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1. INTRODUCTION

The wodified betatron concept,!-3 i1lustrated in Fig. 1, may
provide a compact means of accelerating intense electron beams to high
energfes. A dispersion relation for the linear stability of the electron
ring in the device has been derived by Sprangle and Vomvoridis.* In this
report, we show that some of the approximations in their derivation are not
well justified, and we obtain more accurate expressfons. In Sec. II, the
approximation that the phase velocity of unstable waves is approximately
the same as the beam velocity, V= Vp, is discarded. This signifi-
cantly alters the results obtained in two ways. Firstly, the growth rates
obtained are typically two to ten times larger. Secondly, we find that the
conventional negative mass instability does not exist in modified beta-
trons. Rather, the beam fs subject to a predominantly transverse instabil-
ity at high energies. We have made a rough estimate of the effect of a
spread in beam energy on this mode. In Sec. 111, we examine the effect of
a moderate spread in beam energy on the transverse resistive wall instabil-
fty. We find that in some cases, the effect is negligible because Vi -
v¢ is too large. For the most dangerous nonresistive and resistive
instabilities, however, significant damping is expected.




II. LINEAR DISPERSION RELATION

A. Derivation

Our analysis follows that of Ref. 4, except that we assume a
monoenergetic beam. The details of the derivation are given in the Append-
ix, and here we give only the main points. The beam is modeled as a circu-
lating ring of charge which can displace rigidly in the transverse direct-
ion and which can compress in the toroidal direction (see Fig. 1).

In equilibrium, the beam is positioned at the center of the
minor cross-section of the torus, and executes a cyclotron orbit in the
mirror B, field. Toroidal corrections to the field equations are
dropped, so that the m = 0 and m = 1 fields are not directly coupled. They
are, however, coupled via the perturbed charge and current. Thus, the m =
0 component of the charge density p satisfies

oV

8 . I => =0, (1)

a_

ot r 20
where r(8) is the radial location of the center of the beam, and V., Vg
are the beam velocity components. The second term in Eq. (1) shows that a
rigid transverse (m = 1) displacement contributes to the perturbed net
{m = 0) charge density. Contributions from perturbed m = 0 quantities to
the m = 1 charge density are second order in the beam transverse displace-
ment, and so do enter the linear dispersion relation. Consequently, the
perturbed m = 1 fields can be computed directly in terms of the transverse
displacements of the beam. The results are substituted into the m = 0
field equation for the perturbed toroidal electric field Eg(}), namely

ad(1
vzl Eeu) - (Y p(l) + '—a?:’)
0

(1) (1)
= il/ro p - 1u)° [
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(see Appendix for definitions and normalizations.) Linearizing Eq. (1), we
obtain

2 2 (1)
1) wr o wV
2. (1) -~ iz Po [ (1) jvr! 0 o'r
lee T A= X ~ vG - —— -— + - (2)

0 To )

Solving this equation with appropriate conducting wall boundary conditions
yields the linear dispersion relation

2 2
1= 1 2 L 1 Wy . W,0/Y, 2 .
LRCILIN oW T2 Z - D (6, - 8u° - )
Yko f'o ) Yo
(3)
wz Q,./y
|s 2 3 ry
- Yozz 0 (wz - sz ~-E)f (1 + 2en a/rb) (1 - (1 + 1) cl)

This equation differs from the results of all earlier work in that the
approximation w » znzo/yo has not been made. Also, the first term
on the second line is new.

8. Nonresistive Instabilities

Equation (3) has some unstable roots due to the coupling of
longitudinal and transverse modes of oscillation. The instabilities per-
sist when the wall conductivity is infinite. The instabilities are low
frequency in the sense the transverse component of their motion is associ-
ated with the slow rotation frequency wy = wruz/(neolyo).

