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Overview L‘!;;_i |

The problems suggested by the title of the project which is the subject of
this report are of intrinsic interest from the point of view of mathematical
statistics and scaling theory, Unfortunately, they turn out not to be as central
to the problems of model-based psychological measurement as I originally thought.
Thus, roughly midway through the project I started to focus on a new problem
which I feel is more central to the concerns of this program and deserves much
more attention than it has received so far. 1In this report, I will summarize
the progress made on the original problems, describe some of the unresolved dif-
ficulties, and explain why it is important for the advancement of model-based
psychological measurement to address the new problem mentioned above.

The problems originally considered concern estimation of parameters in
Tukey's (1949) model for data in a two-way array. This generalization of the
additive model is interesting for a couple of reasons. First, data arrays which
are nonadditive, but can be rendered additive by a monotonic transformation, often
fit this model very well. Second, the model has some of the same advantages
as the additive model for purposes of scaling row and column effects (subject
ability and item difficulty effects, in the present application). Row means are
independent of the column parameters and vice versa, so row and column means
can provide a suitable basis for scaling the row and column effects. For these
reasons, Tukey's model is worth considering as an alternative to Rasch models
as a bagis for scaling unidimensional latent traits,

If one adopts Tukey's model as the basis for testing, there are two ways
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one might go about measuring subject and item effects, assuming the original

data are nonadditive. One might seek a transformation that will render the
data additive. To the extent that such a transformation brings the array more
into line with the usual ANOVA model assumptions, there may be advantages to
carrying out estimation in terms of the transformed data and then transforming
the results back into the original metric. On the other hand, it is sometimes
undesirable or useless to transform the original data. For example, transforma-
tion of dichotomous test data is useless. As has been mentioned, row and column
means of the original data provide a reasonable basis for measurement of row
and column effects, without using a transformation. The work of this project
has resulted in two contributions that should help in either of these two
approaches,

If Tukey's model holds and if it is possible to render the data additive
by a monotonic transformation, then the required transformation is a simple one
implicit in the model. It 1is unique up to a linear transformation. Let y
represent data and let u be the grand mean of the array and A be the nonaddi-
tivity parameter in the model, and let c=p=A~!. The data cannot be rendered
additive by any monotonic transformation unless either E(y)>c for all data
points, or E(y)<c for all data points. If either condition is satisfied, then
the required transformation to attain additivity is log(y-c) or log(ec-y), depend-
ing on which condition holds. It is remarkable that this result has not been

noted before, considering the fact that Tukey's model is so well known. Tukey's

model and results concerning it are summarized in more detail in the next section.

A complete account {s given in Technical Report 80-1.
The problem of estimation of subject and item effects arises whather or not
one transforms the data first. The usual least squares estimators are unbiased

and consistent, but they can be improved upon using an empirical Bayes approach.
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Griffin and Krutchkoff (1971) have shown that the optimal linear estimators of
marginal effects are the sample effects multiplied by a constant, The constant
is equal to the ratio of the variance of the underlying parameter to the sum

of that variance and the conditional variance of the sample effect, given the
parameter. A very important feature of their result for our purposes is that

it does not depend on parametric assumptions concerning the distribution of
entries in the array. It applies equally well to dichotomous, right-wrong
responses and tc response latencies, for example. I have shown how this approach
can be applied to the prob;em of estimation of several proportions., Jackson
(1972) suggested a method similar to the one I propose, but Novick, Lewis, and
Jackson (1973) found some difficulties with his suggestion. These difficulties
lead them to propose a more complicated approach. A key problem in applying
either the Griffin and Krutchkoff approach or Jackson's approach to this problem
is estimation of the variance of the underlying parameter. I propose a weighted
estimator of this variance and have shown that, in the context of estimation of
several proportions, it avoids the serious problems noted by Novick, Lewis, and
Jackson. These developments are described in detail in Technical Report 81l-1,
which will be summarized below, in the third section of this report.

