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University of Illinois at Urbana- Champaign
DEPARTMENT OF PHYSCS
Loomis Laboratory of Physics
Urbana, Mnois 61801

August 20,1982

I

Dr. Lou Goodman

ONR480
Ballston Towers il
Arlington Va. 22217

RE: N00014-80-C-840
Theoretical Studies of the Oceanic
Internal Wave System
Final report

Dear Lou:

The primary emphasis of this contract was to calcu-
late the parameters appropriate to a quasi-linear
description of the oceanic internal wave field. The
main results are described in DeWitt's thesis(1). There i
have been two published papers (2,3) on the early part
of this work. A paper describing the later calcula-
tions(4) is enclosed and will be submitted for publica-
tion shortly. We also began work on an eikonal descrip-
tion of high vertical wave number internal waves. That
work is hot yet fully finished. In addition we have
been trying to understand general features of nonlinear
systems with the hope that we can have a better
phenomenolgical picture of weakly turbulent systems such
as the oceanic internal wave field. That resulted in
three published papers(S,6,7) plus another paper that
has been submitted for publication(S).

Our calculations on the internal wave field provide
better numerical values for lifetimes and other parame-
ters than those existing calculations that relied on
weak interaction theory. However the effect of the
large scale internal waves on the smaller scale waves in
the induced diffusion region (advection and doppler
shifts) are so strong that our results are not complete-
ly reliable. In regions of wave vector space where
these effects are less important but still strong enough
to invalidate weak interaction theory we have results
that we believe to be reliable. In particular in the
region of vertical wave length from 160 to 500 meters
and frequencies larger than four times the inertial fre-
quency our decay rates are two to five times greater
than weak interaction rates in spite of the claim that
weak interaction theory Is valid for these waves. The
reason for the failure of weak interaction theory is
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that all members of a resonant triad must be long lived,
not just the member whose lifetime Is being calculated.
In most, other regions our decay rates are smaller than
or equal to weak interaction rates. Our eikonal ap-
proach Is an attempt to handle the region where our
present results are not completely reliable.

Publications

1. DeWitt,R.J. *Self-consistent Effective Medium Parame-
ters for Nonlinear Random Oceanic Internal Waves' Thesis
University of Illinois 1982.

3. DeWitt, R.J. and Wright, J. OSelf-consistent
Effective-medium Theory of Random Internal Waves' J.
Fluid Mech. 115 ,283 (1982).

4. DeWittpR.J. and WrIght,J. 'Self-consistent Effective
Medium Parameters for Oceanic Internal Waves' to be sub-
mitted for publication.
S. ChangrS.J., Wortis,M. and WrIght,J. 'Tricritical
Points and Bifurcations In a Quartic Map* In Nonlinear
Problems: Present and Future edited by A.R. Bishop, D.K.
Campbell, and B. Nicolaenko (North-Holland, Amster-
dam, 1982).
6. Chang#S*J., and Wright,J. Phys. Rev. A 23 ,1419

(1981).

7. Chang#S.J., WortispM., and Wright, J. Phys. Rev. A
24 , 2669 (1981).
8 . Schult,R., and WrIght,Jo 6Spatial Order in Chaos'
submitted for publication.
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Jon WrIgh
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SEL!-CONSISTKIIT ECMTIVE M'EDIUM PARAMTES
FOR NONLINEAR RANDOM OCEANIC INTERNAL WAVES

Robert Jon DeWitt, Ph.D..
Department of Physics

University at Illinois at Urbana-Champaign, 1982

In this thesis we study methods for obtaining

self-consistent parameters that describe the lifetimes and

frequencies of random internal waves in the ocean. We discuss

previous treatments of the problem~ and indicate that these

methods are inadequate in large part because they are not

self-consistent. We perform a self-consistent calculation of

oceanic parameters and compare our results to previous nubers.

We end by discussing possible future improved self-consistent

calculations.
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Self-consistenit effective-medium theory of random
intrnal waves

By R. J. DEWITT AND JON WRIGHT
Departmnt of Physic., University of Mlinois at Urbana-Champaign,

Urbana, Ilinoin so80

(Received 6 June 1980 and in revised form I I May 1981)

* In the first part of this paper we introducb a path-integral formalism for the internal-
wave field of the ocean. The intent is to show that this type of formalism may be useful
in suggeeting improvements to current calculations, as it provides a framework for
applying a wide variety of approximations that have been and are currently being
developed in other areas of physics. We demonstrate the method by deriving equations
for a self-consistent field approach (also known as the dirct-interaction approxi-
mation). The experience in other aroa of physics is that the self-consistent field
approximation is more reliable than lowest-order perturbation theory. The end result
of the DIA is the determination of an effective linear model for the description of
internal waves in the deep-ocean. environment. In the seond part of the paper we
obtain Hasslmann's source funetion by a Prescribed limiting process and awe able to
indicate possible improvements in related calculations by comparing the limiting

assumptions with numerically computed values.

I. Inodd
In the past two decades the study of the transfer of energy in the internal-wave field

via three-wave (nonlinear) interactions has become an are of active research. The
possibility of three-wave rsoaws, interactions. was first mentioned by Phillips (1977).
subsequently a holtamann-like equation giving energy transfer rates in the PResonant-
InteracinAoiation 4141A) was obtainied by Hamselmana (196, 1967) using
multipletdrne-scal methods. Inherent in his calculation was the assumption that
transfer times were long compared with typical oscillation periods, a reasonable
ssumption given the widespread belief that internal-wave interactions were weak.
later synthess of an analytic form for the internal-wave spectrum by Garrett &
Muak (MRl, 1075) raised ope that results of numserical uslemlations using Haseel-
mmvi'sa transfer equation migt contain Game inasur of reaiWy Unfortunately,
uibsequsnt ea~leuaosby Gber. ElM), MeComa. (197!) and Pomphrmy. Maim
Watson JIM1) predieted very short Intecio tim in a rather larg region af the

a xyctwMe way to relax 41. Mteet aMoaptlss imbereal, In -te ubrivatln of

tor FLUl It$msI~baan

In ,~satyin qmste~iw. hm mereiped r m~yuh dulmrmds
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most of the emphasis has been on critical dynamics and fully developed turbulence.
We propose to formulate the dynamics of both internal waves and surface waves using
these methods.

We should emphasize at the outset that we make no claim that the formalism
developed herein provides a complete picture of the very complicated dynamics of
internal waves. Rather, our interest is in demonstrating that the formalism provides
a much more general framework in which to study internal waves than do the earlier
schemes. In fact the reason for mentioning surface waves at all is to demonstrate that
the formalism is easily generalized from that obtained for the simple three-wave
interacting system used to model internal waves. It is in part this flexibility that makes
this method powerful.

The aim of our program will be to calculate the linear response functions (Green's
functions) and the two-time correlation funetions. The ocean will be assumed to be a
stationary random system. The time-development of perturbations to the wave feld
is described by the linear response functions.

In the theory of turbulence there is a Lug history of attempts at setting up such a
formalism. The early work of Kraichnan (1959) and Wyld (1961) was followed by a
1973 paper by Martin, 8iggia & Rose (1973) (henceforth MSR) which introduced the
idea of doubling the number of variables in the problem, leading to the current
formulation. There have been a number of papers which have rewritten the MBR
formalism in various ways, see for example Phythian (1977) and LAngouche, Roekaerta
& Tirapegui (1979). We choose to use the path-integral formalism of Phythian to set
up the problem. The reason for this is that there is currently a great deal of activity in
various areas of physics using path integrals. This will enable us easily to make use of
some of their techniques. In this paper we will discuss perturbative and self-consistent
evaluations of the path integral. In fact for the approximation we propose, we could
use directly the original work of Kraichnan (1959) who proposed the direct-interaction
approximation which has been extensively studied. We refer the reader to the reviews
of Leslie (1973) and Orzag (1977). For a similar approximation see Phythian (1969),
Herring (1965) and Edwards (1964). It is essentially a self-consistent field approxi-
mation, and, in the language of diagrams, vertex corrections we ignored. The semi-
clasical or WKB approximation is another standard approximation to path integrals.
We will not diseus that here, but It does appear that it is the appropriate approxi-
mation for part of the intrall-wave field.

In order to show how such a formalim might Whed more light on previous escu-
lstioms we show that a partieular limiting am of our model preciely corresponds to
the results of Hasselmam and eomsquetl indicates how mne might improve on the
ealeutm of Olbeun sad NeComa. We e obow that the hrmalism splits Haeel-
manews mares femotim into two pues, wlehhave naturatteepetations as eftive
dampisg ad driving ft This fialy ead.s = to intrpret ow model of the internal-
wave Ml as a oleotio of wasompied, damped oilatmo in the premse of random

Its., in he slelta stive-meuma ,bs . m wa essf pysis.
In 93|wevwv the dsrbwea of the path Intqa1 for sttionar random pacesm.

In 1 we dbouts e orellen funetlon an the be respaem heitom. and the
dbl-lts~asmt tslme l 19 we faftupost the mna . probem P ian

I .. ...... '
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the important physics that is involved. The final section is devoted to a summary
and discussion of some unresolved problems.

2. Pah tgral
In this section we will sketch the derivation of the path-integral form of the

Characteristic functional describing the random field. For some of the more technical
mathematical points we refer to the literature, Phythian (1977) and Langouche e at.
(1979).

As far asis possible we will use the notation of Olbers (1976) for the mode description.
The equations to he solved are of the form

A-(k, t) + if"(h) A-(k ) + P,(k) A.(k, t)

- (k, , , ±1. (.1)

Here we have introduced the terms v.(k)A'(k, s) andfa(k, 9) as external damping and
driving forces on the internal-wave field. The motivation for the particular choice of
these terms is twofold. The first is that of simplicity - we wish to demonstrate the
application of the formalism to this problem without introducing complexities that
might tend to ob.oure the general ideas. The second motivation can only be seen
apoeterkoi. When we subsequently write down the Dyson's equations for this problem
it vill be seen that new terms appear which have the same formal structure as the two

'u 'external' terms; this leads us to interpret the new term as 'corrections' to the initial
terms, i.e. as 'effective' damping and driving terms. For most modes f and P. are
negligible and can he ignored. They are just a convenient way of parametrizing the
eaupling of inertial waves to the rest of the world.

The amplitudes, mode frequencies and couplings satisfy the relations:

A'(k,t) - [A,(- k, t)]*, W(k) - Q- (- k), (2.2), (2.3)
Bt1. - (B--t-)*. (2.4)

Thsindex sis either +*or -u with Q+ > 0. The labela is an additional modeindex,
which for internal waves is equal to unity. If an Q *ppoars without the label, it is taken
to he Q+. We make the ad Am assumption that the driving foresJo(k, 9) are stationary
and random with a Gaussian distribution function,

(J'k, s)ff(h", ') - (k+ k') ,. ,(k, I - 1'). (2.5)

This particular assumption allows us to obtain losed-form solutions for the path
Intral that will appear later. Other models for the Interaction of the external forces
with the internal waves could be used, such as random parametric couplings In (2. 1),
but much models are somewhat more difficult to trast.

The probabiUty distributions for f ae specified in terms of its characteristic
fMetoal O -),

C(0) ~-~ up ' Z dft 1 , t . M."
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The equations are much simipler when expressed in terms of their Fourier transforms,

A -( ) J 04.A -(k, ) 'Sda

f e" 9(k, t) dt, J(2.7)
P(k, w) f "Rkt t

With this convention, equation (2.6) becomes

C()=exp -!-ryf i~cf dci #--k, -i) FG(k, c) OS(k, c)) (2.8)

We awe interested in ifinding the probability distribution for the amplitudes A. To
that end we introduce the characteristic functional for those variables,

Z(J) = (expij fdsk fdtC-( -k,t) A'(k, 8)>

or in terms of the Fourier-transformed amplitudes

5(f) - ( xp[2ifd~ifdcC-(-k. -i)A(k)>. (2.9)

The angle brackets refer to averaging over the distribution for f. They are given)
formally as <e>-f9I~ xf (.0

where W(f) is the probability distribution funotion for f and is just ,tke Fourier
transform of 0. The integral is a funotional integral in that we are to integrate over A
posstble funotious f(k, 9) for each mode k. One way to achieve this is to disoretize It
and 0and itegrate,(i)

For thie purpose of this paper it b notnseesury to be specific and Phythhan (1917) an
be nmutedhfr move dstais. 1Tietea now Isto tplaoe W~f) by its Fourier trasorm
0(#) and to dininge vatishle rcf to A ag (IL1):

whm It is uee4*oodqN0i t rV446.by

10 4 m t,#+ 'a"+ POO4i(k, S

*Aa
a, 4hkaA~~s%*S be18
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1977; Langouche dS at, 1979) and is given formally by

3 ~exp(+f 1o, dI~lB17jA1(o,o). (2.14)

Ithas beenshown (Langouchestal. 1979; Dominicis & Peliti 1978) that,ifdiagrammatic
perturbation theory is used, the Jacobian cancels 'tadpole' diagrams and both the
tadpoles and the Jacobian can be omitted. See the appendix for a discussion of this
point.

We now extend the definition of the angle brackets to include 0z functionals as well
as A*(k, w) funotionals,

<X(A, 0$)> - JSA go ±1 X(A, 0$) C(O6)
fAx exp{- 2iri f dkdwq-s( -k,-wa)fa(k, w)4} (2.15)

The generating functional introduced in (2.9) is now extended to include 0S,

Z~,i)=(exp {2ri fdsk f d[-(- k, -w) A-k, w)+,I-(- k, - ) IP(k, w)]}>. (2.16)

An we are presumably interested in correlation funo~ns of A'(k, w~) which can be
obtained by differentiation with respect to C, it seems unnecessary to introduce I.
However, the field q0 (and hence V) plays a crucial role in defining a response function
and in simplifying the perturbation series. To demonstrate this we imagine replacing

f+ e In the equation of motion. This shiows up in (2.15) as an additional factor in

the integral exp {+ 2ir f f dw 0(- k, - .w) (k, w)).

If weexpand this to first order in eand consider the changeIn(<A) we see that

_________ 2tr(AO(k,caw) (k',ai)), (2.17)

whieh can also be written

K~8 ~k i -sAR(k t) ,$a'(kI 1')). (2.18)

Thus the term on the right-hand side of (2. 18) gives the linear response of AO(k, 1) to
a known perturbation. It Is linear only in the sens that.a is treated to first order. The
rest of the dynaics is nonlinear. PespoRSe and corelation functions are calculated
by taking the appropriate functional derivatives of S, for instance

(4(k~a)~k'sa' W IF -k - ) OFF'(- W, -. ) ( )j.(19
This dard kkused to&mloppseturatiom sheovyis to notice that, Ifthe theary

wate Ier, &at cthe intupab I (2.10 sM be obtained eamtiy. In the actual co
the faser pevumthg anags~aw4 intes"i Is given by

I4'4
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If we recognize that Aa(k, w) can be replaced by

A1(k, w)-+1A#k)+21ri gg-(- k, - w)

and each by

gSP(k, w)a
In g)il- k, - ()'

then

Z(f, -1) = exp (+ a D). ' + k. + ka) d~j, dws dw d'k, d% d%

k81,--k1 . -- w1 ) 4--(- k2 -(Lw2 ) 4 -1(-k, -(0))

(2.20)

The term Z0(f, V) is obtained from (2.15) and (2.16) by finding all of the integrals now
that the nonlinear piece has been removed. The result is

2)- D-(k, - w hc(k, w)

xexp (2if dwfdak g-(- k, - w) %( ~k, w)). (2.21)I-D)O (k, ) }.1.

The new functions D are

D(k,ci) = v.(k)+iD(k)-ic, D+(k,ci) = [D-(-k, -i)]*. (2.22)

We can now write down a diagram expansion for the perturbation series. We do
that in the next section.

In principle quantities of interest can be calculated directly from (2.15) without
resorting to the perturbation theory that follows from (2.20). Currently there is a
major effort aimed at extracting non-perturbative information directly from path
integrals describing a wide variety of physical phenomena. As those methods tend to
be difficult to implement, we propose to first test the SOFA (DIA). There are a number
of quantities of interest for the internal-wave field. However, there is relatively meagre
information on higher moments so in this paper we will be primarily interested in the
two-point functions,

1223
U '(k, c) "(k +k') 5(ei+w') - (A'(k, Er) A'(k", )>I  (,.,8

and O(k, t) P(k + k') - <A-(k, t) A'(k, 0)>"

,-8 0'(k, w) P(k+ k') 8(w + w') - i(A'(k, w' ', ')), (2.24)

O-"(k, 1) 4(k + k') - i(, (k, 8) I(k', 0)>.

The definitions of U and 0 lead to some Important mymmettypropertite:

UW(k,w) - [U-'(-k, -e)]*, U(kv) - U"(-k, -w),

M(A=)- (J'(-k -u)1.

..... fI M !' . ._--. I
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3. P.,tubftm thory
In this section we will exhibit, the general structure of the two-point functions and

dicuss briefly the diagrammatic perturbation theory. We begin by liating the free
Green's functions and correlation functions, and we will then point out the general
features that the exact functions will have. The free correlation function is defned by

SU3(k, Wi) 85(k+ W') #(W + W/) 84,

U3(w)Ae(W, ) -

The free-rensem function is given by

1 1 (3.2)

-33

1*. softhe Wasd wd ssWd~odmtt 3.1)n are (32

Dt~kS)- r'~r'#and (3.4)

S*sd~ WOO 0ites %at~ ado . To te

eani OW , doom" at 16 60bsII 5 41 thior ftm

hew~~~~~~~~ .h .tu ..U a. 4. . ..e .m ..stgls
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j s, k, wJ

DI(k, w)

-F(k) s, k, W---&

D-  (-k, -wo) Ds(k, w)

FIGuRE 1. Lines representing response function and correlation function.

S I, ki, w,

Fiouxa 2. Lowest-order vertex function. The line with the incoming arrow is the first argument
Be,,,-- x P(k, - ks + k.) x 8(% L- -g + wo).

FIGU31L 3. Lowest.order graph contributing to the correlation function, U.
Because of its symmetry there is a factor of j associated with it. J+i

FIoun 4. Dyson functions for the two-point functions.

two other lines that either have arrows pointing away from the vertex or no arrows.

In figure 2 we show a vertex which has associated with it the factor

Bj,:r (kj- k2+ks) (WI - ,S + W').

The first pair corresponds to the arrow in the diagram. Bissymmetricin theother pairs.
(c) All internal 8, k and w's are summed over.
(d) For Nth-order perturbation theory, draw all topologically distinct diagrams.

Graphs possessing a symmetry have a symmetry factor; for example the graph of
figure 3 gets a factor of J.

(e) ha diagram geta a factor (ft)-+Nt).
(f) Each external A field gets a factor of (-i). (The extra i here is because the

response function is i(A), we (8.2).)
We mention that, if vertices with more lines are present, the onlyrule thatis changed

is (e). Each vertex will stili have only one line with an arrow pointing into it.
The Dyson equations have been given by MSR. For oompletenem we show them in

figures 4-6. Note that, although there is only one kind of ban vertex, there are
three kinds of renormslled verties which are shown to lowest order in figure 6.

A--
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ioum. 6. Fn~t~ t,,u Im on of vetoe.

Finally, it can easily be shown that any graph containing a loiied loop whose lines aie
entirely reponse functions (arrows) is ideticlly zero.The Dyson equatios an easily solved to give

G"(k, #j) - [D-(k, w) s.*.,.- dZ'(k,6,)]-' (8.8)

(note that this is a 2 x 2 matrix equation). The correlation fudictlon is give by

UW- GW (k,0) (PAk,) k..+E (k,)]G (-k, -. ) (3.6)

(implies summation over a, a).
If vertex corrections se ignored (direct interaction approxination) then we have

2r r

and

(k ""m r i n:_',pq ,)u.,(, s

Zg has theame"mmtyptopotis U And has tie Wme#A
One of the assumptions of weak-Iiteactibu the" Ib that the dlagnal uIsh..it. of

U and 0 can The ignored. U samd ske aaiamed to have thes Min~ EU' U-#,-,. The

swiib i* IIIk. -t
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FIovan 7. Graphs for Z for four-wave interactions.

