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SUMMARY

Modern forecasting and estimation techniques provide not only point esti-
mates of unknown variables, but also associated intervals which reflect the
expected accuracy of those estimates. Often different real world forecasts
produce conflicting estimates and associated intervals of accuracy. This
paper addresses the issue of how to make use of such estimates. It is argued
that to both Classical and Bayesian statisticians the problem is essentially
trivial. However, it is demonstrated that the assumptions required for a
formal Bayesian approach are so sensitive to small changes that the Bayesian
approach has dubious advantages over simple intultion. With the Classical
attitude being unhelpful in practice, it is argued that technigues should be
developed which combine formal Bayesian updating rzrocedures with intuition.
Two possible technigques are explored. The first uses Bayesian updating with
parameterized likelihood functions. With suitable interpretation of the
parameters, decision makers can use their intuition to choose appropriate
parameters. The second technigque allows for a number of alternate likelihood
functions, combined probabilistically according to the decision maker's judg~

ment.
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1.0 INTRODUCTION

The need for the estimation of unknown cuantities occurs daily in an ex-
tremely diverse field of decision making. Decisions from the mundane to
those of national importance rest on assessmer.ts of how the weather will

be tomorrow, how the economy will grow next vear, or how far away is an
enemy target. Assessments about future uncertair quantities are usually
known as deductions or inferences. In either past, present or future, all
are assessments of unknown gquantities. rrecquently these assessments are
just "point" estimates: single values reflectinc the most likely outcome.
Thus, we may hear: "The forecast for tomorrow is for warmer weather," “The
economy is predicted to grow by one percent next vear," or "The target is
estimated to be five hundred yards away." Use o the words forecast,
predict, estimate, show that the quantity given is not precise. More in-
formative assessments also provide a degree of ccafidence or "accuracy” in
the point estimate. This may be a qualitative staterent, such as "the
temperature will be 65 degrees plus or rinus five degrees," or the confidence
may be related to the estimate as in: “plus or rinus ten percent." Even
more useful estimates will have either cuantitative credible intervals or
standard “eviations provided with them, for example: "The temperature will
be 65 degrees with a 95 percent chance ¢f being within plus or minus ten
degrees." Both Bayesian credible intervals and Classical confidence inter-
vals are examples of such intervals. To avoid possible misinterpretation, the

term "accuracy interval" will be used to describe the non-specific case.

Estimates, and associated accuracy intervals may be obtained in a variety

of ways, ranging from direct judgment, intuition or guesswork, to highly
sophisticated and complicated simulatior. models, and extremely carefully
planned and constructed experimental trials. There is no situation where

one and only one estimation procedure can be deered the correct method. 1In
theory, rough and ready procedures should have wide accuracy intervals, and
increasingly accurate procedures should reduce those intervals. If one
approach completely coritains the information useé in another, then the ac-
curacy intervals produced by each ought to overlas considerably. For example,

if one estimate of tomorrow's temperature is taken from a barometer reading
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alone, whereas another uses both this reading, setellite pictures, and other
such data, then although the two approaches may rroduce very different esti-
mates, the way the extra information affects the estimates should be reflected

in the changed accuracy intervals.

In practice, however, it is often the case that several different estimation
techniques are, or could be, uvilized, where the irfcrmation used in one is
not a subset of that used in another. ZIZconomic :iredictions can be obtained
from a variety of models, each with its own set cof assumptions about the way
the economic world turns. For inhe submarine comrarder, a variety of different
technologies are available to provide estimates ¢I target range. Usually,
where alternative techniques are available, it is kncwn that no individual
technique is exact, in that it fits the problem et hand exactly. Economic
models are not exact. Experimental data is rarely directly applicable to

the real world. However, the informaticn obtained from models and experiments
is considered useful enough to make the cost of rodeling or experimentation
worthwhile. Unfortunately, it often happens that different models will not
only produce different point estimates, but also accuracy intervals which

don't even overlap.

