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Chapter I

INTRODUCTION

1.1 PUBPOSE

The purpose of this investigation was to compdIlc soue ex-
isting methods of map comparison amd investigdate fpotentially
useful computer-assisted methods of map comparisvni. The ez-
phasis has been on cosparing the different wmethcds ana de-
veloping a possible strategy for comparing large numlers of

potentially siailar maps.

There are many reasons for comaparing maps and an 1ncreas-
ing pumber of gridded data map sources are beconaing dva.la-
ble. Geographers have compared maps of many types of humdu
variables such as heat source vs income, spedd ot infectiou
vs wvell water source, and many other sets of variatles.
Geologists coapare wmaps of differeat subsurface rock units
to study tectonic history of an area. 1In pollution studies,
maps of different variables such as terrain, wind patterns,
and emissions sources are compared. For this investigation
monthly pollution maps will be compared in order to demons-
trate possible computer-assisted methods of sap comparisor.

- 1 -
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The apalytical skills of a human investigator will not be
replaced by a clever prograns, but helping the investigator
focus his attention om potentially important relationshigs
between maps, without hawving to look at every possille ccu-
bination of maps, makes the developsent of computer-assistea
methods of wmap comparison worthwhile. If thce geoygrapher,
cartographer, or geologist can elisinate or reguce the ai-
ount of initial comparisons that reguire mauuil <efforts,
then the investigator is free to concentrate onL the poten-

tially important map relationships.

1.2 ETHODS OF BAP CONPARISON

——— — — -

In this investigation, three smethods of asay, comparason
are discussed and deponstrated. The maps that are¢ comgared
are thematic, regularly gridded arrays. Computer projrars
vere vwritten to implement the cosparison ametnols. loitial
testing and evaluation of the programs was done with attifi-
cally generated maps. A final demonstration ot the compdali-
son methods was done using pollution data obtained froam the

Oohio EPA [Ohio EPA,1979).

Map comparison methods used in this investigatiou fit

into three general catagories: direct methods, trend sur-

face and autocorrelation. general catagories: direct meth-
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ods, trend surface and autocorrelation. The direct methods

conpare the original map, or array meabers, ib a ope to one

relation with other maps . The direct methods include visu~
al comparison, isopach saps, and direct correlation. The
trend surface map coaparison techmiques fit a Lbi-variate po-
lynomial to the gridded data sets, using the methoa of least
squares. The estimated parameters of the polynomial fit are
compared using the correlation cofficient. The third method
uses the autocorrelation of each map to gemnerate a regresen-
tation of the surface. The avutocorrelation of a setries ot
array is computed by comparing the series or array to 1t-
self, the exact method that is used to do this will te dis-
cussed in chapter five. Autocorrelation can Le thought of
as the internal relationship of a set of data. A limiteld

autocorrelation function 1is used to produce a autocorreaia-

e S MM A Y e+

tion curve for each of the maps. A spatial auwtocorrelatioxn
function is a measure of the internal comsistency of a sur-

face (map). The data set has twvwo dimensions, thus the re-

et o e oSSt

sult of calculating the spatial autocorrelation tuaction 1s
an arraye. A spatial autocorrelation fuunction cdan Le usea

to form an autocorrelation map for each of the origiridal sui-

faces.
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The direct methods of comparison include the visual coa-
parison of two maps. In order to wvisually compare the grid-
ded data arrays, one nust represent the data in a more humau

compatible form. The Geodetic Science Plotting Package

(6SPP), [SUNKEL,1980], is a plotting package that will pro-
duce isarithmic maps frou regular gridded arrays. GSEP uses
a bi-cubic spline method of interpolation to torm isarithmic
maps from regularly gridded arrays of data. All isaritheic

maps presented in this thesis were formed using G3FP.

1.3 APS USED POR COHPARISON

—————— —— i ot

Por the purposes of this investigation, m®mdafpped data 1is
regarded as a set of observations ordered with respect to
two spatial coordinates. The spatial coordimates are repre-
seuted with a regular grid structure. The distinction tet-
veen irregular and regular gridded data can have rather sig-
nificant numerical consequences. Cnly regularl; gridded
data vas used. To avoid the problems inherent irn the gria-
ding of irreqularly distributed data, all discussions with
respect to map comparison methods will assume that observed
values come from the intersections of a reqular grad. The
pollution data used came from irregolarly located collectiou

sites. The method and theory used to grid the data wili Le

discussed later.
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The gridded data map has been referred to as a "aumerical
map® or a *digital sap™[ BOBINSON et al.;1978]. It is pot a
particularly informative map if it is viewed in its most
elemental fora. It would appear as only a grid of points
with real nuaber values printed near the points. Normally,
a gridded data set would be presented as an 1i1scliae wmagp,
that would have been formed by interpolating retween the

gridded data poiants to represent isolines.

Bore specifically, the isarithmic map is a statisticail
surface. That is, it may represent the volume or surface ot
data in a mapped area. The isarithmic map 1s of two Jeneral
types the isoline and isopleth pmap. The traansition tetween
the isolipes, of the isarithmic map, is assumed tc ce ccnti-
nuous. On the other hand, the isopleth map rejpresents data
that can not exist at a point. The statistic represented by
the isopleth map occurs inside a boundary of finite extent.
The boundaries often used ip practice are enumeratiou dis-
ticts, townships, counties, etc. Possible statistics used
are; average sale price of homes, cattle per acre, dedths
per thousand, etc. The isoline and isopleth waps are very
different vith respect to the nature of the data they are

used to represented.

R
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The appearence of the isoline and isopletb maps are juite
siailar. They both use lines as the mapping syabol. lhe
isopleth sap appears very similar to the isoline map. They
both represent a statistical surface that is assused to Le
continuous, Yyet the statistic of the isopleth aa, can't ex-
ist at a point because isopleths represent data that 1s av-

eraged over an area [ ROBINSON;1978,p.225].

The map data used in this investigation is of the type
that an isarithaic map would be constructed fron. The 1iso-
lines are "threaded" among the gridded data poiuts Ly a5 ap-
propriate algoritha. The resuylt is an isarithmic map that
is a visual representation of the gridded data. It wculd te¢
vell to emphasize that the techniques used in this investi-
gation assume the data to be in the form of reqguldl giidded
values, not stored as isarithes. It is possible to overlook
the distiction betwveen an isarithmic map that wdas foramed
from gridded data and the gridded data set 1t was tormed

from. The gridded data sets are what will be ccapared.

Because this investigation of map comparisou umethods is
limited to regularly gridded data, it would be a fair ques-
tion to ask, "where would onme obtaim data in this special

format and what value are the technigues that address ownly
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reqgqular gridded data2". Yo ansver the first part of thas
question, there are a number of sources of gridded data.
The digitizing of existing maps has produced very large data
bases of regularly gridded elevation data. These data Lases
are often referred to as digital terrain models (DTM) o1 dai-
gital elevation nmodels(DEN). The Defence Bafpping Agency
(DBA) has a very extensive DIM [ SAULNIER;1979]. Laudsat Im-
agery is collected directliy in the gridded (raster} forrsat
apd is readly available. Another potentinally importaut
source for regularly g¢gridded data is the analyticali phkcto-
grasmetric instrument { HELAVA;15978]. A lesser source, Lut
still an important one, is the collection of geophysicail
data. Electrical, gravity, and magnetic surveys are often
collected on a regular or semi-regular grids. Finally, a
potentially large source of gridded data 1s the transforma-
tion of ramdomly or irregularly distributed data to a regu-

lar gridded foramat.

The second part of the gquestion, "“what value are techni-
ques that address only regular gridded data?" is the more
interesting aspect of the question. There are a nurkter of
eses that have been described for this type of data. Oune of
the prisary uses is for mavigation. Nap Reading is a stan-

dard navigation technique where the navigator, trom some

B L
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vantage point, compares the local terraim with a chart, then
orients hiaself, and finally deteramines his precise loca-
tion. The caurrent version of this method replaces the uavi-
gator with a computer and radar; the chart is replaced Lj a
DTH. The terrain is scanned by the radar systea under com-
puter control and the DTM is compared to the terrain. Until
DMA released its DIM to the civiliam agencies, research that
required a dense DTM was difficult. The DTN bas been con-
pared to geological inforaation, pollution, and wind pat-
terns [TESCHE and BERGSTROM ;1978], to name a few. Not only
can maps of differemt types bhe compared, but yridded data

sets that vary temporally cawm also be studied.
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1.4 HMANUAL BAP CONPARISON HETHODS

Hanual methods of map comparison are not efficient cuough
to handle lacge amounts of data or maps. In order to con-
pare a large nuaber of surfaces, the investigator Bust have
sone method of reviewing the relatioaship between all fpossi-
ble map combinations. The visual comparison of mags is a

useful toal, but the number of comparisons for n pafrs 1s:

t = 0.5 (n¢2) (ne+1) ,

(ad
s

total possible map pairings

n : number of maps to be compared

vhen all possible combinations are considered. As a prelia-
inary comparison method, the wisual method does not appeatl
to be wvery usefual. The other direct method, isopach wma;s,
is also inefficent, because it produces so many difterence
maps that it is difficult to understand what the relaticn-

ships are betveen the original maps.

