundaries between various constituents of
permafrost, and with the modulation caused by possible transition layers,
have been the subject of this study. The results of the research indicate
that, if sufficient coupling between the sound source and the medium can be
obtained, and if the acoustic wavelength is long compared to the majority
of the scattering centers and to the transition layer between media, the
utilization of pulse echo techniques could be a reasonable solution to the
analysis problem.

Unfortunately, the results of the study are not as conclusive as one
would like. It is therefore recommended that further basic research on
the acoustic properties of permafrost materials be performed. Specific-
ally, further test data should be obtained on the acoustic velocity and
attenuation of permafrost samples for which the physical properties, i.e.,
saturation, homogeneity, etc., have been carefully controlled. Once the
acoustic properties of these "idealized" permafrost samples are well under-
stood, the tests should be expanded to include studying the acoustic prop-
erties of cores extracted from the environment, provided techniques exist
to acquire these samples without disturbing their physical composition.
If not, in situ measurements should be performed prior to the extraction
of the permafrost cores.

Finally, it is of great importance to initiate a program to study
the physical properties of transition layers between various constituents
of permafrost. Although the experimenter can optimize his tests for depth
and resolution by adjusting the acoustic frequency, unless the transition
zones can be successfully modeled, successful and efficient subsurface
permafrost reflectivity measurements will never be achieved.
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L I. THEORY OF ACOUSTIC REFLECTION AND TRANSMISSION AT AN INTERFACE

A. Ideal Case1.
Consider an acoustic plane wave striking an interface between two

elastic media as shown in Figure Al. It is assumed that each medium is

isotropic and homogeneous. Complexities, such as viscoelastic properties,

are not considered. Each medium is characterized by its density, Lame'

constant and shear modulus. Finally, it is assumed that strong coupling

exists at the interface.

0 P 4

1 02 2

1i 'e Al. Aoouetio wave refZeotion and tranawnieion at an int faoe.

The displacement potential functions are then given by

42



|

*1 ,i(wt-ay) [U60 iaX 2 e ix

#.2 e*i(wt- 8y) AAe-iCILx" 2 = ei(Wt-OY) A -eiaLX ( z

" 2 = e B oe

where

1 incident compressional wave
6L z 10 incident transverse wave

I and

k 0 sine o ik S sin0 S= kLsin0 L =kTsineT

% - k0 coseo0
aMS = k S cos eS

aL a kL Cos eL

O a k cos e

k 0

e sin'I(FSsineo)

T -usin" Isin 0

L Ls

T

At the boundary x=O, the normal displacement, pressure and shear stress

are continuous. Also, since strong coupling has been assumed, the tangen-
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IPI

tial displacement is also continuous. Mathematically, this is expressed

as

I.

I II

C" I T. aI11
XX xX

!- OI = II

0xy x7

where

tu = grad * + curl
- (0,0,0)

a ij - 6 ij V 2 + 2 V Si j  ( S
ja*j au5.V~2i

sij 1 " xii1'

6 ij 1 i-J

1~
and i and j denote direction. Applying the boundary conditions then gives

[four simultaneous equations

I4
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A LA B- + L (1-8

A a B A' + T BA "6L (OT L)

2. T 2- T L~ + T (1-6 0
CA4)

2 ~l(- '4 kS

1.2A B !82\ ~2 L /' f 2 B2 B / 2-
kS 212 2 i k2  k/L k /L

which have been solved using program SOLID in Appendix B to calculate the

energies of reflection and transmission at the interface for several ex-

1 amples. The results of the calculation are shown in Figures 20-27 of the

text.

B. Extension of the Theory to Include a Transition Layer

The problem to be solved is diagrammed in Figure A2. An incident

plane compressional* wave is incident on the boundary of a layer in which

the velocity and/or the density is a function of depth into the medium.

The displacement potentials are given by

-0 (,0 ikox + A 2 0ikx)e *iwt

- (B e-ikLx4  2ikLx) eiW t  (AS)

42 C a•ik~x •i wti;

Development of the theory for an incident transverse wave is equivalent

to the development presented here.
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II.
40NCDENT REFLECTED

WAVE WAVE

L C f(x) T ITION LAYER

p1 g(x)

#" 2 x h

C2

P2  x

Figure A2. Diagran of tranaition layer problem.

where now kL is a function of x. At the boundaries x=O and x-h the normal

displacement and pressure are continuous,* where the displacements and

stresses are defined by Eq. (A). Evaluating the boundary conditions

*. yields four simultaneous equations to be solved for the amplitudes:

,.ko(1.A2 kL (B
0(A2) LI k Wj ( 1-B2 )

PO 2 2i 1kL
l oIA2) = OI(I+2l k[ax Ixo( B2)1

L X-0

k L)I( e-ikLh_ ~B 0ikLh) Ix c ~C iC h (A6)

*For the case of a shear wave incident, the tangential displacement

and shear stress are continuous where it has been assumed that strong
coupling exists at the boundaries.
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i( akL. 2 a kL a2k\1 + a
h +" 0 i(2 + -- h 2 BI k ikh

kPLI ceLTx Xak ak L e ikLh xikCh

ax ax2 ) n 2C

which are completely general.

Consider the special case for which the functional dependence of the

velocity in the transition region is given by

CL a C0 (I~ax) n , (A7)l
where a is the gradient and n is the order of dependence and need not

necessarily be an integer. It can then be shown that the amplitude of

the reflected wave is given by

[ (l 0+ 1)_ 2ina

A2  Po (y-l) 1 ko (AS)
If-[l (Y+1) + 2ina

where

q-rtankLh+ i ptank ankL

21 0 p+q -rtank h+ilr+ q+c p  tan k h

) q- r tankLh + i k0 ptankLh

p-i47



4.

ip. [1- (-~h
4. (l+ah)n

q - [1- (n-l)ah] 2

cr 2an (1+ah)n I- (n-1) ah

These equations have been evaluated using the computer program TRNTION

given in Appendix B for the special cases of n=l and n=2. The results

of this calculation are shown in Figures 32-34 of the text.