The problem to be faced is, how should the conflictiry information from dif-
ferent sources be combined in an overall estimate? As French (1981) has ob-
served, this problem is equivalent to that of the individual who assesses
personal estimates of an unknown quantity in different ways, obtains different
estimates, and has to "reconcile" them, i.e. the reccnciliation of incocherent
judgments (Lindley, Tversky and Brown, 1979). In this paper, we examine ways
in which the problem has been approachei, and sucgest ways in which conflicting

information might be used constructively in estirmation procedures.
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2.0 FORMAL STATISTICAL CONSIDERATIONS

Given that the problem as described is so prevalent in the world, one might

think that it would have received widespraad treatment by statisticians and

people directly concerned with the problem as they are directly affected by

it. This is not the case, though, primarily because toth schools of statis-

tical thought, Classical and Bayesian, are formulated in such a way that for
either school the problem is theoretically trivial (as explained below), and
so unworthy of consideration. Such a stance is not particularly useful for
people who face the problem in the real world, ani whc generally use a variety

of ad hoc techniques to aid their judgment.

2.1 The Classical Statistical Approach

A good critigue of the classical statistical approach can be found in Bunn
(1978), in which he suggests that the attempt to follow the "scientific
method" is the underlying philosophy behind the approach. This method simply
states that the best estimation technique should ne chosen, to the exclusion
of all others, with certain cost considerations. Different methods are com-
pared by how well they may have performed on past data. As a result, dif-
ferent approaches are explicitly developed to periorm well on past data, by
using the past data to develop and estimate parameters in the models. At

one extreme, there is the area of time series analysis, which is developed
using only past data. At the other extreme, sophisticated simulation models
are developed using seemingly natural relationships (e.g., linear) between
understandable parameters, but still the constants in the equations are
developed to fit past data as well as possible. The rroblem then becomes

one of applying Ockam's Razor, for with enough parameters, an arbitrarily good

fit can be obtained.

when it comes to experimentation, combinations of experiments can be consi-
dered. A classical confidence interval for a variable quantity is a range

of acceptable values for that quantity. The process is to assume a hypothetical
value for the gquantity and to assess the probability of obtaining the observed

data, or more “"extreme" data. The hypothesis is rejected if this probability
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is below some arbitrarily stated value (known as the size!. Two problems

can arise when combinations of experiments are ccnsidered. First, it may
not be clear how the experiments should be comzired. IZ the data cannot be

lumped together as if it were one large experimert, it mer be difficult to

assess which data are more "extreme" than others. Second, it may turn out
that with the combined data, no acceptable hvrpothases are available. More
generally, as the experiments provide more inconsicstent czta, the intersec-
tion of the two confidence intervals becomes smaller. This has meant that
data from different experiments are usually only comkined if it is felt that
the data are "identical." If this is not the cass, one or both experiments

are rejected.

Assumptions have to be made about any model, tes:t, or forecast. The classical
statistical philosophy, having accepted an acproach, Zeclares that all such
assumptions are perfectly held. Alternatively, iI an aszumption is

rejected, then so are all the results. Sensitivity analvses may be performed
on particular values, but there is no formal method for incorporating the
results of such analyses in the estimate. Assumptions of model structure

are inviolate. One either accepts the model completely, cr rejects its re-

sults. There can be no compromise.

2.2 Ad Hoc Procedures

Aware of the inadequacies of the classical statistical rhilosophy in parti-
cular areas, researchers, and particularly psychologists who feel comforta-
ble without an underlying formal mathematical rock, have resorted to examining
ad hoc techniques for resolving the problem. By "ad hoc," we mean simply

that the basis for the technique has intuitive rather than formal rationale.
Such efforts have been applied particularly where the unknown gquantity is a
"probability," and the conflicting estimates are expert assessments. A re- 4
view of this literature, together with a discussion of experimental results,

can be found in Seaver (1976). Generally, the intuitive rationale has been

that the estimates should be combined using a linear combination of them.
Assessment of the weights in such a linear combinatior has been treated in

several ways, from the simple to the sophisticated. 1In the specific case of




probability assessment, the reader is referred to Stone (1961), Roberts
(1965), and De Groot (1974). Bunn (1978) applies two separate techniques

in the synthesis of forecasting models. Non-linear procedures are well
reviewed by Seaver, for probabilities, and generally have not been considered
for other variables. The problem with ad hoc procedurss is that they can
only be justified empirically, and not formally. It can therefore become
difficult to justify their use in areas where empiriczl testing of different
epproaches has not been adequately carried out, which adequacy is verv much

a subjective assessment.

2.3 The Bayesian Approach

According to Bayesian statisticians, the problem is just as trivial as it
is to classical statisticians. For "all" a decision rzker has to do is
specify the relevant priors and likelihood functions, and there is the
posterior distribution for the variable under consideraztion, complete with

variances, confidence intervals and so on.

