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LINEAR THEORY OF THE RAYLEIGH-TAYLOR INSTABILITY AT THE
INTERFACE BETWEN TWO COMPRESSIBLE MEDIA

1. INTRODUCTION

7-e Ayleigh-Taylor instability occurs when a f-lut supports a denser

fI:'d against gravity, whereupon the two tend to interchange posicions. it

es encintered frequently in nature and in the laborat.:ry. in inertial

confinement fusion exTerirents, in wnich an ablativel.y driven mecium

_:nplodes, coo. res.ing the material ahead of the ablation front to high

es en,ay . h -aylor instatilities can nla. a z.icial role. 7hey m.ay

occur in the ablative region, at the comression front, or fin the case of

layered targets) at an interface between Layers of different density.

Th e familiar treatments of the rayleigh-Taylor inst-ability which g've

rise to the classical iispersion relation (growth rate proportional to the

square root Df the oroduct of .er-ur"a-ion wavenumber k ani -g-rtvitational

acc,...ler-ation :) presuppose that the fl:id moves _ncompressibly, i.e., that

the 1jverzence of the flow field vanishes. It is frec~iently argued that when

t.le effects of 7terial comnpressibility" are taken into account, the growth

riLtes will 'e reduced in cormarison with the incomressible case, since

coimpression absorbs some of the enerr which would otherwise go into fluid

otion. Cne ight spoculate, for example, that growth rates at long

wavelen ,-t ,s would be limited to a ;uantitv of order the speed of souind
civi!, . '7i the wavelen.gtho,. 'Bcowever, ernstein et al. have shown that

bra,i 2lass of eneral hydromagnetic systems the unstable oles with lowest

threioh:ld are associated with incornressible perturbations. It is thus

<-cno':ei'va> that a ccLlressible system .:ight exhibit incompressible modes of

.terchangce instibility with the classicai Payleigh-Taylor growth rate.

Manuscript submitted May 1,), 19S2.



3 s IS an thle : fs - r At !e:ast so-ne mnodlels of m,,bodino onaa

s~szmsS ~7o date no one- seems to have sugg~ested that ccmzresAzu!Kt

Atght enhtrwes InC Inst ability g rOc} raItes.

Previous aseosto determine the effect of comressibility on the

Payleighi-Taylor instailit,, have tn-led to ln &ue: num-erous other effects aIs

well, 4 obscuring the rhplayed by comressbility , or have neflected to

, ttecierly te sylint- irvto,51 levn -o (r~o

its domain of validity. The onlyr concl usion these autors aptnear to have

reaiched r~garling comoTressailitv is that its effects are small1. in

contrast, we 'nave 71-osern to treat a maodel arc olem w7ich catn 'be solved

exactly . 'We ainalyze the simple case of twoconiuu semri-an. Zr''e slab

re rasos7 an a co:nstant oraivatational field c., each filledi with an ideal fluiid

w:cs iensito lecreases ex'cuentiallW in the &z-ward direotion 'F 7 \) :f

;e: s ib lec t tis1 state tn an infinitesi-mal. cetratin rsutn roblem

as free of suenc cotlicating features as thra onjiuct ion, tame Ice enenc

in the unnerturbed state, curvilinear g'eometry-, maeilflow across :r -Ilonj-

the interface, etc. , and can bce solvedi' rol for th,-e jicnr ~ec

for either coznresibnle (rolytropic) or anconm:7ressible fluids.

