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I. INTRODUCTION.

Consider the following situation: A set (1,..., N) of N agents possessing a common model of the

world (same prior probabilities) and having the same cost function (common objective) want to make

an optimal decision. Each agent bases his decision on a set of observations he has obtained and we

allow these observations to be different for each agent. Given this setting, the decisions of the agents

will be generally different. Aumann (4] has shown, however, that agreement is guaranteed in the

following particular case: If the decision to be made is the evaluation of the posterior probability of

some event and if all agents' posteriors are common knowledge, then all agents agree. (In Aumann's

terminology, common knowledge or an event means that all agents know it, all agents know that all

agents know it, and so on, ad infinitum.)

The situation where each agent's posterior is common knowledge is very unlikely, in general.

On the other hand, if agreement is to be guaranteed, posteriors have to be common knowledge. The

problem then becomes how to reach a state of agreement where decisions are common knowledge,

starting from an initidi state of disagreement.

Geanakoplos and Polemarchakis [7] and Borkar and Varaiya [6] gave the following natural

solution to the above problem: Namely, agents start communicating to each other their tentative

posteriors (or, in the formulation of [6] the conditional expectation of a fixed random variable) and

then update their own posterior, taking into account the new information they have received. In

the limit, each person's posterior converges (by the martingale convergence theorem) and assuming

that "enough" communications have taken place, they all have to converge to a common limit.

The above results hold even when each agent obtains additional raw observations during the

adjustment process and when the history of communications is itself random. Similar results were

also proved for a detection problem [6].

A related - and much more general situation - is the subject of this paper; we assume that

the agents are not just interested in obtaining an optimal estimate or a likelihood ratio, but their
objective is to try to minimize some common cost function, given the available information. (Clearly,

if each agent has a different cost function no agreement is possible even if each agent had identical

information.) In this setting, we assume that agents communicate to each other tentative decisions

(which initially will be different). That is, at any time, an agent computes an optimal decision given

the information he possesses and communicates it to other agents. Whenever an agent receives such

a message from another agent, his information essentially increases and he will, in general, update his -

own tentative decision, and so on. In the sequel we prove that the qualitative results obtained in [61,
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171 for the estimation problem (convergence and asymptotic agreement) are also valid for the decision

making problem for several, quite general, choices of the structure of the cost function. However,

tentative decisions do not form a martingale sequence and a substantially different mathematical

approach is required for the proofs. We point out that estimation problems are a special case of the

decision problems studied in this paper, being equivalent to the minimization of the mean square

error.

A drawback of the above setting is that each agent is assumed to have an infinite memory. We

have implicitly assumed that the knowledge or an agent can only increase with time and, therefore,

he has to remember the entire sequence of messages he has received in ,,e past. There is also

the implicit assumption that if an agent receives additional raw data from the environment, while

the communication process is going on, these data are remembered forever. These assumptions are

undesirable, especially if the agents are supposed to model humans, because limited memory is a

fundamental component of the bounded rationality behavior of human decision makers 1141. We will

therefore relax the infinite memory assumption and allow the agents to forget any portion of their

past knowledge. We only constrain them to remember their most recent decision and the most recent

message (tentative decision) coming from another agent. (For a particular class of communication

protocols, we even allow them to forget their most recent decision.) We then obtain convergence

results similar to those obtained for the unbounded memory model, although in a slightly wea ker

sense.

A partit ulata j oblemn or iterest is one in which all randoi variables are jointly Gaussian and the

cost is a quadratic function of an unknown state of the world and the decision. It was demonstrated

in [61 that the common limit to which decisions converge (for the estimation problem) is actually

the centralized estimate, i.e. the estimate that would be obtained if all agents were to communicate

their detailed observations. We prove (section 4) that the same is true in the presence of memory

limitations, provided that each agent never forgets his own raw observations. (That is, he may only

forget past tentative decisions sent to him by other agents.) We indicate that for linear quadratic

Gaussian (LQG) problems our scheme is essentially a decomposition algorithm for solving static linear

estimation problems. As we point out in section 4, this scheme has certain appealing features: there

is significant parallelism in the computations which matches nicely with the assumed distribution of

the data; also, in the course of the algorithm, acceptable estimates are obtained much earlier than

the time that would be needed to compute the optimal estimate by centralizing the information.

These tentative estimates can be very useful whenever there are strict time limits within which

certain decisions have to be made.
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We also consider (section 5) a slightly different scheme in which each agent transmits his tentative

decision to a coordinator. The latter evaluates a weighted average of the tentative decisions he has

received and sends it back to all agents. We show that our results remain valid for this scheme as

well and suggest an economic interpretation in which the coordinator can be viewed as some sort

of market mechanism. We also show that making optimal tentative decipions corresponds to Nash

strategies for a certain sequential game.

A weak point of the model is that not only each agent has the same prior information and

nows the statistics of the other agents' observations but also has the same model of the probabil-

istic mechanism that generates inter-agent communications. In particular, if this is a deterministic

mechanism, an agent must know the precise history of communications between any pair of other

agents, a strong requirement. If it is a stochastic mechanism, then there are two possibilities: either

the history of communications becomes commonly known on-line (at the expense of additional

communications) or each agent will have to make probabilistic inferences about the communications

between all other agents. These weaknesses disappear, however, if every tentative decision is broad-

cast simultaneously to all other agents, at each stage. In that case the history or communications

is simple, commonly known and easy to remember. (This will be the case, for example, if a set of

.expcrts with th. same objective telcconfer and take turns into suggesting what they believe to be

the opthnal decision.)

Fin;Oly, we point out the ways in which otir scheme i,7 different from other schemes for dis-

tributed decision making or computation: In team decision theory 19] each agent tries to behave

optimally, while trying to anticipate the behavior of the other agents; the issue of who implements

what component of the decision vector is very important; we are interested instead in consensus and

in a common decision, quite independently of implementation issues. In many schemes for distributed

computation (2,51 each agent specializes in updating only those components of the decision vector

that have been assigned to him, whereas in our scheme each agent updates the entire decision vector.

Motivation.

There are many real world situations in which several agents (or processors) with different on-

line information have to cooperate, combine their information and arrive at a common decision.

