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PREFACE

This work concerns random arcs on the circle. Arcs with randomly

chosen lengths are placed uniformly on the circumference of a circle

and probabilistic questions are asked about the resulting configuration.

Emphasis is placed on deriving expressions for the moments and joint

moments of quantities such as the number of uncovered gaps, the measure

of the uncovered region and the length of the largest gap. Distributions

are also obtained for some of these variables.

The subject of random arcs on the circle falls under the general

heading of covering problems. Covering problems in two or three dimen-

osion are of greater utility and interest then one dimensional problems

like covering the circle. However, multidimensional covering problems are

extremely difficult and little progress has been made on them. Much work

has ben done on one dimensional covering problems.

The results in this thesis are not motivated by any particular appli-

cation. However, the consideration of random arcs on the circle arises

naturally in many contexts. Fisher (1940) noted a connection between

certain tests of hypotheses in time series and the covering of the circle

by n uniformly placed arcs of length t. This connection Is rather

indirect.

A more direct connection with random arcs is provided by tests of

uniformity for directional data. Suppose n points P ,P2 ,...,Pn have

been placed on the circumference of a circle and it is desired to test the

hypothesis that these points are uniformly distributed. Assume for conven-

ience that the circumference has length one. There are many reasonable teat

iv



statistics. Two of these are mentioned below. The choice of test

statistic is governed by the alternatives to uniformity which are of

greatest interest.

The n points break up the circumference into n disjoint segments.

Let X be the arc length of the longest of these segments. It is reason-

able to reject the hypothesis of uniformity if X is too large. A more

frequently used test is based on the scan statistic. Let N(x,h) be the

number of points P1  contained in the arc (x,x+h] where x+h is evaluated

mod 1. The scan statistic N(h) is defined as N(h) - sup N(xh). N(h)
x

is the largest number of points that can be contained in an arc of length

h. If N(h) is large this may indicate clustering of the points P and

thus a possible nonuniformity. Information on the scan statistic may be

found in Naus (1966) and Cressie (1977).

Now make each point PI the counterclockwise endpoint of an arc of

length t. Then X < t if and only if the circumference is completely

convered by these n arcs. Let L(xt) be the number of arcs which cover

an arbitrary point x on the circumference. Define the maximal covering

L(t) by L(t) - sup L(x,t). Clearly L(t) - N(t). Thus both statistics
x

X and N(t) can be easily interpreted in terms of the random placement

of arcs of fixed length on the circumference. See Siegel (1979) for

another test of uniformity which can be similarly interpreted.

Problems involving random convex hulls lead naturally to coverage

problems involving arcs of random length. Let Z1,Z 2 ,...,Zn be points

on the plane generated Independently according to the distribution Q.

Consider the event B that the convez hull of the points Zl , ... ,Zn

contains a given convex set K. Jewell and Romano (1982) show that each
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point Zi can be mapped into an are Ai on the unit circle n such a

way that B occurs if and only if the arcs A,,,...,An  completely

cover the circle. If K is a circle centered at the origin and Q has

circular symetry, then it can be shown that the arcs Ai are uniformly

placed on the circumference with lengths independent of their positions.

This is the standard setting for random arcs on the circle.

Another example where arcs of random length arise is given by Siegel

(1978a). The problem of covering a planar region by uniformly placed

disks of fixed radius leads to a related circle covering problem with

arcs of random length.

There is a fairly substantial literature dealing with random arcs on

the circle and related issues such as the covering of line segments or

the partitioning of intervals by random points, etc. Most of this is not

central to the development which follows. The most relevant history is

summarized below. For a more detailed history and bibliography see Siegel

(1977) or Solomon (1978).

Stevens (1939) was the first to correctly obtain the probability that

n uniformly placed arcs of length t completely cover the circumference

of a circle. He also derived the distribution of the number of uncovered

Saps on the circumference. Siegel (1978b) derived the moments and dis-

tribution of the measure of the uncovered portion of the circumference.

