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SIMULATION OF EDGE EPFECTS IN ELFECTROANALYTICAL EXPERIMENTS
BY ORTHOGONAL COLLOCATION. PART 3.. APPLICATION TO
CHRONOAMPEROMETRIC EXPERIMENTS

Bernd Speiser and Stanley Pons

Department of Cheamistry
University ot Alberta
Edmonton, Alberta, Canada
TEG 2G2

‘part 1; see ref. 11)
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ABSTRACT

The theory of two-dimensional cont-katlon has been eaployed
to simulate a model describing chronoamperometric experiments
under conditions where edge diffusion has to be taken into
account. The influence of the dimensionless parameters., $ ands’,
the initial integration stepwidth, aT',. the number of
collocation pooints, N, and the kind of polynomial used to
approximate the real solution are investigated and discussed. An
additional transformation of the radial coordinate is
introduced., The numerical values for a large number of
simulations with different sets of the above parameters are

compared to reference values.
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INTRODUCTION

In part 1 1) of this series we derived the theory for the
application of orthogonal collocation to the siaulation of two-

dimensional models. These are discribed by partial diffecrential

equations with two independent space variables and the time

variable t. Let us consider a two-dimensional diffusion
situation to a flat, circular electrode, where diffusion not only

perpendicular to the surface may occur. This additional
ditfusion is called edge diffusion. The concentration ¢ of each

species is given by a partial differential equation of the form

EE.D[EZ.G.!’_C.LZSJ-uc) tn
a ax v dr arz

where x is the distance perpendicular to the surface and r is the
radial distance from the centre of the electrode. The “"kinetic
tera® f(c) is determined by cheaical reactions of the given
species.

Our goal is to calculate c as a function of x and r at any
time t under a set of initial and boundaLy conditions. The
initial conditions model the experimental starting conditions,
i.e. in general only the starting compound is present in a
homogengous solution. The boundary conditions specify the
particulars of the experiment performed, e.q. chronoampectometry,
cyclic voltammetry or another electroanalytical scthud,

Orthogonal collocation {2,3] approximates the real solution
of partial diffecential equations, v.q9. (1), by orthoyonal

polynomials, such that the differential equation is tulfilled at
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certain points, the collocation points. This provides a sethod

to ruduce the partial difterential equations to a systes of
coupled ordinary differential equations.

In part } of this series (1) we used & product of two
polynomials in x and r respectively as approximation function to
the real solution of our two-dimensionel model for edge

effects, We solved a system of ) equations of type (1)

describing an EC mechanisa
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under the boundary conditions valid for chroncaaperomettic

experiments.
This second part of our series demonstrates the application

of the derived theory to chroncamsperosetry. e examine the

influence of several parameters on the numerical solutions of the

simulations: the dimensionless parameters § andg', the

integration stepwidth aT'y, the number of collocation points N,
and the type of polynomial we are using to approximate the ceal

solution. Also, we investigate the effect of choosing &

different dimensionless coordinate systes.

The calculations herein have been performed using only the
concentration of the substrate A at the colliocation points,
because the current through the electrode may be calculated trow

the concentration profiles of A only. The concentration profiles
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of species 8 and C, however, may be calculated from the formulae
in part 1 (1).

We compare our numerical simulations to the results derived
by an exact solution of a related problem by Oldham {4]. These
numbers compare very well with solutions calculated by Aoki and
Osteryoung {51 and Kakihana et al. (6], all using different
approaches to compute values for the current at a finite disc
electrode under chronoamperometric conditions with consideration
of edge effects. All these approaches, however, are rcestricted
to a very sisple mechanism, the reversible electron transfer.

