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SECTION I
INTRODUCTION

Digital controls are the subject of expanding interest in both the
academic and industrial communities. This is especially true since the advent
of the economical microprocessor and its related support chips which have
made digital control an attractive alternative when considering a control
strategy. For the past few years new control systems have been designed
using digital instead of analog controllers. There is also a need for

converting systems which were designed to be controlled by continuous controllers

_ into systems to be controlled by digital controllers. Conversion of existing

control systems is a problem of considerable interest to various branches of
industry.

A popular method for converting existiag control systems into digital
controvl systems is by Tabak.1 This method.converts the transfer function of
the continuous controller into a pulse-transfer function of the digital
controller using prewarped bilinear transformation. The method is straight-
forward and easy to use, but the digital control system obtained by this method
approximates the continuous control system only when the sampling frequency is
sufficiently high as compared with the highest frequency of the continuous
system. This is because the tranfer function of the plant and the feedback
ciement are not taken into consideration. Thus the capabilities of the digital
controller are not fuily utilized. '

Kuo et al.,2 Yackel et al.3 and Singh et al.a in their papers proposed
wethods for converting a continuous control system into a sampled-data ccntrol
system by matching the unit-step response of the systems at all sampling instants
6r at‘multiples of sampling instants. The matching requirements are satisfied
by changing the input and feedback gains of the system instead of using a
digital controller. However, such matching holds only for unit step input. Thus
the performance of the sampled-data system obtained by their method approximates
that of the continuous system only when the input frequency is sufficiently low

in comparison with the sampling frequency. For higher input frequencies, the

‘approximation is poor.




(aut o 2o &

-

Ty

Recently the author of this report and Yehs proposed a computer—-aided
method for converting an existing continuous control system into a digital
control system by matching the discrete freq ency response of the discretly
excited system to the frequency response of the continuous model with a mininum
weighted mean square error. The discrete frequéncy response of the digital
control system was obtained by insertihg an artificial sampler of duration T
at the output of the system and then substituting z = e;jmT in the overall
pulse-transfer function of the system. Even though the results obtained by
this method were superior to the ones obtained by Tabak's1 and other methods,

this method only matched the response of the systems at the sampling imstants.

" The purpose of this study is to improve on this methed by matching the”

continuous frequency response of the discretly excited system to that of the
continuous model. The synthesis of the digital controller is carried out by
minimizing an error between the continuous frequency response of the digital

and existing systems in the w-domain. The'method uses the complex curve

fitting technique of Levy.6 As a result the formulas for computing the
parameters of the digital controller are obtained. This method is then extended
to the digital redesign of an existing multiloop continuous control system.

The design algorithms developed here are based on the transfer function of the

plant and the closed-loop transfer function of different loops of the continuous

, system. As a particular application, the digitalization of a flight control

system is discussed. The system under consideration is the flight controller
for the longitudinal YF~16 aircraft. The results obtained by this method are
compared with those obtained by the previous methods.

SECTION I
STATEMENT OF THE PROBLEM

The block diagram of a general multiloop continuous-data control system may

be drawn as shown in Figure 1

Pl SR el L o & Y WP DU . I I S - o P




PLANT

CONTINUOUS .
CONTROLLER

c(t) —

o .
s Geal s) RO P2t 605

CONTINUOUS
CONTROLLER

Geq(s) [=

CONTINUOUS
CONTROLLER

=1 Gy(s)

Gca(s) -

Figure 1, Existing multiloop continuous~data control system

-

C(s)

" The continuous model shown in Figure 1 can be digitalized by inserting

a sampler at the error input e(t) and replacing the continuous compensators

Gci(s) by digital controller Di(z) as shown in Figure 2,

c(t)

|

Ga(s)

~ PLANT
DIGITAL
CONTROLLER /\
R(t) + Z.0.H.
> 3 o=
R(s) D2(z) Grol's) Gi(s)
T -
DIGITAL
CONTROLLER
Dy(z) ""@'
3 T T
DIGITAL '
CONTROLLER

A

.. - >/\ . Da(z)

T

Figure 2. Multiloop digital control system

C(s)
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The general pulse-transfer function of a digital controller may be

written as

-3 -2 -m
co+clz +c22 + o o + cmz

-1 =2 -n
; +dlz +dzz + . + dnz

p(z) = » m<n (1)

vhere a's and b's are unknown constants. It is required to design digital
controllers, i.e., to find the unknown constants of different controllers
so that the steady state output of the digital control system follows the
desired output of the continuous model for all sinusoidal inputs within the

frequency range. This is done by matching the continuous frequency responses

of different loops of the digital control system to the corresponding ideal

frequency responses starting from the innermost loop.
SECTION III
DESIGN OF DIGITAL CONTROLLERS VIA CONTINUOUS FREQUENCY MATCHING

1. Digital Controller in the Feedback Loop
The block diagram of the inner loop of the digital control system shown

in Fig. 2 is redrawn as shown in Figure 3.

PLANT

Z.0.H. “OUTPUT
Ghols) = Gy(s) T

INPUT

DIGITAL
CONTROLLER

D‘(Z) 4—6——

T T

Figure 3. 1Inner loop of digital control system shown in Figure 2

The overall transfer function of the continuous and digital systems (inncr

loop) can be written from Figures 1 and 3 respectively as

4




. le(s) Gl(s) 2)
R (5) " Fi(s) = 1%, (5)6_; ()
C.(s) G, .G, (s)
Al g (e = 3
Ry (s) 1+D1(s)c'hoc1 (s)

vhere Gcl(s), Gho(s) and Gl(s) are the transfer functions of the continuous
controller, zero-order hold and plant respectively. The superscript notation
denotes the sampling rate. For example RlT indicates that the signal Rl is
sampled at %-samples/second.

