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INTRODUCT [ON

Evaluation of integrals involving generalized functions is often
accomplished via an integration by part-:., w thout regard to an interpretation
of the behavior of the function at its singular points. See, for example,
ref. 1, eqs. (I-17), (I-18), and (I-32); thus, there follows an integral such
as

[~ ]
‘[dx%g_xl - <o) (1)
-

It is difficult to interpret and attach physical significance to this
integral; in fact, the major cuntribution to the integral in (1) comes from
the neighborhood of x = 0, where the integrand appears to be positive and not
integrable, yet the right-hand side of (1) is negative and finite. We would
l1ike to approximate the generalized function 1/x2 in (1) and get a physical
interpretation that is consistent with the result given by (1).

In a recent study of the ideal patterns for arrays in one, two, 2nd tiree
dimensions, it was found that the required weightings were impulsive or more
singular than an impulse, depending on the dimensionality of the application;
see ref. 2. In order to make these results of practical utility, it is
necessary to approximate tnese singular weightings (generalized functions) by '
finite-valued functions and thereby realize approximations to the ideal
patterns. This approximation procedure and its performance will be detailed
here,




TR 6767

APPROXIMATION PROCEDURE

We take as given the possibility of approximating a delta function §(x)
by finite-valued functions; see, for example, ref. 1, page 279, where a
one-sided rectangular pulse and a two-sided Gaussian pulse are used for
illustration purposes. Also, on page 280, a one-sided approximation to the
doublet §'(x) is given. Alternative approximations are presented in ref. 3,
pages 11-12.

Let us suppose that f(x) is an ordinary function which is integrable at
X = 2+, but that generalized function (ref. 3, page 30)

9(x) = f'(x) (2)

is not integrable at x = a+. For example, with a =0,

-2)("/3 for x >0

f(x) = , (3)
0 for x < O
x-’/z for x >0

g(x) = ; (4)
0 for x < U

is such a pair; see ref. 3, definition 8, Yet integration by parts yields

© 00 o
fdx g(x) n{x) = -J.dx f(x) h'(x) = 2 (dx x-"‘ h'(x) , (5)
—d — o0 ‘3

which is integrable for any good function h(x).

To make sense of this situation, we approximate function f(x) by function

fe(x) as shown in figure 1; that is, f_(x) has constant value f(a+e) in
the neighborhood ¢ of a. The approximation to generalized function g(x) that

we adopt is

P
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9.(x) = Fi(x) = fase) §(x-a) + f'(x) U(x-a=¢) , (6)

as depicted in figure 2, where U(x) is the unit step function; that is,

9.(x) has an impulse of area f(ate) at x = a, and is equal to f'(x) for
x > a+e. {We can approximate the impulse as discussed at the beginning of

this section.)
fe(x)

f(a+e)

Figure 1. Approximation f_(x) to f(x).
ge(x)

A
-~

area = f(a+e)

b e At e w—

/

!
Figure 2. Approximation ge(x) to g(x).
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It is important to observe that if f(x) is singular (ref. 3, definition
21) at x = a, as for example (3), the area f(a+e) of the impulse at x = a

becomes progressively larger as e-»0. However, the area under the remaining

portion of 9.(x) also becomes larger, but in such a fashion that the total
area under gc(x) remains finite as e-»0; this will be shown below in (11).

To see the effect of this approximation on an integrai of a generalized
function g(x), consider integral

b
[ = jﬂ dx g(x) h(x) . (7)

a

The approximation to I is:

—
L1

b
. S~ dx ge(x) h(x)
a

b
f(ase) h(a) + S dx f'(x) h(x) , (8)

dte

where we employed (6). Integration by parts on (8) yields two alternative
forms:

b

I, = flase)[n(a) = n(are)] * £(6) n(b) = { ax £ ne(x) (94)

ate

a+e
= f(a+e)[h(a) - h(a+eD + SA dx f(x) h'(x)
a

b
+HMhW)-S dx f(x) h'(x) . (98)

a
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Since f(x) is integrable at x = a+, the leading term in (9A) and the two e
leading terms in (9B) both approach zero as -0, yielding the limit fj

(!
[ =1imI_=f(b) h(b) - f dx f(x) h'(x) . (10) '

. e-»0 a .

This is the value of (7) expressed in terms of integrable functions.