This quantity will be denoted by V. Votaw (1946) had obtained the distri-

bution of the measure of the covered region in the related problem of

covering the line. Siegel (1978a) also gave a general expression for the

moments of V when the arcs have random lengths chosen independently

from a distribution F. The corresponding expression for the distribution

vi
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of the number of uncovered gaps was derived by Holst and Siegel (1982).

This thesis builds directly on the work of Siegel and Holst.

Some comments are in order on the origins of the ideas found most

useful in this paper. The most frequently used notion is that of compu-

ting the p-th moment of the measure of a random set A as the proba-

bility that p independent uniformly generated points all lie in A.

Variants of this idea are used for computation of joint moments in situa-

tions involving two random sets A and B. This idea was formalized and

made rigorous by Robbins (1944) who used it to calculate the low order

moments of the measure of the region covered by random translates of a

fixed set. This method was applied much earlier in other contexts. For

elementary applications of the method by M. Crofton see the fifth chapter

of Solomon's 1978 monograph.

An argument due to Hoist (1980) also proved to be very useful.

Expressions for the distributions of V and V* (defined in section 8)

were obtained via this approach. Hoist's argument was also used to pro-

vide alternative derivations for some of the moments and joint moments

considered.

Sections 0 and 1 of this thesis contain definitions and various

facts necessary for later calculations.

Section 2 deals with the case of arcs having a fixed nonrandom

length. Moments are obtained for the number G of uncovered gaps. The

factorial moments of G are found to be especially simple in form. These

moments are equivalent to and offer a convenient summary of the distribu-

tion of C found by Stevens (1939). Next are presented a number of

derivations of the moments of the measure V of the uncovered region.

vii
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One derivation is due to Holst (1980). All the arguments are different

from the original method of Siegel (1978b). Finally, several deriva-

- tions are given of the joint moments of V and G.

In section 3 the case of random arc lengths is considered. An

expression for the factorial moments of G is obtained by the argument

of Holst and Siegel (1982). Then Siegel's (1978a) derivation of a gen-

eral expression for the moments of V is presented. Combining the ideas

of the two previous results leads to an expression for the joint moments

of G and V. These joint moments are evaluated in the case where the

n arcs have lengths sampled independently from a distribution of the

form F(x) (x- for 0 < x < 1.

Section 4 treats the special case where the arc lengths have the

uniform distribution F(x) - x. Many special arguments are applicable

in this case. The 2n points which are the endpoints of the n random

arcs divide the circumference into 2n segments. Let Gk be the number

of segments covered exactly k times. Vk is the measure of that part

of the circumference covered exactly k times. It is shown that the

conditional distribution Z(VkIGk=J) is Beta(J,2n-J). Formulas for

EVk' E Vk. E and E(Gk) are obtained for all k. E(Gl) and ZVPV V "k k2p 1

are also calculated for all p.

Section 5 considers the random variables Gk and Vk when the arc

lengths have an arbitrary distribution F. General expressions are given

for the quantities E~.EGk, EV Vk and EG Gk"k, zk' jvk j k"

Section 6 deals with the spacings SIS 2 ,...,Sn between n nde-

pendent uniformly distributed points on the circumference. A recursionrk+J

is developed allowing one to compute the joint distribution of E"t= Sti-1i
• and.zk Si S

and Ei-1 +i-1 Sk+j+i

viii



In section 7 expressions for PfG-K} and the conditional moments

E(VPjG-K) are derived as corollaries of the results in section 3.

Section 8 contains the development of the distribution and moments

of a quantity V which is an upper bound for V.

Let Rk denote the length of the k-th largest uncovered gap on the

circumference. The distribution of Hk is derived in section 9. It is

an immediate corollary of the distribution of C obtained by Holst and

.* Siegel (1982) and presented in section 7. An upper bound is also given

• -for the moments of H1 .

In section 10 a general expression for the cumulative distribution

t71 of V is derived using the argument of Holst (1980). The distribution

of V is found explicitly when F(x) (x-a)+.

