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* * 1.* Introduction

We consider an Infinite server queue to which customers arrive accordiu,

to a no- o..gsasus Poise=n Process (UP) with known Intensity X (t) 9 t > o.

A customer arriving at tim a immediately eaters service and with probability

1(s,w) will complete service by time w where, of course. 7(a~v) - o for

w < a. Service times for customers are assumed to be statistically Indepen-

* dent of each other. Such a queue will be referred to an an N(t)/G(t)/o

queue to Indicate that the arrival process is a UIPP, that a customer' a service

tim may depend on the tim he entered service and that there are an Infinite

nuber of servers. If 7(sqw) G ("-) Is a function only of the difference

was and X(t) - A for all t. we haves as a special cases the familiar K/G/.
queue.

An Important stochastic process of Interest In queueing theory Is the

counting process (D(t) * t t~ o) where D(t) is the number of departures from

the queue by tim t.* In this note we establish and use a splitting theorem

for NUP? to show that for the X)/tIjeu. Dt)t o) Is s. NM.
Furthermore, we show that the nuber of departures; froa the queue during any
finite tim Interval Is Independent of the wAer of customers still in service

* at the end of that Interval.* As special cases of this result we show that the

transient output of an X11010 queue to a IMP and that in steady state the

output process of an N/G/w queue Is a stationry Poisson Process with rate

equal to the rate of the Poisson input process.* These results for the K/Gb..
queue were first proved more laboriously by Virasol. 14].

Hillestad ad Carillo [11] have shown that the number of busy servers at
tim w In the )f(t)/G(t)/.o queue Is Poisson distributed with sm depending

on w and the formi of the service time distributions This result can be simply
obtained by judiciously using the splitting theorem established In Section 3.

To the author's knowledge, no study has bee made of the output process

of the )f(t)IG(t)/40 or X(t)IG(t)/s queues. In a smequel to this report, we

shall study the output process of 11(t) IN/s queues.

2.e o-ooeeu Poisson Processes

Definition 2.1. Let (N~t) ,t ~ )be a stochastic counting process and

q let
a. N () -o

b. (N(t)v t o) have Independent Increments.
2



c. Pr(2 or move events In (tot+h)) O (h).
d. Pr(exactly one event in (tt~h)) A (t)h + O(h).

Then{N(t) 0 t > o)ie-. said to be a no1-lMogene 32ous Poisson Process with
* intensity function X (t).

Let 1(t) -fl(s)ds. Then It Is straightfoward to show that Definition

2.*1 in equiLvelgnt to Definition 2.2.
Definition 2.2. (1(t), t o)is said to be a UEVP with mean value func-

tion OW) X(t) if
a'. N(o) o

bW. (N1(t), t > o) bes idenetIncrements.
c' for als<t and n >o

Pr(N(t) - N(s) a ) 6 -(K(t)-Ks) ()-
ni

in this report, we shall assume the WV of all NP to be completely
differentiable. mhe proofs presented here can be extended to th ca where
the MV Is not completely differentiable but this would add unnecessary
technical complexity to the discussion herefn.

3. A Splitting Theorem

it is well known (see 15] or 16]) that If (N(t), t > o) Is a stationary
Poisson Process with rate I end en event that occurs at time t Is classified

of type I with probability P., 1 ... . Independently of the classification
of other events (ZP~ 1), then the stochastic Processes (Ni~t),, t >0), iuml,...,

n are independent stationary Poisson Processes withirates XPI , I -l,.. one In
this section we prove en analogous result for INO?.

Theorem, 1: ,Let' (N (t),s t > o) be a NOPP with Intensity X (t) and MY 1(t) .
An event that occurs at time w 31 o Is classified as a type 1 event with
probability Pl(v) and as a type 2 event with probability P2(V) - 1 - Pl(w).
Classification of each event Is Independent of the classification of other

events. Let NiL(t) be the number of type I events that have occurred by

time t. The (Nict), t > o) Is a NEP? with Intensity X(t)PiL(t) and Kyl
N1(t) A (s)P 1 (s)ds, 12 Iute oe {N(t)' t )' ) and (N2 (t)9t 1" 0
are satistically Independent.

Before proceeding with the proof of Theorem 1, we need to establish the
* following Lines which Is given an en exercise In both lose [6,p2g] and

Parson 15,p1433.3



Lms 1-:_Let ((t), t o) be a NIP? with Intensity I (t) and WI X(t).