The area under approximation ge(x), for ¢ > 0, is availabie by
substituting h(x) = 1 in (8) and (9):

b
[ ax g 00 = 1), (11) ;
a

which is finite and independent of ¢. Thus, the impulse in figure 2 is X
necessary in order to compensate for the increasing area that develops under C

f'(x) near x = a, when ¢ approaches zero. ‘

SINGULARITY AT x = b-

Suppose, instead, that f(x) is integrable at x = b-, but that generalized
function (2} is not. By employing a procedure similar to that above, we have
approximation ff

ge(x) = -f(b-e) §(x-b) + f'(x) U(b-e-x) (12)

to g(x}. The integral Ie can then be expressed as

e i i e e
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b
Ie = dx gc(x) h{x)
!

b-¢
= -f(b-e) h(b) *+ dx f'(x) h(x)
a

:
13
g b-e

= -f(b—e)[b(b) - h(b—eﬂ - f(a) h(a) - S dx f{x) h'(x) . (13)

a

There follows

b b
S;dx g{x) h(x) = 1 = 1im I€ = -f(a) h(a) - j; dx f(x) h'(x) , (14)
a a

e 0

in terms of integrable functions.

The area under approximation g _(x) is finite and independent of «:
let h(x) = 1 in (13) and get directly

b
g dx ge(x) = -fla) . (15)
a

RELATION TO “FINITE PART" OF INTEGRAL

If we start with integral (7) and integrate by part , there follows

b b
[ - [f(x) h(x)] - gdx F(x) ' (x) . (16)
a

a
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Now if f(x) is singular at x = a, the finite part (ref. 3, page 32) of (16) is
obtained by dropping the term involving f(a), thereby obtaining identically
(10). Conversely, if f(x) is singular at x = b, the finite part of (16} is
just (14). Thus, the limit of the approximation procedure developed here is !
exactly what is yielded by the finite part procedure. :

i B
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EXAMPLES X

EXAMPLE 1 5
|

~tl ’

f(X) = '-\’—+I- for x >0 where -2 < v ¢ -1 . (17) .

This function is sinqular but integrable at x = 0. In figure 1, we identify
a=0 (18) I_

and get

f'(x) =x" forx>0. (19)

Then, from (6), the approximation to the generalized function x¥ U(x) is

v+l 3
€ v "
| 9 (x) = <1 §(x) + x” U(x=¢) (20)
and is depicted in figure 3. i
ge(x) ;*
\ :
i
\ $
\ :
\ ;
Ev b m— e = e s
‘4 ‘ )
i | xV
! ’ i
i | .
0 e X
E
sv+1 §
* area = 1

Figure 3. Approximation to Generalized Function x¥ U(x). i

oo
T 1 . A - Dl 4 A g ——
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The result of applying (20) to a good function h(x) is available from
(8) and (17},

b vtl b
S‘ dx ge(x) h(x) = E;:T h(0) + J‘ dx x” h{x) , (21)
0 €

or from either form in (9). The limit follows from (10) and (7):

b b

vel vtl
=21 h) - & ax X1 b (x) = y dx x° h(x) . (22)
0

The following examples are derived in similar fashion; just the results

are listed.

EXAMPLE 2
f{x) = In x for x >0
a=20
. 1
fr(x) = % for x >0
+ 1
g_(x) = 1n e §(x) * % Ulx-e)

b b
I = Inb h(b) - J\ dx In x h'{x) = ‘J\ dx-% h(x) . (23)
0

e dam o A e A

s,
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EXAMPLE 3

EXAMPLE 4

10

S S .

f(x) = %(ln x)2 for x >0
a=20

In x
X

f'(x) = for x > 0

g, (x) = 3In )2 §(x)+ 15X Ulx-e)

b b
1 =100 5)2 n(o) - f dx 20 2 0 (x) = { ax 1o % ()
0 0
x"+1 1
f(x) = =T In x - ;:f] for x >0 ; v > =2

a=0

fr(x) =x¥ Inx for x >0

vl

ge(x) = EC?T [1n € - C%T] S(x) +x¥ Inx U(X-e),

Fadl

I - E\;;- [ln b - %] h(b) - §:Ax el x- s b0

b
= ‘f dx x¥ 1n x (x) .
0

. (24)

(25)

© s s e e e
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EXAMPLE 5

Here we consider the result for the generalized function 1/x2 as
presented in the integral (1). Consider the ordinary function

- 1/x for Ix| > ¢
f (x) = , (26)

- % sgn(x) for |x| < ¢

and its derivative

1/x2  for x| >
g9 (x) = fl(x) = ; (27)

- %-S(x) for |x| <

(4]

see figqure 4, The function gc(x) is an approximation to generalized function

fg(x) ge(x)
1
-1 Ny 1
X x2
—_— X * — X
-€ €
-€ €
1 area = - ‘2‘
- fJ‘— €

Figure 4. Approximation to Generalized Functio"

>
~

11

e ercimiie i amEebe -

T
bt e momne I e M 2




TR 6767

1/x2; it contains an impulse of area -2/¢ {at x = 0) that tends to - as

e-»0.