The beam can also oscillate transversely at the fast rotation frequency,
aeo/yo, but there are no nonresistive instabilities associated with
this resonance.
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We can clarify the origin of the nonresistive instabilities by

simplifying Eq. (3). We assume ui < R:L/yg. Ml < w§ and
obtain
. 1 rz (1 + 2em afr) zzlrg - wz _ mamg (aw - 2 Bz/Yg) o1
- % Pob b Amz sz—(sz - mg)
(3a)

where a = y3/(1 - n - ng ry2/a2). The function P(Aw) has a dif-

ferent character depending on whether ,“BI < znzolyo or |ug|

> znzo/yo, as shown in Fig. 2. For typical betatron parameters, the

point |m | = 19, /yo occurs approximately at yo = vy, =

4y r°2/a2]1/3 where v 1s Budker's parameter. When v, < Yipqns

the roots of the quartic P{aw) = 1 consist of two complex conjugate pairs.
For yo 2 Yiran * "€ have two real roots and a complex conjugate

pair. We note that the conventional negative mass instability® is not pre-
sent in typical modified betatrons. The derivation of the dispersion rela-
tion for the latter instability involves the replacement of Y¢2 = (1 -
w?rg2/22)-1 by yp?2 = (1 - Vp2)-! in the field equation. This proced-

ure is valid only if 2vyy (1 + 2en a/rp) < 1 which is not the case for
modified betatron parameters (cf. Table 1).

Frequencies and growth rates for the £ = 1, 2, 3, and 4 nonre-
sistive modes obtained by solving Eq. (3) numerically for the parameters in
Table 1 are given in Figs. 3, 4, and 5. As we have seen, for yy <
Yeran there are two unstable modes, one with w > lﬂzo/Yo» the
other with o < znzo/yo, and we term these modes "fast" and "slow"
accordingly. In Figs. 3 and 4, only the slow modes are depicted for clar-
ity. The maximum growth rates are for yq > Yeran® and since most of
the acceleration period lies in this region, we shall examine the region
more closely. For a = 2ys2 » 1, Eq. (3a) reduces to

Aw (Aw2 - wBZ) + v (1 +2n a/rb) mauazlvoa = 0 (3b)
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The condition for this cubic in Aw to have complex roots is v(1 +
2tna/ry) walyg® > 2 ug/(3/§). This criterion yields the upper bound
on the unstable range of yg, namely

Yoo = (6/3ur, (1+2um a/ry) 2 B )M/

where we have assumed wg € 2020/19. This expression gives Ymax
= 153 for the parameters in Table 1(a). The exact numerical results give
Ymax = 156.

For yo2 € Ymaxz the complex roots of Eq. (3b) are given
approximately by

so = [ygv 2(1+ 2 2n a/ry)/(2r 2113 et

where ¢ = 2x/3, 4n/3. Thus, the growth rate scales as g!/3, B-2/3,

etc. For the parameters in Table 1(a), this expression yields w = 6.81x10-3
+ i 2.4x10"* for yo = 50, compared to the exact answer w = 6.82x10-3 +

i 2.1x10-*. Numerically we find that throughout most of the range of this
instability we have Aw = wgs SO that the mode is mostly transverse in
character. The conventional negative mass instability is longitudinal in
character, being associated with the aw = 0 resonance.

A comparison between our dispersion relation, Eq. (3) and that
in Ref. 4 is given in Fig. 6. The mathematical differences between the two
dispersion relations were described in Sec. IIA. Equation (3) gives growth
rates which are two to ten times larger than those from Ref. 4. We discuss
the effect of a thermal spread in energy on these instabilities in subsec-
tion D below.

c. Resistive Wall Instabilities

The presence of resistive material in the walls of the betatron
gives rise to additional instabilities,* and modifies the growth rates of
nonresistive instabilities. To illustrate this effect, we have chosen a
stainless steel wall, for which the conductivity ¢ is 5.2x106 in normalized
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units (see Appendix). The results for the ¢ = 1 mode are shown in Fig. 7.
The resistive wall has 1ittle effect on the nonresistive instabilities.
However, some modes whose growth rates are zero for ¢ = » are driven
unstable by the resistivity. They are, the fast mode in the region