We now comment briefly on the application of thee techniques to surfie waves.
The principal difference is that the equations involve four-wave coupling, that is
there is a term BxAxAxA

in the equation of motion, (1.1). The term involving only two A's is still there, but it
is not possible to have three-wave resonances. This means that in (3.12) the limit
SP-+ 0 gives zero and the answer must come from finite v which presumably gives a
small contribution. In any case if we replace the BAA terms by BAAA in (2.1) we
obtain a very similar theory. The graphs for Z are shown in figures 7 and they are to he
solved self-consistently with the diagrtas of figure 4. The number associated with a
vertex is now 3! instead of 21. There are some additional (2wf) factors. The net effect is
to change rule (e), (21) --v+N,.. (31)N (2r)-4N%+N

and rule (b) gets a factor of i for each vertex. These two changes can be stated in a way
that is easily generalized. If there are N. A fields at a vertex, the vertex has associated
with it (iN+)NA Each closed loop has associated with it an integral fdw12s.

4. L/nuar effectve meffium

In this section we shall elaborate on the effective medium picture and discuss the
direct-interaction approximation and the relationship to the theory due to Hassel-
mann. We will first remind the reader of a few simple properties of linear systems, and
compare these with our effective medium. The simplest situation assumes no memory
and is given by A + iia'A + A-= pm), (4.1)

which is (2.1) with B =0 and the mode index k ignored. If we define

0(9,t') - (Act) A*(9')>, (4.2)

then in the steady state U depends only on t-S' and is given by

C(s) f 4 Fe" (4.3)sff (P,- iol + iW) (P + 41 - iw)"

If we calculate dU(, $)/ds we obtain

dO(, t)l - - 20(O) + P - 0, (4.4)

where P is given by (2.5) and (2.7). This just represents the balance between the driving
forms and the dissipative forces. We now compete with the corelation function
obtained in the previous sectiU,

4. _(4.6)



Sej-cOsae eff"evemdiumI teonj 293

We have suppressed the mode index k. If Z1, E2 awe approximately independent of
to, then it isclear that real Xis afrequency shift and .Ois an ef tive vi5Coity
representing loss to the other modes. This particular interpretation may be somewhat
misleading, however. Consider the case where the mode in question is Doppler-shfted

* because of passage through an inhomogeneous medium (large-scale wave). In this
case we would formally say that one mode has been damped while another mode of
neighbouring wavenuinber has grown. In reality of course we awe just seeing the
original wave with a slightly differenit frnequency.

In addition to the 'effective damping' term there is also an effectve driving force
due to the other modes and its correlation function is Ze. The correlation function for

*the total driving force is thus M e
Now in general Z, and Z2will depend on w,. In this cawe it is easy to see that the

equation giving the evolution of the amplitudes is given by

Nft), )- 0, 1<c0. (4.6)

If wewrite
P+(o). . f go. ow ) *u, r-Qw) f ow ftm, (4.7)

then we see that F'*ki) in analytic in v' for .fo > 0. The correponding response
functions an

Gt110 I due--"j~ (4.8)J

which leads to an obvious interpretation of 4~(m),I ~~+(p - vi-Za).(4.9)

ThefactthatGQ) = Ofort < 0(causality) impeshat thenreeno now of 1(ao) - ia
in the upper half-plane. Because of these analytical propertiss of0 anmd r, Kramer's
Eranig dispersion relations can be used to calculate the real part of1G and Z one the
imaginary part is known (or vice versa).

The equilibrium condition relating the energy, dissipation and driving forces is
* obtained by evaluating

Up) +4 e-4 PWa' dA
2w.[2'r([r w) - Q~ [r+(a') - Qea

at I - 0.

S. Rdd h p r o UB aw

In this section we obtain the results of Hasselmarn as a special case of our model
equation. The limiting assumptions made in obtaining the results provide a more
traiparsnt way to check the validity of the assumptions inherent in Hasselmann's
equation; in the end of this section we indicate where improvements could be made In
hisseheme.

To obtain the results of Hasselmann, one performs the following operations on
(5.7) &A (3.8) (using only VZ -).
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(1) Assume that P, X1, and Es we independent of w and perform the w, ad wa
integrations. For example, defining Y(k) m v,(k) + J0 1 (k), we get

f da (e-o-)[v(k Q+(fl(k) - %)a]-, k) + i (ki) - jw]-1

= ) [(- f(k) - 1l(k,) - i(P(k,) + Y(k,))]
x ((,- fl(k1)" - k,)) + (v(k1) + v(k3))']-1 . (5.1t)

(2) Take the limit F,, P0, El, 1,-o0 (in such a way that O(k, 0) F/2, is main-
tained). Then (5.1) becomes

v-- ) (w,- ) (ku ) - 0(ks)) + -)f ( (5.2);Tk~j ;(k) w -Q (k I - f(k$)'

where 9 represents a principal part integral. When the actual structure of the B
coefficients is considered it is easily seen that the delta function contributes to v(k)
and the principal part to a frequency shift. The Dirac delta function has come from
the limit

- ,. (A) (5.3)

and we call the function on the left-hand side the frequency filter for the problem.
Such a function was earlier obtained by Holloway & Henderson (1977) and Holloway
(1978, 1979), where he also noted the RIA as a limiting case. This is the first indication
of a possible improvement in the calculations of Olbers and McComas. What they did,
in essence, was to assume that v was small compared with typical oscillation fre-
quencies and then calculated values of v on the order of or even greater than the
frequencies. The earlier assumption of neglecting the diagonal elements of U, G
corresponds approximately to assuming v/fl ( 1.

Equations (3.7) and (3.8) must be solved self-consistently, however, so that values
of v(k) used for input on the right-hand side are the same as those obtained on tI&
left-hand side. Unfortunately solving these equations self-consistently does involve
integration over one more variable, and so may require an inordinate amount of
computer time (the two-dimensional integral is already relatively time-consuming).

Having now carried out the limiting process, we are ready to make a detailed com-
parison with the source function of Hasselmann, which he writes as

..9- fdlk d% +""(k-- k, - k,)O(Q- Ch- Qa,% ,,-,an, +,, "

+ 2T- (k-k +k)*(Q- Ch + C4)[j%+ a -nj, (5.4)
where

k) 8(k + k') - <A+(k, ) A-(k', 8)) .

We split Y into two pecs,

r(k) f dftld%{ ' k-kl-k.)#(D- Q- Dj,,*
I ~+ 278k - kjL + k,) 0(0- Lk + 1 } I.)

ubd

.- A

I gap -M----'-' =
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We find the folowing identiflcations,

I-S"4k) - ) (.6)

and

- ZQ(k)-,Vs(k)) - SdZ1(k). (5.7)

whme 0 is defined in (2.28), 4 is the efetive fore due to all other modes, and F is
the totb fore, P(k) - Fe(k) + Z(k). (5.8)

From equatim (4.4) we have, in the detlnay ste,

1 - + O(k, 0) - I,() + Z^)
or

-f k)- lf,(k)"- - +2vs(k), (5.9)

W T*k- 0) -l--<
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From this equation we see that the calculationis of Olbers and Mc~omas give the
coupling to external system in terms of the difference, between an effective force and
an effective viscosity.I

Barlier we noted the breakdown of the resonant-interaction approximation (RIA)
because of the large values of P(k) in soma regions of the internal-wave spectrum. We
would next like to test the assumptions that E and E. are independent of w'. We
consider first the cawe of 21. In order to ascertain whether the non-resonant, structure
of EI(ei) might have any appreciable effect an the values computed in the right-hand
side of (8.7) we choose a particularly simple form of Z1:

il1 (k, w) - a(k) + (w- 11(k)) b(k),(5)

where both a(k) and b(k) are asumed real. If the Z, - onstant assumption is
warranted we should expect to compute very smaell values for b(k). For the present
we stil assume that £3 - constant and use the RU. The e"fc of 1(k) is to reduce, the
residu ofthe pole of Gfrom I to 1/(I + b) and to derease the damping fiom r - a
to a' - a/(I + 6'). The comreation function is reduced by the ame, amount:

Ok0)- POU(k, a) - P()+Ek

we wish to check the semeot numeoiy. we take 0(kO ) to he given by GM7E, a

recently eISed version dthe Garrtt-Muk spec"In (see MOOOMa & Dretbertn

-- a- - --------------
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1977). The coupling coefficients used in the calculation we' derived in the same nmne
as those given by McComs.

We have computed values of a(k) and b(k) by assuming that both were initially
zwo, (i.e. just Z1-P-O as before), and then iterating (8.7) once. Values of (k)/QMk)
and b2(k) awe shown in figures 8 and 9 respectively. We firs note the previously
mentioned fact that the values of a(k) for much of the spectruma violate

e(k)/ (0(k)/2sr) 4 1.

The dashed line corresponds to OMkA(0(MfN) - 1. The RIA smimes "ha 0P-a
that condition is clearly violated here. We further note that an examination of figure 9
reveals values of b2(k) that are extremely large for such of the spectrum. This clearly
violates the assumption that Z, is constant in w. We conclude that any reliable seff.
consistent calculation must include informaion on the non-resonant structure of 1;1.
It should be noted, however, that the sinipl linear form of El, chose. here to test the
constant - M, assumption, is wholly inappropriate for a seriou calculation.

Finally, we can also determilne the validity of the assumptio that Es is constant
in w. When we actually compute IZAk, at) we fnd that El actually does possess an
appreciable structure with a finite width in co. Howevr it Is not suffiient merey to
calculate ZI for various values of w, since frequency fier cuts-off may allow only
values of Es from a narrow band around resonance to enter the calculation. kn that
case Zg may he considered q~feriWIe constant. One way to circumvent this is to
compare the functions U(S) f _____

andB()-fe'Z(.

We note that Mg always appear in the equations throgh U(w), which contains
norton on the width ofthe frequecy MWlteas welas on the width of . On the

other hand B(t) contoafifration on the width ofEs only. We envision two possible
estreee cames. In one case P' is extremely onall, so that the frequency fite becomes a
remsonne delta function and U(S) asstumes the form eamber obtained by suming
El - constant. Om the other extremse, P aight be me large that the width of the hre-
queney filte would be much lage than the width ofE,. In this case we would expect
the shape of U(s) and A(#) to be identical. The calculations that we have performned
indicate that both extrem sitatons do indeed obtain in diffamt regions of the
speetrum. Ffgur 10 shows the 4s an. ere Es is constant and U(S) cc e"cml
If .wer actuallyconstanthowever B()shd ~be a deltafuwon . In actualty
warm that B(I) does have somne widh, idicating that So is not constant but that the
v&arIato IS unimportA In the calculation. Ont the other hand figure it shows the
ase whets, appropeiaely seaed U~t) sad B(I) ane Identical Idicating large Val"e of

w(k). In this sqian, then, not only is the IUA very bad, but alo the assumption that
E- constant mint e dropdintgfrqey fle omtu is to beued.
We hae ao calculated El(a) and have ft theisp~ functio to verif diretluy

that the frequency d&a ee ahon * isjkjsertat oemds
In general, then, we coimshat samy m-contn calceatlon of El and Eg in

the regon vhr 011mm ad X.o~ss oud heooosu iin athe calcultosmust

A4
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information on El and Z. Unfortunately this greatly increases the difficulty of the
numerical solutions of the problem, since it requires an extra integration over W,
including a principal part integral that has not been present in earlier calculations.
In addition, the equations must be solved self-consistently, implying an iteration
process on an already time-consuming calculation. We are currently attempting a
simplified version of the self-consistent calculation.

6. WKB approximation
In the introduction we alluded to other approximations to the path integral. One

of the failings of weak interaction theory can be traced to the interaction of two small-
scale high-frequency waves with a large-scale inertial frequency wave. This interaction
has been called Induced diffusion by MeComas & Bretherton (1977). It is appropriate
to think of it as the effect of advection of the small-scale wave by the inertial wave.
This picture suggests studying the propagation of a small-sca wave packet in the
geometric optics approximation including the effects of a time-varying background.
The aim would be to calculate a coherent decay time. The time scales of the response

functions in the induced diffusion region are dominated by processes that leave the

wave packet coherent, although somewhat altered.

7. Summary
We have written this paper with a twofold purpose. In the first part of the paper we

have introduced a formalism for solving nonlinear equations of the type encountered
with internal waves. From experience with self-consistent field treatments in other
areas of physics we very well might expect such methods to be helpful in extending
calculations beyond some of their inconsistencies. To tis and we have taken a

simplified steady-state model of the oceanic internal wave field and obtained via path
integral methods the corresponding diagrammatic perturbation theory from which
Dyson's equations can be obtained. In the process we have suggested as interpretation
of the ocean as a collection of uncoupled, damped oscillators driven by random forces

and each having a memory. In this case we used the direct interaction approximation
of Kraichnan, which 7s easily implemented in the diagrammatic laguage. We should
note that one problem with this *pproach is that it is not currently known what kind
of approximations guantee the positivity of quntiti like the effective viscosity
and amso guarantee consistency in the Green's functionm rub. In turbulence
problems it has been possible to contruct modes of"N sysem that " atiy the
DIA er-ly, thus guarantedinog the appropriate posltivity. Hower this aqrceh
is of very limited usetunss aind it is not known how to extend It to other aMpoxi-
mtatis.

In the second part ofthe pape we have obtaed te previousnmults liasselm sann
via a prescrbed o e pa iculaassumptions inharet th procm
were ebosekd and found to brak down in th ngion where Olbemn and Me0ms found
na ant unlls in tA i eal1lbme We aftesed that the mluladtons might be

implred b~y WSlig equat1ns fur z1 and Za su9foonlatnt, but that the Imple-
ientaim of the prsedu W at be quits dft.ulL
In ecnelusion, we fes tha tdo frmsm of the type discussed bare shouid be

FWY
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Fiouxa 12. Tadpole graph with response ficetion integrated.

Fioviia 13. Tadpole graph with correlation function integrated.

studied further for its possible application to the internal wave problem. The prelimi-
nary calculations indicate ways to correct for deficiencies in earlier calculations, but
further -work is needed to formulate positively constraints and related constraints.

This work was supported in part by the Navy BBC, Johns Hopkins Universty,
APL 601106, and by the Office of Naval Research, N000144-MC-040.

We dicuss briefly the role of the Jacobian (equation (2.14)) in cancelling some
tadpole graphs. We will illustrate the cancellation by considering the expectation
value of A(k, w), which should be zero. There are two graphs ontributing to <A (k, wi))

and they wre shown in figume 12 and 13. If we work to lowest order in B, the Jacobian
gives the contribution<A* -0,w-0)Ok )s

(A-(k, w)>j., 1 8 . - 2 f Pkl dw2 ~ -~' OA, 1: BS%:lI, (A 1)

where (AA), is given by (3. 1). Using the rules given in the text it is easy to calculate
the contribution of figure 12 and verify that it cancels, (A 1). The graph shown in
figure 13 vanishes for another reason. It is easy to see that it is proportional to

DO(k = 0, wi - )a
and

B= isnO.

When these graphs are'inserted into more complicated graphs they will continue to
give no contribution. Similarly more complicated tadpoles (vertex corrections of
figure 12 and 13) will continue to vanish.
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ABSTRACT

In this paper we apply a formalism introduced in a previous paper to write

down a self-consistent set of equations for the functions that describe the

near-equilibrium time behavior of random oceanic internal waves. These equations

are based on the Direct Interaction Approximation. The self-consistent equa-

tions are solved numerically (using the Garrett-Munk spectrum as input) and the

results are compared to parameters obtained in the weak interaction approxima-

tion (WIA). The formalism points out that an extra parameter that is implicitly

vanishingly small in the WIA has a significant effect on decay rates when j
computed self-consistently. We end by mentioning possible future self-consistent

calculations that would improve upon our own.
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1. INTRODUCTION

In the past few years the study of transfer of energy in the internal

wave field of the ocean has become an active area of research. Olbers (1976),

McComas (1977), Pomphrey, Meiss and Watson (1980),and DeWitt and Wright (1982),

have done calculations in the resonant interaction approximation (RIA) of

lifetimes and action transfer rates.

These calculations assumed that the interactions were weak and the

lifetimes of particular modes were long compared to the intrinsic frequencies.

Because of the diversity of scales in the ocean, this approximation is invalid.

The large scale, near inertial frequency waves interact strongly with the

smaller scale waves. Attempts at solving this part of the problem have been

made by Meiss and Watson (1982) and Hanyey and Pomphrey (1982). In this paper

we present a calculation using the formalism presented in DeWitt and Wright

(1982) and DeWitt (1982). The idea is to use the Direct Interaction Approx-

imation (DIA). In fact we will use additional approximations to the DIA. The

details and further references can be found in DeWitt and Wright (1982) and

DeWitt (1982).

The DIA equations give an effective linear theory with memory terms and

forcing terms. The memory function and forcing function are determined by a

self consistent calculation that will be described in Section II. In this
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section we write down the effective linear theory as that will enable the

reader to better understand what is being calculated.

Our formulation of the nonlinear problem is the same as that of McComas

(1977) or Meiss, Pomphrey and Watson (1979). We very briefly review the

equations. A Lagrangian is introduced with the variable being the displace-

ment field j(rt)

21 k fj k l1

Pe 1 2e-Pg16 J3 -1j + &Jk 9r " . •

r 2

[ + 2 j •.

&is then expanded in terms of the normal modes

*3
Ej (r, t) fd 2.tdk A - (t) 7.je (1.2)

A(t) is the mode amplitude and k " t

" is the dispersion relation,

%4 + f2 K
2+2

21



The equations of motion for the amplitudes A are given in the next section. For

details on the coefficients Z and the couplings B of the next section see DeWitt

(1982) or Olbers (1976). In the DIA approximation all of the Greens functions and

correlation functions are identical to those of the following linear system of

equations:

-- (k,t) + + (k,t,t') A-(k,t')

+ r++ (kt,t') A+ (kt')) dt' f- (k,t)

-- (,t) + (*k,t,t') A7 (,k,t') + r_(kt,t'A + (k,A t dt'

-f+ ( k,t) (1.3)

r(t,t') is a function determined by the DIA equations. Casuality demands

r(t,t') - 0 for t'>t. We are treating a stationary problem so r depends only

thon t-t'. f(k,t) is a random forcing function on the k mode due to all of

the other modes and any external random forces. In the DIA approximation

the f's are Gaussian random variables with zero mean (provided that the external forces

are also Gaussian with zero mean). Their correlation function is given by

Foe(k,t - t ' ) 6s8s + E 2 so (k,t-t') - <fs(k,t) fs (kl,t')> . (1.4)

F is the correlation function for the external part of the forces (1.4) and0

E2 is calculated from the DIA equations. It is convenient to work with the

3
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Fourier transform in the time domain, then r has the following representation,

ras' (k,) 6, (k) +if(k) - E1 (k,w) (1.5)

Here v 0 is the damping due to interaction with the external

environment and C2± - ±f. If El were independent of w it would represent

three effects. The obvious ones are a finite lifetime and frequency shift. In

addition however, there is a coupling between the m nodes. Previous calcula-

tions have used weak interaction theory which is the limit of the DIA equation

in which E1 and E 2 are independent of w and infinitesimal.

In the following section we introduce the correlation function for the

A's

uss  (kw Ajc)A ('>(.6)

and the Green's function for equations (1.3)

Ge s ' (k,w) - [V0 + il2t - iW - i-z (kw) (1.7)

The inverse is a matrix inverse of a 2 x 2 matrix.

