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SECTION I

INTRODUCTION

Digital controls are the subject of expanding interest in both the

academic and industrial communities. This is especially true since the advent

of the economical microprocessor and its related support chips which have

made digital control an attractive alternative when considering a control

strategy. For the past few years new control systems have been designed

using digital instead of analog controllers. There is also a need for

converting systems which were designed to be controlled by continuous controllers

into systems to be controlled by digital controllers. Conversion of existing

control systems is a problem of considerable interest to various branches of

industry.

A popular method for converting existing control systems into digital

contrul systems is by Tabak. This method-converts the transfer function of

the continuous controller into a pulse-transfer function of the digital

controller using prewarped bilinear transformation. The method is straight-

forward and easy to use, but the digital control system obtained by this method

approximates the continuous control system only when the sampling frequency is

sufficiently high as compared with the highest frequency of the continuous

system. This is because the tranfer function of the plant and the feedback

*eiement are not taken into consideration. Thus the capabilities of the digital

controller are not fully utilized.

Kuo et al.,2 Yackel et al.3 and Singh et al.4 in their papers proposed

methods for converting a continuous control system into a sampled-data control

system by matching the unit-step response of the systems at all sampling instants

or at multiples of sampling instants. The matching requirements are satisfied

by changing the input and feedback gains of the system instead of using a

digital controller. However, such matching holds only for unit step input. Thus

the performance of the sampled-data system obtained by their method approximates

* that of the continuous system only when the input frequency is sufficiently low

in comparison with the sampling frequency. For higher input frequencies, the

approximation is poor.
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II

Recently the author of this report and Yeh proposed a computer-aided

method for converting an existing continuous control system into a digital

control system by matching the discrete freq,'ency response of the discretly

excited system to the frequency response of the continuous model with a mini.um

weighted mean square error. The discrete frequency response of the digital

control system was obtained by inserting an artificial sampler of duration T
eJ wT

at the output of the system and then substituting z = eT in the overall

pulse-transfer function of the system. Even though the results obtained by

this method were superior to the ones obtained by Tabak's and other methods,

this method only matched the response of the systems at the sampling instants.

The purpose of this study is to improve on this method by matching the"

continuous frequency response of the discretly excited system to that of the

continuous model. The synthesis of the digital controller is carried out by

minimizing an error between the continuous frequency response of the digital

and existing systems in the w-domain. The method uses the complex curve

fitting technique of Levy.6 As a result the formulas for computing the

_ parameters of the digital controller are obtained. This method is then extended

to the digital redesign of an existing multiloop continuous control system.

The design algorithms developed here are based on the transfer function of the

* plant and the closed-loop transfer function of different loops of the continuous

system. As a particular application, the digitalization of a flight control

system is discussed. The system under consideration is the flight controller

for the longitudinal YF-16 aircraft. The results obtained by this method are

compared with those obtained by the previous methods.

SECTION II

STATEMENT OF THE PROBLEM

The block diagram of a general multiloop continuous-data control system may

be drawn as shown in Figure 1

2



CONTINUOUSPLN
CONTROLLER

CONTINUOS
CONTROLLER

Figure 1. Existing multiloop continuous-data control system

The continuous model shown in Figure 1 can be digitalized by inserting

a sampler at the error input e(t) and replacing the continuous compensators

Gui(s) by digital controller Di(z) as shown in Figure 2.

PLANT
DIGITAL

CONTROLLER

RM +D2(Z + .O.H G G(S) C(t)
Z i~s)

DIGITAL
CONNROLLER

D3 (Z)

T T

Figure 2. Multiloop digital control system
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The general pulse-transfer function of a digital controller may be

written as

c CIz-1 +C -2 + -* @+cz
co+clz- c2z-2- m

D(z) -- m , m~n (1)
DW-1 -2 -n cn

I +d1 -z +d 2 z + - * • + dnz

where a's and b's are unknown constants. It is required to design digital

controllers, i.e., to find the unknown constants of different controllers

so that the steady state output of the digital control system follows the

desired output of the continuous model for all sinusoidal inputs within the

frequency range. This is done by matching the continuous frequency responses

of different loops of the digital control system to the corresponding ideal

frequency responses starting from the innermost loop.

SECTION III

DESIGN OF DIGITAL CONTROLLERS VIA CONTINUOUS FREQUENCY MATCHING

1. Digital Controller in the Feedback Loop

The block diagram of the inner loop of the digital control system shown

in Fig. 2 is redrawn as shown in Figure 3.

.., PLANT

INPU + ZO.H.OUTPUT

• DIGITAL
f, CONTROLLER

T T

Figure 3. Inner loop of digital control system shown in Figure 2

The overall transfer function of the continuous and digital systems (inner

loop) can be written from Figures I and 3 respectively as

4



C31 (s) C1(s) (2)

R1 (s) F(S) 1+C(S)C 1 (s)

Cdl (s) ChOC l (s)
R( Gdl(S) l+D (s) Ghol () (3)

where Gcl(s), Gho(s) and GI(s) are the transfer functions of the continuous

controller, zero-order hold and plant respectively. The superscript notation
Tdenotes the sampling rate. For example R1  indicates that the signal R1 is1

sampled at I samples/second.

It is required to design a digital controller, DI(z), by matching the

continuous frequency response of the digital control system shown in Figure

3 to the corresponding ideal frequency response of the continuous model

shown in Figure 1. The frequency response of the continuous model can be

obtained by substituting s = jw in equation (2) and varying w from 0 to =.