The method of orthogonal collocation., however, is - once derived
for a specitic type of model, ®.9. a two-dimensional model - very
easily used to simulate all possible kinds of electrode

mechanism. e only have to change the kinetic terms f(c) in our
partial differential equations (1). tquations describing other
species than A, B or C are very similar in form to those already
devrived (1]. This will be shown in pact ) of this series M for
the boundsry conditions of cyclic voltammetry, Also, changes in
sechanisss cequire only minor changes of the computer code used
to calculate nuaerical data. Thus, orthogonal collocation proves
to be & tleaible method t0 generate simuleted values for

electrochemical experiments modelled by two-dimensional diftusion

equationn.
THE DINENSIONLESS PARAMETERS 8 AND 8'

To pecform the method of orthogonal collocation we have to

normslise our probles into a space [0,1] in both directions x and

t. Also, we have to divide the r-space into an inner and an
outer segment, sim-lated by two different functions. We denote
the new distance coordinate perpendicul.:t to the electrode as X,
and refer to the normalized inner redial segment as R while using
R' for the outer coordinates. The dimensionless simulation time
is T,

After substituting the transformation equations given in
part 1 (1] we arrive at normalized differential equations which

contain two dimensionless parameters, 8 and 8':
49

(s)

Here, ry, is the radius of the electrode disc, imbedded in an

insulator. The quantity I, is a distance in X direction from the
electrode at which no diffusion occurs dutring the sisulated
experiment, while M is an analogous distance in r-direction.
Thus, L and W detine a region in veal space which is simulated in
the calculations. The real points corresponding to our N
collocation pointa are distributed within this space. We
consgider two limiting cases for L. An analogous discussion may
be applied to M.

rPirst, L may be very large. Then the points corresponding
to the collocation points in real space, i.e. those points at
which the concentration of the species involved is calculated,

are spread over & large distance, The diffusion layer in which




the concentratlion of a4 species 18 depleted or tncreased, however,
18 very narrow in the beginning of the simulation, It increases
with t}/2,  Thus, at short tiames, corresponding to small values
of the dimensioniess simulation time T, the diftusion may have
reached only few or none of the points at which the concentration
i8 ca. ulated. Consequently, the numericael values calculated may
aot represent & good approximation to the real solution of our
model and yield erroneous wurults.

Oon the other hand, 1f L is very large, w are looking at a
very narrow layer of solution in real space. Even after a short
time the diffusion layer may have reached all of our points and
the boundary condition that no diffusion occurs at X = 1}
{corcresponding to x = L) is no longer true, We are using the
®athematical forsulation of this boundary condition lc; (X=1) =
1] in our calculations and thus the numerical values may deviate
from the real solution after this is happening.

We expect that the approximation solution given by
orthogonal collocation is valid only in a certain time range and
that this range depends on the values of g and 3' chosen.

Por all calculations referced to in this paper w used the
condition $ = §'. We rimulate a square space adjacent to the

insulator, because

. - cg?

el m 0 _ (6)
It W2
or

L=(M-71.) N

Figures la-c show calculated values for the current obtained
including edye effects divided by the ideal Cottrell current.
Comparing simulations using legendre polynomials of degree N = §
in both dimensions but different values for g » g* with the
reference curve given by Oldham (4], we see that the above
analysis is correct. For 8 = 1 good agreement over a wide range
of the dimensionless simulation time is found (2 » 1072 ¢ T <
1.1 <107, ™ give a specific example (D = ) » 1075 ea?/s, g
= 0.1 cm), this range corresponds to real times t between 2¢10!
and 1.1x102 s according to the transformation equation relating ¢t
and T [1). At short times the error is considerable and it can
be seen that the solution needs a number of integration steps to
become stable. At ‘anger times the collocation simulation result
increases faster than Oldham‘s curve. This simulation needed 60
8 cpu-time to calculate the eatire curve (1074 ¢ 7' < 1.8:10"2),

More accurate simulations for shorter times may be obtained
using larger values for $. For example, with 8 = 10 in a range

stween T' = 2 = 1073 and 1.2 = 10-2 good agreesent with Oldhan‘'s
curve is found, while 8 = 100 gives a reasonable approximstion
for 2 = 10°% < ' < 1.1 = 1073, In the latter cases significant
deviation from Oldham's curve is seen at a time when our
numerical values increase. This occurs at the same time es the
calculated concentration at one of the outmost collocation point
in the X-direction becomes saaller than about 0.98, thus

contirming our conclusions drawn above. With increasing 8,




however, the oscillating deviations at the beginnim occur in 2
narrower time frame, again in accordance with our analysis.

