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* Linear eigenfrequencies are calculated for infinitesimal perturbations of the system consisting
of two semi-infinite regions. each filled with a constant-temperature ideal polytrope stratified
exponentially against gravity. The linear growth rate for the Rayleigh-Taylor instability which
occurs when the density above the interface exceeds that below it is shown in the model to
vary linearly with wavenumber k as k ~ 0. The incompressible fiuid result is obtained when
the adiabatic index y — o (i.e., compressible fluids). the growth rates are in general larger than
in the incompressible case. Numerical results and limiting cases are described which illustrate
this conclusion.
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LINEAR THEORY OF THE RAYLEIGH-TAYLOR INSTABILITY AT THE
INTERFACE BETWIIZN TWO COMPRESSIBLE MEDIA

1+ INTRODUCTION

Tne Rayleign-Taylor instability occcurs when a fluii supperis a denser
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t gravity, whereupon the two tend to interchange positions. It

1s enccunter=d frequently in rature and in the laboratziry. In inertial

confinement Tusion experiments, in which an acvlatively idriven medium
implodes, cormprasiiag the meterial ahead of the ablation front to hizh

densities, Rayl=aigh-Taylor instzbilities can play a zrucial role. They ray

The familiar treatments of the Rayleigh-Taylor instabilisy which give
rise to the classical 1ispersion relation {growth rate proportional to the

&

square root 27 thne product of perturtaticon wavenumver k and zravitational
accalaration g) presuppose that the fliid moves incomeressidly, i.e., that
“he ilvergenca2 of tne flow
the effects of material cormpressibility are taken into account, the growth
rates Wwill re raduced in corparison with the incompressible case, since

compression avsords some of the energy which would otherwise go into fluid
notion.  Tne mizht speculate, for example, that growth rates at len

ngths would he limited to a juantity of order the speed =7 sound

diviiei by the wavelength., HYewevar, Zerastein el al.l have shown that in a
he unstabvle moil Fit?t

thrashzid ars azsociated with incerpressible perturbations., It is thus

canceivasle that 1 ccorpressible systen might exhibit incorpressi
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ability with the classical Rayleizh-Taylor grow:h rate.

Manuscnipt submtted May 15, 1992,

i21d wvanishes. It is freguently argued that when




This is in fact the ase foroat least scme models of imploding hiedrodynanin

2 [aa] 3 = = ™ - s 3 4 Bastad®$ea.
s;sten:.“’3 (o date no one seems Lo have suggested tnat compressizilizy
atght enhance the Inst2hility srowth rates

Pravious ittemrts to derermine the effect of corpressihility on the

Payleigh-Taslor instanility have tended to innmludl2 numercus other effects a
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well," cbscuring the role played by compressitility, or have nezlected o
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contrast, we nave chosen to treat a model creolem walceh can he sclved
exactly. We ana

rexions in a constant gravitational field g, eacn filled with an ideal fluid

density decreases exponentially in the urward dirsction
<2 gublect thls state to an infinitesirml perturbaticn, the resulting rrobdle
i35 free of zuch complicating features as trermael ronduction, time Jderenience
in the unperturted state, curvilinear seometry, material flcw across -+ alon

the interface, etc., and can

(e}

e 3olved rigorously for the el

ty

or 2ither compressisle {poliytropic) or incorpressizle fliids.

~

‘“hen the melia arzs incomprassible we r2cover in the short-wavelengtiil linxi

the expected result w® = -xglpg-py') /(e +p,'), whare py is the urperturted

which the raspective scila heights po/pog ani ;Q/QO 2
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unperturved pressure at the interface. TIn the limit % + D) w becomes

croportional to . This wavenunter degendence raflects the struchure o7 ths
tasizc state. In 2 (possibvly more realistis) medel Involving Swo laysrs o7
Tinise thizkness 4, 4', the disrerzion r2laition would naturally lecend on 4n

mantisies k4, 4’ and would vbe still more complicatai.
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Following the trea“ment of the inccmpressible case we virn tc the
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corrressicle case. n the short-wavelenatn limit we cnce again obtain <he
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only through the iimensionless ratios kcz/g, xc'z/g. large
values of x are thus equivalent to large values of the souznd speed, l.e., £
incomressibilty. When £ is finite, however, we unexpectedly find that *h
Zrowth rates are larger than the incompressible ones. 'we illustrate the
result Dy solving the disgersicn relation numerically as i1 Juncticn of
wavenunber for two differant valiues of the density jump at the interface a.
or several different values of v, assuminzg that the latter has the same
ralile 1n both regicns. The jifference in wz/kg as Y varies between uniiy and

