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Chapter I

INTRODUCTION

I of this

The purpose of this investigation was to coapdLE so~c x-

isting methods of map comparison and investigdte otentialiy

useful computer-assisted methods of map comparisoii. Ihe em-

phasis has been on comparing the different methcds ar de-

veloping a possible strategy for comparing iarge numLcrs of

potentially similar maps.

There are many reasons for comparing maps d11J ar, 1n eAS-

ing number of gridded data map sources are becoming ava.i.-

ble. Geographers have compared maps of many tjpei of humdi.

variables such as heat source vs income, spead ot infection

vs well uater source, and many other sets of variatles.

Geologists compare maps of different subsurface rock units

to study tectonic history of an area. In pollutilo stuaies,

maps of different variables such as terrain, wind patterns,

and emissions sources are compared. For this investigation

monthly pollution maps will be compared in order to demoi -

trate possibLe computer-assisted methods of map comparison.

- L __ __ - 1 -



2

The analytical skills of a human investigator will not be

replaced by a clever program, but helping the investigator

focus his attention on potentially important relationshi~s

between maps, without having to look at every o:silie ccz-

bination of maps, makes the development of comuuter-assstea

methods of map comparison worthwhile. If the ,,o ,=qajhEr,

cartographer, or geologist can eliminate or rejuce the ai-

ount of initial comparisons that require maiiuAl eftort.i,

then the investigator is free to concentrate oi, the poten-

tially important map relationships

1.2 ETROD5 OF HAP CONPARISOM

In this investigation, three methods of za. cozparison

are discussed and demonstrated The maps that aix coMJcJ

are thematic, regularly gridded arrays. Computet projcaus

were written to implement the comparison metnoLu . liitiil

testing and evaluation of the programs was done witn datil-

cally generated maps. A final demonstration ot th copiii-

son methods was done using pollution data obtaind from the

Ohio EPA [Ohio EPA,1979].

Rap comparison methods used in this investgatioto fit

into three general catagories: direct methods, trend SUL-

face and autocorrelation. general catagories: dLr~ct weth-
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ods, trend surface and autocorrelation. 7he direct methods

compare the original map, or array members, in a one to one

relation with other maps . The direct methods include visu-

al comparison, isopach maps, and direct correlation. The

trend surface map comparison techniques fit a Li-variate po-

lynomial to the gridded data sets, using the methoa of least

squares. The estimated parameters of the polyLomial tit are

compared using the correlation cofficient. The third method

uses the autocorrelation of each map to generate a represeL-

tation of the surface. The autocorrelation of a series OL

array is computed by comparing the series or array to it-

self, the exact method that is used to do this will te dis-

cussed in chapter five. Autocorrelation can te thought of

as the internal relationship of a set of data. A limited

autocorrelation function is used to produce a 3utocorLeid-

tion curve for each of the maps. A spatial autocotrElatio,

function is a measure of the internal consistenci o. a ur-

face (map). The data set has two dimensions, thus the re-

sult of calculating the spatial autocorrelation tunctiot i s

an array. A spatial autocorrelation function can Le usea

to form an autocorrelation map for each of the origii.a1 suL-

faces
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The direct methods of comparison include the visudl com-

parison of two maps. In order to visually compare the grid-

ded data arrays, one must represent the data in a more humau

compatible form. The Geodetic Science Plotting Package

(GSPP), [SUNKEL,1980], is a plotting package tbdt will pko-

duce isarithmic maps from regular gridded arrays. GSP uses

a bi-cubic spline method of interpolation to torn isarithmic

maps from regularly gridded arrays of data. All isarithmic

maps presented in this thesis were formed using GSP.

1.3 RAPS USED FOR CORPkISO

For the purposes of this investigation, mdpFeu data is

regarded as a set of observations ordered with resFect to

two spatial coordinates. The spatial coordinates arc rEpre-

sented with a regular grid structure. The distinctiou tEt-

ween irregular and regular gridded data can have rather sig-

nificant numerical consequences. Cnly regularl; gridded

data was used. To avoid the problems inherent in the grid-

ding of irregularly distributed data, all discussions with

respect to map comparison methods will assume tnat observeJ

values come from the intersections of a regular grid. Ihe

pollution data used came from irregularly located collectioL

sites. 7he method and theory used to grid the data wili Le

discussed later.
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The gridded data map has been referred to as a "numerical

mapa or a "digital map"[ROBINSON et al.;1978). It is not a

particularly informative map if it is viewed in its most

elemental form. It would appear as only a grid of points

with real number values printed near the points. Normally,

a gridded data set would be presented as an isoliae mag,

that would have been formed by interpolating tetwceL the

gridded data points to represent isolines.

More specifically, the isarithnic map is a statisticai

surface. That is, it may represent the volume or SUrfdCE OL

data in a mapped area. The isarithmic map is ot two general

types the isoline and isopleth map. The transition, ttWEER

the isolines, of the isarithmic map, is assumed to ve cciti-

nuous. On the other hand, the isopleth map rEjrEsentb data

that can not exist at a point. The statistic reiresented by

the isopleth map occurs inside a boundary of firkite extciit.

The boundaries often used in practice are exiuXrrtIOL dis-

ticts, townships, counties, etc. Possible statistics used

are; average sale price of homes, cattle per acre, death.s

per thousand, etc. The isoline and isopleth oaps are very

different with respect to the nature of the data they are

used to represented.
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The appearence of the isoline and isopletb mdPS dr 1 ult-

similar. They both use lines as the mapping symbol. 1he

isopleth map appears very similar to the isoline map. Ih*Y

both represent a statistical surface that is assused to Le

continuous, yet the statistic of the isopleth adi cdn't cx-

ist at a point because isopleths represent data that is dv-

eraged over an area [BOBIISON;1978.p.225].

The map data used in this investigation is of the type

that an isarithaic map would be constructed from. The iso-

lines are Othreaded" among the gridded data poxits ty dL d -

propriate algorithm. The result is an isarithmic nma that

is a visual representation of the gridded data. it wcuid L(

well to emphasize that the techniques used in thif investi-

gation assume the data to be in the form of req~JlL 9iiJdej

values, not stored as isarithms. It is possible to overlook

the distiction between an isarithmic map that wds to::mc

from gridded data and the gridded data set it was tormed

from. The gridded data sets are what will be ccmdared.

Because this investigation of map compariso6 methods is

limited to regularly gridded data, it would be a fair ques-

tion to ask, "where would one obtain data in this specidl

format and what value are the techniques that address oLly
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regular gcidded data?". To answer the first part of this

question, there are a number of sources of gridded data.

The digitizing of existing maps has produced very large data

bases of regularly gridded elevation data. lhese data bases

are often referred to as digital terrain nodels(DTM) oi di-

gital elevation models(DER). The Defence RapLfnq Agency

(DNA) has a very extensive DTM [SAULNIER;1979]. Laudsat Iw-

agery is collected directly in the gridded (raster) format

and is readly available. Another Fotentinally importaut

source for regularly gridded data is the analytical phcto-

grammetric instrument [HELAVA;1978]. A lesser source, Lut

still an important one, is the collection of geoahysical

data. Electrical, gravity, and magnetic surveys are often

collected on a regular or semi-regular grids. Finaliy, a

potentially large source of gridded data is the trarisforma-

tion of randomly or irregularly distributed data to a LEqu-

lar gridded format.

The second part of the question, "what value are techni-

ques that address only regular gridded data?" i the more

interesting aspect of the question. There are a nuter of

uses that have been described for this type of data. O1fe of

the primary uses is for navigation. Map Beading is a stab-

dard navigation technique where the navigator, from somc



vantage point, compares the local terrain with a chart, then

orients himself, and finally determines his precise loca-

tion. The current version of this method replaces the Lavi-

gator with a computer and radar; the chart is replaced Ly a

DTM. the terrain is scanned by the radar system under com-

puter control and the DTM is compared to the terrain. Until

DMA released its DIM to the civilian agencies, research that

required a dense DIM was difficult. The DIM has been com-

pared to geological information, pollution, and wind pat-

terns (TESCHE and BERGSTROM ;1978), to name a few. Not only

can maps of different types be compared, but qriddEd datd

sets that vary temporally can also be studied.

ii
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"U" L AJi COE1PIRISON and 1:1

Manual methods of map comparison are not efficient Luough

to handle large amounts of data or maps. In order to comn-

pare a large number of surfaces, the investigator must have

some method of reviewing the relationship between all Fossi-

ble map combinations. the visual comparison of maps is a

useful tool, but the number of comparisons for i saps is:

t = 0.5 (n+2) (n1)

t : total possible map pairings

n : number of maps to be compared

when all possible combinations are considered. As a prelim-

inary comparison method, the visual method doEs not dF EiL

to be very useful. The other direct method, isoj.ach wij.S,

is also inefficent, because it produces so many dittCLeDcP

maps that it is difficult to understand what the relation-

ships are between the original maps.

