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TRANSVERSE SHEAR STRESSES IN CIRCULARLY

CURVED BARS

By Chirasak.Thasanator&'and Walter D. Pilkeyz, M. ASCE

Introduction

The exact stress determination of a circularly curved bar subjected
to pure bending and shear forces in the plane of curvature requires the
solution of a boundary~value problem of three~dimensional elasticity. This
presents formidable complications because of the difficulty of satisfying
the boundary conditions. Few elasticity problems for curved bars have
been solved. Analytical solutions of a curved bar with circular cross
sections were developed by Golovin, as presented in Timoshenko (2). Also
given in Reference 2 are plane elasticity solutions for curved bars of
small width. A so-called strength-of-material theory of curved bars was
developed by Winkler using assumptionsanalogous to the Bernoulli-Euler
hypothesis of straicht beam theory. In this case, the equilibrium
conditions are satisfied in an average sense.

This paper presents a method for the stress analysis of a circularly
curved bar subjected to a transverse end force in the plane of the bar curva-
ture. This formulation follows the semi-inverse methed of Saint Venant,
using a stress function. The assumption that stresses on any cross
section depend upon forces at that particular cross section permits the
three-dimensional elasticity problem to be reduced to determining the
stresses un the cross section of the curved bar. The stress solutions obtained

from this structural model may be extended to more general cases of

lResearch Scientist, Hydronautics, Inec., Laurel, Maryland, 20810

2Professor of Applied Mechanics, University of Virginia, Charlottesville,
Virginia, 22901




loading by appealing to Saint Venant's principle, provided that the cross

section of interest is sufficiently far from any points of rapid

variation in the internal forces. Finally,a finite element method, which
is suitable for a curved bar with complicated cross-sectional geometry, is
used to determine the stresses on the cross section.

Torsional stresses for circularly curved bars are treated in

Reference 1.
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ELASTICITY FORMULATION
Consider a planar curved bar of initial curvature R, with one end
fixed and the other end free,as shown in Fig. 1. The bar is subjected to a

transverse radial force passing through the sheax center at the free end.
Assume: (1) the materizl is linearly elastic, continuous, homogeneous, and
isotropic; (2) the curved bar is planar, lying in the x-z plane with
the longitudinal axis coinciding with the geometric centroid of the crcss
section; (3) the curved bar can have any arbitrary cross-sectional configur-
ation but must be prisratic; (4) the body forces are small compared to tha
magnitudes of the s%reccs2s and can be neglected; {5) the strescas at any
cross section are assumed to depend upon only the intermal forces at that
cross section; and finally (6) the normal stress distribntion 1s assumed
to follow a hyperbolic law in the radial directioa. The curved bar is
modeled with fixed~free ends to simplify the mathematical formulation. TFor
this case the variations cof internal forces along the curved bar axis are
either constant or are a function of sine or cosine functions.

From the owerall equilibrium conditions of the bar of Fig. 1, the
internal forces at any cross section along the bar axis are

P =W sin 6; My = -'7%  sind, vV, =W cos8 a

)

nx = Mz = G; Vy = C
The twisting moment M* vanishes due to the assumpiion that the force W
passes through the shear center of the cross section.

From agsumption 5 (above) and Eq. (1), the three-dimensional elasticity
problem may be reduced to a two-dimensional one by expressing the stresses

{n the form

o™ 9 (y,z) sinf; Gy" cy (y,2) sinf; 9, =0, (v,2z) sing

T = Tyz (y,2) sind; Txy = Txy (y,2) cost; Tez ® Txz (v,2z) cosd

where Cys G0 O T < y and Tz 2TC functions of cross-sectional




coordinates (y,2) only. Assumptions 5 and 6 suggest trying to satisfy
the stress equilibrium equations of elasticity theory by assuming a normal
stress distribution ir +#*2 form

d--ERz [C_+C y+ C.z] sing
* @+ ° T F 3)

where Co’ Cy’ and Cz are constants to be determined. The stress expressions
chat automatically satisfy the three stress =2quilibrium equations can be

expressed in terms of the two stress functions #(y,2z) and ¥(y,z)
ERz

%t T e m ot Gy Gl sind ®
= ‘ Rz ¢ - —R—- Y
cy I(R + 2)2 "zz (R+2) ’zz (5)
, .
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R? 1 ER?
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S1_ER? F(z) |C_+ C_F(2) ) cosb M
2 (R + 2z)° ° v ;
: R2 1 R2 2
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| ® R? ER?
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+ 5 %-)-2 F(z)[c +c F(z)]{sine (9

where F(z) and G(y) are defined along the cross-sectional boundary.