The approximation to integral (7) is as defined in (8); namely, for a = -a

b = +oe i

o se0 |
: _ _ cos{wx) 2
Ie = S~ dx ge(x) cos{wx) = 2 \[ dx ———;7—— - }.
= on ) -2 L=coslue) 4oy Si(we), (28) {

= where Si is the sine integral (ref. 4, eq. 5.2.1). The limit as ¢+»0 gives
the result for the generalized function 1/x2, namely,

e, facronad
PRI P ST R

+0

S‘ dx i? cos(wx) = ~m|w|. (29)

-

Aavida

This result is in agreement with ref., 1, eq. I-32, and with ref. 3, page 43,

for x™ with m = 2.

An alternative approximation to generalized function llx2 that uses
finite functions is

1/x2 for Jx] > ¢ 2
g (x) = e exp(— "2). (30)

0 for Ix] < e 1

There follows 1 j

12

B B e

{
}
-
i
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+ab
Ie = j. dx gc(x) cos(wx)
- b

—n|w| *+ % [cos(w:) - exp(— %wzez)] + 2w Si(we) . (31)

The 1imit as e-»0 is again exactly (29). The essential feature of
approximations (27) and (30) is the large, sharp negative pulse of area -2/¢
that develops about x = 0 as ¢ gets small.

13
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APPLICATION TO ARRAY WEIGHTING

This example relies heavily on material presented in ref. 2 on array

weighting for good voltage response patterns in one, two, and three

dimensions. In particular, from ref. 2, eq. E-7: for -2 < v < -1, we have,

for the required array weighting w(x) to realize pattern 9uw+lwuz-82 ), in

one, two, or three dimensions (u = - %, 0, or %), the relation

vil
-x w(x) = ﬁ-{(LE") leéul—x )U(l—x)} for 0 < x , (32)

and zero otherwise. To match (2), we identify
g(x) = -x w(x) ,

and

f(x) “ ) \H-l( ‘1 x?)U(l-x) for 0 < x .

(33)

(34)

The function f(x) is singular but integrable at x = 1-, since -1 < v+l < 03

thus the derivative in (32) will generate a generalized function (ref. 3, page 30)

for the weighting w(x).

We now identify b =1 in (12) and obtain, via (34) and ref. 4, eq.

9.6.28, the approximation

9 (x) = _< 2e-¢ ) wl(vh-ea 8(x-1)
<E) U(l-e x) for 0 < x .

Then there follows from (33), the approximate weighting

14

(35)

ey

e e — .
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1’_— 2" vl 13
wc(x) ,(_ZE—E‘—) 11 (Bv2e-e2 $(x-1) ]
+ <Y1-;'Z) Ivé'ﬁ-xz) U(l-e-x) for 0 < x . (36)

This is the result presented in ref. 2, eq. F-14. It is an approximation to

the generalized function

w(x) = (_V%:_Z‘) IVGW) U(1-x) U(x) , (37)

|

t

b
which is the required array weighting according to ref. 2, eq. E-7. {:

i

1

We will carry this example further than the previous ones, by determining
the voltage response pattern that is actually realized by an array employing
approximation weighting (36) rather than (37). The array voltage response

pattern is given by ref. 2, eqs. 1-12, for any u, as

1
v(u) = ‘f dx x(%:-)u J'u(ux) wix) , (38)
0

where the parameter u determines the array dimensionality, and u contains the
array geometry, the plane-wave arrival wavelength, and the various look and
steerirg angles. Substitution of generalized function (37) in (38) yields
pattern (ref. 2, eq. E-1)

v(u) =}u*v+1( aZ-BZ) for all u , (39)

where we define entire function (ref. 2, eqs. 17-21)

J (2)

90(2) 2 — . (40)
F4 3
15 H
c
-
] ;
o e SR S e e R i ¢
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The particular case of usv = -1.5 in (39) yields ideal voltage pattern

100 - ) (£ o) - (f on(fR)

This relation is true for all u, whether larger or smaller than 8. It

) lb /
indicates a mainlobe at u = 0 of amplitude (%) cosh(B), and sidelgbes for u > B,

)
all of equal amplitude *(;) . Plots of this ideal pattern are available in
ref. 2, figures 13-16.

When approximation w_(x) in (36) is substituted, instead,in (38), we get
several equivalent expressions for the corresponding pattern ve(u), as given
in appendix A. Plots of typical results are presented in figures 5 and 6 for
v = -1.5. In both figures, the curve labeled ¢ = 0 is the desired pattern
(39). Figure 5 corresponds to a volumetric-spherical array (u = .5), and the
desired pattern is, from (39),

90@??)= JOW)= 10(‘{—32_.?), (42)

which decays at a 3 dB/octave rate for large u. Figure 6 corresponds to a
planar-circular array (u = 0) with desired pattern equal to ideal pattern
(41). The approximations in both of these figures for ¢ = .1 are quite good,
but those for ¢ = .2 have undergone significant degradation. The possibility
of replacing the delta function in (36) by a narrow puléé is considered in the
next section.

