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SIMTON 1. introguctlon.

This report to a sumeary of the research conducted by the
principal .*sigtr jyaWts, netAO Grant 7*

for the years 4/1/77 to 3/31/82. IfAic of the work "escribed An

this report was in collaboration with Dr. ArieAscas, %Aw was a

co-principal Investigator on the grant from 4/1177 until 3/31/".

A variety of theoretical questions concerning contact ad f racture

phenomena for elastic and viscoelastic material and associated

mathematical techniques were addressed under -the grant. The

particular topics studied were:

1. quasi-static contact problems for power-law linearly
viscoelastic material;

2. the quasi-static propagation of a crack in a power-taw
linearly viscoelastic material;

3. system of generalized Abel integral equations, and
simultaneous dual Integral equations;

4. the application of conservation integral techniques'
to static elastic interfacial edge cracksl

5. thermo-elastic interfacial cracks;

6. the dynamic, steady-state fracture of gamevol )AmSAW) V
viscoelastic material.

A brief description of these projects sd -a sieyOf * t

research accomplishments achieved en each fellow ft awomm.W9

More detailed discussioss of the above ptblm awe.AV04 So As W

various annual and technical reports that be": b~ft Vpoot sw

this grant. The final section of this rps

of abstracts f ram the several joutmel pwlistis. ha

the research supported by this grat. ~
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1I The Initial researeb at fort voter this £10 o rea Ja.1W&

study of the quasi-stastic *U"t 00Sact frvtcttmf twow 1

wold badlee. one Of Which Is 441Ae. to *4 -04,0 Odr -Ofte'Q

3 ~ ~hich Is assumed to -be modelled. as a iSearly iceacs d

This class of problems has significant eS.ari p~~U ,

the prediction of the frictional force between t beda s.

sliding contact where one exhibits mechanical hys'terSIS ('a.

elasticity) and the other Is very much harder sad mars rigid Ih

examples of such interactions are tires (rubber) Against 'it t

(rock) and polymeric materials in contact vith rigid objects .

* occurs In many structural applications of, say, graphite-epoi

composite materials).

Sliding contact problem in linear viscoelastipity thieury

have received considerable attention by analysts dart" tk

two decades. The primary objective of these studi se eftI

predict the dependence of the ceatACt pressure dit~ksft

friction coefficient (or machoseca eepatfm) a4m u #

em the Nppled force, the spee" of tdo slider sodi * 0

poopene of ohther Coates"*ng beft to "'oo 41

1,ae the useftal iS a01 *10

iCe. th wseeste Slw MO&A" to, aas. aii

amtial fueeties of ties ad ssu' ea.

of m=&e i's far toe simple to fepleea to*"u
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it has been observed experimenally that many vi9eug

materials can be, charactorised rather vei with, a simple pows*-

law model, i.e., by assung.t constant Poisson's ratio and a ~

shear modulus that is a power function of time.Csvmi. it

M"e deemed Important to attempt aM "&Ils'S Of tae prbis Of a

rigid Indenter sliding over a powe-lsw Uimanly viscosle

half-plans. It Vae also considexRed to be of both ue OUCA&L 0

physical Interest to Incorporate Into the moel a Coolob £ tc-.

.1: tional force between the Indenter ead the half-piae. i.e., wm1*r. the

slider the *hearing tractions are proportional to the asimel tiectsom.

j A cloadd form solution was obtained to this problem by reauctie

to a generaised Abel type Integral equation for the unknown normal

traction uander the slider. This equation van then solved by a

transformation to a Rienmn-Kibert boundary value problem. All

Important physical parmeers were calculated for three canonical

indentor shapes: a parabolic punch (as an approximation to a

cylinder), a wedge punch and a flat punch. This work appears in

the paper: "The sliding of a rigid indentor over a psumif-la

viscoelstic half-space." J. A. Walton# A. Bekman and R. A. '00000'

Quart. J. M~ach. AppI. Natt., (31) ft, 1970.

SOMUb umtiy, the P06blM of a ftw1 S*aufsi

a power-l VIS00slatie laow of U smift shlm a aI , Mm
mti iy the V )pswbim to III

"ussly. t1* aer SMvei esnipie *pweb

ever a pMr-iaw kisaht. ae. . at fts J. £

J. AWpL. Ofth. (1*) flt VIC



2. Subsquent to the work an frictio, atontft ~

as a study of the fracture of VISOOOLastic mter"i. ft iiiilk

silarw to those $"JOYS# to t%* "00-statc Costat ANALYSIS ~

were used to obtain an anayttcal alstij to the VV*mi of

the propagation by a rigid v.4g. of a2-4immlomal 4crac is n

Inf inite Power-la, linearly VIScoascic maotril a"i mark

appears in the paper: "The propaation of a crack by r ig"weg

In an Infinite power-law viscoelastic body," J. 1. Walton and:

A. Nachman, J. Appi. Maech., (46) *3, 1979.

4 The content and significance of this study is perhaps mest

succinctly susmarized In the following excerpt from the cited

paper-

This particular problem is an example of a
physically realizable mode of fracture to which the
correspondence principle does not apply. Moreover,
the close-dorm solutions obtained here provide a
method for experimentally determining physical para-
mters, such as the stress-intensity factor,
Important for an understanding of fracture pheaam.