II. APPROXIMATION OF ATTENUATION

1The attenuation of a sound wave propagating in a material that is not

perfectly elastic, homogeneous and isotropic can be considered to be the

result of two mechanisms: (1) dissipation processes originating from in-

ternal friction, anelastic behavior of the material, thermal dissipation,

viscous slippage at crystal boundaries, etc., and (2) scattering originat-

ing from the interaction of the acoustic wave with scattering centers in

the medium. The relative contribution of each of these mechanisms to the

total attenuation depends on the frequency of the sound wave. At low fre-

quencies, the wavelength of the sound is very large compared to the scat-

tering centers; therefore, the scattering cross section, i.e., the rela-

tive amount of energy scattered out of the incident wave, is extremely

small and the attenuation is due almost entirely to dissipation. As the

[frequency increases, the attenuation due to scattering becomes more im-r portant until, when the wavelength becomes approximately on the order of

the size of the scattering center, scattering predominates. Thus, to

rassess the frequency dependence of the attenuation, the dissipation and
scattering processes must both be evaluated.
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A. Long Wavelength Isotropic Solutions

For wavelengths that are long compared to the size of the scattering

center the calculation of acoustic velocity and attenuation can be derived

ignoring the contributions due to scattering. Even though not all of the

internal mechanisms contributing to the dissipation processes are known,

the general theory can be developed by grouping all attenuation into a

common source. This is accomplished mathematically 2
6 by the replacement

of the shear modulus LM) and the Lame' constant (A) in the elastic

stress-strain relationship by the first order differential operators

IM

In Eq. (1), the unprimed terms denote the elastic and the primed terms

denote the viscous (or attenuative) contributions.

Consider an acoustic shear wave* moving in the positive (downward) x-

direction. The displacement potential is given by

4 = Aei C(t - ax) (AlO)

whereI
w is the circular frequency

I-

t is the time

a is the complex wavenumber.

*The derivation for the dompressional wave propagation is similar to that
presented here, the difference being the introduction of the (A + 2M) op-
orator in the wave equation, Eq. (All), rather than the shear modulus (M)
operator. The displacement potential must, of course, be associated
with the compressional rather than the transverse wave.
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This displacement potential obeys the wave equation

0 P_ = M V2  (All)

at 2

where p is the density of the medium and V2 is the Laplacian operator.

Substitution of Eqs. (A9) and (AlO) into Eq. (All) and carrying out the

operations gives the relation

S2 = a 2 (j, +iWi). (A12)

For an attenuative medium, the complex wavenumber can be written as

a a = k-it , (A13)

where

k is the running vector, w/c

c is the wave velocity

T is the generalized attenuation.

Making this substitution into Eq. (A12) and separating the real and

imaginary components yields the simultaneous equations

0 2 = (k2 - T2 ) + 21'wk"

(AN4)
0 = ~w(k 2 -T) -21kT

Setting

Ru- Ii

these equations have the solutions

L so



T . k(4 IT'- T = H.W+ R' I

2 I 1+ R2W 2  + 1} (AlS)
= 1+ R 2W 2

where now both Vi and R may be frequency dependent. The procedure from

this point is to introduce a mathematical model of the medium composed of

elastic and viscous constants that are frequency independent, and then fit

the results to experimental data.

Maxwell 27 suggested that viscoelastic materials could be represented

by an elastic element (spring) in series with a viscous element (dashpot)

as shown in Figure A3. Voigt28 placed these elements in parallel as in

Figure A4. Detailed mathematical analyses of these as well as more com-

plex models are covered in standard texts 2 9-31 and will not be discussed

here. However, it can be shown that for the Maxwell model

=H I II

I. 1

where

kT
T z =

( E )22 E

-\

| I .. . - - I . . .. ".... .... ..w. ..he r. ..e . ... . .. .
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Emm

17
Figure A3. Maxw.ell 'a mechanical Figure A4. Voigt 'a mechanical

repreeentation of repreeentation of
viscoeZasti.c aotide. viscoelaetic aolida.

For the Voigt model
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Very few solids behave like either the Maxwell or the Voigt model.

However, since more complicated models become extremely involved mathe-

j matically, and because models specifying a greater number of parameters

require more experimental evidence t. substantiate their validity, using

I. a single Maxwell or Voigt element is a convenient method of obtaining a

* first order approximation of a viscoelastic solid's mechanical properties.

* B. Short Wavelength Solution

To estimate the contribution due to scattering, consider the problem

1shown in Figure AS. An acoustic plane wave propagating in an isotropic

elastic solid encounters a spherical scatterer which, for this discussion,

is also assumed to be elastic. Both media are characterized by their

INCIDENT
WAVE P1 Alt Vi

CL1 , CT1

•~ ~ ~~C2 t CtT2- '

SPHERICAL SCATTERED
SCATTERER WAVE

Figure AS. Repreentation of the probZem.
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I. densities (Pi), shear moduli (pi) and Lame' constants (Ai). Elasticity

theory defines the velocities as

(AlS)

Ili 
W

1 1

where w is the circular frequency and ki and Ki are the wavenumbers of

the compressional and transverse wave, respectively. The displacement

can be written in terms of the displacement potentials * and b as

- grad + curt$. (A19)

For spherical coordinates,

u -V + VxVx(r*) (A20)

The displacement potentials are of the form

CM3 (pr) P3 Ccose) e1  (A21)

1! where

fn(pr) = the spherical Bessel function of order m

p.- either k or K, depending upon the wave considered

[ P,(cose) the Legendre polynomial of order m.

S
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I When the incident plane wave strikes the scattering center, some of the

energy is scattered away and some is transmitted through the scatterer.

1. Since all the waves must obey the same wave equations, the wave potentials,

neglecting the time dependence, may be written as

I * Incident - I 'cm im (klr) P (cos8)
M-o (A22)

* Incident = 'sm J (Klr) P (cose)
s. m o

* Scattered = Am h (k r) Pm (cosO)
M=o 

(A23)

Scattered = , Bm hm (K r) Pm (cosO)

0 Transmitted = Cm Jm (k r) Pm (cose)

(A24)

*i * Transmitted = j 3 J (K2r) Pm (cos()
m=o

where r and 0 are spherical coordinates. The spherical Bessel functions of

the first kind, jm(kr), and third kind, hm(kr), are used to assure that the

scattered wave is propagating away from the scatterer located at the origin

of the coordinate system. In order for the incident wave to be plane and of

unit amplitude, Icm and Ism must be of the formz l

in C(2m + 1) ,(A2S)

5



1 where p is k and K, respectively. The coefficients Am, ., Cm, and D. are

determined by the boundary conditions at the scattering surface. For a

1- solid-solid interface assuming strong coupling, these boundary conditions

. nar

(a) Radial displacement continuous

(b) Tangential displacement continuous

(c) Radial stress continuous

(d) Tangential stress vanishes.
1.