TWhen the mediia are incompressible we rec-over in the short -wavelieng th limit

th,-e expected result 2 kv 0 p~) <+ 0 ,were p0 is the unperturbed

letnsity of the uapper -.eoliim and pfis that of the lower, both measureda-

the interface. For losrwavelength thi-s iipe formn as rernLcedl 'C:-ei

w-hich the respcective sleheights p,/. 0 - and 70/%0' enter, where? -.- as z--e

unperturbed press are at the interface. in tne limit k La, becomes

oroportional to k. Th1i.- wavenw'nber deednere flects the structure- of-

btasic state. in a (poso ibly more realstic moel ivliotoIor

~nite .. osness d, V , the disrerzaor. relation -oull maturalVy -leend on the

pi-tntites ' d, M-i and -would be still more oilcte1

2)
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Filowina the treitmenit of the i.nccMtrres31.e ca~e we t irn to ,h

comresz,4i-e :-ase. in the r-,vin tln we cnze ag-iin obtain Y

--lssical result. Thi is uns'2rpri*sing, a s 2/,- o::ar. depje-d on the sourni

szee~ls -o, c' only through the 41--ensionless raios 'rc 2 /g, kc 1 2 g :,a r e

val es of k are thus eqluivaieit to large val-aes of the so-nd speed, i.e. , to

:r~cor~resibiltv. Wen ,, is finite, however, we unexpectelly f-. ha h

gro~wth- rates ar arzer than the incompressible ores. We illustrate the

resu-t by, solv,,ing the iisp :rsion relation namerically as ai flinction Df

wavenamber for two different valu es. of the iensity "Iric at the interface a..'

or several different ralaes of -y. assui:dng- that the latter has the spaz:e

valuie in both regions. The lifference in ui2 /kg as y varies between un--ty and

-an. amount to a facto)r -2. Thnese results, thuhthey. do not constitute

-on et-h.astive carameter 3,urvey, t -ify what cnay be enected i-n real znvsi -a

s ituations.

W e conclude the cater with a '-rief'ds~so of our findings and :m.e

sceo:1;a't.Lns on. their si;-nificance.



INCOHPRESSIBLE FLUIDS

7c::side . - described by the conti'nu-t e i cr.

+ 7.pv + 9 ("

-in! the nomentum e:,.-icn

3v
+ ;-Vv) -Vp Pi-

•,were g is a .onstant. Tius -re, is a unifcrm :ravitati na

acceleration, oriented in t-e lownward (negative Y" direction. Thnese

eluaons3 have an equiirium solition

V = 0; 1,3

nl P C2G = ,onst; '

7n= -Pge = -e- 2dp

p(,) = POexp(-::./c 2 ),

P3 constant. We take the interface separating the two media in t'e .rolem

t b e located at y C, i.e., coinciding with the x-axis (see Fig. 1). To

tin~ish the two regions we ill label all quantities belonging to the

<wer one with primes. Mechanical equilibrium requires pressure balance,

p(O) = "'(0), (7)

but in ,eneral P0 * PO' and c -' c'. Since we anticinate that instability

will cccur when the uprer mediim is denser (at y = C) Than the lower, we

''> C.

5u-pcse that this state is subjected to an infinitesi-al perturbation,

define. by the l cal displacement (x,y,t) of an element of f:lu-.

Using zh. shbscript "I" to Ilstingrlish perturbed quantlies, we have for the

veloc6i



so th-at th-e perturbed densityrs~fe

3P1 - - V= 7.

Tinco ressibtilty condfitionI

0 (0

as well, so that Eq. f,10) becomnes simm.ly

p, - --7p= p f2

by ;Lrtiue 7f' EA. (i). ",hus the linrearize-i mcment;.L ec--tior bec-o-s

32 z~p

Dv4 &*ng Eq. (lLL) by p and tak ,g te divergence, we fin'd usinZg Eq. \(12)

-7- 7n p2 3;, y

Set t 'ng

pX p 2 X, (T

we an ewrte qs. (Iq) an i ( as

II,

6



2

X 7 e xc llx ;- - Lit),

.;airs (2(21) linc'lu.e a fa:2tcr ext -p t Tayo: ybe eith-er

os I7.I Itro or exncrnen tial, re'per iing cn 'j. rc r- en:tles-zawe ar:

.3erg r~aay nnsnghrno~i odes of the system. '7-is r e st r ict --'on

e,; e'va I ent -,o solving thie initial value o-roblemn asscciated with 7,.(1

e~.,Wcarrying, cit a. laplace tran~sformc, ardi then thro-wingc oilt thle vCor-ion

o' the .3olutirnn which decends on, the i.nitial tata. '.e r -turn to ths oint

2-,t' + 2 ( 2/WA, (22)

22(12-2)- -7 + (g 2 /c 2 ),iA.