The stress expressions in Eqs. (4) - (9) are derived independent of

\ the displacements v, v, and w. The stress components, or more specifically

; the stress functions 9 and ¥, can not e taken as arbitrary functions of

(8, y, 2z) but are subject to the two stress compatibility conditions to

ensure the existence of displacements u, v, and w corresponding to these

stresses. A set of corsistant stress-displacement relations can be

derived by using the Hellinger-Reissner variational nrinciple, which is a mixad

principle. Then, twe independent stress compatibility conditions can be

derived from the five consistant stress-displacement equations. They are

o + 0 - 27 - vio + 0 + 27
7o XX T, Yy vT,yr b2 4 r,rr yr,yr]
2v_ER?
= - - C -
<3 (.o + ny CzR) sind (10)

2ER?

1 1 1
= v S - - — |C = -2
cy,er < cy’e 4 v{ or,er + = cr,e p [C‘G + ny + 5 z(r P.)]coss}

of Tor 2 %exr \°
+ (1+ “)["Tyr,er +r T Jyy " F —;;—-,yr] =0 1y

where r = (R + z). Cartassian and cylindrical coordinates are used inter-

changably as convenience dictates. The constants Co’ Cy’ and Cz in
! the assumed normal stress expression of Eq. (2) are determined from the

following equilibrium conditions for any section of the curved bar.

Sfc_dydz = W sing (12)
x
A
ﬁ Sfyodydz = C (13)
A X
rr - -
% zaxdydz WR sing (14)
The constantsco, qy’ and Cz are found to be
W1 z WI
C = 0; C = b N C = z (15)
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where

6

2 2
m _—2—————- . = b4 . = r'__&____
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By substituting Eqs. (4) - (9) into (10) and (11), the two governing partial

differential equations for the stress functions ¢ and ¥ can be obtained.

+
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The traction-free boundary conditions on the lateral surface of a curved

bar yield the values

=6, =0 %, =¥ =0 (18)

Py y z

for the stress functions along the cross-sectional boundaries.




FINITE ELEMENT ANALYSIS
The governing equations for the stress functions ¢ and Y as given in

Equations (16) and (17) are too complex to be suitable for closed form
solutions. A variatiuvially based finite element procedure will be applied
to obtain the solutions. The problem of integrating the partial differen-
tial equations (16) and (17) subject to boundary conditions (18) may be
transformed into the problem of finding the unknown stress functions ¢

and ¥ which make stationary a functional subject to the same boundary

conditions. The functional may be expressed in matrix form as
T

T=7r0{0}70C] (2} - {2}T {F} + D] dydz (19)
in which |
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The procedure will be to idealize the cross-sectional domain by
an assemblage of triangular elements. The functional 1 may be approximated
as the sum of functfonals evaluated for each element. Mathematically,

the functional may e written as

M (e)
Ter=m (24)
im}

where i indicates the element number and M is the total number of elements.
At node j the stress furnctions and their first derivatives (slopss) with
respect to y and z are chosen as the unknown nodal narzmeters and are ex-

pressed in matrix form as
T
{6, = |6, ~b. . 8, w-v,_w,] 25
% [J Py zi ] vi ’z] 2

The stress function behavior within each element may be written in

terms of their nodal parameters
4

e

¥(y,z)

= [° {4,1° (26)
¥(y,2) J

e
where [N] is a shape function matrix and {¢i}e is a vector of the unknown
ncdal parameters. The vector of derivatives in Eq. (20) may be obtained

by differentiating Eq. (26) with respect to y and z, Thus

{9} = m%j}e (27)

where elements of matrix [B]€ are the second derivatives of the shape func-
tions with respect to y and z as defined in Eq. (20). The discretized
functional for element i1 is obtained in terms of the unknown nodal para-

meters by substitutirg Fq. (27) into (19)

n, (¢ -'[[[wjef[seﬁm[semje} - (6,217 (3°17F} + D] ayde (29)

4




where integration iIs performed over the element domain Ai' Finally the
total functional is obtained by collecting the contributions from all

discretized functionals within the cross-sectional domain.

M e, T,.e,T e T
1(y,2,6,) =2 '/:/‘m 3-(B®1(C1(B®]{s .}
Ai (29)

©3T18%1T(F} + D) dydz

- {¢‘
J

The stationary solution of the functional T can be derived fronm
the condition that the variation of the functional K(y,z,aj) with respect

to the unknown nodal parameters vanishes. That is

M in
i
ly,z,9.) = §¢, = 0 f =1, 2, .....,N
\y 453) gl—-%—j—- ¢J or j ’ (30)

where N is the number of nodes on the cross section.




NUMERICAL RESULTS

The formulation will be applied to two curved bar cross sections.
First, a homogeneous thin curved bar of rectangular cross section will
be used so that the calculated stresses can be compared with an analytical
solution available from plane elasticity theory. The second example, is

chosen to be a curved box section.