At the boundary, r = a, these conditions can be written mathematically as

(a) Ur(inc) + ur(scatt) w Ur(trans)

. (b) ue(inc) + u6(scatt) = u(trans)
(A26)

Cc) arr(inc) + rr(scatt) = arr(trans)

(d) r(inc) + 0 re(scatt) are(trans)

In terms of the displacement potentials, the stress and displacement con-

ponents of Eq. (A25) are

I I T r

Ur rUr
where

a la sinO a. (A28)E
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L The scattering cross section is determined by calculating the ratio of

the time rate at which energy is scattered out of the wave by an obstacle of

i- radius "al to the total energy of the incident wave. The scattered energy is

equal to the energy being carried away by the scattered wave across a spheri-

cal surface of radius "b" > "a". Love33 gives this scattered energy as

1.a au xau + uzd A9x A ZA (A29)

scattered JJ Ixr TF + yr +F Gzr t_- scattered

where axr, ayrr• and azr are the stress components acting in the three rectan-

gular axes on a surface normal to the radius vector T", and the u's are dis-

jplacements. Both the a's and the u's are usually complex, so care must be
exercised to assure that the final expression for the scattered energy is

real. Assuming a time dependence of ei~t for the displacement potentials

and using the spherical symmetry of the scattered wave, Eq. (A29) can be

rewritten in spherical coordinates as

I J~r u+ u* *yrO uz

scttrd, 2~- 0 ~ 8

I. +a UZ .ouJ2; sinOdO[~rr ur + 'ere scattered1. wave

where all the terms are defined by Eq. (A26) and the asterisk denotes the

[complex conjugate. The integral in this equation can be evaluated by the

substitution of Eqs. (A23) and (A24) and using the identity

F foWpfr) g sinOdO -fWf(Og) sinOdO -o sindO (A1)
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I. to determine the recursion relations and the orthogonality of the Bessel

functions and the Legendre polynomials. Equation (A31) is valid for any

1- two arbitrary functions f and g and the energy lost from the incident wave

due to scattering from the spherical scatterer is

4" 12[ Mo lB 12 (A32)1.Scattered '1 Mao 2M4l K 1

where Am and Bm are the magnitudes of the scattered wave potentials and

must be evaluated at the scattering surface by the boundary conditions.

1 The total energy of the wave is determined by calculating the energy

in the incident plane wave that is being transported through a unit area

normal to the propagation direction. The displacement of a plane wave

of unit amplitude traveling in the positive x-direction can be written as

ZA ei(wt - Klz) (A33)

From elasticity theory, the stress can be calculated from the relation

where
j 1 CVu"6j+ x+xi ,C

a i 0 i J

For the wave described, aGj a 0 for all ij except

[ 58
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L 1  , i(wt - Kz)(AS

The energy flux through a unit area is then given by

E iW (a + au* + a u*) -(a*u +Cy*u.+Gr*uz) P- WS (A36)inTc c xzu x yz y zz z xzx yz y z K

The scattering cross section is defined as

YzEcttrd (A37)
Etotal

Therefore, for a transverse plane wave encountering a liquid-filled spherical

1 scatterer

Yshear ' 4mw 1k E T j (A38)

A similar calculation for the problem of a plane compressional wave striking

the liquid-filled cavity yields the similar expression

Yop 4w EA 2.1[A12+ m(m44) !I JB1j (A39)

The scattering cross section times the square of the frequency Cry- 2) as a

function of the circumference to wavelength of the scatterer has been

solved using the computer program SCTTER given in Appendix B and the results

shown in Figures 13-1S of the text.
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APPENDIX B

1 COHP1FTER PROGRAMS



PROGRAM SOLID

ATTACN (GRAFIX)
L18RARY(GRAFIX)
FORTRAN*
LGO(LC=30001

PROGRAM SOLIOWF(INPU1,QUTPUTTAPE5=INPUTTAPE6=QUTPUTTAPEqg3
IMPLICIT COMPLEX(AFGIsREAL(K)
COMPLEX eETA
DIMENSION G(4.,519 A14,53, F(4)9 KK(419 ENG(S), CP(8,10001
COMMON N, NN, Go F
CALL PLOTS
CALL PLOT(0.,2.,-3)
NNXZ0
READ(59100) NNN,I4P

100 FORMAT (212)
* 101 READ(59102)COCRCLCTR4C0,RCCI0,CHIC4IF

102 FORMAT(4F5.02F.g,3F8..)
XI=DCHI/5.
XJ=DCHI*O.
PI=3.1*.159265,
R=RMO/RHO 0
K0=1./ca
KI./
ICLz1./CL
KTI1./CT
LLzIFIX( (CHIF-CI0)/DCI*.01)
CHIO=CHIO*PI/180.
DCHI=OCHI*PI/i80.
CHIF=CHIF*PI/180.
CHX=CHI0
001171L=1 ,LL
CHEK1=0.
CIIEK2=0.
IF(CHI)10.,1059104

104. IF(IL-11106,106,105
105 CHIzCHIDCHI
106 BETA=KO'SIN(CMI3

AO=K04COS(CHI)
AR=CONJG(CSQRT(KRI2-9ETA#.21l
AL=CONJG(CSQRT(KL*2-SETA"02))
A1=CONJG(CSQRT(IKT**2-BETA*"2))
Na'4
NN=N*1
00 107 Is1,N
DO 107 M=1,NN

107 G(IM)zO.
6 (1121.
6(1,2) -8ETA/AO
G4193)zAL/AO
G(1,'.)z-G(192)
6(1,53 21.
G4291)u1.
G(292) zAR/BETA
G (2,931 -1.
6(2,'.) AT/BETA
S(2,95)2z-10
G(3,I3=-(1.-2**(BETA992/KR9*2)J
6(3, 2)z 'BE TA*AF.4KR''2
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G13,3)Il1.-2.'(B3ETA"2/KT'42) )*R
6(394) s2**R*BETA*AT/KT**2
G(395)=-G (39,1)
G (4, 1) z2.*AO *BET A/ICR*
G(492)Z-G(391)
6(I.,312AL*G(394)/AT
G(414)=-G(393)
6 (4 .5) (4, 1)
CALL SOIN
DO 108 IJ=i,4

106 KKfIJ)=CA8S(F(IJ))**2
ENG(1)=KK(il
ENG(2)=REAL( (AR/A0)*KK(2))
ENG (3)=REAL (R ( AL/A 0) KK(3))
ENG(4)=REAL(R*(AT1A0)*KK(4))
00 200 IJ=1,*.
CHEK1=CEK1+ENG( IJ)

200 CONTINUE
00 109 11i,N
DO0 109 M:19NN

109 G(I,M)0Q.
Gtltl)=A 0/BETA
G(192)=-1.
G(193)=AL/BETA
G(194)z1.

G11,5)=1.
G (2,1) =BETA/AR
G (2,92)=1.