Thu v can be focund from- the sollubility conditicn, ie. , z2 etn ati n g

et wee n

A=gti - C2 (k 2 - w 2) (~

an.
2.+

Sovig heresult.ing quadratic ejuaticn, we find i-n the upp-.er half plane,

taki-ng th z cuar-? root with ooi'v real -,art,



-+ (4t0+ 2./2

crir tatl"S $2 ani not) r95 vrgQ, while in the towerhafr*,

Awre ReWQ' 2 is reqAired,

asleast for jw < 2

Th hnesai;bourlar zG.02~ n the interfoice ri:st t

:f the verticoal isacyet

AA

Thie -t-rna7_7 c ou-nvlary condlition req-sires that the :pressure t n'aS. 7,1e

perturbed pressure eni the ifsjlaced ho1sar

= - ,21

Substituting 7;. (20) or (25) an.' itspre:oltrrtiths xre,

.ransfortei this ernItMinn tn';a ac Oa-~ri- 1-a' -"c- in

:rona Fos. '2') ni :V. 7zrz't7 -h- .- I -M; totsI-nir
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2 2(2r-\

J) ~ ~ + itzI f

Th' e -clitiors in th-e a:;ne -lower half-cp'nes am'- rescectively

+ -ut .YC 2+ 2- 2:-

- y t 2,~ 2 ; 2)1/2 1 2 ' ' S .( l

Pressare balance re qiires t-at p1 + tb crtI~': t y =I

wner-,ce Ey q..4

vr ~ rr t ule o' z2

YPt .

BY satttinp 5q.(Q) an ( I) in Ei . ( 40 and it-s cDr-'med oc-unterrcart

rescec tively, we obtain fron- B. t La relaI-tion detemnon, Lo. .Aain u~*

MASMwe follow a cm.cetz7-re 2 :mmalJlrjintca to that .jseA: eiv



2 Z 3 ''2c'2 + - 2 ~ 2 "'

'where -ii jreefi4n e Ir nrs -, and

Elen-tic: Eq. (55) al'Ways hnas one n=eLativ, root. -hs an h-e exhi'bited t

anligthe -7eneral 5rooiedur, fo:r l.i. a -1.a- iz c, :ut the r 2il, is fL.r

':,D Irrs~n t e us e ful,. n s tea d we- looi r,.t s c ' -7c I nd s e, al

,ases ofcD' s~a interest.

irS let y y y, sC t h at b th r e 3 -* rs c (,n ta 1n f I:,I'-,s wj: 2ae rae

ccrznress-_,ilitv proterties. The D1 , 55) becornes

- ySZ 3 + (y12+ 2-_)Z 2  
-yy )3 y 2 2

_the li-ait '~- ,the solutioni of __~ azsociated 7it , bi

Sat sfies

whc -ztw ot i s goi en b.y Eq. (32) 'W-e thus rec-over the- inco:presstl

r~sult, as exrecte d. 7is 2re 2 illuistrates the i-Dproach to thslimit. ±

sho,-ws zlots of'-Jh asm fuinctions o f I, obtai-ied b: solvinz c~. (3)or (5

nuzricllyfor various ohoici-s of f~ between I and -, assuzing the

unoetre At-ssonj~T'*I s can be seen, finite o~zeshlt.

i.-ncrease the :,-r,)wth rates, the r- Iative eff'ect being --reatest at long;

dav&eng. Ten + Cthen ,Sani b ' ec' s7.all -ni 7q.(9';)

reduces for f'i nite y, y' to-

whience w is :-.coortional to 7 7cr Y' y IS

12



I a)

1 0

Fig. 2 -Dimensionless squared growth rate %, k s wavenumber
for the two basic states shown in Fig. 1(a), (b), with the same choice
of units as in the latter. The adiabatic index -r in both regions is taken
to be 1, 5,3 or -, as indicated by the label. Note that the curves as-
ymptotically approach the value Ip - !o) (p + p'), equal to 0.333 and
0.818. respectively.