Six
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THE MOMENTS AND DISTRIBUTIONS OF SOME QUANTITIES
ARISING FROM RANDOM ARCS ON THE CIRCLE

' By

|--. Fred Huffer

0. Description and Notation.

Consider the problem of tossing n arcs at random on the circumference

of a circle. More precisely, choose n points P1VP2 " ... Pn uniformly and

independently from a circle of unit circumference. Take the arc lengths

,L2,...,L n  to be i.i.d. from the distribution F. Then let Pi serve

as a counterclockwise endpoint of an arc with length Li.

Let P(1) P(2) '... P be the clockwise ordering of the points with
(1), (2) (n)

P-P ( Defnine Sk P (k+l)-P(k) where P(n+l) m P () Sk is the

cloc.kwise distance from P(k) to P(k+l" S,2."'Sn are the spacings

between the counterclockwise endpoints of the arcs. (Warning: The spacings

between points chosen uniformly and independently on the circumference will

always be denoted by Si even if they are not the spacings generated by

the points PPn

The vacancy is that part of the circumference which is not covered by

any arc. Let V denote the length (or measure) of the vacancy. G will

denote the number of uncovered gaps on the circumference. The vacancy

consists of G distinct segments. This report will be concerned with the

exact calculation of the moments of V and G.

1. Preliminary Facts.

Before proceeding it is necessary to list certain facts about the dis-

tribution of the spacings S,2,....Sn produced by tossing n points at

random on the circumference of a circle. These facts are well known and

are included only for the sake of completeness.

o.1



(1.1) Fundamental lema:

n n n-
PISl > a1 ...Sn > an ) PfS 1 > a  (1- a 1

Proof. Let XX2,...Xn I be i.i.d. uniform on [0,1]. Denote the

order statistics by X(1) ,x (2) , ...,x (n -l) . Define Sk - X -X(k-l )  for

1 < k < n where X( ) = 0 and X n 1. It is clear that (S,S2,...,S n)(0 ~(n) 12P..Pn

so defined has the same joint distribution as the spacings considered above.

The Joint probability density of (X(1),**.X(n-l)) is given by

(n-i)! 1(0 < x() X() *<
(n-l): I{ (1 ) <-- X(2 )  ""!X(n_1) < 1}"

Let

A - {(X (1),...,X (n-1) ): S 1 > a It'"".Sn > an}

and
n

B- ((X(1), ... ,X(l "9: Sl > X a}•
i-i

Define the transformation T so that T(ul,...,un-1) = (Vl,...,V n- )
n

with vi Wu i + I a for 1 < i < n-l. T is a 1-1 mapping with
J-1+1 

Jacoblan equal to 1. T maps A onto B so that P(A) - P(B). It is

n )-
easy to see that P(B) - (1 - I a Ii-Ii + "

The following useful facts are imediate corollaries of the previous

lemma.

(1.2) The joint distribution of (S 1 9. . . .Sn) is exchangeable:

£(S1 . . . .,Sn ) - £(ST(l) ,...,S T(n)) for all permutations T

2



(1.3) P(Sl > a s2 > a...sk > a) - (1-ka)+-  for k < n

(i 1.4) Z((S 1-al1) ..... (Sn-a+IS1>l,..q >%

n
= £((l - ~ a,)(S 1,...,Sn)) with the special case

Z((Sl-a)+... (Sk-a)+I S > a,...,93 k > a)

- ((l-ka)(Slq...,*Sk)) for all 1 < k <

It is also necessary to know the Dricblet Integral.

u- / r(n) / r(ct
L X-

i-ir( II,
L -i-

if a > 0 for 1< j <n.j

2. The Case of Constant Arc Length.

Using the results of the previous section it is straightforward to calculate

the moments of G and V when F(x) - 1 fx > a) so that the arc length Is cons-

S" tant - a.

r The number of uncovered gaps is

(2.1) G - >{s > a

1-1-I.I

K Therefore

--p - P(S > a,...,S > a)!iL pI' ' , p

3
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GrouPing the terms according to the nusiber of distinct indices ik and using

Oucbkugeebility (1.2) this becomes

pAn
- S(p,k) n1- PfS > £*Sk> a)

k-1 (n-k) k

Now use (1.3)

pAn
*(2.2) - S(P~k) ni sn-l

k-i(n-k)! (l-ka + EGP *

*Rare SOXk equals the number Of ways to partition a set containing p ele-

1Ments Into k xionempty subsets. These are called Stirling numbers of the

second kind.

