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Coverage Error for Confidence Intervals
Arising in Simulation Output Analysist

Peter W. Glynn
Stanford University

1. Introduction

One of the major problems that arises in the statistical analysis of
simulation output is the generation of confidence intervals for parameters
of interest. However, a major practical obstacle remains: Coverage rates
tend to be substantially lower than the confidence level indicated. This
phenomenon manifests itself even in those cases in which the procedures
irave an asymptotically consistent large sample theory. For a discussign of
this problem, we refer the reader to Section 8.5.1 of Law and Kelton
(1982).

In this paper, we will study asymptotic expansions associated with the
error of the coverage probability. We begin, in Section 2, with a
discussién relating to the interpretation of a confidence interval. The
asymptotics associated with confidence interval error turn out to be
interpretation-dependent. In Section 3, we consider error expansions for
confidence intervals for the mean of a sequence of independent and
identically distributed (i.i.d.) random variables. This case is of

interest when the simulator is concerned with analyzing the output of a

tThis research was supported bty NSF Grant MCS79-09139, ONR Contract
NO0014-76-C-0578 (NR 042-343) and a Natural Sciences and Engineering
Research Council of Canada Postgraduate Scholarship.
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terminating simulation. It 1s also intimately connected to the application
of the technique of replication to the steady-state confidence interval
problem. In this context, we are able to precisely identify the primary
sources of error in the converage rate, and we discuss the relevance of the
error expansion to the choice between using a t-variate or normal in the
confidence interval procedure. In Section 4, we examine the regenerative
confidence interval that arises when a simulator is interested in the
steady-state mean of a regenerative stochastic process. We show that the
coverage error has a form similar to that in the i.i.d. case. Our results
wiaicate that-the coverage rate difficulty inherent in the regenerative
confidence interval is of the same order of magnitude as the coverage rate
error faced in the classical i.i.d. case. Finally in Section 5, we state
some conclusions, and priefly discuss two new small sample confidence

interval methodologies that appear to have enhanced coverage properties.

2. The Interpretation of a Confidence Interval

Let {Xp; n > 0} be a sequence of random variables representing the
output of a simulation, and suppose that a confidence interval for the
parameter 6 is required. The goal of the simulator is to find a sequence

of random variables
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such that the random interval (L,,R,] corresponds to a "confidence"
set for 6. In precise terms, [L,,R;] is a 100(1-a)% confidence

interval for 6 1if
(2.1) P{® ¢ [Ln,Rn]} = l-a .

However, (2.1) does not fully specify the choice of L, and Rp, as

the following example shows.

2.2) Example. Let {X,; n > 0} be normal random variables with
unknown mean 6 and known variance o2, denoted N(Q,cz). Let
@(x) = P{N(0,1) < x}, and put z(p) = &1(p) for 0 < p < 1. Then, it

is easily verified that

[in - z(p+1-a)a/n1/2, in - z(p)a/n’lzl ,

where Xn = 22=1 xi/n, is a 100(1-a)% confidence interval for 6, provided
0<p K< a.

In the above example, most simulators would agree that the "correct"
cholce of p is a/2. There are two reasons for that choice. First, the
length of the interval i{s minimal for p = «/2. Secondly, the interval
(LasRa]l obtained through that choice has the property that

1'“/2 y

(2.3) PO L} =POSRY

P{e < Ln} = P{8 > Rn}

a/2 .
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We shall call an interval [L,,Rp,] satisfying (2.3) a 100(1-2)%

balanced confidence interval for 6. Observe that (2.3) implies (2.1) so
that any balanced confidence interval is a confidence interval in the sense
of (2.1). '
In many simulation problems, it appears that the simulation practi-
tioner would have a preference for a balanced interval. For example,
suppose that a simulation of a queueing system produces a 90% confidence

interval [L,,R,] for the mean customer waiting time 6. The simu-

lator can conclude only that
0 < P{e <« Rn}’ P{6 > Ln} £ 0.1
whereas, for a balanced interval, thé conclusion
P{e > Rn} = P{8 < Ln} = 0.05

is possible. C(Clearly, a balanced interval gives more information to the
simulator.

It should be pointed out that much of the statistlcal theory of confi-
dence intervals in a parametric setting relates to balanced intervals. For

a discussion of the desirability of balanced intervals from a Bayesian

viewpoint, see Efron (1981).




3. Coverage Rates for I.I.D. Confidence Intervals

Let {Xp; n > 0} be a sequence of i.i.d. random variables with
0<a2= var(X,) < =. Let us first examine the results in the simplest
possible setting: The goal is to produce a confidence interval for
p = EX,, given that ® 1is known.