Given that 3(t) - a, the joint distribution of the a epochs at wlich the events

occurred, T. , .2...,n v_ t Is the ms as If they were the order statistics

corresponding to a Idep t random varables yl Y2' "'yn with comn

distribution function

i(s) - 0 <O . t (1)

-rooft Let y111 ( 21 1_.! yin] be the order statistics corresponding

to Y1, 7 2, ... 7 n. Then clearly, the joint density of these order statistics

* Is given by

g(wlw 2 9...w") "n (w1)fCW2)...f(w), <- h 72  "- w_

there
f (v) - 7(V) "H'

Thus,

- ± - ,2,,,,,>,-D' X 2(W:) (2)wo n 1

Now we show that the joint distribution of the Tr,...,Tn given 3(t) - n, :s

identical to (2). Let w1 <w 2 <. I t and let U, be small enough so that

vi+hit <w,+ 1 . Then

-r(w:. - ,_ Vi + hi toll .2 .,nIN(t) - a)

I I~~f =l~~rw+~ im12#***.,n)/ft(N(t) - n)

- r (3(vI + hi) - (wi)- ., toI,...,a ;

I(1i) - N(wi., .,) - op -2, ... ,,A;

O(wl) - 3(o) - o;

1(t) N(%~ + h ) - o)IPr(N(t) - n) (3)

From c' of Definition 2.2,

PrCN(wi) - 11(v,_ + hi.,.) - o) * . O(W±L) - )(wii- + hi 1j))

?r(N(w1 ) - N(o) - o) - .- (Wi)

Pr(N(i + hi) - 3(wi) 1 1) - ( .- 0 44:) (V)) M(wi)

PRN(t) -1(vaftan) , o) , e-CM(t) - X(wn~hn)) (4)



Since the Intervals Iw I w±41i] do not overlap, we have from (b) of Definition

2.2 and (4) that (3) become af ter soms reduction

*-K(t) ,(w±4hiL) -~:)

-1X(t) 1(t)n

mn1 n

Pr(wjyicviL4hi, imi. n 1(t)-n) -t n 1(wihi) - (w1 )

Thi1

Now take the limit of both side s the hi oo, opI-...,n uniformly. Since

1I.a X(w,+h,) - (Wdi d
* h,1 hi j

and since the MY~s are differentiable, the limit of the right had side of (5)
exists which therefore implies the limit on the left side of equation (5) also

azeists ad it Is, In fact, an ordinary probability denity function. Thus,

f (w 1 ... owa-jN(t) - n) - ha Pr wci~ih,1.mleoemnjN(t)-n)

hi0

which is precisely the probability density function (2).

Lem 1 states that given N(t) - no the n event times, Tl9T 29**sTn when
considered as unordered random variables have the sme joint distribution as
n aidependent random variables with comen distribution 7(s) given by (1).

Therefore, as a consequence of Lin 19 gIven that we know an event occurred

In (not), the actual time that the event occurred has distribution function F(s)
* and Is Independent of the time of the other events occurring In (ot).



* Proof of Moeores 1. lb prove Theorem 1 by first shoving that (N (t) ,t > 0)
1 1,2 satisfy Definition 2.2 for 131?. We shall show that Ni(t) Is Poisson
distributed with mean Jx.(s)p 1L(*)ds by calculating the genrating function of

11(t)s I - 192. The Independence of the two processes is established by cal-
culating the joint generating function of Ni(t) and N2 (t) and shoving that
this joint generating function is the product of the Individual generatift

functions.

Clearly, N1(o) N N(o) - o so that (a) of Definition 2.2 holds. For
1 1l,2, t ,o and laIi<, let

giL(z t)- [ I
be the generating function for Nict). By conditioning on N(t) and applying
the Law of Total Probability we have that

Ni(t)
g1 (z,t) -'t' 1()](6)

From Lea 1, given that an event occurred In (o,t J, the probability it

occurred at time z, o <z < t is-W . Given an event occurred at time x,
the probability it was clasifI an a type I event is p I(z). Therefore,
given that an event occurred In (o,t] the probability it was a type I event

*J PI (3 dxWL4 (7)
0

indeendetly of the other events that occurred in (o, tJ. Therefore, given

N (t), NI(t) Is a binoial random variable with parinaters N(t) and yi so that
the conditional generating function of Ii(t) Is

il N I~)] - (l1rYi + Yiz) N(t)

and using this in (6) we have

8gL(aqt) * 1 5(t) 1(1 -J + Yia)N~)

Since 1(t) Is Poisson distributed with mean )E(t) and jl-yi + Y:sjl *

gi(ust) e~() (ii).e (tY(3()



But (8) Ia just the generating function of a Poison random variable with mean

t

0

Thus, N 1(t) i - 1,2 Is Poisson distributed with mean given by (9) for all

t > o. By a similar argument one can show that fgr any interval (tl 1 t 2 ],

Ni(t 2 ) - N 1 (ti) is Poisson distributed with m ?X(z)p(x)dx since given

that an event occurred In (t 1 5 t 2 J, it is type i with probability

., w± (t.t€ 2) - J i 1.(z) (td) -- i-l,.)n t Z) dz 1- 1,2

'A. ti
Independently of the other events occurring in (tlt 2 j.