A computer-assisted method of comparison secns to rLe ue-
cessary for preliminary stages of investigation. Two compu-
ter-assisted methods of preliminary comparison are used iu

this investigation, they are direct cosparison of the grid-
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ded data sets and comparison of parameters of trend surfaces
of data sets. These methods are applied to artifical sur-
faces. The relationship between the artifical surfaces was |
known. Once the known surfaces were compared aud a "bLase-

line®™ relationship between the artifical surfaces was J

formed, the next step was to apply the conputer-assisted

nethods to ata that had an uaknown relationshi;.

The autocorrelation of a surface may also have potential
as a map comparison tool. The autocorrelation function ot a
surface is uanique and could be used to represent 4 mag. whe
comparison between the autocorrelation function of two nagps
could give an insight into the relation between the gridded 43
data maps. Obviously, autocorrelation will nct te practical
as a preliminary comparison method, bLut it should ke usetul

as a secondary method of map cosparison.

While the methods of coamaparison used are not a compiete
list of every possible technigue, they do include a wide
range of theory and application. The trend suirace method
has been used in the past but with much smccther surfaces.
To the best of the authors knowledge the spatial autocorre-

latiocpr fanction has not been used before, as a map cowmpatri-

! son technigque. coaparison technigue. For the majp comparai- )
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son methods that are to be demonstrated the regularly

gridded fromat is the most pracitical.

Chapters three, four, and five describe the map coapari-
son methods. Chapter six describes the artifical surtaces
that were used to evaluate the computer-assisted methods of
map comparison. Additionally, chapter five gives a descrip-
tion of the pollution data maps that are toc ope compared.
Chapter seven presents the results of the mapy comfparison
methods applied to the artifical sufaces and the pollution
BApPSe Chapter eight contains a strategy for computer-as-
sisted map coaparison using the smethods that Lave Lbeen dis-

cussed.




Chapter I1I

REVIEW OF RELATED RRSEARCH

Hap comparison techniques are used whenever some type of
spatial phenomenon 1is to be investigated. Any discifpline
that uses spatial data has a need for methods of ccmparirng
maps, with the fields of geology and geography notakble 1n
this respect. Naturally earth scientists have uLeen leaders
in the area. Bany of the techpigues used in tbis pajer dre

drawvn fros these disciplines.

An early conmpter-assisted method of map corgparison wais
described by Robinson and Bryson [ 1957]. They us~d orthogo-
nal polynomials to calculate best fit east west proriles of
population density and average rainfall for the state ot Ne-
braska. The parameters of the wunivariate polynonrials were
then standarized and a correlation cofficient was calcualt-
ed. The study compared a profile froa a isopleth Dap with a
profile from an isarithsic map. The resultant correlation
cofficient coafrimed the ™graphic correlation® that had Leen
observed between population and average rainfall. The next

advance in this technique came from the field of geoloyy.
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The comparison and contrasting of geological features
from one area to another is a fundamental iaterpretive skill
needed by all geologists. A somewhat parrower version of
the same skill is the comparison of maps from the sdame area
with different z-values. More specificlly, a geoclogist may
wish to comspare maps of "different chemical or nincralogical
constituents, different grain size farameters, or structual

maps on different geological horizions”® [DAVIS, 1973,p.37uv].

An example of the comparison of structural maps 1s the
now classic paper by Merrias and Sneath [ 1960 ). A structur-
al geological map relates the depths, to tke top of a hori-
zon, with some datum, usually sea level. Drill ncle data 1s
usually the source of the depth information. Fcr the #crrai-
am and Sneath investigation, the structual maps used wele of
subsurface beds that extended throughtout Kdnsas. 1he
structual surfaces that vere compared vere treated as mpajs
to be compared. The reason for the study was to show that
some groups of beds had experienced similar tectonic forces.
That is, the characteristics of the surfaces shculd te simi-

lar had they undergone deformation at the same tire.

The method of map comparison used, imvolved the fittingy

of low order polyanomials, by least squares, to randosly se-
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lected sites on structual geological maps. Estiaated paran-
eters of the polynomials for each surface vere usea to cal-
culate a correlation coefficient. The correlation cocfti-
cient computed in this manbner represents the correlation
betveen respective normalized parameter values. By calcu-
lating the corcrtelaticn coefficients for each pcssitle paic-
ing of surfaces, Merrias and Speath were Letter atle to un-

derstand the similarity betveen the maps.

Both geology and geography use the above technigue of
comparing estimated parameter values of different treud sur-
faces [CLIFF, 1975). Another map coeparison techuijue that
1s shared by both Jisciplines is the isopach @mafp methcd.
With this method, the maps that are to be comparea are sui-
tracted froms one another. The result i1s a third wmap that
represents the difference between the originai surfaces.
This is a very common techpique [DAVIS, 1973; NC&bZCh,
1972 ]- A major shortcoaing of this method is the necu to
interpret the isopach map. That is, the resultingy 1sopach
maps don't give an easily gquantifiable measure of the simi-

larity between the two initial maps.

Additionally, there are a set of techaigues that aze

found in geology, geography, and geodesy that are guite si-
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milar in pature but very different in their applicdations.
These techniques are kriging, autocorrelation, and colloca-
tion. They all are used to study the spatial relationship
of some variable. In geography, autocorrelatioan could pe
used to study the spread of measles infectioun[CLIFF aud GdD,
1981 ). The kriging method of geology is used to fpredict the
spatial distraibution of ore grades{CLARK, 1579, BKCYAL ct
al., 1980]. In geodesy, point and mean gravity anozuallies
are the variables predicted with collocatiou [ SUNKEL, 19a¢1].
More specificlly, the correlogram of kriging ana the coveri-
ance function of collocation have a similar torrc. Trese
functions are 1in turn auch like the autocorrelation fuwnc-
tion. 1They relate a sampled quantity at one locdtion with a
similar quantity sampled at a location a distarnce (1) dwaya.
An average value of this relationship is calculated for aii
samples that are located (d) distance apart. Then a sirilar
calculation is donme for distance (2d) and similarly with 1u-
creasing distances (nd). The relatioanship used in all three

methods is the variation between the samples.

The spatial autocorrelation functioun of jeoloyy
[AGTERBERG ,1974] seems to be the most promisanj method for

map comparision. The values of the autocorrelation functiovu

have a limited range of -1<r<1 where as the varioqramc as
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used in Kriging will have values that are dependecnt on the
variance of the variable used. The theory and use aof the
autocorrelation function as used in geography is pramcipliy
associated with ordinal and interval data [CLIFF et al.,
1975; CLIPF and OBD, 1978], but the spatial autocorrelatiou
function as in geology and the covariance functiou of geode-
sy seea to be the most pre<tical functions for ma; COBfdrl-
SONe They are easily applied o gridded data ga;s anl each

surface should have a unigue autocorrelation furnction.

A S v




Chapter III

DIRECT HMETHODS OF NAP CONPARISON

3.1 VISUAL COHPARISON

—— - . c— S .

Possibly the siaplest method of marp COBEAar1son 1s to form
isarithmic maps, from gridded data sets (the mats or surfac-
es of this investigation) and coapare them silc Ly side.
This direct method is often done as an initial step prior to
other types of investigation or cosparisons. A direct coun~-
parison has some practical probleas, but is wo:ithwhile ds a

liaited use technique.

Ways of comparing two maps visually include exawining
thew side by side, making transparent overlays, or using a
light table. A light table was found to be the most prdacti-
cal method for vieving the maps together. For tnis tc wclk
vell, the scale of the two maps should re the same, and si-
milar vertical intervals should be used. The following are

the most common things tc look for with this methcd.

N
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1. Positive and negative similarity, do the [feaks and

depressions of the surfaces coincide?

2. Do isolines cross, remain parallel or at least nedriy

parallel?

3. Does an isoline of a particular value on one map tol-
low the same general patterm as an iscline of the

same value on the second map?

Using the visual msethod has obvious limitatiouns. Comparisouwu
of more than a few maps quickly becomes tedious. It is dif-
ficult to remain objective vhen comparing mauy different gap
combinations. The map that is on tof has a teandeucy tu go-
minate the comparison. The author has formed diftereuat
judgments, on the similarity of two different pmaps, after
the maps vere reversed and vieved a second tiae. A wa} with
dense isolines in one area can easily draw attenticn away
from sisilarities that occur elsevhere in the two  mags.
This method wvas applied to the pollution maps and spatial
autocorrelation maps. The success of the visual comfparison

sethod will be discussed imn chapter seven.

