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~ University of lllinois at Urbana-Champaign

DEPARTMENT OF PHYSICS
Loomis Laboratory of Physics
Urbana, Mlinois 61801

August 26,1982

DPr. Lou Goodman

ONR48S
Ballston Towers %1
Arlington Va. 22217

RE: NOOPl4-86~C-840
Theoretical Studies of the Oceanic
Internal Wave System
Final report

Dear Lou:

The primary emphasis of this contract was to calcu- :
late the parameters appropriate to a quasi-linear !
description of the oceanic internal wave field. The ¢
main results are described in DeWitt's thesis(l). There
have been two published papers (2,3) on the early part
of this work. A paper describing the iater calcula-
tions(4) is enclosed and will be submitted for publica-
tion shortly. We also began work on an eikonal descrip-
tion of high vertical wave number internal waves. That
work 1is not yet fully finished. In addition we have
been trying to understand general features of nonlinear
systems with the hope that we can have a better
phenowmenolgical picture of weakly turbulent systems such
as the oceanic internal wave field. That resulted in
three published papers(5,6,7) plus another paper that
has been submitted for publication(8).

Our calculations on the internal wave field provide
better numerical values for lifetimes and other parame-
ters than those existing calculations that relied on
weak Iinteraction theory. However the effect of the
large scale internal waves on the smaller scale waves in
the induced diffusion region (advection and doppler
shifts) are so strong that our results are not complete-
ly rellable. In regions of wave vector space where
these effects are less important but still strong enough
to 1invalidate weak interaction theory we have results
that we believe to be reliable. In particular in the
region of vertical wave length from 188 to 50¢ meters
and frequencies larger than four times the inertial fre-
quency our decay rates are two to five times greater
than weak interaction rates in spite of the claim that
weak interaction theory {s valid for these waves. The
reason for the failure of weak interactfon theory is
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that all members of a resonant triad must be long lived,
not just the member whose lifetime is being calculated.
In most other regions our decay rates are smaller than
or equal to weak interaction rates. Our eikonal ap-
proach is an attempt to handle the region where our
present results are not completely reliable.

Publications

1., DeWitt,R.J. "Self-consistent Effective Medium Parame-
ters for Nonlinear Random Oceanic Internal Waves"™ Thesis
University of Illinois 1982,
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3, DeWiet, R.J. and Wright, J. "Self-consistent
Effective-medium Theory of Random Internal Waves" J.
Fluid Mech. 115 ,283 (1982).

4. Dewitt,R.J. and Wright,J. "Self-consistent Effective
Medium Parameters for Oceanic Internal Waves®™ to be sub-
mitted for publication.

5. Chang,S8.J., Wortis,M. and Wright,J. "Tricritical
Points and Bifurcations in a Quartic Map" in Nonlinear
Problems: Present and Future edited by A.R. Bishop, D.K.
Campbell, and B. Nicolaenko (North-Holland, Amster-
dam,1982),

6. Chang,S8.J., and wright J. Phys., Rev. A 23 , 1419
(1981).

7. Chang,S.J., "orti""o' and Wtiqht, Jd. Physo Rev. A
24 , 2669 (1981).

. 84 8Schult,R., and Wright,J. "Spatial Order in Chaos"
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' SELF-CONSISTENT EFFECTIVE MEDIUM PARAMETERS .
_FOR NONLINEAR RANDOM OCEANIC INTERNAL WAVES

Department of Physics .
_University of Illinois at Urbana-Champaign, 1982
In this thesis we study methods for obtaining

self-consistent parameters that describe the lifetimes and

frequencies of random internal waves in the ocean. We discuss v

previous treatments of the problem and indicate that these
methods are inadequate in large part because they are not
self-consistent. We perform a self-consistent calculation of
ocqanic parameters and compare ourl;;;;lts to previous nunbefs.

We end by discussing possible future improved self-consistent

caiculations.
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Self-consistent effective-medium theory of random
internal waves

By R.J. DEWITT AND JON WRIGHT

Department of Physics, University of Illinois at Urbana-Champaign,
Urbana, Ilinois 61801

(Received 8 June 1980 and in revised form 11 May 1981)

In the first part of this paper we introduce a path-integral fcrmalism for the internal-
wave field of the ocean. The intent is to show that this tvpe of formalism may be useful
in suggesting improvements to current culculations, as it provides a framework for
applying a wide variety of approximations that have been and are currently being
developed in other areas of physics. We demonstrate the method by deriving equations
for a self-consistent field approach (also known as the direct-interaction approxi-

_ mation). The experience in other areas of physics is that the self-consistent field

approximation is more reliable than lowest-order perturbation theory. The end result
of the DIA is the determination of an effective linear model for the description of
internal waves in the deep-ocean environment. In the second part of the paper we
obtain Hesselmann's source function by & prescribed limiting process and are able to
indicate poesible improvements in related calculations by comparing the limiting
assumptiens with numerically computed values.

1. Introduction

In the past two decades the study of the transfer of energy in the internal-wave field
via three-wave (nonlinear) interastions has become an area of active vesearch. The
possibility of three-wave resonant interactions was first mentioned by Phillips (1077).
Bubsequently a Boltamann-like equation giving energy transfor rates in the Resonant-
Interaction Approximation (RIA) was obtained by Hasselmann (1966, 1967) using
maultiple-time-scale methods. Inherent in his ealculation was the assumption that
transfer times were long compared with typical oscillation periods, a reasonable
assumption given the widespread belief that internal-wave interactions were weak.
Later synthesis of an analytic form for the internal-wave spectrum by Garrett &
Munk (1972, 1975) raised hopes that resuits of numerioal onleulations using Hassel-
mann’s transfer equation might contain some measure of reality. Unfortunately,
subseguent calculations by Olbers (1976), MoComas (1977) and Pomphrey, Meiss &
Watson (1060) predisted very short intersotion times in & rather lacge vegion of the
spestrum, 50 that the results were internally inconsistent. What was nesded, then, was
s systematic way to relax the striet inherent iin the detivation of
Hamstlmons. &MMmctMmhhm:deﬁt
vory woll prove useful to thet end.

In ressnt years. now moethods have besn developed for snalysing slassioal random
nonlinenr sysbeme which partially. owe theix existoncs

o ansiogons methods developed
Amhmmmm-ﬂmmhumm
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284 R.J. DeWitt and J. Wright

most of the emphasis has been on critical dynamics and fully developed turbulence.
We propose to formulate the dynamios of both internal waves and surface waves using
these methods.

We should emphasize at the outsst thn.t we make no claim that the formalism
developed herein provides a complete picture of the very complicated dynamics of
internal waves. Rathsr, our interest is in demonstrating that the formalism provides
& much more general framework in which to study internal waves than do the earlier
schemes. In fact the reason for mentioning surface waves at all is to demonstrate that
the formalism is easily generalized from that obtained for the simple three-wave
interacting system used to model internal waves. It is in part this flexibility that makes
this method powerful.

The aim of our program will be to calculate the linear response functions (Green’s
functions) and the two-time correlation functions. The ocean will be assumed to be a
stationary random system. The time-development of perturbations to the wave field
is described by the linear response functions.

In the theory of turbulence there is a 1 ‘ng history of attempta at setting up such &
formalism. The early work of Kraichnan (1959) and Wyld (1861) was followed by &
1973 paper by Martin, Siggia & Rose (1978) (henceforth MSR) which introducad the
idea of doubling the number of variables in the problem, leading to the current
formulation. There have beén a number of papers which have rewritten the MBR
formalism in various ways, see for example Phythian (1977) and Lanigouche, Roekaerta
& Tirapegui (1979). We choose to use the path-integral formalism of Phythian to set
up the problem. The reason for this is that there is currently a great deal of activity in
various areas of physics using path integrals. This will enable us easily to make use of
some of their techniques. In this paper we will discuss perturbative and self-consistent
evaluations of the path integral. In fact for the approximation we propose, we could
use directly the original work of Kraichnan (1859) who proposed the direct-interaction
approximation which has been extensively studied. We refer the reader to the reviews
of Leslie (1978) and Orzag (1877). For a similar approximation see Phythian (1960),
Herring (1965) and Edwards (1964). It is essentially a self-consistent field approxi-
mation, and, in the language of diagrams, vertex corrections are ignored. The semi-
olassical or WK B approximation is another standard approximation to path integrals.
We will not discuss that here, but it does appear that it is the appropriate approxi-
mation for part of the interral-wave fleld.

In order to show how such a formalism might shed more light on previous calcu-
lations we show that & particular limiting case of cur model precisely corresponds to
the resuits of Hasselmann and indicates how one might improve oan the
caloulations of Olbers and MeComas. We also show that the formalism splits Hassel-
mann’s source fanction into two pieces, which have natural interpretations as effective
damping snd driving forces. This finally leads us to interpret our model of the internal-
wave fleld ss & collection of uneoupled, damped oscillator in the presence of random
driving forces, in ths spirit of effective-medium theories found in other aress of physics.

In §2 we review the decivedion of the path integral for stationary random processes.
In §3 we discuss the correlation functions and the linear-respotsse functions and the
diseot-interaction approximetion. In §4 we interptet the nonlinesr problem as an
olisctive Nnose theory with & memscey. In §$6 wo discuss the relationship of our model
to the resnits of Hassslmann. In §6 we briefly mention the WKB approximetion and
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the important physies that is involved. The final section is devoted to a summary
and discussion of some unresolved problems.

2. Path integral

In this section we will sketch the derivation of the path-integral form of the
characteristic functional describing the random field. For some of the more technical
mathematical points we refer to the literature, Phythian (1977) and Langouche ef al.
(1979).

As far as is possible we will use the notation of Olbers (1976) for the mode deacription.
The equations to be solved are of the form

Aok, 1) + Q%K) A*(K, t) + vo(K) A*(K, t)

+Z &%k, d%k, 8k -k, - k,) B2 1%, A4(k,, ) A*(k,,?)
' =fk,t), s= 1. (.1)

Here we have introduced the terms v (k) 4°(k, #) and j*(k, ¢) as external damping and
driving forces on the internal-wave field. The motivation for the particular choice of
these terms is twofold. The first is that of simplicity — we wish to demonstrate the
application of the formalism to this problem without introducing complexities that
might tend to ob«cure the general ideas. The second motivation can only be seen
a posteriori. When we subsequently write down the Dyson’s equations for this problem
it -vill be seen that new terms appear which have the same formal structure as the two
‘external’ terms; this leads us to interpret the new terms as ‘ corrections’ to the initial
terms, i.e. as ‘effective’ damping and driving terms. For most modes f and », are
negligible and can be ignored. They are just a convenient way of parametrizing the
eoupling of inertial waves to the rest of the world.
The amplitudes, mode frequencies and couplings satisfy the relations:

A4k, t) = [A-%(-K,t)]*, Q'(k) = Q-%(-k), (2.2), (2.3)

BEER, = (B-3-1%)* (2.4)
The index 2 is either +n or —n with O+ > 0. The label » is an additional mode index,
which for internal waves is equal to unity. If an Q appears without the label, it is taken
to be (I*. We make the ad Aoc assumption that the driving forces f§(k, ¢) are stationary
and random: with a Gaussian distribution function,

i, O)f (K, 8)) = Pk +K') 8, s Bo(k, 1 - ¥). (2.5)

This perticular assumption allows us to obtain closed-form solutions for the path
integrals that will appear later. Other models for the interaction of the external forces
with the internal waves could be used, such as random parametric couplings in (2.1),
but such models are somewhat more difficult to treat.

The probability distributions for f are specified in terms of its characteristic
functional C(¢g),

o = (expfs fon |~ ag-rnpm)), (8.0
Op) = oxp{~} T [d% [dtdr (- E.) Pk, () RYK,-)).  (2.0)

z0-8
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The equations are much simpler when expressed in terms of their Fourier transforms,

Ak, 0) = .2‘; J' l et Aok, 1) de,

ko) = o f :ew (i, t)dt, ' @)

Fik ) = f ° S RK Hd J
With this convention, equation (2.6) becomes
o) = exp(-F E [Pk [dog -k —0 KK o) pml]. @9

We are interested in finding the probability distribution for the amplitudes 4. To
that end we introduce the characteristic functional for those variables,

2() = (oxpi D [Pk [de£-2(~k, ) 4(k, 1))
or in terms of the Fourier-transformed amplitudes
B(f) = (oxpl2niE [Pk fdo E-+(—k, ~w) 4k, 0))). (2.9)
Thoanglebmketsrefeﬂoaveragingoverthodistﬁbuhonforf Tbeyarengen
formally as : .
(X)) = [BAWA X)) (2.10)
where W(/} is the probability distribution fanetion for f and is just the Fourier

tranaform of C. The integral is a functional integral in that we are to integrate over all
possible functions f(k, ) for each mode k. One way to achieve this is to discretize k

and # and integrate, 9f = [ T4/ o). (2.11)
For the purposes of this paper it is not tieceasary to be specific and Phythian (1977) can
be conamited for more details. The ides now is to replace W (/) by its Fourier transform
C(¢) snd to change varisbles from f to A using (2.1):

Xy = jxg{;smvmm-mmfaﬁ-m)m 0 @)

mnum&u{h»umw
T, oy u{-w+m+mmw
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1977; Langouche et al. 1979) and is given formally by

o5 =em(+[ a0 [PrErnano.0). .14

It has been shown (Langouche et al. 1979; Dominicis & Peliti 1978) that, if diagrammatio
perturbation theory is used, the Jacobian cancels ‘tadpole’ diagrams and both the
tadpoles and the Jacobian can be omitted. See the appendix for a discussion of this
point.

We now extend the definition of the angle brackets to include ¢ functionals as well
a8 A*(k, w) functionals,

4.9 = [2499 5 x4, $)019)
xexp{—2mi 3 [@kdwg~*(~k, —w)f*(k,w)}. (2.15)
The generating functional introduced in (2.9) is now extended to include ¢,
Z(E, 1) = (oxp (2mi 3 [Pk [do [~ K, —0) 4K, 0) + 77~ K, —0) (K, 0)]})- (2.16)

As we are presumably interested in correlation functions of 4%(k, w) which can be
obtained by differentiation with respect to £, it seems unnecessary to introduce 7.
However, the field ¢ (and hence #) plays a crucial role in defining a response function
and in simplifying the perturbation series. To demonstrate this we imagine replacing
- f+e in the equation of motion. This shows up in (2.15) as an additional factor in

the integral exp{+2mi 3 [d% [dwg—(—k, —w)e'(k, )}

If we expand this to first order in ¢ and consider the change in (4) we see that

(A pcen, o

whioh can also be written

<4-£7A(_—.(%,Lt')> = i(A%(k, t) $(K', 1)) (2.18)

Thus the term on the right-hand side of (2.18) gives the linear response of 4*(k,?) to
o known perturbation. It is linear only in the sense that e is treated to first order. The
rest of the dynamice is nonlinear. Response and oorrelation functions are calculated
by taking the appropriate functional derivatives of Z, for instance

R VAR 8 [
Wm0 - 3 (68) Ti—s s = 2|, @

The standard trick used todevelop perturbation theory is to notioce that, if the theory
were linear, all of the integrals in (8.16} could be obteined exactly. In the actual case
the factor preventing exact snalytical integration is given by

ap(-In T[RRI e PRk -y
x BN Ay, 1) ARy o) $( K, ~0).
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If we recognize that A%(k, w) can be replaced by
Ak, 0) > e S
2mi 8 -k, —w)
and each ¢ by
1 3
#) om Bk =
then
1\t
26 = oxp () [ e+ wpt o) ¥k, 44K dwldw.dw,d’kld'k.d*ka

3 é
o2 B 5 T, ) BBy —wg) BB k, )

X

}Z.,(e,n)
(2.20)

The term Z(£, 9) is obtained from (2.15) and (2.16) by finding al! of the integrals now
that the nonlinear piece has been removed. The result is

2
Zu.1) = oxp - {3 [do [Pk Sk, ~0) g B £, )

xoxp o [ du [ 5 64—k, ~0) g, o). (2.21)
The new functions D are
DUk, ) = vy(k) +iQ4K) —iw, DH(k,w) = [D~(~K, —w))*. (2.22)

We can now write down a diagram expansion for the perturbation series. We do
that in the next section.

In principle quantities of interest can be caleulated directly from (2.15) without
resorting to the perturbation theory that follows from (2.20). Currently there is a
major effort aimed at extracting non-perturbative information directly from path
integrals describing a wide variety of physical phenomena. As those methods tend to
be difficult to implement, we propose to first test the SCFA (DIA). There are a number
of quantities of interest for the internal-wave field. However, there is relatively meagre
information on higher moments 80 in this paper we will be primarily interested in the
two-point functions,

1 , . -
o Tk, 0) (K + K)o+ o) = (AR, 0) AR, »,} (2.28)
D (k, 1) 34k + K') = (K, ) A%(K, O)),
md .
Ok, 0) P+ K) B 40) = A, 0) ww,w'»'} (2.24)
0% (k, 1) 8%k + k') = i(A%(K, ) ¢*(K’, 0)).

The definitions of U and @ lead to some important symmetry properties:
' U*(k,0) = [U~+*(~Kk, -0)]*, U%(k w)= U"(-k, -0),
@ (k,w) = (G~ (~k, ~w)]*.
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3. Perturbation theory

In this section we will exhibit the general structure of the two-point functions and
discuss briefly the diagrammatic perturbation theory. We begin by listing the free
Green’s functions and correlation funetions, and we will then point out the general
features that the exact functions will have. The free correlation function is defined by

30 U8k, 0) (K +-K) 3+ )8,
= {A%k, 0) 4% (K', o))y

_1f1y_ 2 & |
i’( ) OE-'(—E, -—w)ﬁ":"(—k’ w’)z°L-.-o |
= Folk: ) m—)mnk')a(ww')a,__,, (8.1) , j

9"9"( k.
Uik, 0} = == )...[,,,_“,
Thefree—rupmefnnchonhgimby

5 OO, ) (R + )20+ ),y
= (A%, “)f(k'o w'))

((1\*1 2 RPN
"( )E:E-t ~k —e)iy(-¥, -J)(z")L-v-‘o
W"ﬂ+")‘(ﬂ+“)%q (3:2) .
3 Kahmwdmmwmmwmmm '
% T m:t)-é%@”mwm-t)m ®3) .

and
B4, 0) = rmwm (3.4)

'n.- mmmmmmummhanmﬂu},
&,v.tﬁﬁ‘ﬂmb, wead by b depen ;
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i _ s, k,w
DIk, w)

-F(k) N 5, K, w—s
D7 (—k, —w) D*(k, w)
Fioure 1. Lines representing response function and correlation function.

N

»
e‘t

Fioure 2. Lowest-order vertex function. The line with the incoming arrow is the first argument
Bpoah, x 8k, — kg +K,) X 3(w; — wy + wy).

— O

Freune 3. Lowest-order graph contributing to the correlation function, U.
Because of its symmetry there is a factor of } associated with it.

> - > +-—>—®—,—

Fieure 4. Dyson functions for the two-point functions.

two other lines that either have arrows pointing away from the vertex or no arrows.
In figure 2 we show a vertex which has associated with it the factor

LB T 8%k, — Ky + K3) 8(0, — wy + wy).

The first pair corresponds to the arrow in the diagram. Bissymmetricin the other pairs.

(¢) Allinternal s, k and w’s are summed over.

(d) For Nth-order perturbation theory, draw all topologically distinet diagrams.
Graphs possessing & symmetry have a symmetry factor; for example the graph of
figure 3 gets a factor of §.

(¢) Each diagram gets a factor (2n)-iW+Ne,

{f) Each external 4 field gets a factor of (~4). (The extra s here is because the
response function is i(4¢), see (3.2).)

‘We mention that, if vertices with more lines are present, the only rulethatis changed
is (¢). Each vertex will still have only one line with an arrow pointing into it.

The Dyson equations have been given by MSR. For completeness we show them in
figures 4-6. Note that, although there is only one kind of bare vertex, there are
three kinds of renormalised vertices which are shown to lowest order in figure 8.
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® - 0o
® - <0 o OO

Fiouss 8. Equation for 2, and &, in terms of renormalized vertices.

- B

$o——

Sl

FioURE 8. First teFins in expansion of vertioes.

Finally, it can easily be shown that any grszh contaming a olosed loop whoae lines are
entirely response functions (arrows) is identically zero.
TheDywneqnnﬁmmeadlysolvedtogive

(K, ) = [D(k, )8, — B (k, 0)] (3.5)
(note that this is & 2 x 2 matrix equation). The correlation function is given by
U = G(k, 0) [Fi{k, 0) 8, _,, + 3"k, 0)] G-k, ~w) (3.8)

(implies summation over &,, 8,).
If vertex corrections are ignored (direct interaction approximation) then we have

(K, w)=-z jmtd'k.mau.mu. K,) 8+ g~ )
i x Bty BESt (100 (ky; )] [~ U (kg )] (8.7)

Irke) =1 3 f 0% 0% o ooy 5K+ Ry 4 1,) B0 + 0y - )
x Bt B s, Uiy, o) Unii (kg )i (3.8)

B, hias the same symmetry peoperties a8 U and {8, has the same us 8.