The research just described assumes one is dealing with unidimensional
traits. There is no good reason to assume a priori that a unidimensional latent
trait is capable of representing the possible states of learning of subjects
with regard to a given conceptual domain., Unidimensional latent trait models
are postulated on the basis of mathematical convenience, Unfortunately, there
are numerous situations in achievement testing where data show that unidimen-
sionality does not hold.

Failure of unidimensionality can have serious practical consequences in

adaptive mastery testing, one of the areas where it has been hoped that latent
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trait theory might prove most beneficial, If a y{ven unidimensional model
holds, it 1is possible to determine the status of subjects toc a given level of
precision with substantially fewer items than a standard test would require.
This is accomplished by taking the subject's responses to the initial items on
a test into account in selecting subsequent items. However, if the model on
which item selection is based is wrong, then the adaptive procedure may intro-
duce biases and other inaccuracies into the assessment of the subject which make
it worse than a test constructed on traditional principles, rather than better.
Since the success of adaptive testing may well hinge on the quality of the
models it is based on, a Ehorough exploration of alternative models to represent
the scateréf subjects in different cognitive domains should be a first priority
for future research., Such work should draw on recent developments in cognitive
psychology, but it will need to go considerably beyond them. As Susan Whitely
(1980) has pointed out, these recent developments have been preponderantly con-
cerned with chronometric studies of the performance of subjects who are competent
at the tasks they .re asked to do, Dealing with the testing problem will require
models that repre~ent the state of subjects who_ﬁre sti1ll learnirg the tasks in
question and can account for the subjects' patterns of correct and incorrect
responses. Multicomponent latent traic models represent one approach to the
problem which is worth pursuing. An even more promising approach, in my opinion,
is to use a finite, discrete state latent space to represent the state of the
subject. The all-or-none models of concept learning popular in the 1960's are
the sort of thing I have in mind, but one must go considerably beyond those modals
to represent the state of subjects with raspect to concepts one would be inter-
ested in testing in practical situations. Much of my time in the latter part qf

this project was spent developing a proposal cutlining how these ideas might be

used in testing mastery of signed-number arithnetic, Since this approach is




now being explored on a new contract, detailed discussion of it will be

deferred to subsequent reports.

Tukey's model and its properties
In Tukey's two-way ANOVA model with a single-degree of freedom for nom-

additivity the expected value of the score of subject { on item j is
Hij = u + ag + By + Aayfj . (1)

The linear transformation obtained by multiplying both sides of Equation 1 by A

and adding 1 ~ Au yields 3‘multiplicative form of the model:

X“ij -Au+1la=l+ lai + kBj + kzaiﬁj (2)

= (1 + Xag) (1 + A8y) .

If 1 + Aoy > O for 2all { and 1 + ABj > Q for all j, then we have the additive

representation

log(luij - Au + 1) = log(l + Aay) + log(l + XBJ) . (3)

A theorem of Luce and Tukey (1964) implies that this additive representation

is unique up to a linear transformation, when it exists. Equation 3 implies

that the transformation log(iy - Ay + 1) should yield additivity for an array

of data satisfying Tukey's model, provided one can take logarithms on both sides
of Equation 2. Obvious linear transformations yield more convenient, equivalent
forms of the transformation: log(y - p + X‘l) if A is positive, log(u -~ A=l - ¥)
if X is negative., It is interesting and somewhat puzzling that Tukey never men-
tions this transformation explicitly in connection with his model. He does
mention transformations of the form log(y - ¢) in passing, but not the important

point that ¢ = u = A"}, The role of ¢ in these transformations is analogous to
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the role of the exponent in power transformations, so the fact that ¢ is deter-
mined by the model parameters is significant,

The number u - A~! has a geometric interpretation which shows an interesting
aspect of Tukey's mocdel. Notice that for a given subject i, the regression of
the expected score on the Bj's is linear, with slope 1 + Aay. 1If we omit the
subscript on 8 in Equation 1 to indicate that it is variable and write py(8) in

place of Hiy, we obtain
Ni(B) =u+ay+ 1+ Aui)B . . (4)

