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SECTION 1. Introduction.

This report is a summary of the research conducted by thl :
principal investigator, Jay R. Waltoa, under AFOSR Graat 77-3"30%*
for the years 4/1/77 to 3/31/82. Much of the work described in
this report was in collaboration with Dr. Arje Nachmsa who wes o
co~principal investigator on the grant from 4/1/77 wmtil 3/31/79.
A variety of theoretical questions concerning contact and fracture
phenomena for elastic and viscoelastic material and associated
mathematical techniques were addressed under the grant. The —
particular topics studied were:

i. quasi-static contact problems for power-law linearly
viscoelastic material;

2. the quasi-static propagation of a crack in a_pouet-liw'
linearly viscoelastic material;

3. systems of generalized Abel integral equations, and
simultaneous dual integral equations;

4. the application of conservation integral techniques
to static elastic interfacial edge cracks;

5. thermo-elastic interfacial cracks;

6. _the dynamic, steady-state fracture of general ldmmarly s/
viscoelastic material., : ' T

A brief description of these projaén ad s summary of ch
research accomplishments achieved om each follows i wm Y
More detailed discussions of the sbove problem avess sPPesE 4
various annual and technical reports that hawe M e ;
this grant. The final section of this uymh t o
of abstracts from the several journsl publicatiess. mt

the research supported by this grant.
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SECTION 2. m.gmm&

1. The initial research effort wnder this Mﬂoﬂ: 1avo
study of the quasi-static lltﬂll mr. !mm m two
00114 bodies, ona of vhich is aseuied to u rigid and. m m of
vhich is assumed to be modelled as a Itmtly mm nua.

This class of problems has significant mtmzm mm o
the prediction of the frictional force betwemn m bodiss ﬂ

sliding contact where one exhibits mechanical hysterssis (W-

2 elasticity) snd the other is very much harder and more rigid. 'lho
examples of such interactions are tires (rubber) :m:lnlt pmc

(rock) and polymeric materials in contact with rigid objects (a

occurs in many structural applications of, uy. zuphitc-cpoxy

composite materials).

Sliding contact problems in linear vtscoclmi.clty M&
have received considerable attention by analysts during the M
tvo decades. The primary objective of thun studies hes hﬂl"ﬂ
predict the dependence of the ceatact pressure dist f_
friction cosfficient (or mechemical dissipation) snd om

asntial fumetion.of ::-.um'-muu"
of model is far too stuple umm



materials can be characterized rather nll. with a siwple power- Do

lew model, i.s., by assuming a constant Poum'c ratio and a
| shear modulus tlut is a power !wcton of time. cmoqmtly. it
vas deemed important to attempt an analysis of the problem of a
rigid indentor sliding over a power-lsw iinesrly viscoslastic
half-plane. It vas also considersd to be of both mathemstical and
physical interest to incorporate into the model a Coulosh fric-
tional force between the indemtor and the half-plase, 1i.e., umier the
slider the shesring tractions ars proportional to the normal euettéoﬁ:.

A closéd form solution was obtained to this problem by reduction
to a generalised Abel type integral equatiea for the m nsormal
traction under the slider. This equation was then solved by a
transformation to a Riemann-Hilbert boundary value prodlem. All
important physical parameters were calculated for thm canondcal
indentor shapes: a parabolic punch (as sn approximatioa tc a
cylinder), a wedge punch and a flat punch. This work appears ia
the paper: "The sliding of a rigid indentor over a m—m :
viscoslastic half-space,” J. R. Walton, A. Nachaen and l; A
Quert. J. Nech. Appl. Math., (31) #3, 1978. |
Subssquently, the problem of & rigid indester mm

s power-lev visesslastic layer of tinite mm '

Muutmkchmz "hlm.!lw
m.mmmum a.muﬁ:.:-,\
3. dopl. Wech. (1003 41, 2978, |
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2. Subsequent to the work om frictiom, ummnbt
on a study of the fracture of viscoslastic nurul
siniler to those employed is the quesi-static ceatect snalysis
were used to obtain an mlyt:leﬂ mmm to the problem of
the propagstion by a rigid wedge of a z-immx ecrack in an
1nf1n1:; power-law linearly viscoslastic materdiel, This work
appﬁrn in the paper: "The propsgation of a crack by & vigid wedgse
in an i_nfinitc power-law viscoelastic body," J. R. Walton and.
A. Nachman, J. Appl. Mech., (46) #3, 1979.