Morris (1974, 1977) pioneered the Bayesian approach tc combining estimates,
with particular accent on expert judgments. Winkler (1981), provides a
Normal model that incorporates dependencies between the assessments. Al-
though the accent is on expert judgments, he recognizes the wider area of

applicability.

Lindley (1981) has developed an almost identical model applied to estimates
of variables other than probability, specifically estimates of range, based
on various different ranging technigues. While Winkler's paper concentrates
primarily on the problem of dependence between estimates, Lindley provides

more depth to the assumptions underlying the model.

Although the Bayesian approach is formally correct, without making assump-
tions such as those of Winkler and Lindley, it requires a lot of hard work

with difficult judgments. Not only are priors and likelihood functions often

difficult to assess, but even with Normal approximations, assessments of cor-

relation are notoriously difficult. Kadane et al. (1980) have proposed tech-




niques for facilitating the assessments of correlation coefficients, but as

yet validation of these techniques has not been rerformed.

Lindley, Tversky and Brown (1979) formulated two 3ayesian approaches for
combining one individual's probability estimates, arrived at from different
perspectives, and French (1980) modifies one ¢ these approaches to address
this problem. Both these studies assume that Zavesian updating is the correct
way to combine probabilities, and concentrate on the interpretation of the

likelihood functions and priors.




3.0 PROBLEMS OF RECONCILIATION

To the Bayesian statistician, the formal problem cf ccmbining probability
distributions might appear to have been solved. If = is the variable under
consideration, and x is a vector describing all the distributions, then in

theory, one obtains the posterior for £ using Bayes' formula:
£(21x) = £(x, )7 (%)

where f(EEi) is the posterior distribution for ¢, £(x I} is the likelihood
function for x, and T(c) is the prioxr distribution. 7The only remaining prob-
lems are operational - how to apply this in practice, and it would appear

that Winkler and Lindley have provided major inroads into this problem.

However, it is at this point that the fundamental cuestion of coherence
raises its head: why should the use of Bayes' formula be better than a
direct assessment of the posterior? Although Brown ané Lindley (1982) have
addressed it, many Bayesian statisticians still feel that this cuestion is
a non~question. To them, the Bayes formula is by definition the correct
way to analyze the problem. However, as we shall show, recent attempts to
apply the Bayesian approach in the practice of combining distributions have

brought out the full colors of the coherence problem.

Traditionally, Bayesian analysis tends to have been directed at simple cases
where, for example, likelihood functions are easily assessed, and independence
between component likelihoods is assured. Often the variable under considera-
tion is the parameter of the likelihood function in a classical statistical
sense, so that the likelihood function is uneguivocally defined. It is clear
that one's posterior feelings about a variable will depend, in a causal sense,
on one's prior feelings, and so, as prior feelings have to be considered any-
way, Bayes' formula will make formally correct use of the data. This argument
can be found in Phillips (1973) and we agree with it. However, as we now show,
the assumption that the same argument holds when the likelihood function is

not well defined is very dubious.

-7-
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3.1 A Practical Application

In a recent project, the Bayesian technizues developec have been applied

to a ranging problem. 1In this problem, measures of the range of an object
are obtained using various different techniques, from sophisticated scienti-
fic devices, to human judgment. All the techniques produce both estimates
of range and of confidence intervals or variance - sorme measure of accuracy
of those estimates. Note that the likelinhood functions in such a case are
not perfectly defined. Cohen and Brown (198C) considered the use of inde-
pendent Normal models of likelihood (ané flat pricrs). A cdirect conseguence
of this was that, no matter how wide the range estimates were, for given ]
variance estimates, the combined distrikutior always had the same variance,
which was smaller than the smallest given variance estimate. On the other
hand, using independent t-models, Lindley (1981) demor.strates that as range
estimates diverge, the variance of the combined distribution also diverges,
owing to the nature of the "poly-t" distribution (Dreze, 1971) that results.
For two estimates, with egual variances (for simplicity), the differences
between the resulting posteriors are depicted in figure 1 (for large dif-

ferences in estimates):

Normal Model:

(D'

-@—— 25 estimates diverge ——p




Now it must be remembered that the likelihood distrikhutions assumed in each
case have the same means, almost the same variances (which could be justi-
fiably made the same in a manner lindley proposes), and are uni-modal dis-
tributions. It is, in our view, inconceivable that a subject could, in
making a subjective assessment between the likelihood distributions, claim
to appreciate the difference between twc such similar distributions. Yet

the postericrs obtained are wildly different.