But because of the hybrid nature of equation (3), a common way of finding the

frequency response of the digital control system is to put an artificial sampler

of duration T seconds at the output of the system, substituting z = ejWT in

the overall z-transfer function and then varying o from 0 to w/T. We will

call this discrete frequency response. Recently the Author7 proposed a method

for converting an existing multiloop continuous control system into a digital

control system by matching the discrete frequency responses of the digital

control system to the frequency responses of the continuous model. In this

method we only matched the response at the sampling instants. It is this

observation which prompted the development of the method in this report

which matches the continuous frequency responses of the discretly excited

system shown in Figure 1 to those of the continuous system shown in Figure 2.
st

Rewriting equation (3) with z - e , we get

SGhOCl (S)
Cdl(S) (4)

l+Dl(Z)GhoGl(Z)



where

ChO l(z) 5 z [ChOC(s)] (5)

Then, the continuous frequency response of this discretly excited system is
8

given by (Didaleusky and Whitback8 )

sT

A =+JB G () (6)
n  T ho I I+D(z) CG 1 (z) z I bT

n

where

b + Tb , n 0,1,2,3, (7)
n T

For n=O, we get the fundamental component of the output response (i.e. ;,(S)

for a sampled sinusoidal input R(z)). For n#0, we get the output res se for

the individual alias frequency components. For example, for n=l

w 1 b ~ b w(8)bl=  + 2-ff b + (8)

and we get the frequency response in the output for the 1st alias component.

At this point it is important to recognize that the actual continuous

response, Cdl(s), is not sinusoidal. This becomes clear in the time

domain response for Cdl(s) for a sampled input R1 (z) (Whitback and

Hoffman ). It is apparant that the best we can do is match the fundamental

component of the output response Cdl(s). An alternate w-domain expression

for equation (6) is given by

An+JBn = G (s)j GA(w) w T (9)
i n T ho 1ls~wA l 2 wt (9

n 2

where

SGA (w) = (10)
l+D(z)G hO Cl(z) 2+1

2



Equations (6) and (9) provide the same continuous frequency response of the

discretly excited system but the advantage of using equation (9) is that it

improves numerical round off problem in the implementation algorithms. Equation

(9) can be written as

G (w)1 - - -(s- (11)

1 +wT I+D(z)Gh0G (z)

z -- --2s=J2 tan-' --2
wT T 2j

2

Let the transfer function of the digital controller, Di, be written in the w-domain

as

a w m+a w m-+ + a 1,1 +a w4-a
Da(w) lim l,m-l w 1- 1+  (12)

1 b l,n n+b 1 n wn-l +-****** + bI , Iw+l

where a1  's and b i 's are constants to be determined. The continuous frequency

responses of the digital and continuous system can now be obtained by substituting

jy and s =j2- tan- ' T in equations (11) and (2) respectively

v~jand~T 2

F1(jy) F F(S) s tn T  AIJBI  (13)
S=!tan - A1+jB

(XII+JYII)

Cdl(Jy) = pl+jYQI  (14)

1+ I+LI+jYM1 (X21+JY21)

where

P 1  a, 0-a1 ,2 
2 +a1 , 4 Y4 a1 , 6Y6 + .... (15)

1  l-a 3Y 2+aY 4-a .6 (16)

L1  0-b1 ,2Y
2+b 4 4-b 61,4 ,6~ + "*'''.. (17)

M ab ll-bl,3Y2+bl,5Y 4 6blY6+ (18)

~. 1 1 3 Y+b1 y -b 7 yA



.3y "1  (19)

2 s2 tan- '
T 2

- G21 (z)I+T (20)
hO 1Y2 l+i'r-j

--
ZT

For notation convenience, let the numerator and denominator of G dl(jy) be

denoted by N(y) and M(y) respectively, i.e.

(21)Gd! (JY) M M(y)

In terms of real and imaginary parts, N(y) and M(y) can be written as

N(y) - +jb (22)

M(y) o+j'r (23)

where

= (l+L )XI.-YM.Y 1  (24)

o = (1+L1)Y l1 -IyMXl1  (25)

o - +LI+P1X21-YQIY 21  (26)

YMI+P1Y21+YQ1 X21  (27)

4 The error between Gdl(jy) and F1 (jy) is defined as

C(y) (jy)-cdl (jY) (28)

An optimal set of a's and b's can therefore be optained by minimizing the mean

square of the magnitude of c(y) Let the error function to be minimized be

defined as

8



E IF(JY) - N(Y) (29)

Y1

where (y2-y1 ) is the bandwidth in the w-dom in on which the matching is requiredThis error function is to be minimized by adjusting the unknown coefficients

ali and b ,i . However, due to the presence of M(y) in the denominator, the

equations obtained by differentiating E with respect to al'i and bl' i are nonlinear.

This nonlinearity may be removed by modifying the error function (29) as

E M= IFICjy)M~y) - N(y) 2dy (30)

y1  "

* This integral differs from that in equation (29) by including IM(y)12 in the
* integrand as a weighting factor. This modification is not new. It was

10 6suggested by Kalman as an identification technique, was used by Levy in

complex curve fitting, Rao and Lamba1 1 for simplifying linear systems and by
5the author and Yeh for discretizing continuous systems.