One of the assumptions of weak-intetaction theory is that the disgonal eleinents of
U and G can be ignored. U aiid 8 are sediitiiad to have thie form U% = U8, _,. The
cortesponding staternennt foi 8 is B* & £,
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-
® - &

F1oURE 7. Graphs for £ for four-wave interactions.

We now comment briefly on the application of these techniques to surface waves.
The principal difference is that the equations involve four-wave coupling, that is
there is a term

BxAxAxA

in the equation of motion, (1.1). The term involving only two 4's is still there, but it
is not possible to have three-wave resonances. This means that in (3.12) the limit
v->0 gives zero and the answer must come from finite » which presumably gives a
small contribution. In any case if we replace the BAA terms by BAA4 in (2.1) we
obtain a very similar theory. The graphs for & are shown in figures 7 and they are to be
solved self-consistently with the diagru.ns of figure 4. The number associated with a
vertex is now 8! instead of 21. There are some additional (2r) factors. The net effect is

to change rule (e), (21)¥ (2)AWN+No 5. (B1)N (2r)~INe+N,

and rule (b) gets a factor of ¢ for each vertex. These two changes can be stated in a way
that is easily generalized. If there are N, A fields at a vertex, the vertex has associated
with it (i¥4+1) N,|. Each closed loop has aesociated with it an integral [dw /2.

4. Linear effective medium

In this section we shall elaborate on the effective medium picture and discuss the
direct-interaction approximation and the relationship to the theory due to Hassel-
mann. We will first remind the reader of a few simple properties of linear systems, and
compare these with our effective medium. The simplest situation assumes no memory
and is given by

A* 430 A% 1 vA* = fr5), (4.1)
which is (2.1) with B =0 and the mode index & ignored. If we define
0, t) = (A*@t) A(®)), (4.2)
then in the steady state U depends only on ¢—¢ and is given by
© ]
ou =" % Fe (4.3)

—w 2 (V=100 + ) (v + 30— W)’
If we calculate dU (4, 4)/dt we obtain
d0(t,4)/dt = ~2v0(0)+F = 0, (4.4)

where F isgiven by (2.5) and (2.7). This just represents the balance between the driving
forces and the dissipative forces. We now compare with the correlation function
obtained in the previous section,

00 - | 5[] 3 i o
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We have suppressed the mode index k. If Z,, Z, are approximately independent of
w, then it is clear that real Z, is a frequency shift and SZ, is an effective viscosity
representing loss to the other modes. This particular interpretation may be somewhat
misleading, however. Consider the case where the mode in question is Doppler-shifted
because of passage through an inhomogeneous medium (large-scale wave). In this
case we would formally say that one mode has been damped while another mode of
neighbouring wavenumber has grown. In reality of course we are just seeing the
original wave with a slightly different frequency.

In addition to the ‘effective damping’ term there is also an effective driving force
due to the other modes and its correlation function is £,. The correlation function for
the total driving force is thus Z, + F,.

Now in general Z, and Z, will depend on w. In this case it is easy to see that the
equation giving the evolution of the amplitudes is given by

Ao+ f;i‘(c-:')A(c')a'-f(t), fy=o0 ¢<o. (4.6)
If we write
M) = ; et Po)dl, I'()= f : oot Pege), “.7)
then we see that I‘-"(w)isanulyticinwfor.lm>0. The corresponding response
functions are
Gty = 5 I %’% (4.8)

which leads to an obvious interpretation of ¢ (w),
It(w) = vy + Q- Zf (). (4.9)

The fact that G(f) = 0fort < 0 (causality) implies that there are no seros of I'(e) ~ iw
in the upper half-plane. Because of these analytical properties of @ and I', Kramer's
Krbnig dispersion relations can be used to calculate the real part of @ and I onoe the
imaginary part is known (or vice versa).

The equilibrium condition relating the energy, dissipation and driving forces is
obtained by evaluating

F(w) dw
u® "f M T (o)l @)—7a]

att=0.

S. Relationship to previous results

In this section we obtain the results of Hasselmann as a special case of our model
equation. The limiting assumptions made in obtaining the results provide a more
transperent way to check the validity of the assumptions inherent in Hasselmann's
equation; in the end of this section we indicate where improvements could be made in
his scheme.

To obtain the results of Hasselmann one performs the following opentmns on
(3.7) and (3.8) (using only £* = £-%),
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(1) Assume that F,, X,, and I, are independent of w and perform the w; and o,
integrations. For example, defining v(k) = y,(k) + FZ,(k), we get

J B0y By 30 — 0y — 0g) [¥{Iey}2+ (£2(h;) — )21 [v(key) + $2(Ky) — S0

- F% (0= 0(ky) ~ Q(ky) — (3 (k;) + ¥(k)]
D - (k) — Q)P+ (k) + o). (5.1)

(2) Take the limit F,, v,, =,, £,->0 (in such & way that O(k,0) = F/2» is main-
tained). Then (5.1) becomes

L i ?

where & represents a principal part integral. When the actual structure of the B
ocefficients is considered it is eagily seen that the delta function contributes to »(k)
and the principal part to a frequency shift. The Dirac delta fanction has come from
the limit
v

vT-ﬁA_ﬂ')-‘ —S n3(AQ) | (6.3)
and we call the function on the left-hand side the frequency filter for the problem.
Such a function was earlier obtained by Holloway & Henderson (1977) and Holloway
(1978, 1979), where he also noted the RIA as a limiting case. This is the first indication
of a possible improvement in the calenlations of Olbers and McComas. What they did,
in essence, was to agsume that » was small compared with typical oscillation fre-
guencies and then caleulated values of » on the order of or even greater than the
frequencies. The earlier assumption of neglecting the diagonal elements of U, G
ocorresponds approximately to assuming »/Q2 < 1.

Equations (3.7) and (3.8) must be solved self-consistently, however, so that values
of v(k) used for input on the right-hand side are the same as those obtained on th:
left-band side. Unfortunately solving these equations self-consistently does involve
integration over one more variable, and so may require an inordinate amount of
computer time (the two-dimensional integral is already relatively time-consuming).

Having now carried out the limiting process, we are ready to make a detailed com-
parison with the source function of Hasselmann, which he writes as

P = [y ey (10K~ Ky — Ky) (D~ Oy — ) Wy my =y + i)

+ 2T 8%k — Kk, + Ky) 8(Q — € + €2y) [ 8y + 1, — g, (5.4)
where

M+ K') = <A, 4K )
We split & into two pieces,
FifK) = [ a7, Bk (143K = Ky = Ky) HQ = 0y~ Og) w4y
+ITIE-k + k) HA-0, + QI mm) (55

S =S~
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We find the following identifications, )
%%(k) - 5-(‘% (5.6)
and .
,,(k) F(K) = 2(p(k) - 1y(K)) = 25Z,(k), (5.7)
where 0 is defined in (2.28), £, is the effective force due to all other modes, and F is
the total force, (k) = Fyk)+ Eyfk). (5.8)

From equation (4.4) we have, in the stationary state,
F = +290(k,0) = F(k)+ (k)

;(%OL) - ux,m-%uv.(k). (8.9)
%_”ﬁ)_%)k_)_%%)_%, | (5.10)
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From this equation we see that the calculations of Olbers and McComas give the
ocoupling to external systems in terms of the difference between an effective force and
an effective visocosity. Y

Earlier we noted the breakdown of the resonant-interaction approximation (RIA)
because of the large values of v(k) in some regions of the internal-wave spectrum. We
would next like to test the assumptions that £, and Z; are independent of w. We
congider first the case of Z,. In order to ascertain whether the non-resonant structure
of Z,(w) might have any appreciable effect on the values computed in the right-hand
side of (3.7) we choose a particularly simple form of Z,:

—Z,(k, ) = a(k) + (w— Q(K)) b(K), (6.11)

where both a(k) and b(k) sre sssumed real. If the X, = constant assumption is
warrsnted we should expect to compute very small values for d(k). For the present
we still assume that Z, = constant and use the RIA. The effect of b(k) is to reduce the
residue of the pole of G from 1 to 1/(1 +4b) and to decreass the damping from » = ¢
to v = a/(1+5%). The correlation function is reduoed by the same amount:

dew F(k)+
0(k,0)-f’—'(7(k,u)- Tes L

We wish to check the sise of b numerioally. We take J(k, 0) to be given by GM76, »
recently revised version of the Garrett~Murk spectzum (see MoComas & Bretherton
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1977). The coupling coefficients used in the calculation are derived in the same manner
as those given by McComas.

We have computed values of a(k) and b(k) by sesuming that both were initially
zero (i.e. just Z,->0 as before), and then iterating (3.7) once. Values of a(k)/Q(k)
and b%(k) are shown in figures 8 and 9 respectively. We first note the previously
mentioned fact that the values of a(k) for much of the spectrum violate

o(k)/(Q(k)/2w) < 1.

The dashed line corresponds to a(k)/(Q(k)/2x) = 1. The RIA assumes that Q> a;
that condition is clearly violated here. We further note that an examination of figure 9
reveals values of b%(k) that are extremely large for much of the spectrum. This clearly
violates the assumption that T, is constant in . We conclude that any reliable self-
oconsistent calculation must include information on the non-resonant structure of Z,.
It should be noted, however, that the simple linear form of Z,, chosen here to test the
constant — I, assumption, is wholly inappropriate for a serious calculation.

Finally, we can also determine the validity of the sssumption that I, is constant
in w. When we actually compute Zy(k,w) we find that I, actually does possess an
appreciable structure with a finite width in ». However it is not sufficient merely to
caleulate Z, for various values of w, since frequency filter cute-off may allow only
values of I, from a narrow band around resonance to enter the calculation. In that
case I, may be considered effectively constant. One way to circumvent this is to

compare the functions
U(s) -Idu&“ﬂ%-‘}—'a).

R(Y) = [dwen Zyfw).

We note that X, always appears in the equations through U(w), which contains
information on the width of the frequenicy filter as well as on the width of Z,. On the
other hand R(f) contains information on the width of Z, only. We envision two possible
extreme canes. In one case » is extremely small, so that the frequency filter bocomes &
resonance delts function and U(f) assumes the form eatlier obtained by sssuming
T, = constant. On the other extreme, » might be s0 large that the width of the fre-
quency filter would be much larger than the width of Z,. In this case we would expect
the shapes of U(f) and R(#) to be identical. The caloulations that we have performed
indicate that both extreme situations do indeed obtain in different regions of the
spectrum. Figure 10 shows the first case. Here I, is constant and U(#) oc et ¢—t),
If 2, were actually constant, however, R(¢) should be & delta function in ¢. In actuality
we see that R(f) does bave some width, indicating that I, is not constant but that the
variation is unimportant in the calculation. On the other hand figure 11 shows the
case where, appropriately scaled, U(S) and R(#) are identioal, indicating large values of
»(k). In this region, then, not only is the RIA very bad, but also the sssumption that
£, = constant mast be dropped if the frequeney filter cteveotion is to be used.

We have also caleulated E,(w) and from it the respomse function to verify directly
that the frequency dependensos of Z, is tmportant for some modes.

In general, then, we conclude that any self-consistent caloulation of I, and &, in
$he region where Olbers and McComas found inconaistencies in their calonlations must
necesserily include (1) s frequency filter function to relax the RIA, snd (3) non-resonant

and
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information on Z, and X,. Unfortunately this greatly increases the difficulty of the
numerical solutions of the problem, since it requires an extra integration over w,
including a principal part integral that has not been present in earlier calculations.
In addition, the equations must be solved self-consistently, implying an iteration
process on an already time-consuming calculation. We are currently attempting o
simplified version of the self-consistent calculation.

6. WKB approximation

In the introduction we alluded to other approximations to the path integral. One
of the failings of weak interaction theory can be traced to the interaction of two small-
scale high-frequency waves with a large-scale inertial frequency wave, This interaction
has been called induced diffagion by McComas & Bretherton (1977). It is appropriate
to think of it as the effect of advection of the small-scale wave by the inertial wave.
This picture suggests studying the propagation of & small-scale wave packet in the
geometric optics approximation including the effects of a time-varying background.
The aim would be to calculate a coherent decay time. The time scales of the response
functions in the induced diffusion region are dominated by processes that leave the
wave packet coherent, although somewhat altered.

7. Summary

‘We have written this paper with a twofold purpoes. In the first part of the paper we
have introduced a formalism for solving nonlinear equations of the type encountered
with internal waves. From experience with self-consistent field treatments in other
areas of physics we very well might expect such methods to be helpful in extending
calculations beyond some of their inconsistencies. To this end we have taken a
simplified steady-state mode! of the oceanic internal wave field and obtained via path
integral methods the corresponding diagrammatic perturbation theory from which
Dyson’s equations can be obtained. In the process we have suggested as interpretation
of the ocean as a collection of uncoupled, damped oscillators driven by random forces
and each having a memery. In this case we used the direct interaction approximation
of Kraichnan, which /s easily implemented in the diagrammatic language. We should
note that one problem with this approach is that it is not currently known what kind
of approximations guarantee the positivity of quantities like the effective viscosity
and also guarantee comsistency in the Green's fonction sum rule. In turbulence
proulems it has been possible to construct models of fletitious systems that satiafy the
DIA ex=~tly, thus guaranteeing the appropriate positivity. However this approach
is of very limited usefulness and it is not known how to extend it to other approxi-
mations.

In the second part of the paper we have obtained the previous results of Hasselmann
via a prescribed limiting process. The particular assumptions inherent in the process
were chocked and found to break down in the region where Olbers and MoComas found
inconsistent results in thelr caloulations. We suggested that the caloulations might be
improved by solving oquations for X, and X, self-consistently, but that the imple-
mentation of the procodure might be quite difffcult.

In conclusion, we feel that the formalism of the type discussed here should be
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O_

Fiaure 12, Tadpole graph with response function integrated.

O

Frourz 13. Tadpole graph with correlation function integrated.

studied further for its possible application to the internal wave problem. The prelimi-
nary caloulations indicate ways to correct for deficiencies in earlier calculations, but
further vork is needed to formulate positively constraints and related constraints.

This work was supported in part by the Navy SBC, Johns Hopkins University,
APL 601103, and by the Office of Naval Research, N00014-80-C-0840.

Appendix
We discuss briefly the role of the Jacobian (equation (2.14)) in cancelling some
tadpole graphs. We will illustrate the cancellation by considering the expectation
value of A(K, ), which should be zero. There are two graphs contributing to {4 (k, v))
and they are shown in figures 12 and 13. If we work to lowest order in B, the Jacobian
gives the contribution
An(k, = 0, w, = 0) 4*(k, -

(A, suenine = 2 [Py 5 1= Py = A oDy (4 1)
where (A A4), is given by (3.1). Using the rules given in the text it is easy to calculate
the contribution of figure 12 and verify that it cancels (A 1). The graph shown in
figure 13 vanishes for another reason. It is easy to see that it is proportional to

1
D= 0,5 = 0) o] Fhaden B Uil )

and

oz = 0.
When these graphs are inserted into more complicated graphs they will continue to ;
give no contribution. Similarly more complicated tadpoles (vertex corrections of 3 ‘
figures 12 and 13) will continue to vanish. |
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ABSTRACT
¥

In this paper we apply a formalism introduced in a previous paper to write
down a self-consistent set of equations for the functions that describe the
near-equilibrium time behavior of random oceanic intermal waves. These equations
are based on the Direct Interaction Approximation. The self-consistent equa-~
tions are solved numerically (using the Garrett-Munk spectrum as input) and the
results are compared to parameters obtained in the weak interaction approxima-
tion (WIA). The formulism points out that #n extra parameter that is implicitly
vanishingly small in the WIA has a significant effect on decay rates when
computed self-consistently. We end by mentioning possible future self-consistent

calculations that would improve upon our own.
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1. 1INTRODUCTION

In the past few years the study of transfer of energy in the internal

wave field of the ocean has become an active area of research. Olbers (1976),

McComas (1977), Pomphrey, Meiss and Watson (1980),and DeWitt and Wright (1982),
have done calculations in the resonant interaction approximation (RIA) of
lifetimes and action transfer rates.

These calculations assumed that the interactions were weak and the

lifetimes of particular modes were long compared to the intrinsic frequencies. :

AT

Because of the diversity of scales in the ocean, this approximation is invalid.

b AR APk ¥

The large scale, near inertial frequency waves interact strongly with the

smaller scale waves. Atteupts at solving this part of the problem have been b 1

made by Meiss and Watson (1982) and Hanyey and Pomphrey (1982). In this paper 3 ‘

we present a calculation using the formalism presented in DeWitt and Wright E

(1982) and Dewitt (1982). The idea is to use the Direct Interaction Approx- g
imation (DIA). 1In fact we will use additional approximations to the DIA. The ; ‘

details and further references can be found in DeWitt and Wright (1982) and

DeWitt (1982).

The DIA equations give an effective linear theory with memory terms and
forcing terms. The memory function and forcing function are determined by a

- self consistent calculation that will be described in Section II. In this




4 PG A ;

section we write down the effective linear theory as that will enable the
reader to better understand what is being calculated.
Our formulation of the nonlinear problem is the same as that of McComas

(1977) or Meiss, Pomphrey and Watson (1979). We very briefly review the

equations. A Lagrangian is introduced with the variable being the displace-

ment field Ej (r,t) ‘

L@ =7 ek +ey £y BED

ape % P,
-PgEy85 = | &y arj 2 jgk FjaT <o

om

3 m
- Ej arj+—€j6k8r + ... i1.1)

'3

£ 18 then expanded in terms of the normal modes

143
g, G0 Zﬁ koA (0) 25 e k (1.2)

g=
+ > > o
A(t) is the mode amplitude and °k = ker + Qk t d

Qk is the dispersion relation,




The equations of motion for the amplitudes A are given in the next section. For
details on the coefficients Z and the couplings B of the next section see DeWitt
(1982) or Olbers (1976). In the DIA approximation all of the Greens functions and
correlation functions are identical to those of the following linear system of

equations:

dA- . [ - ’
—d—t_ (k’t) + (F+_ (k,t,t ) A (k’t )

-

R T
+I‘_H_ (k,t,t') A (k,t)) dt f (k,t)

% (%,t) + (I‘__ (k,t,t') A (kt') +T__ (k,t,t') at (k,t')) de’

= f7 (k1) 1.3)

I'(t,t') is a function determined by the DIA equations. Casuality demands

I'(t,t') = 0 for t'>t. We are treating a stationary problem so T depends only

on t-t'. f(k,t) is a random forcing function on the Kth mode due to all of

the uvther modes and any external random forces. In the DIA approximation

the f's are Gaussian random variables with zero mean (provided that the external forces

are also Gaussian witk zero mean). Their correlation function {s given by

Po(k,et) 8, g + 23 % (et-t’) = KB t) £2 e L (L.4)

F, is the correlation function for the external part of the forces (1.4) and

I, is calculated from the DIA equations. It is convenient to work with the
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Fourier transform in the time domain, then ' has the following representation,

ss'
T (k,w) = 63,-3

\ [vo(k) +1 n“(k)] -2 k) (1.5)
Here Vo is the damping due to interaction with the external
environment and S?t-vtﬂk. If I, were independent of w it would represent
three effects. The obvious ones are a finite lifetime and frequency shift. In
addition however, there is a coupling between the * modes. Previous calcula~
tions have used weak interaction theory which is the limit of the DIA equation

in which 21 and 22 are independent of w and infinitesimal.
In the following section we fntroduce the correlation function for the
A's

2 0% 0 @SR = (ASW) &S, W) (1.6)

and the Green's function for equations (1.3) ,

1 [} -l
G (k,w} = [vo + m: - 1w - 1}::’ (k,w)] .7

The inverse is a matrix inverse of a 2 x 2 matrix.

The only additional information that one gets from the DIA equations
other than the correlation and Green';fnnctionscomca from an inspection of
the calculation of 21 and 22 where it is possible to deduce where the action
in a mode k is flowing and‘whefe it came from. We do not present any of those
results in this paper. From the fact the DIA eguation. give correlation and

GCreen's functions that are equivalent to a linear theory in which diffarent




modes are uncoupled, it is clear that they can't give a completely accurate
picture of the internal wavefield. The effect of these correlations is lumped
into finite lifetime and frequency shifts. Thus we can expect some improve-
ment on weak interaction theory, but the interaction between diverse scales
may still not be adequately treated.