That each process has Independent Increments follows straightforwardly

from the fact that (N(t). t 31 has It nrments and that each

* event is typed Independently of other events. If we consider any finite number

of non-overlapping time i ntervals, the nmber of type ± events that occur in

each interval depends only on the number of events of the process (N(t), t > o)

- that occurred In that Interval and the typing mechanism since only events of

the process ((t), t 3_- o} occurring In a particular Interval can be classified

and counted as a type I event In that Interval. Since (N(t), t > o) has

Independent Increments, the fact that the processes (N(t), t > o) I - 1,2

have Independent Incrments follows Imediately by conditioning on the number

of events of {O(t). t > o) that occurred In each Interval.

All the conditions of Definition 2.2 have been satisfied and therefore

(Ni(t), t >_. o) 1m,2 are NHP.

All that rmins now In proving Theorm 1 In to show that Nl(t) and

N2(t) are Independent for all t. Consider the joint generating function

Z~z E~zN 1(t) a N2 (t) 1
-g(Zz 2 ,t) 1 E(2

--z Is n jA ri(t) - , 2(t) - "1N(t) "n + a)
nwo swo

Pr(N(t) - a + a))

* from our previous discussions we realize that

Pr(Nl(t) ano N2 (t). l1t + 2) 74) F
7

' *r ,'" *", .;,., .,,,:," """ - - " -: • " "" " " " ""- . .
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since given N(t) a + n. there are ways of choosing u events to be

type 1 (and thereby choosing the z to be type 2). Thus,

g(z 1 z2 t z z3  ft_) ~
,z2,) 12 n 1 2

-MtYl~~ E *-~tY 1 22 1(t),

where we have used the fact that

e7*M(t) -*(t)T 1  -14(t)Y 2  since Yl+ Y2 -1

Thus,
7 g(5 1 9 z2 ,t) - (zl3t) g(z2,t)

Since this holds for all z1,z and t, N1 t ad 2 (t) are independent and

this completes the proof.

Note that it is trivial to extend Theorem 1 to the case when an event

at tine t can be classified, Independently of other events, into one of u

categories lith the probability that the event is classified as type i being

Pi(t) with E piL(t) - 1 for all t. This splitting theorem for 141FF is useful

in proving many Interesting properties of NEPP. In particular, we shall use

It to show that the output process of the X(t)/G(t)1" queue is indeed a NEPP.

4. The *Output of an N(t)IG(t)1 Quee

In this section we will determine the distribution of the number of depar-

tures In an arbitrary Interval (t, t+T) of length T In the )1(t)/G(t)I- queue.
Recall that In this queue, service tine are independent of each other and
that If a customer arrive@ at time s, the probability he will complete service

by tine w is 1(sw), with d d((s,w)) a 1

Let V~s,w) - 1 - F(s,w). We shall classify any arrival Into one of three
types:

Type, 1: if the arrival will depart the system in (t,t4T]

Type 2: If the arrival will depart the system in (t4T,w)

Type 3: If the arrival will depart the system in (o,tJ.



L7-71 1
Let pi(x) be the probability that t customer arriving at tine x Is classified

as a Type ± customer, ± - 1,2,3. Then, for all x > o

plCx) - (zlt+T) -7(xlt)

P( - N(,t--T) I 1 r (a (zt4T)

P3 (x) - l~z,t)

Vhere 3we have, of course, adopted the convention that ?(=,y) o if z y . Note

-:that I pi(x) - 1 for all x and since, by assumption, each arrival Is classified

indepindently of other arrivals, the conditions of Theorem 1 have been satisfied.