It is required to design a digital controller, Dl(z), by matching the
continuous frequency response of the digital control system shown in Figure
3 to the corresponding ideal frequency response of the continuous model
shown in Figure 1. The frequency response of the continuous model can be
obtained by substituting s = jw in equation (2) and varying w from 0 to .
But because of the hybrid nature of equation (3), a common way of finding the
frequency response of the digital control system is to put an artificial sampler

of duration T seconds at the output of the system, substituting z = ejmT i

n
the overall z-transfer function and then varying w from 0 to w/T. We will
call this discrete frequency response. Recently the Author7 proposed a method
for converting an existing multiloop continuous control system into a digital
control system by matching the discrete frequency responses of the digital
control system to the frequency responses of the continuous model. In this
method we only matched the response at the sampling instants. It is this
observation which prompted the development of the method in this report
vhich matches the continuous frequency responses of the discretly excited
system shown in Figure 1 to those of the continuous system shown in Figure 2.
Rewriting equation (3) with z = eSt, we get

GhoB1 () @

Cyp (s) =

1+D1(Z)Gh66i(2)
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where

Then, the continuous frequency response of this discretly excited system is
8
given by (Didaleusky and Whitback )

X : A sT

d 1 . 1 z=e

P o AR T G 14D(z)C. G, (2) ©
; s=Ju_ ho°1 = 1‘; bT

i where '

h‘ N 2

:‘ . wn =b + '% s n=0,1,2,3, e~ o (7)

For n=0, we get the fundamental component of the output response (i.e. “,1(s)

for a sampled sinusoidal input R(z)). For n#0, we get the output res se for

[. . the individual alias frequency components. For example, for n=1

; b =b+ M eb o+ | (8)
1 T s C

i‘ - and we get the frequency response in the output for the lst alias component.

} At this point it is important to recognize that the actual continuous

s response, Cdl(s)’ is not sinusoidal. This becomes clear in the time

domain response for Cdl(s) for a sampled input Rl(z) (Whitback and
Hoffmang). It is apparant that the best we can do is match the fundamental

component of the output response Cdl(s)’ An alternate w-domain expression

for equation (6) is given by

' 1
An+jBn T Ghocl(s)’s=jm GA(W),W=.2_+an fgz )
n 37~ 2
vhere
3 G, () = 1 T (10)
3 . . , 1+D(z)Gh0C1(z) , 1+—§
A T -vE
. 2

g o e o e
D -
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.Let the transfer function of the digital controller, Dl’ be written in the w-domain

Equations (6) and (9) provide the same continuous frequency response of the
discretly excited system but the advantage of using equation (9) is that it
improves numerical round off problem in the implementation algorithms. Equation
(9) can be written as
v 1 Gl(s)

1+ -"’—’21 14D(2)C oG, (2)

cdl(w) = (11)

wT
i
1-wl
2

z s=;]—,%-tan‘-1 %%

as

m m-1
esecesee wt

al’ﬁw +a1,m_1w + + al,1 al,O

e n n-l, + by owhl
by ¥ Py pv 1,1

(12)

vhere a, i's and bi i's are constants to be determined. The continuous frequency
s

responses of the digital and continuous system can now be obtained by substituting

w=Jy and s = j%-t:an“1 zg-in equations (11) and (2) respectively
BUY = F)] = A a3
s=j tan
T 2
(X, 4+3Y. )
N 1179711
. G4, GY) = P HIvQ, . (14)
1+ 4L FIvH, (Xp1+i¥p))
where
- _ 2 4 6
Py = 8,078,207 %y 4y ey oY+ v | (15)
= - 2 4 6 . _
Ql al,O a1’3Y +al,57 —31’77 i esea (16)
-« O 2 4 6
Ll 0 b1,2Y +b1.4Y —b1,6Y 4 coveconn (17)
e b, b vy Ay 6
M1 T P, 1P, 3Y by Yy gy e (8
7




P ——

R o i i

G, (s)
- Y 1
\ X, 1Yy, T s (19)
[ 455 2 14T
- sc;i-tan 2
X1t = %P | 1agi] (20)
z= T
1-3v5
For notation convenience, let the numerator and denominator of Gdl(jy) be
denoted by N(y) and M(y) respectively, i.e. )
. = NY)
G413V M(y) | (21)
In terms of real and imaginary parts, N(y) and M(y) can be written as
N(Y) = ¢+3b (22)
M(Y) = otjT e (23)
B where
S = (L)X Y (24)
0= (1+L1)Y1;+7M1x11 (25)
o = 4L+ X, -YQ¥,, (26)
T = YMHR Y HQ X, ' (27)
The error between Gdl(jy) and Fl(jy) is defined as
e(y) = F)(3v)-64, (3v) . (28)

An optimal set of a's and b's can thercfore be optained by minimizing the mean
square of the magnitude of e(y) Let the error function to be minimized be

defined as




2 )
N(y) 2 :
Ea IFl(jY) " NG [“ay (29)
161

where (72-71) is the bandwidth in the w-dom 'n on which the matching is required

This error function is to be minimized by adjusting the unknown coefficients
a 4 and b1 i However, due to the presence of M(y) in the denominator, the
4 1

equations obtained by differentiating E with respect to a; 4 and bl 4 are nonlinear.
t] 9

This nonlinearity may be removed by modifying the error function (29) as

En- 2|F1(jY)M(Y) - NGy [Py - G0
L4 N

This integral differs from that in equation (29) by including ]M(y)l2 in the

integrand as a weighting factor. This modification is not new. It was

suggested by Kalman“)as an identification techrique, was used by Levy 6 in

complex curve fitting, Rao and l.amba‘I for simplifying linear systems and by

the author and Yeh5 for discretizing continuous systems.