Figure 5 furnishes an approximation to the bottom asterisked case in
ref. 2, figure 12; figure 6 does the same for the middle asterisked case in
ref. 2, figure 13. The three asterisked cases for v = -1 in ref. 2, figures
11-13, merely require delta functions at x = 1 and are considered soived. The
last remaining asterisked case is the bottom one in ref. 2, figure 13, for
v = -2, But this has already been shown in ref, 2, eqs. £E-37 - E-39, to
involve a delta function and its derivative, both of which are easily
approximated; see, for example, ref. 1, pages 279-280, or ref. 2, pages 11-12.

16
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0
- = -1.5
=4
-10
-20
0
e=.1 / -
€z,2 =, e=.2 €=.2
-30 /;I\ N\ N :
.2 0 .1
dB 0 .1
| 1\1 i M
‘50 1
[l |
-60
-70 1
0 T 2m 3n 4r 5w 6w
u
Figure 5. Pattern of Spherical Array for Weighting (36)
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Figure 6.

2m

Pattern of Circular Array for Weighting (36)
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USE OF NEUTRALIZERS

An alternative smoother approximation to f{x) and g(x) than afforded by
figures 1 and 2 is by the use of neutralizers; see ref. 5, section 3.3.
Consider the neutralizer n_(x) and its derivative shown in figure 7; the
neutralizer is 0 at x = a, and 1 at x = b. Furthermore, it has derivatives

n (x)
1
;
55 — = = = — 4
! i
|
‘: 1
| , .
//‘
0 4 | M
a at= a+ b
[4
Figure 7A. Function nE(x)
'n! (x)
,~\
\\
: \ area = 1
J ! r/\/
5 ! \
I
i : [
| | |
| j !
| / |
! \
l i \
o
/ 1 \ )
a 34»? a+ b

Figure 78. Function né(x)

Figure 7. Neutralizer n.(x) and its Derivative

19
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of all orders, all of which are zero at end points a and b. The positive

parameter e¢ characterizes the critical point, Xe = a+%, where the neutralizer

is 1/2; this point x. will approach a as e-»0+. The neutralizer has

completed its transition to 1 by the value x = a+e. ne(x) will approach 1
for all x > a, as «—=0.

o e 3.

The approximation we take to f(x) is the product

f(x) = f(x) n_(x),

€

(43)

and the corresponding approximation to generalized function (2) is the smooth
function

{ - ¢ - ' [
ge‘x) = fe (x) = f'(x) ne(x) + f(x) n, (x) . (44)
This approach is similar to the regular sequence of good functions used to
define a generalized function in ref. 3, pages 16-17. A representative
example is depicted in figure 8. As before, the area under approximation

9.(x) is independent of ¢:

b b
f dx g_(x) = {fe(x)] - £ _(b) = f(b) . (45)
a a

= The result of applying ge(x) to function h(x) is now

20

ey ——
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/fs(X)
/ g
// K
/ 'r
B\ L X '
a+-§- a+e b
Figure 8A. Function f_(x)
! ;1
/ 3 (x)
E
i b
/
]
ate b
! X

Fr(x)

Figure 8B. Function g(x)

Figure 8. Approximation to Generalijzed Function via Neutralizer

21
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b b
lc = jﬂ dx ge(x) h(x) = jﬂdx fs'(x) n(x)
a l
b b
s &E(x) h(x)] - J‘dx fe(x) h'(x)
a a
b
= f(b) h(b) - S\ dx f(x) ne(x) h'(x) , (46)
a

where we have utilized the properties of the neutralizer. Equation (46) now
replaces (8). In the limit of e-»0, (46) yields

b
I = Tim Ie = f(b) h(b) - j\ dx f(x) n'(x) , (47)
e—»0 a

in agreement with (10).
A limiting case of figure 7 is a step-function at x = a+%; i.e.,

n (x) = U(x-a- %) .

¢ (48)
Then
ne'(x) = §(x-a- %) (49)
and (44) yield;
9.(x) = £'(x) U(x-a- 3) + f(ar3) §(x-a- 3) . (50)

This is almost identical to (6), which has its impulse located at x = a-

rather than at x = a+§.