Formally, the Bayesian statistician now Zinds himself in a classical position.
He must choose the model whose assumpticrns seem rost reasonable (presumably
the t-model in this case, being less restrictive), ani use it to the exclu-
sion of ail others. 1In reality, it is fzr more tempting to compare the
models on the basis of their effects on the postericr distribution. In this
case, for example, we might argue Ior ths t-distrikution on the grounds that
it seems intuitively better that the posterior variance should increase as the
estimates diverge. However, such an argument is formzlly unacceptable, be-
cause it uses direct assessments of the posterior to choose the likelihoods -
exactly the opposite of what Bayes' thecrem suggests saould be done. The
reasoning is circular. However, it is rot very comfcorting to know that the
posterior distribution obtained using Bavesian updating is highly sensitive
to a model assumption that is almost certainly wrong. The coherence question
rises strongly. Why should we put bliné faith in a model whose assumptions
do not hold, when the results contradict what we see with our own eyes? Why

should one be the illusion any more than the other?

3.2 A Freguentist Experiment Analogy

It often helps to understand strange statistical happenings by consideration
of an experimental analogy. 1In this experiment we have a bag full of dif-

ferent colored balls, and we wish to determine the prcportions of each color
by repeated drawing from the bag. Unfortunately someone else does the draw-
ing for us, and we can only collect data on each 100 drawings (with replace-
ment). After two lots of 100 drawings, the first lot produces p (> 50) blue
balls and (100 - p) red balls, the second produces (100 ~ p) blue balls and




p red balls. Now, if all the experimental assumptions of randomness are

made, and with a uniform prior on <, the proportion of blue balls, the
posterior distribution for § will have a mean of .5 and a standard deviation
of .035, (taken from its beta distribution), and this is independent of p.
Furthermore, given the experimental assumptions, the liormal approximation is
a good one for the final distribution. So we see that picking Normal likeli-

hoods is ecquivalent to having complete faith in the experimental assumptions.

Suppose now that p actually turnec out tc be 80. Witk a uniform prior, one
set of data provides a mean for 2 of .79, ané standaré deviation .04. Using
the other set, the mean for € is .21 and standard deviation again .04. The
sets of data clearly conflict, as even the 99% credible intervals do not
overlap. In practice, such data would probakly srhake ocur faith in the validity
of the experiment. How we would interpret the data wculd depend upon how
easily our faith was shaken, and what alternative models of the process might
be considered. The example shows, though, that the data will not only change
one's assessments of the variable, but also of the validity of the models
underlying the relation between variable and data. Ir this example, the data
might suggest that one of the sets of data was reported wrongly. However,

to incorporate such data in the likelihood functions would require consider-
ation of all other strange pairs of outcomes, and it would be totally imprac-
tical to try and pre-guess every strange outcome and thus assess probabilities
for each model. Furthermore, the flash of inspiration that particular sets
of data produce is never pre~guessed, so that that process may not only be
impractical, but also impossible. Having said that, a limited assessment of
different models, rather like Bunn (1978) proposed, but applied to likelihood
models as opposed to posteriors, might be fruitful. This will be explored

in section 3.3. Finally, we might observe that assessing t-likelihoods seems
to fit this anomaly quite nicely, for as the estimates get closer, the t-
distribution puts an increasing weight on values between the estimates, thus
seeming to suggest that the usual model has more weight than the alternative.

Such intuitive notions will be addressed later.

-10-




3.3 A Model Conditioned Approach

In many real world cases, modeling technigues, sxrzerimental data from arti-
ficial trials, or past data are kncwn not to be a:zsolutely appropriate for

the problem in question, but they still may be :=seful, and possibly the best
information available. The weighting procedure: Zzscribed in secticn 2.2 con-
sider the case where each model produces a distriruticn for the variable in

question, and, given model acceptarility, it is z:sumei that the mocel dis-

W

"y

tribution will be the distribution tc be used. crmally the reasoning is:

£(6,x) = E £(£'x & Mi)p(mili) wher. 4_ is the itP model,

But f(E|x & M) o= £, () by the assu~ption i model use.

— f(5|x) = :fMi(s)p(Mi;ﬁ).