The integrand in equation (3) is a complex function and may be seperated into

~

real and imaginary part as

lFl(jY)M(Y) - N | = 2(y) + jmly) | (31)

where
2(y) = Ajo-Bj1-¢ | (32)
u(y) = A,1+B,0-8 (33)

By substituting equations (31)-(33) in (30), we get’

Y2
E. = I [(Alo—Blt-¢) 2+(A1'r+Blo-6)2] dy (34)

A5}

.
—




Py
\ .

T ——

rrva
{ . M

PP —

Differentiating E ., with réspect toa, ,'sand b 's and equating the resulting
ml 1,1 1,1

equations to zero represents (min+l) linear equations in (min+l) unknowns

L
.1,0 to al,m and bl,l to bl,n' These equations can be written in the matrix

form as given in equation (35)

-1
’ q r * . & o 9 - - - L] L] L N .q :- T
] .0 1, 0 -, 0 T O v U, vy U, Vg - v,
.l.l [+] 12 0 _T‘ 0 T6. ¢« o o @ uz v3 -u‘ —vs u6 -v] e o o o o vl
.2 f, 0 T, 0 -Tg 0¥y T Vg Ug <V Ug ece e v,
:1.3 ? -‘r‘ ] T‘ [ -Ta' e ¢ s ~|l‘ -Vs “6 V, -U‘ -Va LB A ~Y3
b1 V, U, V3 U, Vg Ugrecce Wy 0 W 0 ¥ 0 oo 0
"1.2 -uz v3 u‘ .v5 -96 v_'. e e e 0 u‘ 0 -"6 0 “8 o o o o e “2
bl.3 -v3 -04 Vs ‘16 -v7 -Usn . & o @ .“‘ o "6 o -“8 o e o o o o [+]
b.l,‘ ‘.Il. .vs _.U6 v7 ua .vgo e s e 0 v6 0 "8 0 -"10 ¢ o o o o ‘.]4
- J L J L]
where . T
"2 (5 N2 2\n
T, = (A1+Bl) (X21+Y21)y dh
111 .
Yo . :
U = :‘\2+B2 XA, I1X, . X, ,+Y..Y 4+B. X, ,Y_ . .-X_ .Y hdl’l
h 1781 /%21721 ¥11%20 1 Y20) P\t 21 21 "1y |Y
JY'
("2
v, & [A2+B2Y ~A (X . Y. . =X_.Y..]-B, (X .X_ 4Y_ .Y Yhdh
h 1771/7°21 1\11721 T2171) 11711721 "11°21
JYl
Y217, 2\ [2 2 h
W, = [(A1+B1)+ x11+Y11) -2 (Alxuﬂlen)]y dy
le

10

(35)

(36)

(37

(38)

(39)

—aid




. R(1) +

b . o e,

Equations (35)-(39) providé a design algorithm which has been programmed on
a digital computer (IBM 1370/3031) and is available in the form of a
subroutine written in FORTRAN IV. Note that the order of the digital
controller (integer m and n) is arbitrary. Therefore, using this algorithm,
one may try out several digital controllers of different orders and select
the best design by considering the tradeoff between cost (complexity) and
performance. The pulse-transfer function of the digital controller D1 can

now be obtained as

D@ =D 5 (40)
. T zHl

2. Digital Controller, D2(z), in the Feedforward path of Outer Loop -

The block diagram shown in Figure 4 is obtained from Figure 1 after inserting-
a sampler at the error input e(t), replacing continuous compenstor G (s)
by the already designed controller D (z) and replacing the controller G (s)
by the yet to be designed digital controller D (z).

DIGITAL I
CONTROLLER ‘ /\

Z.0.H. c(t)

Dz(z)

R(s) Guols) [ S8 T %208 T

DIGITAL
CONTROLLER

D,(z)
T. T

CONTINUOUS
CONTROLLER

Geal's) =

Figure 4. Digital control system with unknown digital controller
in the feedforward outer loop.
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The overall transfer functions (outer loop) of the digital control

! system as shown in Figure 4 and the continuous control system shown in

i Figure 1 can be written in w-domain as
5 Fyw) = (1;::(8)(3::5)((2::) )6, (%) (41)
[ e37 7e2' 77 1M 2 g=32 tan ) VT
ﬁs T 23
s 1
- .
b
% v P (2) 14€ G, oG, (2)D, (2) G,G,(s)
i €32 () = — 7 e (42)
i 1+ Gh G G, .G.G.G_. (z)
2 071727¢3
. . 1+Dz( ) T 3
- by (DD ()| 1+ ons2 tan-l ¥
* 1-¥L 23
2
j where .
GhOG G,(z) = z[Gho(‘lcz(s)] (43)
€1061655:3(2) = [hOGIGZG 3(3)] : (44)
Let the transfer function of the digital controller, DZ(W), be written
. in the w-domain as
' ' m m-1
a, v +a W 4 eeser 4+ a, _wiha
D2(W) = 2,m - 2,m-1 — 2 1 2;2 , M<n (45)
seeee wtl
bz’nw +b2’n“1w + b2 1

vhere a, .'s and b 's are constants to be determined. The continuous frequency
. 2,1 2,1

responses of the digital and continuous system are obtained from equations

(41) and (42) by substituting w = jy and are given by

G, (J0)F, (J0)C, (j0)
FoUY) = 18 w6 . Go)F, )G, (Ga)
c3 c2 14997%,

= A2+j32 (46)