The content and significance of this study is perhaps wost

succinctly summarized in the following excerpt from the cited

paper.

This particular problem is an example of a
physically realizable mode of fracture to which the
correspondence principle does not apply. Moreover,
the close-dorm solutions obtained here provide a
method for experimentally determining physical para-
meters, such as the stress-intensity factor,
important for an understanding of fracture phenometa.

This problem has been studied extensivaely for
elastic material, a detailed description of which
appears in the article by Baremblact [2]. The udt-
ing problem was considered by Baremblatt for twe
reasons. In general, Barenblatt addressed himpslf:
to the issues of unrealistic singulsr cuek tip
stresses and indeterminant crack g
in fracture in classical limesr elesticity. g
wedge problem exhibits hoth features swves
crack is "semi~infinits” since the !m
ahead of the wedge is finite., In
thrust of Bsrenblatt's srticls fis
hood of the erack tip, the separeted :
experience cohssive molecular foress wi
s cusp profile and a finive stress Lish
aceounts for this by the phe

umltruuannumam ntervel
craek tip with a constemt stowss~intensivy
characteristic of this msterisl. 4s soved
blatt, the finits crack lengeh is a-m



knowing this stress-intensity factor and is inde~
pendent of the actual distribution of cohssive
forces. The utility of this observation lies in
reversing the implication. Nemely, if experimentally a
wedge is driven into an elsstic saterial and the
length of the free surface of the resultant equilibrium
crack is measured, then the stress-intensity factor
may be sasily calculated.
In this paper, we provided simple elend-!m
expressions for the stress and displacement fields
, for the quasi-static wedging of a power law visco- o
' elastic material under the Barenblatt hypothesis. This L
analysis culminates in a relation among the material '
parameters, the material stress-intenmsity factor and
the length of the free crack surface.

T
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[ 3. Concurrent with the viscoelastic fracture effort, a study of
a broad cla;s of simultaneous systems of generalized Abel integral
equations was initiated and completed. This study was motivated

in part by the appearance of generalized Abel equations in the power-

law viscoelastic contact and fracture work and in part by the fact

" . that such systems were known to arise in the analysis of certain : | L
il simultaneous systems of dual integral equations. Thess systems o! — ; | ,3
dusl integral equations occupy & central role in the analysis of c
elastic bi-media (interfacial) cracks. This work is m h

a series of two papers: "Systems of generalised Abel mm.
M. Lowengrud sad J. R. Weltem, SIAN J. Masth. Anal. (10}, e
“Systems of gensralised Abel w.l eguations na pprica
to simltaseous dual relsticns,” J. R. Weltem, thid,
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by L. B. freund in the calculation of stress-intensity tm
for cracks in homogsneous elastic madia), closed forn
for the desired mtgy release rate were obtained. The teclmiqu
vas adapted to both a mede III and & wixed modes I and I anslysis.
Part of this work was cowicnd while the Pﬁ”ipll investigator,
J. R. Walton, was a Visiting Associate Profesécr with the Mathe-
uuca Research Center at the University of Wiscousin, and appears

in the MRC Technical Symmary Report #2017. llouovor. the projsct
resulted in the two papers: "Energy roluic rate calculations for
interface edge cracks based on a conservation iamtegral, “ A. Machmeh
and J. R. Walton, Int. J. Solids. Struct. (16), 1980; "Esmergy
release rate calculations for an intexface Mode III edge crack bmd

on a conservation integral," A. Hachmmn, J. Tweed and J. R. Walton,

Lett. Appl. Enging. Sci., (19), 1981.