22
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APPLICATION TO ARRAY

The starting point is (32), again, for the required weighting. The
function f(x) is identified as in (34), and we get, from (33) and (44),

—xw(x) = 9 (x) = F1(x) n_(x) + F(x) n_(x). (51)

There follows, from (34) and ref. 4, eq. 9.6.28,

,]‘ 2, v
f'ix) = -x <_§£j) Iv<§vl-x%) for 0 < x < 1. (52)

Substitution of (34) and (52) in (51) yields, for the approximate weighting,

W (X) <E) n (X)
v+l
- ;](:( léx> Iv+1(sll-x )ne(x) for 0 <x<l. (53)

However, the neutralizer in this case must be chosen to be 1 at x = 0,
and 0 at x = 1; that is, it is a reflected version of figure 7A. For our
purposes, it is not necessary for the neutra]izer to have derivatives of all
orders. Rather, we select ne(x) so that n_ “(x) is continuous for all x,
and such that n (x) and n (x) are zero at the edges of the transition
region (l-¢, 1), see f1gure 9. Here, letting

x=1+5
y = z 14 (51.)

-~
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1
i
3
n_{x) n:(x) ng(x) !i
| I
| I
!
0 1-¢  \1 0 1-e 1 0 1-¢ i
X X X ;{
1 }
g
j
i
Figure 9. Neutralizer (55) and its Derivatives :
we take .
{
1 1 3 !
nt(x) =5- §(15y - 40y™ + 48y5) for l-¢ < x ¢ 1, (59) 1
' and 1 for 0 ¢ x ¢ 1-e. Then }
-, ' 15 2 4
l - - - -
| nc(x) = 5(1 83 +16y) for 1-e ¢ x < 1, (56)
% and zero otherwise. Also, ;
i'
ne(x) = -3% y-4y3> for 1-e ¢ x ¢ 1, (57)
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and zero otherwise. From (55)-(57), there follows
10 3
ng (x) ~ :3(1')
' 30 2
nc(x)zv - :j-e-x) as x-=1- . (58)

SR T

€

Combining this with the behavior of the Bessel function near zero
argument (ref. 4, eq. 9.6.7), we find that both terms of the approximate
weighting w_(x) in (53) are proportional to (1-x)3*Y as x approaches 1.

Thus if v > -2, the approximate weighting will approach zero at least linearly
at x = 1. An example of w_(x) for v = -1.5 and B = 4 is given in figure 10

we (x)

e = .03+

Figure 10. Approximate Weighting we(x) for v = -1.5, B = 4
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for two different selections of e. The large positive spike near x = 1 is
very pronounced for small e.

The array voltage response corresponding to approximate weighting W_(x)
in (53) is given by (38) as

ve(u) = j dx x(%)u J'u(ux) we(x)

dx x2u+l )u(ux) W (x) (59)

]}
Og___>._‘

where we used (40). A program for the evaluation of (59) (along with
(53)-(56)) is presented in appendix B. Sample responses are plotted in figure
11 for a spherical array and in figure 12 for a circular array. Comparison
with the corresponding results in figures 5 and 6 reveals that the impulsive
weighting of (36) yields a better approximation to the ideal pattern (e = 0)
than the smoother weighting of (53). That is, ¢ must be chosen smaller in
(53) than in (36), in order to realize approximately the same voltage response
pattern in the first few sidelobes.

26
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0 |
w=0 i
v = =1.5 :
B=4 K
}
-10 \ ‘
i
-20 ~ !
\
e=.1 L
LA
.03 4
ﬂf\ﬂ '
“3° o A\ V7 ]
/ B
dB g ;
-40 | ! k
| 1 r \ | \ { i
-50 *
-60
' >
=70
0 ) 2n 3n 4n 5n 6m
u
Figure 12. Pattern of Circular Array for Weighting (53) ‘_
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SUMMARY

We have indicated how approximations to some generalized functions

generated by the process of differentiation may be realized, and then have A
applied the procedure to the approximation of the weighting required to f?
realize the ideal response patterns of arrays in several dimensions. Two |
examples, one impulsive and the other smooth, were used for circular and
spherical arrays, and the resultant approximate patterns were plotted for
different choices of the parameter ¢ governing the transition region near the
singularity of the generalized function. How small ¢ must be chosen depends
on the form of the approximate weighting and the desired closeness to the I
specified pattern.
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Appendix A
VOLTAGE RESPONSE PATTERN FOR WEIGHTING (36)

With the shorthand notation

fv(x)s (Q) IV(BVI-xZ> for 0 ¢ x <1, (A-1)

approximate weighting (36) takes the form

w (x) = f (1-¢) §(x-1) + f (x) U(l-e-x) for 0 < x . (A-2)

vel

Substitution of (A-2) in (38) yields, upon use of (40), the corresponding
voltage response

1-c
ve(u) = f (1-e) §(u) + S dx xz““)u(ux) £,(x) (A-3)
0

for any p; this is the relation programmed in ref. 2, appendix F.