We find substantial differences from weak interaction rates for many of
the internal wave modes. That is the fungtions Zl(k) and Zz(k) are quite
different from those of weak interactions. One problem that immediately arises
in this case is the validity of truncating the Lagrangian in Eq. 1.1 at third
order. An Eulerian formulation would remove this problem but introduce others.
In this paper we use Eq. (1.1) and ignore higher order corrections without
attempting to justify that approximation.

The remainder of the paper is organized into four sections. In Section II
we write down the DIA equations and our approximation to them. In Section III
we discuss briefly the meaning of the parameters and in Section IV we give the

results of our calculations. Section V gives our conclusions.




: 2. THE SELF-CONSISTENT EQUATIONS
% ..

In this section we write down the specific equations that will be used

in the numerical solution of the problem. The derivation of the more general

Direct Interaction Approximation (DIA) equations is given in an earlier paper.

(Dewitt and Wright, 1982). The exact DIA equations are

ss' -l 3, 3
% z 1 (k,w) "sZs ﬁ kyd kzdmldm2 X
| 1°"1 .

; 8529,

8 (Kt -k, )8 (whumw, )B. L2 o (2.1)
2"k 271 g X .

e Lt | 2% .

and

ss' - L 3, 3
Iy () = 5% ' / d'kyd kydw dw,  x
81’81
52185

-8 8, 8
G(szﬂl)é(uﬁwzﬁul)nk k, k, x (2.2)

-8 "1 "2 . !ll' s, 8

1 2 %2
B, . . UT T (ky,w) U (k) 00,)
Kk -k, 1°“1 2'%2

e et e




e AW ™ To—

N T - - -
I AT, P, et TV,

where G is given by Eq. 1.7 and U by

** (x,0) = Gssl(k w) [6 F,(k,w)
[ ? s’_s' 0 ’

1
818

8'8
+3, 2,16 2(-k,-w]

All of the theoretical information about the interaction of the internal

8.8,8

waves is contained in the coupling coefficients Bk1k2k3 which in turn are de-~
17273

rived from first principles and include gome approximations. They are dynami-

cally defined by the equations of motion for the internal wave amplitudes A:

R.:(c) + m:(:) + vo(k)A:(t) +1}:‘;fd3kld3k2:(5-51-52) x

8-8,-8 31 32 8
l’1:-1:1-1:2 Akl "kz = £, (k) (2.4)

The goal of the calculation is to compute the natricen'zl and 22 in a self-
consistent manner. All of the information about the decay and correlation of
the wvaves is contained in these two qugntities.

We hasten to remind the reader that even a complete solution of the DIA
equations does not constitute an exact ;olucion of the problem, since these

equations were obtained by completely ignoring all vertex corrections in the




- relevant diagrams. It is obviously not clear a priori that such an approach
is reasonable; one must eventually compute at least the leading terms in the
vertex expansions to vindicate the procedure.

As was pointed out in the previous paper, much has been said about possi-

ble ways to solve systems of equations that are related to the full DIA set of
equations. However the only numerical attempts at solution in this framework

: —+ —+
have used the Weak Interaction Approximation (WIA), which computes 21 and 22

by letting

}:1,22 + 0 ' (2.5)

in the expressions on the right hand side pf equations 2.1 and 2.2. The only
outcome that would justify this approach would be one in which the computed
values of Yl were smalil compared with typical oscillation frequencies. As
hes besn pointed nut many times before,.this is not the case. This makes the
WIA a non-~self-consistent approach.

Our parameterization of the DIA equations assumes that G(f.w) can be ;

represented by two poles, one at w = ﬂr - 1&1 and a second at w = '“:'*‘1° !

Symmetry Letween % : is assumed as well as betwesn % {}. The equations are
1]

then parameterized by the pole positions. Also we require c®® (i.t = d+) =

8 Finally, there is the question of where to'evuluatc_tl(w). (Carnevale ;

8,~-8'’
and Fredericksen, 1982). That is do we evaluate it at the pole'tor complex w

- -

or somevhere on the real axis. We chose to evaluate Zl(w) at w = Q(k) with Q

given by the linear dispersion relation. See Section 3 for further comments.

In particular we choose
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?1(k,w) b zl(kgn)

Zz(k,m) - Sz(k,ﬂ) (2.6)

The quantities 21 and )32 are in general 2X2 matrices with complex compo-
nents and so superficially appear to represent 16 real parameters. However

using the constant~w assumption and the general symmetry conditions
[} -t ae! *
U5 (k,w) = [U75°7% (<k,-w)]
v
o8 (kow) = U %(-k,-w) ‘ (2.7)
[ e —a' *
6®% (k,w) = [67**7% (-k,-w)]

enables us to reduce these to 7 independent real quantitites. We denote

a(k) = I7 (k)

e = I
(2 8)

aw = Iy (k0

«® =I5 (k,D

The first symmetry condition implies that e(k) is real; the other three quan~-
tities are in general complex.
By invoking a further assumption we can reduce this set of parameters

even further. We procede as follows: with the above assumption we can write

e A e S0 e A A S
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the Green's function for this problem as

c* wkQ-a*

(2.9)

i
G k,w) = Ty o)

w=-Ha -c

In writing matrices we will use the convention that s = + is represented by the

first row (or columm). In the expression for G

3
1]

= Qr-ial

Q
[}

= -q - da (2.10)
2 = @ap?- |c]?

Here (. is the renormalized "frequency"; aR and a; represent the real and
imaginary parts of a respectively. We note that in the weak interaction limit
2, but that in this self-consistent calculation Qr may be either purely real
or purely imaginary depending on the relative values of (Q-a;) and lc]. This
will be explored more fully later.

Notice that in this particular case the two poles of the Green's function

satisfy

(m)” = =(n+o) (2.11)
(no)* = o

This result can be seen directly by comparing with 2.10, but more importantly
it can be obtained by applying the symmetry property of G in 2.7 without
knowing the analytical expressions for n and 0. This is useful because the

same structure sppears when Green's functions with more poles are gonsidcrcd.
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In such cases it is not generally possible to obtain closed form expressions

for the poles.

From the equation for G we can compute the correlation function
' T
U(w) = G(w) 22 G (-w) (2.12)
where the superscript T denotes transpose of the matrix. If we denote

U = [(w-n) (@) (w-0) (wra]™t Blw) (2.13)

then U(w) has no poles.
Now we are ready to impose "experimental"” constraints on our expressions.

The function
Uk, t) = f dw et y(k,w) ' (2.14)

Gives the two~time correlation of the internal wave amplitudes and so the quan-

tity

' (2.15)

8' - -
U (em0) = W (Hg,k) 8,

is given experimentally by the Garrett-Munk spectrum (Garrett and Munk 1972,
1975). We take this as an additional constraint on the equations. If the

expressions for U are made to satisfy this constraint it is found that

d= -ic (cl&l)
(2.16)

Y- "2‘1

This last exprassion is the same one obtained in the WIA, We see that 22 is

completely determined by 21 and the Garrett-Munk spectrum. This leavas us
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with only four independent real quantities to compute. The expressions for U

under this approach are also greatly simplified:

*
% (W +no) (uH-Q—aR)Z + ai - e

U=¢e 2.17)
(w-ta)? + a2-[c|? -‘a-:I—" (w? + no)

2
|

The g?eat bmefi_t of this approach is that we now need only iterate one of the
two DIA equations (the equation giving 21) . As a matter of fact if one reviews
the steps taken to derive the final expression for G and U it is not difficult

to see that this is generally true whenever 22 is chosen to be comstant, regard-
less of the form of El' After the El equation has been solved self-consistently
the value of e may be computed from the Zz equation to determine how good the
ratio QIZEI actually gives back the Garret-Munk spectrum. If we use the equations

in Section 1, it is easy to derive the following balance equation:

Fo(k) : Zz(k) (2.18)
P - 2vo(k) = 21Im l(k) -m .

If there is no forcing or dissipation on mode k due to noninternal wave
sources, the left hand side is zero. 1In this case if the right hand side
is nonzero one would infer some inconsistency. One possibility is that the
Garrett-Munk spectrum 7/ (k) is not correct. A second is of course that the
theoretical calculation of 21 and Zz is invalid. Thethird possibility is that
there is either an effective Fo present or an effective Vor i.e. mode k

might be driven or damped by direct coupling to the external environment.

U
3
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3. PHYSICAL SIGNIFICANCE OF THE PARAMETERS

Before we display our numerical results for the parameters 21 and 22
we would first like to discuss the meaning of the parameters introduced in the
last section. To do this we recall that the nonlinear evolution Equation 2.4
may be equivalently written as a set of effective linear evolution equatioms,

which for the constant I case considered in this paper are

Atk t) + (V+i0-1a) At (k,0) + 1c* AT, D)

RS
(3.1

AT(K,t) + (vo-iﬂ+ia*) AT (k,t) -ica’(k,t)
= £ (k,t)

The functions £+ and f give the effectire driving of the waves due to all other
modes. The parameter Vo is a free parameter that may be used to inject additional
information about the decay of internal waves due to interection with external
systems. In all numerical work we always set \’0 = 0,

The parameter a represents two physical quantities. The imaginary part
of a represents an additional effective damping of the internal wave mode
due to losses to other internal waves modes. The real part of a gives the

frequency shift of the wave. The parameter a is not new to this type of
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analysis. The parameter c¢, however, has not to our knowledge appeared in this

context before. We see that the formalism compels us to include a parameter

that represents a coupling between + and - traveling waves.

The pair of first order equations for the amplitudes may be written as a
pair of second order equations involving only one type of amplitude each.

1f we ignore the f , then for either A+ or A we have

A (k0 + 2vgtap) A (et)

(3.2)
+ [(fz-mk)2 + (\)o+aI)2 - lc|®1a @) =0 .
The solution has a time dependence
A* ~ exp -(vgtap) t 3 \/|c|2 - (sz-alr)2 ) (3.3)

<z
1f |C|“>(Q-ar)2, then we refer to the mode as overdamped. In the underdamped

case the damping is given by

Ve Vv o+ a; . (3.4)

In the overdamped case the damping is

Ve, ta e IQrI 3.5)

14
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We will define

S W 4t

as = a; + Ier

: (3.9)
3 o =2 - ler :
In the overdamped region
] -0t
A+ ~a S
and (3.7
! _ -a t
: A ~e

A spike disturbance in the equilibrium spectrum will contain both a short lived

s T

a7y

and a long iived component. We will see from the results of the numerical

calculations that it is aL that measures the liftime of a disturbance for a

large part of the internal wave spectrum.
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4. NUMERICAL RESULTS

In Figure (1) we show a contour plot of log Ic/ (Q—aR)l vs. log (m) on
the horizo;:xtal axis and log(Q) on the vertical axis. Here m refers to the
vertical waverrumber. The line of critical damping has the value zero;
everything to the left of this line is in the underdamped regime, while
everything to the right is in the overdamped regime. It is instructive to
compare this plot with Figure (2), a plot.of log(aI(WI) /) for the weak
interaction (WI) case using the same wavevector cutoffs for both. Notice
that the SC overdamped region covérs the entire aI/Q>l region and overlaps
the aI/Q<1 region, so that the overdamping takes over just at the place where
the old weak interaction calculation begins to break down. What is interes-~
ting is the extent towhich the self-consistent (SC) calculation reduces the
rates in the large-m, large-Q region. Of course we do expect the SC calcu~
lation to reduce the damping rates in this region, for reasons ;u«::"ﬂnd
below, but the way that this reduction comes about is rather @mected.
Recall that the rate of decay of a spike disturbance introduced into the
steady state ocean is given by o, and ag in the SC calculation. (See Eq.(36))
If we plot logla.'_/asl in Figure (3) we see that in essentially the entire
overdsmped region a, <<ag, which implies that .I(sc):lnnl . This means that

the decay rates are much smaller than one would expect by eéxamining the
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scale of a. Unfortunately the same device that causes the damping rates to
be so greatly diminished also makes it more difficult to obtain accurate
numbers in the large-m region. A small change in the parameters (a,c) in this
region can cause a disproportionately large change in a (though not in as).
Since it is (a,c) that are computed in each iteration, factors such as the
integration accuracy make it difficult to control such changes after a certain
limit is reached. We have solved the equations by an iterative scheme.

After many iterations the results do not change much, but the cancellations
and inaccuracies in the integration scheme lead to some changes from itera-
tion to iteration. In the next two figures we compare the a; from two
successive iterations. Figure (4) is a plot of the percent deviation of

the input values of a; compared to the output values of a;.
ay(in)-ay (out) |

ay(in)+ag(out) |

100

A(a;) (4.1)
In a perfect calculation, of course, these numbers would be identical. We
see in fact that in most of the region of interest we have convergenced to
within a few percent, and it is only for very large values of m that we reach

values of 8% to 10Z. However, if we compare this with Figure (5), which is a

plot of
ay,(in) -0y, (out) I

o (in)+a; (out) |

ve see that the error increases in a; more quickly than it does in a;. Inm the

logh(a;) = log 100 (4.2)

large-m region this means that we only know o within & factor of 2 or so.
We hasten to point out that this does not alter our conclusions about the

dramatic effects of the SC célcuhtion. First of all the fact that the values

of (a,c) for a given mode do not depend on the behaviour of wodes with even




moderately greater values of (m,) means that the computed values in most of
the space are nét affected by the uncertainty in the large-m extreme. Second,
we will see shortly that compared to the WIA the rates for the SC case in the
large-m region are reduced by orders of magnitude, and so even a factor of 2
uncertainty does not eliminate the qualitatively new behavior.

Referring back to (3.7) we see that a.L<<as implies that, for example,

t
A (k,t) -’-e-aL ‘ - (4.3)

so that we may ignore g and consider only o in determining the long time
behavior of G. For this reason we plot log(aL/Q) in Figure (6) with the
understanding that o =ap in the underdemped regime. It is clear that these
rates are very much different from those calculated using the WIA. The rates
‘for most of the spectrum now satisfy GL/Q<<(2W)-1, but there still exists a
substantial region for which GL/Q>'1, mostly in modes with high frequencies.
This agrees with our general expectations; on the one hand we know from
experience that the internal wave field appears to be weakly nonlinear,
particularly for low frequencies. However we also know that all rates
could not be small, otherwise thé WIA would have been successful in the
first place. We explicitly compare the WIA decay rates with SC rates in
Figure (7) where we plog log (GL/aI(HI)). For small-m and small-Q both
calculations give roughly the same results. For moderate to large m we see
substantially reduced rates for G. Notice though that in the small-m,
large-{} region the SC calculation actually increases rates by a great deal.
The change in rates for the moderate to large m region is easy to
understand if one remembers that McComas (1977) and McComas and Bretherton

(1977) identified the induced diffusion mechanism to be the dominant energy
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transfer mechanism for the WIA in this region. This means that energy dif-
fuses from a given large-wavevector mode to a nearby mode in wavevector

space by interacting with a third, small-wavevector mode. Since in the WIA
all waves are assumed to have infinite lifetimes the rate of energy

exchange is only governed by the coupling between the modes. However in
the SC calculation the finite lifetime of each mode is built into the
calculation. This, and the fact that the decay ratesvdepend on the ampli-
tudes of the interacting modes, implies that the rate at which energy is
transferred between modes decreases as the waves decay. Therefore we would
expect the lifetimes of the modes in this region to be increased.

We would now like to consider another measure of the consistency of
the calculation. Recall that we have found a correspondence between
e and a given by (2.16). Given the parameters (a,c) we can now conpute the
ratio e/ZaIU(O). In truth the degree to which eIZaIU(O)-l depends both on
how well GM 76 represents an equilibrium spectrum and on the reliability of
the calculation. It is not possible under the current assumptions to differ-
entiate between these two effects, so it is best to talk about the degree ‘of
equilibrium of GM 76 under a given approximation. (See also the discussion
at the end of section 2) For example, Pigut§ (8) shows a plot of
eIZaIU(O) for the WIA. We see that for large frequencies the spectrum
appears to be in a high degree of equilibrium, while the lower frequencies
are out of equilibrium by 50X or more. We compare this with Figure (9)
which shows log(e/ZaIU(O)) for the SC calculation. We note immediately
that the previous discussion concerning the accuracy of o is relevant here,

since a factor of 2 in the high-m region can greatly affect the equilibrium

balance. The equilibrium nature of GM 76 may be difficult to determine for
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large-m in this SC calculation. However in general we notice a similar

kind of deviation of eIZaIU(O) from 1, on the order of 50% of so, although

where the WIA sees depressed values the SC method sees increased values.

We take this to be a validation of the computational process, given the

tentative nature of the GM spectra, which Garrett and Munk propose as
"straw men" to be knocked down by the next generation of experiments.

Next, we have done another test calculation to determine how much the
SC calculation might affect the off-resénant character of 21 and 22.

We have calculated the derivative of ZI+ at w=R. In Figure (10) we plot

log z;‘*(mn/ r;* 1) I (4.4)

a measure of the rate of deviation of ZI+ from its value at W=, If this

quantity is much greater tham 1 then the conmstant 21 assumption breaks

down. If w; compare this with the same quantity calculated for the weak
interaction caée, shown in Figure (11), we see that thg region where the
relative deviation exceeds 1 is greatly diminished in the SC case. It
should be noted in passing that the very restrictive nature of the weak
interaction calculation (only allowing modes to interact if they satisfy

the strict frequency resonance conditions) allows a new.class of interaction

to suddenly "turn on" at we=2f, and this accounts for the large derivatives

around that frequency.
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5. CONCLUSIONS

In this paper we have described a two pronged advance in the study of the
time behavior of oceanic 1ntami1 waves, First, we have applied a formalism
which allows for a systematic study of internal wave interactions, Second
we have performed the first self-consistent calculation of oceanic internal
L : wave parameters, We will first discuss the importance of the formalism,

Since the work of Olbers (1974, 1976) and McComas (1977) showed that a
naive perrurbation theoretic approach to internal waves did not give reliable
decay rates the possibility of improvement on their calculation has been

discussed, Holloway (1977, 1978 1979) introduced a "frequency filter"

W e P N RREIGR T, s A BB G .
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correction., The problem is that by unsystematically introducing physically
1 * motivated corrections one leaves open the possibility that other corrections

of comparable magnitude have been ignored. In some cases the combination of

all of these possible corrections could actually yield results much different

T e e b e e e M b e o e

from those ocbtained from keeping only one correction. We believe that the new S

diagonal term, c(k), in our calculation provides an example. The case vhere i
a(k)=finite, c(k)=0 for all k cémlpond- to the frequency filter correctionm.
1. - We found, however, that a nonzero c(k) had both a qualitative and a quan-

k l. titative effect on the results. First, a nonzero c(k) sllows for the
possibility of an overdamped regime, sad in fact ve found that most of the
modes in our calculation 1ie in the cverdemped regime. Second,
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the small rates caused by the subtraction of a, and ]QR[ in the overdamped
regime give us a much different picture of the time behavior of internal waves
than would be given simply by a;, the decay rate dictated by the frequency
filter alone. We therefore conclude that it may be difficult to include all
significant corrections to the calculation from physical motivations alone,
and that the formalism provides a systematic way to indicate the relevant
effects.

The numerical results of this paper indicate the degree to which the
earlier numerical calculations were unreliasble. In fact we conclude that
while that earlier decay rates were basically correct for the small wave-
vector--small frequency regime, the decay rates for most of the spectrum were
much too large. Our calculation indicates that, except for high frequencies,
internal waves tend to decay relatively slowly. We point out that the fact
that some region of the spectrum is still predicted to decsy quickly is
another validation of our procedure. Had all decay rates turned out to be
small we would have been forced into the impossible conclusion that the weak
interaction approximation was correct after all. Any future improvements on
our calculation cannot change this fact. Further, this argument tends to imply
that any future calculation cannot substantially reduce rates in the high
frequency regime, since our numbers there are not muéh greater than the point
vhere weak interaction theory becomas valid. This leads us to believe that our
rates are fairly representative of reality, or at least represent a rough lower
limit to it.

We closs by conlidcrink how our SCcalculation might be improved upon. The
most logical next step is to study the effect of non-constant tl ﬁnd tz on the

results. This might be done by choosing functional forms for tl(w) that allow
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for more than two poles in the Green's function. A continued fraction repre-
sentation of Zl has been tried in other contexts and would probably work well
here. The problem with going to s larger number of poles is that it is no
longer possible to find analytical expressions for the poles and so somc
ingight might be lost. Further difficulties arise because a continued fraction
representation allows for new poles to appear in G in successive iterations.
Since it is not usually possible to keep all of these poles for computational
reasons, one must determine a reasonable way to discard some of these poles.
Nevertheless chobsing some consistent scheme, like keeping the slowest

decaying terms, would make such a calculation an attractive candidate for the

next level of calculations.

