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NOMENCLATURE

a half width of structure or radius of tank

A 1 ,A 2  defined by eq 9 and I1

b half length of structure

b) lIn (p+a1 )

B 1,B 2  defined by eq 9 and Il
C volumetric specific heat
d insulation thickness

D phase change thickness beneathi pipe insulation

f steady-state solution geometric function
f, steady-state solution geometric function modified for insulation
f0 value of fon the phase change interface
g steady-state solution geometric function
90 value ofg on the phase change interface

h depth to center of arbitrary isotherm

ho depth to center of buried pipe

H h/ri
Ho dimensionless depth to center of phase change isotherm circle
k thermal conductivity

k 12  kl/ 2

L volumetric latent heat of fusion

L, effective latent heat = L (I +k 12 OST -ST/2)
m outward normal from phase change interface

n b/a
44 0(1 +b0)(1 +03)
p distance along outward normal
p' p/a
p1  (i+4Q)/(1 +0)

Pa

P2 +

q heat flux from bottom of insulated structure

qP heat transfer rate per unit length of pipe
r radius of arbitrary isotherm

2 (xx')2 +y-yl) 2

r, outer radius of insulation
r0 radius of pipe
R r/r i

R0  dimensionless radius of phase change isotherm circle

s distance along phase change interface
S' S/0

S area of phase change interface
S, S/o 2

S t  surface area with disturbed temperature

C I (Tp- Tf)

ST L , Stefan number

iv



t time

T temperature
Tf freezing temperature
TO  ground initial and surface temperature
[p temperature of bottom of structure or pipe su-face
Tp temperature of insulation/ground interface
u dummy variable
V volume of region changing phase
V v10 3

x,y,z Cartesian coordinates
xo,yo,zo  Cartesian coordinates of phase change interface

r.

kli In () insulation parameter for buried pipe
k1i q- insulation parameter for other geometries

(Tf - T0 )
k21 (T-Tf

ly value of t0 at center of semi-infinite strip
'o value of - for uninsulated strip (o = 0)

value of y at any location "
maximum or limiting value of -y
x/lri buried pipe

x/a other geometries

xoiri buried pipe

{X0/a other geometries

11 y/a
770 YVO/a

9 thermal diffusivity
tholr i

z/r i buried pipe

z/a other geometries

z/r i buried pipe
to

IZo/a other geometries

Z, value of to beneath center of circular tank
tc- limiting value of tc
tB value of to at center of rectangle
FB _ limiting value of tB
tP value of to directly beneath buried pipe
tp- limiting value of tp
p dimensionless radial distance from center of phase change isotherm

v



k I_(Tp-Tf)t ,dimensionless time for buried pipe

r? L

T
A 1Tt , dimensionless time for other geometries

7T a 2

2Vr
0 polar coordinate

T- To

Tp - T o

TO - Tf0
TP - Tf

TI - Tf f o

T 2 - To  f

02 Tf- TO  f0

T1 - Tf f -fo

0I TP -Tf I-t 0

T2 -T o _ g@2 Tf - To  go

Subscripts

1 thawed region

2 frozen region

f fusion or frozen
insulation

vi



CONDUCTION PHASE CHANGE
BENEATH INSULATED HEATED
OR COOLED STRUCTURES

Virgil J. Lunardini

INTRODUCTION

Large-scale exploration and development of the northern regions of the Northern Hemisphere
have stimulated interest in a number of thermal problems. Not the least of these is the effect of
heated structures on underlying or surrounding permafrost. This involves the study of conduction
heat transfer in media which can undergo freezing or thawing. Lachenbruch (1957a,b, 1959) and
Jumikis (1978) applied linear conduction theory to the effect of heating on permafrost. Linear
theory was possible since no phase change was considered despite the direct reference to perma-
frost problems. However, if phase change is introduced, the conduction problem becomes non-
linear and only a few exact solutions exist for the simplest geometries and boundary conditions