A moe asthticforulais obtained by considering y instead of (9.
Let Om{lsG**(aO denote a subset of {l,2,...,n). Define T -{a: c7i.p)
where lol1 is the cardinality of a. Clearly

(G- ' > a. > a)., > an)( n-

(2.3) (G nP > ,,, >a) n(-atl
p p +

* The special cases of most Interest are

KG - n(l-a) + and

2 n-i n-iKG -n(l-a)~ + n(n-1)(1-2a)+

4



The msure of the vacancy is given by

'.(2.4) V- S (s-a)
"1*'+

Using theiultinomial expansion gives

(*) 11 ( S

where a - (a71a 2 ... ,an) and the sum ranges over (CF:a7i= p) . Note that a

Is being used in an entirely different way than in the previous argument.

Let B(a) {J:a 0>O), b(a) - I .(a)I. and A(a) n (S >a). Then
j los(a)

S(S -a))- P(A(a)) n(R ( a J~)
ii+ (U (-a+IAc)

n 0r
since (S -a) - 0 outside the set A(a)

-(l-ab(a) )n-1 {(l-ab(ar))P Z( 1I S J))
+ J.i

by (1.3) and (1.4)

• -(l-ab(Cr))+P-l (n-'l ! , ri O!+ (p+u-1)! n

using the Dirichiet integral (1.5)

Substituting this result in (,) and simplifying gives

55
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Up Pfl) i (l-ab(v))
p +

By easy combintorics j{G:b(ca) -kil P -i) for k < n p. (How many

ways can p indistinguishable balls be placed in n boxes so that eractly k

boxes are nonempty? First choose the k nonempty boxes in (j) ways. Then

distribute the p balls Into these k boxes in Pk1~ ways.) Theref ore

BVp (P+nl) (n p- ( l)( ) (k)n~~p- 1

p25 k k-ik-+

This forula was first obtained by Siegel. For the cases p -1 and p -2

the formula becomes

___l n+lEV (-) and NV2  (1-a) n+ - (1-2a)+ 0a)1 + nl a)

A second derivation (due to Hoist) of the moments of V is given below.

This method of proof can also be used to calculate the distribution of V.

Define I If a Clearly

ar je W ~

where ar ranges over all 2~ subsets of fl,2,...,n). Multiply both sides

of this equation by VP and take expectations. Grouping the terms according

to the cardinality of a and using the exchangeability (1.2) gives



j-0

Now substitute for V, expand the product of

indicator functions and use (1.2) to obtoin

n k n J) (S a)

a-' k0k ~ i.-i +

- n-j ( '-i- -

-i (i) "  (-') ]p 0I (a)([ I I "' I k -1 J+k

*E([ (Si -a) + JPI 1 - 1)i" 1 j1

Now apply (1.3) and (1.4)

n n- j )n n-i

ii-

• {(1-(J+k)a)P E(S + $+S )P}

(SI, ... ,) has a Dirichlet distribution with all paraeters equal to one.

Thus by the "clumping" property S+.*.+5 "'P Beta(jn-J) so that
1

-." .s+0... s)p. (J1p-1 M ( -1.
11p p

This result can also be obtained by using the wltinoiaal expansion followed by

the Dirichlet integral (1.5). Therefore

* 7
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!"* 
%

*IN+1" ( -1 I (,) I (-pnk J (J J T

p J=i :1 p-
( n+ p - 1

since by generating function arguments

' X~ (-1) -j ()(i+ -m=([-) for l<L<p and1 n--

I zero otherse (match coefficients for x -  in the identity

(n+p)-(1 )(1a) (+)P- () . -)- ,)JPl

-1 -1

A third argument for (2.5) viii nov be give. This derivatin Introduces

ideas which rill be used in later sections.