The same behavior msy be seen if we use polynomials with &
larger number of collocation points (N = 8, 12,15; Fiqures 2-
4). Wow the “critical concentration® at the outmost collncation
pointa moves nearer o unity, being about 0.996 for N = . The
time T* at which the deviations occut, however, is almost the
same as for B » §. This leads to the empirical conclusion, that
the upper time limit of the simulations (s only determined
by 8. An analogous approch has been used by Whiting and Cact
121, They detined the maximum simulation time which is

asccessible with a certain g as T

max ¢ 0.15/8 . In our case we

have the condition

T uax ¢ 2:1/8 (% }]

to be within the usable time range.

THE NUMBER OF COLLOCATION POINTS N

In the preceding pacagraph we have agen that the number of
collocation points N has a marked influence on the simulated
numerical values. Thus, we compare curves obtained with
different numbers N but using the same other parameters in Pigure
S.

As ¥ increases, the net of collocation points becomes more
narrow, forcing the approximation function to fulfill the

differential equation at wmore and more points exactly, This has

10

tw) effects: first, the overall solution becoses more accurate
but we also have more simulation wint'&.mar the btoundaries
tusing Legendre polynomials, the collocation points are more
densly spaced near X = 0 and X = ) than around X = 0.5). Thus,
for ghort times, we have morte points to represent the steep
concentratic. profile exhibited shortly atter applying the
potential pulse and we expect the range within which the
oscillating deviations from the reference solution occur to be
more narrow. With increasing N, the overall solutions should
reach a common iimiting value which should be a good
approximation to the real sojution.

Comparing the results given in Pigure 5 we see that this is
true, By increasing the number of collocation points from N = §
to N = 15 the range in which no useful vesults are to be obtained
because oscillations occur decreases by a factor of about 10,
9iving very good approximations fros 2 * 10-3 . 3 * )0-2
dimensionless time units. The upper limit of the useful range is
not affected, as Figures 1-4 show.

Also, the vresults differ only little {~ 0.48 vhen increasing
N from 12 to 15) with increasing N. This shows the consistency
of the calculations. The ®limiting” values reached are very
close to Oldham's solution [4).

Increasing the number of collocation points gives more and
more accurate results as is to be expected, However, the cpu
time used to perform the simulations in a given ranye also
increases considarably. While integrating a system oi

2 = 6 w6 = 72 ordinary diftevential equations in the case of N «
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6 we have to deal with 162, 288 and 450 such eyguations it we use
9, 12 or 15 interior collocation points, cespectively. The
average cpu tise needed to calculate ome concentration protile

increases by < factor of 10 when N is increased from & to 15.
THE INTEGRATION STEPWIDTH

The next paraseter we want to discuss is the initial
integration stepwidth, A'l“o. This is an input parameter for the
subroutine pecforming the integrations of our system of urdindry
differential equations, The value choosen is used by the
subroutine to calculate the first concentration profiles
at AT' . The subroutine DHPCGL (in the S5SP library package) used
by us then *decides® if sufficient accuracy is available with
this value. If not, the stepwidth is divided by 2 and the
calculation is repeated. Other integration subroutines, e.q.
STIFF3 (1)), also have the option to increase the initial
stepwidth if the error is below a spectlic sargia.

To evaluate the influence of aT', on the accuracy and
performance of the edge effect calculations we run simulations
vith N = § and 9 using i1’ values ranging from 10-? wo 1075,
Results for ¢ = §* = | are given in Tables 1 and 2. We see
ismediately that the actual value of A‘l"o has only a very small
effect on the numerical simulation vesults. Deviastions are
0.00007 in the worst case, this corresponds to 0.007%. However,
tor a small a7’ (1075 dimensionless time units), the cpu-tise
needed to simulate the model up to a certain time increases

considerably. The savings using ""o values > 10-3 are only

o i e . - PR,
O

T e <

about 10-20%, With larye initial 1ntegration stepwidths there ts
not enough accuracy at the beyinning of the simulation, thus
causing DHPCGL to cut down aT*  to smaller values. The actual

choice of A'l"u. however, seems not to be critical.
COMPLETE SIMULATIONS USING LEGENDRE POLYNOMIALS

After discussing thicvy of the paraseters used in simulations
of chrounamperometric erperim:nts with consideration of edge
effects, we may now choose sets of parameters to obtain an
approxisate solution of tne differential equations over & large
range of the dimensionless simulation tise. The nuaber of
interior collocatijon points will be 15. We will piece together
the curve from s->lutions calculated with different g's, choosing
the appropriate initial integration stepwidth. The trial
functions will be Legendre polynomials.