(Lunardini 1981a).
Geometries of practical interest, such as those considered in this report, do not allow exact

solutions of the thermal problem to be found. Thus closed form solutions, as opposed to numeri-

cal evaluations, have relied on approximate methods. In general two approximate methods have
been quite fruitful for phase change conduction problems: the heat balance integral method, and

the quasi-steady method. The heat balance integral method gives excellent accuracy and has been
applied successfully to simpler geometries such as semi-infinite plane systems (Goodman 1958,
Lunardini 1981c, Lunardini and Varotta 1981, Yuen 1980), and pipes buried at infinite depth
(Lunardini 1980, Bell 1978).

The quasi-steady method is not as rigorous as the heat balance integral method but it can be

applied to a wide variety of geometries. Applications have included uninsulated buried pipes
(Hwang 1977, Thornton 1976, Porkhayev 1963), insulated buried pipes (Lunardini 1981a,b,d,
Seshadri and Krishnayya 1980), and three-dimensional structures (Porkhayev 1970). Probably
the most widely used calculated results are those of Porkhayev (1970). This report derives new
quasi-steady relations which are applied to insulated geometries including semi-infinite strips
(roads, sewers), rectangular buildings, circular storage tanks, and buried pipes. The quantitative
results for insulated systems are superior to those of Porkhayev (1970).

QUASI-STEADY METHOD

The quasi-steady approximation assumes that the temperature field varies successively from one
steady state to another. Let us examine the limitations of this approximation. Consider an infinite
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strip as shown in Figure 1. Initially the temperature is uniform at T0 and the insulated surlace ot
the strip jumps to T. at time zero. The temperature beneath the strip then starts to vary with time.
The properties of the material differ for regions below and above the lusion temperature Tt. The
equations for the conduction heat flow problem are

a2 T1 _ 2 T 1 aT- + = (1)

aX 2  a)2  Kt a t

T, (x,O,t) =T p P --a x a t > 0 (la)

T1 (Xo,t) = Tf (lb)

,2 T2 _ 2 T2 _ T2+ - = (2)
ax 2  3z

2  K2  at

T2 (X,O,t) = TO  x < -a or x > +a (2a)

T2 (A,z,O) = T0  (2b)

T2 (x 0 ,zo,t) = Tf (2c)

lim T2 (x,z,t) - To  (2d)

If thawing is considered, the energy balance over the surface S separating the frozen and thawed

zones is

f/ all aT2  dsLdV
fds 

= 
-L (3)

kt -I m k 2 am) xo;z* dt

where m is the outward normal to the interface and V the volume of the material changing phase.
Equations 1-3 can be nondimensionalized using the following quantities:
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SM, M s s V S' =
a a a a 2  3  a 2

T 1 -Tf T2 - To  Tf- TO

T1 T Tf-T o  Tp-T1

C1 (Tp- Tf)
ST = _L

2K 1St
ri
2

TO -Tf
¢o-

Tp - Tf

a2 0 _ a2 01  2
+ - - S- (4)

a-2 2 ar T

01 (', 0, T) =  I I< + I (4a)

0I ( 0, to, o) = 0 (4b)

a2o2 a2 02  25T 302

2 at2 ff21 a

02 ( , 0, T) = 0 <-1 or > +1 (5a)

02 (t ,O,) = 0 (5 hb)

02 ( 0 , 0 , r) = I (5c)

lir 2 ( , t, ) 0 (5d)

T- f a a 2  ds 2 dV' (6)

S,~~ (T-- \

• '\,-Tf am' -0am---jot -i dt 6

Equations 4-6 cannot be solved exactly, but the diffusion equations, eq 4 and 5, reduce to the
steady-state case if the Stefan number ST is small. In this case it is not necessary to solve the tran-
sient conduction equation but only the much simpler steady-state conduction equation. For sim-
plicity assume that the properties of the frozen and thawed media are identical. Then the quasi-
steady system to be solved is

a20 a2 0 (7)

a 2  at2

3



,o) - 0 o 1 (7a)