A computer-assisted method of comparison secms to Le uc-

cessary for preliminary stages of investigation. Two compu-

ter-assisted methods of preliminary comparison are used iu

this investigation, they are direct comparison of the griu-
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ded data sets and comparison of parameters of trend surfaces

of data sets. These methods are applied to artifical sur-

faces. The relationship between the artitical surfaces was

known. Once the known surfaces were compared and a "Lase-

line" relationship between the artifical sutfaces WdS

formed, the next step was to apply the conputeL-assLsted

methods to ata that had an unknown relationship.

The autocorrelation of a surface may also havc pot~iltldl

as a sap comparison tool. The autocorrelation functior. ot a

surface is unique and could be used to represent a mad. lhe

comparison between the autocorrelation function of two Laps

could give an insight into the relation between the griJded

data maps. Obviously, autocorrelation will nct Le practical

as a preliminary comparison method, but it should tc uLciul

as a secondary method of map comparison.

While the methods of comparison used are not a comEtte

list of every possible technique, they do includc a widc

range of theory and application. The trend suLtace method

has been used in the past but with much smocther surfaces.

To the best of the authors knowledge the spatidl autocoire-

lation function has not been used before, as a map coMFai-

son technique. comparison technique. For the map compaLL-
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son methods that are to be demonstrated the reguldrly

gridded fromat is the most pracitical.

Chapters three, four, and five describe the mda compari-

son methods. Chapter six describes the artifical surtdces

that were used to evaluate the computer-assisted methods of

map comparison. Additionally, chapter five give. a dEscrip-

tion of the pollution data maps that are to De compared.

Chapter seven presents the results of the sai. cowparison

methods applied to the artifical sufaces and tht pollutiou

maps. Chapter eight contains a strategy for coMputEL-as-

sisted map comparison using the methods that Lave Leen dis-

cussed.

I-!



Chapter II

REIlEV OF RELATED RRSEARCH

Map comparison techniques are used whenever some type of

spatial phenomenom is to be investigated. Any discipline

that uses spatial data has a need for methods of comparinj

maps, with the fields of geology and geography notdLle in

this respect. Naturally earth scientists have Leen leaders

in the area. Many of the techniques used in thbi pajer dLe

drawn from these disciplines.

An early compter-assisted method of map coawarisoti witi

described by Robinson and Bryson [1957]. They us-d orthogo-

nal polynomials to calculate best fit east west proriles of

population density and average rainfall for the stdtc ot NE-

braska. The parameters of the univariate Folyaoials were

then standarized and a correlation cofficient was calcualt-

ed. The study compared a profile from a isopleth zap with d

profile from an isarithmic map- The resultant corrclation

cofficient confrimed the "graphic correlation" that had teen

observed between population and average rainfall. 7he next

advance in this technique cane from the field of geoloqy.

- 12 -
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The comparison and contrasting of geological features

from one area to another is a fundamental interpretive skill

needed by all geologists A somewhat narrower version of

the same skill is the comparison of maps from thE same area

with different z-values. More specificlly, a geolo9it may

wish to compare maps of "different chemical or 1LLILdlojical

constituents, different grain size parameters, or structual

naps on different geological horizions" (DAVIS, 1973,p.37i].

An example of the comparison of structural maps is the

now classic paper by Merriam and Sneath [196b). A structur-

al geological map relates the depths, to the to ot a horl-

zon, with some datum, usually sea level. Drill hcl? d3td is

usually the source of the depth information. For tbh MCLrl-

am and Sneath investigation, the structual majs used we of

subsurface beds that extended throughtout danasaz. 1h

structual surfaces that were compared were treated as zaps

to be compared. 7he reason for the study was to sho. that

some groups of beds had experienced similar tectDnic forces.

That is, the characteristics of the surfaces should te simi-

lar had they undergone deformation at the same time.

The method of sap comparison used, involved the Littin,

of low order polynomials, by least squares, to randosly se-
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lected sites on structual geological maps. Estimated param-

eters of the polynomials for each surface were usea to cal-

culate a correlation coefficient. The correlation coftti-

cient computed in this manner represents the correlatioi,

between respective normalized parameter values. By calci-

lating the correlation coefficients for each pssiblc Fair-

ing of surfaces, Berriau and Sneath were Letter aLle to un-

derstand the similarity between the maps.

Both geology and geography use the above techniguc of

comparing estimated parameter values of different trebd sur-

faces (CLIFF, 1975). Another map comparison tecbLlue that

is shared by both disciplines is the isopdch MaF zethci.

With this method, the maps that are to be comparea ALe iuL-

tracted from one another. The result is a thiri Waj that

represents the difference between the origiaai sULfaceb.

This is a very common technique [DAVIS, 1973; NCi~bijCh,

1972]. A major shortcoming of this method is the neou to

interpret the isopach map. That is, the resultLij i.o3ach

maps don't give an easily quantifiable measure of thE siri-

larity between the two initial maps.

Additionally, there are a set of techniques that aLe

found in geology, geography, and geodesy that are qiite si-
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milar in nature but very different in their apFilcdtions.

These techniques are kriging, autocorrelation, and colloca-

tion. they all are used to study the spatial reldtionship

of some variable. In geography, autocorrelatiou could De

used to study the spread of measles infection[CLIFF aud GOD,

1981). The kriging method of geology is used to predict the

spatial distribution of ore gradesfCLARK, 1979; ECYAL ct

al., 19803. In geodesy, point and mean gravity anomallies

are the variaLles predicted with collocation [SUNKEL, 19c1].

More specificily, the correlogram of kriging aia the cov.ri-

ance function of collocation have a similar tout. Er.e- e

functions are in turn much like the autocorieldtioi, fuic-

tion. 1hey relate a sampled quantity at one locdtionr with a

similar quantity sampled at a location a distar.ce (a) dwau.

An average value of this relationship is calculateA for dil

samples that are located (d) distance apart. Then a s111iau

calculation is done for distance j2d) and similatl) with lia-

creasing distances (nd). The relationship used in all thre

methods is the variation between the samples.

The spatial autocorrelation function of geoloy

[AGTERBERG ,1974] seems to be the most promising method for

map comparision. The values of the autocorrelation function

have a limited range of -l<r<1 where as the variogram as
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used in Kriging will have values that are dependent on the

variance of the variable used. The theory and use of the

autocorrelation function as used in geography is princieiiy

associated with ordinal and interval data [CLIFF et al.,

1975; CLIFF and ORD, 1978], but the spatial autocorrelatoi

function as in geology and the covariance functioL of geodE-

sy seem to be the most pre-tical functions foL Ma COmFpdr-

son. 1hey are easily applied -Lo gridded data zjas dnJ each

surface should have a unique autocorrelation function.



Chapter III

DIRECT METHODS OF NAP COMPARISON

3.1 L4SOUL COMPARISON

Possibly the simplest method of sap comparlsor, is to form

isarithaic saps, from gridded data sets (the mdj. o surfac-

es of this investigation) and compare them si]e Ly side.

This direct method is often done as an initial step prior to

other types of investigation or comparisons. A direct con-

parison has some practical problems, but is wozthbhile ds d

limited use technique.

Ways of comparing two maps visually includ#t- exawuinin,

them side by side, making transparent overlays, or using a

light table. A light table was found to be the most fracti-

cal method for viewing the maps together. For tnlb to WCLK

well, the scale of the two maps should te the same, and si-

milar vertical intervals should be used. The followinq are

the most common things tu look for with this method.

- 1
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1. Positive and negative similarity, do the Feaks and

depressions of the surfaces coincide?

2. Do isolines cross, remain parallel or at least nedriy

parallel?

3. Does an isoline of a particular value on one map tol-

low the same general pattern as an iscli;e of the

same value on the second map?

Using the visual method has obvious limitations. Comparison

of more than a few maps quickly becomes tedious. It is dif-

ficult to remain objective when comparing many ditfEr ut zap

combinations. The map that is on toF has a tendency ti jo-

minate the comparison. The author has formcl difrtrent

judgments, on the similarity of two different MdPS, after

the maps were reversed and viewed a second time. A &at. with

dense isolines in one area can easily draw atterntion away

from similarities that occur elsewhere in the two maFs.

This method was applied to the pollution maps and spatial

autocorrelation maps. The success of the visual coaparison

method will be discussed in chapter seven.

The problems inherent in this type of direct comFarison

are strong arguments for more objective and automated forms
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of sap comparison. The rest of this chapter will discuss

other direct forms of sap comparison, direct correlatiou of

points in arrays and isopach saps.

3.2 Aj~aj _qflnjflj

With this method, the correlation between two sutaces is

developed without regard for sample location. 7he correla-

tion between z-values at corresponding grid points , oL two

different maps, is calculated using:

COy.

k=

Si Sk

r k: correlation cofficient for surfaces j and K

CO Vk: covariance between surfaces j and k

S : staudard deviation of surface j

n: the total number of grid points on the surface

where
n n n

Ex4 i 21L LL 1 ii E / 11)
1=1 =1 J=1

CO "k - -
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Obviously, this method has one serious drawbacks. The fun-

damental property of a map (spatial location) is almost cog-

pletely ignored. In a very general way, the relationship

between two sufaces is represented, but the spatial infrad-

tion is not considered. The data points are treated as ob-

servations without spatial information. 2he maps are com-

pared as though they were a series of points matched to

another series of points.