The result is given in Figure ¢, where the calculated
current divided by the ®ideal® Cottrell current is plotted
against T (1n logacithamic scale). FPour different values
for 8{1000, 100, 10, 1) have been used and the entire cucve
compares very well with Oldham's results [4]. The total cpu-time
needed to calculate our curve was about 1340 s on an Amdahl
470/7vé Empnt.r. we cover, however, more than 4 orders of
magnitude of the dimensionless simulation time. Using the same
constants for D and r, as above, we simulated the response of an
electrode with edge effects from 4 ms up to 30 s. At the lower
limit (T*'= 2.5310"6) the current with edge etfects devistes only

by about 0.05% Erom the Cottrell cucvent, while st the upper

[, PR -
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limit (T' = 3210-2) the current in real experiments may be
aftected by convection, thus giving rise to another kind of non-
ideal behavior. Therefore, we can cover the entire accessible
time range in which edge effects contribute to the experimental

current with this simulation.
OTHER POLYNOMIALS

Orthogonal collocation may be performed using a variety of
trial functions as long as we have a set of complete and linearly
independent functions [8). A certain class of sets fulfilling
these conditions are the Jacobi polynomials P'(‘A'” {x) given by
R}

.}
P . 3 (B L A LR 9
with the orthogonality condition
]
J - PPy w0y a0, 1., N (10)

The two terms x° and (1-x)% are *weight “factors® which determine
the behavior of the functlon at the boundaries. For ¢ ¢ 0 the
function goes to zero at x = 0, for § * 0 3sero is reached for x »
1. In our case the radial functions have nonzero values at both
boundaries. Also, the x-functions in our ocuter space have a
finite value at x = 0 {the insulator).

Thus, we would expect the best set of trial functions to bhe

Legendre polynomials, pR0:0V(x) with 5 = ¢ = 0. We used Legendre

polynomials in all previous calculations in this paper, but tried
also scveral othec polynomials for tbcg;_udhl discretization
tunction (€.g. § = 0, c = 2 and § = 1, ¢ = 0.5 which yielded good
results for problems with spherical symmetry).

The calculations showed that in all these cases the
simulation results gave poorer agreement with Oldham's
solution. We conclude therefore that the use of Jacobl type
functions other than Legendre polynomials cannot be recommended

in our case, due to the foram of the boundary value probleam.
ADDITIONAL TRANSFORMATION OF THE RADIAL VARIABLE R

After having simulated the concentration profile in our
mode]l we wish to calculate the curcent through the electrode as &
function of time. In order to compare this current to the
=jideal® Cottrell current we derived the expression (11} [1):

12 ach
A L afeer (R(EM) e an
e 172 o X x=0
Cottrell
where we have to integrate the product of R and the flux to the
electrode surface over the entire radlus of the circular
electrode.
This integratior may be performed by a quadrature formula

, N +2
) w (r)d T Y, (12}
o yte) mtrne - T g Y,

whete the 0; depend on the trial function used [1].

The form of the integral in equation (11} would suggest &




trial function with & = 0 and ¢« = 1 . We have scen in the last
Paragraph, however, that the only suitable trial tfunctions tor
Our problem are Lagendre polynomials with § = ¢ = g. Thus, it is
desicable to bring (11) into a form with § = ¢ = 0 by a variable
transtormation.

This may be done by the substitution

R .= (13)

an s -1
R La"’da (aq

and

2.1 QI
an? » Lg (15)
<

The integral in equation (1)) reduces to

L]
Lot %
; oj [-a»x—l-)x.o da =
thus having a form conmistent with & = ¢ = 0.

We have to apply transformacions (13}-{15} to the
differential equation describing the inner part of our madel (see
®quation (26), part 1 of this series {1]) and to the boundary
condition at R = | (R' e 0), where we piece together the inner

and outer function (equation (50} in pact } [l}).

le
The result for specles A is
» 2. . 2.
Ll “c c e
AL g T A, TM _ AL (16)
N
ar ax2 QR ‘az

and the boundary condition changes to

(a,c_il. - {'_;_'('_c."\.z.) (1
2R /A1 2 R'=0

1f we substitute these equations for equations (26) and (50)
in part 1 {1) and repear the derivation of the discretized
formulae (98) and (104) in part 1 (1] we find a new, very similar
system of ordinary differential equations,

Ia fact, we only have to change the definition of the matrix

elements El K'Y to

N
g0 220 ¢ ‘Q"x,u (18}

and substitute /B'/2 for /B in the definitions of the vector
elemcnts Gy, the matrix elements Li,g and the discretiszed
expression (98).