The standard confidence interval procedure, in this case, starts from
a Central Limit Theorem (CLT) for nl/2 (Rq-p)/o. Simple algebraic
manipulation shows that [L,(p), Ry(p)] 1is an approximate 100(1-a)%

confidence interval for u, where

Xn - z(p+1-a)a/n1/Z | )

Ln(p)

X - r.(p)v;x/n”Z

Rn(p). n

for 0 <p < a.

wefore proceeding, let us observe that the coverage rate error in the
interval [Ln(p), Rn(p)], denoted en(p), is given by lP{p € [Ln(p),Rn(p)]}
- (1-a)|. As for the balanced situation, it is clear that the interval
(Lqalp), Ra(p)] 1is asymptotically balanced only if p = a/2. Thus, we .
shall henceforth restrict our discussion of balanced error to this case,

and designate (eﬁ,e:) as our error descriptor, where
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¢: = [Pl < L (a/2)} - a/2

c: = [P(s > R (a/2)} - /2|

Our error estimates will be written in terms of the "big 0", "little o"
notation (i.e., g{n) = 0(f(n)) 1if g(n)/f(n) 1s bounded; g(n) = o(f(n))

it g(n)/f(n) goes to zero).

(3.1) Theorem. (1) If Ex: { =, then the error terms en(p), eﬁ, eﬁ are

all o(n-1/2),

(11) If, in addition, X, has a distribution with a Lebesgue

density component, then

Isk(Xg)«(g(z(p)) - glz(ps1-a))|/6n*/2 + 0ch) ,

a) e, (p) =
b) 5: = 'Sk(xo)°g(z(a/2))|/6n1/2 + og%) = e: ,
where

g(x) = (1x)d/dx(8(x)) , and Sk(Xg) = E(Xg-w)>/alXp)® .

Proof. Part (1) of the theorem is a direct consequence of the Berry-Esseen
theorem (see Feller (1971), p. 542). The proof of the second half of the
result follows from simple algebraic manipulation of the expansions cited

in Theorems 1 and 3 of Section 16.4 of Feller (1971).
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The first part of the theorm tells us that under an appropriate moment

assumption, the errors en(p), ei, and e:

decrease at least as fast as
n‘1/2, for all p. The second half of the result shows that when X,
has a density component, then e,(a/2) 1is 0(1/n), whereas for p #* /2,

e, (p) 1is 0(n'1/2)

« On the other hand, the balanced error for [Ln(aIZ),
Ra(a/2)] 1is always 0O(n-1/2),

Thus, using p = a/2 in the interval [L,(p), R (p)] produces a
confidence interval with the "best" coverage rate (i.e., 0(1/n) as opposed
to 0(n-1/2)), as well as the asymptotically minimal length. However,
wen a/2), Ry(a/2)] achieves this result in a very curious way. Part
(1i.b) of Theorem 3.1 shows that P{p < L(a/2)} will differ from a/2
by 0(n'1/2). Hence, if P{p S.Ln(“/Z)} is greater (say) than a/2 by
0(n'1/2), then P{u > Rn(a/2)) must be less than «/2 by precisely the
same 0(n-1/2) error kln order that ep(a/2) be 0O(1/n)). This
suggests, in this case, that a "better" confidence interval would be
achieved by shifting the interval to the left slightly. It is also worth
observing that the coverage rate accuracy of p = a/2 1is highly unstable
in the sense that ep(a/2+n)/ep(a/2) + = for any non-zero 1.

Some caution should be exercised in trying to extend the second
conclusion of the theorem to the case of discrete random variables. The
result depends on an Edgeworth expansion which breaks down in the discrete
case (see [3], p. 539, for a related comment).

Our above analysis required that o2 be known. Of course, in
general the simulator does not know this parameter, and hence it must be

estimated from the simulation output sequence (X,}. The key result in
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forming confidence intervals in this setting is the CLT for t,, where

1/2
t, =n (in-u)/sn and

n

The intervals [Ln(p), Ry(p)] are approximate 100(1-a)% confidence
intervals for 0 < p < a, provided Ln(p) = Xn-z(p+1-a)sn/n1/z,

R, (p) = X -z(p)s /n'/2.

{3.2) Theorem. (i) If Ex: < =, then the error terms en(p), s:, e: are
all 0(n=1/2),

(11) If, in addition, X, has a distribution with a Lebesgue

density component, then

a) tn(P) = 'Sk(xo)-(h(z(p)) - h(z(P+1-a)))|/n1/2 . 0(%) ’
o) ¢, = lsk(xo)-h(z(a/z))/n‘/z . oe%) =,

where h(x) = [(1+2x)d/dx(®(x))]1/6.