The probleas inherent in this type of direct comparison

are strong argusents for more objective and automated forms
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of map cosparison. The rest of this chapter will discuss
other direct foras of map comparison, direct correlatiou of

points in arrays and isopach maps.

3.2 SIAPLE CORRELATION

With this method, the correlation betveen two sufaces is
developed without regard for sasple location. The correla-
tion between z-values at corresponding grid points , o©u two

different maps, is calculated using:

S5; S

r, 3 correlation cofficient for surfaces j and
COV,: covariance betveen surfaces j and k

S, : standard deviation of surface j

n: the total nuaber of grid points on the surface
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Obviously, this method has one serious drawbacks. The fun-
dasental property of a map (spatial location) is almost com-
pletely igamored. In a very general way, the relatiomship
betveen two sufaces is represented, but the spatial inforsa-
tion is mot considered. The data points are treated as ob-
servations wvithout spatial ipforsatioa. The maps are coa-
pared as though they wvere a series of points patched to

another series of points.

3.3 1SOPACH SETHOD

This msethod produces a map that represents the difterenc-
es betwveen tvo maps. The corresponding locations ou two

maps are subtracted from each other.

Li = U = W

U,: the jk th element of map U.
V. : the jk th element of map V.
I.: the resultant eleaeat of the

Isopach Map.
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The isopach sap that is coastructed will show isoliues of
the differences. This method is by illustrated uvsing mags
that are the sase except that noise was added to one of the
surfaces. The metbhod of adding noise will be discussed 1
chapter seven. The resultant sap is a graphical representa-

tion of the noise (see figure 1).
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Pigure 1: Isopach Bap: dMoise without Tread
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The simplest use of ap isopach sap in @map comparison 1is
to look for some type of trend in the map. That is, to lcok
for structure in the surface. If no structure 1s apperant
as in figure 1, then the difference could ke assumed to
represent only random variations. The primary advantage ot
this method is that it is quite simple and gives a guick
look at the similarity of two maps. The user should be
aware that isopach maps are not unique; similar isojach asaps
may result from very different surfaces. As Davis [ 1973)
has pointed out an ambiguous cases can arise with profiles
that are subtracted from each other. HMathematically correct
differences can give the same surface from pairs ot surfaces
that are very different.
Figure 2 shows two dimensional examples of this prcilec.
These aabiqguous cases are more likely to c¢ccur when stand-

ardized data is used to construct the isopach map.
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Ambiguous cases with positive and negative profiles
a) and b) result in a similar profile, c) and d) result
in sismilar profiles also (after Lavis,1973).

Pigure 2: Ambiguous cases




Chapter IV

TREND SURFACE NETHODS OF BAP CONPARISON

4.1 INTBODYCIION

Trend surface apalysis is a method of descrizicg a set of
variables that are related spatially. Using multiple re-
gression large, systematic variations of the degenient vari-
atle are described. 7Trend surface methods are usually based
on one of two models, the power series polynomrial or trigo-
nometric polynosial [PUBCKER,1972,p.26]. %he General lLinear
Bodel is the unifiying theory for the two trend surface ao-
dels. The General Linear Model has the form [GEAYBILL aud

KRUNBEIN, 1965] :

Y= g ¢ E BX ¢+ e

i=1

The Y and X are otservable random variables, Bo and B,
are the unknown parameters. The value e is an unotservatle
or residual ; it represents the difference between the ex-

pected and observed Y. It is the value that is to Lte mimip-

- 24 -




25

ized by the 1least squares aethod. The [powver series

polynoaial model when used in the general linear model caus-

es the summation term to expasd, giving:

1:40/611 0/92 12 0-...4/gnx"oe

for the single variable case. Bormally the ki-variate case

is used for surface fitting. The general forr lteing:

z =/3°°o/3‘0x * Bl */Gzolz*ﬁﬂ' X 0/00212~ ...o/_imx'&"o e

wvhere X, Y, and Z are the observable variatles.

When comparing maps using the trend surface owmethoa the
estimated paraietets of the mathesatical aodel are the im-
portant values. By computing the correlation tetween the
parameters of two different saps, 4 guantitative method of
comparison is possible. The correlation between two difte-

rent sets of paraameters is:

CovV ( B, , B,)

— gt e .
[PV FOCI S
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B, : the estimated parameters of surface i.
S; ¢ the standard deviation of the parameters for sur-
face i.

The correlation coefficieat calculated in this wdnmeir yives
a useful method for comparing different maps. The correla-
tion coefficient has a known range, -1<r<t1 , whichk d1ds the
comparison. The following discussion will briefly descrite
the polynomial mathematical models that are used, the sethod
of solution, and sosme of the numerical consider.ations asso-

ciated wvith fitting a polynmnomial to reqgularly griddeu data.

8.2 POLYNOBIAL HODELS

The power series polyanomial used for trewnd surtaces is
quite flexible and can have many different forums. “he nun-
ber of terms or degree of a polymomial 1is unlimited. The
naming of the polynomial models follows tvwo groupingsa 1he
first and most cosmon is vhere a polynomial i< named after
its "degree®. The degree refers to highest power to which
any term is raised. 7The pattern is illustrated i1n faigure 3.

The aumber of terms (t) in this type polynomial is

t =12 (n¢2 ) {n¢l1 ) , n : degree of polynowmial.
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Figure 3: Degree Method of Naming (after Kratky,1973)

The second naming scheme is the bi-polynomial. It 1s
named by the wmaxisum power of imdividual teras arnd pot the
product of povers [ KRAIKY ,1975]. Figure 4 shows the pat-

tern that is used in naming bi-polynoaials.

1 y | vy ly e
d:oo—-—-— ' l '
Lo x xy | xy? |xy? :

““““““ !

Xz xzy x2y2 x2y3|
20 l |
x3 x3y x3y2 x3y3l
30 —_ e e

Figure 4: Bi-polynomial Naming Scheme (after Kratky,1975)
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The terms bilinear (d=1 ), biquadratic (d=2 ), biacukic etc.
are used to describe this type of polynomial. The numcer of

teras is n2.

Three asathematical sodels or polynomials were used 1n

this investigation, these were:

1. the cubic polymomial (10 teras)

z=fBo + By x ¢ B, X e xa./& Y ¢ Bt
B+ By ¢ Gex ¥ + g 1%
2. the bi-cubic (16 teras)
z= ﬂoolﬁ1x*/82x20 Oy % Gy B ¥
LGl Bn Y 4B PY ¢ By s ¢ B i
S I R R A R Y
3. the Li-guartic (25 teras)
z=lgooﬁ1xf B B Axao LYt S y2 +
,8673’@‘ y 'ﬂssz o/@,ay yz-o/a'dx?fo
BurY ¢ B T BET BEE B x
ﬁsy‘oﬁ‘_"f‘o/ewx‘yzo/&qx4y ¢ B it
AL aF 1 B BE T




A.3  gETHOD OF SOLUYTION

The least squares method of solution was used, in solvinyg
for the parameters of the bi-variate polynosial. UOsiug ma-
trix notation the general fors of the soluticn 1s

{0TOLIA,1967]

/;) = (A'PA) ' a'PL

A: the design matrizx
L: vector of okservation for the dependent z variatle
P: weight matrix

/éP: vector of parameters of the polynosial todel

Using equal weights tbe above eguatioa reduces to

] -1 ]
ﬁ aea) arg
-1
[J) cuc cu1

c: pumber of paraseters in polynomial model

n: nuaber of observations
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The last equation is the so called "morsal eguatioas"™. The
aost difficult task in the solution of the norsal equations
is computing the inverse of K. This inverse caa te rather
troublesome to cospute explicitly, thus the next section
(8.4) will discuss some of the pitfalls associated with the

trend surface method.

Two methods were used to evaluate tbhe ability c¢f the po-~
lynosial sodel to fit the gridded data sets. ibe first was
the computation of the <v,v> or sus of squares of the resi-
duals. The second metbod was the goodness of fit method

[MERBIAM AND SNEATH; 1966 ]:

X, 3 the value of the trend surface at location
of data point

observed data valuye

o
L]

n : number of data points

The sum of squares and goodness of fit were calculated vath

each trend surface cosputed.

v
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8.% BOUNERICAL CONSIDERATIONS

There are three general sources of error for fpolynomial
trend surface calculations: ill-conditioning of the N pa-
trix, mathematical error, and technical error [UNWIN,1575).

The solution of the normal equations

is the usual source of error 1in the trend surface sethcd.
The parameters nust be estimated as accurately as possitble
if they are to be used to represent the original data when

comparing the surfaces.