g : '
.
B P +3vQ
: 22 Iy 44y
" 4L +jyM, 1277712
- G, (3y) = —t
Y 4 a2 P,I1Q, (47)
: | M, (’%2*-”22)
f
where
L - -
- - 2 4 6
b P2 = 82,0732,2Y ¥a5,4Y oy 67t 00 (48)
{ - _ 2 4 6, -
Q = 83,1782,3Y 13y 57 8y gY + ceee (49)
\ : Ly = 00y, 0¥ ¥y 4Y =by gy + ecceeee R CL
’ - - 2 4 6
M, b2,1 b2’37 +b2’57 -b2’7y + eose (51)
. iy 1 ] 6,6, (ju)
X, HY), = R gp— VI e (52)
1+jvy 1+Ghocl(z)Dl(z) 5= 2 -1 3T
A w=— tan
. 1__w3 T 2
. 2
G.C.C .(2) ' < '
Xy, Y, = “no%1%%es ‘ (53)
16,06 (=)D (2) | vy
. g2
T
1-3vy
The error function between Gdz(jy) and Fz(jy) which is to be minimized is
given by ‘
Y
E., = 2 (A.o-B.1-4)2 + (A,1+B.0-0)2]a (54)
) 20-ByT-¢ 2T8; Y
51
wheret
¢ = PXio#QyYy, (55)
0 = P,Y, H2,X, - (56)
0 = 14L,4P,X,, (57)
T = YMLAP,Y, 40X, (58)
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Pifferenti E ' '
erentiating 2 with respect to 62,1 s and bz,i

resulting equatiods to zero repreéents (mtntl) linear equations in (min+l)

's and equating the

unknowns 82,0 to az,m and bz;1 to bz,n' Then equations can be written in the

matrix form as given in equation (59)

[~ 7 = ' -1 -
%0 T, 0 -T, 0 T, Oc--sc° ¥ U, <V, Y, Vg Uy e Lv;
8.1 0 T, 0 T, 0 Tgecocc Uy V3 UV Gy o cecee Y
G| |20 o0 Mg 0¥y U Ve U W Ug ocec e v,
:2.3 ? —T‘ 0 T‘ 0 -Tac LR "-u‘ -v’ UG v, -U‘ .v‘ « o o 0 -Y)
b2 V, Uy Vy U, Vg Ygecece Wy 0 W 0 Wy 0 e o
bz.z .Uz v3 u‘ .v's -.u6 v7- e e oo 0 "‘ 0 —“6 0 "8 e o o 8 o nz
byal |V Uy Vs Vg Vg Vgt v oW 0 Mg 0 ¥y O e 0
%24 Uy Vs Uy Y Ug Voo 0 T 0 W 0 WHycocccc W
L J L d L 4
. (59)
where

21,22\ (.2 ov? Vo fe2 a2 b
T - [(A2+Bz) (x22+Y22)+(x12+Y12)+232 ("12Y22‘x22Y12)’ 2A, (xlzxzzylezz)]T dv

Y
Y2
V= A2482)x. - [A.x. +BY. . )¥Md
h 218 |29 (P12 0) Y @Y
: I
Y

(Y .
Vv, - 2 A2+82 v +(B X..-A2, . )yNdy
h 2By Y951 \BoX127421,
Iy
1

2
2 .2\ h
"h F(AZ-HSZ)Y dy
Yl . \
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Equations (59)-(63) provide a design algorithm which has been programmed on a
digital computer, IBM (370/3031) and is available in the form of a sub-
routine written in FORTRAN IV. The pulse transfer function of the digital

LA en s I7 " .
s
]

B!

controller, Dz(z), can now be obtained as

Dy(2) = Dy(| , 4 | (64)

T z+1

LN SO0 SUR Sflinuis BN o
el

3. Digital Controller, D3(z), in the Feedback Path of Outer Loop

The block diagram of the digital control system after replacing the
continuous compensators Gcl(s) and Gcz(s) with already designed digital
controllers and after replacing Gc3(s) with yet to be designed dig;ta}i
controller D3(z) is shown in Figure 5.

) PLANT
DIGITAL : .
, CONTROLLER
R(t) + ZOM.| e c(t)
) 'E(’JJ}“” Pelz) Guts) [ & N Tes)
| T -
DIGITAL
CONTROLLER

T

UNKNOWN DIGITAL
CONTROLLER

‘7/} D5(z)
T

-
3

Dy(2) “‘6_
v T
AN
\
T.

Figure 5. Digital Control System with unknown digital controller in the
feedback loop.
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The overall transfer function ¢ the digital control system shown in

Figure 5 can be written in the w—domain as

Dz(z)
14C, G, (2)D, (z) : G,G. (s)
630 = - ho°1'27%1 12 (65)
14+ D, (2)C, GG, (2) 8 ~

1+D3(z) wT
1+Gh0G1(z)D1(Z) I+ 2 -1 wT
zﬂzjiai- ssji-tan 23

2

Let the transfer function of the digital controller Da(w) be written in

the w-domain as
) n w1 e
a, v ta W T4 cece 4+ a,  wta
= 3,Mm 3,m-1 3,1
Dy(w) = 2 2.0 (66)

m<n
b n"’b n~1 csee ’ -
3,0° 3,01 Tttt by Wby

where a, i's and b3 i's are constants to be determined. Since the digital controller
] s .