13
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CONCLUSITONS

' nav.e 3--:own hafor thie z arti,:ular motlel '. oiae her?, the

rrt rte oDf the a-a-?Lo'- instability jerasswit nraijy

:mreIoe systems aire al'. rre anZstable t*-an t , reste

one, although, the growth rates aire sriler than those obtainel --n th e c-ase o f

znif'orn incomressible1 mnedia rT.. (3).This does not contrad;iot the

fa-riliar enerry-crinci.-le aLrg--znent (Sectin 1) that inicoonMressi-ble

-erturbations haethresholdis as low a3 or lo,-wer than rcoforessi-Cle Cones,

.cecause in all case s discussed h.-ere we have tcne same stability criterion,

:namely , p0 -4 po' . N'or is there any raradox associated with the finite Speed

,f sourd, the velocity -with which disturbances proppagate incor~ressi-Cle

media. in this treatment we have considered th e evolu,-tion only. of

cienodswhiich, '-y definition are initiated in "Orepared" states

-nvolvinr the entire system-, - < x, v < -. We couli use T.i7lacp transf:)rn

'n tim e to solve the initial value problem assoc-ited with the -voluticn Of

an. arbitrary perturhation with horizontal1 waven-zber k. We woulli t hen find

7oleq in the transform corresponading to the roots of ::q. 55) i"Z. '32) in

the corcressible case! Vin -addition the transform woull exhib it b-ranchn

points on the real axis corresponiing to a continuous spectrum of

eigenvaluies. These give rise to a continuirm of mode-s which are necesryt

solve the problem with ar'titrary initial conditions, but which lead to

decaying sclu.t ions and hence need not be consid-ered if one is concernedly

with stability. 7n the coLrressilcle case teinitial data determine a 1. r

position of these continuumn modes. The resulting sizral proca6ates away from

Y=) into the rest of the systemr with the speed of suc

15



3ertl the- onset of the rocess b-.y whi t*e tw-o :irtiLctcatirs flit:

r : e ro Angie po sxto!ns i s a lIe d by the ext ra d e-r e es o 'f r- redov w'1- al;

tzem to ocormress and exp~and. -% mecaani:ca± a_:.abo & is 1? c.'l cc- b-rth*'a--

of the inverted physzical_ pendulum Ke . ., a bric zk s rcoke-s taic k , ic- '_1

over upon undergoing on angular disolacemnent. D ifer ent parts of the

cena'tIum falling ±nl-ivi'btally woild asume >.cferent an-al- velocities e

to the action of .zravitv alone. Hence thne cenicum oconis to bend or beso

uander tat-e rnal stresses, llocwing it to fa'L_ over fatr than one constrained,

torem:ain rigid.

ocince the range of effective values of y for naterials of interest in

.era coan enfuinis not great, th e Taantltative hagsin

not* i 1;_v-row+th raites (vi s-1i-vi4- th ose fo uni t-'n :-'nco m:,res sibl7e t'eorzy) ar

ockel to bec md-.est , perhazcs a few tens of percent. --.tbrc~rte present

*al~ulation 13is admittedly idealizedl, aLnl the orsnIts ire certainly modIel-

decndnt Nvethlesour findings d~o niot encou)-raze one to anticccca

that corrress,.ibilitv effects c-in mitto-ate the PAr-.leizh-Thybor instability.

Hrosthe, only- conclu;sion shou ld he that the effects o ooesblt

needi to be carefully, treated in each individual situation.

We -wish to thank Dr. teven Bodner for sugsigthis stu-tr. the Wxzr

was sponsored jointly by thne Djept. of 'Enerig{ and. thf.e Iff ice of aval

Reseaireb.
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