Examples can be drawn from power, air traffic control and command and control systems. What

distinguishes such situations is that:

(i) There are often rigid time limits within which preliminary or final decisions must be made.
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(ii) There are often communications limitations, restricting the number and the nature of the mesages

that can be exchanged. This is particularly true in tactical command and control systems 131.
(iii) Conflict resolution procedures involving higher levels of the decision making hierarchy, are

undesirable because they are likely to result in delays and tend to overload these higher levels.

The need arises for a scheme that leads to a final common decision (consensus) while taking into

consideration the above limitations. While our scheme guarantees exact agreement after, possibly, an

infinite number of exchanges of messages, in most situations approximate agreement is acceptable.

Our scheme then, is appropriate whenever empirical or theoretical considerations indicate that the

average number of communications required for approximate agreement satisfies the time constraints

imposed by the actual situation.

A scheme that would involve the centralization of all data (by communicating them to a predeter-

mined agent) is usually undesirable for the following fundamental reasons: It is often the case that too

many data are available, which would overload communications channels; moreover, good decisions

can often be made on the basis of aggregations of the initial data; furthermore, if an agent is a

model of a human the plethora of data would saturate his short term memory. This implies that it

is preferable to communicate aggregate data. Determining an optimal way to "aggregate" is not a

well-Dosed problem. If constraints a-e placed on the number of bits to be transmitted, the problem

becomes computationally intract:.,le, even in very simple situations, where there is onty a finite

number of possible events and decisions [11]. On the other hand, if a message is allowed to be any real

number, all data can be coded in a single message. Also, for any fixed aggregation protocol, an agent

could slightly change his message and code all information in the least significant bits of his message.

(This is reminiscent of decentralized control problems in which an agent may observe the decisions

or other agents - the so-called control sharing pattern [1,13].) Any such trick is very sensitive to

noise in the channel and is effectively just a more complicated way of centralizing information. Since

centralization was deemed undesirable in the first place, any indirect way of centralizing should be

also undesirable and explicitly prohibited.

The above discussion implies that a particular aggregation of the data should be chosen by

means of some ad-hoc rule that guarantees that certain desirable characteristics are present. Unless

some particular structure on the problem is assumed, the optimal tentative decision given an agent's

information seems to be a very natural message that an agent could transmit and this is the reason

that we have adopted such a framework in this paper.
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II. MODEL FORMULATION,

In this section we present a mathematical formulation of the model informally described in

the introduction. We start with the general assumptions and later proceed to the development of

alternative specialized models to be considered (e.g. memory limitations, particular forms of the cost

function etc.). As far as the description of the sequence of communications and updates goes, we

basically adopt the model of Borkar and Varaiya (61 except that time is considered to be discrete. As

in 161, events are timed with respect to a common, absolute clock. As far as notation is concerned,

we will use subscripts to denote time and superscripts to denote agents.

Wn assume that we are given a set {1, . . ., N) of N agents, an underlying probability space

( ,' ,?) and a real valued cost function c:fl X U t-+ R, where U is the set of admissible values of

the decision variable. It will be useful in the sequel to distinguish between elements of U and U-

valued random variables. The letter v will be used to denote elements of U whereas u, w will be

used to denote U-valued random variables (measurable functions from fl to U).

Assumption 1: Either

(1.1): U is a finite set, or

(1.2): U = R", for some n.

Assuimption 2: The cost function c is nonnegative and jointly measurable in (w, v). Moreover,

Efc(v)] < co, Vv G U. When assumption (1.2) holds, we assume that there exists a positive and

measurable function A:fl - R such that

A(w)Ijv) t?2II jC(W, U) + c(w,, )] - c ",, 1)2)V VW E 0, VV, 0G U. (

(Remark: If we fix vi, v2, t and take expectations of both sides of (1), it follows that A is

integrable.)

Inequality I implies that c is a strictly convex function of v and strict convexity holds in a

uniform way, for any fixed w E ft. It also follows that c(w, v) is continuous for any W E Ml. This

assumption is satisfied, in particular, if c is twice continuously differentiable in v and its Hessian is

positive definite, uniformly in v, for any fixed w E 11.

We may use the function A, defined in assumption 2, to define a new measure /u on ((1, 1J) by

t&(B) = fA(w)d9(w), B G . (2)

This measure will be used in section 3.

5
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We now consider the generic situation facing agent i at some time n. Let n C 1 be a a-field

of events describing the information possessed by agent i at time n. Because of assumption 2, the

conditional expectation E.c(v)tg'J exists (is finite), is 61i -measurable and is uniquely determined up

to a set of measure zero, for any fixed v ( U. Agent i then computes a tentative decision t4 that

minimizes E1c(v)1j. The following Lemma (proved in the Appendix) states that uti is well-defined

and in-measurable.

*Lemma1 Under assumptions .2, 2, there exists a 'Fi-measurable random variable u , which is

inique up to a set of measure zero, such that

Ejc(u JI2VJE ~c(w)1, almost surely, (3)

for any U-valued, f'-measurable random variable w. The same results are true, (except for unique-

ness) under assumptions 1.1, 2.

We continue with a description of the process of communications between agents. When, at

time n, agent i computes his tentative optirlial decision u,, he may communicate it to any other

agent. (If ui is not unique, a particular minimizing u, is selected according to some commonly

known rule.) Whether, when and to which agents u' is to be sent is a random event whose statistics

arc described by (11, 5, G!). In particular, it may depend or. the data possessed by agent i at time n.

So, we implicitly allow the agents to influence the process of communications, although we do not

require this influence to be optimal in any sense. This allows the possibility of signalling additional

information, beyond that contained in un, by appropriately choosing when and to which agents to

communicate. We allow the communication delays to be random but finite. We also assume that

when an agent receives a message he knows the identity of the agent who sent it.

We now impose .conditions on the number of messages to be communicated in the long run;

these conditions are necessary for agreement to be guaranteed. Namely, we require that there is an

indirect communication link from any agent to any other agent which is used an infinite number of

times. This can be made precise as follows:

Let A(i) be the set of all agents that send an infinite number of messages to agent i, with

probability 1. Then, we make the following assumption:

Assumption 3: There is a sequence n1 ,.. ., mk+j = m, of not necessarily distinct agents such that -

mi E A(m,+i), i = 1, 2,..., k. Each agent appears at least once in this sequence.
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The main consequence of assumption 3, which will be repeatedly used, is the following: If

{hi: I,.., N} is a set of numbers such that hlhJ:, Vj E A(i), Vi, then hi = hi, Vi, j.