The conditioning of a matrix is actually 4 measure of thae
sensitivity of the matrix to change. If a spail chauye 1o
the original matrix can cause an unusually latje chanje in
its inverse matrixzx, then the original matrix 1s said to te
ill-conditioned. Theoretically, the N matrix should Le jo-
sitive definite, and nou-singular
(GRAYBILL,196 1;UNWIN,1975]. Thus one can assume that an in-

verse exists, but to kaow how ill-conditioned the watrix is

some tests should be performed.
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Pour conditioning indicators were used to evaluate the
stability of the N patrix. These were; correlation amcug
the paraaeters, smallness of the determinant, P-nuaier, and
the overall range of wmagnitude of térns in the N patrix.
Correlation of the paramseters was suggested Ly Uotila
[1975]. The idea here is.that dependence among the parame-
ters would suggest some dependence in the columns of the de~
sign matrix. The smallness of the determipnarnt and the P-
nunber are tests used by Paddeev and Feddeeva | 1563]. A
sipgular matrix has a determinant of zero and can nut te an-
verted, but a matrix that has some dependence can te invert-
ed, although it may be ill-conditioned. A very sra.l deter-
minant suggests that the matrix is almost simnyular. The

P~number is :

where ‘A i are the eigenvalues of the N matrix. Faddeev and
Paddeeva suggest that a very large P-aumber <could imdicate

ill-conditioning. The last test is an inspection of the N
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matrix to deteraine if there is a large range 1ir the pragpni-
tudes of terss. This is something that is alsost unavcigu-
ble with the polynomial nmodel, because the higher cider
teras of the polynomial are the products of variatles raised
to the 3rd and 4th powers. The best way this author bas
found to minimize this is to center the gridded adta set.

That is, put the origin at the center of the grid systex.

The "mathematical sources®* of error are truncationL and
roundoff. These are a result of the finite representation
of numbers in the computer. An attempt was madc, 1p this
research, to avoid or minimize these errors by usinj aoutle

precision computation.

The *technical source® of error that Urwin (ULWIN,157%)
discusses is the use of anm algorithm that 1s poorly writtei
for the bardware availablea This should not e a protiea
because a proven imversion routine (IMSL: LINV/F) ana a very

large mainframe conmputer (Amdahil 470V/6-11) welc used.

Before the correlation between the parameters of the sur-
faces being compared can be caculated, the faraseteis pust
be standarized. This is because there 1is a large range in

the values between the high order terass amd the low crder
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teras. %The low order terms are large values coapared to the
high order teras. The corresponding order terms are first
grouped then standardized. That is, the ith parameter ters
of each tremnd surface is standardized in relaticn to the ith
paraseter fros all other treand surfaces. If this was npot
done, the correlationm calculation would "amount to estimat-
ing the wariance of the difference «corrected for
height..."[ MERRIAN and SNEATH, 1966 ]. One other moairtication
of the paraseters is necessary before the correlatior is
calculated, the omission of the first parseter. This 1is
done so that influence of the coastants of the surface (cata

ats) will not be present. The first tern /3c 1S a cons-

nt and represents the intercept of the surface with the 2
ailSae The second (%1 ) and bhigher (/39 paramecters are the
ones that coatain the surface ®character"™ 1aioraaticn,

therefore these are the parameters that are ccm;ared.

The standardized values are often referred to as "z"
scores in statistics. The usual method of standarizing data

is as follows:
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x, 2 data value at grid point jk.
X : mean value of '2°' values.

S, : the standard deviation of the surface.

A final consideration is the fact that the parameters are
pot independent of each other. This can be seen in the cor-
relation matrix of the parameters figure 5. Tbe bigh crder
teras of the polynomial are correlated with the first order
terms. Because the correlation coefficient is a parameteric
statistic, it is assumed that samples (parameters) are inde-
pendent. The independence of the parameters is estdaklished
through the use of orthogonal polynomials. A short discus-

sion on the orthogomnalization process folloss.

SssusCOARLLATION OF PARAMETERS=wuxs

.-
. 1l.e
. 00 1w
8 8.7 0.8 .
¢ 0.0 67 00 1.0
0 0.0 0.0 60 0.0 1.0
% 2.8 00 00 00 00 .
9 0.6 00 68 0.0 6.0 o
0.0 0.6 907 60-0.9 S0 0.
0.6 -0.7 66-6% 0.9 0.6 6.
0.8 6.0 0.0 60 80 0.0 -0,
9.0 9.6 66 66 0.0 0.7 o,
0.06-0.6 6.0-1.6 0.0 6.0 o, 1.0
o o0 o & 0.0 -1.0 O 8 1.8
e 06 s o0 o0 0. -9 80 ;.8
:.: o0 e 0.0 0.9 @ o0 -1.0 0.0 I.0
oe 8 0 69 6o 0. 66 606 00 06 1.¢
. e o 8.0 -0 o8 o0 1o 06 1.8
:: e 0 -1.0 o0 o8 o0 o 9 9.0-0.9 0.0 1.9
. o0 6 00 07 6@ 0.0-06 6.0 0.6 0.6-0.7 00 1 ¢

The correlation among pararmteters of a nomorthogonalized
bi-guartic polynomial (25 terss)-

Figure 5: Paraseter Correlation
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8.5  ORTEOGONALIZATION

The paraseter estisates that are generated by the least
square solution of the tremnd surface are not indegendent.
That is there 1is some cocfrelation between the r[arareter
ccefficiepts in the design matrix and ultisitely the parame-
ters (estimates) theaselves. 1bis is because of a lach of
coaplete independence in the coluuns of the design matrix,

A, for

Aﬁ=z

the general model.

A standard sethod used to trapnsfore a non-olthogonal na-
trix to an orthogonal one is the Gram-Schmidt Process. Lne
can think of the coluans of A as a basis for the vector or
the dependent variables 2. By applying the Gram-5chmiat
Process to the columns of A, the independence ot the ccliubas
is guaranteed. For example let < a;, a,, 33,--+, a,> Le the

colunns of the design satrix A. Then the set of vectors < ¢

e d2, d345--., d,> are orthogonal when

[ SR

EIRPRIC-I Py
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and

i1 <&, >

s for 2¢ i < n .

k=
< d, a0

This traansformation has the added benefit that the aiunLer
product of unlike columns will yield 2ero, thus the N matrix
will be a diagonal matrix. While this is not realized ccu-
pletely, because of nuserical considerations, the N patrix

does cope close to being a cospletely diagonal matrix.




Chapter V

AUTOCORRELATION

5.1 INTBRODUCTION

"The most powerful knowledge of a surface is the kncw-
ledge of its autocorrelation” [ BEUCKRER; 1972 ]. Autocorrela-
tion as the name suggests is the correlation of scmething to
itself. A good example is the autocorrelatiou of a wdave-
form, first a copy of the the wave form 1s suterimposed on
itself. Then one of the waveforms is shifted a4 srall das-
tance, 1lag (d), and the wvaveforms are then compared alonyg
their entire comsson length. The moving wavetorn 135 then
shifted again so that the total displacement is 24, the
vaveforas are then compared again and the process is contau-
ued, if desired, until the total displacement is equdl to
the length of the waveforms. The average degree of similar-
ity between all points a certaim distance apart is the value
that is calculated wvith agtocorrelation. The autocorrela-
tion of a surface cam be used as a representation of the
surface. By comparing the autocorrelation functions of the

gridded data sets, the original data sets can be compared.

- 38 -
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Tvo comparison methods that use the autocorrelation fuac-
tion method are applied to the gridded data sets. The first
method uses a limited autocorrelation function, in which
only lags along specific lines are used. Ino this way, the
autocorrelation along cardival directions is the oniy con-
sideration. The resultant graphs can be compdled visually
or a difference curve can be formed. The second method uses
the more general two-dimensional spatial autocorrelationu

function. This function results in a msap or gridded data

set. By comparing the autocorrelation function (zajp) of
different surfaces, one can cospare the original wmags or
surfaces.