0 or -I

jima q (S') = 0. 17b)

Notice that the initial condition cannot be satisfied and that the energy boundary equation is solved

b merel substituting in the solution for 0. It has been shown (Lunardini 1981a) that eq 7-7b are

the ieroth system of a perturbation solution of eq 4-5. The quasi-steady method then consists if

soling the stead-state torm of the problem and locating the phase change boundar, with the use

ot an equation similar to eq 6. Clearly the accuracy of the quasi-steady method depends upon the
magnitude ot the Stetan numbel, which is the ratio of the sensible to the latent heat for the material.

For s stems wi th a large latent heat relative to the sensible heat it can be expected that the quasi-

stead, approximation will be reasonably good. This covers soil sy stems and many phase change

materials used for latent heat storage.
The utility of the quasi-steady methods lies in the fact that for many phase change ploblemrs the

equiialett steady-state solution can be written down immediatel, or easily found.
The solution to eq 7-7b, which is well known and will be useful, is

Qa rL { 2 _/tanr - + tan t -1  = - tan -k -2 f( T, ) . (8)

GENERAL QUASI-STEADY RELATIONS

General equations can be derived which will he valid for a class of important phase change, prob-
lems. Assume that the solution to the quasi-steady form of eq 4 is

0 1 = A (7) + B (7) f( -, ) . (9)

This will satisfy the quasi-steady form of eq 4 and, when combined with eq 4a and 4b, gives

f-tO
-l 0  (01 I- to0

The function f is the solution to the equivalent steady-state equations and f0 is the value of the
function on the phase change surface where the temperature is at the fusion value.

Also let

02 = A 2 (r) + , (T) f(', . ( )

Then using by eq 5a and 5c,

02 = (12)

Once fo has been determined, the total solution will be known. Equation 6 will be evaluated at
only one location on the phase change boundary:

rP.1-rf a, 2 (
T, -Tf am'- - dr "

4
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Figure 2. Geometry for thaw at (at , h)"

The relationship between dp', the small amount ot matrial thawed during dT, and d 0 i,, sh),An in
Figure 2:

LIP (a; ) do (14)

A o

a 2 + ( )Y (15)

With these relations eq 13 is

T 7f0- 1', 0T fdA (16)

This equation will give the vertical phase change depth as a function of time for any location '0.
It will be convenient to later evaluate this equation along the plane of symmetry, " = 0.

It is necessary to consider the effect of the insulation since the temperature of the ground sur-
face Tp is an unknown function of time. There are several ways tc handle the insulation.

Method 1
The heat flow through the insulation will be equated to the heat flow through the thawed soil

at I 0. This concept has been used by Seshradi and Krishnayya (1980) and by Lunardini (1981b):

k - a (0, 0) - (7
- - -T k d (17)

From eq 10, this yields

-_ 1aoo (18)

Tp -Tf 1 2a U (0,0)
I -f 0  at

5



where a is the insulation parameter given in the Nomemlature. The general interface equation, eq

lb, is now

( I (itaL 2 d~o
0-7 + 2- - -
(t--I+2,at D i-)()4 ". 77 .

The tinal, stead\ -state, o! limiting solution occurs when d 0 IdT 0 in eq 19:

I + 0 z() (20)
to.- 1 4 2a at (0 0-- -

or

to- I [ - 2 a -- (21)

The heat flux, into the thawed soil, at the center of the heated surface is

q -k, -) (22)
, I, = 0

This can be written

W -kj (Tp-T) at (0,0) (23)

a I-to-2a at (0 1 )

To evaluate eq 19 it is only necessary to find the appropriate, steady-state, geometric function t.

Method 2
Method 2 accounts for the effect of the insulation by considering an excess layer of soil with a

thermal resistance equal to that of the actual insulation. The excess soil layer is only applied to the
temperature relations of the thawed zone. The concept was introduced by Porkhayev (1963, 1970).