We continue with a more detailed specification of the operation of the agents. We introduce

assumptions on the knowledge Y', which are directly related to the properties of the memory of agent

i. An agent may receive (at any time) observations on the state of the world or receive tentative

decisions (messages) of other agents. The knowledge of an agent at some time will be a subset

(depending on the properties of his memory) of the total information he has received up to that

time. We consider four alternative models of memory, formalized with the four assumptions that

follow.

Let w,' be any message received by agent i at time n. Our most general assumption requires

that w, and u, are remembered at time n:

Assumption 4: (Imperfect Memory) For all n, the a-field IT' is such that ui and w, are GJ,.

measurable.

Assumption 4 can be further weakened if some restrictions are imposed on the communications

protocol:

Assumption 5: (Imperfect Memory) For each n there exists a set 1(n) of agents such that:

a) u,, G , Vi E G(n - 1), Vj E 1(n)

b) U - 1, Vi not in 1(n).

Intuitively, 1(n) is the set of agents that update their decision at time n. Assumption 5 is satisied

by the following two common communication protocols, provided that agent i may obtain additioiial

observations only at times such that i E 1(n):

Ring Protocol: I(n) = {k}, where k is the unique integer such that 1<k<N and k + mN = n,

for some integer m. Here, exactly one agent updates at any time instance and communicates his

tentative decision to the next agent, and so on.

Star Protocol: 1(n) = {1,..., N - 1), if n is odd; 1(n) = {N}, if n is even. Here all agents but the

last one update simultaneously, communicate to the last agent who updates and communicates to

all other agents and so on.

Assumption 6: (Own Data Remembered) Let G, be the subfield of G describing all information that

has been observed by agent i up to time n, except for the messages of other agents. We assume that

With assumption 6, we allow the agents to forget the messages they received in the past, but they

are restricted to remember all their past observations. In this case the total information available -

to all agents is preserved.

7



Assumption 7: (Perfect Memory) We let assumptions 4 and 6 hold and assume that G/f C '+tni i

Vi, n.

Whenever assumption 7 holds, we will denote by 5 the smallest a-field containing 5, for all

n.
We conclude this section by defining a few special cases of particular interest:

(i) Estimation Problem: We are given a R"-valued random vector z on (f, GY, 9). The objective is

to minimize the mean square error. Hence, the cost function is c u) = (z - v)T(z - v), where T

denotes transpose. It is easy to see that this is a particular case of a strictly convex function covered

by assumption 2, with A(w) being a constant.

(ii) Static Linear Quadratic Gaussian Decision Problem (LQG): Let z be an unknown random vec-

tor. Let the sequence or transmission and reception times be deterministic. We assume that the

random variables observed by the agents are zero mean and, together with z, jointly normally dig-

tributed. We allow the total number of observations to be infinite. Let U = R1. The objective is to fix

v so as to minimize the expectation of the quadratic cost function c(v) = vTRv +ZTQV, with R > 0.

It follows that the optimal tentative decision of agent i at time n is uf, = GE-z-J-J= E[GxIg ,
where G is a precomputable matrix. If we redefine the unknown vector z to be equal to GX instead

of x, we conclude that we may restrict to estimation problems, without loss of generality.

(iii) Finite Probability Spaces: Here we let Q be a finite set. Then, there exist finitely many a-fields

of subsets of 2. Strict convexity implies that for each a-field %, C 11 and any w G 1i of positive

probability there exists a unique optimal tentative decision. This implies in turn that tentative

decisions take values in some finite subset of U, with probability 1. We will therefore assume, without

loss of generality, that U is a finite set.

8



M. CONVERGENCE AND AGREEMENT RESULTS.

In this section we state and discuss our main results. All proofs can be found in the Appendix.

Assumptions 2 and 3 will be assumed throughout the rest of the paper and will not be explicitly

mentioned in the statement of each theorem. We start with the least restrictive assumptions on

memory:

Theorem 1: We assume that transmissions and receptions are deterministic, that communication

delays are bounded and that the time between two consecutive transmissions from agent j to agent

i (with j E A(i)) is bounded. Then, under assumptions 1 2 (convex costs) and either assumption 4

or 5 (imperfect memory):

a) limn.a(t4+1 - u J = 0, in probability and in L2 (fl, 61, I).

b) limn-(u, - u.,) = 0, Vi, j, in probability and in L2(il, F, A).

Consider the following situation: At time zero, before any observations are obtained, the se-

quence of transmissions and receptions is selected in random, according to a statistical law which is

independent from all observations to be obtaihed in the fntitre and from c(u), for any v E U. In other

words, communications do not carry any information relevant to the decision problem, other than

the content of the message being communicated. Suppose that the sequence of communications that

has bcen selected becomes known to all agents. From that point on, the situation is identical with

that of deterministic communications. In fact, a moment's thought will show that it is sufficient for

the history of communications to become commonly known as it occurs: agent i only needs to know,

at time n, what communications have occured up to that time, so that he can interpret correctly
the meaning of the messages he is receiving.

We can formalize these ideas as follows: We are given a product probability space (fl X W*, F X
6J.,9 X P.) where (f, 5,9) describes the decision problem and where (fl*, *, *) describes the

communications process. We assume that for each w* E 0L*, the resulting process of communications

satisfies the assumptions of theorem 1. Then, note that each w* E f0*, we obtain a distributed

decision problem on (n, '!, 9) ,vith deterministic communications. In that case:

Theorem 2: Under assumptions 1.2, either 4 or 5, and independent, commonly known communica-

tionsh(as described above), lim u, + --u) = lim,, (u-u,) 0, in probability with respect.

to P X CP,.

9



Strictly speaking, Theorems I and 2 do not guarantee convergence of the decisions of each agent.