Let W denote the vacancy so that V is the measure of the random set

".l 1-1Z-
V. Chooo poit e s Qmatch d ctrbuedfindenen tly and un1Ioron the ett

-/ follows by independence that

(2.6) ,. ) " (PfQiCwI ,'",Pn})m -

Therefore

(2.7) p(i) -(1+Z) .

A hid rgmntfo (.) il nwbegien Ti driato itrdue
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l - i" 1-et
uniformly at random from P U0. Let R (R 1) ....,R n)) be the clock-

wise ordering of the points in P U Q with R - x. Let C - (C ,...,C )

with Ci inR ) ' P and Q are determined if R and C are known. It

is intuitively clear that R and C are independent and that C is uniformly

distributed over the set fC: E C- n) which contains ( ) elements. This

is analogous to the basic result in nonparametric statistics which says that

*} under the appropriate null hypothesis the vector of order statistics and the

vector of ranks are independent with the rank vectors having a uniform distri-

bution.

In the argument that follows w+n+l will be equivalent to 1 when It is

used as the value of a subscript. Departing from the notation in section (0)

let S R -R for 1 < J: <m+u. The S are the spacings between
j (j+l) Wj I

points in R (not the spacings between points of P as formerly defined). B

is the event that none of the points Q1 ... % are covered by an arc so that

3 occurs if and only if S > a for all values of j such that C - 1 anda a&

C 0 0. More informally B occurs if every block of consecutive points fromJ+la

Q is preceded by a gap. Define h(C) - I _ Then by the

independence of R and C and equations (1.2) and (1.3) it follows that

n~m-1
P(B/C- 0 (1-ah(c))+ - . Thus

P() BjI-c dc)kan__ -l n__ -l ui

c k

where
q

dk l{c:h(c)-kI

h(C) is the number of separate blocks of ones in (C0,.Cafn) when

the values Ci are arranged in a circle. Using simple combinatorial arguments

it can be shown that d " -m-- . X ak1 )  The factor n-1 arises as
dk k ~k-l~ k-l .Tefco k-l aissa

:q 9



the number of solutions to n + ... + z k where the z i  are positive

integers. The factor (k) arises similarly. The factor -1- is necessary

to properly account for the circular syhmetry. Therefore

S-1 mAn

-nh l AUun n-i rn-i U4%-l

k-i

which is equivalent to (2.5). This formula is symmetric in m and n. Thus

K V13 - E V4 where the subscripts on the expectations specify the number of
n m

random arcs. The preceding proof motivates this symmetry since the points

P9"PPn and Q play symmetric roles in the proof.

M+n
Define a* I Note that 0* is not necessarily equal to

G because the Sk are defined differently than in equation (2.1). G* is

distributed as the number of gaps when n+m arcs (of length a) are tossed

randomly on the circumference. The previous argument involved conditioning on

C. By conditioning on 0* yet another derivation of (2.5) is obtained.

Let D - (Di,...,Dm) with D S>a) By exchangeability (1.2)
- +n) k "{S ka

the conditional distribution of D given G* - k is uniform on the k

elements of (D: D Q-k. Since R and C are independent, D and C are

- conditionally independent given 0* and the conditional distribution of C

$Iven G* - k is uniform on the ( ) elements of {C:E C mn. Thus the

*conditional distribution of the pair (,D) given G*- k is uniform over the

set of ( ) ) possible values.