The proof of this theorem is similar to that of Theorem 3.1. The key

step iIs to prove a Berry-Essen type result and obtain an Edgeworth

expansion for tp; this can be found in Glynn (1982).
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Notice that the conclusions of this theorem are qualititively very

similar to those of Theorem 3.1, where o2 was known. For example,

r -1/2

en(a/Z) is again 0(1/n), whereas ex e, are both 0(n

Y ). However,
the coefficient in n-1/2 has changed. The proof of the Edgeworth
expansion mentioned above shows that the error of order n-1/2  occurs
precisely as a consequence of the skewness Sk(Xo) of {Xn; n > 0}, and
the correlation between sﬁ and Xn. This is in contrast to the situation
where o2 is known, in which case all the n-1/2 error emanates from
skewness alone. Recall that the coefficient of skewness Sk(Xq)

wcasures the asymmetry of a distribution.

Before concluding this section, we turn to the'question of using ,
t-variates rather than a normal distribution to generate confidence
intervals. Let Tx have a Student's t-distribution with k degrees of
freedom. Put Pk(x) = P(Tk < x}, and set zk(p) = F;1(p). Many simulators
(e.g., (6], p. 288) advise the use of the interval [En(p), Rn(p)], where

L (p) =X -2 /2 /2

n-Znoq1(P¥i-als /n ,ﬁn(p) =X -z (p)sn/n1 , rather than the

n “n-1

previously defined interval for p. Let En(p), &

" E: be the coverage

rate error and balancing errors associated with the t-variate confidence

interval.




(3.3) Theorem. For 0<p<a,

(1) £, (0) = £,(p) + oln™"/?)
(11) 2) = p) + otn™"?
) = €htp) + otn”?)

The proof of this result can be found in [4]. The content of this
thearem is the that t-variate modification is of "small order” in the sense
that the leading term in the error (of order n-1/2) s precisely the
same as that obtained via normal theory. However, it should be mentioned
that the coverage error En(aIZ) may differ from en(a/2) in its leading
term. In any case, it seems clear that the desirability of using a

t-variate, as opposed to a normal, deserves further study.

4. Coverage Rates for Regenerative Confidence Intervals

Let {Xes5 t 2> 0} be a regenerative stochastic process. Then, there
exist random times T¢, T2, ... such that for any (measurable)

real-valued function f, {(Yk, tx); k > 1} is i.i.d., where

Tk+1

\ _Ir f(X;) ds
k

= Teet =~ T *
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The goal of the simulator is to find a confidence interval for the

steady-state mean of {f(X¢); t > 0}. It can be showr that this is
equivalent to obtaining an interval for r = EYy/Etq (see Crane and
Iglehart (1975)). The regenerative method for output analysis depends on a
CLT, under the assumption 0 < cZ(Yk-rtk) { =, Etk < =, for the statistic

n1/2(rn-r)/vn, where

n n
r = Y./l =
N7 oge1 Kgsp K
2 n ) 1 2 % 2
viz——— (] Yo~ 2r_ ] Yz +r- ¥ 1)
n (Tn‘T1)2 k=1 k kel k 'k L k ,

As for the i.i.d. case of Section 3, the normal approximation yields

[La(p), Ra(p)]) as an approximate 100(1-a)% confidence interval for

1/2, RAp) = rn-z(p)vn/n1/2.

r, where LAp) = rn-z(p+1-a)vn/n
(4.1) Theorem. i) If EY: < = and Eri < =, then the error terms

1/2

en(P), eﬁ, cﬁ are all o(n” '%).

(i1) If, in addition, the distribution of (Y,,t,) has a

component which is a Lebesgue density in the plane, then

a) e (p) |k(z(p)) - k(Z(p+1-a))|/n1/2 + 0(1/n).

b) e} = [k(z(a/2))] + O(1/n) = e

where

dmieuinainddiet;




12
k(x) = (a+fx?) d/dx(®(x)) ,
a = 513/603(11)
3,3
Zk = Yk - rtk .

This theorem is a consequence of a Berry-Esseen result and Edgeworth
expansion for regenerative processes, which appears in [4].

The important point here is the similarity to the i.i.d. case. The
order of error is precisely the same as that which we encountered in
Section 3. Hence, it could be argued, on the basis of error comparison,
that the steady-state simulation problem is no more difficult than the

terminating simulation problem, provided that the regenerative method is

used.

As for the form of the error coefficient in n'1/2, we observe that
Sk(Z4) plays an important role, as in the i.i.d. case. Additional terms
1n. E11Z1/E11°c(l1) also appear, however: These are contributed by the
bias of rp. Thus, the prime sources of error in the regenerative case

are asymmetry effects, correlation between point and variance estimates,

and blas problems in the point estimate. This has an important implication

for research efforts directed at producing "correct" coverage rates for
confidence intervals. It shows that reducing one source of error, such as

bias in the point estimate, should not be expected to necessarily improve

coverage.