Suppose, however, that the agents operate under the following rule: Fix some small -y > 0. Let the

sequence of communications and updates of tentative decisions take place until lu, - uJI <-y, Vj
u
i

(small disagreement) and It,,+ - ui, < y, Vi (small foreseeable changes in tentative decisions).

Then, we obtain:

Corollary 1: With the above rule and the assumptions of Theorems I or 2, the process terminates

in finite time, with probability I, for any I > 0.

When [I and U are finite, convergence and agreement are obtained after finitely many stages:

Theorem 3: If f) and U are finite sets, if each agent communicates all the values of v that minimize

E[c(v)'11 and if assumption 4 holds, then there exists some positive integer M such that
ui =u'l ,i ndu Vi, Vn, Vw E n.

u1 ULk, Vi, j and u'

Strictly speaking, tentative decisions in the above theorem are not elements of U but subsets of

U. This is to compensate for the possibility of non-uniqueness of optimal tentative decisions. The

equalities appearing in Theorem 3 have to be interpreted, thercfore, as equalities of sets.

We now assume that the agents have perfect memory. We obtain results similar to theorems I

and 2 under much more relaxed assumptions on the communications process. Namely, we only need

to assume the following:

Assumption 8: Let MVJ be the k-th message sent by agent j to agent i. We assume that when agent

i receives M.j, he knows that this is indeed the k-th message sent to him by agent j.

Remark: This assumption is trivially satisfied if messages arrive at exactly the same order as they

are sent, with probability I.

Theorem 4: Under assumptions 1.2 (convex costs), 7 (perfect memory) and 8, there exists a U-valued

random variable u* such that lim,-, u -u--- u*, Vi, in probability and in L-1(0, 9, A).

For estimation problems (u,, = EjxzI j), theorem 4 can be slightly strengthened: [5, Theorem 21

TheoremS: For estimation problems, under the assumptions of theorem 4, convergence to u* takes

place with probability 1.

10



We now consider the case where U is finite but (unlike theorem 3) 0 is allowed to be infinite.

Several complications may'arise, all of them due to the fact that optimal decisions, given some

information, are not guaranteed to be unique. We discuss these issues briefly, in order to motivate

the next theorem.

Suppose that U = {vi, v2). It is conceivable that E[c(vi)1] - E[c(v2)JT is never zero and

changes sign an infinite number of times, on a set of positive probability. In that case, the decisions of

agent i do not convege. Even worse, it is conceivable that Efc(v)IJf.j > E[c(tv)GJ'J and E[c(v,)JJ]J <

E[c(t 2)I fJ , for all n and for all w in a set of positive probability, in which case agents i and j disagree

forever. It is not hard to show that in both of the above cases EIC(v)IJ = E[c(t,)I 5 ], on a set of

positive probability and this non-uniqueness is the source of the pathology. The following theorem

states that convergence and agreement are still obtained, provided that we explicitly exclude the

possibility of non-uniqueness.

Theorem 6: Under assumptions 1.1 (finite U) and 7 (perfect memory) and if the random variable u'

that minimizes E[c(w)] over all GF'-measurable random variables is unique up to a set of measure

zero, for all i, then limn-o u, = u', almost surely, and ui = Vi,j.

Although the preceding theorems guarantee that (under certain conditions) all agents will agree,

nothing has been said concerning the particular decision to which all agents' decisions converge. In

particular, it is not necessarily true, as one would be tempted to conjecture, that the limit decision is

the optimal centralized solution (that is, the solution to be obtained if all agents were to communicate

all their information). On the other hand, the centralized solution is reached for LQG problems,

under the perfect memory assumption [6] and is also reached generically for an estimation problem

on a finite probability space [7]. This issue will be touched again in the next section.

Robustness with respect to Communication Noise.

Schemes that centralize information by coding (e.g. by using the least significant bits of the al-

lowed messages [1,13] tend to require high bandwidth and are sensitive to noise in the communication

channel. In our scheme, although real numbers are being transmitted (infinite information content),

the least significant bits are not as essential. As a result, the qualitative convergence properties of

our scheme are retained even if communications of the tentative decisions are assumed to be noisy. -

We provide a proof of this fact for estimation problems, under the perfect memory assumption.
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Suppose, as before, that at random times agent j communuicates his optimal tentative decision

uJ,. However, the message received by the other agents is W. - W, + ,, where qJ. is a random

vector representing the noise in the channel. For simplicity, we assume that the noise vectors are

independent, identically distributed.

Theorem 7: Assume noisy communications (as described above). For estimation problems, under

assumption 7 (perfect memory), there exists a U-valued random variable u* such that lim,. uM

u*, Vi, with probability I.
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IV. THE LINEAR QUADRATIC GAUSSIAN (LQG) MODEL.

In this section we specialize and strengthen some of our results by restricting to the Linear Quadratic

Gaussian model described in section 2. (Recall that any such problem is equivalent to an estimation

problem; therefore, u'. = 17 = E[zIO1'J, for some random vector z.) Theorems 1, 3 and 4 are

applicable. Moreover, the results of [61 guarantee that, under assumption 7 (perfect memory), un

converges to the optimal centralized estimate, given the information possessed by all agents. The

following theorem states that the same is true under the weaker assumption 6.

Theorem 8: For the LQG problem, under the assumptions of Theorem I and assumption 6 (imperfect

memory; own data remembered), lim,,. . 1 =, in the mean square, where I = E[xJF,.] and ,

is the smallest a-field containing I, for all i, n.

Note that theorem 8 is much stronger than theorem I which was proved for the general case of

imperfect memory. We have here convergence to a limit solution which is also guaranteed to be the

optimal centralized solution.

Our next result concerns the finite dimensional LQG problem in which the total number of

observations is finite. Namely, the smallest a-field containing c, for all i, n is generated by a finite

number of (jointly Gaussian) random variables. In that case, the centralized solution is going to be

reached by all agents in a finite number of stages, provided that all agents have perfect memory.

Theorem 9" For the LQG problem with finitely many observations and under assumption 7 (perfect

memory), the centralized solution is reached by all agents in a finite number of stages.

Theorems 8 and 9 imply that the scheme considered in this paper may be viewed as an algorithm

for solving static linear estimation problems, an issue that we discuss below.