A similar analysis can be attempteé for the case where the models are not
necessarily exclusive. This type ¢f analysis w:irks well where, for example,
the models use expert judgments. In such cases, Ezyesian updating is in-
appropriate, because the likelihood functions are Zifficult to comprehend.
In terms of expert judgments, it would involve zsssssing the probability
that an expert would provide a probability of p, c¢iven the occurrence of

an event. Thus we would argue that the "ad hoc" procedures of section 2.2

do indeed have a subjective (if not Bayesian) justificztion.

In other cases, however, the models, or some of tte mocels, provide likeli-
hoods rather than direct assessments of the varizakle distributions. The
ball and bag model of the previous section is ar example. Trial data for
instrument calibration may be another. The validizy of the model coculd be
modeled in terms of a number of discrete possibilizies, or of a continuum of
possibilities. Here we consider just the case w!ere either the model is

valid, or it is not.

In this case, we have:

11~




£(B]x) = £(8 & M x) + £(5 & M|x)

where M is supposition that the model is valid, and ! that it is not.

Then £(8ix) = £(3|x & M)pM|x) + £(*'x & -M)p(vM|x).

— £(8]x) = [f(XIS & M)~ (B M)o(Mx)

- - !
fef(x‘;e‘ e ] + [f(._x & M)p('\dix)] (1)

The first bracketed term on the right hand side of equation (1) is the usual
Bayesian updating formula, weighted by p(M!x), the prcbability that the model
is valid, given the data. The second bracketed term ray also be formulated
in the same way, if it is appropriate. =2lternatively, it may be that

£(8|x & vM) is independent of x, i.e., £{¥,x & /M, = ~(5iVM). The way it is
treated will depend very much on the individual problem. It may be felt

that this approach appears too complicated to be practical, but we hope to

demonstrate that it forms the basis for useful practical techniques.

-12-




4.0 TWO APPROACHES TO PRACTICAL SOLUTION

In section 2, two problems were associated with the Bayesian updating ap-
proach. The first was that small differences in likelihood functions can
produce large changes in posterior distributions. This means that making
assumptions about the form of a likelihood functicn can produce posterior
distributions that are counter-intuitive. Second, likelihood functions can
sometimes be conceptually difficult to comprehend. 1Ir. the second case, we
suggested that alternative procedures should receive more formal acceptance,

but it is the first case that is pursued here.

Given that strict adherence tc Bayesian updating mey lead to large errors

in pcsterior distributions, it is the philosorhy of the advocates of ex-
ploiting incoherence (Brown & Lindley, 1982), that consideration of both
direct intuitive judgment and of implied Bayesian analysis should be made.
The question then becomes, what is the best mix of the alternate approaches?
In this section we propose two possible answers to that question, each of

which may be appropriate in certair situations.

4.1 Recap of Suggested Likelihood Functions i

Consider again the two forms of likelihood function that have been sug-
jested in the literature, namely Normal and t. In this recap, we shall
restrict attention to the case where there are two estimates, each with the

\
same variance, s, and means at *m. The prior is assumed to be uniform.

Normal. The combination of two normal distrizutions with these means and
variance produces another normal distribution, with mean 0, and variance
isz. If the variances are different, the combined variance will be smaller

than the smaller of the two likelihood variances. The combined distribu-

tion is independent of the distance between the means of the two likelihoods.

Student's t. The distribution produced by the combination of two t-distribu-

tions is dependent on how far apart (relative to the standard deviation)

the means are. Lindley (1981) shows that for the likelihoods described,

-]13~-




the distribution produced will e bi-modal if:

where \ is the number of decrees of Zreedom in each t-distributicn. A
little algebra also shows that as m — «, for Zixed s and ., the distribu-~
tion tends toward two disjoint distributicns each with a probability of ¢
of occurring, situated at +m and -m, anc with variances of szv/(.—2) (if  =2).
So although the overall variarce (akout the mean of O’ is large, the distri-

bution is nevertheless confined to two narrow areas.

Now, for given ., the resultan: ocstericr £rom using the t-distripution may
not seem particularly intuitive, put the advantage of the distrirution is
that by varying the parameter, the posterior will change, whereas with the

Normal distribution, there is no flexibilicty.

4.2 The Use of Parameterized Likelihoods

The choice of parameter V has been given the usual interpretation by
Winkler (1981) and Lindley (1981), but this interpretation is not entirely
sound, because in neither case is uncertainty about the variance related to
trials, or if it is (in the ranging case), the number of trials is so large
that a Normal distribution may as well be used. A better interpretation of
Vv is that, in recognition of the fact that the experimental data do not fit
the real situation exactly, the choice cf ' reflects intuition about the
relation between experiment and real world. Of course this interpretation
is not exact, but it may be the basis for a link between intuition and

Bayesian updating.