G(2,4) =AT/AR
G(2951.

G(392)=2.*BETA*AR/KR**2
G(3,3)=R#(1.-2.#(EETA'*2/KT##2)
G(394)=2.*RBETA*AT/KT*#2
6 (3,5)=G(13,2)
G(49I)z2.*A0*6ETA/CRf*2
6 (a. 2)=(39,1)
G(493)SAL*G(394)/AT
S(4, 4)z-G (3, 3)

G 4495)= ( 13, 1)
CALL SOIN
00 110 IJzI,4

110 KK(IJ)=CAS(F(IJ)16*2
ENGf5)zREAL((A0/AF)wKK(1))
ENG(6) =KK(2)
ENG(?)mREAL(R*(AL/AR)*KK(3))
ENG(8)xREAL(R*AAT/AR) *KK(4a))
00 291 IJ=5,6
CmEK2zCHEK2 + ENG(IJ)

201 CONTINUE
THETAmCHI * 180./PI

Ill WRITE(6,1121
112 FORMATIIHI)

WRITE (6,113) C0, CR, CL9 CT, RHO, RHOS
113 FORMAT (3K, 5HCO a 9 F5*09 JX, 514CR a 9 F5.6, 3X, SliCk 9

S P5.0, 3X9 SHCT a , P5.0, 3X9 GHRHO 2 9 F4.?, 3X9 VHRHOU a
S P4.2, /
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4.

WRITE (6, 114)
114 FORMAT (OX, 33H ---COMPRESSIONAL WAVE INCIDENT---, 6X,

S33H ---- TRANSVERSE HAVE INCICENT-. i, lXq SMTHETA,
S3X, 2HAZ 5X, 2H82, 5X, 2HA3, 5X9 2HB3, 4X9 SHCHEKI EX,
S2HAZ, SX 2H82, 5X, 2HA3, 5X, 2M83, 4X9 5HCHEK21

C A3 AND 83 ARE THE TRANSMITTED COMPRESSIONAL AND TRANSVERSE
C WAVE ENERGIES RESPECTIVELY*
11s WRITE (6,116) THETA, (ENG(NP), NM=1,4), CHEKI, (ENG(NN), NM=5,8),

SCHEK2
116 FORMAT (1X, FS.29 4(2X, F5.3)9 2Xv F5.3, 4X, 4(2X, FS.3), 2X,

SF5.3)
00 10 IP=1,8
CP(IPIL) = ENG(IP) * 10.

10 CONTINUE
117 CONTINUE

IP = 0
O0 55 J=192
YP=6.
00 45 IQ=1.9
RI=IQ
IR=IQ-1
IF(IR.EQ.3) IR=5
IP a IP+I
XN = XI

CALL PLOT(XNCP(IP91),3)
00 35 IL=2,LL
XN a XN XI

CALL PLOT(XNCP(IFIL)9Z)
35 CONTINUE

XN = XJ/4.*RI
IS=IQOIO
YP=YP-.25
YSzYP+.07
CALL SYMBOL(2.,YS,.ilIR, O.-1)
CALL SYMBOL(2.179YP,.14,1H-,0.1J)
O0 40 IL=ISLL,40
CALL SYMBOL(XNCP(IPIL),.14,IR0.,-1)
XN a XN+XJ

40 CONTINUE
45 CONTINUE

CALL PLOT (18., 0o, 3)
CALL PLOT (0., 0., 2)
CALL PLOT (o., 10., 2)
CALL PLOT(18.,10.92)
CALL PLOT (Io, 0., 21
XPZ16.
YP0O.1
YZaO.
00 451 L=198
CALL PLOT (XP, YP, 3)
CALL PLOT (XP, YZ9 2)
XPuXP - 2.

451 CONTINUE
YPul.
XP2O.1
XZ8O.
DC 452 L2l9
CALL PLOT (XP, YP, 3)
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CALL PLOT (XZ, YP, 2)
VP=YPG 1.

452 CONTINUE
YPZ-G.07
XP=-.42
YN=O.
DO 453 L=1911
CALL NUMBER (XP,YF,.1'.,YN,0.,ll
YN=YN+ .i
YP=YP~i.

453 CONTINUE
CALL SYMBOL (-.65,4.1,.14oi5HRELATIVE ENERGY990.,15)
IF (J .EG. 1) XP=6.36
IF J .EQ. 2) XP=6.54
IF(NP.EQ.1) GO TO 230
CALL SYMBOL (l.7,10*4,.21,81HRELATIVE ENERGY DISTRIBUTION OF ACOUS
VTIC WAVE INCIDENT ON PERMAFROST-ICE BOUNDARYD.,81)
IF (NNX *EQ* 0) CALL SYMECL (XP+.06, 10.10, .149

Si5HOTTAWA SAND-ICE,O.,15)
IF (NNX *EQ. 1) CALL SYMBOL (XP,10.107.1L.,16hHANOVER SILT-ICE,
S0.916)
IF (NNX .EQ. 2) CALL SYMBCL(XP-.06,10~..49l7HGOODRICH CLAY-ICE,

SO. .17)
GO TO 240

230 CONTINUE
CALL SYMBOL(C.8,10*49.21991H4RELATIVE ENERGY DISTPIBUTICN OF ACCUST

SIC WAVE INCIDENT CN BOUNDARY OF TWO PERMAFROST LAYERS,0.,91)
CALL SYMBOL(XP-.5a.,1O-i,.14,25HOTTAWA SAND-GOCORICH CLAYO.,251