The only additional information that one gets from the DIA equations

other than the correlation and Green's functions comes from an inspection of

the calculation of E1 and E where it is possible to deduce where the action

in a mode k is flowing and where it cams from. We do not present any of those

results in this paper. From the fact the DIA equations give correlation and

Green's functions that are equivalent to a linear theory in which different

4



modes are uncoupled, it is clear that they can't give a completely accurate

picture of the internal wavefield. The effect of these correlations is lumped

into finite lifetime and frequency shifts. Thus we can expect some improve-

ment on weak interaction theory, but the interaction between diverse scales

may still not be adequately treated.

We find substantial differences from weak interaction rates for many of

the internal wave modes. That is the functions Zi(k) and Z2(k) are quite

different from those of weak Interactions. One problem that imediately arises

in this case is the validity of truncating the Lagrangian in Eq. 1.1 at third

order. An Eulerian formulation would remove this problem but introduce others.

In this paper we use Eq. (1.1) and ignore higher order corrections without

attempting to justify that approximation.

The remainder of the paper is organized into four sections. In Section II

we write down the DIA equations and our approximation to them. In Section III

we discuss briefly the meaning of the parameters and in Section IV we give the

results of our calculations. Section V gives our conclusions.

"05



2. THE SELF-CONSISTENT EQUATIONS

In this section we write down the specific equations that will be used

in the numerical solution of the problem. The derivation of the more general

Direct Interaction Approximation (DIA) equations is given in an earlier paper.

(Dewitt and Wright, 1982). The exact DIA equations are

Ea(kw) - fd3kPd3k dw d 2 1
t2 2

' -s a2s

6 (k+k 2-kl'(c+w2-W )Bk ak2_k1 x (2.1)

at of -o 8 - of a al

"1G21 1 (k2)] -u 2s2 (k2, 2)J
' kl-k 2 -

and

* 12 s' (kw) I J 3 d3kld3k2d'wdw2  x

2" 2

6(k+k2+kjl)d(w+Wi l)Bk k k2 (2.2)

k ,k 2 x

1' k _2  U 1 (k ,w) U Ck2,(2)

-s 1 1 '2l '2 m,,1 . . .

.k k, -k 1 - 2)

6 _



where G is given by Eq. 1.7 and U by

uset (k1w) =G 1 (k,,) 6S FO(k,w)

+ 1 8S2 (k,w)J G 2 (-k,"w)

All of the theoretical information about the interaction of the internal

818283
waves is contained in the coupling coefficients Bklk2k3 which in turn are de-

rived from first principles and include some approximations. They are dynami-

cally defined by the equations of motion for the internal wave amplitudes A:

Ak( t) + ifl(t) + v0(k)Aj(t +fk 1 2 (k-4gk x
1,2

s-sl-s25 Sl

1 21 2Bk-k_k2 Ak A k f 0e(k,t) (2.4)

1 2 1 2 0

The goal of the calculation is to compute the matrices E and 2 In a self-

consistent manner. All of the information about the decay and correlation of

the waves is contained in these two quantities.

We hasten to remind the reader that even a complete solution of the DIA

equations does not constitute'an exact solution of the problem, since these

equatious were obtained by completely ignoring all vertex corrections in the

7



relevant diagrams. It is obviously not clear a priori that such an approach

is reasonable; one must eventually compute at least the leading terms in the

vertex expansions to vindicate the procedure.

As was pointed out in the previous paper, much has been said about possi-

ble ways to solve systems of equations that are related to the full DIA set of

equations. However the only numerical attempts at solution in this framework

have used the Weak Interaction Approximation (WVA), which computes Z and I

by letting

E1,2 -. 0 (2.5)

in the expressions on the right hand side of equations 2.1 and 2.2. The only

outcome that would justify this approach would be one in which the computed

values of T1 ware small compared with typical oscillation frequencies. As

haa been pointed -nut many times before, this is not the case. This makes the

VIA a non-self-consistent approach.

Our parameterization of the DIA equations assumes that G(t,w) can be

represented by two poles, one at w - -" ia 1 and a second at w - -ar-1ax.
-4b

Symmetry tetween ± k is assumed as well as between ± n. The equations are

then parmeterized by the pole positions. Also we require Gigo (tt - +) 3+

,,. Finally, there is the qqestion of where to evaluate E (W). (Carnevale

and Fredericksen, 1982). That is do we evaluate it at the pole for complex w

or somewhere on the real axis. We chose to evaluate Z (to) at w fl(k) with $

given by the linear dispersion relation. See Section 3 for further coments.

In particular we choose

8
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7 (k,w) - E1 (k,n)

S2(k,W) - Z (k. Q) (2.6)

The quantities Z1 and Z2 are in general 2X2 matrices with complex compo-

nents and so superficially appear to represent 16 real parameters. However

using the constant-i assumption and the general symmetry conditions

us' (k,w) - [U s'-s' (-k,-)]*

uss'(kw) - USIS(-k,-w) (2.7)

G (kw) - [ - s '- (-k,-w)]*

enables us to reduce these to 7 independent real quantitites. We denote

a( ) (k, )

c(k )-

(2 8)

d(k) E E(k, S)
2

*(k) (kO

The first symmetry condition implies that e(k) is real; the other three quan-

titles are in general complex.

By IuJvok1ig a further assumption we can reduce this set of parameters

even further. We procede as followe. with the above asumption we can write

9



the Green's function for this problem as

iG(k,w) - (w-r))(,-a) (2.9)

In writing matrices we will use the convention that s = + is represented by the

first row (or column). In the expression for G

S1 -iaI

c- -(Ir - ia1  (2.10)

Q- ( )2 -

Here nr is the renormalized "frequency"; a R and aI represent the real and

imaginary parts of a respectively. We note that in the weak interaction limit

fl , but that n this self-consistent calculation Sr may be either purely real

or purely imaginary depending on the relative values of (9-aR) and Ic . This

will be explored more fully later.

Notice that in this particular case the two poles of the Green's function

satisfy

(".) - -(Wso) (2.11)

This result can be seen directly by comparing with 2.10, but more importantly

it can be obtained by applying the symetry property of G in 2.7 without

knong the analytical expressions for nl and o. This is useful because the

ems structure appears whm Green's functions with more poles are considered.

10



In such cases it is not generally possible to obtain closed form expressions

for the poles.

From the equation for G we can compute the correlation function

TU(w) - G(w) E G  (-W) (2.12)

where the superscript T denotes transpose of the matrix. If we denote

U(M) - [(W-) (&*n) (W-U) (U+G3 - 1 T() (2.13)

then U(w) has no poles.

Now we are ready to impose "experimental" constraints on our expressions.

The function

U(kt) -fdw e ot U(k,w) (2.14)

Gives the two-time correlation of the internal wave amplitudes and so the quan-

tity

U" (t-o) - (% ,k) k 6 (2.15)

is given experimentally by the Garrett-Munk spectrum (Garrett and Hunk 1972,

1975). We take this as an additional constraint on the equations. If the

expressions for U are made to satisfy this constraint it is found that

d - -ic ea1)
(2.16)

W - e/2a1

This last express on is the saw one obtained in the WIA. We see that E2 is

completely detemined by E1 mad the Garrett-unk spectrum. This leaves us

• : 1 I II II[ II I II I 1 II ' . - II . . . ..



with only four independent real quantities to compute. The expressions for f

under this approach are also greatly simplified:

(W +T) ((+f-aR) 2 + a2 - I j2

U e (, (2.17)

(wl~a)2+ a I-ici2  za C 0 a +/n

The great benefit of this approach is that we now need only iterate one of the

two DIA equations (the equation giving E1). As a matter of fact if one reviews

the steps taken to derive the final expression for G and U it is not difficult

to see that this is generally true whenever E2 is chosen to be constant, regard-

less of the form of E V After the E1 equation has been solved self-consistently

the value of e may be computed from the Z2 equation to determine how good the

ratio e/2a I actually gives back the Garret-Munk spectrum. If we use the equations

in Section 1, it is easy to derive the following balance equation:

F0 (k) E2 (k)
- - 2v 0 (k) - 2Im1 (k) - - (2.18)-W(k) W/(k)

If there is no forcing or dissipation on mode k due to noninternal wave

sources, the left hand side is zero. In this case if the right hand side

is nonzero one would infer some inconsistency. One possibility is that the

Garrett-Hunk spectrum W (k) is not correct. A second is of course that the

theoretical calculation of E1 and Z is invalid. The third possibility is that

there is either an effective F0 present or an effective vo, i.e. mode k

might be driven or damped by direct coupling to the external environment.

12



3. PHYSICAL SIGNIFICANCE OF THE PARAMETERS

Before we display our numerical results for the parameters EZ1 and Z2

we would first like to discuss the meaning of the parameters introduced in the

last section. To do this we recall that the nonlinear evolution Equation 2.4

may be equivalently written as a set of effective linear evolution equations,

which for the constant E case considered in this paper are

Ak(k,t) + (vO+iQ-ia) A+ (k,t) + iC* A-(k,t)

f + k,t)
(3.1)

A(k,t) + (vo-i+4ia*) A7 (k,t) -icA+(k,t)

Sf -(k,t)

The functions f+ and f- give the effectipe driving of the waves due to all other

modes. The parameter v 0 is a free parameter that may be used to inject additional

infomation about the decay of internal waves due to interection with external

systems. In all numerical work we always set V0 M 0.

The parameter a represents two physical quantities. The imaginary part

of a represents an additional effective damping of the internal wave mode

due to losses to other internal waves odes. The real part of a gives the

frequency shift of the wave. The parmater a is not new to this type of

13



analysis. The parameter c, however, has not to our knowledge appeared in this

context before. We see that the formalism compels us to include a parameter

that represents a coupling between + and - traveling waves.

The pair of first order equations for the amplitudes may be written as a

pair of second order equstions involving only one type of amplitude each.

If we ignore the f , then for either A+ or A we have

A (k,t) + 2(v a1) A (k,t)

(3.2)

+ [(U-aR) 2 + (vo+a 1 ) 2 
- IC12 ] A (k,t) 0

The solution has a time dependence

A exp -(\v0 +a1 ) t ; d ~r) 2  (3.3)
" 2

If ICI'>(Q-ar) , then we refer to the mode as overdamped. In the underdamped

case the damping is given by

V iny 0 + a1  (3.4)

In the overdamped case the damping is

v y" 0 + a - I rl (3.5)

14
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We will define

Cs - a + I~r
8 I r

(3.9)

in the overdamped region

A-

and (3.7)

-L t
A -e

A spike disturbance in the equilibrium spectrum will contain both a short lived

and a long lived component. We will see from the results of the numerical

calculations that it is cL that measures the liftime of a disturbance for a

large part of the internal wave spectrum.

1 I
'ill 
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4. NUMERICAL RESULTS

In Figure (1) we show a contour plot of log ic/(Q-aR)I vs. log (i) on

the horizontal axis and log(1) on the vertical axis. Here m refers to the

vertical wavenuvber. The line of critical damping has the value zero;

everything to the left of this line is in the underdamped regime. while

everything to the right is in the overdamped regime. It is instructive to

compare this plot with Figure (2), a plot of log(a(WI)/Q) for the weak

interaction (WI) case using the same wavevector cutoffs for both. Notice

that the SC overdamped region covers the entire a /9>l region and overlaps

the a /1<l region, so that the overdamping takes over Just at the place where

the old weak interaction calculation begins to break down. What is interes-

ting is the extent to vhirch the self-consistent (SC) calculation reduces the

rates in the large-, large-Q region. Of course we do expect the SC calcu-

lation to reduce the damping rates in this region, for reasons described

below, but the way that this reduction comes about is rather unexpected.

Recall that the rate of decay of a spike disturbance introduced into the

steady state ocean is given by *L and oS in the SC calculation. (See Eq. (36))

If we plot losjaL/kiS1 in Figure (3) we see that in essentially the entire

overdamped region aL<ft$ which implies that a I(SC) : . This mane that

the decay rates are much smller than one wouMd expect by exmining the

16



scale of a1. Unfortunately the same device that causes the damping rates to

be so greatly diminished also makes it more difficult to obtain accurate

numbers in the large-m region. A small change in the parameters (a,c) in this

region can cause a disproportionately large change in L (though not in %S).

Since it is (a,c) that are computed in each iteration, factors such as the

integration accuracy make it difficult to control such changes after a certain

limit is reached. We have solved the equations by an iterative scheme.

After many iterations the results do not change much, but the cancellations

and inaccuracies in the integration scheme lead to some changes from itera-

tion to iteration. In the next two figures we compare the a from two

successive iterations. Figure (4) is a plot of the percent deviation of

the input values of aI compared to the output values of a,.

1 a1 (in)-a
T (out)

a1 (in)+al (out) (4.1)

In a perfect calculation, of course, these numbers would be identical. We

see in fact that in most of the region of interest we have convergenced to

within a few percent, and it is only for very large values of m that we reach

values of 8% to 10%. However, if we compare this with Figure (5), which is a

plot of

log&(% log 100 aLln)-oL(out) (4.2)

we see that the error increases in OL more quickly than it do.- in a,. In the

large-u region this mane that we only know aL within a factor of 2 or so.

We hasten to point out that this does not altar our conclusions about the

dramotic effects of the SC calculation. First of all the fact that the values

of (a,c) for a given mode do not depend on the behaviour of modes with even

17



moderately greater values of (m,i) means that the computed values in most of

the space are not affected by the uncertainty in the large-m extreme. Second,

we will see shortly that compared to the WIA the rates for the SC case in the

large-m region are reduced by orders of magnitude, and so even a factor of 2

uncertainty does not eliminate the qualitatively new behavior.

Referring back to (3.7) we see that L<<aS implies that, for example,

~tt
A-(kt) - e (4.3)

so that we may ignore as and consider only CLL in determining the-long time

behavior of G. For this reason we plot log(oLL/f2) in Figure (6) with the

understanding that cL-a 1 in the underdamped regime. It is clear that these

rates are very much different from those calculated using the WIA. The rates

for most of the spectrum now satisfy oL/Q<<(2) -
, but there still exists a

substantial region for which OAL/I1> 1, mostly in modes with high frequencies.

This agrees with our general expectations; on the one hand we know from

experience that the internal wave field appears to be weakly nonlinear,

particularly for low frequencies. However we also know that all rates

could not be small, otherwise the WIA would have been successful in the

first place. We explicitly compare the WIA decay rates with SC rates in

Figure (7) where we plot log (QL/aI(WI)). For small-u and small-Q both

calculations give roughly the same results. For moderate to large a we see

substantially reduced rates for G. Notice though that in the small-m,

large- region the SC calculation actually increases rates by a great deal.

The change in rates for the moderate to large a region is easy to

understand if one remobers that McComas (1977) and McComas and Bretherton

(1977) identified the induced diffusion mechanism to be the dominant energy

18i



transfer mechanism for the WIA in this region. This means that energy dif-

fuses from a given large-wavevector mode to a nearby mode in wavevector

space by interacting with a third, small-wavevector mode. Since in the WIA

all waves are assumed to have infinite lifetimes the rate of energy

exchange is only governed by the coupling between the modes. However in

the SC calculation the finite lifetime of each mode is built into the

calculation. This, and the fact that the decay rates depend on the ampli-

tudes of the interacting modes, implies that the rate at which energy is

transferred between modes decreases as the waves decay. Therefore we would

expect the lifetimes of the modes in this region to be increased.

We would now like to consider another measure of the consistency of

the calculation. Recall that we have found a correspondence between

e and a given by (2.16). Given the parameters (a,c) we can now compute the

ratio e/2aIU(O). In truth the degree to which e/2aIU(O)-l depends both on

how well GM 76 represents an equilibrium spectrum and on the reliability of

the calculation. It is not possible under the current assumptions to differ-

entiate between these two effects, so it is best to talk about the degree "of

equilibrium of GM 76 under a given approximation. (See also the discussion

at the end of section 2) For example, Figure (8) shows a plot of

e/2aIU(O) for the WIA. We see that for large frequencies the spectrum

appears to be in a high degree of equilibrium, while the lower frequencies

are out of equilibrium by 501 or more. We compare this with Figure (9)

which shows log(e/2a U(O)) for the SC calculation. We note immediately

that the previous discussion concerning the accuracy of OL Is relevant here,

since a factor of 2 in the high-u region can greatly affect the equilibrium

balance. The equilibrium nature of GM 76 may be difficult to determine for

m1



large- in this SC calculation. However in general we notice a similar

kind of deviation of e/2aIU(0) from 1, on the order of 50% of so, although

where the WIA sees depressed values the SC method sees increased values.

We take this to be a validation of the computational process, given the

tentative nature of the GM spectra, which Garrett and Munk propose as

"straw men" to be knocked down by the next generation of experiments.

Next, we have done another test calculation to determine how much the

SC calculation might affect the off-resonant character of and 2 .

We have calculated the derivative of E at w Q. In Figure (10) we plot

l ]og I El o / +() (4.4)

a measure of the rate of deviation of from its value at w-i. If this

quantity is much greater than 1 then the constant Z assumption breaks

down. If we compare this with the same quantity calculated for the weak

interaction case, shown in Figure (11), we see that the region where the

relative deviation exceeds 1 is greatly diminished in the SC case. It

should be noted in passing that the very restrictive nature of the weak

interaction calculation (only allowing modes to interact if they satisfy

* the strict frequency resonance conditions) allows a new class of interaction

*to suddenly "turn on" at w-2f, and this accounts for the large derivatives

around that frequency.
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5. CONCLUSIONS

In this paper we have described a two pronged advance in the study of the

time behavior of oceanic intnrnal waves. First, we have applied a formalism

which allows for a systematic study of internal wave interactions. Second

we have performed the first self-consistent calculation of oceanic internal

wave parameters. We will first discuss the importance of the formalism.

Since the work of Olbers (1974, 1976) and HcComas (1977) showed that a

naive perturbation theoretic approach to internal waves did not give reliable

decay rates the possibility of improvement on their calculation has been

discussed. Holloway (1977, 1978 1979) introduced a "frequency filter"

correction. The problem is that by unsystematically introducing physically

motivated corrections one leaves open the possibility that other corrections

of comparable magnitude have been ignored. In some cases the combination of

all of these possible corrections could actually yield results much different

from those obtained from keeping only one correction. We believe that the new

diagonal tem, c(k), In our calculation provides an example. The case where

a(k)-finite, c(k)-O for all k corresponds to the frequency filter correction.

We found, howver, that a nonzero c(k) had both a qualitative and a qun-

titative effect an the results. Firsi, a nonzero e(k) allows for the

posIbillty of m ovevdumped reglos, aad In fact ws foomd that met of the

mid o our ea Am lie s the overdaqed regIme. Soased,

*1
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the small rates caused by the subtraction of aI and IRI in the overdamped

regime give us a much different picture of the time behavior of internal waves

than would be given simply by a,, the decay rate dictated by the frequency

filter alone. We therefore conclude that it may be difficult to include all

significant corrections to the calculation from physical motivations alone,

and that the formalism provides a systematic way to indicate the relevant

effects.

The numerical results of this paper indicate the degree to which the

earlier numerical calculations were unreliable. In fact we conclude that

while that earlier decay rates were basically correct for the small wave-

vector-small frequency regime, the decay rates for most of the spectrum were

much too large. Our calculation indicates that, except for high frequencies,

internal waves tend to decay relatively slowly. We point out that the fact

that some region of the spectrun-is still predicted to decry quickly is

another validation of our procedure. Had all decay rates turned out to be

small we would have been forced into the impossible conclusion that the weak

interaction approximation was correct after all. Any future improvements on

our calculation cannot change this fact. Further, this argument tends to imply

that any future calculation cannot substantially reduce rates in the high

frequency regime, since our numbers there are not much greater than the point

where weak interaction theory becomes valid. This leads us to believe that our

rates are fairly representative of reality, or at least represent a rough lower

limit to it.