This research is supported in part by contract number N00014-80-C-0840.




Figure Captions

1.

Contour plot of log |c/( Q-aR)l vs. log(m) on the horizontal axis and log
(Q) on the vertical axis. The contour interval is 0.4. The zero line
corresponds to critical damping. All modes to the left of this line are
underdamped; all lines to the right are overdamped. Dashed contours
indicate lines with negative values. The horizontal axis is marked off in
equivalent vertical wavelenths (in meters) and the vertical axis is marked

off in units of the Coriolis frequency f.

Contour plot of log aI(WI)/  vs. log(m) on the horizontal axis and log
() on the vertical axis., The contour interval is 0.2. Dashed contours
indicate lines with negative values. The horizontal axis is marked off
in equivalent vertical wavelenths (in meters) and the vertical axis is

marked off in units of the Coriolis frequency.

Contour plot of log lGL/Gsl vs. log(m) on the horizontal axis and log ()

on the vertical axis. The contour interval is 0.4.

Contour plot of A(aI), the percentage deviation of the input value of a,
compared to the output value, vs. log(m) on the horizontal axis and log

() on the vertical axis.

Contour plot of log A(uL). the logarithm of the percentage deviation of
the input value of o compared to the output value, ve. log(m) on the
horizontal exis and log(m) on the vertical axis. The contour interval is

o.s.

Contour plot of log !nnml vs. log(m) on the horizontal axis and log (R)
on the vertical sxis. The contouwr ismterwval is 0.4.
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Contour plot of log !GL/aI(WI)I vs. log(m) on the horizontal axis and log

(2) on the vertical axis. The contour interval is 0.5.

Contour plot of e/ (ZaI(WI) U(0)) vs. log(m) on the horizontal axis and log

() on the vertical axis. The contour interval is 0.4.

Contour plot of log(e/(ZaIU(O)) vs. log(m) on the horizontal axis and log

(Q) on the vertical axis. The countour interval is 0.4.

L}
Contour plot of log |ZI+(Q)Q/ZI+(Q)| vs. log(m) on the horizontal axis

and log(fl) on the vertical axis, for the self-consistent calculation.

L
Contour plot of log |£I+(Q)Q/ZI+(Q)| vs. log(m) on the horizontal axis

and log(f?) on the vertical axis, for the weak interactions case. The
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TRICRITICAL POINTS AMD BI FURCATIONS IN A QUARTIC MAP
Shau~Jin Chang, Michael Wortis, Jon A. Wright

Department of Physics
University of Illinois at Urbana-Champaign
1110 West Green Street
Urbana, 1L 61801

Ve have studied the l-dimensional :l.tontiog nep ltcocutod with
the even quartic polyno-hlxﬂl-1+axn+bﬁ. This map
allows a smooth transition from a single hump to a double hump.
Bifurcations and higher—order transitions occur as we vary the
parameters a, b. In addition to the usual universal bifurcation
behavior discovered by Feigenbaum, we find a new universality

. class of bifurcations which is associated with a tricritical
point. Tricritical points serve as natural boundaries to
Feigenbaum critical lines. For the quartic map, the tricritical
points which are the end-points of the original Feigenbaum line
are (‘.b) = (0, -105“”) and (‘2081“3. 1.‘0701). Associated
with esch tricritical point, there are two unstable directtnn
ss well as ta independent exponents. The exponents are 8/ =
7.2851 and 8§%) = 2.8571. At thg tricritical point, we can
introduce a universal function fq(x) which cbeys

apfy(fx(x/ag)) = £3(x) .
with the scale factor = =1,69031. The quartic map has a
special duality transfofmation (a,b) ~ (a',b'), such that the
two meppings are intrinsically relsted. The tricritical points
which are dual to the above pair of tricritical points are
located ot (-3.18980, 2.54371) and at (.95561, -1.14981) and are
Joined by a line which is the dual of the original Reigenbaum

.14ne. There are an infiunite number of differeat tricritical
points which form at least a Cantor set.

1. INTRODUCTION

mu.mmmmmmmmuumu.cmhnr
iterative map x .\ = £(x)) with a quadratic pesk obeys a universal behavior. 2
m.mntn‘thu or from a remormaliszat ) point of view.
A the limitiag point of s difurcation sequemce, the 2" it tion of the map
with appropriaste scaling approsches a universal function x). In the neigh-
borhood of this universel fumction, it appears that there is ocaly one relevant
direction, aloug which the eigenvalue &(= 4.6692) is larger than one. We have
recently stuiied & mrtlmmﬂvh-msu”m
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& olny d a . map. By chenging

the parsmsters &, eontimmously, one cam induoe 4 smeoth trassition from s
one-tunp mEp to & two-hump 2ap and vice verss. It is essy to ses that a
exiet in the iterations of & sing P waps An Jupertent osacept ia @
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stability of the ssme cycle. Away from doubly-stable cycles, however, the
peaks control different cycles which are unrelated in x-space. Thus, the
regions controlled by these different peaks become dynamically coupled at a
doubly-stable cycle. This kind of dynamical coupling is a new phenomenon
which cannot occur in a single-hump map. Its .presence modifies the bifurca-
tion processes. The limiting point determined by a bifurcation sequence of 2N
doubly-stable cycles is associated with a fixed point in function space with
two relevant directions in analogy with Feigenbaum's discussion of the qua-
deatic case. This limiting point also serves as the end-point of a critical
1ine which describes the usual Feigenbaum behavior. This Cyps of fixed point
is known as a tricritical point in phue-ttmition nguage., 2 tricritical
point discovered here has two universal exponents &%'’=7.2851, 3 ) w2.8571.

At the fixed point, the map is self-similar near t:he peaks after 2 iterations.
Jnct as in*the Feigenbaun's case, it is possible to introduce a universal
function f4(x) at a tricritical point which obeys the same functionsl equation

apt i ERx/ap)) = £400)
but with a differen x scale fac.or = 1,69031. r £ (H)c‘n Ee expressed as
s power series in x'. We have diacOvered an Mentity op, relating one

of the exponents to the scale factor. This identify :ls a nmember of a whole
class of identities which exist at the fixed point of an iterative map.

1. QUARTIC MAPS
(A) Single vs mltiple-hmp naps

We study the m—diumioml iterative upn genetated by an even quartic
polynomial

xn_,,l-!(xn)51+axﬁ+bxn. | (2.1)
b

Mguré 1

Kterstive sepe gemerated by ths even quartic polyncmial (2.1). The
h“WMu.t(ﬂﬁﬁ(M» cm«umt...
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Depending on the values of a and b, £(x) can have either a single hump or a 3
double hump. See Fig. 1. For region defined by a > 0, b > 0, £f(x) can at
most give rise to a stable fixed point. For a < 0, b < 0, the function £(x)
has a single quadratic hump, and Feigenbaum universality holds. In gne para-
meter single-peaked maps, the limit point of fanfinitely bifurcated 2V cycles
is a single point. In two parameters single-peaked maps that point becomes a
line that we refer to as the leigenbaum line. For the regions a < 0, b> 0
and 8 > 0, b < 0, £(x) has either two pesks and one valley or vice verss. In
the following, we shall refer to the peak or valley at x = 0 as the central
peak, and the peaks or valleys at x # 0 as the side peaks. The existence of
both central and side peaks implies that f(x) may develop independent itera~
tion regions as indicated in regions I snd 1I in Fig. 2.

f(x)

RURSRPPUSEVE
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e
e it s et

Mgure 2
Amep for a < 0, b> O. HNote that regions I and Il are
independeat iteration regions. '

In region I, f(x) describes s single-bump mep with a quedratic pesk st x = 0.
Ve shall refer to region I as the region controlled by the central pesk. In
region II, £(x) descrides an inverted single~hump map with the pesk at x =

v=23/5. Ve shall refer to II as the region controlled by the side peak.
s!m:umuumunthme. they msp into the same x (=]~
a/4b). Hence, they camact both be members of aa M-cycle. Thus, we have at
W6t ons wet stable region comtrolled by the side peaks. The existence of
two independent regions may also appesr in the case a > 0, b < O,

(3) Duality transforsation

i, W i

P Y ¥ VLR PPN

Jor the stwiy of and their sequences, w ouly msed to consider the
Tegion controlled by the esmtral peak. The cycles sssocisted with the side

il
b gl




peaks can be obtained from those with the central peak by a duality trsusfor-
mation described below. ‘

Consider the quartic map (2.1). We can rewrite it as
xn+l-l+‘%+b{ ’ b*O

2
a a 2,2
‘rb + b(—zb + !n) K (2.2)
Thus, we can factor the quartic mep as the product of two quadratic maps:

Lo v, (2.3)

=] -

) )
=1 -¥p+oed. -  (2.8)
We can now visualize the original mapping as ,
X; * & * Xy > Ey P xg > ceee (2.5)

It is easy to see that if the x-mapping has a stable N-cycle, so does the
£-mapping and vice versa. The mapping from £, to 5n+1 is simply

2 _
After a rescaling, we can put the E-mapping (2.6) into the standard form
‘ﬁl'l"’.'%"b'(ﬁ (2.7)
with
. o = (4b-a2)(Bab + (4b-a?)?] | (2.8)
32 © '

b M—-(%t‘-)—'—(sb) . : . (2.9)

It is exsy to verify that the side peaks of x are mapped into the central peak
of £, a.d the side peaks of £ are mapped into the central peak of x. The
duality relstion is reciprocal: The duality transformstion of (a',b') is the .
original (a,b). '

(C) Most-stable cycie. and doubly-stable cycles

For a quartic map, the most-stable N-cycles (x1 ,xz...,xu) ¢£e described by
t(‘i) = Xe4l>  Xgp] ™ Xyp» 1= 1,2,...,N (2.10)
and

-:;'[z"(x_)]xi-o . S ¢ B 1Y)

An W-cycle is most stable, if either the central peak (x = 0) or one of the
side peaks (x = +/=a/2b) is a member of the cycle x; « The polynomials
sssocisted with s stable N-cycle give rise to a& line in the e-d plane. 1In
Fg. 3, the solid lines represent the loci of most-stable 2-cycles. HRmctions
whose perameters satisfy a + b + 1 = 0 have wmost-stable 2-cycles associated
with the central pesk. Ths curved lines are the loci of points of most-stable
2-cycle sssociated with the side peaks. It is easy to see that, with the
exceptiocn of the origin, the most stable N-cycle trajectories associated with
the ceantral pesk never intersect among themselves. Neither do thy most stable
trajectories associated with the side peaks. Howaver, the trajectories asso-
ciated with the central pssk do intersect those associated with the side
peaks. Actually, they iatersect in two completely different ways. At inter-
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, sections A and A' in Pig. 3, the most stable 2-cycles pass through both the
central peak and one of the side peaks. We call this kind of cycle a doubly-
stable cycle. Two trajectories which intersect at a doubly-stable cycle are
“dynamically coupled” at the intersection. At intersections B and B', the 2-
cycles are controlled by different peaks which are not related: some regions
of x are attracted to one cycle and some to the other. WUe refer to this kind
of intersection as "dynamically independent”™. Note that doubly stable points
A and A' are dual to each other. The concept of dynamical coupling is invar-
isnt under duality transformatiom.

b

-3

T+
L)

HMgure 3 )
The solid lines represent the most-stable 2 cycles, the crosses
denote tricritical points, and the dashed lines describe the
Nigenbaun lines. ' :

III. TRICRITICAL POINTS
(A) Bifurcation along b-sxis

If we vary b (negative), keeping a

bifurcation sequence, studied by Teigendeum. If
2 small and positive, we find that the msp goes
stable 2-cycles before bifurcating into a A-cye
trolled by the three different pesks

persist no matter suall the value of a.
selves ot higher cycles. Thus, thers are qualitative differences ha
bifurcations on the two different sides of the d-axis. When a » 0 aad D < O
the curve £(x) is single-humped with a quartic maximum, Ve
bifureations which always oceur at the doubly-stable 2. cycles:
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2N by

2 -1

6 -1.50393

8 -1.58225
16 ~1.59316
32 -1.59466

The 2¥ cycles have a limiting point st b, = -1.59490, in close analogy to the
quadratic map studied by Feigenbaum. Rowever, because our map has a quartic
(rather than quadratic) -x:l.-gl it 1is to be expected ,that there will be
different critical expounents,’ as we now discuss.  This limiting point has
several interesting properties which we shall discuss below.

(B) Critical exponeunts and the universal function

There are two relevant eigen—directim at the critical point (0, -1.59490).
Along & relevant eigen-direction and for large N, we have

by - b.+-99§'-‘ with |ép] > 1 , (3.1)

where 6 is the criticd eigenvalue -ﬂ?g this eigen-direction. One eigen-
.direction is along the P-’xis where 7.2851. The other eigen-direction
1s (1, =1.2347) vhere &y 2,8571. Rote that the Feigenbaum fixed point has
only one relevant direction with 8§, = 4.6692. In phase-transition language, a
critical point with two relevant directions which also serves as the end-point
of a critical line is known as a "tricritical” point. As we shall see, our
fixed point is indeed a tricritical point. See Discussion Section below.

At the critical point (0, -1.59490), the function is self-gimilar near x = 0
to within a proper rescaling. The scale factor here is op = -1.6903. Just as
the PFeigenbaum case, the tricritical point has its owm uni.vorul function

£4(x) obeying the same functional equation .

qtfr(z)(x(ar) - £x), a, = -1.69%3 . - (3.2)
In the neighborhood of x = 0, t;(x) can be represented. approximately by
£4(x) = 1 - 1.83413 z* + 0.01301

+ 0.31188 x12 - 0.062035 x16 + ece0 , (3.3)
(C) An identity

The second expouent 6;2) and the scale factor a, are related by

&2 .2, (3.4)

MnrohuonumiumhMutoum let h(x) be the eigen-
vector bslonging to § )

£(x) = £3(x) + eix), O0<e<1, (3.5)
then iteration under . »

50 1 37y :‘”(ax(m (e
lasds by definition to

80 = £ + €D eain) + o) 3.9

Since N(0) = 0 (because £(0) = 1), we may take

A e,




x) = =2 + c‘x‘ + csx6 + ceee . ' (3.8)
Direct iteration of (3.6) gives (qr - llf.r(l))

o £Pnx) = n(Egcx) + h(f;(’f;))

+ [0 x £} (f;) + h(i—r)] f;'(f;(’f;)) »  (3.9)
which 1s a functional equation for h(x). It is easy to verify that_the right-
hand side vanishes at x = 0. Ounly the last term contributes to O(x2) end by
equating bdoth sides of (3.9) one finds

&2 = £2'(1)/ay .  (3.10)
One evaluates f;'(l) by differentiating (3.2) with respect to x and then
setting x = 0. The result is

L L) 3
fr (l) - Qr » (3.11)

'!Lch gi.vn (3.4). The other eigenvalues belong:lné to directions out of the
x, z‘, %" “ees subspace are irrelevant. Eq. (3.4) 1s an example of a general
class of identities which we discuss elsevhere.

(D) The tricritical point and doubly-stable cycles

) '
Our present tricritical po;nt (0, -1.59490) is the bifurcation limit of a
sequence of doubly-stable cycles. This turns out to be a general property
of a bifurcation tricritical point. We have used this property to determine
many other tricritical points which do not lie on the b-axis.

IV. DISCUSSION

In the a <0, b < 0 region, we always have a single-hump function f(x). If we
increase the parameters -s, -b, we encounter an infinite sequence of bifurca-
tions, as described by Feigenbaum. The limiting points of these infinite
bifurcations now lie on a8 line in the a-b plane which we refer to as a Feigen-
baum line. The tricritical point (a,b) = (0, =1.59490) .serves ss a natural
boundary to the original Feigenbaum line. When we extend the original Feigen-
beum line in the other direction, we find that it terminates at another tri-
critical point, located at (-2.81402, 1.40701). One can check easily tha
this tricritical point is also the limit of a nquuﬂ of doul B—.table
eyclu.ndthntithuthcmctiuulupmntoGr)andﬁz .

Uader the duality transformation, s tricritical point maps into a tricriticsl
point and a Feigenbaum critical line msps into a Feigenbaum line. The dual
images of the previous tricritical points are located at (-3.18980, 2.54371)
and at (0.95561, -1.14981). We have plotted the dual transformed Feigenbaum
1line in PFig. 3.

Since bifurcation occurs after each stable cycle, and since there are an
infinite aumber of different stable cycles, there are an infinite number of
Nigendaum lines in the a-b plane. Hence, there must also be an infinite
number of tricritical points in the a~b plane. Indeed, we are able to show
that between the critical points (0, =1.59490) and (.95561, -1.14981), there
are an infinite number of tricritical points, forming a Cantor set. We shall
discuss the geometrical meaning of the Cantor set elsewhers. ' ’
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which is sa sigemfuaction of s probehility-pressrving kernel X. We are sbie 10 show that all eigsavalues of X have
magnitude less than or aqual 10 | s thet the only magnitinde-one sigenvalnes are the N'th redts of smity. We have
also calculated the corresponding eigeafamotions associnted with these magnitude-one sigenvaiues: These

cigenfunctions con be expanded in terms of N positive functions haviag disjoint support. We thes concentrate on a
ons-dissenpiona] syutem, ond study the behevior and mechasion. for serions cheotis: smneitions, We find.thet the
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tention in recent years.'* In particular ohe-dim-
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onlo golut & (Le:, B alut tigs Gige F; sde Fig:
»uwmmbﬁwmwm

mwhmom mmmhm
are uuumlﬁ muwm n
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mmm ©Of eourse, -all points-which
maphtoﬂmmondlmmthomm
Thhunuumnhmﬂn ".ht"fot-removmc
points from the gape. ©
.MMAW ,we may encounter the sifwation
P Wmﬂnmmu

a source, umhmnmmmm
i dhps via the opening at ED (sée Fig. 9)." Of course,
we still bave the other drain to remove points from
the gaps. The combined effect gives rise toafin-
mmmmmm \th
equilibriem distribation b - bt 66 and
the sink just as in the case of a flooded basempent.
Since the seepage is coutrolied by the sise of the
oath, we expect that the valwé & ¢ ikiié e gaps
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ing sespage. Figures 6-8 give actual graphicai
representations of ¢ in the neighborhaod of 2 3 ~1
transition,

Now, let us determine the condition for the 3~1
chaotic transition. As we have mentioned earlier,
the 3 =1 transition occurs when points D and E
colncigde. Since D is f(P), and since point E maps
into F=rY(P), the condition for D and F to coin-
cide ig for 7(D)=f(E)=F. This then implies

IXP)=f4(P). ! (3.4)
MMWW!,D,FW@WM
cycle at the transition. In terms of F(x) nf¥(x),

we can rewrite the above equation as the universal
eguation

FYP)= FY(P)+ FIP). Y )

Even though the 31 and 3 +1 chaotic transitions
arise from different mechanisms, they obey the
same universal squation, , The anly differquge is
in the definition of F: Fhftorml-ltnut-
tion, and is 7° for the 3~ 1 transition. Woan
generalise the sliove result to un arbitriry i
tion. JPor f=a(l - 2), us-im, s
at

A=3.856000 063 477768,... . ., ...