D3(z) is located in the feedback path, these constants can be determined using
the design algorithm developed for Dl(z), equations (36)-(41), where

B, = B, i (68)
D G
X HYy, - wa ———2—(2) wT i 2(8) (69)
. -1+—f 1+Gh0G1(z)Dl(z) 1+—§ | 2-t 14T
z=;:§i s jT an 2
2
p.(z)G, .G.G..(2)
XYy, = 2012 wT @0
1+Ghocl(z)Dl(z) . ;+~5
wT
lﬂ-i

Finally, we would like to point out here that using the design algorithm
developed for the digital controllers in the feedforward and feedback path,
we can convert any existing multiloop continuous control system into a

multiloop digital control system.
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SFCTION IV

NUMERICAL EXAMPLES

Numerical Example 1

The first example considered in this report is to convert an existing

single loop continuous control system shown in Figure 6 into a digital

control system shown in Figure 7.

element is given by

- CONTINUOUS -
MWer ™) oW | compensaTor | UM | PLANT Cmlt
RIS) \ Ge (S) e Cm(S)
FEEDBACK
ELEMENT
H(S)

-

Figure 6. Existing single-loop continuousfdaté control system -for

Example 1.

DIGITAL :
M, e, et CONTROLLER |__x & ZOH.
R(S) C)_ Z 0(2) T Gn(S)

PLANT
G(S)

Calt)

FEECBACK
ELEMENT

CglS)

H{(S)

Figure 7. - Redesigned digital control system for Example 1.

The transfer function of the continuous controller, plant and the feedback

140.416s
G.(s) = 33571355

10
6&) = Sty

H(s) = 1

1?7

(71)

(72)
(73)
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Using equations (71)-(73), the overall transfer function of the

continuous model can be written as

F(s) = €. (s16(s) _ 29.93s + 71.942

MG (8)G(s)H(S) 3.4 19462437.126471.942

The magnitude of the frequency response of the continuous model is obtained

using equation (74) and is shown in Figure 8.

1<

120

100

0.60)

Negnltvde of 1he 1deo! tronsfer tunction LA}

0.20

A 1 i 1 T
(¢] 6.00 1200 18 00 2400 . 30C0
Frequeincy,rod/s

Figure 8. Magnitude of the frequency response of the continuous
system of example 1.

(74)

‘Based on the frequency response, the sampling peribd T is selected to be 0.15s.

From equations (72)-(73),

10(1-e 57 )

G, GH(s) =
h sz(s+1)

18
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The z-transform associated with this transfer function is given by

GhGH(z) - 0510708z+0.101858 (76)
2°~1.86072+0.8607
| 145y
Substituting z = in equation (76) we get
l-jv-
G GHCIY) = X 4]Y. = 9.981-.73uw~.0019w>| ,
pCHUY) = X551, w(wt.998) | (17)
w=3Y
From Figure 7 and equation (72), we get .
R G )
X, o+3Y =_1LT—§_§)— - A T 210 (78)
1+JY§ 1+jy§ s (s+1)
w42 .. -1 1T 2 -1yT
' .s jT tan 2 § = jE~tan 2
"~ Also
Aj+iB, = 2g.93s+71.942
s +8.19454+37 .125+71.942 2 -1 +T .
s=j—-tan If (79)
-Equations (77)-(79) are the only information required to design a digital
controller for the digital control system shown in Figure 7. Feeding these
equations to the computer program written for equations (59)-(63), the
transfer function of the first-order digital controller given by the
algorithm in the w-domain is
| .59713 + .3636v
D) = 113653 (80)

Substituting w = %-f;% in equation (80) gives the pulse—transfer function of the

digital controller

1.9865 - 1.55074
D(z) = 2—.27108

(81)

The frequency responses of the existing continuous system and the digital
control system with the digital controller given by equation (81) are shown
in Figures 9-11. It can be secn that both the magnitude and phase angle of

19
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the digital system matches closely with that of the continuous model. 1If
the designer is not satisfied with the results and wants to improve the
performance, the only change which need to be made is to increase the
order of the digital controller. The algorithm goes through the standard
steps given above and finds the parameters of the new digital controller.

Thus the performance may be improved at the expense of increasing complexity.

2. Comparison with the existing methods

The digital controller for the digital control system discussed in the

numerical example is redesigned using the Tustin transform12

(bilinear
transformation); methods presented by Tabak1 (prewarped bilinear
transformation) and by the author of the paper and Yeh5 (discrete freauency
matching). Using these methods, the continuous controller given in

equation (71) is converted into digital controllers and are given by

Tustin transform:

2.2942-1.5936
D(z) = =77 299
Prewarped bilinear transform:
2.42965z-1.68046
(=) = 2-0.2509
Using the method presented by the author and Yeh:
first-order:
3.67872z-2.31256
D(z) = 2+0.383656
second order:
: 3.9622-3.652+0.56
D(z) =

22-0.342-0.384

The frequency responses of the digital control systeﬁ with digital
controllers given by equations (82)-(85) are shown in Figures 9-11. Cdmparison
of the results in these figures demonstrate that the digital controller
obtained by the present method gives better results. The unit stcp responscs
of the continuous model and digital control systems obtaincd by different
methods arc shown in Figure 12. It can be scen from this figure that the

present metliod gives. better results.

20
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!
1.75 - ,/ \ — Continuous Model
! —#—a—4& First-Order Controller {(Present Method)

First-Order Controller
v \ ~0-0-0- Second-Order Controller

. 1.50 - / \ ==*=°= First-Order Controller

[} (Prewarped Bilinear Transformj

-
T~

} Rattan and Yeh

\ =~ = = First-Order Controlier

{ ' 125 - (Tustin Transform)
()]
O
o | i
. °E 1.00
()]
)
=
J5 7
50 7
25
3 S~ ="
*\
.00 I | { 1 { T T T =)
0 20 4.0 6.0 8.0 100 120 14.0 16.0 18.0

' Frequency in rad/sec

Figure 10. Magnitude plot of the frequency responses of the continuous
model and the digital control system designed by different
! methods. (example 1).
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1.0
3 9
i
g 8
;‘ 7 = Continuous Model
L’ 6 <~ First-Order Controiler (Present Method)
5 --—- First Order Controller
E ‘ (Prewarped Bilinear Transform)
t,‘: 4 -——- First-Order Controller
: 3 (Tustin Transform)
¥ :
2
[ A
' | | 1
1.0 2.0 3.0

3 : Time in seconds

! Fipure 12. Unit stcp responses of the continuous medel and the digital
{ control system designed by different methods (example 1).
S
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3. Numerical Example 2

The digitalization techniques, described in section III was applied
to an analog flight controlletl3for the longitudinal YF-16 as shown in
Figure 13. A listing of transfer functions of the aircraft flight at
30,000 ft at M = 0.6 can be found in Appendix A.