3.3 ZSOPACB "1.#02

This method produces a map that represents the diftercnc-

es between two maps. The corresponding locations oU tWo

maps are subtracted from each other.

I* 0iUk - j

k : the jk th element of map U.

Vk: the jk th element of map V.

IA the resultant element of the

Isopach Map.
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The isopach nap that is constructed will show isolizzes of

the differences. this method is by illustrated using saps

that are the same except that noise was added to one of the

surfaces. The method of addinig noise will be discussed in

chapter seven. The resultant sap is a graphical representa-

tion of the noise (see figure 1).

21. Q

18.0 ~ /

10.01 F0.0

7.0 j~I-

3. 0

5.

Figure 1: Isopach Nlap: Noise without Trend



22

The simplest use of an isopach map in map comparison is

to look for some type of trend in the nap. That is, to icok

for structure in the surface. If no structure is ap~erant

as in figure 1, then the difference could be assumed to

represent only random variations. The primary advantage ot

this method is that it is quite simple and gives a quicx

look at the similarity of two maps. The user should Le

aware that isopach maps are not unique; similar iSOjdCh map-

nay result from very different surfaces. As Davis L 1973)

has pointed out an ambiguous cases can arise with pLofiles

that are subtracted from each other. athematically correct

differences can give the same surface from pairs ot surfaccs

that are very different.

Figure 2 shows two dimensional examples of this pLcLicr.

These ambiguous cases are more likely to occur wtica stand-

ardized data is used to construct the isopach map.
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Chapter IV

TREND SoNFACX NITIODS OF alp COMPARISON

4- 1 L.N NQ nCTION

Trend surface analysis is a method of descriIrg a set of

variables that are related spatially. Using multiple re-

gression large, systematic variations of the depenjent vari-

atle are described. Trend surface methods are usually bdsed

on one of two models, the power series polynomial or trigo-

nometric polynomial [PUECKEB,1972,p.26]. The General Linear

Model is the unifiying theory for the two trend surface xo-

dels. The General Linear Model has the form £GRAYBILL abd

KRUBMBEIN, 1965]

kI

The Y and I are observable random variables, Oo and 61

are the unknown parameters. The value e is an unotservatle

or residual ; it represents the difference between thE ex-

pected and observed 1. It is the value that is to be mimim-

-219
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ized by the least squares method. The power series

polynomial model when used in the general linear model caus-

es the summation tern to expand, giving:

S=/A+ *A 1 /2 1[2 + .. 
n

for the single variable case. Normally the ti-vdriate case

is used for surface fitting. The general form being:

Z =16o#/aoX +4o1y ,, 0 2 / I +.+ X + e

where I, 1, and Z are the observable variatles.

when comparing maps using the trend surface method the

estimated parameters of the mathematical model are the im-

portant values. By computing the correlation Letveen the

parameters of two different maps, a quantitative method of

comparison is possible. The correlation between two diftt-

rent sets of parameters is:

COV B DI, I)

rlk=

S Sk
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B : the estimated parameters of surface i.

S: the standard deviat4on of the parameters for sur-

face i.

The correlation coefficient calculated in this wdnuei jivcs

a useful method for comparing different maps. Ite correla-

tion coefficient has a known range, -1<r<I , which aids the

comparison. The following discussion will brietly describe

the polynomial mathematical models that are used, the actbol

of solution, and some of the numerical consideritions dsss-

ciated with fitting a polynomial to regularly gridded ddta.

4.2 POLTNOBIIAL BODELS

The power series polynomial used for trend surtaces is

quite flexible and can have many different forms. :he uum-

ber of terms or degree of a polynomial is unlimited. Te

naming of the polynomial models follows two groui.ings. ihe

first and most common is where a polynomial is named after

its "degree*. The degree refers to highest power to which

any term is raised. The pattern is illustrated in figure 3.

the number of terms (t) in this type polynomial is

t = 1/2 ( n+2 ) I n+1 ) n degree of polynomial.
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1 yr y2 / y ...

d=0 0  X xy Xxy 2- / / /

1 O'/X2 x 2

20 7x3
./

30

Figure 3: Degree Bethod of Naming (after Kratky,1975)

The second naming scheme is the bi-polynovial. it is

named by the maximum power of individual terms and not the

product of powers [KRATKI ,1975]. figure 4 shows thE jdt-

tern that is used in naming hi-polynomials.

1 I y 2 3
d=0 0  II Xy X2 I y3

x x Y xy I x Y
10

x 2y x 2 y 2
1 x 2 y3 1

20
x 3  x 3y x 3y 2 x3y31

30

figure 4: Si-polynomial Naming Scheme (after Krdtky.1975)
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The terms bilinear (d=1 biquadratic (d=2), bicutic etc.

are used to describe this type of polynomial. The musLEr of

terns is n2 .

Three mathematical models or polynomials were used in

this investigation, these uere:

1. the cubic polynomial (10 terms)

S + "61 X2 #3 g ' 3

A13,a14 y,~ Y,~ 2

2. the bi-cubic (16 terms)

" y3+A91 y 1,8
2 y 9 y2x 10 Yi

,1
3  I? y3A% # 032y 0 1 2+t

3. the Li-quartic (25 terms)

Z=,9 o " X* 2 + A 3 + y + A y2 --y+

/ 3 + y * /%X2 y +.Y 2 +._X2 .

y I n + y 3 + il4 
2  i+ I . y + - 14 +

AL2 lxyA +/ 4 + Y/ 3X4 y 4 / 24 X'y 3 .
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4.3 1T10 2! SOLUTION

The least squares method of solution was used, in solving

for the parameters of the bi-variate polynomial. UsiLg ma-

trix notation the general form of the solution is

[OTOLIA,1967]

X = (AIPA)- A9PL

A: the design matrix

L: vector of observation for the dependent z variat1E

P: weight matrix

vector of parameters of the polynomial model

Using equal weights the above equation reduces to

/ = (a'A-1
/ (A-A) AL

C c c nnl

,O N U
cc C1

c: number of parameters in polynomial model

n: number of observations
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The last equation is the so called "normal equations". The

most difficult task in the solution of the normal equations

is computing the inverse of N. This inverse can te rather

troublesome to compute explicitly, thus the next section

(.4) will discuss some of the pitfalls associated with the

trend surface method.

Two methods were used to evaluate the ability cf the po-

lynomial model to fit the gridded data sets. Tbe first %as

the computation of the <vYv> or sun of squares of the rezi-

duals. the second method was the goodness of fit aetod

[MERRIAM IND SNEATO;1966]:

p = 100

It : the value of the trend surface at location

of data point

Xo : observed data value

n : number of data points

the sum of squares and goodness of fit were calculated with

each trend surface computed.

4 L
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4.4 NUNIRICA CONSIMALTL21s

There are three general sources of error for polynosial

trend surface calculations: ill-conditioning ot the N ma-

trix, mathematical error, and technical error [UNWIN,1975).

The solution of the normal equations

)I U

N? N' U

is the usual source of error in the trend surfact mcthcd.

The parameters must be estimated as accurately a: possitle

if they are to be used to represent the original ddt3 uhcn

comparing the surfaces.

The conditioning of a matrix is actually a measure if tlie

sensitivity of the matrix to change If a smaali chauye IL

the original matrix can cause an unusually large chaxje in

its inverse matrix, then the original matrix is said to Le

ill-conditioned. Theoretically, the N matrix should Le j o-

sitive definite, and nOU-sin~gUldr

[GRATBILL,1961;UNVIN,1975]. Thus one can assume that an in-

verse exists, but to know how ill-conditioned the matrix is

some tests should be performed.
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Four conditioning indicators were used to evaluate the

stability of the N matrix. These were; correlation amct;g

the parameters, smallness of the determinant, P-nualer, and

the overall range of magnitude of terms in the N matLiX.

Correlation of the parameters was suggested Ly Uotild

[1975]. The idea here is,that dependence among the parame-

ters would suggest some dependence in the column of the de-

sign matrix. The smallness of the deterainaLt axnd the P-

number are tests used by Faddeev and Feddeeva L1963]. A

singular matrix has a determinant of zero and can nut Ic in-

verted, but a matrix that has some dependence can te invert-

ed, although it may be ill-conditioned. A very smajl deter-

minant suggests that the matrix is almost singular. 7he

P-number is

P-number -

where i are the eigenvalues of the N matrix. Faddeev and

Faddeeva suggest that a very large P-number could indicate

ill-conditioning. The last test is an inspection of the N
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matrix to determine if there is a large range in the magni-

tudes of terms. This is something that is almost unavoiad-

ble with the polynomial model, because the highEL cLder

terms of the polynomial are the products of variables raised

to the 3rd and 4th powers. The best way this author bas

found to minimize this is to center the gridded adta sEt.