Solving for the point of intersection of any two distinct regression lines given
by Equation 4 yields B = -A'l, at which point the expected score is ui(-k'l) =

u = A~l, Thus, in graphical terms, Tukey's model posits linear regression lines
for each subject which converge to a common focal value. The expected score at
that value is u - A~},

It is easy to verify the following properties of deviations from the

focal value:

1. The overall mean deviation.is A~1,

2. The ratio of the mean deviation for subject i to the overall mean
deviation is 1 + Xay.

3. The ratio of the mean deviation for item j to the overall mean devi-
ation is 1 + AB:.

4. The expected deviation from the focal value for subject 1 on item j is
equal to the product of the mean deviation for subject i and the mean
deviation for item j, divided by the overall mean deviation.

If u = A~!, the focal value is zero and the remarks above hold for the scores

themselves. The last remark can then be strengthened to say that the expected

score for subject { on item j is equal to the product of the mean score for




subject 1 and the mean score on item j, divided by the overall mean score., This
is the multiplicative property which is the foundation of Rasch's (1959) Poisson
and gamma models. Rasch's model for analysis of dichotomous items has the same
multiplicative structure if we regard the <ependent variable to be the odds in
favor of correct response. Thus, Tukey's model is seen to be a direct generali-
zation of the Rasch models.

The generalization of Rasch models represented by Tukey's model costs less
in loss of desirable properties than one might expect. One obtains in return a
model with a much larger range of applicability. It is true that the property
of separability of {tem and subject parameters which Rasch has emphasized does
not hold in the strict sense employed by Rasch. 'Item parameters are separable
from subject parameters in Rasch's sense if the conditional probability of a
subject making a given response to an item, given the subject's total score on
all items, depends only on the item parameters, not on the subject parameter.
This {s not the case in the general model, but the item parameters are neverthe-
less separable from the subject parameters in a weaker sense that is useful.

The deviation of the mean score on an item from the overall mean depends only
on the item parameter, not on the subject parameters. In fact, the usual least
squares estimators of subject and item effects for the two-way ANOVA model are
unbiased and consistent.

It is easy to verify that item and subject parameters are not separable in
Rasch's sense, even if we restrict ourselves to an additive model with standard
normal distribution assumptions. This is the best behaved model that one can
assume in terms of how well it lends itself to estimation of parameters. The

fact that its item and subject parameters are not separable in Rasch's sense sug-

gests that Rasch's sense of separability is an unnecessarily testrictive requirement

to place on models for subjects-by-items arrays.




Some interesting properties of the Rasch models do carry over to the more

R

general model if one assumes, as Rasch did, that the conditional distribution of
responses, given the subject and item parameters, 1s a Poisson or a gamma dis-
tribution. Due to the special reproductive properties of these distribucions,
the marginal sums over subjects or items are distributed as Poisson or gamma
variates; i.e., the form of the conditional distribution carries over to the
marginal distribution. Furthermore, the parameters of the distribution of the
marginal sums for each student depend only on the student parameters and the
parameters of the distributions of the marginal sums for each item depend only
i on the item parameters, Thus, subject and item parameters are separable in

Tukey's model in senses which are important for the problem of parameter esti-

mation. We turn now to this problem.

Estimation of the parameters in Tukey's model

It has already been noted that deviations of subject and item marginal
means from the grand mean are consistent, unbiased estimators of subject and
item effects in Tukey's model. Recent work on empirical Bayes estimation pro=-
cedures suggests ways to -improve upon the least squares estimators. Previous

work has shown that the usual estimator of the nonadditivity parameter in

Tukey's model can be geverely blased. Because the usual estimator depends on

estimates of the marginal effects, it seemed that the corrections to the least
squares estimators of marginal effects which the empirical Bayes estimators
make might lead to a corresponding correction in the bias of the nonadditivity
parameter estimator, This project has explored these questions in detail,

The study of the empirical Bayes estimators of subject and item effects has led !

to some useful results, but carryover of improvement to the estimator of A has not

worked out as hoped.