3. Uwiversal baikaiior. wmmum-
xmu&fﬁﬂmm uﬂpm.
we sow thet A 1= =, MW&{

“ i Peoan, L sooe ARG eadd

Poe R BESLIT

kmm”nu: i - ';!"'.[:“‘-"'

’itmmmww

For n> 6, the agreement between the asymplotic
formula g the tres trgnsition valse is betier
than engpant is -0°, ‘This Seymgtotts bekavior
follows from the remsemalisation group structere
of he higher -order Neliitions as studied by Peig-
oboun.' Indeet, if we conatder the bebavier of
Fis)s %) st e 2 = N trausition in the neighber-
Md:ﬂﬁmh“hmd
the soalpt wirishleg”: S

v'jl 41 5 h
crbeaily 8 yo\ "

ERCRT SRR mm@ xefd

we arrive at an invariant fanction G(y) at large N.
This invariant function G is a linear combination
of the invariant functions g and & introduced by
Feigenbaum,® Note that G(0)=G(1)=0, and G(1/3)
=1, ‘The invariant function G(y) is.shown in Fig.
10,

IV. FOLDING AND THE LYAPUNOV EXPONENT

A useful measure of the degree of mixing of a
dynamical system is provided by the Lyapunov ex-
ponent. For a one-dimensional chaotic system,
the Lyapunov exponent js simply related to the
folding phenomena. We consider & simple one-
dimensional mapping

Lea=Slx). . (4.1)

The ichaotic region | ll characterised by the fact
that the separation of two nelghbdﬁncpom (%0 )
will increase exponestially as we iterate (4.1) a
large mmber, of times., For an infinitismal separ-
ation, we refer to the average loarlthmlc in-

crament M
u!lﬁ:;lﬁn -lhnl(i h{f’(xg)l)
(4.2)

mw mwahm-
mumnmmm Let us start

mtmnwm After many iterations,

the neighboxheod. will snlarge and-eventually cover

8 compaet.space.  Further Merstions will map this

-sapipect space inbo Heel: ‘It is.known that there

axlate s density. Smetion:¢(x).uch that ¢ (xMdx

< prewides.the pavlebility mosywre for fiading an

arbitrary point inside the region dx after many
iterations of Eq. (4.1). The probability function
¢(x) is invariant under the iteration and hence is
t;lﬂn ejgenfanction with unit eigenvalue of the linear
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y
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. Fold
S K, o)y = 60, @3 Y W
A P € [+) 8
where .
K(x, y)= ¥x - f(y)]. , (4.4)
We have learned from Lemma $ of Sec. II that the L 2
A

support of ¢ may consist of N disjoint regions.
The iterstion of K(x,¥) {or (4.1)] will map points
from one region to another, and bring the point
back to the original region after N iterations.
Thus, if we consider the iteration defined by

Xpa > Flz,), - (4.5)
with
F)f ()= "), (4.6)

we encounter iterations which mgp a region back
onto itself. Since the Lyspunov éxponent u associ-
ated with f is related to the exponent u, assoclated
with F via

“’lﬁulv (4-1)

we only need to consider F and ., involving simp-
ler mappings. A typical distribution function is

shown in Fig. 11. Let AB be a region which maps

into itself under F. The exd point B is mapped
onto point A, end point A and an juterior point D
are both mapped onto E [F(A)= F(D)= E], and point
pummmma. ThummMmebe
achieved by folding PD on PA and then

BP to the original length AB (see Fig. 13). For
more complicated mappings, it may be necessary
to fold the line segment more than dauce. All the

n)

A

A e 8

. 11, “dm Dq.m
#ix) o A»0.TS,

L/ \ . \4

FIG. 12, Mapping involved In a chaotic dne region:
(a) Folding of AB sbout point P gives (). Stretohing BP
wmm-hmmmnb)

potiite in ugmentAE come from BD and the map-
ping is 1 to 1. We shall call this segment AE as
nonoverlapping. The points in EB come
me“APaﬁdPDandmmmkisz to1.,
We call this segment EB as overlapping.

We dénote the density function ¢ witlith segments
AP! Pnt and DB as ¢AP(’)’ ¢pnw’ and ¢”(’)9
respectively, obeying

$arks)= {3 &% et &,‘;’,’ .8)
etc. Then, we have : »

K"¢pp=das, (4.9)

K" p2(6y)zs s (4.10)

K"$pp%(0)) s, (4.11)
with

$22=(0,) 12+ (0s)ns- (4.13)

Equations (4.10) and (4.11) may be taken as the
definitions of ¢, and ¢,. In the following, we shall
express the Lyapunov exponent as a function of
¢, $;, tnd ¢,. The ¢, and ¢, for the ¢ of Fig. 11
are shown in Figs. 13 and 14.

R 1p nhore convenient to denote the separation of
two ing points as ¢(x)dx rather than as
ds. To the definition of m using ¢,
consifer a particular point x, and its nefghborhood
ds,. Map it a sufficient nanber of times N such
that it returns to its original neighborkood. If the
new Mingth is 4%,, the magnitication is

e () - (e St - )"

mmumm»um

factor ¢(x) cancels and we havy the same overall
faitor, . The advantage of introducing

T mag-
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with
¢, (xMx= ¢(y,My, , (4.16) 1
#u(xMx= $(y,Mdy, . (4.1 |
The magnification factors due to the mappings I
¥, ~x and y, ~x are no longer one, and are given
by I
= Mx__ ¢lx : .
4 m(’;)-*;%" %&. (4.18)
Mx _ $(x)
m(’,)'ﬁr” '-‘g’w . (4.19)
The geometrical average of the magnification fac-
tor m approaches
. . . ™
A : E DO 8 ma l.n:(nm(y.)) R

FIG. 13. Density function ¢, (see text).
and the Lyapunov exponent becomes
ping region due to the conservation of the prob-
ability under the mapping x= F(y), giving puynlni=lim 1 Finm(y,). (4.20)
$ledd = 3oy (4.13) —"

or
To compute the limiting average magnification, we
,,..18%,1, (4.14)  Dote that the weighting factor at any point y is pro-
¢(yMdy portional to its density (y)dy. Thus, we can re-
place 2J, in (4.20) by an integral over ¢(y)dy and

However, in the overlapping region, x can come

from two or more differ:nt points, such as 9 n by f dy (), giving

and Y3y e f i )lm )
x=Fly,)= F(y,) : (4.15) fA dye ) .

In the numerator of the above equation, we can

separate the y integration into three regions: Re-
gion DB which maps into the nonoverlapping region
(AE) of x gives no contribution since lm=0, The
athez y's are separcted into y, and y, regions (AP
and PD), and they both map into tte overlapping

region (EB) of x. The Lyapunov esponent becomes

- fd Yown +fd Yo (y,)
“ -m._b&._}!L.‘#&JL,
" : JM"’

/ ) The expression has a nicer form when expressed

#p(x)

in terms of x. Using

"’M’l- ¢l“m ’

5% uw-%. he1,2)

¥1G. 34. Density fmotion ¢4 (s00 tant). we finally obtain
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, the Lyapunov exponent jig, and the
..a(o‘u)m!mw.(x)h-ﬁ@) overlapping factor Rgare e
[, o my=1.9872,
ko= 1mg=0.6867,
ope S mBe) ), 000) and

= - de . R =°.m,” 2
4» (4.21) ‘ ;

The expression in the last large parenthesis of the
numerator of (4.21) has the form of an entropy as-
seciated with the mixing of two independent sta-
tistical systems., We can generalize Eq, (4.21)
trivially to include the fokling of three or more re-

glons.
For the folding of two regions, we introduce an

overlapping factor r by

m)a(&g}% %}f} S L wa)

It is easy to see that »=0 if either ¢,/¢ or ¢,/¢ is
gero, and  has a maximum, 7,_=1, at ¢,/¢
=¢,/¢=4. Interms of » and ¢, we have

bye [ drotomiams /[ arotn.  @w23)

To compute yy (or ), we need detailed informa-
tion about ¢,, ¢,, and ¢ as functions of x. How-
ever, we can set a rather good upper bound on i,
if we know the integrals of ¢, and ¢, in the over-
lapping regions, Let

M= [ dxaya), M= Lm.(x). (4.24)
and

M= deﬂx). (4.25)
wwwwammmmmmtﬁru

L e e e s

One ean show that

. J—i‘-%‘ﬂn 1n3. (.37

(4.26)

For the particular coupling leading to the distribu-
tion fanctions of PFigs. 9-11, we obtain u=0,36
and the upper bound would give u €0.42,

We kave shadied sumerically the magnification
factor and the Lyapunov exponent for the universal
funstion G datined vin Rq, (3.7) by sampliag 500000
Herstions under G. The avernge magnification

respectively. The large magnification (mo 2) and
overlapping factor (R « 1) are not surprising. Nu-
merically, the yniversal function G(y) is very close
to the quadratic function f(y)=45(1 ~ y). Theeigen-
function corresponding to the latter mapping is ¢
=1/[x(1-%)]/2, The iteration of f{y) gives rise to
the maximal magnification and overlapping factor
m=2, u=In2, and R=1, exactly.

Knowing the Lyapunov exponent s, for G(s), we
can compute the Lyapunov exponent u()) for the
original f(x) at the 2N - N transition point for large
N. Inparticular, for the 2" ~2™! transition at
large n, we have

B =2"u,. (4.28)
Using the asymptotic formula Eq. (3.6), we obtain
2= (ﬁli-’&)' {4.29)
with
t=12 = 0.449 806967, (4.30)

Hence, we have

u(».)=o.sssv(l‘lil')'. (4.31)

The (A~ 2,) power dependence has been recently

obtained by Huberman and Rudnick.? We are alao
able to determine the prefactor in addition to the
power dependence at these transition points.

V. REHAVIOR OF EIGENVALUES
NEAR THE CHAOTIC TRANSITIONS

We learned from Sec. I that there are two eigen-
values 5=+ 1 with |7|=1 in the chaotic two-region.
On the other hand, there is only one eigenvalue
7=1 with |5} =1 in the chaotic one region. Thus,
when the system makes a 2 to 1 chaotic transition,
t,heln--lemmboeomuueuunmd
ni<1

In the chaotic two region, the eigenfunction ¢,
of n=1 is real and positive. The support of ¢,
contains two separate regions I and II as in Fig, 4.
The eigenfunction ¢, associated with n= -1 also
has the same support. We may choose ¢, aa

by
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¢, inreglonl for x in the overlapping region. One can show that
01‘{-%, in reglon . (5.1)  the only important region of integration in the Ihs

However, as one enters the chaotic one region,
the previous two regions I and II overlap (see Fig.
5). To the first approximation, ¢, in the overlap-
ping region may be viewed as the sum of ¢,’s in I
and II, while ¢, in the overlapping region is the
difference. The interference of ¢’s in the overlap-
ping region is responsible for reducing |n|to less
than 1. To understand gualitatively how n bebaves
near the transition, we consider the expression

Jacayris, m.(:)(ff{;’y *ff&)))’

-@sm fa 8900, 62
which implies

(x) Ay
1+n=f dxdyK(x.?)To(:)il'g:m-r%l. 5.3)
2 f dx-%{;)—

In (5.2) and (5.3), we have made use of the fact
that 1 and ¢ are real. When A is amaller than the
transition eigenvalue 1,, the regions I and II are
disjoint. In this case, we have

K(xd)(%&’p%&’y)'ﬂ) (5.4)
and hence
14+q=0, A<),. (5.5)

When A >), regions I and II overlap and the left-
hand side (lhs) of Eq. (5.2) no longer vanishes. We

“(% +-$;’,)’-o(1) (5.6)

i & L L J

<0 0
A=A 10%)

MO, 18, (1+9° a0 a famotion of A=A, nearfhe 20 1
chestic tranelition A =3,8760,

- pw—go oo

of Eq. (5.2) is for x in the overiapping region.
With x in the overlapping region (OR), we may
have a crude estimate of 1+1 as,

Lene gn)f,.azaj gz‘.xg, 29,0)
_00) [oads golx)
_Tg:ﬁif_' ®.m

In deriving (5.7), we bave also approximated

| #(x) |*/¢4{x) in the denomimator of Eq. (5.3) by
¢, Equation (5.7) indicates that 1.+ is propor-
tional to the integrated density of ¢, in the over-
lapping region. Note that the size of the overlap-
ping region 3 is proportional to A=) - ), and that
$.(x) is dominated by square-root singularities
1/(|x-x,])*?, in the overlapping region. Hence,

we have

« dx o
1."'.1 '[(lz-xc” m' >N (5.8)

0, a<a,.

The constant of proportionality depends on the de-
tailed structure of ¢,(x) and on the rate of change
of the overlapping region. However, we know that
in the vicinity of A=}, (1+1)" is gero for A< ),

and increases linearly with A for A> )\,. In Fig.

15, we plot (1 +%)" as a function of A. The transi-
tion and the linear dependence in ) are indeed ver-

- itied mumerically.

We may generalize the method to study the
change of eigenvalue 1 near a 3 ~1 chaotic transi-
tion. In the chaotic three region, the eigenvalues
with {n|=1are 1, ny=i(-" +V¥), and 0. The
¢¢(n = 1) state contains thr; e separate pieces I, II,
and II as shown in Fig. 8. The 5, (or n;) state is
obtainedfrom ¢, by assigning three different phases
1, ny, 9§ (1,13, m,) to reglons1, I, andIIl. Inthe
chaotic one region, only the eigenvalus =1 re-
maias to bé of magnitude 1. The other two eigen-
values %, 71* now have magnitude less than one
(1.e., {ni<1). We can also study the rate of |n|
approaching one near the traasition region )\ =),.
In analogy to Eq. (5.3), we have

[asdyKis, poo)| £ -

]
S
» (s.9)
For A< ), we aré in the chastic three region and
both sidee of Bg. (5.9) vanish Meatically., For A
> A, we are ia the single chaotie region. As we
have showe in Sec, IV, the gaps Detween regices

2-ndn-un*=
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1 and II and regions II and I develop nonvanishing
¢o The magnitude of ¢, in the gaps is proportion-
al to the incoming flux (source) via the gate DE,
The magnitude of the sourcs is given by

Source= f dx dofx)e VX (5.10)
(] .

with SA=2a—2,. Thus, ¢,(x) in the gap region is
also proportional to V8i. Now, we look at the
numerator on the right-hand side (rhs) of Eq. (5.9).
The important contribution to the mmerator comes
from the integration region where y is in the gap
region DF. The requirement of K(x, y)+ 0 implies
that x is in the gaps or in region Il. Then, the
phase correlation factor is

|;f—:&’5-n:$£’,|’=om.

We then have the estimate

3-'1:'1-'1.,11‘«0(1)“" m‘f’;) )
=0(1) f dy¢.(v)/ fdx¢,(x)¢m. (5.11)
(4

Near 1j=1,, we can rewrite the ths of (5.11) as
3-ndn-ngn*=1-m*+ {n,-n{*
=201 - [n])+ [no-nit-(1 - [n]P.

Ignoring terms second order in smallness, we
have

iR, a>p
y A<

as before. We have studied (1 - |n|)* as a function
of A numerically and indeed observed the above de-

pendence,

1-nj (5.13)
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APPENDIX A: NUMERICAL METHOD

To find the eigenvalues and eigenfunctions of the
operator X given in Bq. (2.7) we used & felntively
straightforward, but possibly inefficient method.
Basis functions for the space were chosen to be

roe{l B

where the x, were & presczibed set of points on
(0,1). X is then expanded in this basis set. The

" problem that arises is that a large matrix is

needed (on the order of 1000 x 1000) for reasonable
accuracy. The reason for this is essentially that
discussed in Sec. II; that ig, the width of X con-
trols the number of bifurcations that are possible.
A better choice of basis funetions might alleviate
this'problem somewhat. Fortuhately, most of the
elemeints of X are zero, in fact, the number of
nongero elements is about twice the linear dimen-
sjon of X,

We are now faced with tinding the eigenvalues
and eigenvectors of a large sparse matrix. Since
we are only interested in the largest eigenvalues
it is appropriate to use an iterative technique. To
find the equilibrium-density distribution straight-
forward iteration of the discretized version of Eq.
(A1) works fairly well, the only complication be-
ing in sorting out ¢, from the other eigenvectors
with eigenvalues of modulus 1. Our pictures of ¢,
used this method.

The eigenvalue (and associated eigenvector)
problem is more complicated. We used a version
of the Lanczos method. See, for example, Wilkin-
son’ for a complete description. The idea is to
start from an arbitrary left state L, and an ar-
bitrary right state R, and iterate:

KR,=a,R, +b,R,,
LiK=a,L, +s,b;L,. (A2)

At the nth step we have,
KR,=a,R,+b,R, ; +S.0,R,;

L K=a Lo+ 8y bunLny+Beln, - (A3)

The newly generated R, is chosen to be orthogonal
to all previous generated L,; similarly for L. We
choose (L, |R,) =1. This completely determines
the coefficionts ¢, and d,. S,is justa signxl. In
this scheme it is easily seen that a tridiagoual
matrix for K is generated. We typically used a
-80 x 30 matrix. .Actually it is important to use
several sizes say 26-30 and only the stable eigen-
values are relevant. That is, new eigenvalues

are iftroduced at each stage and they typically
change as the matrix sise is increased. The eigen-
vectors can easily be calculuted this way, but we
have not actually Sone that. 'The absalute accuracy
of predicting transitions was of the order of sever-

- - ol pexcest, but the relative securacy. ia such bet-

- tar,  This anables.us to compmie. the scaling of
sigenvalnen noar transitions quite. acoureiely.
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APPENDIX B: ALTERNATIVE PROOF OF LEMMA 3

In this appendix we present an alternative proof
of Lemma 3 that is wvalid for any sumber of dimen-
sions. We start with a proposition that is proved
in Ref. 8. R gtates that under fairly general con-
ditions an operator satisfying Eqs. (2.2) and (3.3)
has a cyelic peripheral spectrum. That is to say
that if there are N eigenvalnes with shsolute value
one, those eigenvalues are all of the Nth roots of
unity. I there is a degeneracy the spectrum must
be divided into classes satisfying the above con-
dition. We will assume that there is no degenera-
¢y. Thus we are given

[ 1 YR A
such that
K¢ ,=w'¢,,
with
W=, (B1)
From Lemma 2 we know that we can choose
¢ fx)=e*19¢y(x), j=1,...,N=1. (B2)
We further choose the phases such that at a par-
ticular point x=a with ¢,(a)+#0,
0{a)=0, j=1,...,N-1. ’ (B3)

We first prove a Lemma: If, for K, satiafying
Eqs. (2.2) and (2.3) there exist #,,...,$y, such
that

Jxts, 00 5y =#,u5) 840
and
Py (%)= do(x),
then
’ fx(x. Do [ |dy= |9, . (BS)

| Pyoof. Taking the absolute valus of Bq. (B4), we
cblain

St M 0fo) ldy> 19,9} B6)

Integrating Rq. (BS) gives the cyclic set of inequal-
Ries : ‘

JTYRIVR WP T

mdhqncm&imupm
hold, which hupliss Eq. (BS); ustcept perhaps on
a ot of mengured 80ro. Thus the Lemma is

© proved.

We now prove the importast theorem which says
that the support of the eigenfunctions consist of
disjoint regions and the phases of each eigenfunc-
tion are constant within those regions.

Theorvem. There exist N nomnegative fenctions
x /=) having disjoint support such that

KXy=Xsa (87
and the x, serve as a basis for expansion of the
eigenfunctions having modulus 1.

Proof. Coustruct

x.-%- [1ee®s... + % l‘;,
x,-% [1+we* s+ Pe®ns... |9,

x,-% 1+ e swlees... |4,

x,.,=3’;-|1+w"'c"x+... 9o

It is trivial to verify from Eqs. (B1) and (B2) that
without the absolute value signs, the X, satisfy Eq.
(B4). From the shove Lemma we see that they
satisfy Eq. (B7). We further note that at x=gq
where 6 (a)=0,

Xola)=¢,+0,

xfa)=0, j§#»0.

(This follows from the fact that the sum of the Nth
roots of unity is zero.) Next construct

Em(Xo# Xg+eoe +Xua),

g,:(x.a-%xv;}x,n..)‘, (B8)

G.'.(L#?}h#oco)'
K;,'w’gl
80 we conclude that
£=Cp,- .
Now st x=a we have
AT ™ ;_-o,n,..l. N1,
Thus
C,-l, j-O,....N»l.

e

i
i
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Taking the absolute value of Eqs. (B8) we obtain ections in the complex plane, the functions x, must
have disjoint support. Finally the construction of
Xo*Xateoe 4 Xua®be” [], S=1se.. N1, &, demonstrate the constancy of their phases (")
Because the cosfficients w’ point in different dir- in the bth region.
IR, H. May, Nature 361, 450 (1976). G.Jones, snd R. J. Donnely, Phys. Lett. 764, 1
M. J. Feigenbaum, J. Stat. Phys. 19, 38 (1078); 21, i1980),
669 (1679), Phys. Lett. 74A, 375 (1979). H. H. Schaefer, Bansch Laltices and Positive Opevators
33, A. Huberman and J. Rudnick, Phys. Rev. Lett. 45, @Springer, Berlin, 1874), see Ssc. (V.4).
i 154 (1980). 1. H. Wilkinson, The Algsbraic Bigenvains Problem
43. Crutohfield snd B, Hubsrman (mnpublished). {Clarendon, Oxford, 1865). i
5. Crutchfield, D. Parmer, N. Packard, R, Shaw, . )
!
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Iterative properties of a one-dimensional guartic map: Critical lines and tricritical behavior
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This paper studics the iterative properties of the two-parametér family of meps x,, , , = 1 + ax? + bx?. These maps
can have cither one or three extrema. Multiple extrema lead to 8 complex region of iterative stability and to new
types of iterative bebavior. In particular, the Feigenbaum critical line (locus of 2° -cycle accumulations) present for
b0 terminates at two tricritical points 7 and 7 with cooedinates (@,b) = (0, — 1.594 90} and ( — 2.81403,
1.40701), respectively. There is aleo a “dual” critical line terminating in two additional tricritical points
T o (—3.189 80, 2.343 71) and T° = (0.955 61, — 1.149 81). Behavior near the tricritical points is controlled by a
new fixed point £ of the fanctional recursion relation f, , () = [1/£, (1]} ®{xf, (1)). This fized point has two relevant
directions and, therefore, behavior near a tricritical point depends on two new universal numbers 5§ = 7.284 69
and 5% = 2.857 13. Crossover and scaling behavior near the tricritical points are explored.