That is, put the origin at the center of the grid sy tex.

The "mathematical sources* of error are truncatioL diid

roundoff. These are a result of the finite rcjresentatiui

of numbers in the computer. An attempt was madc, in this

research, to avoid or minimize these errors by usitiy aoutie

precision computation.

The "technical source" of error that Urwii; 1U1,I iN,1 75]

discusses is the use of an algorithm that is oorly uritte;.

for the hardware available. this should not t a jLoLieZ

because a proven inversion routine (IMSL: LINVe) anI a vELY

large mainframe computer (Amdahl 470V/6-11) weit usEa.

Before the correlation between the parametets of the sur-

faces being compared can be caculated, the Fa~eteLS must

be standarized. Ihis is because there is a large rdtlgy in

the values between the high order terms and the low cLder

I - - I lI I l iI , , ] n . . .i rH , . . . .



terms. the low order terms are large values compared to the

high order terms. the corresponding order terms are first

grouped then standardized. That is, the ith parameter term

of each trend surface is standardized in relation to the ith

parameter from all other trend surfaces. If this was not

done, the correlation calculation would "amouiit to cstizat-

ing the variance of the difference corrected fur

height..."[MERRIAN and SNEATH, 1966]. One other moaitLcaticm

of the parameters is necessary before the corfClatloL IS

calculated, the omission of the first parmetEL. This is

done so that influence of the constants of the surfdce (data

ats) will not be present. The first term /-3c is a cons-

nt and represents the intercept of the surfacc vitb the z

axis. The second (,a,) and higher (/3 .) paramcters are the

ones that contain the surface *character" lairmatLicn,

therefore these are the parameters that are ccmuared.

The standardized values are often referred to as "z"

scores in statistics. The usual method of standarizing data

is as follows:

Zik Z

-- -

S,



35

xk: data value at grid point jk.

i : mean value of *z values-

s,: the standard deviation of the surface.

A final consideration is the fact that the parAueters are

not independent of each other. This can be seerL in the cor-

relation matrix of the parameters figure 5. 7be high crder

terms of the polynomial are correlated mith the first order

terms. Because the correlation coefficient is a parawetELIc

statistic, it is assumed that samples (parameters) are inde-

pendent. The independence of the parameters is estdtliShed

through the use of orthogonal polynomials. A shoLt discus-

sion on the orthogonalization process follows.

0m.CO MAR TIO OF Pf&NAKtWM.sv

I.T

0.0 C 0. 0: .0 .

-0.7 0.0 0. I0 .-0.? 0. 0.0 0.. I.

0. .0 0.0 0.0 0.0 1.0

0.0 0. 0 0.0 0. . 0 I . 0
0.0 . -0.90. 0 00 . 0. 0 .. DO O9g.
0,.0 - O.? 0 .0 0 . 0 . 0.0 0 .7 0 . O . 0

. . .0 -0. 0. .. .0 0.0 . 0. 0 ,
000.0 0.0 0.0 0.0 0.0 1.0 .
0.0 U 0.0 0.0 0.0 0 .0 0 . 0 0 0. i0
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-. 0.0 0 .0 0.0 0.7 0.0 0.0 0.0 . . -0. 0 e. 0.0 0.0 0.0 0.0 -0.7 0.0 1.00. -0.06 0.O . 0 0.0 0,0 . 0 . .. 0 0 0.9 0. 0.0 . 0 .. 0, 0 -. 0.0 0.0 -0.9 0.0 1.0
0.4 0.0 0.0 -0.0 -4. . 0 . 0 . 0. 0. 0 . 96•• •• • 0 .0 0.0 0, .0 0.0 0.0 0.0 O,O 1.O 0.0 1.0
0.0 O.0 -.. 00O 0.0 0.0 0.0 0.0 0.0 0.9 0.0 0.0 0.9 -l 0 , 0.0 . 0.0 0,0 0.0 0.0 0 3.0

0.0 .0. .0- .- 0.0 0e. 0.0 . 0 . 0 . 0. ? .0 . . . . . ..OO O o OT O O 00 0.0 .0 0.4 0.0-0 0.0 0.0 0.0-4.? 0.0 I 0

The correlation among pararmteters of a nonorthogonalized
bi-quartic polynomial (25 terms).

Figure 5: Parameter Correlation
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'-5 MoB1igs ZZLLIAZa

The parameter estimates that are generated by the ledat

square solution of the trend surface are not indEpendeut.

That is there is some correlation between the Farameter

coefficients in the design matrix and ultimitely the parame-

ters (estimates) themselves. Ibis is because of a lack of

complete independence in the columns of the de.;ign Madtrix,

A, for

A 3 = z

the general model.

A standard method used to transform a non-orthogonal ia-

trix to an orthogonal one is the Gram-Schmidt PLocess. £ne

can think of the columns of A as a basis for the vector ot

the dependent variables Z. By applying the GaaM-SchM1ot

Process to the columns of A, the independence ut thE colimns

is guaranteed. For example let < a,, a2 , a3 ,..., an> Le the

columns of the design matrix A. Then the set at vectors < d1

d 2 , d3 ,..., d,> are orthogonal when

d= a,
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and

i-1 < dk a, >

d= a - dk  ,for 2< i nii
kZ1 < dk dk>

Ibis transformation has the added benefit that the l lA 6X

product of unlike columns will yield zero, thus the N matrix

will be a diagonal matrix. Uhile this is not realized ccw-

pletely, because of numerical considerations, tht N mattix

does come close to being a completely diagonal madtrix.



Chapter V

AOTOCORBLIU 01

5.1 IfTI Q!

"The most powerful knowledge of a surface is the Kncu-

ledge of its autocorrelation" [FEUCKER;1972]. Autocorrcld-

tion as the name suggests is the correlation of something to

itself. A good example is the autocorrelatiou of a wdve-

form, first a copy of the the wave form is superimposed on

itself. Then one of the waveforms is shifted d S~dll dIs-

tance, lag (d), and the waveforms are then ccpared along

their entire common length. The moving wavetJLM is then

shifted again so that the total displacement is 2d, the

waveforms are then compared again and the process is contiti-

ued, if desired, until the total displacement is equal to

the length of the waveforms. The average degree of similar-

ity between all points a certain distance apart is the value

that is calculated with autocorrelation. Ihe autocorrela-

tion of a surface can be used as a representation of the

surface. By comparing the autocorrelation functions at thp

gridded data sets, the original data sets can be compared.

- 38 -
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Two comparison methods that use the autocorrelation func-

tion method are applied to the gridded data sets. The first

method uses a limited autocorrelation function, in which

only lags along specific lines are used. In this way, the

autocorrelation along cardinal directions is the oniy con-

sideration. The resultant graphs can be compaLed vIsually

or a difference curve can be formed. The second method uses

the more general tvo-dimensional spatial autocorreldtiou

function. This function results in a map or gridded datd

set. By comparing the autocorrelation function (Maj) of

different surfaces, one can compare the oriqindl maRs or

surfaces.

The theory for the autocorrelation function comes irmo

the study of time series. Much of the terminology retlects

this origin. The use of times series for spatial analySiS

is well developed, and there are many good examples availa-

ble [DAVIS;1973,AGIEHBERG;1974]. The logical UCvelopment

for spatial autocorrelation is from a one dimensioual andly-

sis to the multi-dimension case. The theory of autocorela-

tion will be introduced using the one dimensional caSe, Lol-

lowing that a discussion of spatial autocorrelation will Le

presented.
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5.2 issiA& 21 uaDUioIfI U.

The following discussion, sections 5.2 and 5.3, relies

heavily on the work of Agterberg [19 ). Let k= -w

,- for some random variable x of at orderea ser-

ies. Autocovariance is defined as :

d = E f -x ( )A kd )] "

p : the mean of the ordered series

d : the lag or displacement along the seriEs

The empirical autocovariance function is:

1 -

C(d) -- - ) (,k+d - 1)

I k=1

n

where i = 1/n E Xk for d= O,S,2,...,z.

k=I

m : total number of equally spaced points in the series

The autocorrelation function is:
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°= rd / ro - d

the variance of the series

The empirical case is [kGTERBSERG;1974]:

r(d) = C(d) C C(o)

r (d) autocorrelation of lag (d)

C(d): covariance at lag (d)

C (o): covariance at lag zero (o)

The series X is said to be "weakly" stationiry heu it

has an autocorrelation function that is constant and do~en't

depend on location along the series. For a stationary sex-

ies

r -- > 0 as d increases.

Ihen all variables I have the same mean, variance, and auto-

correlation function, the series is weak stationary.
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A correlogran is a sequence of autocorrelation coeffi-

cients, r with d=1,2,...*m. The figure 6 is one possible

form of a correlogram.

d

Figure 6: Sample Correlogram

Before moving to the two dimensional case, som,2 of tht;

important properties of the autocorrelation function wilL be

listed:

1. r(d) < 1 for all d

2, r (O) = 1

3. r(d) = r(-d)

The autocorrelation function has a restrictg1 raL9Q Le-

cause it uses the correlation coefficient to compare the

series as it is displaced by different lags. BCCdUSI Of the

restricted range of the function it seems to be a gooj

choice for map comparison. The results of the dittfLEnt

metbods used for map comparison should be easier to ccx~are

if the range of the possible results are the same.