Yo < Yeran and a slow mode in the regfon vq > Yeran® denoted

by A and B respectively in Fig. 7(a). (In Fig. 7(b), branch A' is unstable
even for ¢ = ».) Branch B is due mainly to the term ¢, in Eq. (3). The
growth rates of this branch are much smaller than those obtained by using
the approximate ¢,; in Ref. 4. Since the resistive modes are driven by -
boundary condition at the wall, they are sensitive to the value of a, th
minor radius of the torus.® This is why the resistive mode growth rate -
smaller in Fig. 7 than in Fig. 6 (cf. Table 1). The growth rate is appr
imately independent of Yo

The slow mode associated with the toroidal magnetic field cyclo-
tron resonance, w = ‘“zO/Yo - “eo/Yo’ is also driven
unstable by wall resistivity.® As indicated in subsection B, none of the
modes associated with this resonance are unstable when g = =, With finite
wall conductivity the mode, which is primarily a transverse oscillation,
becomes unstable when w goes through zero and becomes positive. In a beta-
tron, 8.0 % Yo during the acceleration, so that the instability
turns on when a, = neolz and continues for the remainder of the
acceleration period. This behavior is shown in Fig. 8. Again, the differ-
ence in growth rates between the two parts of the figure is due mainly to
the differences in the quantities a and Beo in Table 1. For large
Yo the growth rate is approximately independent of Yo

D. Practical Implications for Betatrons

For the sample parameters given in Table 1, it is clear that the
nonresistive instability in the region yqo > Yiran is the most fmport-
ant fnstability. Thus, for the parameters in Table 1(a), the number of e-




foldings of the g=1 component during a 1 millisecond acceleration time is
about 4000. This result is for a monoenergetic beam, and gives an upper
bound on the growth. We can estimate the effect of a spread in beam energy
as follows. The thermal spread enters the model in the combination w -
z(nzo/yo - kaPy), where AP, is the spread in canonical toroidal

momentum (cf. Eq. (4)). The instability for y, > Yeran
with the resonance aAw = wge Therefore, a small-thermal-expansion for

this mode is an expansion in the parameter e?=(2kaPg)2/(Aw - mB)z.

If ¢2 € 1, Landau damping is negligible, whereas if ¢2 ) 1, we expect sig-

is associated

nificant damping. As an example, we use the numerical results shown in
Fig. 3(a), and assume an initial spread in y, of 5%. Then, for the g2=1
mode at yo = 50, we obtain €2 = 4, so that we can expect a significant
reduction in growth rate. A more rigorous treatment of thermal effects is
needed to confirm this result.
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II1. THERMAL EFFECTS ON RESISTIVE INSTABILITIES

It has been suggested* that a moderate spread in beam particle
energies may reduce instability growth rates to acceptably low values
through Landau damping. Here we look at the effect of a thermal spread on
the transverse cyclotron resistive wall instability. We choose this case
because the dispersion relation, Eq. (4) is relatively simple and does not
require numerical solution.

A. High Frequency Limit: &/a << 1

From Ref. 4 the approximate dispersion relation for the cyclo-
tron mode including thermal effects is

- Aw % Aw

Wy 80’ Yo

where, in normalized units,

Aw = - Q(on/yo - kaP) ,

= 1 1 1
k= =7 |2 -~ 1w )
Yo'o Yo s
r 2 n2

2 _ 2,.2 2 2 b ) 20

RS = nsll'rb/a)[l‘BoYo (1+i)——a2-— -a—] -—Y—?-
0
1/2
ow

wrz = L% - ns) nio/YcF , (n = 1/2 is assumed)

g{aP) = distribution function of toroidal canonfcal momentum
spread. See Appendix for additional definitions.