L INTRODUCTION

Rerative properties x.,, = f(x,) of one-dimensjon-
al continuous maps provide what is probably the
simplest examples of nonlinear dissipative dynam-
ical behavior and have attracted considerable at-
tention in recent years.'»* Changing a single con-
trol parameter in such maps may lead from stable
fixed-point behavior via a sequence of bifurcations
to chaotic or quasichaotic behavior. Feigenbaum?®
showed that the limiting form of such bifurcation
sequences exhibited scaling properties character-
ized by universal numbers, in strict analogy to
eritical behavior in statistical mechanics, and in-
deed, that the renormalization-group ideas devel-
oped in the statistical-mechanics context® could be
fruitfully carried over. Such bifurcation sequenhces
are also seen in higher -dimensional modeis’-*-*
and in experiments.” They represent one possible
kind of “transition to chaos.” Feigenbaum’s uni-
versal numbers have, in fact, cropped up in some
higher-dimensional systems.’

The prototypical one-dimensional map is the so~
called logistic map,

fx)=2ax(l -x), 1.1)

which for 0 <A < 4 maps the unit interval [0, 1] onto
itself. Equation (1.1) is equivalent under change of
origin and rescaling to the symmetric quadratic
map,*

fix)=1+axt. (1.2)

In particular, the main bifurcation sequence has its
limit at @,= ~1.40116. There is' a simple sequence
ol 2" cycles for a,<a <} and a corresponding in-
verse-bifurcation sequence of more complicated
2" bands® for -2 sa<a,. The vicinity of the point
a, is characterized by a scaling behavior.® For ex-
ample, the position a, of the superstable 2" cycle
for a>a, and large n varies as

a,-a,=A/0}, 1.3)

where 8, = 4.669 20 is one of Feigenbaum’s univer-
gal “critial exponents” and the nonuniversal ampli-
tude A =9.349, (The actual exponents in statistical
mechanics are really related to Ins,.) Sofar, we
have discussed only the logistic map (1.2). It is
known, however, that the behavior of the logistic
map provides a precise model for a large class'®
of single-peak functions: The ordering of n cycles'!
and the critical behavior®!? are universal; only
the nonuniversal constants a, and A vary from
map to map.

It is the purpose of this paper’® to study the be-
havior of a simple two-parameter class of maps
which includes (1.2), the symmetric quartic maps,

f)=1+axd+bst. (1.4

The distinctive feature of the maps (1.4) is that
for ab< 0 they have three extrema, at

%,=0, x,=2V-a/2, (1.5)
rather than one as (1.2). This multiple-peak or
multiple-valley structure makes possible a pletho~
ra of new, interesting, and complicated iterative
behavior. It is the purpose of this paper to sur-
vey in a partially empirical and certainly nonrig-
orous way some of the new behavior in the context
of the two-parameter family (1.4).

Section II of the paper treats general, noncritical
properties. In the one-extremum regions (ab > 0)
behavior like that of the logistic map is observed,
only the accumulation point a, is drawn out into a
“critical line.” This critical line terminates in
the regions ab <0, where it is “pinched off” at
tricritical points T and 77 by the existence of be-
havior more complicated than a monotonic cas~
cade of 2"-cycle regions. When ob <0, it is quite
possible for two stable cycles (but apparently no
more than two) to coexist. Superstable cycles

2669 © 1981 The American Physicsl Society
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must paes through one of the extrema (1.8). For -

special values of (3,0) a single “doubly stable”
cycle may use two of them. Tricritical points are
associated with s~ * Mmits of doubly stable ¥*
cycles,

We develop a special form of topolagieal conju-
gacy, calied duality. Dual points 2 and 5 have
the same iterative properties. The dual of the
criﬂcallhn!‘fl-mtcﬂthﬂunﬁm
the g,d plane,

We determine the region of the g,b plane over

* which the function (1.4) is fteratively stable, i.e,,

possesses a set of points x of nonzero measure
with bounded itineraries.

sactionmisdevotodtotbcmcmproporm:
of the map (1.4) near the endpoints T and 7° of
the critical line, Feigenbaum® showed that the
points on the critical Line were assoeiated with
a fixed point of a certain functional recursion re-
lation. The tricritical points 7 and 7' are assoct-
ated with a different fixed point of the same func-
tional recursion relation. At this new fixed point
there are two relevant directions and, therefore,
two new universal pumbers.

We discuss the scaling properties of the regions
near the tricritical points and the crossover be-
havior between critical and tricritical regimes.
The fixed points agsociated with 77 are different
from those associated with T7' but related to them
by topological eonjugacy.

1. GENERAL PROPERTIES UNDER ITERATION
OF THE SYMMETRIC QUARTIC MAP

This section describes certain general, noncri-
tical properties of the map (1.4).

A. Proliminarics

The possible shapes of the symmetric quartic
map (1.4) dependd on the relative signs and magni-
tudes of the parameters ¢ and b, as shown in Fig.
1. ‘The curves have one looal extremum in guad-
rants 1 and Il and three in quadrants Il and IV,
The number of intersections of y=gx) with the
straight 1ins y =x may be sero, two, or four. The
regions of ench behavier are indicated in Fig. 1
and the corresponding curves are sketched in Mg.
2

Rinevaries x-xi,x.k),k-,&), ... of an il
paint x under Mersticn (1.4} are of several types.’
We refor t0 as bownfed thuse fttnsraries suck that
[9, [#® 88 mso; Nineraries such that | x, |
a9 n - are wbosivd. The wet of x havieg
bounded Mineraries i& e flevaitve domain ol 1.
Whea Ui iterative dombin of /£ has NouEsro oA -
sure, then f is itevatively steble, otherwise, it
ia iterutively snstable. We wish to explore in the

A

FI3. 1. Four quadeaits of the ¢,b plane, indicating

the number of intersections of y=1+ex?+dx' with y=x.

Dstail shows region near the origin. Note thet there is
2 smal) region of quadrant I where there are two inter-
‘sectioas and an eveif émaller region of quadrant IV
where there are four. Corresponding curves are
sketched in'Fig. 2. .

_remainder of thig section the character and extent
.of the jterative domain of the map (1.4) for various

values of the parameters g and b.

We distinguish the following types of bounded
itineraries: (a) fixed poiuts and cthexr » cycles,
(b) dtineraries which, a8 s, approach (are at-
Wtedrby)u!mdpohtorm.cnh.m(c)

other bounded itineraries, which we call chaotic.™
Tuddncyclnmemtomudnh-
Hous of

£=f™(x), ' ' @.1)

where we have denoted 7{*) u fefofe:++ of and
fegix)uf(gix)). This set in comntable and, there-
fore, contributes in and of itsell zero measure to
the iterative domain of . The n cyele x,,x,,...,
Xy 1%, B 5, 18 siadle, i{ a finite region of nearby
xsllmnmdtou, otherwise, it is unstable.

\J{/W W\fb/

A" e’

F1G. 2, Shwiched shapée of e curve yul +ax?edat
in the various regions of the a,b plade shown in Fig. 1.
htersections with y=yx are showa.
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In particular, it is stable (unstable) »
|—f"'a)

<1{1). 2.2)

"".f(.)&x =0, : @.3)

the x cycle is supersiable.'® A function f is itera-
tively stable ¥ and only if it has on®.or more
stable » cycles and/or a domain of x’s of nonsero
measure with chaotic itineraries. .

When f is iteratively stable, we shall wish to
distinguish the number of different types of
(bounded) limiting behavior occurring in the
iterative domain of f. K all x’s except for a set
of measure zero have the same limiting behavior
(e.g., if all are attracted to a single stable » cycle
or if all have chaotic itineraries using the same
domain), them f is smimodal®®; if two distinct types
of limiting behavior occur with nonzero measure,
then f is bimodal, and so forth.

B. Topological conjugacy duality

It is useful before proceeding further to establish

two important symmetry properties. Let k be an
arbitrary locally invertible map and define

gnhefeh, © {2.4)

sof=hogok™. Maps f and g related by (2.4) are
called fopolog/~elly conjugale 't Rineraries of
f and g are raiated to one another in & simple one-
to-one manne:’; any bounded (usbounded) itinerary
of f maps into a bounded {ambounded) itinerary of
£ and conversely. llapguitoraﬁulymbleit
and only if f 1s. Similarly, » cycles map to » cy-
cles, chaotic itineraries to chaotic mneru'iu,
ote.
ngmruhthomumlfmsdmtopolog
lea.uyemtempcfndgmnboqumm«-
ont. Two instances when this is notloarotrm-
lations,

Mg, xax-a, A, s)exra, @5
and scale changes,
A @,x)nax, h;'le,x)=x/a, (2.6)

ma-mmnnmmmhhmm
degree polyiomials. For example, the generdl
symmetric quartic polynomisl (C 40)

Pix)=C +Ax*+Bx* @.7

fs topologieally conjugats under scale change to
tll'?.ﬂu. sormalised form (1.4), with a=AC,
' 1) a

188 C) oo, (0), @.9)

since

Fx)=C [1 +AC (-Z.—)a +BC’(€: )‘] » (2.9)

There is a special form of topological conjugacy
which is exceedingly valuable in studying the itera-
tive properties of the quartic map (1.4). Note that

fo=1-5es(F e ) sateon, @10
with

2
G,(x)=1 -%3 +bxt

and
G,(x) -— +x°, (2.11)

Because G, G;=G;'* (G;+G,) * G, f is topologi-
cally conjugate to the map G, -G, and, therefore,
through (2.8) to the normalized map

5 (%)

(2.12)
‘The mapf is called the dual of f and has the form
Fl)=1+ax*+bxt,
with
= (4 - g% 8ab + (40 ~a?)] /3202,
b =[8abd + (45 —a®)?1¥(80)".

Duality is reciprocal, (f)=f. All of the topologi-
cal correspondences mentioned after (2.4) hold
betwunfanditndual l‘ormmple if £ has an
n cycie using the point x, then f has a correspond-
ing n cycle using the point

F=hd)oG, ) = (-—- +x ) 4. @.14)

F=h'@d)0G,0G0hs(d), d

(2.13)

In particular, it follows from (Z.14) that, if f has
nucyehuliwam«tromm(x;m/:m
ab<0), then the corresponding » cycle of f uses
the central extremum (3, =0) and, conversely,"’
if the n cycie of f uges the central extremum x,=0,
then that of f uses one of the side extrema (%,
=2 (~3/2B)/).

The duality relations (2.13) will be useful in
Secs. 11C and IID below. The points on the curve

8ad + (40 ~a")t=0 (2.15)

are all the dual to the origin, Remaining a axis
points (b =0, a +0) map to infinity under duality,
mnmbmpdm(csummto
the parabols b =g 2/4. In addition, there is & line
of sel-duality, &,5)=(s,5), which ean be parmet-
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= =0

FIG. 3. Mapping of special lines under duality (2.13).
The origin maps to the line (2.15). The d axis maps to
the parabola b =a?/4. Both the self-dual line and the
inverse origin have brasshes in quadrant IV, as shown
in the defail.

rized as

a=2c*(1+¢), db=c’(1+c), (2.16)
corresponding to

J=hz'(l+c)ogVohy(1 +c), C@am
with

gl)=1+cx,

These special lines are shown in Fig. 3. The
mapping under duality of some sampie regions of
the g,b plane is shown in Fig. 4. Notice that re-
glons A and C of Fig. 4 are adjacent, while their
duals A and C meet only at the origin. A similar

o AT e e,
L ad

conflguus sitosd e I-O.lli*ﬁt:-.

AR 5o ubier BNy,

remark applies fo D and & and their duals J and
E. This occurs because the origin is the dual
image of the entire line (3.15).

The iterative behavior of f is completely known
along the sel-dual line, since g(x) in (2.17) is the
well-studied® quadratic map (1.2). The map f is
Reratively stable for all -2 <¢ <} and otherwise
unstable. At ¢ values for which g has a stable 2x
cyels, x,,%5 .., %3, f bas two stable » cycles
XgpXgpo o “'x.,-l.,.a-, Iﬂu, w. u’
modal. At ¢ values for which g has a stable
(3n +1)-cycle, f has a stable (3 +1) cyele and
is unimodal. The main bifurcation sequence of
g ends at* ¢ = ~1.40118. .., which transiates into
(a,b)=(~1.67513, 0.17758). : .

C mmumm-m—
(Bef, 15)

Ris dx-alghﬂmdho solve the g~cycle condi-
tion (3.1) numerically and then to check stability
(2.3). The condition (2.3) for a superstable n eycle
requires that one or more of the points x,,x,,. ..,
x, of the cycle be an extremum of f. The central
extremum x, 0 may always appear; however, at
most one of the two side extrema esn appear in
any given cycle, since the evenness of f guaran-
mmmxm.rindxg*mhko)
colncide after one step. Thus, each superstable
eycle can be classified +, —, 0, O+, or 0=, ac-
eotdlwuitunlﬂnindiuum The
hﬂm“pldmohneych.(aaﬂnuhm
both the ceniral extremum and one side esitremum
and are, therefore, dowbly stable. Doubly stable
cycles are, indeed, particularly stable. When
(1.4) has more than one extremum, all are quad-
ratic. Thas, if x is a member of a doubly stable
chh

Fix+8x)=x+0(0x"), n=4 @.18)

de-lmmm ctycle). The
argument following (3.14) shows that the dunl of 2
doubly stable cycle is also doubly stable, provided
only that the dual points %, and %, are distinct. The
exceptional case, &,*%,=0, occurs only for d=0,
i.e., for

Fx)=14+bx¢, (2.19)

in which cage £ has a single quartic extremum.

Any cycle which uses this quartic eictremum sat-
Molﬂl‘)ll"ﬂlaholnelﬂdmmw
Suppose that for a particular s¥t of parameters
@.,0¢ f bas a doubly stable aycle. I is clear that
itineraries belonging to all points x sulficiestly
closs to gny of the exirema s, x, re sitracted
to such a eyele. nm«ntonplrhdbhu
Sec. IID) that f is always wnimodal. if f 18 doubly
stable for (a,,d,), then f is waimodal for (s;8) In

o T

P

L AR

o Wiraasin )

 Eagzepanridl

i 4y ety

AOPARIN AR 5 P b g i mdpet®a 1




% ITERATIVE PROPERTIES OF A ONE-DIMENSIONAL QUARTIC... %73

some nc  orhood of (a,, b,). Douhly stable points
will play an important role in the tricritical be-
havior which terminates the Feigenbaum critical
line.

We illustrate some of these notations by simple
examples. Regions of stable and superstable fixed
points (1 cycles) are dispiayed in Figs. 5 and 6.
Since £(0)=1 by our choice of normalization (1.4),
superstable fixed points esn only occur for (a,b)
values such that

%(a,b)nx,=f(x,) or x.(a,b)mx.=f(x), (2.20)

and the various branches of the curve in Fig. §
have been labeled accordingly. The condition
(2.20) reduces to (3.15). This is not an accident:
Had we chosen the more general normalization
(2.7), the condition for a superstable fixed point
associated with the central peak would have been
C =0, which via (2.8) is topologically conjugate to
a=b=0. The discussion following (2.14) then shows
that the x, superstable fixed points must occur for
(a,b) dual to (0,0).

The regions of fixed-point stability shown in
Figs. 5 and 6 contain the superstable line and are
bounded [ see (2.2)] by curves determined from

xl“tb) =% =f{x,),
with ' (2.21)

’ -i =x1.
f “l) d’ — *1
Over most of the 1-cycle region, f has only one
stable fixed point'®; however, there is a narrow
region visible in Fig. 6 in which there are two in-
dependent stable fixed points. A typical example
of this behavior is shown in Fig. 7: The domains
of attraction of the two stable fixed polnts are dis-
joint and, between them, exhaust the iterative do-

T3 43
SPERSTALE FINED POWITS

10, 8. Looi of stable and superstable fized pofnts in
the 2,) plane. The superstsble lotus coincides with the
Mnmdn $ and its branches have boen
labelad x, or x.-aotoirding 0 the assceisted extremum,
The srues-hatehed) region of fined-point stability ta-
olude the superstadle lovus. The upper edge of the
stable region corresponds to the tangensy conditions
plotied in ig. 1.

i 1 Il 4
-08 -04 o 04 o8

FIG. 6. Detail of the stable fixed-point region shown
in Fig. 5. In the very narrow region of intersection of
the two branches of stability the function f(x) bas two
independent stable fixed points.

main of f (except, of course, for a set of measure
zero, the unstable fixed points). The map f is,
therefore, bimodal.

The superstable 2 cycles are shown in Fig. 8.
The x, superstable 2 cycle satisfies

O=xo=fD(x) =f(0)=1+a+bd. (2.22)

The x, superstable 2 cycles can be found in analogy
with (2.20); however, it is much easier to invoke
duality and simply compute the dual of (2.22).
Intersections of superstable n cycle curves (e.g..
Fig. 8) require comment. The set of curves be-
longing to a single extremum cannot intersect ex-
cept at the origin, Siniilarly, curves belonging to
x, cannot intersect those belonging to x., since x,
and x_have the same itinerary after one step. x,
curves can intersect x, curves, as illustrated by
Fig, 8. These intersections are of two quite dif-

|n e —— n|B

FIG. 7. Iterstive plot of the function f(x)»1~ 0.75x?
+0.03x%. Thia function has two stable fixed points at
%4 = 0.670 and x3=~3.662. The iterative domaln of f is
|x] €5.475. The domains of attraction of x4, and x5 are
indicated below the graph. They exhaust the iterative
domaja of f (gxoept for & set of measure rero) and inter-
1ace with each other as shown.
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FIG. 8. Superstable 2 oycles. The ocentral-extremum
(x¢) curve is just the line ¢ +3 +1=0, Each hranch is
1abeled according to the peak from which its stability
derives. 'lbpohtAndthAmMnhbh
COther interseotions are nondynamical.

ferent types. At the intersection point there may
be two independent superstable cycles, each with
its own domain of atiraction. At guch polits f is
bimodal and the curves are dynamically indepen-
dent. Alternatively, there may be a single doubly
stable cycle at the intersection point. In this case
f is unimodal and the curves are dynamicaily
coupled. In Fig. 8 ouly the intersection A and its
dual lmageA are dynamical. The remaln!nz in- .
tersections are nondynamical.

Figure 9 shows the regions of stable 2-cycle
behavior. Note the bimodal regis 48 surrounding
the nondynamical intersections or Fig. 8. The
region of 1-cycle stability shown in Fig. 5 nests
snugly against the region of 2-cycle stability, as
shown in Fig. 10. In particular, following the

}
110. 9. Regions of stable 3-cyole bebavior in the ¢ ,b
plane.

FIG. 10. Nesting regions of 1- and 2-oycle stability.
Where such bifurcations proceed to campletion, they
end in a Feigovbgum oritical line. The main critical
line 7T and its dasl 7% are shown. The normal bifur-
cation sequence does not oocur beyond these tricritical
points.

negative g axis away from the origin, one sees
the beginning of the main bifurcation sequence of
the quadratic map (1.2). Such sequencing is also
seen in other regions of Fig. 10. Whenever such
bifurcations run to completion, they terminate

" in a Feigenbaum critical point. Regions of nesting

therefore indicate a Feigenbaum critical line.
Note, however, that the complicated topology of
the 2-cycle regions already requires that the cri-
tical line be broken into segments. We have cal-
culsted the pogition of the main'® critical lines.
They are included for convenience in Fig. 10 and
will be discussed in Sec. IIL

Figures 11 and 12 show locl of superstable 4
cycles and 3 cycles. Dynamical intersections
(which will play a role in Sec. III) are indicated.
The general picture which emerges for the central-
extremum (x,) curves is one or more diagonal
lines running across the (z,5) plane from upper
left to lower right and intersecting the nega'ive a
axis at the known values for the simple quadratic
map (1.3) and in the standard sequence.”® (Note
that there are two such 4 cycles, one associated
with bifurcation of the 2 cycle and the other in the
region of inverse bifurcations on the far side of
the critical line.) In addition, there are a large
number of “fingers” in quadrants I and IV, some
very narrow. These poke in towards the origin,
cross no axes, and go off to infinity, apparently
along the linead =0, ¢ +3=0, a+d +1=0, and
a+b+3=0, The x, ourves are chiained from the
central-sxtremum curves by duality (3.13). Wher-
over &n x, curve crosses (3.15) (sse Fig. 3), the
corresponding dual pusses through the origin,
creating the loops visible in quadrant IV,

- —
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FIG. 11. Superstable 4 cyoles. The 4 cycles necessary
for the bifurcation sequences leading to TT" and 7
{Fig. 10) is present. Much additional structure is also
present. Several of the 4-oycle lines are too narrowly
spaced to be resolvable on this graph.