This problem has been studied extensively for
elastic material, a detailed description of which
appears in the article by Iarenblatt (2). The wot-
Ins problem was considered by baremblatt for iv.
reasons - In, general. Barei6latt addressed hissett
to the Issues of unrealistic singulr crack tfq:
stress"s and indetearsst eta&iklsgib essMm
in fracture In classical limeet elettiefty. JQ
wedge toklm e h~sbt ~tv v
crack is t"mbifnie 11W* the
ahead of the v.4g. is finte. TA
thrust of Rareclti's Otiol 1A 4*4at

aceomlats for thieb thes I
of semn ct f~ewlbtst~~
aormal traction sets ow a 1tewp
crs UiP wit a oemft otas teft"".cp
characteristic of tlk* ottuils 'sem ***
Mlat, the finit ].*M est% Is 4s~.

~~40



bowing this stress-iftensity factor. and Is jude-
peedeat of the actual distribsit of caosive
foraem. The utility of tkis bsorvatIon lies In
revering the Implication. Namly, If euerintally a

vNPIs driven Into anelastic sfer a ad'
leagtb of the free surface of th&a resultant equilibrium

irckt measured,1 tbem One stwis-iassity factor
may be easily calculated.

In this paper, we provided simple cloed-few.
expresions for the stress sad displaeent fields
for the quasi-static wedging of a power IM .*ts.-
elastic material under the Baremblatt hypotheis. this
analysis culminates In a relation among the material
parameters, the material stress-intensity factor and
the length of the free crack surface.

3. Concurrent with the viscoelastic fracture effort, a study of

a broad class of simultaneous system of generalized Abel integral

equations was initiated and completed. This study vas motivated

-: in part by the appearance of generalized Abel equations in the power-

law viscoelastic contact and fracture work and In part by the fact

A that such system were known to arise In the analysis of certain

simultaneous systems of dual Integral equations. These systems of

dual integral equations occupy a central role In the anlysis of

elastic bi-media (interfaial)' cracks. This work io contain", ft

a series of two papers: "Systems of geeralised Abel equstto "I*

N. Love.,grub sod J. A. Valtem, SIM J. at. hemal. (1lp.

"Sysemsn of someralised *"el Inteval oem"tes viah4p~*

to ssmltaee dual rolatemS' 3. . SIso wt~.

4. Parther qustlsm ow eleesi. V0114.i '

Spsifitelly the Pr*lM f St dsm 'of1S1 **I NO
(a quantity mwess" for a peuditlee oifti 00~

of a racked solid) few elastie odoreee t" .e60w

Theaos~it"db~ "mm es lm iusM t,

aiplieitly. ftmel by "sa ot It seRwSa s



by L. 3. f wand In the calculation of stress-itteaity f~s

for cracks In hGOmogeneous elastic Media), *Closed form ssrs~m

for the desired OUergy releese, rate were obtained. The tschakow

was adapted to both a nod" It and a *ixed nodes I and UI analysis.

Part of this work was completed while ths, prtucipal investigator,

3. R. Walton, was a Visiting Associate Frofes~w with the Maths-

Nstics Research Center at the UnivOrsity of Viscouita ad appears

4 ~In the NBC Technical Symmary Report #2017. Moreover, tdle prejet

resulted In the two papers: "Enewgy release rats calculations for

Interface edge cracks based an a conservation inte~al, "A. Uslim

and J. R. Walton, Int. 3. Solids. Struct. (16), 1905; "Xaergy

release rate calculations for an interface Node III ede crack bosed

on a conservation integral, " A. Sachmn, J. Tweed and 3. R. vato",

Lett. Appi. EInging. Sdi., (19), 1981.