Two points emerge from this discussion. First, in orcer for the use of
parameters to be effective, the decision maker must have a good notion of
what the parameter means, and thus how it might be varied according to his

or her intuitions.
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The second point is that the t-distribution may not provide desirable

postericrs for any value c¢f v. 1In which case, ars there other raramsterized
distributions which might fit a particular rrcbler. betzer than the t-distri-
bution? 1Ideally, what we would like is & distribution with a small rurber
of parameters which can be varied to fit z wide pcssible number of proklems.
However, we must also beware of hoping thzt the distrizution chosen will

fit every case perfectly.

This observation provides a basis for suggesting vhen using the t-distribu-
tion will be acceptable. For it may be that in meny situations what wculd
ideally be desired was a unimodal distrirzution whese variance increased in i
a certain manner as the two estimates divarge. Tre t-iistribution may suit
this case so long as the estimates do not diverge tco much. How much is

too much? This must be subjectively estimated, fcr a ci-modal shape mey be
quite acceptable as long as there is sufficient weight in the centre. Pic-

tionally we may have three possible t-distributions, 2 acceptable anZ one

not:

——— Acceptable ——— Accertable ——— Unacceptable
-=-~ Ideal ~==~ Ideal ~=-=-~ Ideal
Figure 2

The acceptability decision rule may be that the height of the poster.or at

the mean must be at least, say, half that of the biggest node. Using this

decision rule, it can be shown that this means that m?/s? is less than about
2v(2v— 1), so, for example, if v = 5, the ratio of mean to standard ceviation

of assessments must be less than about 17.
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There are, of course, several alternatives to using the t-~distribution.
Suoppose that we desire a posterior distridbuticn wiich ls always unirodal,
but whose variance increases as estimates diverge. If the likelihcods are
of the form £{x - 8}, then the posterior is proportionral to f(x-7)f(x+5).
Fcr the posterior to be unimodal but with an increasing variance, we reguire
first that £1({x-%)1f[(x+°)] be a maximum when ¢ = 0, with no local minima,
but that . 8°f(x-6)f (x+6)&° should increase in x. The Zirst condition re-
guires that £"(x)I (%) - [f'(x)]2 be negazive for large positive x. Appendix

the
AN

A shows that this is never true for inverse polynomial functions, like
t

. . . ) -3
distribution, but is true for exponent:al functiore of the form e ~  where

s greater than 1. The function e is of sj

A

e
1]

cial interest, because it
provides a zero value for the differentizl eguaticn fcr all values of ¢
between -x and x. Hence, if two likelihzod functions have this form, and

the same variance, the posterior will have the appearance of Figure 3:

i
®
*
a»

Figure 3

What this means is that the posterior wiil behave in the desired manner if
the tails of the likelihood functions locg something like e-e. As we know
that likelihood functions of the form e_&‘ result in a posterior that is in-
variant wit.. respect to the estimate difference, we can safely predict that
functions of the form e-;@[Y where 1 < y <2 will give likelihoods that will
produce diverging posteriors with values of y near 1 causing more divergence
than those near 2. The problem with such distributions is thatv they are
difficult to handle analytically, so that it is difficult to place an inter-
pretation on y, and the use of the modulus makes computation of the posterior

complicated.

16~




L

The problem of intractability of posteriors is very acute, because so few

likelihoods are both sufficiently ceneral rurpcse, ans at the same time
possess this property. It seems inevitable that the use of likelihoods

with numerical analyses of posteriors will need to be performed, such as,
indeed, the t-distribution., Once this is accerted an almost limitless
number of distributions are available, including in particular, beta,
inverse-beta, and gamma distributions. The computzaticnael complexity of the
resultant posteriors is such that the analwsis cculd only feasibly be per~
formed on a computer. However, based on the znalvsis of the t-distribution,
we would hypothesize that while other single rarameter distributions might
outperform the t~distribution in certair ways, irn order to provide more
flexibility, it is likely that dourle parameter distributions will be neces-
sary. Also, based again on observations for the z~distrikbution, we would
predict that such a distribution would previde a sufficiently rich set of
posteriors that it is likely to be unnecessary tc move to triple parameter
distributions.