The integrand in equation (3) is a complex function and may be seperated into

* real and imaginary part as

IF (jy)M(y) - N(y) I (y) + jm(y) (31)

where

1(y) - A a-B T-0 (32)

m(y) - A -+Bca-0 (33)

By substituting equations (31)-(33) in (30), we get'

"1E mi J1 [(Ala-BIT- 4)2+ (AT+Bo.-O)2dy (34)

9



Differentiating E 1 with respect to a 's and b l'i s and equating the resulting

equations to zero represents (m+n+l) linear equations in (m+n+l) unknowns

a11 0 to aI'm and b I to b l n . These equations can be written in the matrix

form as given in equation (35)

ISO TO  0 -T2  0 T4 0 . .. Vi -U2  -V U4  V - "U6  * "Uo

, 0 -1 0 T0 ..... U2  V3 -U4 -V5  U' -V7  ** V1

'1,2 -If2  0 T4  0 -T6  0 ...... V3  U4 V 5 5U 6 -V 7  U '* U2

*1.3 0 -T4 0 T6  0 -T 8 * .. 4 -V5  U6  V7 -U8 "V8 * * * 3

I 
- .

bl1  v1  u2 _v3 _u4  V5  U6  W2 0 -V 4  0 "6  0 ..... 0

b1, -U2  v3  U4 -V5 -U6  v7 .... 0 W4  0 -W6  0 8 . .... W2

b, -v-3 U4  V5  U6 -V7 -U ... W4  0 6  0 -VS 0 ..... 0

.b u 4  v 5  - ( v 7  U -v 9 '. . 0 o 0 o 0 o - 0o • .V. . o W 4*1,,4 6 • 661

(35)

where

f -
2 (A2+B2) (2 +Y 2)ThdA (36)

Th1 1 "12

Uh [ 2 [(A2+B,)X 21-A1 X +B (XllY2l-X 2- 1 ,)] yhdh (37)
JY2h [(A+ B) 2 I-A, (XlX B+IY yd (38)

Vh j [(A21+B )Y 21-A. (X 1 2 lX 2 1 1 1) -B1 (X1 1X2 1 +ylly 2 1)]yhdh (38)

Y2 [(A 2B2)+ (X2 +Y21) -2 (AX l+BlYl)]ybdy 
(39)

10



Equations (35)-(39) provide a design algorithm which has been programmed on

a digital computer (IBM 370/3031) and is available in the form of a

subroutine written in FORTRAN IV. Note that the order of the digital

controller (integer m and n) is arbitrary. Therefore, using this algorithm,

one may try out several digital controllers of different orders and select

the best design by considering the tradeoff between cost (complexity) and

performance. The pulse-transfer function of the digital controller D can

now be obtained as

Dl(z) = D(w) (40)
1 2j z-1

V T z+l

2. Digital Controller, D2 (z), in the Feedforward path of Outer Loop

The block diagram shown in Figure 4 is obtaided from Figure I after inserting

a sampler at the error input e(t), replacing continuous compenstor Gel(s)

by the already designed controller Dl(z) and replacing the controller G 2 (s)

by the yet to be designed digital controller D2(z).

DIGITAL 
PLANT

CONTROLLER

*RU) + D~)+ Z.O.H. Gf Ct)
R(s) 2 GGho(s) C(s)

T - T -

DIGITAL
CONTROLLER

T. T

CONTINUOUS
CONTROLLER

Gc3( S)

Figure 4. Digital control systen with unknown digital controller
in the feedrorward outer loop.
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The overall transfer functions (outer loop) of the digital control

system as shown in Figure 4 and the continuous control system shown in

Figure 1 can be written in w-domain as

C 2(s)F1 (s)G2 (s) (41)
F2(w) - l+G 3 (S)0c2(S)F(s)G2(s) wT

c3 c2 1 2 .SJ2 tan- 1 
W-T

Ta 2j

1

M D2 (z) 1"GhoGl(z)Dl(z) 1 G2 (s) (42)

Gd2 (W) 1+1- Gh0 Gi.G2 G c 3 ( z) 8

l+D2 z W .1+- "

l2 hO~l(Z)Dl(z) T2 -
zO 1 1 +s=iJ tan- 1

where

7GhoGG2 (z) z[GhOGlG2 (S] (43)

ShO(;lG 2 Gc3(z) - z[hOGlG2G (s] (44)

Let the transfer function of the digital controller, D2 (w), be written

in the w-domain as

a v+a w + '+aa2 (
2( M 2m n 2,- n-l 2,, m<n (45)

b 2,nw+b 2,nw +..... + b2, w+l

2,s an-b22,1

where a 2, i  and b s are constants to be determined. The continuous frequency

responses ot the digital and continuous system are obtained from equations

(41) and (42) by substituting w = jy and are given by

G(jwv W1(t)0(OW)
F2 (jy) C3 (jIW)c 2 (j W)FI(JW)G 2 (j w) 2 an- 1 IT

T 2

A 2 2+JB 2  (46)

12



12+jyQ2  + '1
- +L2 j yM2 ~( 2+i12)/

Cd+jyQ 2 p (47)
11+ 2jy 2 * (x22+ 22)

where

"2 a2 ,0-a2 ,2 y
2+a2 , 4 -a 2 ,6y

6+ *..(48)

IQ2 a.a 2 12,. 3y
2+a2 5 Y

4 -a 2 ,7Y6+ ... (49)