240 CONTINUE
IF J .EG. 2) GC TO 454
CALL SYMBOL(999.,539.,.1.,JOH (CCMPRESSICNAL HAVE INCICENT),G.,30)
GO TO 455

454 CONTINUE
CALL SYMBOL (999.,gqq.,.14,27H (TRANSVERSE WAVE INCIOENT),0.,27)

455 CONTINUE
CALL SYMBOL (2.35,5.75,.14923HREFLECTEC CCMPRESSICNAL, 0.,23)
CALL SYMBOL (2.35,5.5,.14,15HREFLECTED SHEAR,0.,15)
CALL SYMBOL 42.35,5.25,.14,25HTRANSMITTED COMFRESSIONAL,0. ,25)
CALL SYMBOL (2.35,5.0, .14,17HTRANSMITTED SHEAR,G.,17)
XNZ 10.
XP 1.9
YPz-0.24
CALL NUMBER (-.04,YP,.14,0o,0&,-l)
00 456 L=199
CALL NUMBER (XPYF,.14,XN90*9-1)
XN49XN, 10.
XP=XP+,

456 CONTINUE
CALL SYMBOL (7.589-0.48toi4t24HINCIDENT ANGLE (DEGREES), 0.424)
CALL PLOT(24.oq.,-3)

5S CONTINUE
NNX = NNX # I
IF INNX - NNN) 101, 118, 118

116 CONTINUE
X20.
yat.
00 130 L-1,4
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IF(LP.EQ.41 LP=5
DO 120 LX=1911
CALL SYMBOL(XY,.14,LP,0.,-1)
Y=Y,1.

120 CONTINUE
X=X,1.
Y=c.

130 CONTINUE
CALL PLOT(0.,O.,q99)
STOP
E NO
SUBROUTINE SOLN
IMPLICIT COMPLEX (A, F, G), REAL (K)
COMPLEX SUMPR
DIMENSION G(4,5), A(4.,5)s F(4.)
CCMON N, NN, G, F

C THE AUXILLARY MATRIX FCR THE SOLUTION OF THE I'ATRIX BY THE CROUT
C METHOD FOLLOWS.

00 104 I=1,N
104 A(It1)=G(Iti)

00 Ill I=2,N
00 Ill M=29NN
All N)=G (1 M) /A (1,1)
SUMPR=CNFLX (0., 0 )
IF(I-M) 105, 107, t09

105 I1=1-1
DO 106 MM=1,II

106 SUMPR=SUHPR+A(IoIP)A(MNN)

GO TO Ill
107 I1=1-I

00 108 IJ=1II
108 SUMPR=SUMPRGA(I,IJ)*A(iJ,r)

All, I)=G(1,1 )-SUMPR
GO TO Ill

109 MmM-1
00 110 IJ=1,MM

£10 SUMPR=SUMPR+A(ItIJ)*A(IJtM)
A (IgM)=G lIM)-SUMPR

Ill CONTINUE
C THE FOLICWING DETERMINES THE FINAL MATRIX BY THE CROUT METHOD-
C FOR THE FROBLEM CCNSIDERED.

F(N)=A (NNN)
MN-i
DO 115 M=1,MN
LxN-M
NL=L+I
SUMPR=CMFLX( 00,0.)

112 IF(N-MLII4, 113, 113
113 SUMPR=SUMPRA(L,IOL)*F(ML)

ML=ML*1
GO TO 112

114 F(L)=A(LNN)-SUMPR
115 CONTINUE

RETURN
END
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PROGRAM TRN~TION

ATTACH (GRAFIX)
LIBRARY (GRAF IXI
FORTRAN*
LGO(LC=6lOO)

PROGRAM TRNTICN(INPUT,CUTPUTTAPE5=INPUTTAPE6=OUTPUT)
C THIS PROGRAM CALCULATES THE REFLECTION COEFFICIENT FROM A

*C TRANSITICN LAYER BETWEEN TWO ELASTIC MEDIA.
IMPLICIT REAL(KNi
COMPLEX IGM19GPiA2
DIMENSION HOLD(2)9X(500),YC(500)9YT(500)
CALL PLOTS
CALL PLOT(0.,1.,-3)

1±6 CONTINUE
100 REAO(5, 101)CO,CRCCCSRHO0,RHO2,NMNX
101 FORMAT(4F5.o,2F5.3F3.l,13)

IF(EOF95) 300,102
102 CONTINUE

IF(MNX.EQ.O) GO TC I
PS= 1,0.
PL=.025
GO TO 2I CCNTINUE
PS= 20.
PL=.05

2 CONTINUE
NT=O.
I=(0.91.)
IC 0H=0.
00 114 L1,9500
KOH=KOH+.*02
NT=NT+1.

104 KRH=KOH*C0/CR
KCH=KOH*CO/CC
KSH=K ON'C /C S
IF(N)10591059106

105 ALPH=O.
ALPT=O.
GO TO 107

106 XN=I./N
ALPH=(CC/CO) **XN-1.
ALPT=(CS/CRI*'XN-1.

C KLH AND KTH DEFINE THE TRANSITION
107 KLH=K0H/ (i*4ALPHI**N

f ~KTH=KRH/(1..ALPTIW*N
NMI=N-1.

C FIRST CALCULATE FCR COMPRESSIONAL INCIDENT
Pu(l.- (N-1. )'ALPH)/ (1.#ALPH)"*Nmi
Qz (1.-IN-i.) 'ALPH)*v2
R(12.'ALPH'N/KOH)'(1.-0.5'(N-1.d'ALPH)((.ALP4)",4)
Xl1(RHO2/RHOO)' (KOH/KCH)'P-OR'TAN(KLH)
X2=R4(Q-(KOH/KCH)*P) 'TANIKLH)
X3=Q-R' TAN IILH)
X4.(KOH/KCH) P*TANII(LH)
Yjs (RHO2/RHOO *(KOH/KCH) 'P*C-R'TAN (KLH)
Y2UR.(Q. (KOH/KCH)fP) 'TAN(KLH)
GM1*(XlI*X2lf/IX3+I'X.I
GP1izYlIOIY2U/1X3*I'X4d
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A2z(GNI-2.'I'N4 ALPH/KOH) /IGPI-2.'I*N'ALPM/KOH)
HOLO (1) CABS (A2)
Zz(RHO2*CC)/ (RHO0*C01
TESTz(1.-Z)/(l.4Z)
ZF(IOLD(18-TEST) 201,201,200

200 MOLD(1)=TEST
*201 CONTINUE

ENGC=HOLC(1)**2
C NOW CALCULATE FOR TRANSVERSE WAVE INCIDENT

P(tl.-(N-j.)*ALPT)/(j.,ALPT)**HMI
QzII.-(N-l.) 'ALPT1*f2

XiI(RHO2/RHOO'(KRHiIKSH)P-QRTAN(CTH)
X2=RIQ-(KR4/KS4)*P)*TAN(KTH)
X3=Q,-R*TAN(KT4)
X4=(KR/KS4)*POTAN(KTH)
Yl=(Ri4O2/RHOGO(KR/KS4) P4Q-R'TAN(KT4)
Y2sft.(Qe(KRH/KSH)#P)'TAN (KTH)
GML* (X 11X2)/I(X3,I.X.)