5. In collaboration with Professor M. Lowengrub of the Departmesnt
of Mathematics, Indiana University, a study of thermo-elastic
interfacial cracks vas initisted. Specifically, work is 1‘

and nearly completed on the dctenim:ion of the c.ﬂim

of two bonded dissimilar elastic m:-mm m i
open by o remctely fsposed hest flux. Stk
engiseering muum to o .ﬁpm ™
ters tavolviag composite Weterisls wader we
Thts werk will appest in o m M h
echuiteod for publications.
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6. s part o! s cenatnuun m cﬂm uiﬁ "

linsarly viscoelastic uurul m wmnm Noreover, dyu-ic

viscoslastic fracture is now the msm t#eill o! mureh uadnr
the current AFOSR grant of :hn_pr;pciﬁil 1@~ﬂ@t&t§$or. J. l, Walton.
Three separate dynsmic crack problesis have been éoﬁsfdoﬁtl; sach

is described below.

A. An analysis of the anti-plane strain problem of a steadily

N

B

propagating, semi-infinite crack in an infinite linearly visco-
elastic body which is subjected to a distribution of shearing :
tractions moving with the crack was completed. This work is

contained in the paper: "On the steady state propagatios of an v e

anti-plane shear crack in an infinite general linearly visgoiiQitte _ S
body," J. R. Valton, Quart. Appl. Math., April, 1982. The signi- . L
ficance of these results is summarized in the 1980-81 Asnual .
Scientific Reports. V ' : ‘ S L
B. An analysis was completed of the dyunnﬁc Mods I enaﬂkwpﬁﬁﬁ' ‘

for a layer of ftaitc thickness snalogqus te that dnletftlﬂ»lq
paragraph A for an infinite tod; A clptlt !oub e
the stress intmuy factor was ﬁw for vcsy
elastic shesr modulus. The inlntiaa lud




C. A study of the steady-state, dynamic Mode I crack prau,uto 7
an infianite general linearly viscoslastic body amalogous to th |
Mode III problem discussed in paragraph A vas 1nit1ated. The
Mode I model is more important to engineering applications than
the Mode III, but introduces significant additional mathemstical
complications. Only preliminary results have been obtained to date
| and these are described in the renewal proposal of the principal

investigator that was submitted in December, 1981.
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SECTION 3. List of Abstracts.
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Walton, J. R., A. Nachman and R. A. Schapery, "The sliding of a
rigid indentor over a power-law viscoelastic half-space,"
Quart. J. Mech. Appl. Math., (31) #3, 1978.

Summary--Closed form solutions are obtained for the problem
of a rigid asperity sliding with Coulomb friction over a
pover-law viscoelastic half-space. The dual integral equa-
tions relating the unknown normal traction under the contact
interval (also unknown) to the unknown normal displacement

; outside the contact interval are solved by first reducing
o . the system to a generalized Abel integral equation and then
appealing to the theory of Riemann-Hilbert boundary-value
problems. The physical quantities of interest (eg. the co-
efficient of sliding friction) are determined for the three
canonical indentors: a parabolic punch, a wedge punch, and
a flat punch. The analysis predicts singularities in the
normal stress field for certain power-law materials even for
the smooth parabolic indentor.

R S R

Nachman, A. and J. R, Walton, "The sliding of a rigid indentor
o over power-law viscoelastic layer," J. Appl. Mech. (100) #1,
i 1978.

o Summary--The prodlem of the sliding of a rigid asperity over
QF a power law viscoelastic layer is examined in the realistic
limit of infinite (dimensionless) layer thickness. For a
contact interval of unit length, asymptotic expansions for
the normal traction over the interval together with several
other physically relevant quantities (e.g., the frictiom

4 coefficient) are developed in terms of an appropriate asymp-
y totic sequance of powers of the (dimensionless) layer
thickness.

w2

Walton, J. R. and A, Nachman, "The propagation of a crack by s
rigid wedge in an infinite power law viscoelastic body," J.
Appl. Mech., (46) #3, 1979.