L2 = 0 -b2 ,2y2 +b, 4 -_b, 6 + 50

N2 -b 2 ,lb 2 ,3y 2+b2 ,5 4 -b2 ,7 6 + ... (51)

iY1 C IC2 00j(52
X12 jJY] 2  T - w (2

1+im- 1+GhOGl1(z)DlI(z) l+ 2 ta-1Y

W-T 2
1 2

Gh C G G2 G c3(z)

12 Y2 +GhO (z)Dl(z) T (3

IjT
lj2

*The error function between Gd(iT) and F (jy) which is to be minimized 
is

* given by

Jm [A L 20-B 2T_,)2 + (A 2 +B 20-0)]d (54)

Yl

where

P 2 PX 12+YQ2Yl2  
(55)

0 - p Y'2'Ql (56)

o- 1+L 2+P 2 X22  (57)

-- Y 2 +P 2 Y22+QX 22  
(58)

13



Differentiating E.2 with respect to a 2 s and b 2 's and equating the

resulting equations to zero represents (m+n+l) linear equations in (m+n+l)

unknowns a2,0 to a2,m and b2;1 to b2,n• Then equations can be written in the

matrix form as given in equation (59)

-1

2,o T, 0 T2 0 0 . . VI -V2 -V3  U4  VS _-6 * * * * 0

2,1 0 0 4 0 T6 * .... U2  V3 -U 4 -V5 U6 -V7 * 0 1

*2.2 0 T4 0 T6 0 ..... V 3  4 V5 -U 6 -V7  U8S•. U2

a2,3 -0 -T4  0 0 -T .....- U4 -V5  U6  V7 -U -8  *** * -3

; 2 1  v1  U2 -V3  U4  V5  U6 ..... 0 -W,4 0 16 0 -. *. 0

b2,2  "V 2 V3  04 -V5 -06 v7 . * * * -W6  o O ..... W2

b2 3  -V3  U4  V5  U6 -V7 -U 8 . W4  0 W6 0 -WS 0 ..... 0

b2,4 U4 ,V 5 V6 V7 U8 -V9  ' 0 W o US 0 ..... ' '.

, .S

(59)

where

f[(A2+B)( 2Y2) +(x2+Y 2) 12B 2 ( 1  Y , 2)- 2A21 X 2 2 Y 2 2 )Yd

y 1 (60)

ii-f 2 (2 B2) ( XYdy (61)

T2 A 2 2

Vh -B 2 Y22
+  2Xl2-A21iydy (62)

* Y1

h rJ I 2+B2)yh dy (63)Wh 2 2) 7d

y1

14



Equations (59)-(63) provide a design algorithm which has been programmed on a

digital computer, IBM (370/3031) and is available in the form of a sub-

routine written in FORTRAN IV. The pulse transfer function of the digital

controller, D2 (z), can now be obtained as

D 2 (z) - D2 (w)J 2 zl (64)

3. Digital Controller, D3(z), in the Feedback Path of Outer Loop

The block diagram of the digital control system after replacing the

continuous compensators Gl (s) and Gc2 (s) with already designed digital

controllers and after replacing Gc3 (s) with yet to be designed digital.

controller D3 (z) is shown in Figure 5.

PLANT
DIGITAL

CONTROLLER•R.t) .1 z, ,!-4.] CU)
D2(Z) Gho(s) G1(s) G2(S) C(5)

T -T-

DIGITAL
CONTROLLER

T T

UNKNOWN DIGITAL
CONTROLLER

.T T

Figure 5. Digital Control System with unknown digital controller in the
feedback loop.
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The overall transfer function c the digital control system shown in

Figure 5 can be written in the w-domAin as

D 2(z)
V~ + 0~o--- (z) D (Z) G2(s)

S7(w) (65)Sl+_2_+3(z) D+ O 2(z) wT)-

l+1 +Ghol(z)Dl(z) l+ ;:t 2 - 1lW
WT s wJ- tan 2[ I-

2

Let the transfer function of the digital controller D 3 be written in

uthe w-domaln as

I--

aw +a w + + a3 w+aD 3 .,W) -3,n3m1n-, ,1 2 m<n (66)
b 3,n wn4b 3. -I ++ b 3,1w+b 3--

where a3, i sn b3, i s are constants to be determined. Since the digital controller

D 34W is located in the feedback path, these constants can be determined using
the design algorithm developed for Dl(z), equations (.36)-(41), where

: A 1 -A 2  (67)

iB BI ,, (68)

w D2 (Z)  0 C% (s)
Xll+J¥11 = ~~~1+ I+- G (z ) D I (z) 1--- s '(9

22

D2 (z)Gh O G-I G 2 z  (70)2

" 2''Y 1+ h I-G 1 (z)D I (Z) 1-1 = 70)

Finally, we would like to point out here that using the design algorithm

developed for the digital controllers in the feedforward and feedback path,

~we can convert any existing, iultiloop continuous control system into a

' multiloop digital control system.

p.16



SECTION IV

NUMERICAL EXAMPLES

1. Numerical Example 1

The first example considered in this report is to convert an existing

single loop continuous control system shown in Figure 6 into a digital

control system shown in Figure 7.

CONTINUOUS

40I) + , t COMPENSATOR u(t) PLANT Cm(t)

R(S) TG c (S) G (S) CM(S)

FEEDBACK

ELEMENT
H (S)

Figure 6. Existing single-loop continuous-data control system-for
Example .

oe, DIGITAL 1F

9 el+O.139s.(71)

C (s) T PN S) Cd(()
y_ , CONTROLLER 

N 
Cdt

ELEMENT

H (s)

Figure 7. -Redesigned digital control system for Example 1.