Therefore, if NI(v) - the number of customers who have arrived by tim v end

are categorized as Type i, we have from Theorem 1 that {Ni(wv v 2, o) ,

i 1,2,3 are NHPP with NW fX(s)p 1 (s)ds, 1 192,3, and are utually

independent. We recognize tdat {N1(w), w > o) Is simply the counting process

describing departures from the queue In (t,t+-T]. In particular, 11 (t+T) Is

the number of arrivals by tOT who have departed In (t~t+TJ and N1 (t4'r) Is

independent of N2 (t4-T) which is the number of arrivals by t4+T that are still

* in the system at tim t4T * Thus, We have the Important and Interesting result

* that for an )1(t) IG(t) /- the number of departures In any Interval Is imdedent
* of the number remaining in the system, at the end of the Interval. Tkis

generalizes Mirasol' s result for N/Qle queues. * urtheruore, N1 (t+T) Is I"de-

pendent of N 3 (t+T) - N3 (t) which Is the numer of departures in (o~tJ. In
fact, *if we take any countable -mimber of nn-verlappin Intervals, using the

same analysis as above, It is straightfoward to shmw that the departures during

any of these Intervals is Poisson distributed and Is Independent of departures

during any other Interval. (If there are N non over-lapping Intervals let

pn (z) be the probability that an arrival at tim z will complete service In

the nth < N interval.* Then argue as above). Clearly then, the conditions

of Definition 2.2 are satisfied, and by letting tno we sea N1 (T) - D(T) so-

that we have established the fact that (D(w)9 w > o) Is a NUP and for all

T !. o, D(T) Is independent of the number still In service at tim T. Also,

we have as a by-product that N 2 4t+T) Is Poisson distributed so that the nuber
of busy soriers at time t in the X(t)/G(t)/ft queue Is Poisson distributed
with Mean f (X) i(z,t)dx.

For all t l.o then, D(t) is Poisson distributed with 14VF

t
14 (t) -/A(z) 1(zot)dz (10)

0



ad Intensity function
d t

(t) %( )~t) j r A~z) f (zot)dz + () (tt1il~~ (t F,€: o . (,,,) (U)
w"e e f(X. t) m and I(t,t) o o only if the service distribution at

Ot
time t has an atom at o.

R etturning to the process {N 1(w), v * 0) Ve note that for all t,T > o

u[1g(tT) I I rnumber of arrivals by t+T who
1 departed the system in (t t4T)

- [wmber of departures in (t, t4T] ]

t4'r t4,T
. I )(x)pl(z)dz .1 (xZ)1(Xgt4-T) - ?(xt)ldx

0 0

t
,- , (Z) [1rt+n) - 1Cxt)] dz
0 O+T

+ X(z) 7(Xtt+T)d (12)
t

The f irst term n (12) can easily be seen to be the number of arrivals in

(ot] who depart In (t,tT] and the second tern Is the number of arrivals in

(tt+T] who dpwrt in (t.t+T]. (12) can also be obtained by noting that

I[w1 (t+T)J - D(z)dz.
t

5. Sp9ecial, Cases

a. WOWI@I am"u

for w a s lot IP(,v) * G(v-e) be a function only of the difference v-s.

This Is just the lUnacrkjl definition of service times in queues. Prom (12)

(or equivalently, from (11)) ve have that X1 (t+T) Is Poisson distributed with

mean
t t+T
A ()10)[ (t+T-z) - o(t-z)ldz + A( x) G(t+T-z)dz

0 t

t4T t
A (z) O(t4,-'z)dz - /1(z)G(t-'x)dz (13)

o 0

b. WE/. Qum

TAt the service tine distribution be s n Case a. and let X(t) -

10



for all tq o. Fron (13) we see that

t+T
ZEN (t')] - 1 X(y)dy (14)

t

From (14) we note that

t4'?
Ila E[N(t+T)] lin I %G(y)dy -AT

t-W t-i t

so that in steady state, the expected number of departures over an interval

of length T is simply XT. Thus, we would expect that for the 141GI-o queue,

the steady state output rate would equal the Input rate A. This is verified

directly from (11) since the Intensity function of the departure process is

t
- (t) - 0 Xg(t-x)dz + AG(o)

.'. - Aolt)

end l"a t)
t44,

: This interesting result for 14/G/- queues was first obtained by Niareol [51.

* c. M(t)/D/- QuEe
": " f if t < x + T

Let F(z,t) -

for all x represent the - distributiona Vr 'a- determ1:ni-stic service tUse of length T.

From (10), ND(t) " $ X(z)dz - the expected number of arrivals In (t-Tt)
t-T

end from (11)

XD (t) - x(t-T)

. That i, the departure Intensity at t Is simply the arrival Intemity T time

units previous. This Is as It should be since for h small,

Pr(departure in (t,t+h))

- Pr(arrival In (t-T, t-14)

- A(t-T)h + O(h)

by our assumptions on the arrival process.
"N11

Po .



d. Quenes With DiiIZat

A MIP with intensity function A(t) is said to be "dyin" if

4 (1) o !_X(t) ' < for an t Z o

(2) It1(t) - o

Thus, a MIP is dying If its IntOnSity function to dying out with time and If
during any finite Interval the epcted umber of events of that process that

occur is finite. Intuitively, ve vould expect that if the Input process to a

queue Is dying that the output process should be dying as wal. Theorem 2,
a Tauberia type theorsal, verifies our Intuition.