The temperature equations are

T - TI f  f t 0i"-Tf -0 (24)

T2 -TO = g (25)

Tf- To  go

where f is the steady-state solution, with the excess thawed soil for insulation, and g is the usual

steady-state solution. Equation 3 then becomes

2 2 Of)," 2  d (26)

The center heat flux to the thawed soil is

6



k 1 (7_T Tf) af, (0,0) 127)
q- a(i-tp 

()27

While both methods approximate the steady-state solution when an insulation layer is present, it

will be shown that the first method gives more accurate results. A more accurate approach would

exactly solve the steady-state problem, probably by using complex variables with a Schwar/-Chris-

toffel transformation, but such a method has not yet yielded convenient solutions.

The same relations apply to the freezing case if T = 2k I (Tf- Tp) tl(-o L) and region I is the fro-

zen layer.

It is now possible to examine, quantitatively, several practical geometries.

SEMI-INFINITE STRIP

A semi-infinite strip can represent roads, shallow rivers, or very long rectangular buildings. The

geometry of the system is shown in Figure 1.

The steady-state solution is given by Luriardini (1981 a)-see eq 8--and the geometric function f is

1 / 2 16
Stan- 2 . ) t - tan- t ("-) + tan- (Ls) " (28)

Method 1

Using eq 28 and eq 19 the phase change interface equation is

( 02 _t 2 - 1 - (2 9
0 

+ F

Thus
I ~ [ 2 +u2-1)2 +4u2]du

(.2 _u2_1) {fo1 -  -I, + 70(3

wheref 0 = . tan- (2u2 
_)

The limiting interface, at T =
, is

cotpI + C/cot
2 P1 - (2 -1) (31)

wherep 1  (irP+1 4i).

Since eq 30 is valid for any location , it will be convenient to eveluate the equation at 0 = .

This is along the axis of symmetry for the geometry. Then

7 (u
2 + 1) du (32)

f(u) - 1 ,

7



where t = (2/n) cot- I u, and -y is the value of 0 along the axis of symmetry.
Equation 31 reduces to

3 =cot - - ( ')a (.33)

Since the value of to is constant, the %alue ot the thaw depth at any , -Y, .an be found as a

function of the centerline value -:

3' 2 -
2I_ _ _ 2 4,2 - - 0 .34)

When < I, the phase change at the edge of the strip ( 1 .0) is , ',. I heretfoe eq 23 fr the

surface heat flu\ is

2k (Tp- ) 3 Ir

4ra + - - 01

Method 2

The equations for method 2 will only be written tor the axis of s\ mmetr, . hen eq 26 is

7do (36)___

0 i (u +2a)2 + 11 ( 0 (u2+ i)

where

2O z tan- ; this assumes that a thaw soil layer 2a W compensate tor the in-
sulation laver

2tan-(I

The limiting solution is

I _ _- - 0 (37)
(I-1f0(y, + 2ct)2 + I ) 0 (32+ )

The solutions of n elhods I end 2 are identical for uninsulated strips (a = 0) but they differ if

the strip is insulated. Since an exact solution to this problem ,, not available, the stead-state solu-

tions were compared to a numerical finite-difference calculation. Figure 3 shows the steady-state
centerline temperatures for a = 0.6, 0 = 0.7. Clearly the temperatures predicted by method 1 are
superior to those of method 2. Note also that the depth of the thaw 7one predicted by method 1

is considerably more accurate than that of method 2. All of the quantitative results were cal.ul-ted

with method 1 due to its superior accuracy.

Equation 32 can be evaluated exactly if 0. For this case

(= + ti) 3 +') _ Z(7 +' ot- ' - + 1. In(1+y 2 ) + _y2 (38)

Equation 32 was evaluated numerically and plotted as Figures Al-Al 2. Equation 31 is plotted

as Figures A13-A1 5 for various values of .
The temperatures in the thawed and frozen lones can be found with eq 10 and 12.