,
*1
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5.3 O R LIIIOL OUIIIl.ZOI

The two dimensional case of the autocovariaLce function

can be calc'Jlated empirically from fAGIEBBEEG;1974)J:

1

C(rs) -------- 1 (,.- X )
I=0 i=0

(m-r) (n- 5)

and:

M-I n-s-I
C--S =  1: ( Xi - (Xr,-X)

i:r j:O| (m-r) (zi-s)

where the data I is from an (sin) matrix of regularly gria-

ded data. The r and s variables describe the lag direction

and distance. For example. C(2.2) would be the covaziance

of all points that are seperated by 2 grid units over (east)

and 2 units (south) down. The first equation will comnute

the covariance of all points in the directions 0900 - 1800;

the second equation computes the covariance of ali lags in

the 1800 - 27O0 directions. C(O.O) is the covarldace of all

points at zero lag distance.

i m " (i .. .i Il i ...i ,i .. j.
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The autocorrelation function is:

R (rs) = C(rs) / C(O,O)

This result can be used to form an autocorreldtion Sdr.

This function has been used in a less qeIeral form

(LOON; 1976]

n-d

C(d) IL ZX ) (11k
I----

where: 1 : the normalized residuals at the point

n the number of points

d : the lag distance.

This is the same as the more general function if the condi-

tion R(c,O) and R(Os) were uted and averdged togethek.

That is, only the V/S and E/U lag directions are considerEd.

In calculating this type of limited autocorrelation fuuc-

tion, one could be lead to believe that the function wdS
' I
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rather smooth and possibly isotrojic. Plotting average pro-

files results in smooth functions that are similar to figure

7.

RorC

Figure 7: Limited Autocorrelation Functicn

When a complete autocorrelation function is cdlculated

and averaged to give a profile, the result is rathcr Jiffi-

cult to interpret. Figure 8 illustrates an autoccrrelition

function for a complete surface evalutation, withcut rEgaLd

for spatial orientation. The function, calculated in it.;

general form, can also be a map where r and s dLC tbc coor-

dinates. That is, the independent variables for C(r,s) and

C(-r,s) are the coordinates for the autocorrelatioL function

values.

Normally, the calculation is not carried to tte largest

possible lag. This is because the number of cases foi theI
I * I I I .1... .. . . . . . .... . .. ., ,
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0 10 15 20 25 30

DISTRNCE (GRID UNITS)

The autocorrelation function for Horrison Surfdce III,
calculated without considering the directica of edch
lag distance.

Figure 8: Autocorrelation without respect tc
I orientation

I

larger lags is not statistically significant anJ the corLE-

lation value can exceed oae. Figure 8 is an autoco~rrlation

function carried to the largest possible lags; It wds calcu-

lated on a 21x21 grid. The antocorrelation ma~s for April,

May, and June have correlation isaritbas that exceed 10.

Because it is possible to exceed 1.0, care should be taken

I



vhen tryiag to interpret the autocorrelation for lags that

are at or near the map's maximum dimensions. This will Le

discussed in chapter eight again.



Chapter WI

GRIDDID DATA SURFACIS

6.1 NTRODOUCTION

The data used for testing and evaluation of direct corLL-

lation and trend surface programs came form two artiticial

surfaces or functions. Once the programs, used fo. Map com-

parison, were considered tested and operational, 11ollutioii

data, provided by the Ohio Environental ProtectioL Agency

(EPA), was evalutated [Ohio EPA,1979). Both t)pcs oi data,

artifical and real, were evaluated in a 21x21 ridded tor-

mat. Smaller grid sizes were possible Lut 21x2I wis chozn

because it provided an ovet-determined system for the 'east

square fitting of the polynosials. The odd size grid wa6

chosen to aid in centering the data sets. Oecause of the

large number of data points (441) in each set d YgF-t r d(-

gree of freedom was possible when calculating the correla-

tion coefficient for the direct correlation method.

- 48 -
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Two artifical surfaces uere used for the initial testing

and debugging of the map comparison programs. Both gridaed

data sets were generated by functions descrited ty Morrison

[1971]. The simplest surface was generated by the exiore-

tial function

Z = exp[-( Xa + TL )].

This function, called Surface 11 ty Morrison, was used to

generate data values for a 21x21 grid. the z-values were

scaled to have a range of 0 - 1000 units. 7he lasic suitace

was then altered by adding noise. The first alteratioL ad-

ded noise sigma=1O, the second added sigaa=t00, aud the

third sigma=1000. These surfaces thus provided griduej data

that was correlated by varying amounts. The geadtatioL ot

noise was done with a random number generator ftro the

Scientific Subroutine Package (SSP). The subroutine, GAUSS,

has arguments that require a mean value and a desired stav-

dard deviation for the random value returned. 7he sutLout-

ine returns a value that is the sum of the mean and a raadom

value. The surfaces were altered by passing each of the or-
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iginal surface data points to GAUSS as a mean value. GAUSS

then returned a number that was the sun of the original ddta

value and a random number that had the desired standara de-

viation. The altered surfaces are shown in figure 9. 7he

original surface is readily visible in figure 9 t, but the

original surface is less obvious in figure 9 c. 1hc final

alteration with signa=1000 caused the surface, higure 1 d,

to be unrecgonizable with little of the original trend visi-

ble.

The second artifical surface was generated from d trigo-

nometric series polynomial. See Morrison [1971' for the ex-

act equation. This complex surface is referred to as Sur-

face III by Morrison [1971], see figure 10 a. Thi3 surficE

was altered also, but instead of adding noise it was

smoothed using a nines filter [LOON,1978). The nines filter

used was based on the Gaussian Puntion, Si

[LOON;1978,p.142] for a complete discription of the filter

used. 2he resulting gridded data sets are sizilar euouyh to

show varying correlation between them, (see figure 10b,c,d,.

i'
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6.3 POLjj!O USUFzZS

There are a number of pollutants monitored Ly the Ohio

EPA, Total Suspended Particulates (TSP) is an important one.

Substances, both solid and liquid, that are emitted into the

air and remain suspended for long periods, are called sus-

pended particulates. Some of the common forms of thE sus-

pended particulates are fly ash, process dust, fumes, soot

and oil aerosols [Ohio EPA,1979]. The reason given for mo-

nitoring TSP is that in addition to limiting visiblity, it

also damages the human respiratory system ty ±nit~rerriijg

with the lung's natural cleaning process.

The sampling of TSP is accomplished by drawia4 large vo-

lumes of air through a preweighed filter toL a specific

time. The resultant unit is micrograms per cubic litcr of

air passed through the filter. Ihe normal sampning duration

is a twenty-four hour period every six days. The samiling

of TSP has beeu extensive and continuous since the uid

1970's, thus a large amount of data was readily availatle.

The samples used to construct gridded data mais at ISP

are monthly averages for the calendar year 1980. IheLe were

a total of 60 continuously operating collection sites in Cu-

yahoga and surrounding counties for 1980. Approximatly half
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of the sites used were located in the City of Cleveland with

the balance of the sites in the surrounding counties.

_ .NWD - -

SWDO-. _ ,t ..

The box with the number four in it is the area containinj the
collection stations. it corresponds to the area of
the nap in figure 12.

Figure 11: Location of the E.A monitoring sites used.

The obvious clustering of the data presented a ditficult

problem when putting the data in a 21z21 grid form. IhE

Geodetic Science Plotting Package (GSFE) was used to grid

the data. GSPP uses a weighted average of the nearest

neighbors to predict the values of the grid points. For

this pollution data, a power of prediction of four was det-
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ermined to be the most suitable value to use for the weight-

ing function. For a detail discussion of the weighted aver-

age method of prediction see Sunkel [1980].

Using the mean monthly 7SP values, for each of the sixty

sites, twelve gridded data maps were constructed using the

prediction algorithm of GSPP. See appendix A fcr all twelve

monthly maps. The isarithmic maps produced troL the griddeJ

data represent continuous surfaces. The concentraticn of

TSP is the unit or statistic of the continuous surface. 1he

drawing of the isarithans was done with GSPP anj figure 12

is an example of one of the monthly maps produced.

It should be clear that the map comparison technijues used

are not comparing isarithmic maps, but rather the qridde4

data sets the isarithmic maps were constructed from.

I&
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Triangles represented collection stations, valiuEs Leiow
the triangle are the monthly averages for ISP
at the sites during January.