Estimation of subject and item effects. Let X be a random variable with

expected value m. Suppose we have a random sample of n different X's from a
population in which the mean m is not constant, but has a distribution with
mean u and variance oi. Let ci be the uncondi;ional variance of X. In the
present context, X might be a marginal mean for a given subject, m the true
mean for the subject, cé the true variance in m among subjects, and ai the
variance of the sample marginal means for subjects,

The question arises about how best to estimate the separate means using
the values of the separate X's obtained, One approach would be to use each
X to estimate the mean in its subpopulation. If the X's are subject means,
for example, we would use the subject means themselves to estimate the subjec
true scores. On the other hand, if the sample variance of the X's observed i
close to what one would expect in sampling from a population with a single, con-
stant value of m, it might be better to use the grand mean of the X's as a
common estimate of m for all the means. Griffin and Krutchkoff (1971) have
shown that if one restricts oneself to estimators which are linear functions

the X's, the best estimators in the sense of minimizing overall squared error

are given by the following compromise between the possibilities just mentioned:
B(X) = CX + (1 - Ou
=-u, + C(X - uy), (5)

where C = c: /ai. The two possibilities mentioned above correspond to letting
C=014f gZ=0, and C = 1 1f o2 = o2.

Implementation of the optimal linear estimators requires knowledge of uj
and aé which we usually lack, The sample grand mean is a good estimator of u_,

but the estimation of a: can be something of a problem. The standard estimator

T
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of aé from the analysis of variance components 1is probably satisfactory for
present purposes, but It cannot be claimed that the estimators of marginal
effects which result from using these estimates of | and c: are optimal. They

do seem to be an improvement on the least squares estimators.

Estimation of the nonadditivity parameter. Let yij be the score of subject
i on item j and let &i and éj be the least squares estimators of the subject and
item effects for subject i and item j, respectively. The usual estimator of the

monadditivity parameter XA is given by

- z &15 y ]

A e (6) b
o] '
£a? 82

itgd

The expected value of the numerator of the right side of Equation 6 is A Zjaisj.
i, ]

The denominator is an estimator of iz,aisf, so A is a plausible estimator of A.
2d

Unfortunately, while &i and éj are unbiased estimators of a4 and Bj' i&i and

§8§ tend to overestimate the respective sums of squared effects. Theilr expec-
tations involve aé'as well as cé and cg. As a result, ) tends to underestinate

X in absolute value. The bias can be substantial in realistic settings. The

median of X is approximately

~

median A * C Cgl, (n
where
Jo2
Cu - . Ug and CB - no‘% . (8)
2 2 '
ae + Joa ci + ncg

Note that C; and Cg are the correction factors by which the optimal linear esti-

mators of Griffin and Krutchkoff would correct the least squares estimators of
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subject and item effects, respectively

Equation 7 suggests that we might improve on A by multiplving by C;ICEI.
This would undoubtedly help if we knew C, and Cg, but we do not know them in
most situations, so we must estimate them, We did simulation studies which
show that nultiplying A by analysis-of-variance components estimators of C;l

and Cgl does reduce bias, but at a disastrous cost in variability. The result-

FDP——

ing estimator has substantially greater squared error than . A good estimator E
of A is yet to be found.

It i{s important to put the difficulties in the estimation of A in proper

perspective. The usual estimator is cousistent, which is about as much as can
be claimed for the available estimators of parameters in competing logistic
models. The fact that the estimation of X poses some problems should not in

itself lead one to dismiss the Tukey model as an attractive alternative to

Rasch models, For one thing, the difficulties do not affect the estimation
of the parameters of most concern, the subject and item parameters. On the
other hand, the uncertainty regarding A would affect the application of Tukey's
model in adaptive testing.

Suppose one 1is trying to estimate ay for some subject on the basis of the
subject's performance on a small subset of the items. Let P, be the subject's
average score on the subset of items and let 8 be the average item effect for

items in the subset. Then the method of moments estimator of a, is

- . (9)
1 4+ A8

Clearly, the value of A would affect judgements about ay. If all items were

employed, B would be zero and 51 would not be affected by A, but one of the




main points to adaptive testing is to tailor the itcems to either the ability

of the subject or the ability level adopted as a cutoff, depending on the test-
ing context. In either case, B is unlikely to o zero. The method of moments
estimator is probably not the best we can do in this situation, but whatever
apprcach is employed would be affected by A, s0 it would be desirable to have

a better estimator of this parameter.