B e




Write av® - w2 7 8wy /vy = (8w + kAP - ;) (Aw + £kaP - o). Assuming

r
laz] >>)ay), the instability comes from the following choice of roots,
w zy
r Yo
a = —_— a = -qQ /Y . (5)
1 20 2 go''o

For g, choose a flat-topped distribution function,

- 1
g(aP) -E-P-;-— for ’AP‘ < APO s
(6)
g{aP) = 0 for ,APl > AP
0
Performing the integration in Eq. (4), we get
2
1+ 2 bw, - zkAPO - ay ] buw, + zkAPO - o 7
20kaP (o - ay) Bug + 2kaPy - oy bug - 2kaPy - ay
= 0’

where duy = w - ‘on/Yo' The mode we are concerned with has
Bw = ay. To do a small-thermal-spread expansion, we assume kAP°<< aw - ay.

In what follows, we shall in essence be checking the consistency of these
two approximations. Expanding Eq. (7), we obtain

ni 1 1 (zkAPo)2
1- + —2 ) = 0.
a2 buym @) (Amo - uz)

e e




Assuming §/a << 1, the real part of the frequency, Awp, 1s

/ 9. f,,1 (e "
bo, = = 8g0lYe "% + _—
r 80" "o f60/Y0 3 (8w, ap)
Our expansion parameter is thus
i 2kaP ‘kAPo“eo/Yo
€ Ao - GZ *
r ns

With APO = Yen'o and Yo large enough such that ng << 1, we have

2
U907 Ten

Moo Yo

If ¢ << 1 for a given choice of parameters, then our small-
thermal-spread expansion is valid. In this limit, there is no Landau damp-
ing from a flat-topped distribution. If ¢ >> 1, on the other hand, the
phase velocity of the mode lies well within the distribution of particle
velocities. The mode is then highly damped. Putting in numbers from Table
1(a)with y_ = 50, we obtain ¢ = 3.3x103(yth/y°). Assuming a
10% spread in Yo at the beginning of the acceleration period, we have
Yeh * 0.5. Thus € = 33 at Yo = 50. Consequently, there will be
significant Landau damping of this mode.

B. Low Frequency Limit: w = 0

When = 0, the small-thermal-spread expansion of Eq. (7) leads
to

Q
N3/2 + _s_o n 81'/4 (1 + %_ G) = 0 (9)

where nio = ns(l - rﬁ/az) niolyﬁ , and n = agyg(rglaa)(Z/o)llz. The

10
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unstable solutions to Eq. (9) are

Q 2 2/3

n
= s0 € ¢
w n——7——e° Yo (1 + 3“ ) e 3

where ¢ = 2/6, - 7x/6. In this case, we obtain

¢ . T 122 %0 g

Yo 2?; 2y H
For the parameters in Table 1(a), we obtain ¢ = 27(yth/yo). Thus,
for an initial 10% spread in Yo» there will be substantially less

Landau damping in this case than where §/a << 1. For the parameters in

Table 1(b), e = 4(y, /v) . 1In this case, Landau damping will be
negligible, and Eq. (10) shows that there will be a slight increase in the ;

growth rate due to thermal effects.

2/3 1/3
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IV. SUMMARY

We have rederived the dispersion relation for linear instabil-
ities in betatrons based on the simple model of Ref. 4. Our analysis shows
that at high beam energies, the dispersion relation does not reduce to that
of the conventional negative mass instability. Instead, we find a mode
which is primarily transverse in nature. Furthermore, we obtain growth
rates which are from two to ten times larger than those obtained in pre-
vious calculations. We have estimated the effects of a moderate spread in
beam energy on nonresistive and resistive instabilities, and find that sig-
nificant damping is expected. A more rigorous calculation is needed to
prove this.
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APPENDIX
DERIVATION OF DISPERSION RELATION

Figure 1 i1lustrates the physical parameters of the system. The
beam is modeled as a 1ine of charge. In equilibrium, it is situated at
r=rg2z=0, and executes a cyclotron orbit in the mirror B, field.