Theorem 2: ,or the X(t)/o(t)/4 quue, the departure process is dying

If ad only If the arrival process Is dying.
oof: sall prove Theorm 2 for queues whose arrival intensity

function and Its derivatives are Laplace Trmfocmnble for all Re(&) ! o.

(s" 17)). Lot XA(t). XD(t) be the Intensity function of the arrival and
departure processes, respectively. from (1)

IS " I ' + "az 'A(t)(t: t)

since o < ls. A(t)l(tt) I U 2 . A(t) - . T'herefore, to study the lsiting
behaviour IF\(t) it sufficer. su the lIting behaviour of the function

t
b (t) - 0 IA 6X)f(Zot)dz (16)

0

A (),) '-ot% (t)dt

D 0

D (s) . ..(. .

0

*1



Taking the Laplace Trafor. (LT) of both sides of (16) s aee

at t
b(a) = dtA(x) ( '=) dt,

0

0 0 AC~LfcItzt7d

" I C A()f(ZS)dz (17)
0

Let (s) - cap f(z,s)
I

y(a) - mIn f (ZOa)

Recall that for fixed z, I f(xy)dy - 1 since It represents the (proper) service
time distribution of a cuitamer entering service at t1me x. Therefore, for

all o <'<

o x x(a) 1 (1)±1

From (17). then we have that

@ . .) _ b() A(s) y (a)

and therefore,

, . cX. (m) ' 1. Il. b (a) sb a ( s) (18)

From (18) we an easily prove Theorem 2 since by the 7inl Value Thoorem for

LTwe know

"a XA(t) "a ltm XA(s)

and Ila b~t W li b (a)

Uy ISla s A(t) o. Now, frm (18) we Iamv that

"& Ila 0U.A(s) Us a b Cs) iaIl (a) s ,i(c) (19)

13



and sine 13t (a) iu- (a) - I we have, by applying the Final Value::!~it ,o,. +  +

i!~ • Its b (it) < 0

an hus Il- b(t) -Il 19 (t) -0o
t4. t4 ft

Prom the left Inequality :in (19) we also see that If la XD(t) - o it must be that

Ila 8- o and the theorem Is established.
The tecnqus developed in the proof of Theoes 2 lead to an interesting

result for general Laplace transfomble functions that can be represented

as the convolution of two functions.

Theorel 3: Lot b(t) be Laplace Tramsformable and let

t
b(t) * I g(z)h(t-z)dz (20)

0

be the convolution 8 f two non-negatjve, non-identically zero, proper functions

£ and h such that $ g(x)dz -r- h(z)dz. Then 1la b(t) - o If and only

If 0 0

Ila g(s) - Ur h(s) - 0

Proof: Since b(t) is a convolution#

A A

where b(s), g(s) h(s) are the LT of bp S9 and h, respectively. Then by the

Final Value Theorem we have

la sb(s) -(13Z sg(s))(Ulu h(s)) (1,. ,(,))(I1a .s(s))

Since .hla &(s) - s(z)dz a a a iu h(s) - h(z)dz
3* 00 0

Theorem 3 follows Iindiately.

Inspection of the convolution integral (20) Intuitively shows why Theorem 3

Is true. If both functions S(x) and h(z) did not go to zero se significantly

positive vass voud be acclated when Integrating from o to t and heace b(t)

would hove a positive limiting value.

-w : . .. * ... . - .. _____



We note that in Theorem 2, since 7(zlt) is asumed to be a proper

- probability distribution function, It is trivially true that lim f(xt)

3tt

In this report we have established a splitting theorem for NOP similar

to the splitting theorem for stationary Poisson Processes. Using this

powerful result we shoved that the output process of an X(t) IG(t) I. queue

*Is a NIP? and that the number of departures from the queue, during a finite

interval are Independent of the number of cuetomers, ramining in service at

the end of the Interval. Furthemore,, using the splitting theorem we showed

that the nueber of busy servers In the X(t) IG(t)/I queue Is Poisson, distributed

with mean f X(z)i(x~t)dz. These results provide a tool for analyzing queues

* for which he arrival proces and service time are non-stationary.

15
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