8
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(W) Numerical Finite Difference 033

010
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Depth (C = z/o)

Figure 3. Steady-state temperature comparisons be-

neath center of strip.

RECTANGULAR BUILDING

While the semi-infinite strip can represent a building with a very large length/width ratio, it is

useful to have solutions for any aspect ratio. The geometry for such solutions is as shown in Fig-

ure 4.
The steady-state solution is given by Lunardini ( 1981 a) and the geometric factor is

( ( + 1) (7 + n) _ ( - 1) (-a+n)

I= j- tn - 1  _tan-
t N t2 +( -+ 1)2 + (7+n)2  2+ q i)2 + (,7 +n)2

_tan-l ( + 1 ) (i? - n) + tan-l ( 7'- )( - n) (39)

]J +( + (n? -n) 2 -,/2 +( 1) 2 + (,7_ n2

where n = b/a is the aspect ratio.

The calculations will be carried out along the axis of symmetry, = = 0, and the geometric

function can be written as

2() tan-1 ( n~1*l) (40)( 2+ I +n2
Equation 19, for the phase change interface, is now

9
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Y z

Figure 4. Geometry for a rectangular
building on the ground surface.

I f Iu 2 (u 2 +l+n 2 )+n 2 1 u 2 +l+n 2 du\-u (4 1)n f; -  + I -/ n

0 (2u 2 
+ I +n 2 ) -(

- 1 4aCk/
1 l 

2  0

where

to - tan-1

\u, J u2++n2)

As the aspect ration becomes large, eq 41 will reduce to eq 32 for the infinite strip. Thus the in-

finite strip is represented by eq 41 when the aspect ratio is large.
The limiting or steady-state solution is

, n2 ) 2 + n2 cot 2  + 2a 1/ n2  
2 (42)

Numerical quadrature of eq 41 leads to the plots given by Figures A16-AS1 for it7 1, 2, 3. The

limiting steady-state values are given in Figures A52-A60.

CIRCULAR TANK

Storage tanks are often used in cold climates. The solution for a circular tank, shown in Figure
5, follows in the same way as for the other geometries.

The transient solution for the temperature in a semi-infinite medium initially at TO after a sur-

face area SI is disturbed with a temperature TP is given by Lachenbruch (1 957a) as

T7--/o - - + erfc I1 dA (43)f +, (2l/K t ri

where r (x-x')2  (y-y')2 + z2 and x', y' = coordinates of dA inS1 -

The steady-state solution, t - -, reduces to

10



Y0

Figure 5. Circular tank on ground

surfac e.

T-T - dA (44)

TP To 21T f J r3

Equation 44 can be integrated for certain simple geometries such as the infinite strip or the rectang-
ular area already discussed. A general solution for the cir:le is not availablt but the temperature
along the 7-axis, x =y = 0, can be written immediately:

T- To  z= 1 (45)

TP- To
,12 +,2

The geometric function for this case is then

O -(46)

Equation 19 for the phase change interface depth can then be written for the area along the axis

of symmetry t:

2 (u2 + 1)3/2 dur - 1 (47)

0 f(u) - I - 2a f(u)

where t(u) =1 - u (48)

Equation 47 is plotted in Figures A61-A72 for various values of a and 3. The limiting solution,

plotted as Figure A73, is

_c_ (49)

11



The single phase solution (0 = ) can be written explicitly as

+ t2 ++ It:(2t+5) vr+,2 3n(' I + * 3InI (50)

BURIED PIPE

Buried pipes are frequently used to convey mass and energy in cold regions. The geometry of
the insulated buried pipe system is shown in Figure 6. The steady-state solution for uninsulated
pipes is given by Carslaw and Jaeger (1959) and for insulated pipes by Lunardini (1981 b, d). The
geometric function is

bl 2 + +a I
t 2) 1 In -1(51)