The event B occurs if and only if Di - 1 for all values of i such

that Ci I and Ct 1 - 0. Again this simply means that B occurs if every

10



block of consecutive points from Q is preceded by a gap. Thus

P(Bl*mk) " Vk( )( k ) where Vk is the number of pairs (CD)
mk kk

with G* - k that lead to the occurrence of B. Combinatorial arguments

yield

V = +(-l. n-i m+n-ak " 8-1 (-1 k-s )

The suimation is over all integers s with the usual convention that () - 0
y

if x < y or y < O.

To obtain this formula argue as follows. Remember that h(C) is the

number of blocks in the circular arrangement of (C1 ,C2 ,..,Cafn). It was

earlier shown that _ XC-b:) Choose C with

h(C) - s. For B to occur every block of points from Q aust be preceded

by a gap but the remaining k-s gaps can be placed arbitrarily in the remain-

Ing m+n-s positions. This can be done in k-s ways. Thus

i((CD): h(C) "a and 3 occursil u-1 n- X un-=
0- 1 - 1 k-s

"tSsting over s gives the result.

Therefore (since P(G - ki P= ( = ki)

V
P(B)'ER(BIG*) ( k _ P {G'k)

• -Vk ,u~n -1 mim u-1 n-i u+n -1"-) " . s

. 11
a k

ti



K.' Multiply this by Pn Gm k , sum over k, and interchange the order of

summation to obtain

-1 -

u+U m4~n (m-1 n-i m+n -i GP (B) " 8 8-1-1)( a .E ,(a)o

Using (2.3) and (2.7) now gives.

u+n -  
___ nI m-

-( -) R X (1-sa)

which Is the same version of (2.5) found in the preceding derivation. The

subscript J used in P and E means that the probabilities or expecta-

tions are computed assuming the number of random arcs is J. When there is

no subscript the case of n arcs is assumed.

Using the method of Hoist (the second derivation of (2.5)) it is possible

to calculate the Joint distribution and Joint moments of G and V. A con-

venient form of the joint moments is calculated below. The notation of the

second derivation of (2.5) will be used. In the following, indices of ma-

tion will range over all the integers with the binomial coefficients (y)

taken to be zero if x < y or y < O.

fa

K Precisely following the earlier derivation yields:

(n+p-) (ka)n+p-l( n (J)(k)(_.)ki(J+p-1)

k k - + k - -

12



.

With generating function arguments it can be shown that

S()(J(+p ) 1 - (k)(p+q-l
j qi p q k-

(Factor out (k) from the sum. Then use the result obtained by matching

coefficients of xk-1 in the identity (1+z)k-q(l+x)
-p-1  (1 )k-q-p-l.)

Therefore

-1
(2.8) E[vP( G)J (n+p 1) ~ 1 )n+p-l n(p+q-l)(k)

q p k + k k-i q

with k ranging from q to min(n,p+q).

A second derivation of (2.8) which uses the ideas and notation of

the third proof of (2.5) is now given. (A similar but more general

argument is given in Section 3 so that this subsection may be skipped

if desired.) The reader should review the definitions of the random

variables P, Q, R, C, {S I}*_ and the event B which are given in

the earlier derivation.

Equation (2.6) is V" - P(BIP) so that E V'f(P) - E Bf(P)

for all functions f(P). In particular E Vh(G) - E I() Note
-q B q

m+n
that G is a function of P whereas G I- is a function

of R and not of P.

For o c{1,2,...,u+}) define HO = n( {C-1, S > a). If B
j Ca

is true, then (C -1, S > a) occurs if and only if there is an arc

13



beginning at R Q) which is followed by a gap. Thus when B is true,

H occurs if and only if there are lal gaps after the indicated arcs.ars

From this it follows easily that o I I - I where
aeT BR Bq

T - (a:IcI - q). Taking expectations yields

Ev(G) -G P(BnHa)
q 0C

-(n.IHn )-1~ P(BflH,, c - c)
m a c

with a ranging over the elements of T. Fix c = (clc..., cm4) and

define T - {J: cjl} and X - {j: JCT and J+1 gT} with the usual

convention m+n+l - 1. Note that JXJ - h(c) where h(c) is as defined

in t1.- third proof of (2.5). Clearly B nH a  (C- c} - when a 9t T.