As pointed out in Sec. IIA, only the transverse motion of the beam needs
to be considered when computing the perturbed transverse fields. When the
center of the beam is displaced rigidly to position (rgy + Ar, az), it
experiences the following fields:"

Applied fields: B, B0 (1 - nar/r} ,

r -Bzo mr/r° . (Al)

Beo (1 - Ar/ro)

L
n

(1) M rg
Induced fields: E =% 7 Ar
a

r
2
1y _ " "
Ez 7 248
a
2
nVv r
i) = 280 [ el g)az,
a
(1) "oYe0 rg 2,2
Bz = - —2—- —-2- - (1 - rb/‘ ) E Ar’ (Az)
a
rZ 1/2
where £={1+1) — b 7 2 J )
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In our normalization scheme, frequencies are normalized to wy which is
defined by °/"’o =1 cm. Lengths are normalized to C/“'o’ velocities

to ¢, fields to mmole, and densities to ugm/hez, where m and e

are the electronic mass and charge respectively. Thus, for example,
Bzo and 2,0 have the same normalized values. The conductivity is
normalized to w /4x. In Egs. (A1) and (A2) above n is the external
field index, i.e., r,3/3ar £n Bz(rg), no is the equilibrium beam
density and Ve o is the equilibrium azimuthal beam velocity. A positive
beam charge is assumed. The equations of motion of a beam particle are,

2

Ve dpr
Y T ot @ ¢ Bt VB, - VB ’
dpz eV B
dat E; + ViBy - Veby ’
V.V dp
g'r 8 . _
Y *a Eg * VB - V(B ’

where (Vp, Vg, Vz) and (py, pe, pz) are the velocity and momen-
tum components of a beam particle. Linearizing these equations, we obtain

B B
; 2 _ ¢ 80 . _ .2 20 (1)
ar + (ur E)Ar + A2 Yo Yo T Vo R
B
. 2 - g0
Al“’(wz-E)AZ-Af‘—Y—o o,
dve(1) E(1)
—dt- * —3
Yo
14




where the superscript(l) denotes perturbed quantities,

uE =(1-n-n rslaz)Bf;/YE- ﬂf =(n-ng '5/‘2)85;/75’ s * nol(Zvoﬁfo)
_ 2 :
and T = ny2V2,(1 - ra®)eeZ 2. Assuming ar, az - exp (-tut + 120),

we obtain the following solutions to Egs. (A3),

v(l), 2 (Au2 SN €)B

8 Yo z 20’ Yo
or = D :
A%)
(1). 2 (
I S SUAICN
_D 9
where Aw = w - !Veolro and D = (Auz - uf_ + E)(sz - w§+ €) - Am2 Be(z)/YCZY

Using the third member of Eqs. (A3), ve(l) can be expressed in terms

of E (1), the only unknown. To close the system, we obtain a field
equation for Eg(1). We assume that the beam excites only the m = 0
component of Ee(l)' This is reasonable provided rp << a, since

higher m number components go to zero at the center of the minor cross
section of the torus. Further, we assume that only the lowest radial mode
is excited, so that the eigenfunction is approximately constant over the
beam cross section. This is valid provided Iz/rol - |w| << 2x/a. Then

! from Maxwell's equations we obtain

el = 1 -1l (45)

where “1l" refers to the transverse direction, p(l) is the perturbed
charge density, and.ﬂ}%s the perturbed azimuthal current. Since the
eigenfunction is assumed to be flat in the center, the perturbed charge
density p(l) is proportfonal to the perturbed 1ine charge v(l). To
obtain an expression for v(l) we use the continuity equation for o,




W/t + 9. (pV) = 0. (A6)

Put o = ws(R - Rol8)) 8(¢ - ¢o(0))/R, where R, ¢ are 1ocal cylindrical
coordinates (r - ro = Rcos¢, z = rsing), and (Rq, Qo) is the

vV )
r ) =
-t (—r.—') 0 (A7)