5. Concluding Remarks

In this paper, we have provided an overview of the coverage error prob-
lem for confidence interval generation in simulat.o.. We have shown that
the qualitative character of the error appears reasonably insensitive to
the "fine" structure of the simulation output sequence. The regenerative
case Indicates that point estimate bias, correlation between point and
varlance estimators, and asymmetry all play equally important roles in
determining coverage rates in the steady-state simulation problem. Our
results also show the need for more research on the question of whether
t-variates or normals should be used to generate intervals. FfFurthermore,
ye have shown that the parameter p plays a critical role in determin}ng
the amount of error. However, we caution the reader that although p = a/2

appears optimal in the sense of error, the result is highly unstable.
Finally, we have Introduced the concept of a balanced confidence interval
and shown that its error asymptotics are somewhat different from the
standard error criterion.

in [4], we study two procedures that appear to have promising coverage
characteristics. The first technique is a regenerative bootstrap (see [2]
for the bootstrap in the i.i.d. case), and the second method involves an
application of a so-called "normalization" transformation. The latter
procedure is based on an idea of Johnson (1978). The asymptotic error
expansion for these intervals indicates an improvement over currently used

intervals. These improvements have also manifested themselves empirically.

Acknowledgements:

The author would like to thank Professors Bradley Efron and Donald L.
Iglehart for stimulating conversations on the topics covered in this

paper.




14

References:

1.

Crane, M. and D.L. Iglehart (1975). Simulating Stable Stochastic
Systems: III. Regenerative Processes and Discrete-Event Simulations.

Operations Research 23, 33-45.

Efron, B. (1981), Nonparametric Standard Errors and Confidence

Intervals. Canad. J. Statist. 9, 139-172.

Feller, W. (1971). An Introduction to Probability Theory and fits

Applications, Volume II. Wiley, New York.

Glynn, P.W. (1982). Simulation Output Analysis for General State Space
Markov Chains. Ph.D. dissertation, Department of Operations Research,
Stanford University.

Johnson, N. (1978). Modified 't Tests and Confidence Intervals for

Asymmetrical Populations. J. Amer. Statist. Assoc. 73, 536-544.

Law, A.N..and W.D. Kelton (1982). Simulation Modeling and Analysis.

McGraw-Hill, New York.

PREL XY

T e s e e e e ey e

LA N h
e o e A e otk b o m




UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (Whea Dota Entered) .
READ INSTRUCTIONS
REPORT DOCUMENTATION PAGE BEFORE COMPLETING FORM {
t. REPOAT NUMBER 2. GOVT ACCESSION “01 . RECIPIENT'S CATALOG NUMBER b i
‘ 39 AD-A1/9 233 f
4. TITLE (and Subdiitle) 5. TYPE OF REPOART &4 PERIOD COVERED :
Coverage Error for Confidence Intervals Arising Technical Report
in Simulation Output Analysis .
6. PERFORMING ORG. REPORT NUMBER \
7. AUTHONA(e) . 8. CONTRACT OR GRANT NUMEER(e) !
Peter W. Glynn ' NO0014-76-C-0578 :
i
9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAWM ELEMENT. PROJECT, TASK ¥
AREA & WORK UNIT NUMBERS
Department of Operations Research ‘
Stanford University (NR 042-343) !
94305 !
T3, CONTROLLING OFFICE NAME AND ADORESS 12. REPORT DATE l
Statistics and Probability Program ‘ June 1982 E
Office of Naval Research (Code 436) . 13. NUMBER OF PAGES o
Arlington, VA 20360 14 f
© W TORING AGENCY NAME & AOORESS(Il different lrom Contralling Oflice) | 18. SECURITY CLASS. (of ihfa report) ;
! . UNCLASSIFIED ?
) TS DECLATSIFICATION/ DOWNGRABING | . !

€. OISTRIBUTION STATEMENT (of this Report)

APPROVED FOR PUBLIC RELEASE: DISTRIBUTION UNLIMITED

!
7. DISTRIBUTION STATEMENT (of the abetract sntered In Block 30, Il ditlerent (roem Report) '
i

8. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse side Il necessary and identily by block numbder)

Coverage, Errors, Confidence Intervals, Simulation,
Regenerative Method

20. AWACT (Continus en reverse eslde I negeseary and identify by bleck nunber)

overage error asymptotics for confidence i.nt:ervals arising in simulation are
discussed. Asymptotic expansions, to order O(n~ 1y (n is the sample size), are
given for confidence intervals associated with sequences of independent and
identically distributed random variables, as well as regenerative processes.
Implications for simulation are mpMsued\

[L-LL]

; DD an 1 1473  coition oF 1 wov e 18 cesoLETe UNCLASSIFIED
: S/'cgmi‘ou- 6601 1

9 1 SCCURITY CLASSIFICATION OF THIE PAGE (Then Date Entered)

1