The problem is fo digitalize, i.e., to replace the continuous-time
controllers by digital controllers while preserving the dynamic properties
of the whole system. The block diagram of the digitally controlled YF-16
obtained by inserting a sampler at the input of the actuator and replacing

continuous controllers by digital controllers is shown in Figure 14.

. ’ Gg( s)
CONTINUOUS MODELI OF —— —— —— —A LC__. ——————— '
CONTROLLER ACTU{\TOR { G,(s) Gy(s) |
- . - |
R + Rl + r';,f(iigrl R! + bgg 20 bo | a a Q q 8a an |
s - | s+20 i [ a q |
I- = e |
G, (s) ISR LU S | J
CONTINUOUS ’
CONTROLLER Gcl (S)
~5
s§+10
CONTINUOUS CONTROLLER
Geals)
-3(s+S)| 4s
s+15 s+1
CONTINUOUS CONTROLLER
Gedls)
*3(s+5) 15
s+15 s+15

Figure 13. Analog YF-16 controller (}=0.6, h=30,000 ft)

D](z) Controller: From Figure 13, the transfer function of the

continuous model (innermost loop) for the design of digital controller Dl(z)

can be written as

25




: Gqls)
DIGITAL ' A/C
CONTROLLER /N ------------------ -

Z.O.H. 20 |de a a q ) a, 8a
Pt —

D,(z) Gnols) $+20

Y

_ DIGITAL
CONTROLLER

4 D1(2) 4—3——
: | | | T

DIGITAL
Li ' CONTROLLER
b,

Y

A
Da(z)
¢

L . o ’ DIGITAL
] CONTROLLER

Y

/ De(z) b
T .

Figure 14. Digital YF-16 controller.

G, (s)
F. () = als) _ 1
1 R, (s) 1+Gcl(S)G1(S)

4 3 2

o o 1.458 +162.18 +1478.57+24.53548.3

$430.95554226.25%+127.7534270.55%43. 755+1. 31

(86)

In view of the innermost loop of Figure 14 and equation (19), we have

<y 20 «
X, HiYy, JegyL 5720 8 (s) s 141 (87)
Y2 € 8=j‘,i; tan %

15t 20 «
61061(8) = 5 &¥70 E;(s) (88)

The z-transform associated with this transfer function is given by

.00227"~ . 0003473~ .0057224..0037:+-.000175

G .G, (z) =
ho1 5 3_6.542%4+2.712-.4326

: (89)
27=4,412"47.682

- : 20
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-3

1

3

Substituting Z = in equation (89), we get

1-

(e

3

L =0020w>— 05w =1 04w +140 . 1w+2.. 24u=. 79

6,63 (3Y) = x,, 1Y,y

WOH19.9w +15 . Tw3-44. 3w . 74w .27 (50)
w=iy
Feeding equations (86), (87) and (90) to the computer program written
for the algorithm implementing equations (36)-(40), the transfer function
of the first-order digital controller D1 in the w-domain is given by
0.501+4+.0109w
D) ) 1+.1007w G1)
substituting w = 2z1 4, equation (91), we get
T z+l ’ : .
+ .17322-.0072
D, (2) 2-.668 ©¢2)
The frequency response of the innermost loop of the digital control
system shown in Figure 14 with the digital controller given by Equation (92)
is shown in Figures 15, 16, 17. To compare the result, digital controllers
are also obtained by the other methods and their pulse-transfer function
are given by
Tustin transform:
o +083(z41)
D) (2) = 2" 667 (%3)
Discrete frequency matching method:
= 23659(2-.7974)
D, (=) z-.8553 54

The frequéncy responses obtained using the digital controllers given by
equations (93) and (94) are also plotted on Figures 15, 16, 17. Comparison of
these results demonstrate that the digital controller obtained by the present
method gives better results.

Dz(z) Controller: From Figure 13, the transfer function of the continuous

model for the design of digital controller Dz(z) can be written as

q(s) GCZ(S)FI(S)GZ(S)
R, (s) * THG_3(8)G_, (¥, ()G, (s)

Pi(s) =

. lﬁgﬁfilgggzlpéss+.579x1058a+.214x10653+.2}&x]0682+.73x10?8+629.9
y 4 4 3 y 2
6844757192550+, 86x10"5+. 35x10°84 .75x10° 5+, 33x10°5 4329 15+19.6

27

(95)
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X ' Im A Continuous Model
p ‘ - Present Method
' «——— Discrete Frequency
3004 Matching Method

— =~ Tustin Transform

I T T T T il
-16.0 -120 80 -40 O 120 Re
-5.0-
)
s
t_‘ Figure 15. Nyquist plot of the frequency responses of the innermost loup of
- . the continuous syste~ and the corresponding digital control system
E-Z designed by different methods, (example 2).
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L e e 2 o o

,40~O” Continuous Model
+«s——a Present Method
——— Discrete Frequency
35.04 Matching Method
o~ — =~ Tustin Transform
30.0+ ' '
25.0+
(V)]
e
2
= )
€ 20.0 ,
(Y]
=

)
o0
e

10.0-

T — . )

0 10 20 30 40 50 60 70 80 90

Frequency in rad./sec.