A2=(GNi-2.'1*NALFT/(RH)/(GPI-2.'I'N'ALPT/KRH)
HOLD (2 ) CABS (A2)
Z:(RHO2*CS)/ (RHOOOCR)
TEST=(l.-Z)I (l..Z)
IF(NOLD(2)-TEST) 203,203,202

202 HOLOI2)=TEST
203 CONTINUE

ENGT=HOLO(Z)**2
IF(NT-l.) £08,108,115

108 CONTINUE
IF(#INX.EG.0) WRITE(69111)
IF(MNX.EC.1) WRITE(6,121)
IF(NNX.EO.2) WRITE(6,131)

Ill FORMATtiHI,16XI5HOTTAWA SAND-ICE)
121 FORMAT(IHI,15X,16hHANCVER SILT-ICE)
131 FORMAT(iH1,15X17PGOOORICHg CLAY-ICE)

WRITE(6,109) N
109 FORMATILOX927HTRANSIrICN OF FORM (1+AX)**

1,F2.0,/,12Xi7H..COMPRESSICNAL..,3X,£7H...TRANSVERSE...)
WRITE(6, 1128

112 FORI4AT(5X93HK0N,'.X,?HCMP AMP,3X,?HCNP ENG,3X,7HSIR AMP93X97MSMF EN
IGI

115 WRITE(6,113)KONHCLO(1),ENGCHOLO(2) ,ENGT
113 FORMAT(1X,F8.3,4(3XF?.4))

X(L)zICOHF YC (L)=ENGC*PS
YT (L)=ENGT*PS

114. CONTINUE
CALL PLOT(X(1),YC(1)938
00 10 J*29500
CALL PLOT(X(J3,YC(J),2)

- - 10 CONTINUE
0O 15 J=209500920
CALL SYNBOL(X(J)9YC(J19.136,090.,-1

15 CONTINUE
CALL PLOI(X(1),YT(1J,31
DO 27 J=2,500
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j CALL PLOT(X(J),YT(J)921
2? CONTINUE

DO 4.6 J=109490920
CALL SYNBOL(X(JR',YT(Jh.*136,I,0*9-1)

46 CONTINUE
CALL PLOT(10*,a.,31
CALL PLCT(0.,0.,2)

CALL PLOT(0.,8..21
CALL PLOT(10.,8*92)
CALL PLOTU10*,a.,21
XPu9.

YPsO.1

00 46 J2199
CALL PLOT(XP,YP,3)
CALL PLOT(XP*YZ,2)
XP=XP-1.

46 CONTINUE
I P= 1.
XP:0.1
XZ20.
0O 60 J=197
CALL FLCT(XP,YP93)

CALL PLOTIXZ-,YPP21
Yp=Yp,1.

60 CONTINUE
VP=-0. 07
XP:-.7
YNZ 0.
00 65 J=199

CALL NUMBER(XP,YP ,.1'.YN,0*,3)
V N= YN. PL
YP VP+. 

65 CONTINUE
CALL SYM8OL(-*89,3e1,.149l5HRELATIVE ENERGY990o.,15
CALL SVIBOL(2.66,a.'.0,2l,25HTRANSITION CF FORM (1+AX)909,Z5)
CALL NUMBERq9999 8.56, .14,N,0.,-1I
IF(MNX.EO.0) CALL SV,4BOL(a.108.I,.14,15I4OTTAWA SAND-ICE 90.9151
IF(NNX.EG.1) CALL SYMBCL(4.04,6.1,.14,16*IANOVER SILT-ICE 90.916)
IF(MNX.EG.21 CALL SYMBOL(J.9O,8.i9*l49l?MG0O0RICH CLAY-ICED.,17)
CALL SVNdOLI6o0,7.0,.13690,0ov-I)
CALL SVN8OL(6*1?96*93,ei4*lM-,0*,1)
CALL SYMBOL (6.35,E.93, .1',22HCOMPRESSIONAL INCIDENT,0. ,22)
CALL SYMBOL60675*136,190.,-11
CALL SYMBOLI6.±7E.68,'.11-,0.91)
CALL SVMBOL(.35(o68,.14I4SEAR INCIDENT,0.,141
XN 0.
XP=-.04
VP-0*24
DO 75 Juj91g
CALL NUNBER(XP,YP,14XNfl.,-11
XNaXN.1.

?5 CONTINUEI
CALL NUMBER(9.9oVP,.14,XN,09ip-l)
CALL SYBOL(482-o489*l4,1141,0oql)
CALL SYNOL(4944-.536,.112,LH0,0.,13
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j CALL SYMBOL(5.064v-.48. 14,1HH,0.1)
CALL PLOT(14*.0ot-31
GO TO 116

300 CCNTINUEI. CALL PLOT(O.0.,9991
STOP
END

PROGRAM SCATER

FORTRAN.
LGO.

PROGRAM SCATER(IIFUT,OUTPUTTAPE5=INPUTTAPE6=OUTPUT)
IMPLICIT REAL (JK)
COMMON KLlKSiKL2tKS2RHOIRHO2,SIMCIMGAMMAAKJ(.003NMAX,

LY(400) ,CL1,CSICL2,CS2
C THIS PROGRAM CALCULATES THE SCATTERING CROSS SECTION TIMES THE
C FREQUENCY SQUARED FOR A SHEAR AND COMPRESSIONAL PLANE WAVE
C IMPINGING ON AN ELASTIC SPHERE EMBEDDED IN AN ELASTIC "EDIUM.
C THE VALUE IS CALCULATED AS A FUNCTION OF THE DIMENSIONLESS
C PARAMETER KA WHERE K=2.*PI*FREQUENCY/VELCCITY AND A IS THE SPHERE
C RADIUS. THE CALCULATION IS MADE IN THE C.G.S. SYSTEM. THE
C SCATTERING CROSS SECTION HAS UNITS OF DB-CM**2, CSi AND CS2 ARE
C THE SHEAR AND CLI AND CL2 ARE THE COMPRESSIONAL VELOCITIES IN THE
C MEDIUM AND SCATTERER RESPECTIVELY. RHO AND RH02 ARE THE
C RESPECTIVE DENSITIES.