We close by considering how our SC calculation might be Improved upon. The

met Loical next step Is to study the effect of nom-constgat F1 and I on the

esults. lhis migt be done by choosing functional fom for Eu G) that allow
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for more than two poles in the Green's function. A continued fraction repre-

sentation of E has been tried in other contexts and would probably work well

here. The problem with going to a larger number of poles is that it is no

longer possible to find analytical expressions for the poles and so some

insight might be lost. Further difficulties arise because a continued fraction

representation allows for new poles to appear in G in successive iterations.

Since it is not usually possible to keep all of these poles for computational

reasons, one must determine a reasonable way to discard some of these poles.

Nevertheless choosing some consistent scheme, like keeping the slowest

decaying terms, would make such a calculation an attractive candidate for the

next level of calculations.

This research is supported in part by contract number 1N00014-80-C-0840.
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Figure Captions

1. Contour plot of log Ic/( Q-aR) vs. log(m) on the horizontal axis and log

() on the vertical axis. The contour interval is 0.4. The zero line

corresponds to critical damping. All modes to the left of this line are

underdamped; all lines to the right are overdamped. Dashed contours

indicate lines with negative values. The horizontal axis is marked off in

equivalent vertical wavelentha (in meters) and the vertical axis is marked

off in units of the Coriolis frequency f.

2. Contour plot of log aT(WI)/ S vs. log(m) on the horizontal axis and log

(S) on the vertical axis. The contour interval is 0.2. Dashed contours

indicate lines with negative values.' The horizontal axis is marked off

In equivalent vertical wavelenths (in meters) and the vertical axis is

marked off in units of the Coriolis frequency.

3. Contour plot of log IcL/cst vs. log(m) on the horizontal axis and log (11)

on the vertical axis. The contour interval is 0.4.

4. Contour plot of A(a I ), the percentage deviation of the input value of a.

compared to the output value, vs. log(m) on the horizontal axis and log

(0) on the vertical axis.

5. Contour plot of log A(%), the logarithm of the percentage deviation of

the input value of oLL compare4 to the output value, vs. log(m) on the

horizontal axds and log(u)' oa the vertical axis. The contour interval is
* 0.5.

6. C.to ult of le loajl vs. log s o he horizontal. al and 1og (0)

04 the w 4eel ad. UN Ihe 0W l uew, 1 ia 0. 4.

24

V 

!I" "



7. Contour plot of log jcLL/aI(WI) vs. log(m) on the horizontal axis and log

(2) on the vertical axis. The contour interval is 0.5.

8. Contour plot of e/ (2aI(WI) u(0)) vs. log(m) on the horizontal axis and log

(Q) on the vertical axis. The contour interval is 0.4.

9. Contour plot of log(e/(2a1 U(O)) vs. log(m) on the horizontal axis and log

(9) on the vertical axis. The countour interval is 0.4.

10. Contour plot of log I I vs. log(m) on the horizontal axis

and log(S) on the vertical axis, for the self-consistent calculation.

The contour interval is 0.4.

11. Contour plot of log IE 1( )/EI1 (II)l vs. log(m) on the horizontal axis

and log(S) on the vertical axis, for the weak interactions case. The

contour interval is 0.4.

I
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TRICRITICAL POINTS ANbDI URCATIONS IN A QUAITIC MAP

Shau-Jin Chang, Michael Wortis, Jan A. Wright

Department of Physics
University of Illinois at Urbana-Champaign

1110 West Green Street
Urbana, IL 61801

We have studied the 1-dimsnsional iteratio sa p stsociated with
the even quartic polynomial x~ I + a ', + b ~.This map
allows a smooth transition fro a single lump to a double hump.
Bifurcations aid higher-order transitions occur as we vary the
parameters a, b. In addition to the usual universal bifurcation
behavior discovered by Feigenbaum, we find a no universality
class of bifurcations which Is associated with a tricritical
point. Tricritical points serve asnatural boundaries to
Figenbaum critical lines. For the quartic map. the tricritical
points which are the end-points of the original Ibigenbam line
are (a,b) - (0, -1.59490) and (-2.81403, 1.40701). Associated
with each tricritical point, there are two unstable direct~.i

as wll smind ependnt exponents. The exponents are 14
7.2851 and 6 - 2.8571. At th1 tricritical point, is can
introduce'sa universal function fT(s) which obeys

with the scale factor 1, - 169031. The quartic sap ha a
special duality transfomation (a~b) -(a',b'), such that the
two mappings are intrinsically related* The tricritical points
which are dual to the above pair at tricritical points are
located at (-3.18900, 2.54371) and at (.95561, -1.14961) and are
J9ined by a line which Is the dual of the original higenbaums
li1me There are anInfinite numer of different tricritical.
points whbich form at least a Cantor set.

is INIUSUCTICU

* beetl. Ngeaaum ba shm that the bifuvoetiom sequence In a single hm
* terative OW a.~,- f(IQ with a quadratic Peda obeys a universal behavior. ,

Onm com uertm thsIshvier from a resmsiAni. s.p point of vise
Alt the limiting point ol a bifurgaties seque% the 2 1 igan of the map
wuith appropriate saln approaches a uiversal hinctift a() * In the -oigh-
bothOed Of this VOLvers&l tfuatimo, It appears. that there IssLy cms relevant
diuectioms, 41406 whic the eiseNValue 6(m 4.6"U) Is aner the* on. 1e have
roety studied a.Me ma1 a*p desegbibsq a qmaruie po1lynomial

I ~a+aw b x;. As *ortsmt vpsen of the artic mp Is
2~)400 & bebst a singuoti- ol a deM a.By Obangingthepinte a-b esetlI sl, an eft 1--m 4 sno tre=itu frm a

oekpup to a UNbap~ Op se viaa verse. It is aq to s" that a

vlM im h wema a aissle-hup m a sif "wtes ist- * taty
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stability of the same cycle. Away from doubly-stable cycles, however, the 2
peaks control different cycles which are unrelated In x-space. Thus, the
regiLons controlled by these different peaks become dynamically coupled at a
doubly-stable cycle. This kind of dynamical coupling is a new phenomenon
which cannot occur In a single-hump map. Its -presence mdifies the bifurca-
tion processes. The limiting point determined by a bifurcation sequence of 2
doubly-stable cycles is associated with a fixed point In function space with
two relevant directions in analogy with Feigenbaum's discussion of the qua-
dratic case. This limiting point also serves as the end-point of a critical
line which describes the usual Feigenbaum behavior. This typq of fixed point
is known as a tricrItical point In phase-transitlon 1nguage.1 T1st tricrtical
point discovered here has two universal exponents -T -7.2851, 6 'N -2.8571.
At the fixed point, the map is self-similar near the peaks after 2 Iterations.
Just as Inthe hbigenbaum's case, It Is possible to Introduce a universal
function fT(x) at a tricritical point which obeys the same functional equation

mar.((x/mr)) - fT(x)
but with a different scale factoir C- 1.69031. Our T(rj)cn ie expressed as
a power "ries In x . We have discvered an Identity, 5+ - at, relating one
of the exponents to the scale factor. This Identify is a member of a whole
class of Identities which exist at the fixed point of an Iterative sap.

11. qUARTIC MAPS

(A) Single vs sultiple-ump saps

We study the one-dimensional iterative maps generated by an even quartic
polynomial

x+i- f(n + + b4. (2.1)

b

Iter16ige asuad bt dW ev quwtie polyseatal (2.11. lbs
A Sei q6esim ftp , to (KX) with (e.b) le tiat qaedramt.



Depending on the values of a and b, f(x) can have either a single hump or a 3
double hump. See Fig. 1. br region defined bya >0, b >0, f(x) cat
most give rise to a stable fixed point. ]Jbr a ( 0, b < 0, the function f(x)
has a single quadratic hump, and Nilgenbaus universality holds. in gne para-
water single-peaked sp, the limit point of Infinitely bifurcated 2 cycles
Is a single point. In two parameters single-peaked maps that point becomes a

*line that werefer to as the hbigenbaun line. Pbr the regions a < 0, b > 0
anda >0. b <0. f W haseither topeaks andone valley orvce versa. In
the following, we shall refer to the peak or valley at x - 0 as the central

* peak, and the peaks or valleys at x * 0 as the side peaks. The existence of
both central and side'peaks implies that f(x) my develop Independent itera-

tion regions as indicated in regions I and I1 in Fig. 2.

f W)

tA

fipre 2
Aua" for a <0,b>O0. Note that regioom I andIT1 are

indpenentIteration regions.

In region I, 'f(a) describes a s1*Sgle-heqi up with a quadratic peak at z -0.
We shall sefer to region I as the regons controlled by the central pea. In
VWreg U. OXf~) deepribe an Invested single-hmp upr lith the peak at z
rIi7I V& shell refer to U as the region controlled bop thu side peak.

ftthe tw side peaks boes equal height, they amp Snte the nm t (a1-
az/4i). Rencs OWe caum both be umer. of en *-cycle. Thms, is have at

100t Oft tal CAGia ISSOU trOlled by do elsde peek.. "ae asites oftwo Ludepedeft Voge a aimappr in the aea > *I0

(a) Duality tste

ftethe tu"pe of le ad dtr nueo S, Only amed to esesider the
elim etrelleibhe Soengl peak. the cyclineseessciated with the side



peaks can be obtained from those with the central peak by a duality transfor-

ation described below.

Consider the quartic map (2.1). We can rewrite it as
+ l l a 4 + bx b 0O

2
- 1 -b + b(+ 2)2 "n- (2.2)

Thus, us can factor the quartic map as the product of two quadratic saps:
-C+ (2.3)

a 2

+~ b C; (2.4)

We can now visualize the original mapping as

x * 1C x 2  42 * z 3  " (2.5)
It Is easy to see that if the x-uapping has a stable N-cycle, so does the
C-mapping and vice versa. The mapping from l to C41 is simply

22)2-m~j+ (I -tij b . (2.6)
After a rescaling, is can put the C-sapping (2.6) into the standard form

C+1 + a' C + b' .4 (2.7)
with (4b-a2)raab + (4b-a2)2 1 (2.8)

32bZ

and

b'- .a I + ti,-h2)213 (2.9)
(8b)4

It is easy to verify that the side peaks of x are sapped into the central peak
of 9, A the side peaks of 9 are mapped into the central peak of x. The
duality relation is reciprocal: The duality transformation of (a' ,b') is the
original (a,b).

(C) Nat-stable cycles and doubly-stable cycles

For a quarte map, the uost-stable N-cycles (xz 2 . .. ,z.) are described by

f(zi) - zi+l, ZN+1 - X1 , I - 1,2,...,N (2.10)

and
d (z] - 0 . (2.11)

AM N-cycle is met stable, if either the central peak (x - 0) or one of the
side peak* (a - *r-a7 ) is a member of the cycle xL " T1 polynomials
associated with a stable N-cycle give r1se to a line in the a-b plane. In
Fig. 3, the solid lines represent the loci of sat-stable 2-cycles. Rlnctions
whose parameters satisfy a + b + I - 0 have mast-stable 2-cycles associated
with the central peak. Ti. curved lines are the loci of points of most-stable
2-cycle associated with the side peaks. It s easy to am that, with the
*=oeption of the origin, the mot stable N-cycle trajectories ane inLated with
the central peak never Intersect song themselves. Neither do th, most stable
trajectories associated with the side peaks. owvever, the trajectories asso-
ciated with the central peak do intetsect those associated with the side
peaks. Actually, they intersect n two completely different ways. At inter-

I



sections A end A' In Pig. 3, the most stable 2-cycle, pass through both the
central peak and one of the side peaks. Wie call this kind of cycle a doubly-
stable cycle. Two trajectories which Intersect at a doubly-stable cycle are
"dynamically coupled" at the Intersection. At intersections B and B1, the 2-
cycles are controlled by different peaks widch are not related: soe regions
of z are attracted to one cycle and sowe to the other. We refer to this kind
of Intersection as "dynamically Independent". Note that doubly stable points
A and A' are-duel to *a&i other. The concept of dynamical coupling Is invar-
lent under duality transformation.

4

iupre 3
The solid lines represent the mot-stable 2 cycles, the crosses
denote tricritical points, and the dashed lns describe the
bigobsom lines.

111* 211CRITICAL Pot313

(A) Bilfurcation along b-axis

If wevary b (negative), beepin a soall nd negative, we encoenter the usual
bifurcation sequence, studied by iuignbom. If we vary b (negstive), keeping
a =all nd positive, we find that the up loss through three different moststable 1-cycles, before bifurcating Into a 4-cycle. These, 2-cyclow are cem-
trolled by the three different peak. so dwm Lu PIS. 1. Soese penua
Persist no matter ow small tie valUn of a. the sm phemmes repeat thinr-
selves at higher 2-ccl e Tu, thaer e qultative differences between
bifurcati0ORs the tOD different sides of the b-erni. Vw a - 0 and b C0,
the curv ASz) is single-uaqse Ith a quartic weimm V find asqenef
bifureatiess Dwi always occur at the doubly-stabe 2 cycles:I

- .~4'~-~ - ' - -Mr



2N bl1  
6.

2 -1
4 -1.50393

a -1,58225

16 -1.59316

32 -1.594"6

The 2'cycles have a limiting point at b.m -1.59490, in close analov to the
quadratic map studied by Feigenbaum. Rowever, because our map has a quart ic
(rather than quadratic) Muir, It In to be expected that there will be
different critical exponents, anw now discuss.- This limiting point has
several Interesting properties which w shall discuss below.

(3) Critical exponents and the universal function

There are two relevant eigen-directions at the critical point (0, -1.* 949D).
Along a relevant eigen-direction and for larges N, we have

bNbm. + 9t with16II>1 (3.1)

where 6? is the Critical eigenValue ths eigen-direction. One elgen-
direction Is along the arqi where 61 7.2851. The other eigen-direction

ii (, -12347 whee h- 2.85 71. Note that the Feigenbaum fixed point has
only one relevant direction with 6 - 4.6692. In phase-transition language, a
critical point with two relevant directions which also serves as the end-point
of a critical line Is known as a "tricritical" point. A we shall see, our
fixed point is indeed a tricritical point. See Discussion Section below.

At the critical point (0, -1.59490), the function in self-similar near x - 0
to within a proper rescaling. The scale factor here Is o? - -1.*6903.* Just as

1the ftigenbaum case, the tricritical point has Its ow universal function
fi(x) obeying the same functional equation

OTf xN'- 4T(x), q1T - -1.6903 .(3.2)

In the neighborhood of z - 0, 4(x) can be represented. approximately by
f T(3) - 1 - 1.83413 x4 + 0.01301 z

+ 0.3118 x12 - 0.062035 x1 6 + .... (3.3)

(C) in Identity

The second exponent 42) and the scale factor eTare related by
42). 4.(3.4)

This relation to exac am a be show as follows Let 1(x) be the eigen-
vector belonging to 61,)o if

f(x) - 4;(x) + eh(x), 0 < « << 1 (3.5)

then Iteration tinder

lasby definition to

g(K) 0 4(x) + a; CX) + 62) (3)

SUnce b(0-Obeauef() 1),wemy too



Direct Iteration of (3.6) gives (q? To/f())

-1(2) -+

42) ai .z (3.10)z)+ (4m-

whchsalutiona equatio bdi fritn (.2 I th espoetf toxatd thenrgt
bond - 0.d Taihe aet is .Ol h as emcnrbte oO )adb

(12)
X5 -W (3.11)

V~ch~giv~ 34 The other eigenvalues belonging to directions out of the
z z... subspace are Irrelevant*, q 34 sa example of a general

class of Identities which is discuss elsewhere.

(D) The tricritical point and doubly-stable cycles

Our present tricritical poilt (0, -1.59490) is the bifurcation limit of a
sequence of doubly-stable 2L1 cycles. This turns out to be a general property
of a bifurcation tricritical point. We have used this property to determine
many other tricritical points which do not lie on the b-axis.

IV. ZSCUSSIOI

Is the a ( 0, b < 0 region, in always have a single-hump function f(z). If we
Increase the parameters -a, -b, we encounter an Infinite sequence of bifurca-
tions, as described by Jbigenbaum. The limiting points of these Infinite
bifurcations now lie on a line in the a-b pln which we refer to as a Poigen-
boum line. The tricritical- point (a,b) - (0, -1.5949D) serves as a natural
boundary to the original Feigenbaum line. When is extend the original Nligen-
boum line In the other direction, we find that It terminates at another triL-
critical point, located at (-2.81402, 1.40701). One can check easily thatj
this tricritical point Is also the limit of a sequen)o doOP-stable 2

* cycles and that It be* the sam critical exponents fa) d

limier the duality transformation, a tricritical point maps Into a tricritical
point and a Feigenbaum critical line maps Into a hbigenbaut line. The dual
Images of the previous tricritical point* are located at (-3.18900, 2.54371)
a"d at (0.95561, -1.14961)o Ws have plotted the dual transformed lbigenbaun
line In Pig. 3.

Since bifurcation occurs after each stable cycle, and sine there are an
infinite inber of different stable cycles, there are an infinite number of
hbigebum lines In the a-b plane. lance, there most also be an Infinite
number of tricritical points In the &-b plane. Indeed, we are able to show
that between the critical points (0, -1,59490) and (.95561, -1.14961), there
are an inf inite numbr of tricritical points, forming a Cantor. set. We shall
diseass the geomtrical meaning of the Centor set elsewhere.

* This wrk was-mapported. In part by the Ustiseal Scsieice Foundation wader Great
s. VBI 11T79-00272, NO? =7-21069, AMd by tbe Office of Naval Research

wader Contract No. 9014-00-0-0640.
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Ing geepae. Figures 6-8 gOv, actual graikie we arrive at an Invariant function 0(y) at large N.
rereenat of #I in the neoihMxw d ol a - I This invariant function G in a linear combination

of tip invariant functions g and k Introduced by
Now, let us determine the conition for the 3 -1 FeS'0'ju. Note that G(O) aG(1) w0, and G(1/2)

chaotic traneition. As we have mentioned earlier, - 1. The invariant function G(y) is shown in Fig.
the 3-1 transition occurs when points D and R 10.
coiwn**. Sine D Is f"P, and since poit R maps
bIt P.Pf~o, the condition for D and X to coin- IV. FOLDIG AND lUE LYAPIJNO HIOWEIT
dide is for f(D) -f(Z) -P. This then implis A useful measure of the doee 41 minigt a

AM fV -(2.4) dyammical system Is provided by t*e Lyapmwv ez-
poWeat For a one-dimensloael chaotic system,

Note that the poits B, D, P form an unstable thre th Lymw exponeit s simply related to the
cycle at the tnanition. In terms of F(S) Of(i), fo ensm W csdrasilen-
we cnrewrite the above aequatioij as the universal ~ mwn

Eventhouh th S-i -2.1chao~c fansiians The phactic region.Is characterain by the fact
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Fdwsj) M108 We . tsesutm Io Mae In d
NOed s*P ad Sigem Asuals Is tem of

I.,t Ik'f. di.2' t';U sr.) . L) .:

JAW1
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(4.4)(0

We have learned from Lemma 3 of Sec. H that the P bM
support of # may consist of N disjoint region.
The iteration of K(z, y) for (4.111 will ma point
from one region to anothr, aud bring the point
beck to the original region after N Iterations.