Figure 16. Magnitude plot of the frequency responses of the innermost loop of
the continuous system and the corresponding digital control system
designed by different .methods (example 2).
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D ©
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Phase angle in degrees
e

-90.0-
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Continuous Model
s Present Method

+—+—e—e Discrete Frequency
Matching Method

===~ Tustin Transform

-180.0

Figure 17.

| J 1 1 ———

10 20 B30 40 50 60 70 80

Frequency in rad./sec.

Phase plot of the frequency responses of the innermost loop
of the continuous system and the corresponding digital control
system designed by different methods (example 2).
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. In view of Figure 14 and equation (53), we can write

X, Y, = X 1 22 sy (96)
12 1+ T 8+20 Se
3vy 146, oG (D) (W) [ 14, T
vy
2 2 -1 yT
z T s=ji'tan 2
1-ivy
-ST | '
: 1-e 24S(38+5) .
G,G.G ,(38) = - 9
0016283 (®) TS (5+1) (5+15) (5¥20) oa o
. . , ©O7)
Ft6m the z-transform of this transfer function and equations (90) and
(91), we get
X, 417, - 1 .20003w6-.004w5-.36w4+10.5w3+690.7w2+11.1w+3.9
WG (G, (D, (W) wO+29.8w +212. 1w +110. 6v>-436. Tw~7.6w-2.6
3y
_ (98)
Feeding equations (95), (96) and (98) to the computer program implementing
equations (60)-(64), the transfer function of the digital controller D2 in
the w-domain is given by.
. 5.45
D, (w)" = 1.29 + == (99)
Substituting w = 2 z-1 in equation (99), we get
T 2+l q ’
- ' 1.3992-1.181
Dz(z) (z-1) (100)
The pulse~-transfer functions of Dz(z) obtained by the existing methods are
given by
Tustin transform:
. 1.342(2-.8182)
Dz(z) (z-1) (101)
Discrete frequency matching method:
_ 1.3837(2-.80235)
Dy (z) = =0 h (102)

The frequency responses of the middle loop of the continuous system shown
in Figure 13 and the digital control system shown in Figure 14 with digital
controllers Dz(z) given by equations (100)-(102) arce shown in Figures 18, 19
and 20. Comparing these results rcveals that the digital controller obtained

by the present method gives better results.
‘ 31
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Matching Method .

- — —~=— Tustin Transform
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Figure 18. Nyquist plot of the frequency responses of the middle loop
of the continuous system and the corresponding digital
control system designed by diffecrent methods (example 2).
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Figure 19. Magnitude plot of the frequency responses of the middle
loop of the continuous system and the corresponding digital
control system designed by different methods (example 2).
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Phase plot of the frequency responses of the middle loop of the
continuous system and the correspondiny digital control system
designed by different methods (example 2).
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!
D3(z)Controller
E‘ From Figure 14 and equations (70) and (71), we can write
D, (w) :
X, HY,, = L 2 20_4g (103) '
! 17711 143 T 14C_C, (w)D, (w) s+20 Se
~ Y2 7h0"1'W 2 -1T
[ w=Jjy s=jixan Y2
+! and
D00 v at47.36043.97u e 034w
Xty = T—— K 5 (104)
14G, .G, (Ww)D. (W) w +.95w™~2.33w " -.038w-.014
N h0°1'"/P ~
Y w=jy
g Feeding equations (95), and (103) and (104) to the computer program
Ej implementing equations (36)-(40), the transfer function of the digital
i controller D3(w) is given by
D3(w) - w(0.41+096w) - (105)
: 1+1.07wt.106w
substituting w = 221 in equation (105), w t
T z+1 » We ge
81512%-1.5022+.687
D3(z) = - . * (106)

22-1.6522+.6646

The pulse transfer functions of D3(z) obtained by the previous methods
are given by
Tustin transform:
_ 0.99522—1.812+.814

i D3(z) =3 (107)
: z -1.5z+.517

E Discrete frequency matching method:

! = 1.5433(z-.8512) (2-1)
D3(2) = (2=.3876) (2-.9652) (108)
The frequency responscs of the middle loop of the continuous system shown
in Figure 13 and the digital control system shown in Figure 14 with digital
controller D3(z) given by equations (106)-(108) arce shown in Figures 21, 22
[ and 23. Comparison of these results shows that the present method gives better

results.
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Figure 21.

Nyquist plot of the frequency responses of the middle loop
of the continuous system and the corresponding digital copntrol
system designed by different methods (example 2).
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Figure 23. Phase plot of the frequency responses of the middle loop of the
continuous system and the correspondinp digital control system
designed by different methods (example 2).
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DA(Z) Controller:

From Figure 13, the transfer function of the continuous model for the

design of digital controller Da(z) can be written as

“~

an(s) F, (S)¢3(S)

4 ~ aannae—
’
-

F.(s) = = -
3 R(s) l+Cb4(s)F2(s)b3(s) .
.64955430.557+559.9554. 5534:10%55+. 375410755+, 1883x10%53 .
A T 6946255418725 +. 2359y10536+ 1711x10%5°+. 6447x10%s%+.1373%10 s3
. T 4.4981x1055%. 3417x1085-627 .1
F IR i51021x10752+ 3466x10°5-332.3
\ 4 . ) . (109)

In view of Figure 14 and equations (70) and (71), we can ﬁri;e

a_(s)

11733 ;jl‘ 2(Y) 520 56— (1103

Yy v .
s=j%-tan 1y§

and

5 4 3 2
0076w =2.43w +138.8w +75.34w" +.65w (111)