Summary--Closed-form solutions are obtained for the problem
of a crack propagated by a 2-dimensional rigid wedge of
finite thickness in an infinite power law viscoslastic body.
The distance from the crack tip to the point of contact with
the wedge is determined from the assumption that in the
vicinity of the crack tip, forces of cohesion act to produce
a smoothly closing crack with comtinuous stresses. Finally,
a sisple formula expressing the stress-intemsity factor as a
function of the speed of penstration end @éhe length of the
free crack surface is azhidited. : .
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Lowengrub, M. and J. R. Walton, "Systems of generalized Abel
Equations,”" SIAM J. Math. Anal. (10) #4, 1979.

Abgtract--Certain mixed boundary value problems arising in
the classical theory of elasticity lead to the solution of
certain systems of generalized Abel integral equations. A
method is presented where these systems are reduced to

¢ uncoupled pairs of Riemann boundary value problems. Closed
form solutions are obtained. We also demonstrate how
general systems of dual relations (given in terms of Erdélyi-
Sneddon operators of fractional integration) may be reduced
to these systems of Abel equatioms,

Walton, J. R., "Systems of generalized Abel integral equations
{ with applications to simultaneous dual relations," SIAM J.
{ Math. Anal. (10) #4, 1979.

1 Abstract--A method is presented for solving certain systems
of generalized Abel integral equations by constructing an
equivalent system of singular integral equations. An appli-
cation is then given to a class of simultaneous dual relations
of a type arising in bimedia fracture problems in elasticity.
The equations discussed in this paper generalize those
considered in an earlier paper of Lowengrub and Walton [SIAM
J. Math. Anal., this issue, pp. 794-807].

Nachman, A. and J, R. Walton, "Energy release rate calculations
for interface edge cracks based on a conservation integral,"
Int. J. Solids. Struct. (16), 1980.

Abstract--A certain conservation integral, the so called M-

: integral, recently exploited by L. B, Freund in the calcula-

. 1 tion of stress intensity factors for cracks in homogeneous

D T elastic media, is applied to the calculation of energy

o release rates for interface edge cracks. Specifically, for
’ an edge crack along the interface between two elastic wedges

g of different opening angles and dissimilar elastic properties,
}".J and that is subjected to point loads at the apex, a relation
18 is derived among the length of the crack, the energy releass

§ “ rate of the crack, the applied loads, the wedge an;lec and

;. the naterinl paraweters.

tions for an interface Mode III edge crack based on a
conservation integral,” Lett. Appl. Engng. Sci., (19), 1981.

+ Abstract--The M-integral is applied to the calculation of

‘ energy release rates for interfaca edge cracks of the Mode
III type. Specifically, for an edge crack along the inter-
face between two elastic wedges of different opeaing angles
and dissimilar elastic properties, and that is subjected to
point loads at the apex, a relation is derived among the
§ length of the crack, the energy release rate of the crack,
} . the applied loads, the wedge angles and the material para-
4
i
!

%?_ f Nachman, A., J. Tweed and J. Walton, "Energy release rate calcula-

meters.
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Walton, J. R., "On the steady-state propagation of an anti-plane

shear crack in an infinite general linearly viscoelastic
body," Quart. Appl. Math., April, 1982,

Abstract--The steady-state propagation of a semi-infinite
anti-plane shear crack ia considered for a general infinite
homogeneous and isotropic linearly viscoelastic body.