*Thus, ive consider the iteralen defined by ------ )
A E a

F~x.), 4.5) FM. 12. MAMIng involved In a chaotic one region:
with (a) ibng oAIM about point P given (b). Stoblutg SP

l.I~aN~~mfI~(x),(4.6) complete s n aping shown In ID).

we encounter Iterations which rap a region back points in segment AN come from DD andi the map-
onto Itself. Since the Lyapunov epoeant jL asoci- ping Is 1 to 1. We seall call this segment AR as
ated with! fis related to the exponent pv associated nofloveriapplng. The points in sewues RB come
with F via from boil Al' and "D and the bMqip11 is 2 to 1.

i $. (4.7) we call thin Begment RB an overlapping.
N We denote the density fuetoad # withuin segments

we only need to cosider Pi ani j, Involving simp. Arespciv, o beaying ,*,~,a~ ,,()
ler mappings. A typical distribution function is repcilyobin
shown in Fig. 11. Let AB be a region which map. *OA I.Z $*(x, for sxE-(AP)
Into Itself under F. The end point B Is mspen 0, x outside (Al') (4.8)
onto poil* A, e*i point A ani an AI.einc point D etc. Then, we have
are both nmqWd onto, g[P)W F)=RJ nAipoint KOS #S(4.9)
P Is mappied onto point 3. This mopping may be
achieved byfoldingPD on PAand, Om stretching K'*A I-(002nA (4.10)
DlP to the original length AD (see Fig. 12). For K*gU(.,,(.1

more complicated mappings, it may be necessary
to fold the line segmet softa *0k once. AUl the with

+ (4).,.(4.12)
Equations (4.10) and (4.11) may be taken an the
definitions ot 1 4 n s . In the following, we shall
03pres the Lyapunov exponent as a function of

i- 4,and Or The #,and#, for the 0of Fg. 11
are abosa in Figs. 13 and 14.

2 10 ntere convenient to denote the separation of
two *10orift points Bs 0(x)ix rather than as
ds. To oanbrstendthe dethaloeof Muelng #

- cossapo a particular poin Jr, and its neworood
0 dsy1. 1ap it a suffcen t er of times N such

that at rooum to Its Grigingl asl0hbscod. if the
new lokto , goe magmflhtin is

The salrgssat amd "etim Ase % o e I

A~fw o f akw .i msbk bsss 1h eb g st Ateaftuiu
Ms. ii. Wdasa cc bls~ V"~i #M" amwg" 1 1 s.s M

tObJiX .3 le~bh'w u g u~~
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*,(zdz~m*(y1 dy,,(4.16)

02(9)dz - (P)dY,. (4.17)
The magnification factors doe to the mappings
y1 -z and y - x are no longer one, and are given
by

* _X.g -~ (4.18)

UO'k.(4.19)

The geomtrical average of the magnification fac-
tor m moache

P EC 0 a9i

1M. 13. DemIity tanionm #1 (am text.
and the Lyapunov exponent becomes

ping region dee to the conservation of the prob-
ability under the mapping x - Pb), giving ;&,a IEF li Dnmw -, (4.20)

#(X)dx=-#(Y)dy (4.13)

or

' (x~dxTo compte the limfiting average magnification, we
r 1 (4.14) nate that the weighting factor at any pointy Is pro-*'Y'U poTti.mal to its density #(y)dy. Thu., we can re-

pla E, in (4.20) by an integral over #(y)ify andHowever, In the overlapping region, x can come x by f dy 0(y), giving
from two or more differcjit points, such as y,
and y., L.. .d, #(V) IN"(_V)

X = AF%)= Jqy) (4.15) f.. dy #(Y)

In the numerator of the above equation, we can
separate the y integration into three region.: Re-
gion JDE which maps into the nonoverlapping region

"AR ot x gives no contribution since 1am,- 0. The
ether y's are separrnted into y, and y, regions (AP
and PD), and they both map io Mke over lapping
region (R)of x. The Lyapunov exponent becomes

r dy (y)

The expresson has a nicer form when expressed
In terifs ad z. Using

#Y,)iybu' ,4X)dx,

A Pc E * 13*j * (k -1,32)

M1. 14. Dmmit *M= 02 P.. t"m. we fleafy obtain

2. 4M

- - -
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m0 , the Lyapunov exponent A&, and the average
Jr. ds ~5'l+ nIU7) overlapping factor R0 aeN is f d4* (O) m=l1.9872,

Ao- bmvft0.686.,

dx ±$x4t4&)- + and

(4.31) repeetively. The large magificatioe (m&w) and
overlappin th eo (Nm 1) are not suprbting Xu-

The expression in the last large parenthesis 4 the merialsly, the univerel funetiom G(y) is very close
numerator of (4.21) has the form of an entropy as- to the pr ie funt 1(y). 4y(1 -,). The elgen-
siated with the mixs. of two independent .1) function correspodling to the latter mapping is#
Usf~ist systems. We can grajius Eq. (4.31) = I/[x(1 -x)?". The iteritiou od(y) gives rise to
trivlal* to Include the folding of three or more re- the maximal magnifIcation and overlapping factor
gi m'a2, IL14, and R-1, exactly.For the folding of two regions, we introduce an Knowing the Lyapunov exponent p for G(j#, we
overlapping factor r by can compute the Lyapunov exponent AOL) for the

(*z) z 4.-x .1 )\ - originalf(x) at the 2N-N transition point for large
A ()ln) , 1j . (4.22) N. In particular, for the 21-211 transition at

large X, we have

It is easy to see that r=0 if either #,/# or #,/# is g,)=2"sp0 . (4.28)
zero, and r has a maximum, rm= 1, at #,/0
= 0s/,-- . In terms of r and #, we have Using the asymptotic formula Eq. (3.6), we obtain

dA, f #(x)AAxLn/ dx*(x). (4.23) 2' ~E U (4.29)

To compute A, (or A), we need detailed informa- with
tino about #j, #,, and # as functions of x. How- ,
ever, we can set a rather good upper bohWe on . (4.30) i

If we know tloe integrals of # and *s In the over-
lapping regions. Let Hence, we have

MIN #f 4x 1~) M2 = (dx4(%), (4.24) IL=O 8 _xa~. (4.31)

ad The (k - .) power dependence has been recently
(4.25) obtained by Haberman and Rndnick.3 We are also

Mu dx r). 4. able to determine the prefactor in addition to the

power dependence at thee transition points.
we then define a mean overlappirg factor as

Mi +M. M +M V. BEAVIOROFIGENVALUE4NEARt THEK CHAOTIC TRtANSrIKM
, N M1 M, 2 (4.26)

One Ca how that We learned from Sec. H that there are two elgen-
values n-,I with I ,-I in the chaotic two-region.

Air 4 UdM A D. (4.37) On the other hand, there Is only one elgenvahie
M with in I1inthe chaotic ome region. Thus,

when the system makes a 2 to I chaotic transition,
For the pu0tdar copling leading to the datrabu- the q= -I eligenvale becomes an elgenrafue of
tle fmtiin d 1ps. 9-11, we bWan - .36 In 1.
and the upper bound would give A 40.42. In the chaotic two region, the elgenfunetion #"

' We he a" N iO puleadw do. falflatINUM of Yj - is rea and positive. The support of #,
tot fad no ea emmt oa thp uno esd contain. two sepestb regions I and 1 as In Fig. 4.

bodet 0 imWW* V* 3i4 W) by eamPluN =80000 The eilantion 0, associated wit q- -1 also
ftetks "der Q. The W, gs mepAeale has te ame support. We masboses e .s
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*,in region I fer x In the overlaping~ region. One can show that
* 00-~, In region n. (5.1) the only Important region of integration In the lis

of Eq. (5.2) In for x in the overlapping region.
However, an one enters the chaotic one region, With x in the overlapping region (OR), we may
the previous two regions I and U overlap (see Fig. have a crude estimate of 1 + 4 an,
5). To the first approzimation, #,, in the overlap- 90 drfd ),V
ping region may be viewed as the sum of #,'a in I fx&
and H1, while #, in the overlapping region is the 0&d,-.x
difference. The interference al #'a in the overlap-. (5).7).dz..x
ping rooim Is responsible for reducing inI to less
than 1. To understand qualitatively how lo behaves
neaw the transition, we onsider the exression Ini deriving (5.7), wehae also approximated

I(x) /*.(x) In the denominator of Eq. (5.3) by
fdxdyK~x, ,)g,(±# ~ '*. tion (5.?) IdIates tat 11115propor-

tional to the integrate density of 0. in the over-
-(2 +2q) f (5.2 lapping region. Note that the size of the overlap-

(.) ping rogomnS ispropertlionalto skeA,- X, and that
*.(x) i dominated by square-redt singularities

which implies A/ Ix- x, Y, in the overlapping region Hence,
f dxyK~xy)#Oy)1--(-x + Iwe have d

25 - 0, A<A 1

in (5.2) and (5.3), we have made use ad the fact
that Ij and # are real. When X Is smaller than the The constant of proportionality depends on the do-
transition eigenvalue A, the regions I and B are tailed structure of 00(x) and on the rate of chag
disjoint. In thin case, we have of the overlapping region. However, we know that

In the vicinityof X- k, (1 +q)P Isuer for I <1 ,
K~xy~f(X)+ #Y)(5.4) sand Increases linmar1y with I for X> X,. Ink Fig.

k-#;m 15, weplot (I + Vras a Asctom of X The transi-
an bence tio, and the linear dependence in A are Indeed ver-

fi" numerically.
l-t-O <A.(5.5) We may generalize the methodto study the
Whenx >x, egins Iand11 verap ad te lft- change of eigenvals q near a 3 -1 chaotic transl-
WhenA> 1 rgion I nd ovelap~ ~tic. In the chaotic three region, the eigenvalues

hand side (has) of Eq. (5.2) no longer vanishes. We wihjlI=1ae1 s lgJ(-' + 7) and vil The
amn that *sgij -1) state containsthri e separate pieces 1, fl,

and mUa shown in Fig. S. The % (or 'j@') state in-(~ .~)'utoin (5.6) #g by assigning three different phases
1,%,J~(,q~q)toegiosI,~and. lthe

chaotic or region, onl the elgenvalne v1 = 1 re-
mains to be of magnituade 1. The other two elge-
value i, q* naw bave anitude Wans than one
(i.e., Iq I <1). Weam also stuythe rate of 1111I
approaching one near the transition region x -Ij.
In analoa to Eq. (U.), we have

f fdzdy(xY#(~

L-h- A(5.0)
4b 0 For I <As, ve8&*IntOw eat re ginand

bt sldus of Sq. (5.0 1h Uweft. For At
flU15.(i+ m aBmof -7~ aere* i > As W weIn 66 atle S Mila5n, A6 we

dies ilM1 I-A .. ~Omi e V h ~ enrg



23 TRANSITIONS AND DISTRIBUTION FUNCTIONS FOR... 1431

I and 11 and regions I and M develop n0oalsibng where the x, were a presccIbed set of points on
#'. The magnitude of 0 in the Op Is proportion- (0,1). Kis thenepaded inthis b nioet. The
al to the incomig flux (source) Via t0e te DX. problem that arises is that a large matrix is
The magaitede of the monOe is gves by needed (to the order of 1000 x 1000) for reasonable

accuracy. The reason for this is essentially that
Seure- f dx#,.(x )-',r (5.10) diseussd in See. H; tat is, the width of K con-

up. tols the number of blareattons Ot are possible.
A better choice of basis funetles might alleviate

with 6AA-A. Thus, #o(x) in the pp region is this problemsmewhat. Fortunately, moot of the
also proportional to M"-. Now, we look at the element of K are zero, I fet,the nmber of
numerator on the right-hand side (ris) of Eq. (5.9). nnzero elements to about twice the lia dimen-

The important contribution to the numerator comes slion of K.
from the integration region where y Is in the gap We ae now faced with finding the eilenlus
region DF. The requirement of K( , y) 0 implies and eigenvectors of a large sparse matrix. Since

we are only interested in the largest eigenvalues
phase correlation factor is it is appropriate to use an Iterative technique. To

' =0(1). find the equilibrium-density distribution straight-
-x forward iteration of the discretised version of Eq.

(AI) works fairly well, the only complication be-

We then have the estimate ing in sorting out 00 from the other elgenvectors
with eigenvalues of modulus 1. Our pictures of 00f fd y q KIx, Y)o(y) used this method.

2 - %*- q 0(1) f dx#() The eigenvalue (and associated eigenvecto)

problem is more complicated. We used a version

=0(1)1 dyo.(y)/Jdx#.(z)--4-i. (5.11) of the Lanczos method. See, for example, Wilkin-
W son' for a complete descrlption. The idea is to

start from an arbitrary left state L, and an ar-

2 r ,i~n%, cn rew-IMO + e s o (.) 1' bitrary right state R, and iterate:

(5 ) LK= ajj + s2bL.(42)

Ignoring terms second order In smallness, we
have At the nth step we have,

?,m>A, (5.13)
to ITJ"fx< 1, KA. = a.R.+ b.R.., + s.b. R..,,

as before. We have studied (1 - tI)' as a function +bLn.. (M)
of X numerically and indeed observed the above de- L3 K tL 3 + s,~1b, 1 L3 .+
pendence.

____________ The newly generated R., is chosen to be orthogonal
to all previous generated L,; similarly for L. We

We wish to thank Professor A. Jackson and Pro- choose (L. i,) = 1. This completely determines

fessor it. L. Sehult for stImulatit dMiasions. the coefficieatu S6 so hr S is just a sign 1. In
This work was supported in part by the National this scheme it is easily seen that a tridlegaMi
kisnee Foundtion Wkw ap* No. N PRY 79- matrix for K is generated. We typically used a
00272, and by the Office of Naval Research under 80 x 30 matrix. Actually It is Important to use
Contrac No. N00014-U0-C-0840. several sses may 26-0 and only the stable eipn-

values are relevant. That is, new elsenvalues

APMI A: NUMBRICALMOMOD m Isrodues t efah'stage and they typically
change as the matrix su is Increased. The elgn-

To find the e siet of the vectors can easily be calculed this way, but we
operator x given in 2q. (.1) we med a ftlifly have not actually hm* that'The uhso eccuracy
Mtr P -9frward, b~t possiblyr WoMeWi method. of predicting tranmitions was of the order of sever-
Bamis featinm for the space were ahoen to be *w otis 1 i bet-

i .., I , X<X<4.a (Al) ter. 1rhs 410101"to ""a"4 af S
0, otherwise (Al)la, o" eV*9usrreu.sip eequas.

m! L
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APlMMS: ALTEtNAMVE ROOPOF 3 pMrved.
nthi i we present an alternativepe now pro e the Important tUere which saysh tiste mmalx s pnm a alml~v p that ti* sqpsmt of th slgmitietism commit of.

oa la3ma 3 that is "Md for any nmber o d1men- disjoint rqom ind the phasm of each egomfune-
si0s. w start iWh a povosia that M proed tion are constant Vithin those regim.
in Ref. 6. sites that un4er fairliy y a Olo- Theomm. Thee exist N nomegtvfect .om
dtUm anm c-gstor sat$ls g Eqs. (2.2) and (2.3) xAx) having disjoint upport such that
has a cycliu pwipbern1 qctrum. That Is to say

h there at w eUw e aMalue eMswh M absot value KXI=XI., (B7)
one, these sic luass are all at the Ptb roots t iand the x, srve as a basis for expmnsiom of the

unity. f thm Is adoe wacy the spectrn must ei"bfunctlos having modulus 1.
be divided into classes satisfying the above con- prooq. C s

We will assume that there Is no degenera-
cy. T we ae ive X i +0." +... +.uh'r1*.,

ewe 1,-.. ,N.-.,

such il+ce+ce,,+... Io,

wia"

From Lmma 2 we kmow that we can choose x, 1+ "- 1,+..+ -

W is trivial to verify from Xqs (31) and (82) that
We iurther choose the phases such that at a r- without the absolute value signs, the Xg satisfy Eq.
tleelur point =5 with *o(.) ,' (84). From the above Lemma we see that they

91(a)'.0, j=1....N-i. (3() satisfy Eq. (57). Wefurthernotethatatx-a

We first prove a Lemma: f, for K, satisfying where 8A) = 0,

Eqs. (2.2) and (2.3) there ezist $,... , *.4 such x.() **o 0,
that

fK(x, y)* y)dy - *,.(x) (34) x/()=O, 1*0.

(This follows from the fact that the sum of the Nth

and roots of unity is zero.) Nezt construct

AT S) - #00 ) , 4 . (x + XI+ .. +Ux-4) ,

bsa , -ti (Xo+.!XL+ -x+.•.,(Be8)
J (,,) i 1) -0e.(X) I •(s

Proof. Taking the absole vik of fq. (B#), we ,= S+-.w,
obteain .

fk 7),tdub *.().(6 etc. These ftoo s Slow f
Al ot,-%

Inmrating Sq. ( i) ftve cyclic et ON wqual- so we coacle that

fI* 'fIsIx Now *t x a we lave
'4 *g=e, y0,,...,t.

Deem a e eyle "M th s at s mst hu
he, w M. nq. (), asenpt p am
a simtdmm ie dU9 sn Thft Lewmma Is C=l, j'O,....,.!,
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Tating the aheolute value ad Ep. (18) we obtain ections In the eomplex plane, the functions xi must
have disjoint support. Finally the construction of

.. ... ,demontrate the comstancy of their phases(a "l)

Because the coefficlets vs point In diffaro dir- In the heh region.

'R. H. Mmy, Nacire 0, 459 (1976). G. Jams, md it. J. DIandy, Phm. Let. 76A, 1
M. j. lelginbaum, J. Sa. Phy. 19. 25 (1978); 21. 4so).
66S (1979), Phe. Leer. L.., S (IM). OR. H. Sohaeer, B.m L4*ke and Poa ig. Ope dera

3. A. Hdu mdJ. Raftk, PhysR. . Ls# . 45, pptlfer, Berlin, 1974), mon Sc. (V.4).
154 (M6). 1J. B. Wkmum, 21M Akpbrdc ANipswa uef Pt m

4J. Cutobfldd md B. Hubormm (mp~uulhe. (larmdon, Oziord, 165).
1J. Cruthfileld, D. Farmer. N. Packard, R. Smaw,

0~

-11.1m

di
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Itwatlte prertiss of a medinmI..a qowtl =W Of" al ol .d trW itld bhay~

Shanin Chang& Mihae Wrds, and Jon A. Wright
Dqsrtmeaftsfjiex Unbaoft 1JIsaf a Urbn.Campusr% 1110 WainGr&M bwee Urban M~iei 61801

This parstudies the fterativsproparties of the twovuparr fl of ap ., -I + ax. + bx.. Tmmmssps
can have eihr one or three stus. Multiple etrem lead to a eoas region of ltwatve stability sad to aem
typesf ciesalve behavior. in particular, the Fapabaums critica Urns (ocus dof.YCr 4cs wumulatiom) preen for
bh=0 ermiashowat two telcellical points Tand r with coordsaits(sb) m (0 -1.9490) ad (-2814 03,
1.4070OIL respectivoly. There is also a "dual" critical Hune tarminating in two additional tricria points
7- (- 3.189 30,2.543 71) and * =(0.955 61. -1.14981). 1dehavo nedite tricettical paints ta controlled by a
naw fixed pointiyofthe funactional reursin reldmof.,x) - (I1/I(MrWd(i) This fied point bas two reeat
directons and, therfore, behvior near a Wtrirtia point dsends on two new universal numbers 8.0) - 7.284 69
and A? - .857 13. Croome and scaling behavior near the titical points are explored.

LINTRODUCTION a.-q=A/8,, (1.3)

Iterative properties x.., = f(x,) of one-dimension- where 8, - 4.66920 is one of Feigenbaum's univer -
al continuous maps provide what is probably the sal "critial exponents" and the nonuniversal ampli-
simplest examples of nonlinear dissipative dynam- tudeA=9.349. (The actual exponents in statistical
teal behavior and have attracted considerable at- mechanics are really related to in5,.) So far, we
tentiost in recent years.' .2 Changing a single con- have discussed only the logistic map (1.2). It is
trot parameter in such maps may lead from stable known, however, that the behavior of the logistic
fixed-point behavior via a sequence of bifurcations map provides a precise model for a large class"
to chaotic or quasicbaotic behavior. FelgenbRnm 3  of single-peak functions: The ordering of a cycles"
showed that the limiting form of such bifurcation and the critical behavior2

3.
2 are universal; only

sequences exhibited scaling properties character- the nonuniversal constants az, and A vary from
ized by universal numbers, in strict analogy to map to map.
critical behavior In statistical mechanics, and in- It Is the purpose of this paper'3 to study the be-
deed, that the renoa'malization-group ideas devel- havior of a simple two-parameter class of maps
oped In the statlstical-mechazzlcs contexts could be which includes (1.2), the symmetric quartic maps,
fruitfully carried over. Such bifurcation sequiences fx-+x+e 14
are also seen in higher-dimensional. models'"-$,)"++x' 14
and in experiments.' They represent one possible The distinctive feature of the maps (1.4) is that
kind of "transition to chaos." Feigenbaum's uni- for a6< 0 they have three extrema, at
vensal numbers have, In fact, cropped up in some XQ=o ;*=*/17EF (1.5)
higher-dimensionsl systems.?