WRITE(6,97)
97 FORMAT(1H1945X,12HHANCVER SILT)

READ(5,98)CLICSltCL2tCS2,PHO1RHO2
98 FORMAT4F8.0,2F6.3)

CLIaCLI*O0.
CS1uCSi100.
CL2=CL2100.
CS2sCS2100.
WRITE(6,99)

99 FORMAT(SX,2HKA,7XtlHGAMMASHEAR,7Xt10HGAMNACOMP)

100 REAO(59101)KA
101 FORMAT(FT.2

IFIEOF,5)104,102
102 CONTINUE

C FIRST THE SHEAR SCATTERING IS CALCULATED
KSt-KA
KLlmKS1#CS1/CL1
KSZaKSI'CS1/CS2
KL2pKSt*CS1/CL2
SIM-CSI

V C IF CIMG., THEN A SHEAR WAVE IS INCIDENT.
CIM0.
CALL SOLN
GAMMASuGAMMA

C GAMMAS IS THE SHEAR SCATTERING CROSS SECTION 0 FREQ#02.
C NOW CALCULATE THE COMPRESSIONAL SCATTERING CROSS SECTION.

KL1=KA
KStaKLI1CL1/CSI
KL2aKLI'CLI/CL2
KSZ*KLI*CLI/CSZ
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IC If SI~mS., THEN A COMPFESSICNAL WAVE IS INCIDENT
SIMSI.
CINucli
CALL SOLNL GAMNACaGAMMA

C GAMNAC IS THE CO11FRESSIONAL SCATTERING CROSS SECTION*FREQ*02
WRITE(69103) KAGDIIAStGAMMAC1103 OMT29ov25v3*)
GO TO 100

104 CONTINUE
END

SUBROUTINE SOLN
IMPLICIT REAL(JK)
COMPLEX AtFoGtIZLMPR
DIMENSION Jl(400),J2(4C0),.J3(4gO),J4(400)tYI(400),YZ14001G(.,S)s

IA ('.5) F (43 KK (4)
COMMON KLIKS1tKL2,KS2,RHO1,RHO2,SIMiCIMGAMMAAKJ(4ae) ,NMAX,

LY(400) ,CL1,CS19CL2,CS2
C THIS ROUTINE SOLVES THE BCUNOARY CONOITICNS FOR THE AMPLITUDES OF
C THE SCATTERED WAVE WHICH ARE USED TO CALCULATE THE SCATTERING
C CROSS SECTIONS.

IS(00,161I; P1=3.141592654
CALL UPRLIM
NMzNMAX+I

7 AK= KL I
d. CALL SPHOES

00 100 L=1,NM
100 JI(L)=J(L)

AK=KSI
* CALL SPHOES

00 101 LsI,NM
101 J2(L)=J(L)

AKxKL2
CALL SPHBES
00 102 L=19NM

102 J3(L~zJfL)( AKzKS2
CALL SPH8ES
DO 103 LxINM

103 J4(Ll*J(Ll
NMzNMAX.2
AKzKL1
CALL SPHNEU[ 00 111 MmINM

AK&KSI
CALL SPHNEU1. 1120D 112 MaltNM

GAMM4A =0,
00 127 MalNMAX
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I. N2=Nl41

00 113 NXItNI
00 113 NYzlvN2

£13 GfNX9NY)xO.

6(192)=(M'(M+1)'J2(M) 3-I' (M'(N*13'Y2(M))
G(1,.3)=(N'.J3(M)-KL2'.J3(N. 1))
G (1, 1) -N'C *13 l)jI. I
G(1,5)=CIM'(N'Ji(P)-KL1'J1(N,1))-SIM'(H M*13'i)j2(I))
G(291)z-JI(N).I*Y1(M)

G (29,3) zJ3(C )
G(29a)z-UH,1')J4I-KS2J.(N*1))

G(3,1)=-((O.5'KS1"*2-M.(N-1))'Ji(N)-2.'KL1'JI(N,1))

G(392)=-N' (N41) 'I C-1) J2 CM)-KS1'J2CN.1) )4I'll' l(f11C(M-l)'Y2I4)
1-KS1'Y2(N 41))
KS= KS 1' 2/KS2 *02
R=RM02/RHl

G(3,4)=R'KS'N'CMGI)'CCN-1)'J41M3-KS2J.CM+)

1+SIM'(M(MC+1)'C(NM-Il J21N3-KSi'J2(M4Il))

1*l5KSI"*2)'Y2(M)-KSI'Y2(M*1) I
G(I.,3)=R'KS'(( C-l3'J3 (NI-KL2'J3CN.1))
G(494)=R',S'((1.-N"*2,O.5'KS2"2JCM)-KS2J.CM1)I
G14,5)=CIM((-)JCH-KLIJIN41)IGSIM'( CI.-MN"2*.5'KS1"423

* 1'*J4(M)-KS2*J'.CN41)3
C THE AUXILLARY MATRIX FOR THE SOLUTION BY THE CROUT METHOO FOLLCUS

00 114 MX1,gN1
114. A(MX91I=G(MX91)

00 121 NX=2,NI
00 121 MX=2,N2
AI19MX)zG(1,MX)/A(Lot)
SUMPR=CMFLXC 0., 0.
IFINX-MX) 115, 117, 119

115 LLaNX-1
00 116 MN=19LL

*116 SUMPRaSUNPR.A(NXPMI'ACNNMXI
ACNXMX)zIGINXMX)-SUMPR) /8 NXNX)
GO TO 121

117 LLxNX-1
00 118 MNI,9LL

118 SUMPR=SUNPRA(NXMMI*A(NNX)
A(NXtNX)BGCNXtNX)-SUPPR
GO TO 121

119 LLvNX-1
00 120 MMmILL

120 SUMPRwSUMPR+A(NXPqI'A(MMX)
AINXMX3 uGINXMXI-SUMPR

121 CONTINUE
C THE FOLLCMING DETERMINES THE FINAL MATRIX BY THE CROUT METHOD

FIIaAlNloN2)
LLaNI-1
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DO 125 MXI,*LL
Lu NI-N X
ML=L~1
SUMPR=CMPLX(0*90*)1.122 I(IM$29292