We calculated numerical values for this system. The cesults
are given and compared to the nontransformed system in Figures 7-
9 for N » 6, 9., 12. Vvalues for N = 15 are compared in Table ),
while Fiqure 10 givesd a curve pieced togsther using 4

calculations pectormed with N » 15 and different 8 values., The

- -
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numerical values are consistent with changes < 0.2y with N
increasing by 3 in a region, where the osciliatory behavior at
the beginning has atopped. Comparing to the nontransformed
system and to Oldham's reference values, we find that the new
equations give better values for a given numher of collocation
points, Por N = 15 deviation from the ceference values is in the
range of 0.16% (Table 3).

Figure 10 also shows how well our numerical values compare
to Oldham's model over more than 4 orders of wmagnitude in T'.
While the nontransformed equations gave rise to a curve which was
lower than Oldham's at shorter times and higher at longer times
(Figure 6), we see that our transformed system gives values which
are slightly lower than the reference over the entire range.

This example clearly shows that the choice of trial
tunctions and transformations has an influence on the exact
numecical solutions calculated. Good approximations, however,
may be available with the “standard® method also (i.e. without
consideration of the type of functions used). A more detailed
investigation on the effect of using different sets of trial

functions is currently under way. hnd

CONCLUSIONS

Our two-dimensional diffusion model using orthoqonal
collocstion has proved to provide good approximations for the
current expected at a flat, circular electrode imbedded into an
insulator over several orders of magnitude for the dimensionless

time variable T'. The discussion of parameters in this paper

———— . L T T T T T T T e

shows that even with only & interior collocation points, i.e. a
grid of 2 » 6 x 6 = 72 collocation poiaty in the entire
simulation space, reliable numerical values may be obtained.

With increasing number of collocation points the simulations are
consistent and give even better approximations. However, longer
cpu-times and costs to perform the calculations are necessary.

We again like to point out that changes to different mechanisms
requires only the exchange or addition of a few statements in the
computer code, Thus, orthogonal collocation may be recomsended
as a fast and powerful method to simulate edge effects at

electrodes.
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Table ). Nuwerical values for simulation of a chroncamperometric
experiment with edge etfects: current with edge
etfects divided by Cottrell current simulation
parametera: K = 6, 8 = p* = 1, L~ . polynoaials in

both dimcnsions, &T*, as indicav

LAVAS IN 1072 1073 - 1075
0.01 1.13249° 1.132%6 1.13256
0.02 1.23883° 1.238684 1.23886
0.03 1.29817" 1.29816" 1 1.29817
0.04 1.34786" 1.34787° 1.347087 --
0.05 1.39292° 1.39292 1.39292 --
0.06 1.43443" 1.43444 1.43444 --
0.07 1.4730% 1.47303° 1.47305 --
6.08 1.50926 1.50926 1.50926 -~
6.09 1.54348 1.54350" 1.54349 -
6.1 1.57606 1.57607 1.57607 --

Values calculated by interpolation.
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Table 2. Numerical values for simulation of a chronocamperometric
experiment with edge effects: current with edge
effects divided by Cottreil current: simulation
patameters: N =« 9, 8 = g' Legendre polynomials in
both dimensions, AT'; as .ndicateqd.

/AT, 1072 103 1074 1075

0.01 1.17081° 1.17080 1.17082 1.17082

0.02 1.24847° 1.24848"° 1.24848 -

6.03 1.30911 1.30911° 1.30911 -

0.04 1.36075 1.36075° 1.36076 .-

0.05 1.40674 1.40672 1.40673 --

0.06 1.44862"° 1.44064 1.44864 -

0.07 1.48748 1.48748" 1.48748 --

0.08 1.52787 1.52187 1.52387 --

0.09 1.55826" 1.55826 1.55826 --

0.1 1.%9100 1.59100" 1.59100 -~

.