The transfer function of the continuous controller, plant and the feedback

element is given by

Gc(s )  1+0.416s (1
== 1+0.139s (1

Cis s-~ (72)

[ H(a) 1 1 (73)

K 17
F-



Using equations (7l)-(73), the overall transfer function of the

continuous model can be written as

C (s)G(s)299s+7.4
F(s) c 99s+7.4 (74)

I c (sGsH) a3 +8.194s 2 +37.12s+71.942

The magnitude of the frequency response of the continuous model is obtained

using equation (74) and is shown in Figure 8.

L40

1.20-

.C
% 0

~0.20

00O 6.00 1200 1800 2400 30(0

FfequtWcp. rod.*&

Figure 8. Magnitude of the frequency response of the continuous
system of example 1.

Based on the frequency response, the sampling peribd T is selected to be 0.15s.

From equations (72)-(73),-

CGl() 10(1-e )s (75)
h ~ s 2(s+l)

18



The z-transform associated with this transfer function is given by

ShCH(z)  0.10708z+0.101858 (76)

h z2-1.8607z+0.8607

1 JT
Substituting z =- in equation (76) we get

9.981-.73w-.0019w2  (7)
Gh'H(jy) = X22+JY2 w(w+.998) lw-J y

From Figure 7 and equation (72), we get

JyG s) 1078)
-2 T2 s T2~l

8 2 ta-' iT BJ n-1
S2 T 2

Also

B 29.93s+71.942
s3+8.194s+37.12s+71.942 2 tan 1  _ (79)a 2

Equations (77)-(79) are the only information required to design a digital

controller for the digital control system shown in Figure 7. Feeding these

equations to the computer program written for equations (59)-(63), the

transfer function of the first-order digital controller given by the

algorithm in the w-domain is

D(w) = .59713 + .3636w1+. 13053w (80)

Substituting w 2 z l in equation (80) gives the pulse-transfer function of the
T z+l

digital controller

D(z) -1.9865 - 1.55074
z-.27108

The frequency responses of the existing continuous system and the digital

control system with the digital controller given by equation (81) are shown

in Figures 9-11. It can be seen that both the magnitude and phase angle of

19
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the digital system matches closely with that of the continuous model. If

the designer is not satisfied with the results and wants to improve the

performance, the only change which need to be made is to increase the

order of the digital controller. The algorithm goes through the standard

steps given above and finds the parameters of the new digital controller.

Thus the performance may be improved at the expense of increasing complexity.

2. Comparison with the existing methods

The digital controller for the digital control system discussed in the

numerical example is redesigned using the Tustin transform 1 2 (bilinear

transformation); methods presented by Tabak (prewarped bilinear

transformation) and by the author of the paper and Yeh5 (discrete frequency

matching). Using these methods, the continuous controller given in

equation (71) is converted into digital controllers and are given by

Tustin transform:

D(z) 2.294z-1.5936 (82)
z-.299

Prewarped bilinear transform:

D(z) 2.42965z-1.68046 (83)z-0.2509

Using the method presented by the author and Yeh:

first-order:

D(z) 3.6787z-2.31256 (84)

z+0.383656

second order:

D(z) 3.96z 2-3.65z+0.56 (85)

z 2-O.34z-0.384

The frequency responses of the digital control system with digital

controllers given by equations (82)-(85) are shown in Figures 9-11. Comparison

of the results in these figures demonstrate that the digital controller

obtained by the present method gives better results. The unit step responses

of the continuous model and digital control systems obtalned by different
methods are shown in Figure 12. It can be seen from this figure that the

present method gives better results.

20
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I~o

2.00 I'It
1.75 - Continuous Model

1.7*-* First-Order Controller (Present Method)

-0-0-0- First-Order Controller

-0-0-o Second-Order Controller Rattan and Yeh

1.50 / - First-Order Controller

(Prewarped Bilinear Transform)

- - First-Order Controller

1.25 (Tustin Transform)

1)

~ 1.00
C

.75

.50

" .25"

.00

0 2.0 4.0 6.0 8.0 10.0 12.0 14.0 16.0 18.0

Frequency in rad/sec

Figure 10. Magnitude plot of the frequency responses of the continuous
model and the digital control system designed by different

methods. (example 1).
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1.6

1.5

1.4 I

* 1.3I

1.2

1.0o

.8

.7 Continuous Model

.6 '' First-Order Controller (Present Method)

.5. First Order Controller
(Prewarped Bilinear Transform)

.4 --- First-Order Controller

.3 (Tustin Transform)

.2

* .1

0 1.0 2.0 3.0
Time in seconds

Figure 12. Unit step responses of the continuous model2 and thbe digital
control system designed by different meth~ods (example 3)
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3. Numerical Example 2

The digitalization techniques, described in aection III was applied
13

to an analog flight controller for the longitudinal YF-16 as shown in

Figure 13. A listing of transfer functions of the aircraft flight at

30,000 ft at H - 0.6 can be found in Appendix A.

The problem is to digitalize, i.e., to replace the continuous-time

controllers by digital controllers while preserving the dynamic properties

of the whole system. The block diagram of the digitally controlled YF-16

obtained by inserting a sampler at the input of the actuator and replacing

continuous controllers by digital controllers is shown in Figure 14.

CONTNUOUS MODEL O A/C.