D. Iterative stability

We now return to the question posed in Sec. IIA
of determining the region of the (2,d) plane over
which the function (1.4) is iteratively stable. '~
principle, this is just the union over s of t# e -
gions of stability (see, e.g., Figs. 6and 9, - all
» cycles plus, in addition, those regions where
/ bas no stable » cycles but is iteratively stable
by virtue of chaotic itineraries.

-2

) A i
-6 -4 -2 ] 2
715, 12, Swperstable 3 oyeles. 3 aycles oocur in the
rogien bayond the maia bifurostion sequence leading to
7T asd M¢. Ctharwise, 3-oycls structure is hroadly
similar b9 2~ sad 4-cyole strwstares. Seversl of the
S=oycle Linss are 00 narrowly speced to be resoivable
on this gragh.

FIG. 13. Nlustration of the box construction. A big
box and two posatble small boxes are shown. If the
function remains inside any one (or more) of the Loxes
over the appropriate domain, then it is guaranteed to
be iteratively stable.

Maps of the types I, and II, (see Figs, 1 and 2),
for which there are no solutions of x=f(x), have
unbounded itineraries for all x. Their iterative
domain is the empty set and they are iteratively
unstable. At the boundary between (I,+II,) and
(I,+1L), y=fix) is tangent to y =x, which is just
the condition (2.21) giving the upper edge of the
stable 1-cycle region. Just beyond this boundary
in (I, +IL) there are two fixed points, x.,, (see Fig.
2) and xp,, With f'(x,,)>1 and f'(x)<1. ¥
I () > -1 (a8 is true throughout L), then any
X with | x| < xp,, flows to x,,, and any x with |x|
>Xnex has an unbounded itinerary, so f is itera-~
tively stable and unimodal.

In other regions of the (a,b) plane the situation
is more complicated and we must develop a meth-
odology for establishing iterative stability. Figure
13 illustrates one such criterion, which we call
the box construction. Let X, =Xm. @,0) denote
the solution of x =f(x) of largest absolute value.
Suppose

Ixma\‘;'f(x)lv |x|<|x....\|. {2.23)

We refer to this as the “big-box” condition. It is
easy to see that points with | x| <|xm.] have
bounded itineraries, while those with | x |> | xpa.|
have unhounded itineraries. Similar “small-box”
constructions can be done separately for centeral
and gide extrema, as suggested in Fig. 13. I any
or ali of the extrema of f are boxable in the above
sense, then f is iteratively stable. For example,
in quadrant III, where f hos a single peak at =0,
the box condition (2.23) requires

| 2mal 2000)=1, 3.29)
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so the boundary of guaranteed stability is the line
=12 K= flxman) (1) =1 +a +b ,

and (2.24) is equivalent to
a+b» <2, (2.25)

When two peaks are independently (small-) box~
able, then f is at least bimodal. Systematic ap-
plication of the box conditions to all peaks and
over the whole (a,b) plane leads to a region § of
guaranteed iterative stability, pictured in Fig. 14,
This rather complicated figure goes into itself
under duality.

Failure of the box conditions may or may not
imply iterative instability. For example, com-
parison of Figs. 9 and 14 already shows that the
region of stable 2 cycles extends beyond the bound-
ary of guaranteed stability into regions B, and D,
of quadrants II and 1V, respectively. We develop
this situation in more detail. The map (1.4) is
infinitely diffsrentiable and it is easy Lo verify
that itz Schwartzian derivative

7% _E(L"kl)‘
Sfix)= 70 "3\ S (2.26)
is everywhere negative. In quadrant III, where f
is single peaked, it satisfies the hypotheges of a
theorem due to Singer,*** which concludes that
any stable x cycle attracts the peak. Thus, when
(2.28) is satistied (i.e., when the peak itinerary is
bourded), f has at most a single stable » cycle,
while, when (2.25) fails (i.e., when the peak itin-

FIG. 14. Terstive stability vis the box oosstraction.
The cruse-lnished regica 3 is guaranived stable. The
regions U and their dadls § sxe guaraateed wtable,
Subility of the regions D and their duals D cenaot be
detided by the simple box construdtion.

erary is unbounded), f has no stable » cycles. In
the former case f is iteratively stable and uni-
modal.® In the latter case f is iteratively un-
stable.* Thus, the region a+5< ~2 of quadrant
11 and its dual image in quadrant II are iteratively
unstable.

In quadrants II and IV, f has three extrema and
does not satisfy the hypotheses of Singer’s theo-
rem. We have proceeded empirically. The result
of our study may be summarized in a form that
applies over the entire (a,5) plane by the following
three statements.

(1) When all extrema have unbounded itineraries,
then f is iteratively unstable.

(2) When x,=0 has a bounded itinerary and x,
have an unbounded itinerary or vice versa, then
f is iteratively stable and unimodal.

(3) When bath x, and x, have bounded itineraries,
then f is iteratively stable, X the two itineraries

e~

are asymptotically distinct, then 7 is bimodal; if ,

they are asymptotically convergent, then f is uni-
modal.

H all extrema lie outside the big box of Fig. 13,
then statement (1) applies and 1 is iteratively un-
stable. Such regions have been indicated U (un-
stable) in Fig. 14. K all extrema lie inside the
big bax of Fig, 13, then statement (3) applies and
f is iteratively stable, I the central extremum
lies outside the big box and the x, extrema lie
inside or vice versa, then there are two possibili-
{ies: If an inside extremum is small-boxable,
then f is stable and unimodal [ statement (2)], if
not, then the situation remains in doubt. These
doubtful regions are denoted D in Fig. 14. We
investigated them numerically by the following
method: We fix (a,b) ~nd follow the itinerary of
the “inside” extremum for 32 steps. I the itin-
erary ever reaches the region | x| > | x.ma, ),
then it is unbounded and f is iteratively unstable.
If the itinerary remains within the range ~ | x .|

< <] %ml, then we declare it bounded (for prac-
tical purposes) and f is iteratively stable and
unimodal, In practice, the distinction is sharp.
Figure 15 shows the results of a scan in (g,5) in
region D, at a grid interval of 0.015. Similar
structure occurs in the other D regions. What
appears is a complex set of spines or spicules
radiating outward from the known-stable region

S. The majar spicules are readily identifiable
with low-n regions of n~cycle stability, which we
bave seen in Figa, 9, 13, and 13, Many other {
epicules certainly sxist in these regions, however, ;
they becomis rapidly more narrow as s increases
and siip between the megk of vur grid sean. Well-
defined regions of entirely unstable behavior are
also suggested by Fig. 15. The boundary between

g g o
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FIG. 15. Iterative stability in the doubtful region D,
of Fig. 14, Reglons S and U, are guaranteed stable and
unstable, respectively, by the box construction. Points
shown were determined iteratively stable by s 200 X200
scan, as described in the text. The major spicules are
readily identifiable with lown (2=2,3) n cycles, as
indicated. :

stable and unstable regions appears to be very
irregular and may have some fractal character.
All the above considerations could be further re-
fined by studying box constructions for the func-
tions £(* for x> 1.

IH. CRITICAL AND TRICRITICAL BEHAVIOR

A. The Feigenbaum critical line and its dual

The nesting 1- and 2-cycle regions shown in
Fig. 10 are the first stages of a standard bifurca-
tion cascade, 1,2,4,8,... . When this cascade
proceeds smoothly to completion, it terminates
at a locus of accumulation points, which we shall
call a critical line.* We already know two points
on the critical line: (z,b)=(-1.40116,0) on the
negative-g (logistic) axis and the intersection of
the critical line and the self-dual line given at
the end of Sec. [IB. There is no difficulty in find-
fng the rest of the critical line sumerically. The
most efficient method is sitmply to plot the appro-
priate loci of central-peak supexrstable 4 cycles
(Fig. 11), 8 cycles, etc., which rapidly converge
to the Feigenbaum eritical line 77, a,=a,()

[or 3,5,()], shown in Fig. 10. Approaching this
line from the upper right always leads through the
standard cascade; contimuing beyond to the lower
left reveals the usual segquence of inveree-bifurea-
tion bands. Asymptotically close to the critical
line the position of the superstable 2 cycles (or
any other reference feature oné cares to choose)
varies[c.t. (1.9)] as

a,®)=a,0)+A0) /8%
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or
b,@)=b,@)+C)/5}, s.1)
where the critical amplitudes A (p) or C(a) vary

smoothly along the critical line but 3, is universal.

The new feature here is the fact that the critical
line terminates at the special points

T=(0, -1.58490), 7’ =(-2.81408, 1.40701),
(3.2)

which we shall refer to as fricritical points in
analogy to the theory of thermodynamic phase
trangitions.’® The mechanism for the termina-
tion is the existence of new n-cycle structures
which pinch off the orderly sequencing character-
istic of the critical line, A variety of interrelated
atructures exist, which we shall study in more de-
tail in Sec. IIC. For the moment we mention
three such structures: (i) A tricritical point is the
limit of a sequence of doubly stable 2*-cycle
points. For example, the points T and 7' are the
limit of the dynamically coupled points listed in
Table 1, the first two of which are visible in Figs.
8 and 11. (ii) A tricritical point ig the limit of a
sequence of dynamically independent 2*-cycle in-
tersections (the first few are also visible in Figs.
8 and 11). As a congequence of (i) and (i1) any
neighborhood of a tricritical point contains an in-
finite sequence of interlaced unimodal regions (as-
sociated with the doubly stable points) and bimodal
regions (associated with the dynamically indepen-
dent intersections). (iii) Finally, a trieritical
point is aiso characteriged as a point at which the
critical line is pinched off by a sequence of nar-
row fingers (see the end of Sec. IIC) of high-order
out-of-order 2" cycles. Such a finger is aiready
visible in the 4 cycles (Fig. 8) in quadrant IV,
where it is still well away from 7 [the tinger tip
only reaches (0.80, —1.25); however, the corre-
sponding 32-cycle finger reaches {0.03, ~1.62)
and higher-order cycles close in rapidly].

Thanks to Feigenbaum® we know that the eritical

TABLE 1. Sequences of doubly stable £"-cycle points
(a.d) converging to the tricritical pointa T and T', which
tetminate the Feigenbaum critical line. The corre-
sponding points for 7 and 7 may be obtained by using
the duality um&m.

Cycle T r
2 N. "” ‘-’u ”
4 9, ~1.3089%) {=8.008 16, 1.54851)
.8 ®, ~1.50888) (~2.796 78, 1.30788)
a6 0, 140310 (=3.811 80, 1.40878)
g ©, 140400 (=3.813 00, 140804)
- ®, ~15M90) (=3,81408, 148%01)
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line is associated with a fixed point of the function-
al recursion relation,

Fanl)= s £ D,

f(l

ie.,
Fan=h5 () of Doke(f, (1)), (3.9

The factor f,(1) in (3.3) is chosen to preserve
normalization, f,,,(0)=1 provided £,(0)=1. At
any fixed point of (3.3) (and, as we shall see,
there are many),

Fr=hg(a)o f4P ozl (a), (3.9
with
a=1/f*1), ' (3.5)

i.e., r* is topologically conjugate to f ¥? under
rescaling by magnification factor a. The mapping
(3.4) takes a function f,=f*+8f near f* into an-
other function f,,,=f*+8f' near f*, with

of’ = 8(6f) +0(8r ", (3.6)
where £ is linear. The eigenvalues A and eigen-
vectors ¢, of £ satialy

Lle)=A e, (8.7

and provide a convenient basis for describing the
region of function space near f*, For example,
if .

of =) auen (.8
for some set of coefficients g, then
qf'-za,,A.z_ . (3.9)

The fixed point (3.4) of (3.3) associated with the
Feigenbaum critical line has the Iormf

72 =14t M xte o0, ' (3.10)
with
) =-1.5378, c=0.1048,...,
and :
a,=2.50291. (s.11)

There is only one “relevant™™ eigenvalue A, %5,
=4,60930, All other eigenvalnes are “irrelevast,”
|ALl <1 torm >1, so the corresponding perturba-
tions (3.8) shrink under iteration. The fixed point
£ # therelore has an inflowing critical kyperswrface
of codimension ene. The Peigenbamm critieal line
s the interdection of this critical kypersurince
with the g,8 plans. Any fanctitn 7, on the Poigen-
bamae critionl los (but ditihulig e endpoliits T
and 7°) flows %0 7§ wader Sterstion (3.3). [Nearby

functions flow near to f¥, through the linear region
(3.8), (3.9), and then (3.1) follows.] In particular,
if f,(x)=fix), then iteration under (3.3) gives

Fa=h (0N« 12 - Rg (£ (0D, (3.12)
with

nel

FE7(0) = 11 ). (3.13)
80, if f, is on the Feigenbaum critical line, then
um (f,),=f#. (s.14)

Equation (3.14) is, in fact, a convenient way of
finding the fixed-point function f#. In addition,
putting x=1 in (3.14) and using (3.12) and the de-~
finition (3.5) of the magnification factor, we find

ap=Hm[ M) F 0], (8.15)

which is numerically convenient.

The dual of the Feigenbaum critical line 77’ is
another critical line 77*, shown in Fig. 10. End-
points of this dual line are tricritical points lo-
cated dual to (3.2),

F=(~3,18080, 2.54371),
i = (0.95561, ~1.14981),

The dual critical line passes through (0, 0) be-
cause 77" crosses (2.15) and through infinity be-
cause TT' crosses the g axis. The critical lines
T7' and T interseet at the self-dual line; how-
ever, they are dynamically independent: Feigen-
baum critical behavior uses the central extremum,
while its dual uses the x, extrema, in accordance
with the discussion after (2.14).. The continuity
of the duality relations (2.13) guarantees that (3.1)
holds in the vicinity of the dual critical line. Does
the dual line lie on the eritical hypersurface of the
fixed point f#? The anewer is no. Indeed, the
iteration procedure (3.3)~(3.4) does not even lead
to & function with Haite coefficients like (3.10).
The rexson is simple enough. The 27 cycles in
the bifurcation behavior of 77 use one of the side
extrema x, instedd of the central extremum. How-
ever, the iteration (3.3) continnally magnities the
function around the origin, pushing the active part
of the function near the x, extrema off to infinity,
To achieve a finite fixed point, it would be neces-
mary to transiste the active puak to the origina be-

(3.10)

-fore applying (3.9), (3.18), and (5.14). The infinite
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negative-b axis. Locating 7' would appear to re- a o= Um{ 7" 0) /72" 0)] . (8.29)
[ agd

quire a two-dimensional search. Lackily, this is
not 80, as we now explain. For each > 1 there
are several doubly stable points in quadrant II
(see Sec. IIID). Each such cycle uses the extrema
x, and x,; however, the different doubly stable
points use them in different orders. The sequence
of doubly stable 2" cycles which converges to T’
turns out to use the two extrema in the order x,,
%43+ . - Normalization reguires fix,)=f(0)=1
=x.@,b), 80 a=~3, as exstaplified in Table L
Thus, the doubly stable points leading to 77 all
lie on the line

flx)=1-2cx"+ex* (3.17)

and can be found by a one-dimensional search,

We turn now to tricritical behavior and start
with an analysis of the point 7. Functions on the
b axis have the form

Flx)=1+bx* (3.18)

and are iteratively stable and unimodal for -2 <
< 4&. The iterative behavior of such fumctions as
b travels down the nogative-) axis is entirely sim-
ilar to that of the functions (1.2): There is a main
bifurcation sequence (the begimnings of which we
have aiready seen in Pigs. 10 and 11 and Table 1),
which has its limit at b, = ~1.504901 3862385. . . .
For -2<b <D, there is a corresponding sequence
of inverse-bifurcation bands, The vieinity of
is characterized by scaling behavior. For exam-
ple, the positions b, dmwumz'um-
for b>b, and large 5 vary as

b, ~bp=B/(Or, (3.19)

with 3{}1=7.284 69 and B=4.888, in precise paral-
lolism to (1.3). The sumber 5§} differs from §,
becauss (3.18) has-a quartic rather than quadratic
mlm\m'buuotbrwmqtnunhthm
sense. The amplitude B is nonaniversal.

The origin of the scaling behavior (3.10) is the
existence of a new fixed polut of (3.9}, vﬁehn
denote [cf. (3.10)]

rHe) =1 ciPetacfMaaces, . a0
where 1 § satislies (3.4) mwm
ar=1/fH1)= (i_uﬁf’:fcﬁ"_‘f o *7“ (821)

There are several ways of finding the tricritical
fimed-point function.” Que of the-simplest ways
follows the logle of (3.13)=(3.15): whes b=by,

fi) =7 (x)nl +bua’. Thea :

fa= tmify), e O e
[ adod -

aad CUE AT et s N E

Equation (3.22) can be used to find the coefficients
ciD as follows: Let

O =fEN0+CPx%4 -+, (3.24)
then it is easy to develop the recursion relation,
cirv =l rinoie. (3.25)

However, C{¥=b,, so

[ ]
oo =t Jf Lrpon,

and inclusion of the additional factors in (3.12)
yields

[
c{"= lm o)y” q[ﬂ"«m’. (3.26)

Derivation of similar expressions for higher-order
coefficients is straightforward. We find from
(3.29)

ap,>~1.6003... . (3.27)

Results for C{2 are given in Table IL
Perturbation about the fixed point (3.20) deter-

mines scaling behavior, as outlined in S8ec. I A.
There are two types of perturbations, 8f=3r%’
.,,5’(0) with

f“) =q X +¢.,‘+ vee (3.28)
s ,

5f"’=¢,x’+a.:‘+ see, : (3.29)

mtviuponnx‘mmoroddb. regpec-
tively. Because f3is a pelynomial in x*, the
mrwondum«vwmm;wodd
component, m,hmmdoj-(‘{{.ﬁ.
have Ny

(o) -so

.(o * .,(q))
Qf(')
-ruun mu fized-point

o
mgfgm-lﬂhdﬂq‘«&"q%_ v+ o Thess ooel-
fistents were cbisined via (3.96) and ita Migher-ordar as-

‘ nlm muhmnlo (321) 1o well satlsfied,

APeo1a 11
4Pe sousny -
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Although 3£’ couples te both &' and 3f'¢*),
8f® couples only to &'‘*). The redueibility of
(67) into a semiblock form implies that the eigen-
value problems (3.7) for the even and odd pertur-
bations do not mix and may be congidered inde-
pendently. Both even and odd subspaces have, of
course, an infinite number of sigenvalnes and
eigenvectors; however, in each case only one
eigenvalue is relevant (A | >1) and the rest are
irrelevant (JA |<1). The largest even eigenvalue
controls flows in the b (x*) direction near tricriti-
cality and is just the universal number 55" intro-
duced in (3.19) and determined numerically from ,

Fan®)=f $x) +0f' (x)

supersisble 2%-~cycle spacings. Finding it and the
other even eigenvalwes by solving (3.7) with (3.28)
is feasible but uninteresting. The largest odd
eigenvalues we denote 31, We shall show below
that 3P 1s simply related to the magnification
factor

3P =a}=2,85718, (3.30)

and that the irrelevant odd eigenvalues are just
the inverse odd powers of (3.30), (8{3) 31, To
see this, take f,=f3+08f and iterate (3.3) once to
get

=F1(13[f FO 1)+ 8f(of ,ONS ¥ (F R oef o () + 7S 36, (AN T +O(5FD) . (3.31)

The first and third terms in the brackets are al-
ways even; only the second term can be odd. As
we mentioned earlier, we only needto work in
the odd & space to obtain the desired eigenvalue.
Thus, to linear order, we have '

Gf(.)'&) =¢”x’+¢'.‘.+ P
=;;—“;f¥’(f!d#1»)6f“’(xfﬂl»- (3.32)
Equation (3.32) has the structure
¢;=2u..({c(ﬂ})¢,, k,1=2,6,10, ... . (3.39)
The eigenvalues of M are the odd efgenvalues of
(3.7). mmmmacf"’u (3.32) 1is
a polynomial in x*, o} canmot depend on g, for

>h, nuuwmmwm
simply M,,. To find M,,, we can set x=0 in the

coefficient of 87(* to get

Mu {3, (3.34)
However, 1} satisties (3.4),

f M*ﬁmf £ 510 (3. 38)

Ditferentinting (3.35) Wik reapuct to x and then
otting 50 leads 0

1=l s g0, - .99
20 fisally, :
M= f HOP=a$®, @.3m

Mmawd&mmm

mm-vmmmd
the fimed poiat 13, kmm
whish tlows 0./ §

|

dimension equal to 2. This hypersurface evident-
ly intersects the a,b plane at T and controls the
scaling behavior there (see Sec. I C). It is by no
means obvious that the trieritical point 77 at the
other ‘end of the Felgenbaum line is also on the
tricritical hypersurface belonging to 3. We have
veritied numerically that it is by observing that
Hm, (fw)=r§{via (3.23), (3.26), etc.]. It fol-
lows Uiat behavior-near 7' is described by the
eigenvalues i), 8{Y, and a,.