The prototypical one-dimensional map io the so- rather than one as (1.2). This multiple-peak or
called logistic map, multiple-valley structure makes possible a pletho-

(.) ra of new, interesting, and complicated iterative
behavior. ItIs the prpos of this paper to star-

which for 0 4) 4 4 maps the unit interval [0, 11 onto vey in a partially empirical and certainly nionrig-
Itself. lEquation (1.1) Is equivalent under change of orous way some of the new behavior In the context
origin and reacaling to the symmetric quadratic of the two-patrameter family (1.4).

map, 6 Section It of the paper treats general, noncritical
AX) 1 +X2. 1.2) properties. In the one-extremum regions (. > 0)
f~v)l +w'. (.2) behavior libe that of the logistic map is observed,

In particular, the main bifurcation sequence has its only the accumulation point.a, is drawn out into a
limit at a, a-1.401 16 There is'l a simple sequence "critical line." This critical line terminates in
of r cycles for &.< a 4sj and a corresponding in- dhe reonms . r0, where It is "pinched off" at
vewea-biturcatom sequence of more complicated ticritleul points T and 1v by the existence of be-
r bomW for -2 Ag< a,. The vicinity of th point havior =art complicated than a monotonic eas-
a, Is ebatarised by a sealing beavior.2 7or ex- code of r-cycls reonms. When abc 0< OIt is quite
ample, the position a, of thn muperstable r cycle possible for two stable cycles (buat apparently no
for a> a, sod Imai varies as aowe than twa) to coexist. Superstable cycles

14 26 311 1981 U sorksa Pkhyiadodety
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special vaues of (4,b) a mingle "doubhly Stable0"
cycle may use two of them. Wieritical points awe

*associated with a-~ -Waits o doshl stable r V
cycles. 4- t t
We develop a special form c o oela 41ulA-

ffacy, called doaft. DW apintspaF ilm a 4
the lMen Iterative properties. lh@ datc the
critical line TTI in amoter critical line MW in

We determine thea region at the a, b plo ab HFet ias 01"

possesses a me of points x of gousero misasue

with bounded itineraries. r
Section MI is devoted to the special properties

at the map (1.4) near theeondpaitsT andT'cio 0 .1L 02 0.3

the critical line. Fctgmuibaum 3 showed tha the FI. 1. Four qUadMAwkt Of the sb *Man. bndiatft
points o the critical Lawe were associated with t. number of islersedona ofY- 1 +ax3.bx 4 wiek Y-.
a fixed point ofia cortalp functional rocarsion ro- D81*11 #hops rugo ear thy orign, Role ta thee Is
lation. The tricritical points T and TO an assocl - 0i&TUB ronm of quodrant I woure thwe are two ttu-
ated with a diffrent fixed point of the sam tunc- wte am are ans ve'"llr roomi o uesr are
tioal recarsion relation. At Wei new Ap~ed paint OW Atea nfi .. repanf o ma
there are two relevant directions and, thaeire,
two new universal numbers.

We discuss the sealing properties of the regions remnaaider of the section the character anad extent
nar the tricritical paints and the crossover be- -of th Iterative domain of the moap (1.4) for various
havior between critical and tricyitical regimes. values of the parameters a and b.
The fixed points associated wit ffi are different We distinguish tbe following tyas of bounded
from those associated wit TV' but related to them Itineraries: (a) fix*4 paints snd other a cycles,
by topological Mneus". (b) tinaerries whIph, as 4--, appoach Owre at-

ty*ete by) a fixed point or other a cycle, and (c)
II GENERAL PROPUIME U1NDER HIRAfON other boagded, Itineraries, which we call chsodlo."1

OF U THE iRIfnC QUWWMAP Tbo jet of a cycles corresponds to the so ci sol.-

Thi section describes certain general, noncri- "=o
tical properties A fth maip (1.4). it ft (S), 21

where we have denoed f~a 0 fijfef... Of and
A.e hibdouf f W O Thsoe is countable and, there-

Th* possible eupss of the symmetric quartle fore, contributes in and of itsell nero mamme to
map (1.4) depn on toe relative aips and asin- #theitrative doMain f. The cycle Xj,X,,. .. ,

tudes 1 the paeantsc wand*, as abtove In P. M. ,.0 NX, io stable, If a finite region of nearby
1. It serves have one looeastremu in psi. S'S 1o strmoted to it, atherwise, it Is Motable.
rants Iand M sadtbre in quadrots Ul V .
The uimber of Itersectios of yofAx) witht the
sUW Ww alse- may be mere, fto, or lo. The
reglems c sueb behavier e leatod to ftg. 1
ed tM cornespouiIof serves are sketched in Jig. A --

2. An.,

DBloeries us 1,x*(),M,(), -.. dnitin
PON under aer"ida 11.4 we at several "Wps
We rawe toes bodt"ue itieries"sas that

sem a r e vilmod. The mot d jrhuft /X
bhe ! -' A' Noas atoin SO-6 200 "O .of.

M3. 1 w- + +6
sare, thaf Is ifowwll sigas, ohewise, it to 6* v m e~ romsofhweeb glss s meJ~. 1.
is dkA"ure* uuUSa . we wish to exzplore to Ike huetoms with ye s ane shin

______ _____________ - .i,-04
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In particular, it is stable (unsable) x since

-C 41g. I I > ).(2.2) F%)-C[1+AC (.)+BC'()) (2.9)

When There is a special form dL topological conjugacy

d (2.3) xceinl vlabei studying the itera-
411 (2.3 tive properties of the quartic map (1.4). N~ote that

*the X cycle is 00aI*.s.l.. 1 A fmu nf is itera- f(v) =i1 -~ +b( +X*)'=GI(G,.), (2.10)
tively stable Ii aid only Nf it has mne or more 4

stbl a cycles Waor a domain d jet of uiero with
measure with chaotic itineraries. ,

Whenl ist iteratively stable, we shall wish to GWx = I1- 4b+bxt
distinguish the number of different types dL
(bounded) Unmiting behavior occurring in th and
iterative domain oEf. ffalx'sexceptforaset
of measure zero have the same limiting behavior = +.(2.11)
(e.g., If all are attracted to a single stable n cycle 2b
or if all have chaotc Itineraries using the same BecauWG2G,. G; '. (0,. 0)-0,f is topologi-J
domain), theaf isummdal"; If two distinct types cally conjugate to the map G2 -G, and, therefore,
CL limiting behavior occur with nonsero, measure, through (2.8) to the normalized mnap
then f is bimodal, and so forth. !h'd02GhW =!+11

L Tepsiaghi ionjupy dmdky2b( b

Rt is seful before proceeding further to ta~sz(2.12)
two imp~ras symmetry properties. lat h be an 'The map fis called the dual of f and has the form
arbitrary locally invertible map and define !(V) = 1 +6 j4,

guh'of oh, (3.4) with
sof -k oeh". Maps! aad1g telate by (2 4) are =(. +4b- '1/32,
called topo 1t Y-41, ca.jogeds..'u *ieraries of(213
f and Sare related to one another iii a simple one- S=[8ab +(4b -&*2 )2 W(Gb)'. (.3
to-ane manu&i ay bounded (unbounded) Itinerary Dult is reircl (1) =f . Ali of the topologi-
d f maps ito a bounded (unbounded) Itinerary of cal correspondence, mentioned after (2.4) hold
s and comversel. Map 5 sis iteratively atable if betweenf and it dual. For example, if f has an
and only If fIs. Shmlarly, a cyclesmap toa xl cy-cle using the point x, then 7 has a correspond-
cia., chaotic Itineraries to chaotic itineraries,luacyeusnthpot
ske.

For general he fucioa fors io t ferpoo- A. (G(Xi +X 1 d. (2.14)
ically comlugte maps f andVilbeii~der 2

aS. wo atane. henthisIs lot o ae ~in particular, it follows from (2. 14) that, Uff bas
*latioss, an x cycle using a side eatremum, (v, = * a ;Z

hV(,X)8X-4, 4(a,z)-S+s, (2.5) ab < 0), then the corresponding Rs cycle af I uses
the ceintral extremum %i, -0) and, conversely,"

andMScha es it the a cycle dff uses the central extremum xo= 0,
h.(p,x)*sx, h;I(e,x)-x/a, (2.6) then that of I uses one of the side extrema, [a0
baaw*Ae tas degre Pol as Wno stb

both Pok?*NWW&~a. Foasple, the P..tAl The dgsili4 relations (2.13) will Ie useful in
d~veep~ial~,Beas. U1C and KID below. The points an the curve

is tqsluglallu o"IMMt undhr fsl ~hng to are all thi Mal to the origin. PeAShft a axis
do softrdsoraftil rm 1.4, * a AC, points 0 a 0, a # 0) map to luilaty undr duality,

bt-e aV ,amliei 14) ihSC while repiing b-ais poits (4-O1b 0 a"e to

f AAI0)P~hC,(236) ol sel-duality, Q,$) -(p,b), W"isk e aheamet-
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remark applies to D aMS sand their duals6 &Wa
il. This occurs because the origin is the dual
Imagecof the entire Uine (2.15).

The iterative behaviwo cis completely knownI
[4 alMn the seff-dual line, since gx) in (2.17) is the
.. 4weli-utudied 1 quadratic map (1.2). The mapf is

Meratvely stable for all -2 '4 sjatd otherwise
unstable. A cvalues for whichghlosa Ibl2x

acycle, x1,xs, t. , f has two stable s cycles
4 4 -4 4 z 1X&O,...- an" XqX and Is, therciore, bi-

modal Atc valuseefor whih 0hA"a stable
(2n +1)-cycle, f has askable (In+ 1) eyele and
is unial The main biullaema sqtIence of
gefao-i4O116 ,whiebtranslateslinto

FIG. 3. Mapping of "wigla Ine. under duality (3.13). c h d
lbM origin mkaps to the line (2.15). The b adis maps to 15

%he parabola b -0/4. Both the neLi-ftal lie and the
Invrse orisin have bramacha. In quadrant IV, a slahw I to strawgiorward to Solv" the ft-cycle condi-
In the detail. tien (2.1) numerically ad then to ched stability

(2.2). The odition (2.3) for a suerstable x cycle

need asrequires that cue or more of the potis x,, x,,...
x. of the cycle be an extremumn atif. The central

s'=2c'(1+c), b=c*(1 +C)3, (2.16) extremumx 0 Ousay alwaysappear; however, at
correspcnding to moat one of the two side eutrema eam appear In

any'glvei cycle, since the evenness dff guaran-
f .k;'(1 +c) eg(l)j,(i +c), (2.17) tees that the itineraries at X, -* 4; (sl < O)

'with ooiaclb after ams step. Thus, each soperstable

cycle can be ciasalflsd +, -, 0, 0+, or 0-, as-
g( ) 1+Cz'. cording as It usep the lndlfcatod eztrema. The

These special lines are shown in Fig 3. The lRA two cee dands x cycles (as a32) which use
mapping undar duait of acme sample regions of 41t 1 *Uecesr stri4um andk oub sdeu leu
the a,b plane is show in Fig. 4. Notice that re- aidae o q sl ~e. obysal

cycles aresed, particularly stable. When
glos A nd ciF~g 4 re 4~cntwhie teir (1.4) has more than mue extreanum, all are quad-

duals Aand ageoly at the oigin. A sinullar rac. Tha, if xsa membercifa doubly stable

na cycle,

la#4tiqd cif X- (ordleary soperatable cycle). The
WgUmoSt folloingkA A314yjopi that Me dua cia

C doubly stable cycle is also doubly stable, provided
.4 oly that the dad points 2, and 1, are distinct. The

A ineptiotial came, j.m0, occurs cty for a - 0,
i.e., for.

I($) - 1+SX', (2.19)
_________in V" 04W I~ ae has a stngle town;c etesun.

-'Any Cycle oth s es this quartlc s~ea o
Idlef (2.116 an ill also be catle do"il stable.

Suppose doe ftr a Patiular~ gt of parameters
(s.,bof has a dmubl stable "*I*a. I is elear that

Close to "01awsr ~~Au ,td

.1 -. 'u a * isi-eIr usee PA*flr- B D) that is always vlmeaL. if/ Is dodft
'aso No 11f. sA"l for (do, bA) themf is s1110 for Ka b) In
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some nt orbood. of (a, bJ,. Dogy stable points
will play an important role in the tricritical be-
havior which terminates the Feigenbaum critical

-0

We illustrate some of these notations by simple -.
examples. Regions of stable and superstable fixed
points (1 cycles) are displayed in Figs. 5 and 6.
Sincef (0)= I by our choice of normalization (1.'4), -0.2

superstable fixed points ton only occur for (a, b) ____________

values such that -0.8 -0.4 0 0.4 0.A

x,(a,b)-x,=f(xcJ or z.(z,b).=f(x), (2.20) FIG. 6. Detail of the sta lixed-point region shown
in Fig. 5. fn the very narrow region of intersection of

and the various branches of the curve in Fig. 5 th w banhes of stability the functlonf(x) has two
have been labeled accordingly. The condition independent stable fixed pointe.
(2.20) reduces to (2.15). This is not an accident:
Had we chosen the ame general normalization
(2.7), the condition for a smperstable fixed point main of f (except, of course, for a set of measure
associated with, the central peek would have bee zero, the unstable fixed points). The map f is,
C -=0, which via (2.8) so topologically conjugate to therefore, bimodal

a =b 0. The discussion following (2.14) then sh~ows The superstable 2 cycles are shown in Fig. 8.
that the x. superstable fixed points must occur for The x. superstable 2 cycle satisfies
(a,b) dual to (0, 0). 0=X0 qf(a)(a=()(0) = 1+a +b. (2.22)

The regions of fixed-point stability shown in
Pigs. 5 and 6 contain the superstale lin an are The x. superstable 2 cycles can be found In analogy
bounded[ [se (2.2)] by curves determined from with (2.20); however, it is much easier to Invoke

x 1 (s~) ux~f~x)duality and simply compute the dual of (2.22).
Intersections of superstable,, cycle curves (e.g.,

with (2.21) Fig. 8) require comment. The set of curves be-

longing to a single extremum cannot intersect ex-
=*1. cept at the origin. Simillarly, curves belonging to

Over most of the 1-cycle region, f has only one and x- have the same itinerary after one step. x0

s fixed polat1 ; however, there Io a narrow curves can intersect x.~ curves, as illustrated byI
region visible in Pg. 6 in which there are two in- Fig. 8. These intersections are at two quite dif-
dependent stable fixed points. A typical example
at this behavior is shown to Fig. 7: Te domains
of attraction of the two "stal fixed points are dis-
joint and, between them, exhust the iterative do- 4-

U. ~-4 -

-2-

:4 .4 - 6- 441
kMfML "No. eeWS MEuM or ITAN FWDE P=ST

M~. S. Lodi ci as. .ind ersulie fi points in Ia
Ot @, 01me. 2Ue sapershab law IS ciSaides with the MG0.7. Itran-We plot of thke funotion f(x).s1- 0.75xl
dadIow~ earn. of ft. 2 snd Its bv e " bae"hs +0.O3Xtm. This fnction lee t stable fixed points at
NNWle it.e or . it-i n "11 a ssaid extreami. ZA *.67asi s3 -- 3W. The Iterative doinlfia
soe or"eft"*m i nw ci Anedh-posubil I&, lxi 4 5.475. The domains of sqatocn of xA and xa are
ohida *a amet~ lsse. 11 nowe edge of the lodloated below the graph. Theyr exhaust the Iterative
.AMS regin a 19"su ft ID f~ ee do 09YGCUIdmain off konept for a et of ineasure zero) and lnar-
phebd is ftg 1. Iawo with eeeh other as shomn.
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2-

A4

x. S.S Irlbe2cce.TeM 0 e~f ooxo -ad2ccesaiiy

0Me Interseolims are Somaynamioal. cation sequence does not ocour beyond these rciia

ferent types. At the Intersection point there may negative a axis away from the origin, one -
be two Independent muperstable cycles, eauh with the beginning of the main bifurcation sequence of
its own domain of attraction. At suh politf fIs the quadratic map (1.2). Such sequencing in also
bimodal and the curves are dreumicely Wedafw- seen in other regions of Fig. 10. Whenever such
dent. Alternatively, there may be a single doubly bifurcations run to completion, they terminate

sl cycle at the Intersection point. In this case in a Feigenbaum critical point. Regions of nesting
f in unimodal and the curves are dyssmca(1y therefore Indicate a Feigenbaum aritical line.
cosoied. In -Fig & only the IntersectionA and its Note, however, that the complicated topology of
dual image A awe dynamical. The remaining in- the 2-cycle regions, already requires that the eni-
tersections. are noadynamical. tical line be broken int segments. We have cal-

Figure 9 chows the regions 01 stable 2-cycle culatd the position 01 the main" critical lines.
behavior. Note the bimodal regic no surrounding They are included for convenience in FMg. 10 and
the nondynainical intersections of Fig.S. The will be discussed in See. 13L
region 011I-cycle stability shown in Fig. 5 nests Figures 11 and 12 show loci 01 superstable 4
snugly against the region 01 2-cycle stability, as cycles and 3 cycles. Dynamical Intersections
shown in Fig. 10. In particular, following the (which will play a role in Sec. IMI are indicated.

The general picture which emerges for the central-
emtremum (x,) curves Is one or more diagonal

b lines running across the (a, b) plane from upper
3 left to lower right' and intersecting the nega~lve a

axis at the knows values for the simple quadratic
map (1.2) and in the standard sequence." (Note

2 that thee are two such 4 cycles, one associated
with b~furcation 01 the Icycle and the other In the
region d1 inverse bifurcations on the far sie 01
the critieal Uine.) In addition, there are a large
nmbser 01 flagaror in quadrants II and IV, soe

-1. very narrow. These poke in towards the origin,
gros o an1sead gP Q to Infnity, apparstly

.0a long the lias-O, 60l-B, .'+6+l-0, aid
a +h +2 a0. The j sres nwdaled from the

-' byeta-grm m~sh doau (2.18). Wher-
ever sa a ve .e (3.10 (wee Fig. 4, the

M. 9. 30Mals of at"l 2-ey'ele bdier In do ae Rall eUIopffih bal PUNa 0 1140 the ur1g100
Plan*, cratnoh loop "ia in qfeda TV.
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IN U

3

2 ~SMALL am 06

-2- o

-3 4 -1 0 1 2 3 FIG. 13. Illustration of the box oonstrnatioa. A big
box and two possible small bowes are shiown. If the

FIG. 11. Superstoble 4 cycles. 11We 40cyc1es necessary fnction remains inside any one (or more) of the boxes
for the bifutrcation sailenoe. leading to 1"r and tt over the Appropriate domain, them it is guaranteed to
(Fig. 26) is present. Much additional Structure is also be iteratvel stable.
present. several of US 4-cycle lines are too narrowly
spaced to be resolvable on this graph.