27igiare 12: Isarithaic map for January 1980 ISP-



Chapter III

RESULTS

Two of the three methods of map comparison, direct coLre-

lation and trend surface, were applied first to thL tESt

surfaces (figures 9,10) and finally to the twelve 2oLthiy

TSP surfaces (see appendix A). 1he test uajis wtrc pectei

to be correlated, but the natuLe of the PollutIoL surfdccS

was unknown. Comparison of the sequential mcnths wds looKed

at for possible groupings. The relationshiFs tetwecn ali

months was also examined. There were a total ot sixty-six

possible combinations that the maps could bc j'our;ci for

comparison. Spatial autocorrelation maps were tormeJ fir

each of the twelve monthly TSP maps. Some of thE wcthois,

notably the differences of the limited autocorrelation 1 uxc-

tions, were generated only for surfaces that had shown prom-

ise of being significantly correlated. A large awouut of

data and maps were generated by the different comparison

methods. For a complete presentation of all thE results Ste

the appropriate appendix. Only representative eXawMlEs have

been included in this discussion.

- 57 -
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7-1 JU.R.I_. I §gRE!Is

The artifical surfaces, figures 9 and 10, were evaluatEd

by applying the direct methods of visual comuarison, isopach

sap generation, and direct correlation. As would te expect-

ed, the artifical surfaces were highly correlated visually.

The four variations of the Morrison Surface I ver coeaLEd

by the direct correlation method; the resuits are in taLi

1.

TABLE 1

Direct Method of Correlation for Surface 1:

standard deviation of noise

0.0 1.0 100.0 1000.0

0.0 1.0 -- -- --

10.0 .99 1.0 --.

100.0 .92 .91 1.0 --

1000.0 .21 .21 .20 1.0

I I

It can be seen in table I that the correlation for the sur-

faces was large. The correlation between the smoothed sur-



faces formed from Morrison Surface III were also high.

There were known variations in the surfaces but the correla-

tions indicated little variation tetween the surfaces. hC

direct correlation method didn't appear to be sensitive to

small changes between the data sets, like the variatici,s

caused by adding noise.

The isopach method was applied to the surtaces aria if-

ference maps were formed. The result was a set of maiz that

were similar to figure 1. Figure 1 was fomed hy subtiac-

tion of the unaltered Morrison Surface 11 ftoX thE dltEi.t1

(Sigma=lO0) Surface II. The result was an ideal random SUL-

face, without any trends or *topographic" foras. The only

difference between the surfaces was noise so the ma (fijuLE

1) has a random character. The other isopdch maps forr-

had a similar appearence with different isolinc vilues.

Next, the trend surface method was applied to the morri-

son surfaces. The correlation between the parazcters or the

Surface II maps is in table 2. Correlation Letween the ori-

ginal surface and the first two alterations is zigniticaat,

but there is a negative correlation between the siqma=1JUJ

and the other surfaces. This relationhip among the surface

is like the relationship in table 1. The sigma=1000 surtce
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is much less correlation with the rest of the surfacs.

This is because the range of the unaltered surfaces was 1000

and the noise with a standard deviation of 1000 has caused

the original surface to be radically altered. See figure 9

for a visual verification of the radical change in the sur-

face.

TABLE 2

Correlation of cubic parameters

Sigma of Noise

0.0 10.0 100.0 100J.0

0 .0 1 .0 ..

10.0 .99 1.0 --

100.0 -79 .76 1.0 --

1000.0 -. 96 -. 95 -. 93 1.01

J Correlation between parameters of a cubic polynomial
fit to the Morrison Surface II and alterations.

Table 2 was generated by comparing the parameters of a cutic

polynomial. The fit of the polynomial was good for all sur-

faces, see table 3, execpt for the sigma=1000 surfdce.
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TABLE 3

Precentage goodness of fit for Surface II

Sigma of Surface II Goodness of fit,

Cubic Bi-cubic Bi-quartic

0.0 99.97 100.0 1 U. 0

10.0 99.78 99.78 99.80

100.0 83.93 84.14 84.60

1000.0 6.8 8.94 16.60

Table 4 is the result of using a bi-quartic polynomia).

with trend surface method. Table 4 shows a drop in correla-

tion between the sigma=O, sigma=10, and sigma=10O surfaccs.

This is most likely because the bi-quartic polynomial can te

made to fit the gridded data sets tetter than the cuaic o-

lynomial. The better fit of the higher orde Folynomlal

causes the correlation between the parameters to decease

with, an increase in the ability of the polynomial to repre-

sent the surface. hat seems to be happening was an in-

crease in sensitivity of the trend surface Nethod coLres-

ponding to an increase in the ability of polynomial model to

fit the gridded data sets. A similar trend was seen with

the Dorrison Surface III and alterations. The size c the

MUM.-
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polynomial used should improve the sensitivity of the

method, but the overall relationship betueen the surfaces

remains the same. Pairs of surfaces that are more correlat-

ed will remain so regardless of the polynomial model usd,

this can be seen by comparing the results from the ditfeLtt

models.

I ,
TABLE 4

I I

I Correlation of Bi-Quartic ParameterE
I I

Sigma of Noise
I I

0.0 10.0 100.0 1000.0 1
I I

0.0 1.0 --.... I
I I

10.0 .89 1.0 ....-
I I

100.0 .79 .69 1.0 -- I

1000.0 -. 94 -.90 -. 91 1.i I

Cp
I I

ICorrelation of bi-quartic polynomial parameters.I

I I
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7.2 V11K! 51U260 hkPIAE Z2 III !AH9

The direct visual comparison of the TSP isarithaic maps

was done with a light table. the similarity Letween each

map was determined as each was overlayed in coatination with

every other surface. The relation between the tEmporaliy

related months was examined thoroughly and the Lemaining re-

lationships were given a more superfical evalution. The

sixty-six pairings were tedious and objectivity was ditti-

cult to maintain. During the visual comparison, equal

weight was given to each of the three points aiscus..ed in

chapter 3 under the heading of direct visual coMPariso. An

attempt was made to construct a correlation watL1x of the.

pollution maps, but the results were not consi-te:t or ot-

jective.

The direct correlation of the gridded data sets without

regard for spatial location was accomplished Ly calcuiating

the correlation coefficient between all twelve Lidded aata

sets. This resulted in a symmetric array of bumLErs in

which the diagonal elements are 1.0, a perfect correlation

between each surface and itself. 2he off didqondl elezebts

of the array are the correlation between the respective

months. Figure 13 is the correlation between the monthly

TSP maps. The ten highest correlations are underlined. As
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can be seen in the array, there are many strong to mouerate

correlations present. None of the surfaces were zero or ne-

gativly correlated. The correlation appeared to Le guitc

strong between the months that are temporally associated.

August thru November appeared to have a strong correlaticn;

they were all related with correlations greateL than 0.8.

The strongest correlations were March/Decenter and May/Juue.

The strong to moderate correlation throughtout the dtrd

suggests that all TSP surfaces are similar. Most likely the

lack of spatial information could be causing everythiug to

sees to be more correlated than it actually is.

The third method was the differencing method of isopdch

maps. The ISP maps were used to form sixty-six isoi;ach

maps, of which fourteen are in apfendix B. he fouteen iso-

pach maps in appendix B include the twelve monthly related

isopach maps and three other maps that will be discussed. A

notation of Jan/Feb represents the isopach mio tored Ly

subtracting the January data points from the FetuaLy data

points. The review of these maps revealed none of the isa-

pach maps to have a structure or appearance sikiar to fiq-

ure 1. Almost all of the maps had a peak or deprssIou in

the upper center of the map, near the location ot the City

of Cleveland. go readily apparent map similarities were
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JAR FED! RA APR NAY JUlq JUL AUG fEf OCT NOV DEC

JAN 1.00

FED 0.53 1.00

ISA!t 0.79 0.70 1.00

APR 0.60 0.54 0.77 1.00

HAY 0.30 0.19 0.50 0.64 1.00

JUN 0.44 0.14 6.62 0.69 0.89 1.00

JUL 0.55 0.33 0.65 0.60 0.78 0.76 1.0

AUG 0.63 0.36 0.75 0.81 0.70 0.78 6.73 1."

SLP 0.83 0.45 0.80 0.74 0.53 0.61 0.72 0.183 1.00

OCT 0.70 0.63 0.86 0.80 0.49 0.39 0.59 0.85 0.81 1.00

NOV 0.87 0.65 0.82 0.71 0.40 0.46 0.58 0.69 0.85 0.84 1.00

DLC 0.75 0.71 0.93 0.74 0.45 0.54 0.67 0.75 0.78 0.82 0.00 1.00

Figure 13: Correlation without regard for spdtial location

found in the isopach maps. The sources of the corrclatiou

indicated by the direct method were not apparent in the iso-

pach maps. The maps that had strong correlatian witb thE

direct method correlation didant appear significantly diffe-

rent than the maps that had lower correlations. 2be mae of

lowest correlation. Feb/Jun. was specifically examined tut

0A
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it had no special features either. The Ahr/Jun i~oiach map

did seem rather flat, which might indicate that the suLfaces

of April and June were similar, but there was a strcng de-

pression Dear Cleveland on the ma, suggesting there %EEp,

also some siginificant differences Ietween May and Junc.