We tufn now to the tricritical points terminating
the dual eritical Mne T1*. Duality guarantees that
scaling behavior near 7 and 7 18 described by the
universal numbers 8§ and 0{®. R does not follow,
however, that T and 7 flow to the fized point £ 3
and, indeed, they do not (cf. the situation with the
daal critical line), wwmimmm
(3.32)~(3.26) shows that T and 7 flow to another
teicritieal tixed point, given by

FE =L i, 3.38)
oy
aj=a}. (3.99)

mu(amumdmz«n(zu,wmw)
= /x, Ax)=x?, and #0 f is topologically conju
wuﬂ: memmm
to derive: When applied to polats on the b axis,
hmw«-umnaun)m

R euw, Sddes’, .40)

J o) nf3(x) = GLG N = (A + 3= (7 VEN.
‘ @.a)
Thms, in anniogy with (3.39)

o et
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&"’(0) tarvening iterations. These scaling vaviables are

ag= n."ﬁ(f!,"’"(o)) a unatural get of coordinates near the point 7. They

may he taken to be
7890 \* . o 4, =b~by—atand, u,=a/cosd, (3.46)
—_— ] =q3. 3.
&(f‘,""’(o)) *r G2 tere the alope of the critieal line 15

Similarly, tane=-1.23417, (3.47)
. as ilinstrated in Fig. 16. Cycle structure near 7
f;=ur§(f1).. (3.49) has much regularity, when deacribed in terms of

and substitution of (3.41) leads to (3.38).

C. Trigritically: Crossover and scaling functions

The tricritical fixed-point discussion of the pre-
ceding section sets the stage for an examination of
the structure of » cycles, stc. (the pbage disgram)
near the points 7, 7¢, and their dunls, Risa
wmamn«m(&»u, # f, has an
m cycle, x,,x,,...,%, With even m, then f,,,
has two m/3 cycles, ’(/f-(l); x’/jn(l)’ .s 8nd
%o/fe(1),x/1u(1), ... . Hihe m cycle of fa 18 M-
pexstable, tunbeﬂtmu/zcychsdf“m
superstable (7,,, is at loast Bimodal). ‘X m i’
odd, the f,,, hias an m cycls, xxffau);‘o/fgﬁ)t
::({;(}): ‘an)t Aﬂﬂ !n mm m"

M
hhmm(!l)-ﬂ.t)mum
poink, mmmamxy
concrets form, - Colistder, for wingiple, a fonc-
tiuf,ﬁat‘vyekwlblwf;wm
ammwmm« m-m
has the foen

f.'f”"‘f"
with
ofix) =a,0,(s) +a.0.(x), : (3.44)
¢,(x) and ¢,(x) are the eigenvectors belong-
ot 10,005 At 844 respecitvely. The fierate fouc-
tion {which has two 3% cyeles) is
Tan2l920, |
e (3.485)
- o =0 n ) + 0 ) ,

Le., B hus meNd o mmwm
mugm a4 oven
AP e e

Now, ¢

[nee (Mﬁ and ﬂ.ﬂl

8, and u.. For example, if there is a superstahle
2" cycle at (u,,u,), then there is a superstable
2" cycle at (8P x, 8{¥x,), 2 superstable 2"~ cy-
mu((ﬁ?’)ﬁ”(&")&,], etc. -provided only that
all coordinates remain sms?. snough so the points
mmwwmmr (.e., from

tiwdﬂucromiromcﬂﬁedhehﬁcm
the Peigenbanm Lae to tricritical behavior along
Ahe b axis (region 2 .of the acaling variabies in
Fig. 16); The position u{*)(x,) of the supsrstable

- 2" cycias in this region bas a siniple scaling form,

OPr =stisfry), o (3.48)
muummammswm

" o m; provided o1 and |w, |, ju,}« 1 but for ar-

bitrary valees of the mladcnnblmthn(o,ru.
Equation {3.48) must, of course, incorporate the
known behavior on the b axis aid along the critical
line. On the b axis uy=0, u;»d =b,, mo (3.19)
gives

5.
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5(0)=5. (3.49)

On the other hand, at fixed u, +0 (3.48) must agree
with (3.1) as 4, - 0, 80 at large x F(x)~x" and,
comparing

w~ LR ~C/0, (8.50)

we deduce thai the critical amplitude C(a) vanishes
as a—~0as o', with
(1)
=R o sa37, (3.51)
. T .
which we have verified numerically.

Such scaling considerations are not restricted to
region 3 (Fig. 16). Indeed, the n-cycle structare
in the entire neighborbood of 7 scales in sccor-
dance with the discuesion after (3.47). This point
is illnstrated by Fige. 17-30, whick show the
structure of 3° cycles for n=2, 3, and 4 displayed
in terms of the scaling:combinations (55 P, and
(09" Pu,. The structure displayed should become
fixed a8 n—«. For n=2 some nonscaling feas
tores sre cheervable far from the origin; however,
n=3 and n:=4 are already practicaily indistin-
guishable. Note that at lixed ¥}x, large % probes
small w; thus, Figs. 17-30 illustrite graphically
the ligh-order 2"°-cyecle structures which pinch off
the critical link-at T. A simflar distussion of be-
savigr near T/, T, aud 7 could be made.

D. Other tricsiticat peinte

In this paper we have confined our discussion
to the main Feigenbaum critical line T'T' and its
duml. We note in closing that tricritical strac-
tures exist at many other points in the a,) plane.

%
o™, -
+
I el

o,

FIQ. 18. Superstable 8 cyvies nesr T plotted with
#oaling variibles u{34)’. The point merked by the arrow
is doubly stible. Tiis figure and Fig. 19 coinside ex-

Let us focus on the characterization (S8ec. IIA)
of a tricritical point as the n— « limit of a set of
doubly stable 2"-cycle points. Consider only
quadrant IV. The 2 cycles have a single doubly
stabie point (Fig. 8) at (0,~1). The 4 cycles have
(Fig. 11) two such points, (0,-1.50393) and
(0.81176,-1.23953). The 8 cycles have four such
points, otc. This sequence is ‘ilustrated in Fig.
2} through order n=3. It agpears that, in going
from.n to x +1, each doubly atahle point splits,
forming as x—~ = & whole caseade of tricritical
points. The outer sequence leads to 7 and T,
Others lie between 7 and f*. Each limiting point
has an infinite number of others in its neighbox -
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FIG. 20. Superatable 8 cyoles:associsted with the ex-
troma 5 and x. (x, hss been omitied for simplicity).
Clthorwise, this ia the same as Fig. 18 axcept for the
-larger seale. Note the additional doubly stuble points.

hood. Figures 17-19 show two sets of doubly
-ublnr-eyehpohhmoulumf,monm
%o(»nummmwum L

87 "u,) =(66.4,10.3). PFigure 30, whichisona
la-noru-h shows two additional doshly stable
points, and it seems likely that there are many
more &t larger values of the senling wariadies.
mm—mmhmmm«
suggest that the tricritical potits may foris & Can-
tor set. At er-h level of n, we may label 2 3¢
doubly stable cyele mentioned ahovi a8 right (R)or
left (L) relative to its parent. We cain then spseily
a tricritical point by a sequence of R's and L's.
Conversely, say such & R-L sequence specifies

& trieritical point, For inatance, the tricritical
point T is R"=(R,R,...) and the tricritical point
7 is L=, In Fig. 21, we have also plotted the lo-
cations of two additional tricritical points 7T,
=(0.35031, ~1.7980) and T,=(0.9704, ~1.3767).

In terms of the R-L notstion, T, is RL" and 7, is

ot 'y,

20547 os % o8 i0e
FIG. 21. Doubly stable 3" oycies in the region between
and 7, The points T sad I are marked by crosses.
hmmhnmmzoph.mtoph-.w

8 oyciss, otg. All the x —~= limit points are presumasbly
trioritical.

LR®. We have not at this stage located tue oriti-
cal lines associated with these tricritical points,
nor have we explored the Guestion of what fixed
point they flow to under the iteration (3.3). Pre-
liminary evidence shows other doubly stable points
for, the 8 cycles and above, which may well belong

to additiona] trieritical sequences.
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§. J. Chang, M. Wortls, sud J. Wright, Trioritioal
points sud hifercations in a quartic map @a press).
“For our purposes there is no need to distingnish
between the ergodic and nonperiodic itineraries of Ref.
2.

maps with this property are ealled “most
stable” in Ref. 13. In thig paper, we follow the conven~
tion of Refs. 3 and 5 and vefer them as superstable. A
cyele ia called doubly stable if it is doubly superatsble,
#The term “unimodal” is used in g similnr hut more
restrioted sense in Ref. 2.
1The converse is proved ag follows: If the » eycle of f
uses xy=0, then there oxists a y, such that x,
=G{Gi(vy) Appliostion of (2.14) to y, gives a j; which
18 & side extremum of f.
YA famction f(x) in $he 1-oyols region may be unimadal
or bimodal., As we shall see below, it is quite pos~
lﬂnﬁnlﬂhnmkbwmalﬂbm
oycle (m=w or %' m) of with chsiotic t¥sjestories.
1"There sre-malty olher Peigenhbam orittonl tines in the
‘phispe diagruzk. ‘The “main” criicel linss shown in
Fig. 10 have a complete bifuroation sequence 1,2,4,8,
«ss o The other critioal lines have truncated sequences
2,4,8, ..., 4,8,16, ..., and so forth,
¥Note, for example, that the lower of the two main
diagonal 4-ayals lives-in Wig. 11 crosses the negative
& axis beyond a,. It.correspondis to the “chaotic 4
m”v&hmhhmdunmw

Whmmamucmm :‘n;‘m
w ﬁmmmm »
oven though e chustis vegidhs have fintte meksure
mpqu' 1n Rel, 2; provam by M. Tilkoheon fipoh-
p. sager, SIAM (. Appl. Math,) Rev. 35, 260 (1978).
Tyhea (2.25) is satisfied in quadrant HI, the whole
meastre of the erative donitiln of 7 16 wipaténtly
eshanstest by eithez a single stable » oycle or « single

'mﬂte»,.

region of ohaotic itinsraries. In prinvipls, there are
‘two additionsl possibllities: simultanecus existenoce
of two or more distinot chaotic regioas or cosxistence

. of ong stable & cyole with one or more distinot chaotic

zegions. These poesibilities do not seem to coour in
pivatios; however, to the best of cur inowledge they
have:not been rigorously ruled out, even for the

Again, thare exists the logical possthility that f pos-
seases some Roasero region of chaotic iiseraries. So
far ag we know this does sot coour; however, we are
aware of no rigorous srgumisnt %o exolude it.

s the theory of phase transitions a tricritical point
marks the polat where a lins of second-order transi-
tous (x oritical line) becomes first order. X is char-
scterised by the sppearance of a new fixed polat with
an extra velovant varisble. See R. B, Griffiths, Phys.
Roy. Latt. 34, 716 (1970); K. K. Riedel, ibid. 28, 675
QOTR)i B w-u.:.m id. 29, M9
(973). Let the resder be warned, howaver, that the
paraliel iz imperfect: What happens in the bifuroation
problem heyond the trioritioal polnt is not analogous

" ordtie "mumammmamm
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In this paper we discuss some of the phenomenology of order and chsos in
highly damped dynamical systems, with emphasis on the kinds of informationm
that can be obtained experimentally. Our main concern is with systems having
a low dimensional strange attractor. The particular examples chosen
correspond to an attractor with fractal dimension very close to two. As is
well known from the work of Lorenzl), such systems have important temporal
features that can be described by one dimensional maps. We wish to point out
that there will also be spatial correlations describable by one dimensional
maps. It does not seem to be widely appreciated how much information can be
obtained from such maps, and one of the purposes of this paper is to
1llustrate the kinds of information that can be obtained and to suggest that
certain experiments could be performed to test some of the ideas presented
here.

We will use the Lorenz modell) to illustrate our points, but we have also
done computer experiments on a model with 5 modes to verify that 3 modes was
not special. Our main point will concern spatial correlations in chaotic
behavior implied by the existence of low dimensional attractors. To
demonstrate that it will be necessary first to discuss temvoral correlations
implied by the existence of one dimensional maps.

The Lorens equations are given by:

£ = Y-oex
f =« cxz24+x-¢v

2 =xx ~¢n2

where wa have rescaled the weariables as discussed in ref. 2. The figures are




for ¢ = 02216, ¢ = 10., and B = 8/3 which correspond to r = 1/(¢%0) = 203.64
in Lorens's!) notation. The particular parameters used corresapond to the
chaotic region following the first period doubling regime as ¢ is increased
from zero; however very similar behavior is obtained for the parameters
studied by Lorens.

The time series for the varisble X is shown in Figure 1. Pictures of the
" three dimensional orbits (see refs. 1, 3-4) show that the motion is nearly
confined to a two dimensional surface — although it is infinite sheeted. If
the attractor were in fact two dimioul we could predict everything about
the system from a knowledge of any two variables which designate the position
on this two-dimensional surface. One choice of these two variables could be X
and X. We comstruct our one dimensional maps by conseidering various
quantities at the time when X has an extremum, (i.e. % = 0), although any
other reference point would suffice. (Some choices of reference points give
simpler maps than others.) Examples are given in Figures 2 through 4. Figure
2 1s similar to Lorens'sl) Figure 4 and shows the predictability of the value

of X at its next meximum from the value X = Xy y, at the present maximum. See’

I.orcnz'nl) Pigure 3 for another example, Note that there s a nonuniqueness
that we will discuss later. Figure 3(a) shows the predictability of the time
to the next maximm of X from the present maximum. PFigure 3(b) shows the
predictability of the value of Z at the next maximum of X. Mgure 3(c) shows
the value of Z at the time of the present maximum of X. In all of the
exsmples, the present value of X at its maximum X = Xy\x serves as &
predictor. '

Thus we expect that if the data from a ctngli probe experimsnt gives a

ong dimensional map such ss that shown in figure 2, then a two probe
experimsnt should provide a map suth s that showa in figure ¥e) (or figure
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3(b)). To date no cxperiuﬁtalinu have looked at such msps and we suggest
that they do so. '

One might ask if it is possible to predict at times other than extrems
and the angwer is yes. Figure 4 shows the prediction of Z at a time At = 20
after the maximuam of X. Other values of At give similar curves. It is of
course not possible to take At arbitrarily large. There are two reasons for
this, one of which is that these one diunaionnl maps display what is called
sensitive dependence on initial conditions so that 'lfght differences in Xy,y
are greatly ngntfied at large At giving the map a complicated structure which
is difficult to resolve. The second is that the map is really not one
dimensional, but the lines all are fractal structures, or from the point of
view of an experimentalist they are thick lines. This thickness introduces
slight errors which are then magnified by the sensitive dependence on initial
conditions. |

We now discuss briefly the nonuniqueness.. Typically there will be a
multivalued problem that is easily resolved by a simple rule. In Figure 2 we
have divided the curve into four regién: separated by *. If we are in the
region where we have to select either the curve C or D we do so by the
following rule. Look at the privioun point. If it is was on D or A use C. 1If
it was on C or B use D. The rule is easily obtained by watching the
generation of a sequence of a few points. Ve have looked at a number of
systems and the appropriate rule is usually easy to e;utmct.

Here we have iguored the thicknass of the lines. If wa resolve them, at
the next level each segmant becomes two and our rule becomes wore complicated,
but still tractsble. This labelling can be coatinued to any depth desived,

but 1a practice an experimentalist can only distinguish a few curves. Mote
that the previcus valus 1s not nesied, only sn integer labal. This same label
sezves to label the other curves such as those shown ia Pigures 3-4.




There have been several attempts to discuss the uatilticl"n of systess
of aquations such as the Lorens equations. Although we have .nothing new to
add here, it should be pointed out that the maps we have shown imply that
there are strong temporal correlations of some sort in such systems.
Typically the sutocorrelation function falls off much faster in time than the
memory of the maps. Standand statistical descriptions dom't correctly treat
this feature. Some different type of description is needed which takes into
account the existence of theie nAps.

Finally we turn to the maiu point of this paper —— the possibility of
spatial order in chaos. Suppose one has a system described by partial
differential equations. If the systea is expanded in terms of some complete
set of modes, and _the number of modes truncated, ordinary differential
equations sre obtained. Now if, as we saw above, all of the wode amplitudes
are in fact given in terms of two modes (plus a inbel) at any time, then it
follows that the original field variables are also given in terms of two mode
swplitudes. In fact the value of one field; ssy temperature, at one point at
a time when this field is an extrewun should serve as a predictor for field
variables st the same or different spatial points. To illustrate the ides let
us return to the Lorenz equatiors. The temperature field o(F,t) 1s given in

terms of ¥ and Z and the stremm tunctionvp(f,t) in terms of X.
e(:".t) - ll[v'2 Y(t) sin ¥X4C08 kxl + 2(t) sin '2133)

u(?,t) - le(t) sfa =, sin b:l

where, K;, K;, and Kk are constants and f = “1‘*‘2”5"
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In Figure 5 we show the use of the temperature at one -pat;al point at the
time of a temperature extremum at that point as a predictor for the
temperature at a different spatial point. The points were chosen (st random)
so that the predictor is 0,= .134 Y(t) + .6Z(t) and the predicted temperature
is 02- «5Z(t) - .146Y(t). The temperature at its extremum at one spatial
point also serves as a predictor for the velocity field at any other point.

We suggest that it should be possible to test these ideas by performing
experiments — both real and on the computer. Of course, our examples have
been chosen to show our ideas in the wost favorable light. Real systems may
have a more complicated sheet structure that is hard to untangle — but if one
is convinced there is a rule and if the maps appear fo be one dimensional it
should be possible.

Specifically, choose any two quantities, U(t) and V(t). These eoum be,
for example, the values of some fiqld at two spatially distinct pointl at the
same time. Plot U(t) vs V(t) for those values of time for which U(t) = 0. 1If
this plot shows lines as in Figures 2-5 the dimension of the attractor is near
two. If the plot is scattered a higher dimension is indicated.

In systems with attractors near three dimensions it should be possidble to
nske contour plots of the nl.m of some variasble at one point as a function of
the values at two other points (at the time when one of them is an
extremum). Note here we need the values of three gquantities to prodiei
others. The plots would presest iafermation in the form of Lcuu'll)

Pigure 3 except that there is the alditiomal informetion that snother variadle
hes prescribed valve (i.e. § = 0).

Given & map ouch as figure 2, wa can estimste somsthing absut how large
At (ses figure 4) can be befors temporal information is lost. At present we
o aot know how to make the corrsspoading estimstes for spatial structure.




Experimental information where one probe is held fixed and a second probe is
moved to obtain data at several different spatisl points would be useful.

At this point we would like to mentionm the possibility of using such maps
for design purposes. By changing paramesters slightly it is possible to see
bow the map is changing, and by using a graphical Mewton's method

__ experimentalists could predict the peramsters that give a psrticular desired

behavior, for example a periodic orbit. We have used this scheme successfully
on the lorenz equations to locate periodic crﬂu with particular symmetry

properties.

We conclude that ia cyct@l with low dimensional attractors there should
be highly correlated spatial structures. This could be demonstrated and
investigated by meking maps (or contour plots) similar to those slready used
for displaying temporal correlatioms.

Suppoz:td in part by 6., N00014~-80~C-0840.
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Pigure Captioms
1 Segment of the time series for tha verisble X for the Lorpaz equations for
the paramsters ¢ = .02216, ¢ = 10., 3 = 8/3. ‘ ' ’ ‘
2 Mep showing the value of X st the next maximsm of X (MMX) given the value -
of X at the preseat saximum of X. Segments A,8,C.D asre duwugl in the

text.

3. Maps showing: a) the time to the next maximua of X (MMX) d) the value of Z
st X and c) tuvauotzu:uprmugux;q-o{,x(m e a

] function of X at PMX. |

4, mpohwiuz:tatﬁu-zonttcr!nuafmctlonof!atm.

5. Map showing the temperature,0,, at cne spatisl point as a function of the

temperature, 6;, at snother point, given that 6, is maximsl.
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