@ 2an amount to 2 factor ~ 2. Thesa results, though they do not constitute
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=1 exhaustive rarameter sarvey, tyrify what mey he 2.pected in real Thy
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situztions.
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INCOMPRESSIBLE FLUIDS

ey}
Tonsider 2 fluid descrived by the contizulty eaquaticon
%% + V'QZ + 2

ani the momentum =234aticn

5Y

plge + oWy = -0 - peg,
whers g is a constant., Thus -ze is a2 uniferm gravitaticnal
accelaration, oriented in “he lownward (negative y) direction. These
21iasicons have an equilibrium solation
v =03
n/p = c? = const

wheace

ply) = pgexpl-ay/e?),
Py constant. We take the interface separating the %two media in the ©
t> ne located at y = C, i.e., coinciding with the x-axis f{see Fig. 1)
Iistinmiish the two rezions we will label all juantities telonging to
lower one Wwith primes. Mechanical equilibrium requires pressure bala

D = p'(0),
but In general oy # py’ and ¢ # ¢'. Since we anticizate that instabi
will cecur when the upger mediim is denser (2% y = 2) <han the lower,
133ume ' > 2.
3urpese that this state is subjected to an infinitesimal perturd
defined by tne laocal displacenent §(x,y,t) of an element of Ilaid.
Using hir snbscript "1" to listingaish perturbed juantisies, we have
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Wwhence

{100

oy = =Vef . L

Tey =0 i)
Vel =9 2}

zs well, so taat Eq. [10) becomes simply

e

™a y-compenent of Eq.

the lirearized mementun equztion tacomes

= P = 2 s -
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Dividing Eq. {14) by p and
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we zan rewrite Egs. (15) ar

taking the divergzence, we find using Tq. (12)
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(b)

Fig. 2 — Dimensionless squared growth rate —w 2 kg vs wavenumber &
for the two basic states shown in Fig. 1(a), (b), with the same choice
of units as in the latter. The adiabatic index ¥ in both regions is taken
to be 1, 5/3 or o=, as indicated by the label. Note that the curves as-
vmptotically approach the value tp — ¢') (p + p'), equal to 0.332 and
0.818. respectively.
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zriliar enerszy-trinciple argument {3ecticrn 1) tha*t incompressidbla

nerturbations have thresholds as low as or lower than compressitls ones,

28 sound, the velocity with which disturbances propagate in ecorpressio
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in time to solve the initial value proovlem assoziated with the =voluticn 3
an arbitrary perturtation with horizontzal wavenumber x. We woull then find
roles in the transfornm corresponiing to the roots »f 3. {55) [E3. {328) in
the corpressible case]. In addition the transform would exhivit tranck
pcints on the real axis corresponding to a continuous spectrum of
eizenvalues., These give rise to a continuum of modes which are necessary to

solve the prodblem with arkitrary initial

o

2]

ondiiticns, but whicn 1=2ad to
dacaying sclutions and hence need not bve considerad if one is concerned only
with stahility. In the coupressible case the initial da%ta determine 1 suzer-

nositicon of these continuum modes. The resulting sizral proragates 3
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=7 into the rest of the system with the spsed of sound.




them S0 comprass and expand. A mecnanical atalogy 1s suarelied by
of “he inverted physisal pendilum {e.z., a brisk smokestack), wahich “alls

uader internil stresses, allcowing 16 to fall ovar faster than one constralned

to rewmaia rigii.

e

Since the range of ={fective values of Yy Tor zaterials of interest in

{ in2rtial confinement fusion is not great, the juantitative changes in

theory) ars

the gresent

vidual situation.
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