The theory for the autocorrelation function comes frorn
the study of time series. Much of the terminoloyy retlects
this origin. The use of times series for spatidl analysis
is well developed, and there are many good exdazples availa-
ble [DAVIS; 1973,AGTEEBERG; 1974 ]. The logical development
for spatial autocorrelation is from a one dimensional analy-
sis to the aulti-dimension case. The theory of autocorela-
tion will be introduced using the one dimensional case, Lol-
loving that a discussion of spatial autocorrelation will te

presented.
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S-2  GEEJRAL OBE DINBNSIOBM CASB

The following discussion, sections 5.2 amd 5.3, relies
heavily on the work of Agterberg {[1974]. Let k= -o
0eeelplycua,» for some random variable x of ar ordereud ser-

ies. Autocovariamce is defined as :
'y - - -
d=Ef (x~n) (X 4 »)]-

4 2 the mean of the ordered series

the lag or displacement along the series

-9
[ 1}

The empirical autocovariance fupction is:

C(d) = —=--=-- E (L, = 5 (4 -0

vhere X = 1/n E X, for 4= 0,3,2,...,n.
k=1

B : total number of egually spaced points in the series

The autocoaorrelation fanctiom is:

R W N S N

jroanr




41

2
Pa = f'a y To = rd/&xl -

6:: the variance of the series
The empirical case is [AGTEBRBERBRG; 1974 ]:

r{d) = C€(d) / Clo) .

r(d) : autocorrelation of lag (d)
C{d): covariamce at lag (d)

C(o): covariance at lag zero (o)

The series X is said to bLe “weakly"™ stationary wheu it
has an autocorrelation function that is constant anod daesn't
depend on location along the series. For a stationary selr-
ies

r -->0 as d increases.
Bhen all variables I have the same mean, variance, and auto-

correlation fumction, the series is weak stationary.
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A correlograa is a sequence of adtocorrelation coeffi-
cients, r vwith d=1,2,....0. The figure 6 is one possikle

fora of a correlograa.

1.0
c !
g >
Pigqure 6: Saaple Correlogras
Before moving to the two dimemsional case, some of the

important properties of the autocorrelation function will be

listed:

1. r(d) < 1 for all 4

2, r(0) =1

3. r(d) r (-4)

The autocorrelation function has a restricted rarngu te-
cause it uses the correlation coefficient to compare the
series as it is displaced by different lags. Because of the
restricted raange of the fuamaction it seems tc bLhe a good
choice for map comparison. The results of the ditferent
pethods used for map comaparison should be easier to ccepare

if the range of the possible results are the samne.
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S.3 T80 DIARNSIONAL AUYTOCORRELAZION

The two dimensional case of the autocovariance function

can be calculated eampirically fros [AGIEBBEKG; 1974 )z

and:

m-{

(2-1) (a-s)

n-s-{

(X = X)) (X0 %)
i=0
Nn-5-|

( x.’j - I ) (xivf.j-os-' X,
0

where the data X is fros an (mxn) matrix of reqularly gria-

ded data. The r and s variables describe the lag direction

and distance. For exaaple, C({2,2) would be the covariance

of all points that are seperated by 2 grid umnits over (east)

and 2 units (south) down.

The first equation will compute

the covariamce of all paints in the directions 090° - 180°;

the second equation coaputes the covariance of ali lags 1in

the 180°- 270°directions. C(0,0) is the covariance of all

points at zero lag distance.
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The autocorrelation functiom is:
R {(r,s) = C(r,s) » C(0,0)

This result can be used to form an autocorreldtion @ad;.
This function has been used in a less general fora

(LOON; 1978

n-d
C() = ’F%F‘ E () (X,).,
=1

r.

vhere: X, : the porsalized residuals at the foiut

o the nuaker 'of points

4

the lag distance.

This is the same as the @more general function if the condi-
tion R (r,0) and B(0,s) were uSed and averaged together.
That is, only the M¥/S and B/W lag directions are considered.
In calcalating this type of lisited autocorrelation func-

tion, one could be lead to believe that the function was

v
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rather smooth and possibly isotropic. Plotting average pro-
files results in smooth functions that are similar to figure

7.

RorC

—

= ~__

Figure 7: Limited Autocorrelation Functicn

When a complete autocorrelation function 1s <calculated
and averaged to give a profile, the result i1s rather Jjiffai-
calt to interpret. PFigure 8 illustrates an auvtoccrrelation
function for a complete surface evalutation, withcut regacd
for spatial orientation. The function, calculated 1n 1ts
general fora, can also be a map where r and s dre¢ the coor-
dinates. That is, the independent variables for C(r,s) and
C({-r,s) are the coordinates for the autocorrelatiou function

values.

Normally, the calculation is mot carried to the larygest

possible lag. This is because the number of cases for the
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The autocorrelation function for Porrison Surface [1I,
calculated without considering the directicn of each
lag distance.

Figure 8: Autocorrelation without respect tc
orientation
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larger lags is mot statistically sigpnificant apnd the corre-
lation value can exceed ome. Pigure 8 is am autocorrelation
function carried to the largest possible lags; 1t was calcu-
lated on a 21221 grid. The amtocorrelation mags for April,
Say, and June bhave correlation isarithms tbhat ezxceed 1.0.

Because it is possible to exceed 1.0, care should be taken




vhen trying to interpret the autocorrelation for
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lags that

are at or near the map's maxiaum disensions. This will Le

discussed im chapter eight again.

A R



Chapter VI

GRIDDED DATA SUBFACES

6. 1 BTRODUCTION

The data used for testing and evaluation of direct corte-
lation and trend surface programss came form two artiricial
surfaces or functions. Once the prograss, used for mpap com-
parison, were considered tested and operational, pollution
data, provided by the Ohioc Enviromental Protection Ajency
(EPA), was evalutated [Ohio EPA,1979). Both types of datg,
artifical and real, wvere evaluated in a 21x21 gridded for-
mat. Smaller grid sizes were possitle but 21x21 wis chosen
because it provided an over~determined syster for the ‘east
square fitting of the polynomials. The odd si1ze grid was
chosen to aid in centering the data sets. gecause of the
large number of data poimts (441) in each set a greater de-
gree of freedom was possible when calculating the correla-

tion coefficient for the direct correlation method.
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6.2 ARTIFICAL SURPACES

Two artifical surfaces were used for the imitial testipy
and debugging of the map comparison programs. Both gridded
data sets were generated by functions descrited Lty Borrison
[ 1971 ] The simplest surface was generated by the exjoren-

tial fanction

2 = exp[-( ¥* « 1" )].

This function, called Surface II Ly Morrison, was used to
generate data values for a 21x2%1 grid. The z-values were
scaled to have a range of 0 - 1000 units. The lasic surface
was then altered by adding noise. The first alteration ad-
ded noise sigma=10, the second added sigma=100, aud the
third sigua=1000. These surfaces thus provided griddeuy data
that was correlated by varying asmounts. The geaecratiou ot
noise wvas done with a random aumber geamerator froa the
Scientific Subroutine Package (SSP). The subroutine, GAUSS,
has argusents that require a sean value and a desired stau-
dard deviation for the ramdos value returned. The subrout-
ine returns a value that is the sum of the mean and a rasdos

value. The surfaces vere altered by passing each of the or-
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iginal surface data poiats to GADSS as a medan value. GalUSSs
then returned a number that was the sum of the original data
value and a random number that had the desired standard de-
viatioa. The altered surfaces are shown in figqure 9. The
original surface is readily visible in fiqure 9 Lk, but the
original surface is less obvious in figure 9 c. 1he final
alteration with sigma=1000 caused the surface, figure Yy d,
to be unrecgonizable with little of the original trend visi-

ble.

The second artifical surface was generated fror a trigo-
pometric series polynomial. See Borrisom [1971] for the ex-
act eguation. This complex surface is referred to 3s Sur-
face 111 by Morrison [ 1971], see fiqure 10 a. This surface
was adaltered also, but instead of adding ncise 1t was
spoothed using a nimes filter [LOON,1978]). The nines filter
used ¥as based on the Gaussian Function, se €
[LOON; 1978,p. 142] for a cosplete discription of the filter
used. The resulting gridded data sets are similar euough to

shov varying correlation between them, (see figure 10b,c,d).
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Borrison Surface II altered with noise of differcut standard

deviations, a) original surface, b) sigma=10, c) sigra=1UU
and 4) sigma=1000.

Pigure 9: HMorrision's Surface II vith alteratioss.
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#dorrison Surface III with smoothings from a nines filter,

a) original surface, b) first smooth
smoothing, d) third smoothing.

{c)

) seccnd

ing, c

Morrision Surface IXI with smoothiungs.
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6.3 POLLUTION SURPACES

There are a numbaer of pollutants sonitored Ly the Ohio
EPA, Total Suspended Particulates (ISP) is an ismportant one.
Substances, both solid and liquid, that are emitted into the
air and resain suspended for 1long periods, are called sus-
pended particulates. Some of the common forms of the sus-
pended particulates are fly ash, process dust, fumes, soot
and oil aerosols [ OChio EPA,1979]. The reason qiven for mo-
nitoring TSP is that in addition to limiting visiblity, it
also damages the human respiratory system Ly interferring

with the lung®'s natural cleaning process.

The samplimng of ISP is accomplished by draviny large vo-
lumes of air through a preweighed filter fo. a4 specific
time. The resultant unit is micrograms per cubic liter of
air passed through the filter. 1he normal sampiing duration
is a twventy-four hour period every six days. The samylang
of ISP has beeu extensive and continuous since the 1id

1970's, thus a large amount of data was readily availatle.