D. ~ ~ Maps of the types J4 and U.~ (see Figs. I and 2),
D. lusti sta~ltyfor which there are no solutions at x =f~c), have

We now return to the quesltion posed In Sec. IUA unbounded itineraries for all x. Their iterative
of doermning the region of the (a,b) plane over domain is the empty set and they are iteratively
which the function (1.4)18o iteratively stable. !- unstable. At the boundary between (I,+ II) and
principle, thisinsjust the union overtx'of t' (I...+IZ4), y..f()is;tangent toY =X, Whichi 18Just

JLglans of stality (See, e.g., Figs- 5 and 9, .'all the condition (2.21) giving the upper edge of the
a, cycles plus, in addition, toeregions where stable 1-cycle region. Just beyond this boundary
f has no stable ut cycles but in Iteratively stable in (14 +IQ) there are two fixed points, x. (see Fig.

by virtue of chaotic itinerariesu 2) and xm, with fl (x~)> I andf(x, 1 . if
f' (rmj)> -1 (as Is true throughout 1,), then any
x with Ilx I< x., flow s to xm.i. and any x with I x

S b>x. has an unbounded itinerary, so f is itera-
b tively stable and unimodal

In other regions of the (a,b) plane the situation
6 is more complicated and we must develop a moth-

odology for establishing iterative stability. Figure
i3 illustrates one such criterion, which we call

4 the box constructions. Itxn,=x.,(a,b) denote
the solution of x =(x) of largest absolute value.

0-0We reter to this as the "big-bca' condition At Is
easy to see that points withlI x1l x., have
bounded itineraries, while those with I xlI> Ix,~
have unbounded Itineraries. similar "small-buel

______________consb actions can be done separately for centeral
-e -4 -2 0 2 and mAdS extrema, as suggested in Fig. 1S. If any

M. .12. Sierstblh 2 ejeles. I cysles occur In the or all of the extrema of f are boable in the above
1e0u bejii do main bdreallooaaqmme lsaO to sense, then! is Iteratively stable. For example,

1Ir and t. Cobwis, &-cyalsesat is beoeft in quadsaat M, where f hra a single peak at son 0,
shallar 1*-2-asd 4-6yele usteres. bWl of6 the bax conditiont (8.23 riialres
S."sla Ruas an Noe narrowly opened to be resolvable
ands ph. l~ f0",(.4

mi 
I-~
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so the boundary of guaranteed stability is the line erary is unbounded), f has no stable a cycles. In
_l=f(l) = I a+ b , the former cue Is iteratively stable and uni-

modaL In the latter ease f is iteratvely un-

and (2.24) is equivalent to stable.24 Thus, the region a+b- 2ofqdrant

a b • -2. (2.25) 111 and its dual image in quadrant U are Iteratively
unstabl.

When two peaks are independently (small-) box- In quadrants I1 and IV, f has three extrema and
able, thenf is at least bimodal. Systematic ap- does not satisfy the hypotheses of Sager's theo-
plication of the bag conditions to all peaks and rem. We have proceeded empirically. The result
over the whole (a,b) plane leads to a region S of of our study may be summarised in a form that
guaranteed iterative stability, pictured in Fig. 14. applies over the entire (a,b) plane by the following
This rather complicated figure goes into itself three statements.
under duality.

Failure of the box conditions may or may not (1) When all extrema have unbounded itineraries,
imply iterative instability. For example, com- then f Is Iteratively unstable.
parison of Figs. 9 and 14 already shows that the (2) When xg = 0 has a bounded itinerary and x,
region of stable 2 cycles extends beyond the bound- have an unbounded itinerary or vice versa, then

ary otf guaranteed stability Into regions b, and D f is iteratively stable and unimodal.

of quadrants II and IV, respectively. We develop (3) When both x0 and x, have bounded itineraries,
tis situation In more detail. The map (1.4) is then f Is iteratively stable. I the two itineraries

infinitely differentiable and It is easy to verify are asymptotically distinct, then f is bimodal; if
that its Schwartzian derivative they are asympically converent, then f is uni-moda.

Sf (X) ': -' af"-) (2.26) N all extrema lie outside the big box cf Fig. 13,
2 f'() then statement (1) applies and f i iteratively un-

is everywhere negative. In quadrant II, where f stable. Such regions have been indicated U (us-
is single peaked, it satisfies the hypotheses of a stable) in Fig. 14. If all extrema Ue inside the
theorem due to Singer,4" which concludes that big box of Fig. 13, then statement (3) applies and
any stable a cycle attracts the peak. Thus, when f is Iteratively stable. If the central extremum
(2.25) to satisfied (I.e., when the peak itinerary is Iles outside the big box and the x. extreme lie
bounded), f has at most a single stable a cycle, Inside or vice versa, then there are two possibili-
while, when (2.25) falls (i.e., when the peak ftin- ties: N an inside extremum is small-boxable,

then f is stable and unimodal [statement (2)], if
not, then the situation remains in doubt. These

(52 doubtful regions are denoted D in Fig. 14. We
1 b investigated them numerically by the following

.method: We fix (a,b) -nd follow the Itinerary of
the "inside" extremum for 32 steps. N the itin-
erary ever reaches the region IxI>x, (a,b),

UA ,then it is unbounded and f is iteratively unstable.
If the itinerary remains within the range - Ixj
- z<Ix.,i, then we declare it bounded (for prac-
tical purposes) andf is iteratively stable and

0 0/ 4unimodal. In practice, the distinction is sharp.
Figure 15 shows the results o a scan in (a,b) in

-region D, at a grid interval of 0.015. Similar
structure occurs in the other D regions. What
appears is a complex set of spines or spicules
radiating outward from the known-stable region
S. The majr Vpeules are readily Identiflable

V_ _with loW- regime d -cycle stability, which we
2he"~ seentoFis. 9 , 12, an1. UMother

10. 4. Cerrtsin lyI Be . epexises se nly est In tMW re1010, beneer,
T erose- I bad .00 S -s d stahle. TP SW beeom rapidly me arrow as a ineWsese

regkies V and Od, dells a te ps e se and slip hetirees B meek of our grld seN. wel-
irUhty of d reg eAn D id Baler A ebomt be defind regime of entrely UaWls Ab all am&d ydo, duple ox ossetrm als ~sugesed by Fig. 15. The boury WINmm

"'--- .. _ ""-Al
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a or
S

b, () - , (a + C(a) 80,(3.1)

where the critical arnplitudesA0b) or C(a) vary
smoohly longth. critical line but 8, is universal.

The nw feturehere is the fact that the critical
line terminates at the special points

T-(O, -1.50490), 71-(-2.81403, 1.40701),

-2.0 (2.2)

, which we shall refer to as tricrifical jioint in
_2Z anlogyto he teor ofthermodynamic phase

Ut ~transitions" The mechanism for the termina-
-S tion in the existence of new x-cycle structures

0t 1.0 IS 2. Z'25 Si which pinch off the orderly sequencing character-
12. 15. Iterative stability in the doubtful region D, istic of the critical line. A variety of interrelated

of Fig. 14. Regions S and U, are guaranteed stabl and structure ezist, which we dshl study In more de-
unstable. respectively. by the box cnstruction. Points tail In Sec. MfC. For the moment we mention
shown were determined Iteratively stable by a 2OO8x200 three such structures: (1) A tricritical point Is the
scan, a described in the test. The major splcules are
readily Identifiable with low-u (a 2. 3)a cycles. as limit af a sequence of doubly stable r-cycle
Indicated. points. For example, the points T and 7' are the

limit of the dynamically coupled poite listed in
Table!, the first two ofwicht are visible in Figs.

stable and unstable regions appears to be very 8 and 1i. (11) A tricritical point Is the limit of a
irregular and may have some fractal character. sequence of dynamically Independent r-cycle in-
AUI the above considerations could he further re- tersections (the first few are also visible in Figs.
lined by studying box constructions for the func- 8 and 11). An a consequence df (i) and (it) any
tiona;fPs) for %>I. neighborhood of a tricritical point contain an in-

finite sequence of Interlaced unimodal regions (s

IDL CRITICAL AND TRICRfl1CAL BEHAVIOR gociated with the doubly stable points) and bimodal
regions (associatedt with the dynamically indepen-

A. Tis Feigebaumn aithl Ike and Its du1 dent Intersections). Oili) Finally, a tricritical.

The nesting 1- and 2-cycle rgion shwni point is also characterized as a point at which theI
Fig. 10 are the first stages of a standard bifurca- critical line is pinched off by a sequence of nar-
tion cascade, 1,2,4,8,..When this cascade row fingwe (see the end of Sec. 1C) of bighi-order
proceeds smoothly to completion, It terminates out-Of-order r cycles. Sutch a finger is already
at a locus of accumulation pints, which we shall visible in the 4 cycles (Fig. 8) in quadrant IV,
call a critical line. 4 We already know two points where it is stil well away from T [the finger tip
ouaths critical line: (s,b)-(-.40116,) onathe only reaches (0.80, -1.25); however, the corre-

*negative-e (logistic) axis and the intersection of sponding 22-cycle finger reaches (0.03, -1.62)J
the critical line and the self-dal ine given at and higher-order cycles close In rapidlyl.
the end of be. li. There Is so difficulty in find- Thanks to Feigenbaumns we know that the critical
fog the rest of the critical line ainmerleaLly. The
most efficient method is shmply to plot the appro- TABLE 1. Sequences of doubly stable r-cycle points
1wpints lo f centiral-peek g.suptbl 4 cwcle t.b) converglag to the tritial points T aund 70, which

(g.11), 8 "cles, se., which ropiily converge utminate *Ae Fess" Iu critical Uin. The orre-
to the Feigesuim critical line 27', a.*) spmf polaft for t ada 7' may be obted by using

*(or b. n b4e)], sinews In Ift 10. Aupireachng thi the dality te"064s (2.131).
ln mteNwright akways lead trough * yce2'1
slnaadcmd;eceting beyond to the lower Cycle_______________T __

left revas ame usual sequence off toot:s-bftarea- 1 .0"
tion bends. Asymptotically close to the critical 4 1*4 -Is"$* j-Om iG, 1iN86)
line the position of the sopuarstable r cycles (or a 01 .4JWW55 (-.J555, IiJI166
ay other rferoes ftoks am cares to choose) A *I -iJM*3 (-LS I UUTOS6
Varies fef. (1.35) s :3 04 -U""W (-11809 141094

-+O1* WEEMS--.-.-',.-,*~--.- -.--
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line in associated with a fixed point of the function- functions flow near toft, through the linear region
al recursion relation, (3.8), (3.0), and then (3.1) follows.] In particular,

if f,(x) a*u), then iteration under (3.3) gives
i~is)= ,( ) W4()), f. = h'l(f(f')(0)) , ~f2). - (f(3)(0))' (3.12)

i~e.,with

f..~=k,'j.l) e~'ek(f(1).(3.3) P20)(0) = Tf.(1). (3.13)

T'he factor f41I) in (3.3) is chosen to preserveSo ftonheFinbucrialiehn
normalization, f,1(O) =I1 provided f,(0) = 1. At " fisothFeenaicrialiehn
any fixed point of (3.3) (and, as we shall see, lin VA, =fl . (3.14)
there are many), -

f *=h(a)f*(I)6V(a)' (3.4) Equation (3.14) is, in fact, a convenient way of
finding the fixed-point function f;j. In addition,

with putting x- I in (3.14) and using (3.12) and the de-

= 1f *(1), (3.5) flnition (3. 5) of the magnification factor, we find

i.e., f -ls topologically conjugate tof 112) under ,mf'O)1' 1 (I (15
rescaling by manifl at iox factor a. The -- a- I ieiclycnvnet
(3.4) takes a function f.=f *+Of near f * into an- Th dulo h Fiebu critical line TI1 is

othe fuctiof,,=f*+f' ear ~, ithanother critical line fPF, shown in Ig. 10. End-
of' = £Sf) +0(81 n) (3.6) points of this dual line are tricritical points lo-

twhere Z Is linear. The eigenvalues A, and elgen- ctdda o(.)
vectors e. of £ satisfy f - (-3.189 80, 2.543 71),

S(...)-Ae. (3.7) F' = (0.955 61, -1.149681). (.6

and rovde covenentbad fo decriingthe 7hedual critical lin pasee trouglk (0, 0) be-
region of function spce near f *. For example, cause TI crosses (2.15) and through Iin"t be-
If cause TV" crosses the a axis. The critical line

@f =Eaea. (3.8) eve, they are dynamiall Independent: Feigen-
a baum critical behavior uses the central entremum,

for some set of coefficients a., then while its dual uses the x, extrema, in accordance
with the discussion after (2.14). The continuity

Gf'~aA~3.(3.9) of the delty relations (2.13) guarantees that (3.1)
* holds in the vicinity of the dual critical line. Does

Felgenbaum critical line has the form" fined point f'p? Tlhe answer ism n W.ised, the

fI (X).IC),+J)4 .,iteration procedure (3.2)-.(S.4) does not es lead
= 1 +'~z''.c~~s~+(3.10) to a fisetlo with anite coefflcef" ie (3.10).

With The reame to simple enough. The 2n cycles In
the bifurcaio behwiur of ff' use am of the side

~ -1.576, C? 0.104,...,x, isisefd d tihe central eXtremism. 3w-
and enthe itetation (3.8) eaonually maganee the

ination aron ta ar~gi, -ada O tiv WA~
a, 2503 1. (.11) of the fution neaw theuS, sitrema off to infinity.

Tiars to o"l one "relevant" elgenva"n A1e6, To achieve a finite fb"e polut, It would be meess-
-46930. sI@1e iawbat reeat ary to U%&asinto aem Pak to do originbe
I A,1 <I formw: 1, so the corerzu dn I Perturbs- for* *WIVI* (1.8)l (&I1S), AMd (.14). 2Ue Idlotte
tions (3.8) chris imder Ieration. The fixed paint filed Oft whIeb axtde f' io toloUkgicacer-
fp therefoe Ms an ef lowing cvirai k3pVwr*bc. 1 ft. topaft Aw do"*a .
of ambein o. The M Igee crial leu
Is the 6140owws " of nom e loIpersdfmbAe000f.eom
wit fth a,& #11. hAs 180" ~Aft on h eItn-h ~m
hM ettifas 0* 40mf as eu4idb rh fImorlesat pow T is eauui so toe No of
sad 2") fOWNn Sof9 adir iAtion (MO3. [*Of*b ftheA sef dWOshl - * c3 d Sao** 69 ft
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netmue-6 asia. Locating T' would apm t to ro- a ,.~~'O/( ).(8.23)
quite a two-dimmuntood nmarsh. Lecikily, this ts

* not no, as we amw explain. For am* *, 1 there Squation (8.22) can be used to find the coeflents
ate several doubly stable pont in quadrant 11 CS)as follows: Let
(Wee Sec. MD). Zach snob cycle RU IDS fvhex efVbenaax, + (3.24)

* x. and x.; however, the different doubly stabletodvlmter ur reai,
points use thoem in different ordets. 7M sequence then I is may todvlpt-rcuso-eain
of doubly stable 21 cycles Which converges to I' =rI WI([fls&1c~~ (3.25)
turns out to use the two extrem in the order x.,
X. NormlluatiomreqwsitAfxsj MAN a1 Ho"Wer, CJA-bf, so
.xji, b), so a=--2b, as mmimpldln Table L

Thus, the doubl "Aahs points ladiss to 2' all C1( Q) J(4V WfP(O)1',
lie on the line

Ax) I 2cx +c4 (317) and inclusion dt the additional factors in (3.12)

and can be found by a one-dimuesll search.
We turn now to triciiAml boliavio and start 4" _ A[jP(0)]5  (3.26)

with an analysis of the poit T. Functions on the
b axis hae th form Derivation of simillar expressions for higher-order

coefficients is Attsgblforward. We find from
f(W(=318) (3.23)

and are iterat"Ie stable and unimoda for -2 4b a, -106080.... (3.27)
4 *. The iterative behavior of mobh *ctwge as
b travels down the eapliv-b sie Is onttel dim- Results for Ci!) are given In Table EL
Hear to that of the functions (1.11): Taere A a, ain Peturbtion about the fixed point (3.20) deter-

bifurcation saqusee (the beginigag of ki we mjuag scalling bebatior, as outlined in Sec. M A.
have alrea* see in Figs. 10 and 11 and Table 1), There awe two types of perturbations, 6f- 5f'
which e Reo lim at b,= -L -1.490M .. , +V(0), with
of inverse-bleuaeton band". 7he vkft* Go *,
is chaftaterisedb~ sealingbeavior. Fit eans- an
Ploe, positions ,d the 4mily Shable20 ycle f' 3 'ax+ (3.29)
for 6 br an.d largex vary an

(31) invin powers 0 With eveS of odd k, zempec-
(319 brel.DsaaeBsApeWoma1n 4  the

with 6V~) - 7.=64 a9nd B -4.83, Is preei patal- seromi of so a ( aVmumaot ganermlow iid
lIsm to (1.3). The Iahe - 6) differs fon O, ceyeet. Uce, initermfs at 8f (664,0. we
because (3.18) hmas a qartic peftse than dmat bae
maxima' but is otherwise u=tvoWu In the nam Of'
seas. The amplitiad B to boave*Maz a

The origin of the sealing behavior (8.10) is doe
existenceo a new fixed point of (3.3), which we 1 ~S()
demote [df. (3.101 (10* X lf4f(*

unmefp~TNI U.~a4 w-POWisti.1m
ffef won shemas Pe 0JSk td hgbsr-sua as-

+Cs + &up. Noisso g mm rate 03*1 to weft nmi.Bud
There are senal vws at finig so tari"a
91" p ing ml .9"Wat- VNIVI
foflewnthe li of (&.12) i-01:whbabf 4 ts
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Although Of' couples to both Or(@) and 8f# (a, saperutable 20-cycle spacingrs. Finding it and the
Of (0 couples only to 6f Th)'e redtucibility of other even elgenvalue. by solving (3.7) with (3.28)
W8) into a semiblock form Implies tha the elsen- in fees" bhut mntr..Ing. lMs largest odd
value problems (3.7) for the oven and odd pertr- eigenvalass we denote 8 2. We shali show below
bations do not mix and may be considered lnde- that GQP) is simply related to the magnification
pendently. Both even and odd subspaces have, of factor
course, an ifnite nuber of sigonvalue. and
elgenvectors; however, in each cam only one 8(,?).a."-2.857l3, (3.30)
elgenvalue is relevant (I A > >1) and the rest are
irrelevant (I A [i). The largest eve elgenvalne and that the irrelevant odd elgemalues are just
controls flow. in the b Wx) direction wear tricriti- the Inverse odd powers of (3.80), To
cality and is just the univerdal nmber 4V intro- see this, take f,-f + 6f and iterate (2.3) owce to
duced in (3.19) and determined numerically from get

f .."(%) =f 9()+ 81' (g)

The first and third term in the brackets are al- dimension equal to 2. This hypersuuface evident-
ways eves; only the second term can be odd, As ly Intersects the a, b plane at T and controls the
we mentioned earlier, we only need to work in scaling behavior there (wee Sec. 1110. It In by no
the odd k space to obtain the desired elgenvalue. means obvious that the tricritical point T' at the
Thus, to Hiour order, we have other end ad the Feigenheau line in also an the

Gf('(x ~triedica lnsa~hP.Icebolot6 to f.I We have
vortlenumricll tht I isbyobserving that

___ lim....(f V L fP (v"a (3.23), (3.230, stc). At fol-(3.12) loa htbehavior near 71Is decibdb the
eSgawauss80, 8P. anda ..