The intuitive argument behind Theorem 9 is the following: once an agent has received enough

messages, he is able to infer exactly the values of the observations of the other agents (or of some

appropriate linear combinations of these observations) and compute the centralized solution himself.

So, communicating optimal tentative decisions is in this case just another way for communicating all

information to all other agents. This scheme does not seem to have any particular advantages (in terms

of communication and computation requirements) over the scheme where each agent communicates

all his data directly.

However, the scheme of Theorem 8 (imperfect memory) seems to have some appealing features,

13
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as we indicate below. Suppose that we have a single processor who obtains a NM-dimensional

vector of observations. He then divides his observations into N M-dimensional vectors that will

play the role of the agents of our scheme. Finally, the processor, instead of inverting the NM X NM

covariance matrix to obtain the optimal estimate (which would require O(N 3M 3) operations), he

uses the scheme of Theorem 8. At each round there will be one inversion per block of data, that

is O(NM 3) operations per round. If, for example, an acceptable estimate is obtained after O(N)

rounds, the final objective will have been accomplished with a total of O(N 2M) operations, which

is one order of magnitude less than the usual algorithm. It is not hard to show that if the noises in

observations belonging to different blocks are uncorrelated, agreement is obtained after two rounds

only. Accordingly, if the noises in observations in different blocks are weakly correlated, we expect

our scheme to be faster than the standard algorithm. We present below some numerical results that

support the above statements. So, our scheme leads to a potentially advantageous decomposition

algorithm for static linear estimation problems. (This algorithm has some conceptual similarities

with those suggested in [81.)

We now discuss some issues related to the distributed implementation of the decomposition al-

gorithm, where each block of data actually corresponds to a physically distinct agent (processor). For

any i, n, ' = any, where a' is a row vector and y is the vector of all available observations. When

agent i receives i, he must also learn a'1, in order to be able to extract information from . There

are two choices: Either a) agent j computes an, which may be done off-line, or, b) agent i transmits

a' to agent j. Which of the two should be done clearly depends on whether communications or

computations are more costly. Whether one of the above two variations can be useful depends on the

particularities of the actual situation and its inherent communication and computation limitations.

More numerical experience is needed before a definite answer can be given.

Numercal Results.

Let z be an unknown scalar, zero mean, random variable to be estimated (E[z2] = 5). Let

y* = x + w , (i =1,..,18) be the observations. The noises wi are assumed to be independent of z.

(The covariance E, of the noises was randomly generated.) We split the 18-dimensional observation

vector into blocks of data (corresponding to distinct agents) and used the decomposition algorithm

of Theorem 8. We employed the ring protocol and assumed that at each stage an agent only knows

his own observations and the most recent message he received (Assumptions 5, 6).

Let Mi be the number of observations assigned to agent i. We considered two alternative

14



decompositions: (i) N - 2, Mt = 10, Md2 = 8; (ii) N = 6, VId -... = = 3. We first executed

the algorithm using the covariance E. and, then, once more using the covariance E- + I.

The results are presented in Figures 1, 2. The horizontal axis denotes stages (each stage cor-

responds to an update by some agent) and the vertical axis indicates the associated mean square

error. The dotted horizontal line indicates the centralized mean square prror. The curves DI and

D2 correspond to the first and second decomposition, respectively. As expected, convergence was

much faster when the identity was added to the initial covariance; moreover the first decomposition

converged much faster than the second.

To illustrate the merits of the decomposition algorithm we performed a rough count of opera-

tions. We only took matrix inversions into account, assuming that the inversion of a M x M matrix

requires M3 operations, which is accurate enough for our purposes. With this counting scheme,

the centralized algorithm required 5832 operations. The points A, B in the graphs were reached

after 4100, 1152 operations, respectively. This leads to the following conclusion: While the first

decomposition needs very few stages to converge, it does not have any particular computational

advantages. The second decomposition, however, leads to an estimate close to the optimal with

much fewer operations than the centralized algorithm.

15



V. A MODEL INVOLVING A COORDINATOR,

In the previous sections we had assumed that for any pair of agents i, j, agent i is allowed to

communicate to j. In this section we assume that a particular agent (denoted by the superscript

o) has special status and acts like a coordinator. The scheme we envisage is the following: At each

instance of time n, agent i evaluates ui which he communicates to the coordinator. The coordinator

then combines t4 to uN to produce a tentative decision u*. We assume that the coordinator has no

data of his own.) He then transmit. u* to all other agents which accordingly update their decisions.

Were the coordinator to cor.bine u. to uN "optimally", the above scheme would reduce to the one

of the previous sections and our past results would apply. We assume, however, that the coordinator

simply sets
N

o = Ea iUn
i=ml

where the coefficients a0 are deterministic, positive and " i o = 1. The implicit behavioral as-

sumptions are: (i) The coordinator has no memory and (ii) he need not have a good knowledge of

the problem. He only knows how much he can rely on each of the other agents; this is reflected by

his choice of the coefficients ai which may be thought of as a "reliability index" for agent i in the

eyes of the coordinator. We then obtain:

Theorem 10: The conclusions of theorems 1, 4, 8, remain true (under their respective assumptions)

with the scheme introduced in this section.

The above scheme can be viewed as a framework for cooperation, where the coordinator simply

aids the agents; or, for LQG problems, as another decomposition algorithm. It can be also inter-

preted, however, from an entirely different point of view: Suppose that the agents are selfish and

independent individuals, faced with identical situations, possessing different information and having

to make repetitive decisions. They can certainly benefit by observing past decisions of the other

agents but assume that this is not possible. They are able, however, to observe a weighted average

u, of all decisions made in the last stage, which they take into account for their future actions. The

motivation for such a model comes primarily from economics: Each agent is a buyer (or seller) in

the same market and at each stage he obtains some aggregate information (e.g. the average price)

on the transactions that were made in the previous stage. In this sense the "coordinator" simply

represents a market mechanism. Our results state that, eventually, an informational equilibrium will

16
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be reached. Such an equilibrium has been studied by Radner (121 in a different setting. However,

there was no demonstration of an adjustment process that could lead to such an equilibrium. Our

scheme provides a model of rational behavior which, if followed by each agent, leads to equilibrium.