The samples used to construct gridded data maps ot 1Sp
are monthly averages for the caleandar year 1980. 7lhere were
a total of 60 contimuously operating collection sites in Cu-

yahoga and surrounding counties for 1980. Approximatly half
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of the sites used were located in the City of Cleveland with

the balance of the sites in the surrounding cousties.

TS maC shomws Curisgiitione

boundartes

Shaoec aresr represert ‘ocs
sgencies o then eco LEC
distracty

The box with the muaber four in it is the area containinj the
collection stations, it corresponds to the area of
the map in figure 12.

Figure 11: Location of the EEA monitoring sites used.

The obvious clustering of the data presented a difficult
problea when putting the data in a 271x21 grid forno. The
Geodetic Science Plotting Package (GSFEF) was used to grid
the data. GSPP wuses a weighted average of the nearest
neighbors to predict the values of the grid poiants. For

this pollution data, a power of prediction of four was det-
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erained to be the post suitable value to use for the weight-
ing function. Por a detail discussion of the weighted aver-

age method of prediction see Sunkel [1980].

Using the mean monthly ISP values, for each of the sixty
sites, twelve gridded data maps were constructed using the
prediction algoriths of GSPP. See appendix A fcr all twelve
monthly maps. The isarithaic maps produced troa tné gridded
data represemt continuous surfaces. The concentraticn of
TSP is the unit or statistic of the continuvous surface. The
draviosg of the isarithens was done with GSPP aand figure 12
is an exasple of one of the monthly maps produced.

It should be clear that the map comparison technijues used
are not comparing 1isarithmic maps, but ratner the gridded

data sets the isarithwmic maps were constructed fromnm.
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Chapter VII

RESULYS

Two of the three methods of map comparison, direct corre-
lation and trend surface, were applied first to the test
surfaces (figures 9, 10) and finally to the twelve monthuiy
TSP surfaces (see appendix A). The test maps were expected
to be correlated, but the nature of the pollution surfaces
was unknown. Comparison of the sequential months was looked
at for possible groupings. The relationships tetween ali
months was also examined. There were a total of sixty-six
possible combinations that the wmaps could bLe¢ jroured for
comparison. Spatial autocorrelation maps were tcormed for
each of the twelve monthly TSP maps. Some of the methods,
notably the differences of the limited autocorielation func-
tions, were generated only for surfaces that had shown promr-
ise of being significantly correlated. A large asmount of
data and maps were generated by the different conmparison
methods. For a complete presentation of all the results sce

the appropriate appendix. Only representative exazples have

been included in this discussion.
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7.1 ARTIFJCAL SURFACES o

The artifical surfaces, figures 9 and 10, were evaluated
by applying the direct methods of visual comparison, 1sopach }
map generation, and direct correlation. As would te exgect-
ed, the artifical surfaces were highly correlated visually.
The four variations of the Morrison Surface 11 were conmgared
by the direct correlation sethod; the resuits are in talkle

Te

TABLE 1
Direct Method of Correlation for Surface IZ

standard deviation cof noise

0.0 1.0 100.0 1000.0

0.0 1.0 - -- --
10.0 .99 1.0 -- --
100.0 .92 .91 1.0 -~
1000.0 .21 .21 .20 1.0

B G M e ey T me SR Cne CEr G G G CEe o SR e G G G By
e e e e e e e S e - e e e e e S e - e -
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i
It can be seen in table 1 that the correlatiocn for the sur-

faces vas large. The correlation Letveen the smoothed sur-
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faces formed from Morrison Surface III were alsc high.
There vere known variations in the surfaces but the correla-
tions indicated little variation Letween the surfaces. The
direct correlation method didn't appear to be sensitive to
small changes between the data sets, 1like the variaticus

caused by adding noise.

The isopach method was applied to the surtaces ana dif-
ference maps wvere formed. The result was a set of majs that
vere similar to figure 1. Fiqure 1 was forwed by surtrac-
tion of the unaltered Morrison Surface 11 fros the altercl
(Sigma=100) Surface II. The result was an ideal random sur-
face, without any trends or *"topographic®” foras. The only
difference between the surfaces was noise so the aap (fijure
1) has a rawmdom character. The other i1sopach maps fora- .

had a similar appearence with different isoline values.

Next, the tremd surface method was aprplied to the Morri-
son surfaces. The correlation between the paraccters ot tae
Surface 1I maps is in table 2. Correlation Letween the orai-
ginal surface and the first two alterations is significant,
but there is a negative correlation between the sigma=1000

and the other surfaces. This relationhip amouny the surface

is like the relationship in table 1. The sigma=1000 surtace
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is much less correlation with the rest of the surfaces.
This is because the range of the unaltered surfaces was 1000
and the noise with a standard deviation of 1000 has caused
the original surface to be radically altered. See fiqure Y

for a visual verification of the radical change :in the sur-

Correlation between parameters of a cubic poiynomial
fit to the Morrison Surface 11 and alteratiouns.

face.

L} 3
{ §
i TABLE 2 }
i {
] Correlation of cubic parameters i
i |
i Sigea of Noise i
| |
i 0.0 10.0 100.0 1000.0 i
{ |
| !
i 0.0 1.0 - - - i
) |
{ 10.0 <99 1.0 - -- |
i |
! 100.0 -79 «76 1.0 - §
| |
i 1000.0 -.96 ~.95 --93 1.0 {
{ |
{ ]
i i
i {
[ [
| |
} |
L y)

Table 2 vas generated by coamparing the parameters of a cutic
polynomial. The fit of the polynomial was good for all sur-

faces, see table 3, execpt for the sigma=1000 surface.
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TABLE 3
Precentage goodness of fit for Surface II
Sigma of Surface 11I Goodness of Fit, %

Cubic Bi-cubic Bi-guartic

0.0 99.97 100.0 100+ 0
10.0 99.78 99.78 39.80
100.0 83.91 8u.14 B4.640
1000.0 6.8 8.94 16.60

P o B me e G S S S2m S S Sae e e SID St = e S Gy
T e T S iy STy P

Table 4 is the result of using a bi-quartic polynowiadl
with trend surface method. 7Table 4 shows a drogp in correla-
tion between the sigama=0, sigma=10, and sigma=100 surfaces.
This is mast likely because the bi-quartic polynomial canu ke
made to fit the gridded data sets Letter thanm the cuiic jo-
lynomial. The better fit of the higher order polynomial
causes the correlation betveen the parameters to decease
with, an increase in the ability of the polynomial to regre-~
sent the surface. #bat seems to be happening was an in-
crease in sensitivity of the trend surface s&ethod corres-
ponding to amn increase in the ability of polynomsial model to
fit the gridded data sets. A similar trend was seen with

the BMorrison Surface III and alterations. The size cf the
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polynomial used should improve the sensitivity of the
method, but the overall relationship kbetween the surfaces
remains the same. Pairs of surfaces that are more correlat-
ed will remain so regardless of the polymomial sodel used,

this can be seen by coamparing the results from the differeut

Correlation of bi-quartic polymomial parameters.

models.

L 1
{ {
| TABLE 4 |
! i
{ Correlation of Bi-Quartic Parameters i
| I
| Sigma of Noise }
{ |
} 0.0 10.0 100.0 1000.¢ {
i l
| i
| 0.0 1.0 - - - i
{ i
| 10.0 -89 1.0 -- ~= }
| |
{ 100.0 «73 - 69 1.0 - |
| i
{ 1000.0 - 94 -.90 -.91 1.0 {
| |
! {
| |
] i
l !
{ I
[ — J
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7.2  DIRECT BETHODS APPLIBD YO ISP BAPS

The direct visual comparison of the TSP isarithmic paps
vas done with a light table. The similarity Letween each
map was determined as each was overlayed inm comtination with
every other surface. The relation between the temporaliy
related months was examined thoroughly and the remaining re-
lationships were given a nmore superfical evalution. The
Sixty-six pairings wvere tedious and objectivity was ditfa-
cult to maintain. During the visual coafparison, ejual
weight was given to each of the three points aiscussed 1in
chapter 3 under the heading of direct visual compariscu. Ap
atteapt was made to construct a correlation matrix of the
pollution maps, but the results vere not comsisteat or ct-

jective.

The direct correlation of the gridded data sets without
regard for spatial locatiom wvas accomplished Ly calcuiating
the correlation coefficient between all twelve jridded data
sets. 1his resulted in a symsetric array of wuumlers 1in
which the diagonal elements are 1.0, a perfect correlation
betveen each surface and itself. The off diagcnal elemeuts
of the array are the correlation between the resfectaive
months. Pigure 13 is the correlation between the mouthly

TSP maps. The ten highest correlations are underlined. As
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can be seen in the array, there are many strong to amoderate
correlations present. HNone of the surfaces were zero or ne-
gativly correlated. The correlation appeared to ke guite
strong betveen the soaths that are temporally associated.
August thru November appeared to have a strong correlaticn;
they were all related with correlations greater than 0O.8.
The stroagest correlations were Barch/Decemier and May/Juue.
The strong to moderate correlation throughtout the array
suggests that all TSP surfaces are similar. Most likely the
lack of spatial ianformation could be causing everythiug to

seen to be more correlated tham it actually 1is.