5. In collaboration with Professor M. Lowengrub of the bepartasat

of Mathematics, Indiana University, a study of thermo-elastic

Interfacial cracks was Initiated. Specifically, work is iAAser

and nearly completed on the determination of the comined tbt*-

mchanical stresses induced by a cer-saedeack at the *jti

of two boed disosilar els i" halfeaes 40~b$WW

Open by a romtly I***"& heat flas. *~~A* a~

giawrs.apptetimsto saipei e dt a 4

wei wesh will "ppemwt a pqor4f se t

f46tt tog iatgm



6. As part of colaborative tesotup POXet VIOft"

SfeAwy of tbo VOWrin~ at 1sep. ad CiVOZ- ;;

Te=" AIM Vaiverityo a atftd f "Pe dtute fractwf of gosersZ

linearly wlscoolastic materiel Ma$tiao.Uroer., dy"Iemi

vtocoelastic, fractuare ts amw tre Prtueipsl, fociS of Wearch wUmar

the current APOSR grant of the prI~ciI investittoe. J. R. Walton.

Three separate dynamic crack problems have beauss tDa1red each

is described below.i A. An analysis of the anti-plane strain problem of a steadily
propagating, semi-infinite crack In an infinite linearly visgo-

elastic body which is subjected to a distribution of shearing

tractions moving with the crack vas completed. This work is

contained in the paper: "On the steady state propagation of an

anti-plane shear crack in an infinite general linearly viscom -stf

body," J. 1t. Walton, Quart. Appl. Math., April, 1982. The sigmiw

flcume of these results is susmarised in the 19"1 tAiwel

Scientific Reports.

5. An analysis was coepleted of the dynamic Usae tIoe* w *

for a layer of finite thickness suslogm to that *mWefha iq,

paragraph A for an infinite befte. A cloe4 10 OW"pas*.ftt

the stuas iutemeity factor V"w shteiod 4 ow eqprl

aestic Shat MdaUe rfi theaeUti4s M4 -*WJYs5 M* Aw4 WMO I

Complicated for a layer? am, for atstt" WOO~ II* 164

Ribet usthed that Ve 41ye4 yO.1a o ft-* ow

- wMit ta ft 78ava,
4-277"77-7

'i
ba "a" "V

~1
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C. A study of the steady-state, dynamic Mode I crack p?.bAA*:fo

an infinite general linearly viecoelastic body analogous to the

nod" III problem discussed In paragraph A was initiated. The

Mode I model is more Important to englaeering; applications than

the Mode III, but introduces significant additional mathematical

complications. Only preliminary results have been obtained to date

and these are described in the renewal proposal of the principal

investigator that was submitted in December, 1981.



10

SICTION 3. List of Abstracts.

Walton, J. R., A. Nachman and R. A. Schapery, "The sliding of a
rigid indentor over a power-law viscoelastic half-space,"
Quart. J. Mach. Appl. Math., (31) #3, 1978.

Sumsary-Closed form solutions are obtained for the problem
of a rigid asperity sliding with Coulomb friction over a
power-law viscoelastic half-space. The dual integral equa-
tions relating the unknown normal traction under the contact
interval (also unknown) to the unknown normal displacement
outside the contact interval are solved by first reducing
the system to a generalized Abel integral equation and then
appealing to the theory of Riemann-Hilbert boundary-value
problems. The physical quantities of interest (eg. the co-
efficient of sliding friction) are determined for the three
canonical indentors: a parabolic punch, a wedge punch, and
a flat punch. The analysis predicts singularities in the
normal stress field for certain power-law materials even for
the smooth parabolic indentor.

Nachman, A. and J. R. Walton, "The sliding of a rigid Indentor
over power-law viscoelastic layer," J. Appl. Mech. (100) 01,
1978.

Sumary-The problem of the sliding of a rigid asperity over
a power law viscoelastic layer is examined in the realistic
limit of infinite (dimensionless) layer thickness. For a
contact interval of unit length, asymptotic expansions for
the normal traction over the interval together with several
other physically relevant quantities (e.g., the friction
coefficient) are developed in term of an appropriate asymp-
totic sequence of powers of the (dimensionless) layer
thickness.

Walton, J. R. and A. Nachman, "The propagation of a crack .by a
rigid wedge in an infinite power law viscoelastic body," J.
Appl. Mach., (46) #3, 1979.

Susmary--Closed-form solutions are obtained for the problem
of a crack propagated by a 2-dimensional rigid wedge of
finite thickness in an infinite power law viscoelastic body.
The distance from the crack tip to the point of contact with
the wedge is determined from the asumtioe that in the
vicinity of the crack tip, forces of cohesion act to produce
a smoothly closing crack w1th costinumm stressee. Planty,
a simple forrAla e pressmg the strs-iltemsity fftt as a
function of the speed of penetration and Ahs legth of the
free crack surface is ehibited.



Lowengrub, M. and J. R. Walton, "Systems of generalized Abel
Equations," SIAM J. Math. Anal. (10) 4, 1979.