4.3 The Use of Probabilistically Combined Likelinoods

Consider again formula (1) of section 3.3:

_fx{8 s M- (8m)

‘ 3 !
= Jéf(xle & M) (5 1) d6 pM,x) + £(C;x & WYM)p{(WM:x).

£(8]%)

For the case where there are several identifiable mdoels, each of which may
be updated in Bayesian fashion, we obtain:

g CE
£(x)€ & M)T(EM)

£(6]x) = ‘E[fv.'f(xre 5 Mi)-(efmi)de] P, |x).

Within the summation sign, this formula contains two parts. The bracketed
part is the Bayesian updating formula given acceptance of a particular

model. The remaining part is the probability of the model being correct,
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given the data that has been observed.

To the Bayesian statistician, the formelly correct crzproach might be to

obtain p(Mi!x) from Bayes formula:

p(Mi]x) = p(x;Mi)Tf(Mi)

L pl )T (M,
Lp X|mj) ( J)

which is appealing because the likelihood functions ;(x?Mj) will usually
? be of "classical” type. However, such an approach deries the essentially
recursive nature of model/hypothesis generation and =esting-the argument
of Section 3.2. In strictly Bayesian terms, that zrcument implies that
prior distributions for models require an effort that is beyond human
. capability. On the other hand, the posterior distri:zution, p(Miix), the
probability of model acceptability given cur currert :ztate of knowledge,

is a very understandable uncertainty, which allows fcr the generation of

previously unthought of models.




—

5.0 COMPARISON OF T=Z TWO TECHNIGCCUES

Two different techniques have been presented which are designed to allow
decision makers to combine conflicting Information from different sources
in forecasting or estimation. A common Zeature ¢f these technigques is that
they employ the decision maker's intuitlorn as well as formal properties of
probability theory. The appeal of one cr the other of them is therefore

liable to be context-dependent.

There is, however, one distinguishable difference petween the approaches. The
model conditioned approach assumes that only one (if any) model, is "correct,"
but that the correct model's identity is unknown. Ths parameterized likeli-
hood approach, on the other hand, assumes <hat eech rzdel's output is useful,
at least to a certain extent. This difference propakly will favor the para-
meterized likelihood approach for decisior makers, Hut must be weighted against
the fact that that approach is less eas:ily understood--the meaning and use of
the parameters have to be explained. Finally, it should be remembered that
the purpose behind providing more than ‘ust point estimates of unknown guanti-
ties is to provide people who would use those estimates with suggestions of
literally how much confidence they can gplace in those estimates. The combina-
tion of judgment and probabilistic analysis allows decision makers to explore
their assumptions about the validity or applicability of the assumptions that
must be made in using models, experimental or past data, and so on, in real

world decision making.
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Appendix A

let f(x) be a probability density functiocn cf <he Zorm f(x) x (p(x))-m,

where p(x) is a polynomial in x, and m > 0. Thern :‘“:x)f(x)—[f'(x)]2 >0
for x sufficiently large.
' Verification
£(x) = n(p&) T
- (m=+1) ,
— f'(x) = -kmip(x)) (p' (%))
- (m+2 2. Rl
— " (x) = km(m+l) (P (X)) e+ )(p'(XH - Hmop X)) p"(x)
2 2 gQ-zom=lr o r
— fr(x)f(x) - [£'(x)]" =Kk m{(m+l) p(x;j (p' (%))
- “2(mHL) oy
) TV o) - mp ) (o' (x) }
-2 (m+3 2 -(:m+1)p“(x)}
= k2m§(p(x}) 2071 v © - (p )
= Kr (ip' (x})7 - p(x)p"ix))
-2(m+1)
p(x)

Hence

2 .
Em () E(x) - [£' (012 > oe—slp’ (x))° = 2(x)P"(x)>0

Let p(x) = ax"+bx" 1 e

z{n- -n=-3
aznsz(n noy 2abn(n-1)x -

I

Then (p' (%)) 2

2(n~1) n-3

2
+ 2aorin-1)x ...

and p(x)p" (%) azn(n—l)x

As x—»x, (p' (x))2 - p(x)p" (x) >0==highest tern ir x>0

2(n-1)

2 2
Term in x = a2n2-a n(n-1)=a n>0

Hence (p'(n))z-p(x)p"(x)>0 and f"(x)f(x)-[f'(x)]""o as x9%
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