The third method . was the differencing method of 1sopach
Baps. The 1ISP maps were used to form sSixty-six 1sopach
naps, of which fourteen are in appeadix B. The fouteen 1so-
pach maps in appendix B include the twvelve monthly related
isopach maps and three other maps that will be discussed. A
notation of Jan/Feb represents the isopach wma, tormzed Ly
subtracting the January data points from the Fetuary data
points. The review of these maps revealed none of the iso-
pach smaps to have a structure or appearance siuilar to fig-
ure 1. Alsost all of the maps had a peak or depression in
the upper center of the map, mear the locationm ot the City

of Cleveland. No readily apparent map simillarities were




Figure 13: Correlation without regard for spatial location

found in the isopach maps. The sources of the correlation

indicated by the direct method were not apparent in the iso~

pach maps. The maps that had strong correlation witb the

direct method correlation dida*t appear significantly diffe-

rent than the maps that had lower correlations. 1bhe map of

Peb/Jun, was specifically examiped tut

lovest correlation,
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it had no special features either. The Apry/Jdun iscgach map
did seem rather flat, which might indicate that the surtaces
of April and June were similar, but there was a strcng de-
pression pear Cleveland on the mafp, suggesting there were,

also some siginificant differences ltetween May and Jubnc.

7.3 IBEND SURFACE BETHOD APPLIED 30 ISP EARS

The mowthly gridded data sets of ISP were fitted with
three different polynomial models. A cubic, Li-culic, atd a
bi-guartic polynomial were used as mathewmatical soceis. 1The
desigu matrix 1in each case was corthogomalized sc that ttre
estimates of the parameters would be indepeudent. lhe gar-
ameters were then standardized ty the method Jdescrited 1n
Chapter 4. The resultaut =standardized paragcters fcr each
surfdace were compareu using the correlation coefticient. An
array was tormed with the resultant correlaticls, (se€e€e t1ig-

ure 1W4).,

The goodness of fit for the hagher crder polynomials was
much better than the lower order pelyrcmials, se¢ talle .
The sum of syuares tor the residuals <V' V>, decteased also
vith the largqer golynomials. This would seem to indicate

that the mathematical model (polynomial) was tecomiug tlexi-

ble enough to fit the irregjular 1SP surfaces. If the sui-
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TABLE 5

Percentage Goodmess of Fit for TSP Mags

Goodness of fit, £

Monthly TSP Map Cubic Bi-cukic Bi-guartic
Jan 50.21 45.00 56.52
Peb 62.98 68.29 75.25
Bar 28.68 32.90 52.43
Apr 27.90 29.56 46.34
May 27.09 28.78 45.75
Jun 28.45 30. 26 48.72
Jul 31.60 39.56 57.43
Aug 31.64 34.85 Sl4.u4
Sep 35.27 3%.26 S4. M
oct 26.26 30.37 47.95
Nov 39.35 46.28 55.21
Dec 39.53 44.92 ©1.C1

P.—b——————----———----1
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faces were smoother the polynomial sodels would have fitted

even better.

The correlation matrix forsed gives an indication ot the
relative similarity between all the coapared surfaces. The
surfaces that had strong correlation with the direct method
shoved less correlation when the tremd surfdace wmethod was
applied. The correlations of figure 13 are larger thar

those of the the trend surface methods see figure 14 and ap-

}
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sewre CORRFLATION BETWEEN MONTTIS szssy

JAN rrp MAR ATR Ay JUN Juo AUC SEP ocT nov bEC

JAN 1.08
FED ~0.24 1.90
MAR 8.3¢ -0.20 1.00
; ATR ~9.64 e.n8 ®. 083 1.080
E
3 MAY -6.833 -6.03 -0.3% 8.20 1.00
Jum ~0.48 -8.05 -0.47 6.8 0.72 1.00
JUL ~0.63 -0.22 -0.37 -0.40 9.30 8.3% 1.00
AUG -$.23 -0.83 .68 9.23 -0.63 <-0.035 -0.09 1.00
SEP 9.23 -9.¢60 9.66 -6.03 ~0.27 -6.41 9.13 8.23 1.00
ocT -6.82 e.24 e.29 .27 -$.33 -8.49 -9.66 6.33 -0.18 1.00
OV 0.12 ®.358 -8.64 -0.27 0.02 6.03 -9.01 -0.52 -9.22 -0.8¢ 1.08
DEC ¢.97 -8.989 9.55 -9.12 -~0.83 -0.43 -0.2¢ a.20 .06 0.88 -e.7%8 1.00
‘ Correlation of TSP maps using the trend surface aetnod with

a bi-quartic polyaomial.

Figure 14: Correlation matrix for bi-quartic model

pendix C. There are negative and near <zero correlaticns
vhere large correlations had appeared with the direct meth-
od. The range of correlation values has increased signifi-
caatly vith the trend surface aethod. The two highest value
pairings, Bay/June and HMarch/Deceaber, remained the higaest

values.
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The shift of values between the trend methods of diffe-
rent mathematical models, most likely wvas a result ot the
improved fitting of the polymomial to the data. That 1is,
with improved fitting of the model, the coamfparison ot esti-
mated parameters would give a wmore accurate comparison of
the TSP gridded data saps. See Appendic C fcr the correla-
tion of the ISP sufaces using a cubic and bi-culic mathewmat-
ical models. The correlation array for the biguartic model
should be the most accurate relation of the three modeis
used, because the bi-gquartic sodel resulted 1in the Lest

goodness of fit apnd lowest <v,v> value.

7.4 A ORRELATION RETHODS

The autocorrelation function wvas used to corpacre gridded
data maps in two ways. The first method used a iiwited au-
tocorrelation function, by which the general spatial auto-
correlation fuonction (see sectiom 5.3) was evaluted in oniy
one direction. Autocorrelation in the North/South direction
was used to fora a series of curves wvwith BR(0,s) torm of the
general autocorrealtion function. Ao E(0,s) tunction was
calculated for each of the twelve TSP aonthly uajs. Then
sixty-six difference curves vere formed, with printer glots,

fros the morthly curves. The printer flots were checked to

see if the surfaces that had showed correlation Ly a previ-
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ous sethods would appear different from the rest ot the
curves. The March and Deceaber curves were similar and re-
sulted in a difference curve that was nearly zero. The May
and June curves were not as similar as ome would expect
based on the results of the other sethods. Looking at the
plots of the monthly curves, in pairs, seemed more usefua

than looking a the curve differences.

The major problem with the limited autocorrelatiorn method
vas that by choosing a particular profile to work with, the
rest of the autocorrelation inforsation was neglectea.
Pigure 15, shows the profile for the North/Soutl, Last, West,
Northwest/Southeast, and Northeast/Southwest directions oa
the autocorrelation map of Januarye They are differeunt
enough that to use one as a representation ot the surtace,
auch additopal autocorrelation information would te igncred.

Possibly, a pr.ential correlation would be missed thics way.

The second method of comparison used the general foram of
the function. The twelve TSP gridded data sets were evalu-
ated and the autocorrelation map of each ISP surface was
formed. The general autocorrelation functiows would produce
oaly one balf of the autocorrelation ®map, but that was ali

that was necessary because of the symametry of the function.
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Figure 15: Autocorrelation profiles for Jauuary

In order to fora am awutocorrelation map, (sce figure 1o),
matrices that were generated by the gemeral spatial autccecr-
relation vere put together to form the 1lower half c¢f the
Bap. The cosmon boundary betweem these matrices caused the
elimenation of one coluan, thos the two (r x s) arrays
forsed a single (s x 2r-1) array. 1That was coly one half of
total avctocorrelation function map. The second bhalf was
forsed by rotation of the first half by 180 degrees alcut

the east/mest axis and 180 degrees atout the north/south
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TWC-CIMENCTGNAL AUTOLORRELATION FUNCITION
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Figure 1e: Janpuary autocorreiation mdp.

axis. There will be a coamon row shared by the ugpper aud
lover bhalves when joined, ¢thus causing a loss c¢f oae row 1in
the map. The final map array is (2s)-1 by (2r)-1 , with the
northwest quadrant a symsetric image of the southeast quaa-
raaot. A similar syssetry was true Lketveen the southwest and

northeast quadraats. The original TSP wmaps were (21 x 1)

the resultaat auntocorrealtion maps vere (41 x 41).
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The sysmetry of the map is evident in figure 1é. The
center of the map, point (21,2)1), is where a correlaticn of
1.0 should exist. The direction aand distance out fronm the
center yields the autocorrelation for a similar shift and
direction on the TSP surface. The boundary areas of the au-
tocorrealtion map are subject to 1large variations. At
times, the correlation value will exceed 1.0 or -1.0, (see
figure 16). This is most likely caused by the opumier of
samples available for lag distances near the extremes ot the
surface. The smaller lags have more samples availdtle, thus
the sample is a more accurate representation of the fporula-

tion it is intended to represent.