CONTROLLER ACTUATOR I G(s)

R + R,+WASHCUT R2 + b. % 0 bI a a ~ ~ a

1-22(s+1O

G c2 (s) I..

CONTNUOUSG (s)
CONTROLLER cl

CONTINUOUS CONTROLLER

Gc3[ s )

CONTINUOUS CONTROLLER

yLgure 13. Analog YF-16 controller (H!=0.6, h=30,000 ft)

I +

DI(z) Controller: From Figure 13, the transfer function of the

continuous model (innermost loop) for the design of digital controller Dl(z)

can be written as

25



DIGITAL C()A/C
CONTROLLER

iteRT Z.O.H. 20 be a a q q a,,

D()Gh.C(s) s.20 ; b~ a q

ir T ~~~~~~~~~~~DIGITAL L---------------------

CONTROLLER

D1 (z)

T1 T

DIGITAL
CONTROLLER

DIGITAL
CONTROLLER

Figure 14. Digital YF-16 controller.

Flo) (S) ()

4 32
ox 1.45S +162.lS3+1478.S+24.53S+8.3 (6

S+0.95S 5+226.2S 4+127.7S 3+270.5S 2+3.75S+1.31

In view of the innermost loop of Figure 14 and equation (19), we have

x Jt L 20 -(S) (87)
1111 T S+20 2 -1eY2 e- sJ tan- 2-

CCG(S) l-e-s 20_2_()8)
hOlI S s+20 6-s (8

The z-transform associated with this transfer function is given by

GtoC (Z) .027 14.004 _.05z24.03v*-00 (89)
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Substituting Z --- *in equation (89), we get
l-y

y = x.0029w 5-.05w4-1.04w 3+140.1w 2+2.24w-.79
'hI(Y 2 1 J 2 1  w5+19"9w 4+15"7w3-44"3w 2-74w-'27 (90)W(90)

Feeding equations (86), (87) and (90) to the computer program written

for the algorithm implementing equations (36)-(40), the transfer function

of the first-order digital controller D1 in the w-domain is given by

D (W) 0.501+.0109w (91)
1 = 1+.1007w

substituting w = - in equation (91), we get
T z+l

D .1732z-.0072 (92)Dl(Z) = z-.668 (2

The frequency response of the innermost loop of the digital control

system shown in Figure 14 with the digit4l controller given by Equation (92)

is shown in Figures 15, 16, 17. To compare the result, digital controllers

are also obtained by the other methods and their pulse-transfer function

are given by

Tustin transform:

D (Z)  .083(z+l) (93)
D1(z z-.667

Discrete frequency matching method:

D .3659(z-.79 74) (94)D1 (Z) z-.8553

The frequency responses obtained using the digital controllers given by

equations (93) and (94) are also plotted on Figures 15, 16, 17. Comparison of

these results demonstrate that the digital controller obtained by the present

method gives better results.

D2 (z) Controller: From Figure 13, the transfer function of the continuous

model for the design of digital controller D2 (z) can be written as

q(s) Ge2 (s)F1 (s)G 2 (s)
31-t = ) - +G 3 (s)G 2 ()I(s)G 2 (S)

180S6+.56 81o4S+.579xlo5S4+.214xlO6S 3+.2134O 6S2+.73xIO 5S+629.9
S8447ST.1925S 6+ .86xlO 4 S +.35xlo S 44.75x05S +.33xi0 5 +329 IS+19.6

*27 (95)



Im__ Continuous Model
''''Present Method

Discrete Frequency
300 Matching Method

---- Tustin Transform

25.0-

20.0-

- - - - -0 - -

1 10.0-

5.0-,

-16.0 -12.0 40.0 -4.040 40 8.0 12.0 Re

Figure 15. Nyquist plot of the frequency responses of the innermost loo~p of

the continuous systc- and the 'Porresponding digital control system
designed by diffe±rent methods, (example 2).
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40.0- - Continuous Model

: -' Present Method

Discrete Frequency
35.0 Matching Method

- -- - Tustin Transform

~30.0-

25.0-

*0
S20.0,

t

15.0- 1

I

10.0.

5.0-

0 .1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0

Frequency in rad./sec.

Figure 16. Magnitude plot of the frequency responses of the innermost loop of

the continuous system and the corresponding digital control. system

designed by different.methods (example 2).
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180.0 Continuous Model

' Present Method

.-.- 'Discrete Frequency
135.0- Matching Method

---- Tustin Transform

90.0.

.45.o-

(L

-90.0-

-135.0-

-180.0,

0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0

Frequency in rad./sec.

Figure 17. Phase plot of the frequency responses of the innermost loop

of the continuous system and the corresponding digital control
system designed by different methods (example 2).

30



In view of Figure 14 and equation (53), we can write

X -1 20 -(s) (96)1212 T hG(wDw)T s+20 6e1+j +Gh (w)D(w) + J 2  s=j2 tan-1 2 "

.-~ ~~~~ T, 2-~T 2sss s122
C

-ST
~GG '' -C 24S(S+5)

'ol~r2C,3' S (S+1) (S+15) (S+20) 6e

(97)

From the z-transform of this transfer function and equations (90) and

(91), we get

1 00003w6-.004w 5-• 36w 4+10.5w3+690.7w2+11 lw+3.9

2222 +Gh0G 1 (w)D1 (w) w
6+29.8w5+212.1w4+110.6w3-436.7w2-7.6w-2.6

(98)

Feeding equations (95), (96) and (98) to'the computer program implementing

equations (60)-(64), the transfer function of the digital controller D2 in

the w-domain is given by.