Moreover, within such a context (of selfish individuals confronted with identical situations) and
for LQG problems with perfect memory, optimal tentative decisions constitute a set of strategies

in Nash equilibrium for a certain game. (This is why optimal tentative decisions can be called "a

model of rational behavior".) Let us define the game of interest more precisely.

Let yl be a vector of jointly Gaussian random variables that generate G, the a-algebra of

events known to agent i at time n if he had received no messages. At each stage, agent i selects a

decision u and incurs (but does not observe) a cost anc(uiJ, where 0 <a < I and c is a quadratic

cost function. Then, u= Eaiu,, is formed and communicated to all agents. The total cost to agent

i is Ji = E_.a"Elc(uij]. A strategy for agent i is a sequence {-, i = 1, 2,...) of measurable

functions such that ui = u(i, , .,_ 1). Letr = {Pi: i = 1, ... N) denote the particular set

of strategies where each agent at each stage plays his optimal tentative decision. (Note that these

are linear strategies.) Then,

Th_eoremL r is a set of strategies in Nash equilibrium.

- - l . .. . . . . ., , -. . . , .. .... . ... . . . .... . ..... . . - -.. . .



VI. CONCLUSIONS.

A set of agents with the same objective who start communicating to each other their tentative

optimal decisions are guaranteed to agree in the limit. Under certain assumptions, this is true even

if the decisions are received in the presence of noise and even if their memory is limited and they are

allowed to forget some of their past knowledge. Moreover, they are guaranteed to converge to the

optimal centralized decision for linear estimation problems, provided that they do not forget their

own observations. This leads to a decomposition algorithm for static linear estimation problems.

Similar results are obtained if the atents do not communicate directly but receive messages from a

coordinator who evaluates a weighted average of all tentative decisions. In the latter framework, for

LQG problems with perfect memeory, optimal tentative decisions are Nash strategies for a certain

sequential game and admit an economic interpretation.

These results are valid when all agents share the same model of the world. The characterization

of the behavior of agents with different models (perceptions) is an open problem.
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VIII. APPENDIX.

Proof of Lemma 1: Let, for notational convenience, g(w, v) = E[c(v)I 'EF]. Under assumptions 1.2

and 2, g(w, v) can be chosen so that it is jointly measurable, strictly convex in v and converges to

infinity as v converges to infinity, for any w E 11. Hence, Vw E Q, the infimum of g(w, v) is attained

by some u,(w) which is unique, because of strict convexity.

Let Q - { be a countable dense subset of U. Then, by continuity of g, infvqg(w, v)

= inf ,Eu g(w, u), Vw E Li. Moreover, inf ( q g(w, v) is 5 -measurable. Let 0,,,(w) = qk, where k is
the smallest index such that

g(w, qk) _ inf g(w, v) +
VEU m

Then 0,,, is 'J-measurable and converges, for each w to ui. Hence, ui is 65f -meaurable. Inequality

(3) now follows from the definition of u'. and uniqueness is a consequence of strict convexity. The

measurability of un, under asumption 1.1 is trivial. I

Lemma 2: Let {u), {w,,} be two sequences of U-valued random variables such that

li E n± W, = liin Elc(u,)I = ,r E[c(w,,)]. (4)
1k 0 2 n-0 1-0

If assumptions 1.2 and 2 hold, then lim,,_.(u,, - w,,) = 0 in L2(t, 5,/1A) and in probability.

Prof: By assumptions 1.2, 2 and equation (4),

lrn EfA(w)llu. - w,.112] 5 lrn EF c(ts) + 0.w) U1 w (5)n-o[_ 2 L 2 )]

which shows that (u, - wn) converges to zero in L2(0, 'I, p). Therefore, it also converges in measure

with respect to A.

Recall that A(w) > 0 and A(B) = f3 A(w) d9(w), VB E 'J. Therefore, t(B) = 0 implies 9(B) = 0

and 9P is absolutely continuous with respect to ;. Let Bn = {u,, - wnj e e). Since (un - WJ,,) con-

verges to zero in measure p, for any e > 0, we have limn_=1A(B , = 0 and, by absolute continuity,

limn,.o?(B',) == 0, which shows that we have convergence in probability. I

Proof of Theorem 1: We start with the proof under assumption 4. Since ui is 41-measurable, we

have (by the minimizing property of u ,+,) Elc(u +i)1 E~c(u,)1. Since c is nonnegative, Enc(u4)I
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converges to some constant g'. We also note that (U, 4 +t4)/2 is Ji 1-measurable and by taking

the limit in the relation

+i c[U"+1 + U_1

we obtain lim_. Ec((ui I+ u)/2)] = g'. Lemma 2 then yields the first part of the theorem.

Let j E A(i). Then there exist sequences {mk)} and {nk} of positive integers such that

limk-,,. 7N = limi.., nj = co and mi., ni, are the times of transmission and reception, respectively,

of the k-th message from agent j to agent i. Therefore, uj  is ', -measurable, for all k, and

E[c(u']k.)E[c(uJj)] which shows that g'<gi. Using assumption 3, we conclude that gi . g3, 'i, j.

We note that (un, + un,,)/2 is n,-measurable and, therefore,

jEfc(u ) + c(u _)] E[ 2 Ec(u (6)

Taking the limit in (6), using Lemma 2 and the boundedness assumptions on the communications,

we obtain the second half of the theorem.