Homogeneous Thin Curved Bar of Rectangular Cross Section. The

thin rectangular curved bar of Fig. (2a) has a 1 in. (0.0254 m) width, 10
inch (0.254 m) depth, and a radius of curvature of 20 inches (0.508 m). The
cross section is subjected to an internal shear force in the radial direction
of 10,000 1b (44.48 kN) at its centroid. The discretized model of the cross
section is shown in Fig. (2b) and partial computer results are presented in
Fig. (3). The stress results obtained by the present formulation are
compared in Fig. (4) with those obtained from the plane elasticity theory.
The direct shear stresses based on the present formulation are the average
values across the bar width.

Homogeneous Curved Box Girder Subjected to Direct Shear Force.

The second problem demonstrates the applicability of the method of analysis
to a more complicated cross-sectional configuration. Choose the curved

bar section of Fig. (5). "It is made of steel with a modulus of elasticity
and Poisson's ratio cf 30 x 106 psi (206.85 GN/mz) and 0.3 respectively.

The section is subjected to an internal shear force of 100,000 1b (444.8 kN)
in the z direction. The finite element idealization of the cross section

is shown in Fig. (5). The shear stresses throughout the walls were computed.
The average shear stresses across the wall thickness are illustrated in

Fig. (6).




CONCLUSION

The paper presents a formulation for the direct (transverse) shear
stress analysis of a circularly curved structural member. The formulation
is based on the three-dimensional theory of elasticity. The assumption
"stresses at any cross section depend only on the internal forces at that
particular cross section" enables the three dimensional elasticity theory
to be reduced to the determination of the stresses at a particular (two-
dimensional) cross section. Although the solution is based on a cantilevered
bar with a particular applied loading, this formulation can be used to compute
the transverse shear stresses for a circularly curved bar with any boundary
conditions and arbitrary loading. Thus, the formulation requires only that
the internal forces be known on the cross section where the shear stresses

are sought.
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(y, r, 8) = GLOBAL COORDINATES

CENTER OF CURVED BAR

(v, 2) = LOCAL COORDINATES WITH ORIGIN
AT THE CENTROID OF THE BAR
CROSS SECTION
y =V
r =R+2
Y
Y

Fig. 1 'Structural Model for Direct Shear Stress Analysis
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Fig. 2 Thin Curved Bar Subjected to Transverse Shear
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Fig. 3 Direct Shear Stress Distributica (in psi)
on the Thin Curved Bar Section of Fig. 2

9
Note: ! in. = 0.0254 m: 1 psi = 6.895 kN/a"




Coordinztes Direct Shear Stress (psi)
(in.)

y' z' Present Formulation Plane Stress Theory
0.5 0.25 217.80 244 .69
0.5 0.75 593.90 650.58
0.5 1.25 894.43 960.69
0.5 1.75 1128.70 1190.69
0.5 2.25 1304.70 1353.40
0.5 2.75 1429.40 1459.40
0.5 3.25 1508.70 1517.50
0.5 3.75 1547.95 1535.01
0.5 4.25 1551.50 1518.06
0.5 4.75 1523.60 1471.81
0.5 5.25 1467.55 1400.58
0.5 5.75 1386.40 1308.04
0.5 6.25 1283.05 1197.31
0.5 6.75 1159.65 1071.03
0.5 7.25 1018.55 931.45
0.5 7.75 861.51 780.52
0.5 8.25 690.26 619.87
0.5 8.75 506.31 450.95
0.5 9.25 310.97 274.96
0.5 9.75 105.47 92.96

2
Note: 1 in. = 0.02546 m: 1 psi = 6.895 kN/m

Fig. 4a

Comparison of the Shear Stresses (in psi) along
the Center Line of a Thin Curved Bar of Fig. 2
Obtained by the Present Formulation with those
of Two-Dimensional Plane Stress Theory
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2-DIMENSTONAL PLANE STRESS THEORY

DIRECT SHEAR STRESSES ARE THE AVERAGE VALUES ACROSS THE BEAM WIDTH

Fig. 4b Direct Shear Stress Distributions Along the Center
Line of the Bar of Fip. 2
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Fig. 5 Finite Element Representation of a Curved Box Section




CENTER OF CURVED BAR

3706.1
(25.55 ZZ\EMV

5069.9 PSI

o
(34.96 Mi/m™)

5644.6 PSI (38.92 MN/m%)

2777.7 PSI
(19.15 MN/m>)

Txz

._on.m PSI
(12.69 Zz\zwv

dN%

Fig. ©

Direct Shear Stresses on a Curved Box Section
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