Empirical Bayes éstimation of proportions in several groups. The optimal

linear estimators of Griffin and Krutchkoff can be applied to the problem of
simultaneous estimation of proportions in several groups. In order to do so
it is necessary to estimate the yariance of the underlying proportions. Griffin
and Krutchkoff do not deal with the unbalanced case, where the observed propor-
tions are based on different sample sizes. In Technical Report 8l-1, I propose
the following estimator for c%, the between-group variance component in the

unbalanced one-way random effects ANOVA model:

. 2\-1
c% = (J -1 - Egl) (MSpetween ~ Ms@ithin) ' (19

Here J is number of groups, .ny the number of observations in group 3j, and N is
the total number of observatiocns. This estimator is an unbiased, coasistent
estimator of o% even if the usual assumptions of normality and homoscedasticity
fail to hold. When Equation 10 is specialized to the case of binomial propor-
tions, the formulas for the mean sums of squares can be simplified to expressions
involving the numbers of successes in each group, rj‘s, and the total number of

successes, R. The estimator of the variance of the underlying proportions becomes

) ,
52« NON-1) ¢ T§ g2 _N-lg
P N-J {4 N=J

2 _ 2
N gnj
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The optimal linear estimator of each of several proportions corresponds
to classical Bayes estimation, using the means of the posterior distributions
of p as point estimates. One starts with & beta prior distribution on p
having parameters

- a2
n' = “D(l'up) °p and r' = n'up , (12)
2
g

where y_ and °§ are the mean and variance of the prior distribution. The pos~

terior means are given by

f:j . Tyt _ (13)

In practice, we estimate n’ and r' by substituting in Equation 12 the estimate

ug = % (14)
for u and 3; from Equation 11 for cg. Then we apply Equation 13 to the data
for each successive group.

The approach to estimation of several proportions just described is
extremely easy to implement. It is interesting to compare it with another very
straightforward approach due to Jackson (1972). Jackson's method is similar
in spirit to ours. The main differences are that it deals with root arcsine
transformations of the proportions rather than dealing directly with the pro-
portions and that it employs unweighted estimators of the mean and variance of

the underlying distributicn of transformed proportions, rather than weighted

estimators.

Novick, Lewis, and Jackson (1973) applied Jackson's approach to four sets

kel i
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of data gathered in educational contexts., In several of the applications, they
found the approach less than satisfactory. The main problem seems to be the
sampling variability of the estimator of the variance of the underlying para-
meter. For example, a negative estimate of variance occurs in one of the
applications. Novick. et al. argue that the difficulties with estimation of
the between-group variance component show the need for a more rigorously
Bayesian approach in which prior beliefs about the extent of between-group
variation can be Iintegrated with sample informacion.

When Griffin and Krutchkaff's method is applied to the data of Novick

et al., with weighted estimates of 02, the problems encountered by Jackson's

P
approach do not arise, The resulting estimates are in line with some of the
Bayesian solutions considered by Novick et al. This suggests that the use of
unweighted estimators might be the root of the problem with Jackson's approach,
rather than the failure to incorporate prior beliefs into the estimates.

Let gj"deno:e the root-arcsine transformation of the observed proportion

of successes in group j:

- 3
gy =stat [y P8 ) . s
ny + 3/4

Let vy be the transformed value of a proportion p. Jackson estimates the mean

and variance of the distribution of vy by

by = BLE (16)

J

and

afr - (3-1°1 §(gj-ﬁ.r)2 - -1 E(Anj+2)-1. 17)
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respectively. The conditional varilance of 84 is (Anj + 2)‘1, S0 5$ is the
difference between the sample variance of the gj's and the average of their
conditional variances. The following estimators of uY and a$ weigh the con-

tributions from each group inversely to the conditional variance of g

J:

_ -1
g. = (4N + 27) gumj + 2y (18)

5$ - (4N + 27 - L(4ny + 222)-l (Z(Anj + 2)(gy - §)2- @G- 19 .