For small ¢ (the case of most interest), the cusp of fv(x) in (A-3) at
x = 1 causes numerical integration problems. We can alleviate this problem by
integrating by parts on (A-3), using

U= xZ"yu(ux), Ve-f, 00, (A<4)

to get
ve(u) = fv+1(1_e)[}}u(u) - (l-e)zucyh(u(l—e)i}

1-¢
+ [ o xz"_lju_l(ux) f(x) foru>0. (A5)
0

31
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The function f_ ,(x) is integrable at x = 1 if v > ~2.

The completed integral over (0,1) in (A-5) can be evaluated in closed

form (ref. 2), leading to

1000 =] oo (P55)
+ fwl(l-c)[‘yu(u) - (l—e)zu)u(u(l-e)ﬂ

1
- IS dx xzu—lyu_l(ux) fw-l(") s (A-6)
-€

which is advantageous because the interval (l-e,l) is small for small ¢.
Finally, the cusp at x = 1 can be eliminated for v > -3/2, by changing the

variable of integration according to x = sin t, getting

v = Vu2-32>
N fwlu-e)wu(u) - (1-e)2"}u(u(1-e)ﬂ

n/2 .
- y at (sin )27 (cos 1)+ 9u_1(u sin t) “le (Bcost), (A7)
A

where A = arc sin(l-¢), and

1.(2)

zu

(A-8)

Q.2 e

Form (A-7) is good numerically for smail ¢ and any value of u. There is no
cusp at t = x/2 if v » -3/2. A program for (A-7) follows, where e, u, v, and

B are arbitrary (e > 0, v > -3/2, 8 > 0).
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Epz=.1 € I Patrern Yeias wia CH=-70
Mu=08

Hu=~1.% );

Bc= B P B in 280

DUTFUT @3 "Eps ="3Eps:" Mu = "j;Mui" Ha = “jHui“ Ec =v;EBc
DIM Yev@idzan

COM U, Ec, ML, ML, M2, H2

Ml=Mu-1

Mi=Hu+1l

M2=2+Mu-1

H2=2#Nu+3

Rlopha=Musrdu+l

T=2+Epz-Epz~2

IF Epz=9 THEH 188

Fle=T HI*FNInu=zrnuiMl,Bc*30RCT o0 bofar Yrme 2 oo CAR-TO
El=1-Eps

Te=E1~02#Mu>

AR=AIN(EL >

B=Pl-2

FOR ITw=d TO 420

U=sTu*Pl.-48

Sq=SERARES{U*U~-Bc*Bz2

IF U<=Bc THEN Ti=FHInuxnu Alpta,=q:
1F U:Bc THEH Ti=FHNJnu:nui(Rlpha,sq:
IF Eps: 8 THEN 230

T3=T1

I..'I = E"

GOTO 438

T2=FNJInuxnui My, U =Te#FHInu=auaMu, U+E1y ¢ for lirne 2 of (/-7

T3=T1+FlexT2

S=(FNSCAX+FHSCE Y, S

H=2

H=(EB-AX#*.5

F=cB=-f>~2

Yo=9E99

T=9

FOR K=1 TO H-1 STEP 2
T=T+FNSCA+H*K)

HEXT K

S5=5+T

W=(S+T1+F b line I3 of (R=T73
IF RBS W-Vol{=AB3(¥)+1E-S THEHN 428
‘Yo=Y

M=M%2

H=zH%.5

F=F+.S

GOTD 368

Yel(lud=T3-~ ! Yaltage Response CA=T0
PRINT Iu,¥Yed(lu)

NEXT Iu

PLOTTER IS "GRAPHICS"

LRAPHICS

SCALE 9,480,-79,0

GRID 40,10

PENUP

FOR Iwu=9 TO 489

PLOT Tu,29*LGT ABS Yeclur Yeri@un
NEXT Iu

PENUP

EMD 33
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gsdy ] DEF FHS.-T. bt egranad
ot COM U Bz ML HL M, HE

531 Sr=3IMOT

) Cr=C03«TH

LYy T1=FNJnuw. . nuw: M1, U850

50 TE=FHInu nuiHl,Bo*Ct

3] FETURH =St -MI<Ct "HN2=T1#TZ

5 FHEND

o !

T8 DEF FHGampae o ! cammal i wig HEART.
Py HIHTx.

T R=1=-N

T IF iN.82 R (R :8) THEN 77

TSy PRIMT "FHGamma+rs» 12 NOT DEFIHED FOR
TEd STOF

o IF R:ea THEH 3ad

= Zammaz=1

b GUTY 348

20 P=3,383542531 31 +R* 1,938

21 F=43,24108203133+R»(22

a2 =432, 9416203191 +R*

Gammaz=F-nN

29 IF M:2 THEMN 229
3% IF H-2 THEM 934
Be Ganma=sammad

57T GOTO 939

GO TG D DS % DG D &

Gamma=Gammad
FOR K=1 TO N-2
Camma=Gamma# M-k}

HEXT K
GOTD 989
R=1

239 FOR K=0 TO 1-N

%S9 R=R<(X+KD

A5 NEXKT K

T Gamma=Ganmaz. R
AEY RETURMN Gamma
999 THEHND

1999 .