Inertial terms are retained and the only restrictions placed
on the shear modulus are that it be positive, continuous,
decreasing and convex. For a given integrable digtribution
of shearing tractions travelling with the crack, a simple
closed-form solution is obtained for the stress intensity
factor and for the entire stress field ahead of and in the
plane of the advancing crack. As was observed previously

for the standard linear solid, the separate considerations

of two distinct cases, defined by parameters c¢ and c*,
arigses naturally in the analysis. Specifically, c¢ and

c* denote the elastic shear wave speeds corresponding to

zero and infinite time, and the two cases are (1) 0 < v < c*
and (2) c* <v <c¢, where v 1is the speed of propagation
of the crack. For case (1) it is shown that the stress
field is the same ag in the corresponding elastic problem
and is hence independent of v and all material properties,
whereas, for case (2) the stress field depends on both v
and material properties. This dependence is shown to be of
a very elementary form even for a general viscoelastic shear
modulus.

i 8 R o AN Bt G i 4 et 5 il

n et b N s b e it




n::w R ————— = Siicdea " R,

-
IV T ___TNCLASSIFIED ~ i
) . SECURITY CLASSIMCATION OF THIS PAGE (When Sntered) { . >
Sva REPORT DOCUMENTATION PAGE \
. (] GOVY ACC
- - - p " ,I 5 7 - .
4. TITLE (and Subtitie) . 5. TYPE OF REPORYT & PEMOD COVERED
FINAL SCIENTIFIC REPORT ON AFOSR-77-3290 FINAL, 1 Apr 77-31 Nar 82
. ['6. PERFOMMNG ORT, REPORT NUMBER
2 HWOR(a) . » O]
Jay R. Walton _ AFOSR-77-3290 ]

- Z NOANIZATION NAME AND ADORESS . rmﬂ'im
PERPORMING ORGANIZATION NAME AN SAAR S EuEnT. PROJEC

Department of Mathematics
Texas AXM University PR61102F; 2304/A4

_College Station IX 77843

17. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATER
Directorate of Mathematical & Information Sciences] . ._. %= m
Air Force Office of Scientific Research 3. HUNSER OF PAGES

T%%WT. 'oRiN NAME & ADDRESI(I! Gifforent from Controlling Offiee) | 'i&i‘_ucumv' Y CLASS. (of ihie report)

UNCLASSIFIED
FeSRFIcATION ]

[18. OISTRIGUTION STATEMENT (of this Report)
Approved for public release; distribution unlimited.

7. DISTRIBUTION STATEMENT (of the abetract entered in Bieck 20, I difforsnt frem Repert)

e e——— —
18. SUPPLEMENTARY NOTES

19. KEY WORDS (Cantinve sn roverse side if nosessary and identify by block number) I
Dynamic viscoelastic fracture; sliding contract of viscoelastic bedies; elastic

interface edge fracture; thermo-elastic interface fracture;simultaneous dual |
integral equations; generalized Abel integral equations; Riemann-Hilbert '

boundary value problems; stress intensity factor; energy release rate; conserva-

tion integral; coulomb friction.

ABSTRACT (Continwe en roverse side }f nosccsary and identity by blosk aumber)

is report summarizes progress on several theoretical questions concerning
contact and fracture phenomena for elastic and viscoelastic material. Specifi-
" cally, the following topics are discussed: (1) quasi-static sliding contact
problems for power-law linearly viscoelastic material; (2) the quasi-static
propagation of a crack by a rigid wedge through an infinite power-law linearly
viscoelastic body; (3) solution techniques for systems of generalised Abel

integral equations with application to simultaneous sets of dual W?

DD 555" W73  soiTion oF 1 OV 68 18 OBROLETR UNCLASSIFIED




SECURTY CLASHFICATION OF THIS PASE(When Date Sntered) ,
e

#20, CONTINUED: Mintegral equations and interfacial mdu“:ln u:l::“ '
Int:rhl: (4) the spplication of conservation integral technigu i ouleul.mc
" > § mr. gy release rates for elastic interfacial edge crm.tw:ti
:ih:-:-uuué interfacial edge cracks; and (6) the dynamic,

fracture of general linearly viscoelastic uterth

DIIC TaB
Unansounced
Justification _

Aceession i;;
5TIS  amsap —
' O

By.
Mstridutions ]
Availadility Codes

= ‘Avail and/er’

Dige ! Special

A !

- ———— o