A

Values calculated by Interpolation.

Table 3,

T
1.1074
2

3

Numerical values for

eIperinent with »dge effecta;

22

simylation of a chronocamperosetric

current with edge eftects

devided by Cottrell current: transformed simulation model vs

nontranstormed system, 4 « 15, g « 8 = 10, Legendre

polynomials in both dimensions.

Oldham's solution 14)
1.017%
1.0249
1.030%
1.03%3
1.019%
1.043)
1.0468
1.0500
1.0531
1.0560
1.0792
1.0970

transformed model
1.0206
1.0221
1.029
1.0
1.01m80
1.0416
1.04%2
1.0408%
1.051%
1.0544
1.077%
1.095%4

nontransformed monde )
1.0182
1.0210
1.0279
1.012%
1.01¢7
1.040%
1.084)
1.047)
1.0504
1.05134
1.0770
1.09%)
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Figure 3.
Figure 4.
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FIGURE CAPTIUNS

Simulations ot ChronOamperowetric eaperiments
including edge ettects with orthoyunal collucation;
Simulation parameters: nuaber ot collocation points
in each dimension N = 6, initial 1inteyration
stepwidth aT'; = 1.1074, Legendre polynomials in both
di@ens1oNs, (———=) § = 100, (==} 8 = 10, (----)} ¢
= 1; (....) values calculated according to Oldham
{4} . The arrows indicate T', when the concentration
at one ot the outmost coflocation points reaches
0.9a.

Simulations of Chronoamperometric exper iments
including edge effects with orthogonal collocation;

simulation parameters: number of collocation polints

in each dimension N = 9, other parameters as in
Figqure 1. The arrow indicates T', when the
concentration at one of ihe outmost collocation
points reaches 0,996,

Simulations of chronoanp&rol:}ric experiments
including edge eftects with orthogonal collocation;

Simulation parameters; number of collocation points

in each dimensian N = 12, other parameters as in
Figure 1.

Simulations of Chronoamperometric experiments
including edge etfects with arthogonal collocation;
simulation parameters:

number of collocation points

\n each dimension N = 15, other pacameters as 1n

Fiyure

fiyure

Figure

Figure

S.

6.

7.

8.

24
Figure 1, The ordinale scale 1s expanded compatred to
the other figures.
Simulations of chronoamperometyic expuciments
including edge etfects with orthoyonal collocetion;
Simulation parameters: (em=) N = 6, (= '=-=) N=x9, (-
m==) N & ]2, (=—=--w) N = 15; jnitial integration
stepwidth AT') = 1.1074, Legendre polynomials in both
Jiaensions, dimensionless parameters § = g* = 1,
{+...) values calculated according to Oldham (4f.
Simulations to cover the entire accessible range ot t
tor an example with D = 10-% c-z/s and rg = 0.1 cm,
pleced together from 4 calculations with N =« 15 and
ditferent 8 compared to Oldham's solution (eeel;
poiats ca!culated with 8 = 8' =1000 (eeal, 8 = §' =
iWcoo) =10 (@aq), 3 = 8' = 1 (648},
Comparison of simulations using the model system
given in part 1 of this series (L] and the formulae
derived from the transformation {(13); N =
6, 3§ = p* = 10; {===—) hefore transtormation, {w =)
atter transformation, (....) Oldhaa‘s curve.
Comparison of simulations using the model syitem
qiven in part | of this series [1] and the tormulae
derived from the transtormation (13); N =
9, 8 = 8* =10; {===) before transformation, (===

atter transtormation, (,...) Oldham's curve.




Figure

Figure 10.

25
9, Comparison of simulations using the model system
given in part 1 of this series [l} and the formulae

derived from the transformation (13); N =
12, 8 = ' » 10;(==—) before transformation,

(=)
after transformation,

{cee.) Oldham's curve.
Simulations to cover the entire time range 2.1076 <
T < 4.1072, pieced together from 4 calculations with

N = 15 and different 8, using the transformed system

of equations, compared to Oldham's solution (eee):
points calculated with 8 = ' 1000 (I.-)'

8 =~ g =100 (0o00), 8 = 8' = 10 (ODO )
and 8 = 8* =1 (AabA).
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