D2(w)'- 1.29 + 5.45 (99)2 w

Substituting w in equation (99), we getSubtiutig =T z+1

1.399z-1.181
D2(z) (z-1) (100)

The pulse-transfer functions of D2 (z) obtained by the existing methods are

given by

Tustin transform:

1.342(z-.8182) (101)D2(z) = (z-l)

Discrete frequency matching method:

D (Z) 1.3837(z-.80235) (102)

The frequency responses of the middle loop of the continuous system shown

In Figure 13 and the digital control system shown in Figure 14 with digital

controllers D2 (z) given by equations (100)-(102) are shown in Figures 18, 19

and 20. Comparing these results reveals that the digital controller obtained

by the present method gives better results.
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- Continuous Model105 m
~---.Present Method

Discrete Frequency 9
Matching Method 90

---- Tustin Transform

7.5-

6.0-

4.5-

I~0 Re1 8

-3.0 -2.5 -2.0 -1.5 -1.0 -.50 0 .50 1.0

Figure 18. Nyquist plot of the frequency responses of the middle loop
of the continuous system and the corresponding digital
control system designed by different methods (example 2).
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10.5 Continuous Model
4---~Present Method

Discrete Frequency
9.0- Matching Method..

- - - - Tustin Transform

7.5-

0-

4.5

3.0-

1.5-

0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0

Frequency in rad./sec.

Figure 19. INagnitude plot of the frequency responses of the middle
loop of thc continuous system iind the corresponding digital
control system designed by different methods (example 2).
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165.0- Continuous Model
'--'--Present Method

Discrete Frequency
150.0- Matching Method

- - - - Tustin Transform

135.0-

CR 120.0-

)105.0-

S90.0-

75.0-

60.0-

45-0-0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0

Frequency in rad./sec.

Figure 20. Phase plot of the frequez.zy responses of the widdle loop of the
continuous system and the correspondib- digital control system

designed by different methods (example 2).
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I.

D3(z)Controller

From Figure 14 and equations (70) and (71), we can write

u - D2(w) 20 (s) (103)
J I+1 hoG I (w)D (w) s+20 2 -T

YIw=jy ls=jitan -

and

D2(w) "14wu4 +7.3w 3+3.97w2 +.034w
21JY21 I+Gh0G- ( w ) D1 ( w ) w

4 +.95w 3-2.33w 2-.038w-.014 (104)

1+Ghol~w)l~)wjy

Feeding equations (95), and (103) and (104) to the computer program

implementing equations (36)-(40), the transfer function of the digital

controller D3 (w) is given by

D3(w) = w(0.41+096w)D (w) =(105)
1+1.07w+.106w2

2 z-1

substituting w = in equation (105), we get
T z+1

2
D(Z) 8151z -1.502z+.687 (106)

z 2_.652z+.6646

The pulse transfer functions of D3 (z) obtained by the previous methods

are given by

Tustin transform:

0.995z -1.81z+.814 (107)
z 2 -1.5z+.517

Discrete frequency matching method:

D (Z) 1.5433(z-.8512)(z-1) (108)
3" (z-.3876)(z--.9652)

The frequency responses of the middle loop of the continuous system shown

in Figure 13 and the digital control system shown in Figure 14 with digital

controller D3 (z) given by equations (]06)-(108) are shown In Figures 21, 22

and 23. Comparison of these results shows that the present method gives better

results.
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28.0- Im
Continuous Model

24.0 - Present Method
- Discrete Frequency

Matching Method
- - - - Tustin Transform

20.0-

16.0-

12.0-

8.0.

0 '>Re

-3.00 -2.50 -2.0 -1.5 -1.0 -.50 0 .50 1.0

-4.0

Figure 21. Nyquist plot of the frequency responses of the middle loop
of the continuous system and the corresponding digital copt-rol
system designed by different methods (example 2).
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1

165.0 Continuous Model
- Present Method

.-.-.- Discrete Frequency
150.0 Matching Method

---- Tustin Transform

135.0

75.0

0120.0-
V

0105.0-

0.0

0

75.0-

60.0-

45.0 5 I

0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0

Frequency in rad./sec.

Figure 23. Phase plot of the frequency responses of the middle loop of the

continuous system and the corresponding dig:ital control system

designed by different methods (example 2).
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1

D4 (z) Controller:

From Figure 13, the transfer function of the continuous model for the

design of digital controller D4(z) can be written as

a(S) F2 (s) c 3 (s)

F (S) _n 2 3
3  R(s) 1+G c4 (s)F2 (s)G3 (s)

- 649S 8+30.5S 7+559.9S6 +.5534x104 S+. 37 54x105S 4 4.1883x106 S3

S9 +62S8+187.2S7+.2359xI0
5S6+. 17 1ix106S5+.6447 x106S4+. 1373xlO S

3

.+.4981x10 6S2+.3417x106S-627.1
+.1021x10 7 S +.3466x106S-332.3

(109)