Equation (3.22) has the structure wo to" nom to the trieritical points terminating
the dal eritical kine ti". Dualit guarantees tat

4=~u({('))u, k52,,lO (3.2) sealf gbeavior now tandf Ptodescribed by the
universal numbers 6V) and 6 8. It doom "o follow,

Thae igenvalues of Mr an the odd eigonshatc however, that f and r" flow to the fixed point f ;
(3.7). Because the Codliefit 01 V&) In (3.A) to and, Indeed, they do not (df. the situation wit the
a polynomial In 4, 4 cnnts, m 9 el n ual f deal criticat liN). Direct iteration In analogy to
Ibk, soM 15 trligate and its denUalsessr (3.22)-(3.M *hoft that f and fl flow to another
imply VAm. To find Am~, we can mts x0 in the trieride ixe d 0em, gi90e0 by

coefficient of f () to go f Wx)f t(miW, (3.38)
M,.3(9(i)''.fF(1).(3.34)0

However, f P satitew (1. 4), (.9

f / fk(1)) (3.35) 3W*t that (3.26) is )s of ane form (2.4), wit hk(g)
rxi, A-(v).xs, and sofl s oplcally comb-I. m~btfteMsoVf reepsO to xa ia, ff .taf, 2W*0trl WW o had

to1 -f'1(9()r Waft rhb S6 pot and theb ais

pie nity *041'~* * rignit, (11)LnU).1)ra

so

if t~hich gem (.3 me ab imufp a"u~n e vow)

.1scG U) I+Fr
9"om ohm i"4 111 1A"a
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_______ tervenagt iterations. Thoe. scaling uvables areCIP Jim~~(I~() a natural set dt coordinates nest the poin T.- They
may be tau to be

Ji (ra"(0) (342 u1-b-br-stanO, us/acosA, (3.46)
.(0)'e t dop of the critieal Usne in

allowrly tW - -1.2341, (3.47)
as illustrated lit Fig. 16. Cycle stUhmtnre nowt T

f i- (f- VA, (3.43) bas ascii regularity, vhen described In terms of
W as t-and u. For examol, Kf thees, is a mprotaleand, slilutmou dt (3.4t) leads to (3.36). 21 cycle at (*f 1, thntee samprvl

2'cycle at 'u0mg. a ampersale SO' 6y-
C~ Tdoddemly: Cremwri ads mg&h oe at (j)%,(4)%4~j, eta. peovidd emir that

The tricriiica fined-poit discusion of the pre- haw oet dmp mAi sialmaus tra h(e 0efros
ceding section gets the *te f or an examination of ~ gtdpiedi~f~y*a iebt
the siructure of cycles, se. (the *ms diegrn) Irclia*emfe)

nerthe poins T, r, and their dile It to a Thm o m idertioms allow a s~alu deerip-
property of the Iteration (Is) t, Iflw as sn~~bIil~a

, ~ ~ ~ ~ ~ ~ * Uwt vna hnf, b715im m to b t~ritkicatbehvior along
I" to,/ cycle s ~ 'w---, l/.,,ist),.. sadM 1 MRfIM th ls ale (region I a the msfifg variables in

x,/.,1)x,.(). f tIs ' cycle Off is ft Jig. 1so mw positom u0)(N,) of the uinperstsbl
peretbl, the badti Me in it eyeles off,, a"e 2" qicos ai reom has a simpe "main orm,
sup&"Ish Qf,, to at Isglndl. I at ft ~ ).S(a.)S) (3.48)

x.f,(i), xAM(1) AgAlO, f. smeost"Iti tin uieb as Tami wmm a afag& function 6 In0isp ent

Intelnerrgo 9.)(J e a4 fld i am at **b scaled casablnatios (@6)'u.
Po in es auitroms. take a pmEclry quation (L43) mudt, at course, ineerporste the

edrteIi. ~kiefe 1,am. known behavior on the b axis &Ad along doe critical
t~*At a I~ mI* yl Which lies fsrf ftbe it lin. On thebS4Wu _0 sk-,b -b so (2.19)

as ibO tieritleal kspeawut . tabh awm give
had the formn

b
With

&molt *ee(W) + a-(x) , (3.44)

0
wbion (x)ic has a 2.(xe) ais evromrao

* i..i#~r . /U 2

(3.46) 4ob)
T N. Ul

Lo.Ak~mmf frm%

ps~~~?. ow -kt i c e U M o i s i ' ~ w in d Pown r.

kA ( bg)*I

SyR R R."" mIW WRr
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On the other hand, at fixed u, #0 (3.4B) Must Wpee 8
with (3.1) am uj- 0, so at largeX ff(X)-XT and, 1
comparing m

we deduce that the critical amplitudte C(a) Vaniushes
as a-O s e, With

Vt m  ) u1~: 8 8=0. 4237, (3.51) L

which we hmv verified nomerically.
Such goalig coumberations ae not restricted to 041 -5

regina) (1%g. 16). Indeed, the *-cycle utruiture
in the entire segMmoio of T scailes In accor-
dance with the discmelhn after (2.47). This point M. 16. Sipersiie 8 eyelee nar T ploitd with
is Wepntrated by rip. 17-20, w~s ohe Memlin Varibhheim (j.# lin iaoW mated by t arrow
structure at r cycles for x =2, 3, sot 4 displayed is dad* etu. 7W fb Sre and Di. 19 mide et-
in farm oI the scallngeambinations (60N owI u&Ad inp eaml s ia~mm.
(8?P's. The structure displayed mbould bcome
fbW sj-.. For *=2 memo eascalifsa- Let usbe foan fte c-araeriuation (See. MiA)
terms we observable Mar froM the na~gka however, of a tricritical point s the x-- limit of a set of
xs = 3 anid II = 4 are alredy prectically tadistin- do*y stabie as-cyclepointe. Consider only
guIshable. Note that at fixed 60t, lane A probes qwW*;zt IV. The 2 cycls hay# a single doubly I
OrM s; thus, Figs. 47-30iflusbttegrif~hickly stabib poWs (Fig. 8) at (0, -1). The 4 cycles have
as Mloi'ier V"-cycle structure whicsbPlach Off (Fig. IV) two suc-olts, (0,-1.5003)and
te critlisaUbast T. Askheftdiatussina ofbe- (o.S1,-i.23958). TheS6 cycles have four such
awsw namr 2, f', and 14 own to mode. poiats, atc.. This sooese is Mustratei in Fig.

2;,stoma owie",a=3. Itappears hat, IngPing
. Obw pmmdabhlm ieulebdobysal on ~is

in this paper we have confined our discussion 8We.COie0 rsill
to te man Fegembuns ritial lne T' ~points. The outer mequamo toads to T and1.

tol the noein eigenbau trcritical muc T2 ndle ters lie between T and P". fec limiting point
tarm exist at may after points in the a, b Plane hma niienme f temi t eho

d ~ '5 low* a -
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Wemas sei x. Is. boobo entitled Sa umpbtV. T aed V. 7hp paints T nod f ane mated by ao"a.

doh~ws, eh t dies a"s F4. i5~ ts h'e R0 MOM deogs Wr e g 25 Ojak. two 4 osele. fer
Jargr asais. Maoe doe adibeed dtedu abbi pso. 8 c~ces. e90. All fhe a -- iit points an preaumabl

hood. Figure I-it shor, two tsw at douby
stabe 2n-ccle point aoavegbg to I", O 09on the ~

0 (b) ais snoth dothe Woaste as (04"N s,, - ___ km d t*0o; tcw i ,c

laaWe Ned*. Wws two aiftionaI do&W s~t nMu WO dulored the qUston of What fized
Pons d tcsn Mly* dot ame an point they flow to, under the iteration (2.3). Pro-

am at karge vaotes of the oting vWa"he. litinaf? evideoR S"M~ other doubty stoale points
The sef-dllarity obeewvh isf 16 6w a ** lts9 W tb0 S OyPIUM Staes 20M. h ~ zm wellbelong
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oga" of two aiditiosel trlcrifleal points T, DI263-3OA, NSY PI'Y70-002, ad by the
-(O0sS3,-i.7MN) ad T,= (0.9704,-i. 2767). GRIM of Naval Research ander Contract No.
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L. J. Chnieg. A. Wo~s, mod J. Wri~t, Tdfttioa regon of , I~ imerariem. In priolpls, thes are
poifts end biforeafan in a quezfl no# 0 press). '*a aMdlan!e posaublives miltumoom modetom
fmw0 a purposes fte s ano need to ds*WdA*l of two or more diedmot absod reglcen or easinissos
betweem the ergok ad mormperle iuneraries of Rodt. oloas st~abe sot with ame or more ditimmt obesE.
2. meliusa.. Theme posibllikse do not -oe to amour in

"im-peak mew with thin property are a6Usd "most pdowde; hsorver, to Ise beeo our knowledge the
stable" to nsf. 13. ]k wte paper. we fllow the eavaim- hai "o bo egriorously ruled cut, eve for dos
Son of Refs. a d 5 end ref o am s siperuinbl. A ml~eft mw.
*"I*e In ened doulbly slable if It is doubly supornivble. "Aga. ftwe extfte the Woosl posdbiliu thntf poe.-
Mm. rom odmodal" Is ased in a uinilb but more eee miaorglnosd ehao ooerales. OD
restrioted mm In 3sf. 2. lor as we ha es n dos aft augu; however, we are

"7woame is proved as lilw: I Soea oydoe off aware of no rigorous argufoa to aehioe Wt
uses xs- 0. fOm Shers embils a yo much thatr " bfsor% k h y at phase Ummidgos a triorltoal poWn
-GM.(,o)) Apllo1 11 of (2.14) to y0 gives a 9@ which marks do paint whers a howe of eSMOmd-ordsr Ianal-
to a dde ;;*m all. tos Ot oribat Uns) begun. firsa order. ii char.

IsA ilo(x) Ite Is 1-apsis region may be onimde aterized by foe apserans of a new fined point with
or bbmod. Am we shal ow beowvi, It to qU pan- an 1Aia relevanit vurlble. Oe It.B. GriffIlthe. Pilys.

afi Ia a abbb a orle Iseosals with a stebs m Raw. LeE.A& 715 OAmh S. IL iledel, Ow. , 675
Oyae a If ata * ) ___ttabaf tf66 be (I3i . M ote Ir. NJ. Wagner. SE. 31 r

1921was ~ ~ ~ __ (1503 br9 giw riitNwftte a ). Jot so rader be warmed, hmvr bet
-hm dia . Ues "um" erifs line ~nIn pereaw in impogbob " otome AD foe bifuaaito

Pi.10 have a complee hlfuroaiou SequOR" 1, 2041jS problem boycoi a* utIITISS point is mot esloma
.. The ofoer cribs! inen have trucalad equemen to first-aider behmair. Faromoe, boe is not

2,4.0, ... , 4, 8,16, ... , end no forth. bae Os liamwcddhg in th aetrgla prob-
2%ote, for MISIMSle, fot foe1o1 e atW foe8 WO maink lt qOaelerp4 -era mete ope ombAesitn for

begse 4qel lme-to11. 1 rosesbenegite rlqq~~ne nd tl$ ln a"s~ at ter"I"rtflalt*adasm 'a. I errompoomb to Ow *abasW 4 tw sft hoi AO phm ksdre s tiuoikim at
opols, "whskcaer to 14a, region at invero. bWhar.- tor e 4 . -sit 4.,

Mkfe qu&dqka map (I1.2)s1a- good guide, Oen we 0: I ovi'aitipa 434 A l Sad am' Ato eNO
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Abstract
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In this paper we discuss some of the phenomenology of order and chaos in

highly damped dynamical systems, with emphasis on the kinds of information

that can be obtained experimentally. Our main concern is with systems having

a low dimensional strange attractor. The particular examples chosen

correspond to an attractor with fractal dimension very close to two. As is

well known from the work of Lorenz' ) , such systems have important temporal

features that can be described by one dimensional maps. We wish to point out

that there will also be spatial correlations describable by one dimensional

maps. It does not seen to be widely appreciated how much information can be

obtained from such maps, and one of the purposes of this paper Is to

Illustrate the kinds of information that can be obtained and to suggest that

certain experiments could be performed to test some of the Ideas presented

here.

We will use the Lorenz mode 1') to illustrate our points, but we have also

done computer experiments on a model with 5 modes to verify that 3 modes was

not special. Our main point will concern spatial correlations in chaotic

behavior implied by the existence of low dimensional attractors. To

demonstrate that It will be necessary first to discuss temnoral correlations

Implied by the existence of one dimensional maps.

The Lorenz equations are given by:

j- Y- Oe1

* = -UZ+X-eY

- -Z -CU

ee m have rese" the rlables edisoesed in ref. 2. The fiurl e are

4-714I
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for c - .02216, o - 10., ant B - 8/3 wMc correspond to r - 1I2o) - 203.64

in Loren's 1 ) notation. The particular parameters used correspond to the

chaotic region following the first period doubling regime as is Increased

from zero; however very similar behavior is obtained for the parameters

studied by Lorens.

The time series for the variable X is shown in Figure 1. Pictures of the

three dimensional orbits (see refs. 1, 3-4) show that the motion Is nearly

confined to a two dimensional surface - although it is infinite sheeted. If

the attractor were in fact two dimensional we could predict everything about

the system from a knowledge of any two variables which designate the position

on this two-dimensional surface. One choice of these two variables could he X

and t. We construct our one dimensional saps by considering various

quantities at the time when X has an extremum, (i.e. t - 0), although any

other reference point would suffice. (Som choices of reference points give

simler maps than others.) Examples are given In Figures 2 through 4. Figure

2 is similar to Lorens le ) Figure 4 and shows the predictability of the value

of X at its next maximum from the value X - %AX, at the present maximum. See

Lorenz's l ) Figure 3 for another example. Note that there is a nonuniquenes

that we will discuss later. Figure 3(a) sbows the predictability of the time

to the next maxima of X from the present maximm. Figure 3(b) shows the

predictability of the value of Z at the next maximum of X. Figure 3(c) showe

the value of Z at the time of the present maximm of X. In all of the

examples, the present value of I at its maximsm X - serves as a

predictor.

Thus we expect that If the data from a single probe experiment gives a

om dimensional mep such as that shows in fgure 2, then a two probe

.almoot absou provIde a mp s a that Oemm i nm ftpre Xid) (or figure

t
-E ~- T ----
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3(b)). To date no experimentalists have looked at such maps and we suggest

that they do so.

One might ask if it is possible to predict at times other than extreme

ad the answer is yes. Figure 4 shows the prediction of Z at a time At - 20

after the aximum of 1. Other values of At give similar curves. It is of

course not possible to take At arbitrarily large. There are two reasons for

this, one of which Is that these one dimensional maps display what is called

sensitive dependence on initial conditions so that slight differences in ZM

are greatly magnified at large At giving the map a complicated structure which

is difficult to resolve. The second is that the sap is really not one

dimensional, but the lines all are fractal structures, or from the point of

view of an experimentalist they are thick lines. This thickness introduces

slight errors which are then magnified by the sensitive dependence on initial

conditions.

We now discuss briefly the nonuniqueness.. Typically there will be a

sultivalued problem that is easily resolved by a simple rule. In Figure 2 we

have divided the curve Into four regions separated by *. If we are in the

*region where we have to select either the curve C or D we do so by the

following rule. Look at the previous point. If It is was on D or A use C. If

o It was on C or I use D. The rule is easily obtained by watching the

generation of a sequence of a few points. Ve have looked at a amber of

systems and the appropriate rule is usually easy to construct.

Here we have ignored the thickness of the lines. If we resolve them, at

the next level each segment becomes two and our rule becomes more complicated,

but still tractable. This labelling can be continused to any depth desired,

but in practice ma experimntalist am aoly distigauish a few curves. ote

that the previous vale is not mseded, emly Ms integer Label, Thi sm label

serves ft labe the other curves such as these In Lafigures 3-4.
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There have been several attempts to discuss the statistics4 -7 ) of system

of equations such as the Lorens equations. Although we have aothinog now to

add here, It should be pointed out that the as we have shown Imply that

there are strong temporal correlations of some sort In such system.

Typically the autocorrelation function falls off such faster In time than the

memory of the maps. Stadard statistical descriptions don't correctly treat

tis feature. Some different type of description is needed which takes Into

account the existence of these =a.

finally we turn to the malxi point of this paper - the possibility of

spatial order in chaos. Suppose one has a system described by partial

differential equations. If the system Is expanded In term of some complete

set of moe, ad the number of modes truncated, ordinary differential

equations are obtained. H~ow if, as we saw above, all of the mode amplitudes

are In fact given In tetim of twonmodes (plus a label) at any time, than It

follows that the original field variables are also given in term of two mode

amplitudes. In fact the value of one field, say temperature, at one point at

a time whsn this field is an extresmm should serve as a predictor for field

variables at the sam or different spatial points. To Illustrate the Idea let

us return to the Lorens equatioca. The temperature field 0(*V,t) is given In

term of sad Z and the stres function u(*, t) in term of X.

9 (rt) 0 r. (*2 Y(t) sin wIcoo kx, + At) sin 21213)

v(O,t) 1 2 M~) sin vs3 sin ki1

were K , '21ad k are coostants Sand (Z 1-213Y.

-Wk- Ow~., 7:2 4
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In Figure 5 we show the use of the temperature at one spatial point at the

time of a temperature extrema at that point as a predictor for the

temperature at a different spatial point. The points were chosen (at random)

so that the predictor Is 0 .134 Y(t) + .6Z(t) and the predicted teperature

Is 82" .5Z(t) - .146Y(t). The temperature at its extremam at one spatial

point also serves as a predictor for the velocity field at any other point.

We suggest that It should be possible to test these Ideas by performing

experiments - both real and on the computer. Of course, our examples have

been chosen to show our Ideas in the most favorable light. teal systems my

have a more complicated sh*et structure that is hard to untangle - but if one

Is convinced there Is a rule and if the saps appear to be one dimensional it

should be possible.

Specifically, choose any two quantities, U(t) and V(t). These could be,

for example, the values of sow field at two spatially distinct points at the

same time. Plot Ut) vs V(t) for those values of time for which b(t) - 0. If

this plot shows lines as In Figures 2-5 the dimension of the attractor Is near

two. If the plot is scattered a higher dimension Is indicated.

In system with attractors near three dimensions it should be possible to

aske contour plots of the value of some variable at one point as a function of

the values at two other points (at the time whom ome of thm is an

extremum). Note here we need the values of three quantities to predict

others, The plots would present ifseteties in the form of Korens's 1 )

Figure 3 except that th r is the afditiomal Information that amothbr variable

bas prescribed value (I.e. - 0).

Given a amp sck as igure 2, we ame stimate something abeut bw lrge

At (see figure 4) cam be bato teoral information Is lot. At present we

Ao met kew bw to ma the correspell estimates for spatial structure.

- e-. ..*J -*. . J I



* Experimental Information where one probe to hald fluid ad a second probe Is

moved to obtain data at several different spatial points would be useful.

At Wie point we would like to mentiona the possibility of using such maps,

for design purposes. By changing paramters slightly It to possible to see

hmi the map Is changing, sad by using a grapbical F~wton's method

experimentalists could pvedict the paramters that give a particular desired

beaovior, for example a periodic orbit. We have used this sceme successfully

on the Lorens equations to locate periodic orbits with pertis -cla sm-try

properties.

We conclude that In syste with low dlieal attractors there should

be highly correlated spatial structures. ThIs could be demonstrated sad

investigated by making maps (or cotour plots) similar to those already used

for displaying temporal correlations.

Supported in pert by OWR, NO14-6--0S4O.
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Pigure CepION.

1 Segmnt of the tim "rise foe the variable I for the Loco= equetiome for

the parmterse - .02216, a - W.. a - 8/3.

2 Isp ObSho 9 the val"eof I at the east Smisms of Z(OW) given the value

of I at the Presnt mexbo of L. Segments A.5,C,,D are discused In the

3. Maps showing:. a) the time to the next meximm f I (NK) b) the value of Z

at UgK aud C) the value of Z at the Prest mZimn of- I(U) as a

function of X at VUX.

4. Nap ahowing Zat atim at -20 after PH& as afunction of Iat ll.

5. Nasp ahowing the twiperature, 92 , at one spatial point as a function of the

teeperature, 91 * at another Pon, givem that 8ist meximl.
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