+Y, . = z(3y)—
Yot WOH19 .95 15 . Thw =4k . 29w~ . Tlw—.27

w=3y
where

1 Dz(w) . :

z(jy) = (112)
1+Gho 1(w)D (w)+Gh00162(w)D (w)D (w) . .
[ | - w=Jy

. Loading equations (109)-(112) into the cowmputer program written for
the algorithm implementing equations (36)-(40), the pulsc-transfer function
of the digital controller D4(2> is given by

- | D,(z) = 1.0124 (113)

k. e e e L . o . ‘ 1
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The pulse-transfer functions of DQ(Z) obtained by the existing methods

are given by
Tustin transform:

2
z-1.082+0.29

Discrete frequency method:

2
. e X +1.
D, (2) = L9042 =2.7162+1.803

. (115)
z°-1.88122+.9577 ‘

The frequency responses of the multi loop continuous system shown in
Figure 13 and the digital control system.shown in Figure 14 with digital
controller Da(z) given by equations (113)-(115) are shown in Figures
24-26. Comparison of these results demonstrate the superiority of the

present method over the existing methods.
SECTION V
CONCLUSIONS

A method for converting an existing multiloop continuous control system
into a digital control system with similar performances is developed. An
attempt is made to match the continuous frequency response of the digital
control system as closely as possible with that of the continuous model. The
parameters of the digital controllers are obtained by minimizing modified
mean-square of the errors between the transfer functions of the continuous
and the digital systems in the w-domain. Formulas for computing the
parameters of the digital controllers are obtained and have been programmed
for a computer. Since the design procedure is computer-aided, one may try out
several digital controllers of different order and select the best design by

considering the trade-off between the cost and performance.

The numerical examples considered show that the performance of the

digital control.systcm obtained by the method presented is superior to the

ones obtained by the existing methods.
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Figure 24. Nyquist plot of the frequency response of the multiloop
continuous model and the digital control sytem designed by
different methods (example 2).
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Figure 25, Magnitude plot of the frequency response of the multiloop

continuous model and the digital control system designed by
different methods (example 2).

42

- - o cnom Y : S § e o m N ¢




i~ caacundis

TRV - e

180.0+

135.01

©
o
o

IS
ol
2

(@)

gle in degrees

Phase an
D
o,
2

———— Continuous Model
-90.0 1 _ . «s——+ Present Method

——+— Discrete Frequency
Matching Method

-135.0- ———— Tustin Transform

'180.0 T ] T ) T  § ] T -
0 10 20 30 40 50 60 70 80 90

Frequency in rad./sec.

Figure 26. Phase plot of the frequency response of the multiloop continuous
model and the digital control system designed by different
methods (example 2).
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APPENDIX A

LISTING OF TRANSFER FUNCTIONS -

WP

In this appendix, the transfer functions of the aircraft model
(M = 0.6, h = 30,000 ft) used in Section IV are provided.

20 alae

420
I
1
2 (
3 (
4 (
b
1 (
2 (
3 (
4 (
5 (
6 (

20 q/6e

s+20
1
1 (
2 (
3 (
4 (
X
1 (
2 (
3 (
4 (
5 (
6 (

LA W S

PV TS W G S W !

NPOLY(T)
-1.449 )s**
-147 .6 )S**
-2.370 )S**
-.8295 )

DPOLY (1)
1.000
20.95
16.71

-46.66 )S**

~.7820 )S**

-.2837 )

) Sk
) Skk
) S**

NPOLY (I)
=147 .6 )S**
~79.39 )S*%
-.6884 )Sk*
0. )

DPOLY (T)
1.000
20.95
16.71
~46.66  )Sk*
-.7820 )Gk
-.2837 )

) Sk
YSkk
)Skk

=N W

N WS

= NWS~Un

NUMERATOR

ZERO(I)

( -.8003E-02) + J(
( -.8003E-02) + J(

( -101.9
DENOMINATOR
( 1.137

)+ J(

POLE(I)
) + J(

( =.9345E-02) + J(
( =.9345E-02) + J(

) + J¢(
)+ J(

ZERO(I)
) + 3(

)+ J(

OLE

( -2.071

( -20.00
NUMERATOR

( o.

( -.8816E-02) + J(

( -.5292
DENOMINATOR

P

( .1.137 )

( =<9345E-02)

( ~-.9345E-02)

( -2.071 )

( )

~-20.00

&4

+ J(
+ J(
+ J(
+ J(
+ J¢(

-.7455E-01)

.7455E-01)
0. )
0. )

.7705E-01)
-.7705E-01)
0. )
0. )
0. )
0. )
0. )
0. )

.7705E-01)
-.7705E-01)
0. )
0. )




e

R

v ~
20 2%
5+20
NUMERATOR
b 4 NPOLY(I) ZERO(I)
1 ( -.5315 )S** 4 ( o. - )+ J3(C 0. )
2  ( -.5314 )S** 3  ( .1831E-02) + J( O. )
3 ( -24.95 )s*x 2 ( -.5009 ) + J( -6.833 )
&  (.4567E-01 )S** 1 ( -.5009 ) + J( 6.833 )
5 0. ) ,
DENOMINATOR
1 PPOLY (1) POLE(I) ”
1 ( 1.000 )s**5 ( 1.137 ) +J( O. )
2 ( 20.95 )st*4  ( -.9345E-02) + J(  .7705E-01)
3 ( 16.71 )s** 3 ( -.9345E-02) + J( -.7705E-01)
& ( -46.66 )S** 2  ( =2.071 ) + J( O. )
5 (-.7820 )st*1 ( -20.00 )+ J( O. )
6 (-.2837 )
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