In view of Figure 14 and equations (70) and (71), we can write

+j YI l Z~j) -s n(110)
Xl l= ._T z(jTy) s+20 de1+jY2 2 -1T

s=j tan

and

...-. 0076w 5-2.43w 4+138.8w 3+75.34w2 +.65w (111)
X21J21 5~y 4 3 2_ 11

W +19.95w +15.74w _44.29w .74w-.27 jy

where

D2 (w) .[

z(jy) 2 _ (112)
1+GhoGl (w) Dl (w) +GhoGIG 2 (w)D2 (w)D3 (w)

w=jy

Loading equations (].09)-(112) into the computer program written for

the algorithm implementing equations (36)-(40), the pulse-transfer function

of the digital controller D4 (z) is given by

D4(z) - 1.0124 (113)
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The pulse-transfer functions of D4 (z) obtained by the existing methods

are given by

Tustin transform:

D (z) .5858z2 +.10652-.479 (114)
4 2_1.082+0.29

Discrete frequency method:

1.994z 2-3.716z+l.803 (115)D V(z) =  : (115
Z -1.8812z+.9577

The frequency responses of the multi loop continuous system shown in

Figure 13 and the digital control system.shown in Figure 14 with digital

controller D4 (z) given by equations (113)-(115) are shown in Figures

24-26. Comparison of these results demonstrate the superiority of the

present method over the existing methods.

SECTION V

CONCLUSIONS

A method for converting an existing multiloop continuous control system

into a digital control system with similar performances is developed. An

• :attempt is made to match the continuous frequency response of the digital

control system as closely as possible with that of the continuous model. The

parameters of the digital controllers are obtained by minimizing modified

mean-square of the errors between the transfer functions of the continuous

and the digital systems in the w-domain. Formulas for computing the

parameters of the digital controllers are obtained and have been programmed

for a computer. Since the design procedure is computer-aided, one may try out

several digital controllers of different order and select the best design by

considering the trade-off between the cost and performance.

The numerical examples considered show that the performance of the

digital control system obtained by the method presented is superior to the

ones obtained by the existing methods.
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1.75 Im Continuous Model

! -' Present Method

.-.---- :Discrete Frequency
1.50 Matching Method

- - - - Tustin Transform

1.25-

1.00

.75

.25-

Figure 24. Nyquist plot of the frequency response of the multiloop
continuous model and the digital control sytem designed by
different methods (example 2).
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1.20 . Continuous Model
''''Present Method

1.05.-.-~-~Discrete Frequency
1.05-Matching Method

---- Tustin Transform

.90.

.75-

00

.45-

.30-

0 6 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0

Frequency in rad./sec.

Figure 25. Magnitude plot of the frequency response of the multiloop
continuous model and the digital control system designed by
different methods (example 2).
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45.0
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Continuous Model

o90.0" 
-. Present Method

Discrete Frequency
Matching Method

-135.0 - - - - Tustin Transform

-180.0-

0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0

Frequency in rad./sec.

Figure 26. Phase plot of the frequency response of the multiloop continuous
model and the digital control system designed by different
methods (example 2).
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APPENDIX A

LISTING OF TRANSFER FUNCTIONS

In this appendix, the transfer functions of the aircraft model

(M - 0.6, h - 30,000 ft) used in Section IV are provided.

20
s+20

NUMERATOR

I NPOLY(I) ZERO(I)
1 ( -1.449 )S** 3 (-.8003E-02) + J( -.7455E-01)
2 ( -147.6 )S** 2 (-.8003E-02) + J( .7455E-01)
3 ( -2.370 )S** 1 ( -101.9 ) + J( 0. )
4 (-.8295)

DENOMINATOR

I DPOLY(I) POLE(I)
1 ( 1.000 )S** 5 ( 1.137 ) + J( O. )
2 ( 20.95 )S** 4 (-.9345E-02) + J( .7705E-01)
3 ( 16.71 )S** 3 (-.9345E-02) + J( -.7705E-01)
4 ( -46.66 )S** 2 ( -2.071 ) + J( 0. )
5 ( -. 7820 )S** 1 ( -20.00 ) + J( 0. )
6 (-.2837)

20 q/6e
is+20

NUMERATOR

I NPOLY(I) ZERO(I)
1 (-147.6 )S** 3 0 0. ) + J( 0. )
2 ( -79.39 )S** 2 (-.8816E-02) + J( 0. )
3 ( -.6884 )S** 1 ( -.5292 ) , J( 0. )
4 0 0. )

DENOMINATOR

I DPOLY (I) POLE
1 ( 1.000 )S** 5 ( .1.137 )+ J( 0. )
2 ( 20.95 )S** 4 (-.:9345E-02) + J( .7705E-01)
3 ( 16.71 )S** 3 (-.9345E-02) + J( -.7705E-01)
4 (-46.66 )S** 2 ( -2.071 )+ J( 0. )
5 (-.7820 )S** 1 ( -20.00 ) + J( 0. )
6 ( -.2837 )

*44



s+20
NUMERATOR

I RNPOLY(I) ZERO(I)
1 (-.5315 )S** 4 (0. )+J( 0.)
2 (-.5314 )s** 3 (.1831E-02) + J( 0.)
3 (-24.95 )S** 2 (-.5009 )+ J( -6.833 )
4 (.4567E-01- )s** 1 (-.5009 )+ J( 6.833 )
5 0. )

DENOMINATOR

I DPOLY (I) POLE(I)
1 (1.000 )S** 5 (1.137 )+J( 0.)
2 (20.95 )S** 4 (-.9345E-02) + J( .7705E-01)
3 (16.71 )S** 3 (-.9345E-02) + J( -.7705E-01)
4 (-46.66 )S** 2 (-2.071 )+J( 0.)
5 (-.7820 )S** 1 (-20.00 )+ J( 0.)
6 (-.2837 )
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