4N + 23

When Jackson's method is applied to the data of Novick et al. using the
weighted estimators in Equati§n~18 instead of the unweighted estimators in
Eauations 16 and 17, the results are practically identical to the Griffin and
Krutchkoff estimates. On the face of it, weighted estimators would seem to
be preferable to unweighted estimators, but under some circumstances one would
be too hasty in drawing this conclusion. Both welighted and unweighted esti-
mators can yield negative estimates of the between-group variance compomnent
and Tukey (1957) has shown that there are situations in the unbalanced case
where unweighted estimators are better than weighted.

According to Tukey (1957), two of the most important factors determining
whether weighted or unweighted estimators will yield more accurate estimates
of the between-group variance component are the size of true between-group var-
iance and the variability of sample size from group to group. Other things
being equal, large true variation between groups favors unweighted estimators
over weighted estimators, whereas large variability in sample size favors

weighted estimators. In Monto Carlo simulations described in Technical Report

81-1, under conditions mimicking those in the examples analyzed by Novick et al.,

. ‘-"nbg, ..
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we found that the differences in performance between weighted and unweighted
estimators of the between-group variance are not significant when the true
variacion between groups is large and the variability in sample size is mod-
erate; that 1s, under conditions that favor unweighted estimators. On the
other hand, the differences in favor of weighted estimators are substantial
when the sample sizes are extremely variable and the between-group variance
component is small. It is therefore recommended that weighted estimators be
used ;: a general practice when applying either the Griffin and Krutchkoff or
" the Jackson procedure. '

From a philosophical point of view, some might prefer the rigorously
Bayesian approach of Novick et al. to the empiric;l Bayes approaches of Griffin
and Krutchkoff or Jackson. However, in applying the rigorously Bayesiam ap-
proach there are problems of computational complexity and technical problems
concerning specification of prior distributions which might lead even a
convinced Bayesian to prefer the empirical Bayes approaches. These problems
are discussed in detail-in Technical Report 81-1. The work on this project
shows that the use of .weighted estimators of the between-group variance com-
ponent answers the most serious objections of Novick et al. to the empirical

Bayes approach.

Conclusions and recommendations

The usefulness of Tukey's model for model-based psychological testing is
probably greatest for analyses of responses which are not dichotomous, such as
response latencies, There are not many models for such responses to choose
from, other than the additive ANOVA model and Rasch's multiplicative models.
Tukey's model is a generalization of these models which costs very little in
terms of loss of their desirable properties. Nondichotomous variables have not

traditionally been the focus of much attention in test development. However,
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recent efforts, such as Sternberg (1977) and Thissen (1979), to relate the
chronometric methods of analysis frequently employed in the study of cognition
to psychometrics, suggest that the analysis of response latencies will be of
increasing importance in the future, The results of this project should be
helpful in these analyses,

When the response variable is dichotomous, Tukey's model may or may not

be competitive with Rasch models and other logistic models. Whether it is or

not undoubtably depends on the specific test in question. Tukey's model is
most likely to be adequate in testing situations with the following characteristics:
1. The items are unidimensional.

2, The Rasch model is not appropriate for some reason, such as unequally

- digscriminating items,
3. The number of subjects is too small to adequately estimate the para-
meters in the more flexible two~ or three-parameter logistic models. -z
Under these circumstances, Lord (1979) has shown that the-use of Rasch methods
is preferable to methods based on the two~ or three-parameter logistic models,
even when a two~- or three-parameter logistic model generates the data. Al- ?
though the studies comparing the performance of methods based on Tukey's model
with the performance of the Rasch methods have not been done, it seems plausible
that Tukey's model would often provide a better approximation than the Rasch

mathods when the conditions listed above hold.