7.3 ?REND SURFACE METHOD APPLIED 20 75P MAPS

The monthly gridded data sets at ISP weLE fitted with

three different polynomial models. A cuLIc, Li-Cu~iC, al.d 3

bi-quartic polynomial were used as mathematica! XOGEi6. Ihe

design matrix in each case waz orthogondlized sc tk't the

estimates of the parameteLs would be indepebdCnt. Ih2 jdL-

ameters were then standardized by th. method dcscriie in

chapter 4. The resultaut Standardizcd arazcterE fcL ea h

surface were compareu using the correlation coLfticiczt. An

array %as tormd with the resultant correlaticiz, (SEC tiq-

ure 14).

The goodness of fit for the higher order polyn 3lk was

much better than the lower order pclyncmials, rc tallk ,.

The sum of squares tor the residuals <V' V>, dccaocad alko

with the larqer polynomials. Ibis would sccm tu i :dcdate

that the mathematical model (polynomial) was Lccoiag tlcxi-

ble enough to fit the irregular ISP surfaces. If the sui-
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TIBLE 5

Percentage Goodness of Fit for TSE Maps

Goodness of fit, A

Monthly TSP Map Cubic Bi-CUic Bi-uartic

Jan 40.21 45.0O0 58.52
Feb 62-98 68.29 75. 25
Aar 28.68 32.90 52.43
Apr 27-90 29.56 46. 34
may 27.09 28-78 45.75

Jun 28.45 30.26 48.72
Jul 31.60 39.56 57.43
hug 31.64 34.85 54.'41
Sep 35.27 39.26 54J.11
Oct 26.26 30.37 47.95
Nov 39.35 46.28 55.21
Dec 39.53 44.92 I1.01

faces were smoother the polynomial models would hdve fitted

even better.

The correlation matrix formed gives an indication ot the

relative similarity between all the compared surfdces. Ihe

surfaces that had strong correlation with the direct method

showed less correlation when the trend surface method wu

applied. The correlations of figure 13 are larger tha

those of the the trend surface methods see figure 14 and aj.-

VI
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JAR r" MAN APR RAY JUW JUL AUC SIP OCT NOv DM

JAR 1.002

FE -0.24 .00

MAR 0.34 -0.2 I ,00

ArI -0.64 0.08 003 1.0

RAY -6.03 -0.03 -0 1 0.23 1."9

JW -0.40 -0.05 -0 47 0.0 0.72 1.00

JUL -0.05 -0.32 -0.37 -0.49 0.30 0.33 1.0"

AUG -0.23 -0.55 9.08 0.23 -0.05 -0.05 -0.09 1."1

SEP 0.25 -0.69 0.06 -0.03 -0.27 -9.41 0.13 0.23 1.00

OCT -0.02 0.24 0.29 0.2. -0.33 -0.49 -0,66 0.35 -0.28 1.00

Ry 0.12 0.5 -0.64 -9.27 0.02 0.03 -0.01 -0.52 -4.22 -Of I."0

DEC 0.07 -0.09 0.55 -0.12 -0.55 -0.43 -0.20 0 .20 0.0 0.0.2 -0.8 I,0"

Correlation of TSP maps using the trend surface metnod with
a bi-quartic polynomial.

Figure 14: Correlation matrix for bi-quartic model

pendix C. There are negative and near zero correlaticixs

where large correlations had appeared with the direct meth-

od. The range of correlation values has increased signifi-

cantly with the trend surface aetbod. The two highest value

pairings, Bay/June and larch/Deceaber, remained the hignest

values.
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The shift of values between the trend methods of diffe-

rent mathematical models, most likely was a result c the

improved fitting of the polynomial to the data. Ihdt is,

Mith improved fitting of the model, the comparison o esti-

mated parameters would give a more accurate coMldrison of

the TSP gridded data maps See Appendic C for the coLreld-

tion of the TSP sufaces using a cubic and bi-cuLic matbewt-

ical models. The correlation array for the biquartic model

should be the most accurate relation of the threc ModeIs

used, because the bi-quartic model resulted iii thie Le~t

goodness of fit and lowest <v,v> value.

7.4 AiTPEO2OiUATXO 5uhBOS

The autocorrelation function was used to corpacr gridded

data maps in two ways. The first method used a iiwit(eJ au-

tocorrelation function, by which the general spdtial aati-

correlation function (see section 5.3) was evdluted iij oniy

one direction. Autocorrelation in the North/South directio&

was used to form a series of curves with R(O,s) torm ot the

general autocorrealtion function. An B(Os) tunctioll was

calculated for each of the twelve TSP monthly zal.s. lhe2,

sixty-six difference curves were formed, with rintci pIotb,

from the monthly curves. The printer plots were checked to

see if the surfaces that had showed correlation Ly a prcvi-
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ous methods would appear different from the rest ot the

curves. The larch and December curves were similar and re-

sulted in a difference curve that was nearly zero. Ihe May

and June curves were not as similar as one wuuld expEct

based on the results of the other methods. Looking at the

plots of the monthly curves, in pairs, seemed more usEfui

than looking a the curve differences.

The major problem with the limited autocorrelation method

was that by choosing a particular profile to work with, the

rest of the autocorrelation information was neglectea.

Figure 15, shows the profile for the north/South, _ast/West,

Northwest/Southeast, and Northeast/Southwest airections oL

the autocorrelation map of January. They ate difterci*t

enough that to use one as a representation ot th- surtace,

much additonal autocorrelation information would te igucrEd.

Possibly, a pivential correlation would be missEd this iay.

The second method of comparison used the general fcra of

the function. The twelve TSP gridded data sets were evdlu-

ated and the autocorrelation sap of each ISP surface was

formed. The general autocorrelation function would produce

only one half of the autocorrelation map, but that was all

that was necessary because of the symmetry of the function.
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Figure 15: Autocorrelation profiles for Jaiary

In order to form an autocorrelation map, (see figure 1b),

matrices that were generated by the general spatial autoccr-

relation were put together to form the lower half ct the

map. The common boundary between these matriccs caused ti',

elimenation of one column, thus the two (r x s) arrays

formed a single is z 2r-1) array. That was only one balt of

total autocorrelation function map. The second half was

formed by rotation of the first half by 180 degrees aLcut

the east/vest axis and 180 degrees atout the north/south
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Tv7CME5OA RUTOaCMELrq7IohN : NC'
FO ' jANK IS GRIDDEII OP .....
1S5F.1'H"S IN CORRE..PMON UN175 - IXL4

. . . . ..

4".

Figure it: january autocorreiation mar.

axis- There will be a common row shared by the u~.per aujd

lower halves when joined, thus causing a loss cf one row in

the sap. The final map array is (2s)-1 by (2r)-l , with the

northwest quadrant a symmetric image of the soutbeast quaa-

rant. A similar symmetry was true tetween the southwest and

northeast quadrants. The original TSP maps were (21 x 21)

the resultast autocorrealtion maps were (41 x 411).
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The symmetry of the map is evident in figure 16. Ihe

center of the map, point (21,21), is where a correlation of

1.0 should exist. The direction and distance out from the

center yields the autocorrelation for a similar shift and

direction on the TSP surface. The boundary areas of the au-

tocorrealtion map are subject to large variations. At

times, the correlation value will exceed 1.0 or -1.0,(see

figure 16). This is most likely caused by the numLe. of

samples available for lag distances near the extremes of tn

surface. The smaller lags have more samples availdle, thus

the sample is a more accurate representation of the Fopula-

tion it is intended to represent.

Because of the large variation near the edge ot the auto-

correlation nap, the values may not be as LcliaLle as the

ones near the center of the map. One should use the center

2/3 of the dimension of the nap. Figure 8 aoEsn't have

correlation values exceeding 1.0 if the lags less than 2/3

of the surface are used. Inspection of the Spatial autccoL-

relation maps (appendix D) reveal that none of the surfaces

have isolines (correlation) greater than 1.0 if only the in-

ter 2/3 of the map is considered. For map ccmjaison, only

the center part of the function should be used. By avoiding

the large bolndary variations, a more accurate comparison
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should be possible. To compare these surfaces is somewhat

easier than comparing the original TSP gridded data maps Le-

cause the autocorrealtion surfaces are symmetric. With a

large number of surfaces to compare, the protlem may still

be present that the investigator may have to judje tetween

many possible map combinations.

The form of the autocorrelation function was similar for

each map, (see appendix C for all the autocorreidtion maps).

The center area is peaked, with the value at or near 1.0 aiA

a symmetric cone dropping away on all sides to a value ot .5

to 2. A completely isotropic surface would Le plotted ds

concentric contours. The isotrofic nature of the ISE SuL-

face was lost after 4-5 lags from the center in any direc-

tion. this would seem to be a strong indication that the

gridded pollution data used in this study is not isotropic.

A visual comparison of the two pairs of strongly corre-

lated months, May/June and Harch/December, revealed that the

autocorrelation maps mere also similar. It was dlso found

that Nay/June/July have very similar autocorrElation mais.