Abstract--Certain mixed boundary value problems arising in
the classical theory of elasticity lead to the solution of
certain systems of generalized Abel integral equations. A
method is presented where these systems are reduced to
uncoupled pairs of Riemann boundary value problems. Closed
form solutions are obtained. We also demonstrate how
general systems of dual relations (given in terms of Erdilyi-
Sneddon operators of fractional integration) may be reduced
to these systems of Abel equations.

Walton, J. R., "Systems of generalized Abel integral equations
with applications to simultaneous dual relations," SIAM J.
Math. Anal. (10) 4, 1979.

Abstract--A method is presented for solving certain systems
of generalized Abel integral equations by constructing an
equivalent system of singular integral equations. An appli-
cation is then given to a class of simultaneous dual relations
of a type arising in bimedia fracture problems in elasticity.
The equations discussed in this paper generalize those
considered in an earlier paper of Lowengrub and Walton [SIAM
J. Math. Anal., this issue, pp. 794-807).

Nachman, A. and J. R. Walton, "Energy release rate calculations
for interface edge cracks based on a conservation integral,"
Int. J. Solids. Struct. (16), 1980.

Abstract--A certain conservation integral, the so called M-
integral, recently exploited by L. B. Freund in the calcula-
tion of stress intensity factors for cracks in homogeneous
elastic media, is applied to the calculation of energy
release rates for interface edge cracks. Specifically, for
an edge crack along the interface between two elastic wedges
of different opening angles and dissimilar elastic properties,
and that is subjected to point loads at the apex, a relation
is derived among the length of the crack, the energy release
rate of the crack, the applied loads, the wedge angles and
the material parameters.

Nachman, A., J. Tweed and J. Walton, "Energy release rate calcula-
tions for an interface Mode III edge crack based on a
conservation integral," Lett. Appl. Engag. Sci., (19), 1961.

Abstract-The *-integral is applied to the calculation of
energy release rates for interface edge cracks of the Mode
III type. Specifically, for an edge crack along the inter-
face between two elastic wedges of different opening angles
and dissimilar elastic properties, and that is subjected to
point loads at the apex, a relation is derived agon the
length of the crack, the energy release rate of the crack,
the applied loads, the wedge agles and the material pare-

A meters.
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Walton, J. R., "On the steady-state propagation of an anti-plane

shear crack in an infinite general linearly viscoelastic
body," Quart. Appl. Math., April, 1982.

Abstract--The steady-state propagation of a semi-infinite
anti-plane shear crack is considered for a general infinite
homogeneous and isotropic linearly viscoelastic body.
Inertial terms are retained and the only restrictions placed
on the shear modulus are that it be positive, continuous,
decreasing and convex. For a given integrable distribution
of shearing tractions travelling with the crack, a simple
closed-form solution is obtained for the stress intensity
factor and for the entire stress field ahead of and in the
plane of the advancing crack. As was observed previously
for the standard linear solid, the separate considerations
of two distinct cases, defined by parameters c and c*,
arises naturally in the analysis. Specifically, c and

c* denote the elastic shear wave speeds corresponding to
zero and infinite time, and the two cases are (1) 0 < v < c*
and (2) c* < v < c, where v is the speed of propagation
of the crack. For case (1) it is shown that the stress
field is the same as in the corresponding elastic problem
and is hence independent of v and all material properties,
whereas, for case (2) the stress field depends on both v
and material properties. This dependence is shown to be of
a very elementary form even for a general viscoelastic shear
modulus.

I.l
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IL SUPPLEMENTARY NOTES
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Dynamic viscoelastic fracture; sliding contract of viucoelastic bodies; elastic
interface edge fracture; thermo-lastic interface fracture; simultaneous dual
integral equations; generalized Abel integral equations; Rieumn-Hilbert
boundary value problems; stress intensity factor; enerw release rate ; cosrv
tian itegral; coulomb friction.
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thsreport summarizes progress on several theoretical questions concerning
contact and fracture phenomena for elastic and viscoelastio msaerial. Specifi-
cally, the following topics are discussed: (1) quasi-static sliding contact
problems for power-law linearly viscoelastic material; (2) the quasi-static
propagation of a crack by a rigid wedge through an infinite power-law linearly
viscoelastic body; (3) solution techniques for systems of generalized Abel
Integral equations with application to simultaneous sets of dual
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ITEM 90. COU IUDNintsral equations and interfacial craks in elastic
material; (4) the application of conservattion integral techniques to the
tion of energy release rates for elastic interfacial edge cracksi (5) static
thermo-elastii interfacial edge cracks; and (6) the dynamic, steady-state
fracture of general linearly viscoelastic mtra

material1 ZAoes go-bPe
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