Reproduced §
best availab'omc:py.
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DEF FHIruarmac My %o ! Troge o g
IF HRES. 1591 THEMN 1122

A=, 73 S ERS03

IF Hu THEH RETURH FHIow

IF Hu=.,S THEN RETLFH A<=1-00
IF Hu=-.5 THEH FETURH A~C0
IF Hu=1 THEHM PETLIRH FHJl 0
IF Hu=~1 THEM RETURH -FHI1 i<

IF Hu=1.%5 THEMW RETLIREN A=< 'IH\ w0
IF Hu=-1.S5 THEN FETURH v
IF Hu=Z THEN RETLRH 2+ oL
IF Hu=-2 THEN RETURM (IR

< 1.

e 2

E13=AES: S

FOR M TD 19
T=T<R."VH<o H+R 1D
S=S+T

“Ev 3. RBSOSN
IF HBqlTﬁf-lE-llfHEf 31 THEM 1279

FRINT "198 TERME IH FHJImuwsruwoHuoxy AT 0 Hug

FRIJSE

D=12-LGT ABZ By g~S0" VgL OF SIgHiF, DIGITE
IF +°9 THEH 3S=3Ssc3+pi -t

RETURN 3

FHEND

1

DEF FMJacHD UoJodEy wia 9,494,101 & 9,.4,3

“=HE ]

IF THEM 13229

T=Y ]

Ja=.u4444?2 T+, 0933444 -T+, 38321
Jo=1-T#:02.2433337V-T+{1,28596205-T+ . X1 32€a=-T~To

B2TO 1459

Jo=3,S12E-S-T* , Q3137327 A TR L0 4
Jo=,7 4 E=-T#(V ,TE-7+T#*17 & FAE+T ] »
S=,39 F3=T+(,00054125+T+1, FITI-TH O@21 55200
T="%~-. 39316-T#( A1 ER3IIT+T20 32, ISIE-S-T*53
JD=JO*LUb\TJf BRCY S
RETURH Jo
FMEHMD
1
DEF FMI1oxY oJLoR) wia 3.4.4 2 9,43,
=HES A0
IF THEN 1559
T=" -]
J1=,09443313-T*, 03321781 -T*. 50081 .03
J1=ed  5-T*C . 55243 350-T*(, 2109307 3-T+/ ,AT3TA2353-T=J . o0
GOTO 16189
T=3-%
J1=.3891710S-T= , 98243511 -T+¢, 401
=7 ‘34vo+T*-1 SEE-8+T*0 . . @18
S=, ANEITATRA-T*(, 4074342+ T+0, @l

25619443+ TH (12431 T+T#0 T, ¢
e JLRCOS T SARCY
RETURN J1

FHEND

35
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DEF Frilru rmue M, o ! T - (%]
IF HF%'f' { THEN ITT@

A=, 333332230301

E=E.F il

IF Mu=d THEN SETUFN FHlC

IF Hu=.% TheE REIURN R+ E-1 E-
IF Hu==.5 THEN RETUFM HetE+} E:
IF Hus1 THEMN RETUFH FHI1 s X%
IF Hu=-1 THEH FETURN FMIL i =

IF Hu=1.9 THEHN RETURN A% =1 :+E+riisl BRI
IF rhu==-1.9 THEN FETURH R+« =1 <E= "+ E,
IF Hu=2 THEH RETURN X eFNIlo i =ZeFHI e o2
IF Hus=2 THEN RETURN CxResFHIc e :=Z«FHLL W,
H=Mu
IF 1T/ A QR +A=2. THEH 1299
b =R=-HNu
2=T=1 & A=FNG A+l
R=,2S%i+
B1g=RBS <3,
FOR N=1 T0O 129
T=T+«R., L HE#CH+FA !
S=5+T
Btg=mH?~Blg REZ 3
IF RES. T =1E-11«<RES. 3> THEHN 1318
NE.'T H
PRINT "188 TERKT IH FHNInusnacHu, w0 AT " THa
FARAUSE
D=12~LGT< AES Brg- 5 OMi, OF SIGHIF, DISGITE
IF K:G THEN S=5+ 4=R>-K
FETURN =
FHEND
]
DEF FHIo(¥: PoTodldy wra H,E,1 0w 2302
Y=RABS &2
IF ¥>3.79 THEN Z9039
T=Vey 14,9829
To=,. 203722+ T+ ., 0380785+ T+, 0045313
To=1+4T*0 3, S1562234T% 3,9339423+T+ 1,20 3 22+T= o
GOTO 2878
=3,75.%
Io=.99918281~T+, B‘DS"TGb T, AZEE9T:37-T~
1o=.333242235+T~0 , 813835932+ T#. ., 00225315%-T~
[o=lo#ERP LYY 3RRIYD
PETURM lo
FHEND
i
DEF FHI1vHD VT el wva 2,8,3 0% 3,504
YERBISC
IF v - 3.7% THEH Z17a
T=vev- 14,0625
[1=,828587232+T»7 . 3323FJIS22+T+, 20022411