We now assume assumption 5. Let i(n) be a sequence of agents such that i(n) ( I(n), Vn. Then,

4;
'") is 5J(nt')-easurable and E[c(u,,('")) is a decreasing sequence. Sinilairly with the first part of

the proof, we conclude that t&'("+1) - u49) converges to zero in L.1(l, V, j,) and in probability. It

u, and u,. - uJ,, converge to zero, for j E A(i). Using assumption 3, u -U

converges to zero, for all i, j. I

Proof of Ther~n-. Theorem I and the discussion preceding the statement of theorem 2 show that

him,,.(u,,+t - u,) = 0, in probability with respect to P, for all w* E fl*. Let X,,(w, w*) be the

characteristic function of the set ((Lo,,w*): 1jui+1 - ui, < e}. Then,

limfxd( X9) lirnf X.,d9d9*=flirnfX,,d9Jd9*=1

(The first equality holds by the Fubini theorem; the second by the dominated convergence theorem;

the third by convergence of (un+1 - ui) to zero, with respect to the probability measure 9.) This

shows that u,'+, - u,, converges to zero in probability with respect to 9 X 9*. Similar steps show _

that u - u-,, also converges to zero, in probability. I

22



Proof of Corollary 1: By theorem 1, the U X U-valued sequence of random variables (ui-u,, ui
ut) converges to (0, 0) in probability. It therefore contains a subsequence converging to (0, 0), almost

surely. Therefore, V'y > 0 and for almost all w G fl, 3n, such that Iui. -u,.I < 1u,.+i -u.I <+
ald the termination condition is eventually satisfied with probability one. I

Proof of TjlcoreM 3: Because of the finiteness of 01, there exists a finite (non-random) time after

which communications (conditioned on past events) are deterministic. We may take that time as

Lhe initial tine and assume, without loss of generality, that all communications are deterministic.

Let ?L: be the set of elements of U which are optim.,', given ,9'. Let w' denote a F-measurable

random variable such that w(f(w) E u'(w), Vw e n. (Note that E[c(wf1 ) is independent of how

wX has been selected.) By finiteness of 0 and U, there exist finitely many U-valued random vari-
ables and, since E[c(w,,+ 1 )j<E[c(wi)1, we conclude that there exists some positive integer T and
some g' such that E[c(w'j] = gS, Vn > T. For any n > T, E[c(wi)] = E[c(wi)] and since

Wi is i ,+-measurable, w n
w, Is+ minimizes E[c(w)] over all 'FYn+i-measurable random variables. Hence,

U?=(w) eu,+1 (w), V'I E 0 which shows that u,(w) C un+t(w), Vw E 0. Again, by finiteness of U

and 0', there exists some positive integer M such that u,__(w) = uf(w), Vn > M, Vw G (2, Vi.

ir i E A(i), there exist m, n > M such that w, is Pai-measurable and this shows that ." gi.

By assumption 3, wc obtain g' =- g2 , Vij. Therefore, wJ minimizes E[c(w)] over all J-ncasurable

random variables and, therefore, w,jw() E u'(w), or, ul,,(w) C u'(w), Vw C 0. Recalling assumption

3, we obtain u4,(w) = uf,(w), Vi, j, Vm, n > M, Vw. I

Lemma 3: Let T be a finite stopping time of an increasing family {fJn} of a-fields. Let u,, n =

1, 2,... be random variables that minimize E[c(w)Jf,,j, almost surely, over all ,,-measurable random

variables w. Then, UT minimzes E[c(w)] over all 6!r-measurable random variables w, where UT is

defined to be equal to u, if and only if T = n.

roof: Let X,, be the indicator function of the set {w: T(w) = n}. Since T i a stopping time, X" is

in-measurabie. Note that X,,c(u,,) = X,,c(uT). Let w be a fT-measurable random variable and note

that X,,c(w) = Xnc(X,w) and X,,w is f,-measurable. Therefore,

E[X,,c(w)lgId = X>E[c(Xnw)I 7n] xnE[c(u,,)F,,] = E[X,,c(uIJJ= E[x,c(uT)IF.]

Taking e.xpectations, we obtain

Ex,,c(w)J > ELXnc(ur)J
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and summing over all n's (and using the monotone convergence theorem to interchange summation

and expectation) we obtain*Efc(w)] E[c(u-r)]. I

Proof of Theorem 4: Since ui is 5,+1 -measurable, we have E[4u,,i)]<I C(U,)1. Sincec is non-

negative, E[c(u)] converges to some constant gi. We also note that (u', + ui,,}/2 + ui

measurable. Therefore, E[C((ut&:,+ n  u,)/2)J E[c(u+,?)J _ g'. Fix some e > 0, and let n be large

enough so that Efc(u',)]<<gi + e. Then, using assumption 3, we obtain E[A(w)Ilu'+,,, - ,111 e,
V' > 0. Therefore, {Un} is a Cauchy sequence in Lb2($, 'J,A.). By the complcteness of I,, spaces,

there exists a U-valued random variable u/ such that limn-, ui - ui, in &2(fl, F, tt) and, therefore,

in probability, with respeut to 9. (The proof of the last implication is contained in the proof of

Lemma 2.) Since

EfE[c(u,+)IjJ,+,+ IlJ <IE[c(uf,,,)I'r,+ 1 IF1', = Ejc( 9 IJ1],

{Elc(u J IJ, n = 1, 2,...) is a supermartingale, with respect to {fi}.
Moreover, since for any fixed v E U, E[c(ui,)jI ]:!E[c(o)j J, it is a uniformly integrable

supermartingale 10, Theorem T19, p.901.

Let j E A(i). Let ini., n be the times of transmission and reception, respectively, of the k-

th message from j to i. Because of assumption 8, mk and nk are stopping times of {),},

respectively, and since j E A(i), they are almost surely finite stopping times, for all k. Moreover,

k<rnk5nk and by the optional &ampling theorem [10, Theorem T28, p.90]

i E[c(u4.)] >_ E[c(u' ) g '

which shows that limko. E[c(u',j] = gi. Similarly, limkt_...E c(u,)I = gi.

Note that ul,,,, is V'k-measurable and, by Lemma 3, E[c(uk,)] E[c(u,,)l. Taking the limit,

we obtain 9J 9', and by assumption 3, g' = g' = g, Vij.