To avoid the problem of comparing many different comnira-

tions of maps, the trend surface method were applied to the

autocorrelation maps. A bi-qaartic polynomial was dplied
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to the 411141 autocorrelation maps-. go significant chang~e in

the correlations was observed (see appendix C).



Chapter VIII

CONCLUSION

Three general methods of map comparison have been pre-

sented; direct methods, trend surface and autocorrclatioa.

Each method compares the gridded data surface in a differEt

manner and thus will give a different indication of similar-

ity of the maps compared. The relation between za~s, if

looked at with only one method, may not give the investiga-

tor a complete evaluation of the similarity betueen surfac-

es. More than one method should be used to evaluate the si-

milarity between surfaces. To investigate a large numLer ct

maps, a testing strategy should be used.

in initially quick and inexpensive method Cf mar cczpari-

son is the test of correlation without regard to spatial lo-

cation. The map similarity will be somewhat exaygELdted

with this test, because the surfaces will appear more corre-

lated than they really are. This happened with the test

data and the monthly TSP surfaces. They all showed high

correlations. If more investigation is warranted, then the

next test could be the trend surface method. If the airect

- 76 -
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correlation method reveals very high correlation betbeen the

maps, then the direct method nay not be sensitive enough to

sort out the differences in the set of maps the investigator

is using. If the investigator feels that the ccmparisoL us-

ing the direct method is not seperating the map set suffi-

ciently the trend surface method should be the next method

applied.

For this method, a large bi-polynohial should Le used if

the surface is highly irregular. In the origiaal usc of

this method by Merriam and Sneath (1966] a cubic folynomial

was the largest polynomial used because the surfaces couid

be fitted well without going to larger polynoxials. Ibis

investigation required a much larger polynomial to get a

reasonable goodness of fit, see table 5. Once a polynomial

model is chosen, then the surface can be tested. Ali CLthoq-

onal polynomial should be used to maintain indepenaence

among the estimated parameters that are to i tested tou

correlation, see figure 5. Coxrelation testing hith trend

surfaces methods requires considerably more numcrical pro-

cessing than the direct method, but the resultant correla-

tion should give a good indication of the similarity in

shape between the surfaces that are compared.
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At this point in the testing sequence, there may be

strong correlations evident from either the direct methcd or

the trend surface method. By choosing the most promising or

interresting relationship from the correlation matrix abd

then applying the visual method the investigator would avoid

studying every single map comparison. The iscdch map of

the surfaces, that have an indication of strong correlation

with direct or trend surface methods, could also Le fOLJd

and looked at, thus avoiding the construction of many iso-

pach maps.

If the investigator wished a more thorough invcstigdticn,

the autocorrelation of the surfaces should be the next step

to study the similarity of the maps being compared. IhL

calculation of the limited autocorrelation function seemE to

have a minimal value, because of its inablity to rejrC6eCet

non-isotropic surfaces, see figures 13 and 15. The general

autocorrelation function map seems to be good mEthod of

representing a surface in an unique to facilatt the visual

comparison of gridded data maps. The calculation of the

general spatial autocorrelation function map requires morE

numerical effort than the trend surface method, but the ef-

forts seem worthwhile. The quickest may to eVdlUdte the

correlation between many autocorrelation maps is to use the
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trend surface method applied to the autocorrelation maps.

An advantage in comparing the autocorrelation maps, over

comparing the original data, is the symmetry of the corLela-

tion map. Additionally, the better goodness of fit possitle

with the symmetric surface improves the accuracy ot the cor-

relation comparison. Visual comparison is also improved Le-

cause of the symaetry of the maps, see figure 16. 7he use

of visual comparison is best reserved for the tinal check of

maps that are to be compared. Unless the number of mais to

be compared is small the visual method should tE used last.

To compare maps by only one of the technivues presented

here, may cause the investigator to overlook ILportant sizi-

larities or differences that are present. The Lest strategy

for map comparison using the methods outlined in this aler,

appears to be the use of a battery of tests that have in-

creasing computational overhead, that the investigator car,

follow as far as is necessary. It is felt Ly the author

that no one test is going to tell the full stcry about the

similarity between a set of gidded data maps, Lut in concert

with each other the methods can be adequately used to ana-

lyze a set of gridded data maps.



Appendix A

ISABITHIXC RAPS OF TBE KOUTOLI TSP DAI

This appendix contains the isarithaic representation of

the gridded data maps of Total Suspended Particulates. Ihe

TSP saps are of the monthly averages of the pollutants from

sixty monitoring sites in Northern Ohio. Ihe isarithaic

maps are formed on a 21 x 21 grid.
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Appeadix C

T131D SlIFACE P13181TBB COIIRELITIO RESULTS

The parameters of different size polynomial were used for

comparison of the TSP map. A cubic (9 term), ti-cutic(16

term), and bi-quartic (25 tern) polynomial were each usea as

mathematical models for the trend surface methcd. The re-

sults of fitting a cubic and bi-cutic polynomial to the 73P

maps and the calculation of the correlation between the par-

aaetrs of each of the 12 TSP maps are in this aipcnudix. thc

result of each comparison is a 12x12 symmetric drary With

correlation between each possible pairing of the ISP monthly

pollution maps. The result of the bi-quartic polynomial are

in figure 14. The third table in this appendix is the cor-

relation between the autocorrelation maps that were formed

from the twelve TSP maps. The bi-quartic polynomial was

used to compare the spatial autocorrelation najs.
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JAN Me noN APR MY7 JN A. &M so OCT Nov Ow

j" J."N

m -0.04 1.00

M" O.=
l  

C.M
q  

1.0

A -0.3 -0..O -0. me 1.60

Ay -4.68 -0.4 -0.69 0.4? 3.0

Jay -0.806 -0.0 -0.68 *.44 0.89 1.60

JIM 4.22 -0.29 -0.41 -0.18 0.40 0.14 1.O0

An -0.40 -0.52 -0.84 0.40 0.3 0.40 -0.10 1.0

6" 0.41 -0.0 -0.30 -0.23 0.so 0.09 . 0.-0 3.6.0

OCT -0.3S G."0 -0.00 0.21 -0.40 -0.30 -0.33 0.42 -406 1."0

NOV 0.40 0.8? -0.5 0 -0. 67 -0.26 -0.01 -0.14 -0.35 -0.8M 0.20 I.60

-0.81 -0.ft 0.7a 0.33 -0.23 -4.07 I.n -0."0 .14 -0.14 -0."e 3.00

Correlation of TSP naps using the cubic polynohial model
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JAM via m" AIa sky .au .uu oc d OCT MOO w

JAM 1.0

Via -. 21 1."0

mA 0.4 0." 1.e.

APR -473§ 0.1? -4.26 3.00

SAT -0.65 40.16 4.4? Cad I.@*

J~U -485-420-0.40 0.34 0.73 1."0

JUL 4. " -4.40 -4.15 -4.21 0.33 0.24 1.00

AnC -0.3g -4.49 Of.8 0.22 0.00 0,12 6.00 3.00

SD .14 -4.04 -4.3 e.g -4.03 -0.10 0.23 6.34 1.**

OCT -009 0.O? -0. " 0.4 -0."3 -0.47 -0.04 0.22 -04413.90

300 0.20 0.1 -0.20 -0.)7 -0.31 -*.20 -0.49 -0.22 -4.20 0.52 1.00

Don 0.26 -.. 3 6.ry -4.11 -*."4 -0.0440 -6.00 0.07 e0. -4.3 I."

Correlation of ISP maps with bi.-cubic polynomial model
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JAN FM PA APR MAY JUP JU. hll SEP OCT NOV DrC

JAN 1.00

wrn -0.29 1.00

"aR -4.56 0.54 1.00

APR -4.06 0.29 O.7 1.00

may 0.25 -027 4.37 -0.2a 1.00

JUl 0.12 4.54 -0.51 -0.21 0.95 1."

JUL 0.04 -0.52 -4.7 -0.69 0.61 0.56 1.00

AM -0.5 -0.1 0.09 . I? -0.28 -4.05 -0.14 1.00

0.48 -0.59 .5 2 -0.65 0.42 0.31 0.79 -0.17 1.00

OCT 0.54 -0.19 -0.20 -0,2 -0.48 -4.52 0.12 0.29 0.16 1.00

30 -0.07 -0.01 0 17 -0.04 -0,67 -0.70 -0.18 0.01 -0.7 0.41 1.0

ftC -. 8 0.8 0.92 0.65 -0.80 -0.76 -4.83 0.17 -0.69 0.02 0.43 t.0

Correlation of Autocorrelation maps using a bi-quartic io-

lyaoaia]L



Appendix D

AOu"COMBILATION SAPS

This appendix contains the autocorrelation maps for the

twelve monthly TSP surfaces. For each monthly ISE maF there

is one isarithaic map and one surface representaion. Cn the

isarithmic maps the symmetry of the autocorrelation is read-

ily apperant. The N/U quauant is symmetric with rLs ect to

the S/E quadrant. These maps are produced cn a 41 x 41

grid. The small triangles are grid intersections where ddta

values were predicted.
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