The temperature functions are given by

T - Tf t-to 52)
P - pTf I +bla-fo  (2

T2 - TO  (53)
2Tf -T fO

The general equation for the radius of the region that has changed phase is

/2 0 a 21 dR0L/2 [ -  "2V do - •_,T4
f 7 p=R 0 O t (54)

From eq 52 and 53 this is

To

Fi anyten p i

NThawed

Frozen \ -

igure(6. Geometry of insulated buroed pipe.
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+b1  fo -_ ir/2 drdR

- (Lt ) dR0  -7r (55)

If the heat flux is assumed to be constant around the entire phase change interface, using the

value at the bottom of the pipe where 0 = n/2, then

a l b,

) R0  RO(Ho H+Ro)

From eq 55 the phase change radius is governed by

Ru2 (P2 + 1)du

alb 1 T= f T 1 _ (56)

1 +b1  a-f 0  /t

where

to b, In (P2 +Vp2-1)

P2 +
U2
2

Equation 56 can also be written as

4 bT f 2[t I i(

he solution to eq 57, when/3 = 0, is

4ar P + a 4  In [(+a,( ai)]
p a +al[l ( 3-g) + ( -- 1)

2 2

a 1. g ) +2a in()_ 4_a In ( (58)

where gl L+ 1.

The limiting depth can be evaluated from

-( +0 t)M + 1
P_/O t = (59)

(/u +a,)- 1

whereM(I+bIa

In this equation ZP_ denotes the depth to the bottom of the thaw interface on the plane of sym-

metry where o = 0. Solutions to eq 57 are plotted in Figures A74-A91 where D is the thrkness

of the phase change beneath the center of the pipe.

13



1 he heat flow rate per unit length of pipe to the surface is given, at any time, by

I 2nkib, (T P T'))(0

qP I +b a-f o  (60)

where

tof bII n ( p+1)t -a,/

For hot oil pipes buried in permafrost, the sensible heat is considerably larger than the latent

heat. Therefore the Stefan number is quite large and, since the quasi-steady method is based on

systems where the Stefan number is near iero, these cases are a severe test of the quasi-steady equa-

tions. In order to account for the sensible heat, an effective latent heat parameter can be used,

defined as

L,/L - I +C 2 1k123SI +S/2. (61)

CONCLUSIONS

The problem of conduction heat transfer with phase change has been solved approximately using
the quasi-steady method. The solutions for the buried pipe have been compared to numerical solu-

tions and the quasi-steady results were found to differ by no more than ±2 .(, for most cases

(Lunardini 1981d). The pipe solutions also agreed very well with a heat balance integral solution

at infinite burial depth (Lunardini 1980). Since these comparisons were for Stefan numbers greater
than 1.6, it can be expected that the accuracy in general will be better than ±20% because the

quasi-steady method improves as the Stefan number decreases.

The method of calculating conduction heat transfer with phase change presented in this report

has been shown to give more reliable results than the widely used graphs of Porkhayev (1970).
The quasi-steady method is extremely useful because it can be applied quite easily to a number

of practical cases, and the results can be presented in a compact form as shown by the graphs.

These graphs are felt to be acceptable for engineering estimates if accuracies on the on the ordei of

20% are adequate. For insulated systems, where the phase change is expected to be more limited,
the graphs should be even more accurate.
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APPENDIX A. CALCULATED DESIGN GRAPHS.

FIGURE

Al-A12 Phase change beneath center of infinite strip.
A13-AIS Limiting phase change for infinite strip.
A16-A27 Phase change beneath center of rectangle, n = 1.
A28-A39 Phase change beneath center of rectangle, n = 2.
A40-A51 Phase change beneath center of rectangle, n = 3.
A52-A60 Limiting phase change for rectangles.
A61-A72 Phase change beneath center of circular storage tank.
A73 Limiting phase change for circular tank.
A74-A91 Phase change beneath buried pipe.
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