11200, S5+T%: 37390594+ T#¢, 51325869+ 1, 150

GOTO 2270
T=3.75.

11=.91931559-T»<{. 3222298
11=,39394228~-T+: , Q3333924
I1=30H A 2 T «EXP Y 2 SRR YD
RETURM I

FNEND

d from !:'
\l::‘s,!' °:‘vunﬁ|.a ble copy.
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Appendix B
PROGRAM FOR THE EVALUATION OF (59)

The integral of interest is, from (59),

1
2u+l
ve(u) = 5\ dxyu(ux) X wc(x) . (B-1)
0
We approximate this integral by sampling at increment a = % and using
X
Simpson's rule. There follows
N
X
. A - 2u+l
v (u) =4 E wn}u(nuA) (na) 241 w_(na) , (B-2)
n=0
where
{"n} =1,4,2,4, ...,4,2,4,1. (8-3)

The program below evaluates (B-2). Values of x2utl W_(x) are stored in
array JXmuwe,
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I Epz=.1 VTRANSITION PARAMETER €
20 =} ! DINENSIGNRLIEV FPARAMETE® f
20 Hyu=-1,5% ' WEIGHTING FAFAMETER »
40 Bce=4 P WEIGHTING FPRARAMETER E
S0 M. =23 I NLUMBER OF IHCREMENTS It
1 1Y HinusZ43 ! NUMBER OF I[HCREMENTSE [+ W
T DIM Smuweii31@247,Yeddi240;
1] PEDIM nuue(ditsi,Vel(@iNIu.,
2 Mu2l=My=2+1
104 Nul=HNu+1
119 Del=1 N
1289 Ahdue N =0
1 124 FOR I=n T3 H: -1
140 HW=1<De)
154 RZ=1-¥~x
{ed Rs=SQR(R2
178 BEr=Bc*Rs
159 Ju2RZSHUsFNInu=snuiHu, Br
193 IF “*1-Eps THEN 220
29 Emawey [z MmMuZi#Iy
210 SOTD 289
29 [ 1=R2-Hul*FNInutnu(Hul ,Er
; 239 He=FHNezut CEpz,nd
249  Mep=FNHeutpiEps, x>
; 2549 Rndwe (LR Myl ¥ TogNe~Tul sNepo D
; 2e8 HEXT 1
: 2T FOR Twu=3 TO Hiuy
2ea DaluHiuss+Pl
294 Ud=U*Del
Tea T=rauwe i) +FNInuwernu M, Do #dmuwe (N
319 30=Se=R
30 FOR Ng=1 T Hx~1 STEP 2
3za 20=S0+FHInuxnucMu, H3#Ud ) #Xmuwe <Hs 3
340 MEHXT Ns
350 FOR Hz=2 TO Hx-2 STEP 2
3E9 Se=3e+FHInuxnudMu, Ns*Ud) #nuwe TH:s -
379 HEXT Hs ;
320 YeolursT+4+50+22Se
399 PRINT Iu,%eilur
499 MEXT lu
419 PLOTTER 18 "GRAPHICS"
429 GRAPHICS f
439 SCRLE B,Niu,-70,0
449 GRID Niusg,10 R
. 459  PENUP N {
: 460 T=20%LGT(Yeid)’ §
; 47 FOR Iu=9 TO HMiu e
: 420 Y=20¥LGTCABS (W Tl =T .

490 PLOT Tu,Y
500 HEAT Tu
519 PENUP

598 END

339 !
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DEF FHHeur (E,

IF H<=1-E THEN RETURN 1
Yxi-1+.9%ENE

T=yw=y

T=15-T#(4Q--T#43>

RETURN .S-,125+v«T
FHEMD

1

DEF FMMeutptE, x>

IF X<=1-E THEN RETURHN @

T=1-T*i3~16%T>
RETURN -1.375«T-E

FHEND
!

DTHER FUMCTIONS ARE LISTED IH AFFENDINM

IO s 413 1 4. AN 45 o oyt S SIS iT -
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