2
28

=1

Linearizing, and replacing v by o, we have

p(l) = (20 V(l)/r - r‘l)/ro)/Am

Jél) = (1), r(l)po)/l

m(rop

where p  is the unperturbed charge density . Equation (AS) becomes

Lo E(l) wB__/ '2r2
ol . ., Zz2oYo (2,2 Hlfy.20
19 - S |5 01 Wb - R
Yauw ro Yo L
Vd
oo B0 2 02 (1)
ozo 0 -
AT lw, - &” - E)Eg
_ (1)
= AEg (A8)

To obtain the dispersion relation, we need to solve

d el o agll) rer
viﬁ(l, =0 rpb<rc<a
2l - ~tout ) r>a,

16

position of the displaced beam. Multiplying Eq. (A6) by [RdRd¢, we obtain
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together with the following boundary conditions,

aE(1)
Eél) . -—a-e-,—- continuous at r = ry
(1)
gl . _wli+l) w \'7% % atr = a
) e 2,2 %o ar ‘
w -2 /"o

As a result, we obtain
1 = Yo i e 2mae) I - (i + Dey, )
TPo'b b €11

r B, /vy
X -—-l—z-z— (1- “_’_22) ['_1'2‘ + f’—zg—‘—g (miAuz-E)]
Yo

+—Wm-—¢; (ws-sz-E)i R

where
1/2
mz r‘i/!.z (Zlouaz )

€ =
T R TR T L

For a negatively charged beam, we let Bzo * - By

17
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TABLE 1. SAMPLE PARAMETERS FOR MODIFIED BETATRON

The values for Beo are approximate practical upper and lower bounds.
QUANTITY SYMBOL VALUES
(a) (b)
Major Radius ry 150 cm 100 cm 1 E
|
Minor Radius a 5 cm 10 cm
Beam Radius Ty 1 cm 1cm
Toroidal Magnetic Field Beo 6 (10 kG) 1.5 (2.5 kG) j
Beam Current v 0.59 0.59 (10 kA)
Beam y-factor o 5-100
Transition Energy Yeran 12.9 6.2
' Acceleration Time T, 3 x 107 cm (1 millisec)

!
L
4




Figure 1. Illustration of modified betatron concept. The major radius of
the torus is rg, the minor radius is a and the beam radius is
ry. The external magnetic fields consist of a focusing mirror
f?eld B, and a toroidal field By.
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Figure 2.

INlustration of nonresistive instabilities in betatrons.

The dispersion relation is P=l, The roots are denoted by
r, fp, eti., and brackets (,) denote complex conjugate
pairs. In (a) and (b), we depict two regimes of instability
tn the modified betatron. In (c), we show the origin ol the
longitudinal negative mass instability, which requires

As 2vyo (1 +22na/rp) <1.
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of the nonresistive 2 = 1, 2, 3, 4
? E$. %3) numerically for the equil-
n Table 1(a). The frequencies are
;gr Yo < Ytrans only the slow

g. 2).
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Figure 7. Growth rates for the £ = 1 instabjlity with perfectly conducting

walls (dashed lines) and stainless steel walls (solid lines).
Part (a) is for the parameters in Table 1(a), and part (b) is for
parameters in Table 1(b). Branches A and B are modes which have
become unstable due to the wall resistivity alone. In part (b)
the solid and dashed 1ines are 1ndist1n?uishab1e (the growth rate

! :f Branch B is approximately 4x10-6 cm=1). Branch A' is unstable

or even o = «,
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} { Figure B. Growth rates of the transverse resistive wall cyclotron mode.
| Part (a) is for the parameters in Table 1(a) and part (b) is
{ for those in Table 1{b). For (a), £ = 20 and for (b) ¢ = 5.
The instability turns on when Qzo = {lgo/L .., yp = Beoro/%
(= 45 for case (a)). The height of the initial peak is
jndependent of £ and vy (cf. Ref. 6).
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