Unfortunately, these conditions define an uncomfortably narrow range of }
applicability for Tukey's model--narrower than is perhaps apparent on first

reading. It is not hard to find situations satisfying the second and third

conditions. The Rasch model {s often too simple to fit the data, and Lord's
results suggest that it is impractical to use more complex logistic models

unless there are at least two or three hundred subjects available for item

[
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calibration. The unidimensionality condition is the hard one to satisfy. How
hard it is likely to be is not sufficiently appreciated yet by wurkers in the
field.

A study of Tatsouka and Birenbaum (1979) of the performance of prealgebra
students on a test of signed-number arithmetic illustrates a problem which makes
the achievement of unidimensionality problematic. The students all took computer-
assisted drills on signed numbers but their instruction in class varied from
teacher to teacher. If their test performance could be adequately represented
by a unidimensional latent trait model, then item characteristic curves based
on different samples of subjects ought to coincide. Tatsuoka and Birenbaum
found dramatic differences between the item characteristic curves for different
classes, differences which they could relate plausibly to specific item types
and differences in the approaches taken by the various classroom teachers in
presenting the signed-number concept,

Failures of unidimensionality can often be attributed to the inclusion of
items in a test which clearly tap different skills. This argument does not
apply in the present case. The test of signed-number arithmetic was very care-~
fully designed to represent just about as precisely and narrowly defined a
domain as one could have and still have a testing situation of genuine applied
interest. Upon reflection, it should not be too surprising to find that uni-
dimensionality is difficult to achieve with such tests. Most achievement tests
are intended to assess knowledge of material from a specified domain, without
reference to how the material was taught. It is reasonable to suppose that the
relative difficulty of test items depends on how the concepts which the items
are designed to test were taught and learned. Due to variation in instructionm,
which will usually occur to some extent, even in contexts wherc student progress

is monitored automatically, examinees will differ with respect to how much the
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material to be tested is studied and how the study time {s used. As a result

we should often expect to find the variation from class to class in item char-
acteristic curves which Tatsuoka and Birenbaum found with signed-number arith-
metic. Unidimensionality is likely to be an exceptional occurence in achievement
tests of narrowly defined domains.

Violation of the unidimensionality assumption can have serious consequences
for adaptive tests of concept mastery, Any adaptive procedure based on a uni-
dimensional latent trait model would result in tests comprised of decidedly
nonrandom samples of items from the item pool. If the model is incorrect, then
the procedure is quite likely to be inappropriate and the resulting measurements
misleading.

When I undertook this project, I tacitly assumed that many mastery testing
situations would satisfy the conditions under which Tukey's model would be likely

to be of most use. I was not thinking enough about the unidimensionality assump-

tion which Tukey's model shares with most of. the other extant latent trait models.

The areas where unidimensional representations are inadequate are areas of con-
siderable importance in military training and-education generally. Many critical
specialized training modules involve concepts analogous to signed-number arich-
metic. There must be better ways to conceive of mastery of these concepts than
to think of it in terms of a subject's position on a continuous latent trair.
Finding adequate representations of the performance of subjects on tests of these
concepts should have at least equal priority with further developmenc of uni-
dimensional models.

A good clue about a possible direction to purs&e in secking simple models
of concept mastery 1s implicit in the observations of Tatsuoka and Birenbaum
and in closely related work of Brown and Burton (1978). Careful analyses by

these investigators of the patterns of responses to irems on tests of simple
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mathematical concepts show that subjects who have not mastered a concept often
fall into distinctive patterns of errors, patterns which derive from systematic
misconceptions, For example, on signed-number addition problems, some students
get the sign right on all the problems, but always add the absolute values of

the addends to get the absolute values of the sums, rather than subtracting the
absolute values when the signs of the addends disagree. If a significant fractiom
of the subjects have this misconception, that in itself leads to a violatiom of
unidimensionality. The fact that relatively few systematic misconceptions can
account for a majotity'oﬁ\:he response patterns of subjects who have not mastered
a concept suggests an altefnative model to serve as a basis for testing mastery
of the concept. Instead of characterizing subjects by positions on a numerical
continuum, one can characterize them as belonging to latent states. The latent
states correspond to the systematic misconceptions, or to mastery of the concept.
The development of models along these lines is now the goal of my research in

this area. .
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