We now take the limit of the inequalities

iE[c(U) + c(u )I _ E[ u k _ Ec(u')]

to obtain limk_ .. E[c((u' + ur,,)/2)j g and, by Lemma 2, mu = 0, in L2(0, C -

and in probability.
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We also take the limit of the inequalities

+ Ecc(-,,) + 4)0]] > + E2c

to obtain limk_.,,Efc((ui + ui )/2)] = g' and, by Lemma 2, limk_.,(u 4- - u) = 0. Similarly, we

obtain lim,-.C,, - u) = 0, which shows that ul = ui, almost surely. I

Proof of Theorem 6: Fix some v E U and let B = (w: u'(w) = v}. Then, E[c(v)1' I < Efc(v*)I FJ
Vv* G U, for almost all w G B. By the irr rtingale convergence theorem [10, Theorem T17, p.84,

we conclude that, for almost all w E B, there exists some N(w) such that

Efc(v)lJ ] < E[c(v*)IJ Vn > N(w)

Therefore, lim,_., ui(w) = v, for almost all w E B and, by considering the other elements of U as

well, lim.,, u - u', almost surely.
If j E ,A(i), u -is -measurable and E[c(uj)] > Ejc(ui)]. By assumption 3, E[c(u')] = E[c(ui)],

Vi, j. rherefore, for j C- A(i), u3 minimizes Efe(w)] over all cfLi-measurable random variables and by

the assumptions of the theorem, u' = uj , almost surely. Using assumption 3 once more, we obtain

ui = uJ,Vi, j. I

Proof of Theorem 7: Let x be the unknown vector to be estimated. Then u'. = E[z I Iffi and converges

almost surely to u' = E[x I GJ'1. Moreover, u' minimizes E[c(w)] over all If-measurable random

variables w. Let j E A(i) and let mk be the time of transmission of the k-th message from j to i. Note

that -- -- I U1,-k is ff~AM-measurable (and hence fLi-measurable) and converges to ui almost surely.

Therefore, uj is 6J'--measurable and E[c(u')J<E[c(uj)] and, by assumption 3, E[c(u')] = E[c(uj)], V

i, j. The minimizing property of u' and the strict convexity of the quadratic cost function imply

that u' = i , almost'surely.

Proof of Theorem 8: As is usual in linear least squares estimation, we use the setting of Hilbert spaces

of square integrable random variables. Let G be a Hilbert space of zero mean, jointly Gaussian ran-

dom variables on ((1, GI, @) such that each component of the unknown vector z and the observations

belong to G. The inner product in G is defined by < z, y >= EfzJ.

For each agent i, let H I denote the smallest closed subspace of G containing all observations

obtained by him. Let Hi be the smallest closed subspace of G containing all observations obtained
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by agent i up to time n. (Note that Hi does not contain all random variables known by agent i at

time n, because it does not need to contain any of the messages received by agent i.) Note also that,
by assumption 6,/'I, C i H+i C Hand that "-I H is the total knowledge available to all agents

at Lime n. The centralized estimate is the projection of x on EL H1. We assume, without loss of

generality, that z is a scalar random variable, since each component can be separately estimated.

Let .1,, = E'[.i fiJ and c,, = X - . and, by the orthogonality of errors and observations, we

have Eixy] = E[iy], Vy E [PX. As in the proof of Theorem I we have Ile'+"<lII112, Vn, i which

implies that
I1f11 S> 1+, ,l _ . n+,,1 (7)

In particular, (7) implies that {1} is a norm--bounded sequence. By the weak local sequential

compactness of Hilbert spaces [15, p.126], (:} contains a weakly convergent subsequence {I,}.

In other words, there exists an element £ E G such that < y, 1, > converges to < y, " >,

Vy E G. Moreover, 1, E 11'4t II C Esi 1 H and since closed subspaces are also weakly closed

[15, Theorem 11, p.125], 1o E E" , 1-k. Now let y ( H',. Then, < y,1, >=< y,z >, for all I

such that n = n, which implies that < y, o >=< y, z >. Moreoever, the sequence of subspaces

{[I', generates HI' which implies that <y, , >=< y, x >, Vy E 1I'.

By theorem 1, (x, -x) converges in the mean square (and therefore weakly) to zero, which implies

that , is also a weak limit point of J The same argument as bcfore shows that < y, 1

y, z >, Vy E HJ, Vj. Therefore, < y, t >= < y, x >, Vy E EN -I H k. But this is exactly the

condition that 1, is the centralized estimate, given the observations of all agents. So, (2} has a

unique weak limit point, which is the same for all i and coincides with the centralized estimate.

It only remains to show that 1% converges to !,,. strongly (in the mean square). We know from
[15, p.120] that III~i1< lim inr,, 1 I11XI. On the other hand,

II 1l2 - I11 .112 = IIZ - :<l2l< ll_ - 112 ; 11_112 - IIpi12

which shows that 1l11 lim sup,,,, 112,,1. Therefore, [ l-imn,, I1X,1 and by theorem 8,

p.124 of [151, we conclude that lim.1....12 I - =11I - 0. I

Proof of Theorem 9: We use again the Hilbert space formalism of the previous proof. Let Gi be the

subspace of G describing the knowledge of agent i at time n (both his observations and the mesgeage

he has received). By assumption 7, we have G, C G,,+1 C G. Since G can be chosen to be finite.

dimensional, there exists some &I (depending on the sequence of communications but deterministic)
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such that G +n = Gi , Vn > 0, Vi Equivalently, 1 -', Vn 0, Vi, and by teorem 8,

xff =f V Vi, j.

Proof of Theorem 10: Since u, is '1,+,-measurable, it follows that

N N

Efc(u,)] E[c(uJ,)] = E[c(T- ajuj,)] : aiEtc(uJ,)] (8)
j=i j-1

Also, since u% is I5 n. -measurable, E[c(us,"] decreases and converges to some g9. Taking the limit in

(8) we conclude that gi = g3, Vi, j. From this point on, the proofs of Theorems 1, 4, 8 (with minor

modifications) are valid and establish the desired conclusionp, j

Proof of Theorem 11: Let un, un be the coordinator messages and decisions, respectively, when all

agents use ri. Let I be the smallest o-algebra generated by y,, and tu,, .. , ui 1 . Now suppose

that a particular agent, say agent 1, uses a strategy I' different from r'a, while all other agents use

SP. Let fO, W-- be the coordinator messages and decisions resulting from the application of this new

set of strategies.

We proceed by induction. Clearly, fill is 11-measurable. Assume that fs", and ft',.,

are 1,f-measurable. Then, because or the linearity of the ri's, ui,- Ws,, (i31), is linear in u, -

- and hence 011-measurable. Since u* is 51+, measurable and ',. C aJ.+ t

(perfect memory), W, is G1,+,measurable, and so is fl"+. The induction shows that this is true for

all n.

Therefore, by the minimizing property of u', E[c(u')] Ec(s )J, Vn and this completes the

proof. |
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