123 SUMPR-SUMPR*A(L,MLI'F(ML)
IIL.ML. I
GO TO 1221.124. F(L3A(LN2)-SUMPR

12S CONTINUE
00 126 LxINl

12b IK(L)zF(L)*CCNJG(F(L))
GAMMA=GAMMA.(SIMIFI)4(2'M.1'i *(KSI/KLI)'KK(1)*'(M*1)'KI((2))/CS1
1G(CIM/PI)*(24 M.1)'(KK (1) +(KLI/KSI)'M*(M.1) *KK(2) )/CLI

127 CONTINUE
t GAMNAiS. 686*GAMMA

RETURN
END
SUBROUTIKE UPRLIP
IMPLICIT REAL (JK)
DIMENSION NN(4)
COMMON KLIKSlIKL2,KS2,RHOIRHO2,SINCIMGANMAAKJ(400) ,NMAX,

IV (400)tCLI, CSICL2, CS2
C THIS SUBROUTINE SETS THE UPPER LIMIT SUCH THAT ALL SPHERICAL
C BESSEL FUNCTICNS CF IIGHER CROER CAN BE APPROXIMATED TO ZERO.

7 DO 105 11:1,4
GO TO (969?98999,I

*96 AK=KLI
GO TO 100

97 AK=KSI
GO TO 100

98 AK-KL2
GO TO 100

99 AKzKS2
100 NA K= IF IX(AK)

N=NAK*1G
DO 101 IzN,1950,5
Lu I
FI=FLOAT (I)
SECA=AK/ (FI.0.5)
TACAzSQRT(1.-SECA**2)
COSAI ./SECA
SINA=SQRT (1.+COSA**2)
ALPmALOGICOSA*SQRT(COSA*42-1.))
DELTUEXP((FI*0.51'(TACA-ALP)j/(2.'(FI.0.51'SQr4T(SINA))Ii IF(DELT-1.E-273 102,102,101

101 CONTINUE
GO TO 10?

102 NaL
FNzFLOAT (N)
NP=N.1
NT=N .2
NU=N*10
EXPR*EXP( 1.)
DO 103 IxNU9189095
La I
FluFLOAT (I)

0.0 .43429'.
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Alz2.' (FI-FN.1. ) C*ALCG(AK)L A2z(2s9FI-2'FN1.l*#ALOG(EXPR)
A3a(FN+2.5)*D'ALOG(FN.2.).fFN-1.5)'O*ALOG(FN-2.)
A4s(FI*3.5) 'DfALCG(FI+3.)
A5z(FI-0.5)*D*ALCG(FI-1.1
EzA14A2* A3-A4-A5
IF(E+10.) 10'.,104,103

103 CONTINUE
GO TO 107

104. NN(II)=NT
105 CONTINUE

NMAX=MAXOINN(i),NN(2h9NN(3),NN(d))
C NMAX IS THE UPPER LIPIT OF THE SUM IN THE SCATTERING CROSS
C SECTION. ALL HIG14ER TERMS CAN BE CONSIDERED TO BE ZERO.

106 RETURN
107 WRITE(b,108)AK
108 FORMAT(26H ARG BES FTN TOO LARGE KAtE20.895X91.N END EXECUTION)

STOP
END

4. SUBROUTINE SPHSES
IMPLICIT REAL tJKi
DIMENSION R(400)tRJ(.001
COMMON KL1,KSlIKIL2,KS2,RHO1,RHC2,SIHCIMGAMHAAKJ(d.00INAX,

LY(400) ,CLICS19CL2,CSZ
w THIS ROUTINE CALCULATES THE SPHERICAL BESSEL FUNCTION (JII)l OF
C ARGUMENT AK TO ORDER NN. THE SOLUTION Is VALID FOR ARGUMENTS AS

JC LOW AS 0.05.
NOIMZI.00
00 100 121,1.00

100 J(I)=D.
104 NU=NMAX*10

NTzNMAX*2
NP=NMAXGI
IJ=NU
R(NU*1) =0.
00 105 I11,NU
LaI
SJ=FLOAT(IJ)

IF(R(IJ3-le)105v105910e
105 lizjs-1

GO TO 107
106 IF(IJ-2)107,107,111
107 RJ(NU.1)=R(NUI

RJ(NU)zl.
IJzNU
NUP=NU-i
00 1.06 I1,1NUP
IJuIJ-1
SJ=FLOAT (I.J)

106 CONTINUE
ALPHUIRJ(1)-AK'RJ(2))*COS(AK).AK'SIN(AK)*RJEII
00 109 1219NT

109 J(i)=Rj(l)/ALPH
110 CONTINUE

RETURN
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LAM2=IJ+2
IF(LAM2-NP) 11?, 115, 19

112 RJ~iiJ3..
IJ=IJ-1
L=L+l
00 113 IzLtNU
SJ=FLOAT(IJ)
RJIIJ)=( 1..Z.'SJ)/AK*RJ(IJ*1) -RJ(IJ.2)

113 IJ=IJ-1
00 114 I=LAM2,NT

114. RJ(I)=RJ(I-1)wR(1I)
ALPH=(RJ(1)-AK'RJ(2))4 COS(AK).AK'SIN(AK)'RJ(1)
NOM=NDIM-1
IF(NT-NOM) 116,116,115

115 NT=NDM
116 DO 117 1,1NT
117 J(I)=RJtI)/ALPH
118 CONTINUE

RETURN
119 WRITE(b,120)
120 FORMAT(25H LANBDA429GE.N61 END XEQ)1 GO TO 118

END
SUBROUTINE SPHNEU
COMMON KL1,KSIKL2,KS2,RtlOIRHOZSIMCIMGAMMAACJ(4001 ,NNAX,

* IY(a.OO),CLlvCSltCL2tCS2
C THIS ROUTINE CALCULATES THE SPHERICAL NEUMAN FUNCTICK(Y(I)
C OF ARGUMENT AK AKC UP TO ORDER NMAX9 THE VALU~ES ARE CALCULATED
C BY UPWARD RECUIRSICN RELATIONS.

ZERO=O.
DO 100 I=19400

*100 Y(I)=O.
* Y(1)=ZERC-COS(AK)/A(

* YI2)zZERO-COSIAK)/AKe*2-SIN(AK)/AK
NT=NMAX+2
00 101 I=3vNT
AJaFLOAT(II -2.

101 CONTINUE
RETURN
END
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