Because of the large variation near the edge of the auto-
correlation map, the values may not be as reliaktle as the
ones near the center of the mag. One should use the center
2/3 of the disension of the map. Figure 8 aoesn't have
correlation values exceeding 1.0 if the lags less than 2/3
of the surface are used. 1Inspection of the spatial autccor-
relation maps (appendix D) reveal that pnone of the surfaces
have isolimes (correlation) greater than 1.0 if only the 1n-
ter 2/3 of the map is considered. For maf ccmpariscn, only
the center part of the function should be used. By avoiding

the large bonndary variations, a more accurate comgarison
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should be possible. To compare these surfaces is sosmevhat
easier than comparing the original TSP gridded data maps Le-
cause the autocorrealtion surfaces are syassetric. With a
large nuaber of surfaces to compare, the protlem may stiil
be present that the investigator say have to judje Ltetween

many possible map comtibations.

The form of the autocorrelation function was simllar for
each map, (see appendix C for all the autocorreiation mags).
The center area is peaked, with the value at or near 1.0 and
a syametric cone dropping away on all sides tc a value of .5
to .2 A completely isotropic surface would Le plotted as
concentric contours. The isotropic nature of the TSF sur-
face vas lost after 4-5 lags from the center in any direc-
tion. This would seem to be a strong imdicatiou that the

gridded pollution data used in this study is not isotroric.

A visual comparison of the two fpairs of strongly corte-
lated months, May/June and March/Deceamber, reveaied that the
autocorrelation maps were also similar. It was also found
that BHaysJume/July have very similar autocorrelation magse.
To avoid the problems of comparing many different combira-

tions of maps, the trend surface method were applied tc the

autocorrelation mags. A bi-guartic polynomial was apglied




the currelations was observed
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to the 81x41 autocorrelation maps. Mo significant change in

(see appendix C).




Chapter VIII

CONCLUSIOR

Three general methods of map comparison have Eeen pre-
sented; direct methods, trend surface aand autccorrelationa
Bach method compares the gridded data surface 1in a differeut
manner and thus will give a different ipdication of similar-
ity of the nmaps compared. The relation between maps, 1if
looked at with only one method, =may not give the investiga-
tor a comsplete evaluation of the similarity betseen surfac-
es. #ore than one method should be used to evaluate the si-
silarity between surfaces. 7T0 investigate a larye numier ct

maps, 4 testing strategy should ke used.

An initially quick and inexpensive aethod cf mar ccmpari-
son is the test of correlation without regard to sgatial lo-
cation. The map similarity will be somevhat exaggerated
with this test, because the surfaces wvill apfpear gsore corce-
lated than they really are. This happened with the test
data and the monthly TSP surfaces. They all stowed high
correlations. If more investigation is warranted, then the

next test could be the trend surface method. If the airect

- 76 -
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correlation method reveals very bhigh correlation betseen the
maps, then the direct method may not Le semsitive enough to
sort out the differences ia the set of maps the investigator
is using. If the investigator feels that the ccmparisou us-
ing the direct »wmethod is mot seperating the map set suffi-
ciently the tremd surface method should be the next method

applied.

For this method, a large bi-~polynomial should te used if
the surface is highly irregular. In the oriyioal usc¢ of
this petbhod by Merriam and Sneath {1966] a cubic folynorial
vas the largest polynomial used because the sucfaces couid
be fitted well without going to larger polynorials. This
investigation required a msuch 1larger polynosial to get a
reasonable goodness of fit, see table 5. Once a pclynoraal
model is chosen, then the surface can bte tested. An cithoy-
onal polynomial should be used to maimtain 1independence
asong the estimated paraseters that are to Le¢ tested tor
correlation, see figure S. Correlation testinj »1th treand
sarfaces methods regquires coasiderably more numerical gro-
cessing than the direct method, but the resultant correla-
tion should give a good imdication of the similarity iu

shape between the surfaces that are compared.
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At this point in the testing sequence, there may be
strong correlations evident from either the direct methcd or
the trend surface method. By choosing the most promising or
interresting relationship from the correlation patrix awud
then applying the wisual method the investigator would avoad
studying every single map cosparison. The iscpdch wap of
the surfaces, that have an indication of strong correlation
with direct or trend surface methods, could also Le forumed
and looked at, thus avoiding the coanstruction of many iso-

pach maps.

If the investigator wished a more thorough 1aovestigaticu,
the autocorrelation of the surfaces should be the rext step
to study the similarity of the maps being cormpared. The
calculation of the limited autocorrelation function seem:z to
have a minimal value, because of its inaklity to represent
non-isotropic surfaces, see figures 13 and 15. The general
autocorrelation function map seess to te good method of
representing a surface in an unigque to facilatc the visual
coaparison of gridded data maps. The calculation of the
general spatial autocorrelation function map Treyuires mole
nuserical effort than the treand surface method, but the ef-

forts seem vworthwhile. The quickest way to evaluate the

correlation betwveen many autocorrelation maps is to use the
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trend surface sethod applied to the autocorrelation pags.
An advantage in coaparing the autocorrelation wsaps, over
comparing the original data, is the symaetry of the correla-
tion map. Additionally, the better goodness of fit possikiie
with the sysmetric surface improves the accuracy ot the cor-
relation comparison. Visual comparison is also improved te-
cause of the symmetry of the maps, see figure 16. The use
of visual comparison is best reserved for the final check of
maps that are to be compared. Omrless the number of majs to

be cospared is small the visval method should Le¢ used last.

To compare maps by only one of the techniques presented
here, may cause the investigator to overlook important simi-
larities or differences that are present. The ltest strategy
for map comparison using the methods outlined in this taper,
appears to be the use of a battery of tests that have 1n-
creasing computational overhead, that the investigator can
follov as far as is necessary. It is felt Ly the author
that no one test is going to tell the full stcry about the
similarity between a set of gidded data maps, Lkut 1in concert

with each other the methods cam be adequately used to ana-

lyze a set of gridded data maps.

'i
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Appendix A

ISARITHBIC BAPS OF THE HONTHLY TSP DAIA

This appendix contains the isarithaic representation of ]
the gridded data maps of Total Suspended Particulates. lhe :
TSP maps are of the sonthly averages of the pollutants fron |
sixty monitoring sites in Northern Ohio. Ihe 1sarithmic

maps are formed on a 2% x 21 grid.
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Appendix B

ISOPACH MBAPS
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Appeadix C

ZREND SGRFACE PARASEYER CORRBLATION RESULIS

The parameters of different size polynomial were used for
comparison of the TSP map. A cubic (9 teram), Li-cukic(l6
tern), amd bi-gquartic (25 term) polynomial were each usea as
mathematical models for the trend surface methcd. The re-
sults of fitting a cubic amd bi-cukic polynomiali to the T3P
maps and the calculation of the correlation between the par-
ametrs of each of the 12 TSP maps are in this agpendix. The
result of each comparison is a 12x12 symmetric adarray with
correlatioa between each possible pairing of the ISP monthly
pollution maps. The result of the bi-quartic pclyncmial are
in figure 14. The third table in this appendix is the cor-
relation between the autocorrelation maps that were fcoramed
fros the twelve TSP maps. The bi-quartic polynomiai was

used to compare the spatial autocorrelation mafps.
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Appendix D

AUTOCORRRLATION HAPS

This appendix contains the autocorrelation saps for the
tvelve monthly TSP surfaces. For each monthly 1SF mafp there
is one isarithmic map and ome suarface representaiorn. Cn the
isaritheic maps the symmetry of the autocorrelation is read-
ily apperant. The N/R guad:ant is symmetric with respect to
the S/E quadrant. These maps are produced cn a 41 x 41
grid. The small triangles are grid intersections where data

values were predicted.

- 112 -




TWO-DIMENSIONAL RUTOCORRELATION FUNCTION
FOR: JANBO TSP GRIDDED DRTR s mmmmnxx
ISARITHMS [N CORRELATION UNITS = 41XYl x
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TWO-DIMENSIONAL AUTOCORRELATION FUNCTION
FOR' FEBBO TSP GRIDDED ORTAR mswsanssnssan
ISRRITHMS IN CORRELRTION UNITS = YlxXyl =
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TwO-DIMENSTIONAL RYTITORALLATION VUN:’IDNI

FOR FEBBO TSP GRIGCILD DATA sreresersner
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TWO-ODIMENSIONRL RUTCCORRELATION FUNCTION
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