If aCT then given (C- c} the event BARH occurs if and only if

e > a for all j a U X . Thus by the independence of R and C and

equations (1.2) and (1.3):

0 if a T

P(BnHlc-c) .

+ if a CT

Therefore

EVm(G) (I4 )- nm-
-1 4-

q (l-IX Ua Ia)+• aac+

with the summation over T and a satisfying ITl n. Jut l q

and 0 c. is the function of r defined by A - (J: JeT and J+ljtl.

14



With k -CYX the innier sum may be evaluated to obtain

m ) IIk k q-k+

Using a previously given result I[T: IX! S1 sil -n- X5 -

Thus the summation becomes

n-i -1m+n n-l m-I n-s 8 ~-
m s s-1'sa k q -+

There is no need to specify the ranges of s and k in the sum if

the usual conventions for the binomial coefficients are followed. With

a bit of algebra this becomes

n+m-l -n Xi rn-i n-s Xa (-a n-i-
m - - -

where t -s+k. Juggling the binomial coefficients gives

()m-i n-s X 8 - - q
sB1ntt-q tq s-1 t-s

n Xn)t) (mq-i)
t q t-i

so that

E %P(G) (nf-1i -i t) q1 (- n-Hi-i
q M -

t

which agrees with (2.8).

15



The attentive reader will have noticed that the fourth derivation

of (2.5) (the one which involved conditioning on G*) was just a

camouflaged version of the third derivation. A similar type of camou-

flage applied to the preceding argument yields a third proof of (2.8).

The notation and results of the third and fourth derivations of (2.5)

will be used in the following.

In the preceding proof it was shown that E ?(G ) - E I (G. Now
qBq

condition on both G and C.

E[IB( )IG k,C- 111+11) G J and B occursl
B q k j q -I*J

since D given G *k and C- c is uniform on fD: Dim k which

has ( T) elements. Let s - h(c). Clearly G = j implies j > s.

For ease of discussion say that there is a chunk at i if Di - 1.

Requiring that B occur determines the location of s chunks. To make

C j J distribute J-s chunks in the remaining n-s locations i with

C, 1. This can be done in ( n-:) ways. Finally, distribute the last

k-j chunks in the m locations i with Ci - 0. This can be done in
(in I.dB- n-s) m Subtitut

kj) ways. Thus JD: G-i and B occurs}1  n-s)( k usu g

i - J-s gives

I (i M n-s Xm (s+i n-s( ) ()

j q -8k-jq i k-s-i

The well-known combinatorial identity

(d+i (a I(d Xa Xa+b-i

i

16



can be proved using generating functions. Use this Identity to show
tha M "q- a ) X k-s-i . Dividing by k and using

that (±) - ).qj f~ mnsi~Si

m+n-s-i m+n k M lm+n g
(k-s-i k gives

E(I(G )IG= k(Cc)n-s k m+n

where a - h(c).

G is independent of C. G is distributed as the number of gaps

G when there are m+n random arcs. Thus

E(( *)IC- c) ( )(l_(s+i)a)+n-l
S s+i +

by (2.3). Uncondltioning in (*) therefore yields

E(I ~ ~ G )(fl) ns )(l-(s+i)a) 34-1
BE(I q q- I. +

-1 n-i
Now use m-lc)-'l) .( (s) with s - h(c) to obtaint~wue ~ c =(m a -1 =-

E I ( ) _ E Vi m) (31)X - s Xns+) (n(-+i)) m4n-1

Precisely following the preceding derivation from this point on one again

obtains (2.8).

The following computation gives a fourth argument for (2.8). As

In section (0) let S 1 *..Sn be the spacings generated by the points

17
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plg.,.,p so that (2.1) and (2.4) holds. For a C {1,2,...,n) define

H, - fS > a). Clearly
a j

I whereT uj q
q OCT Ha

Therefore

E VP( Gm E VP. n()E Vp

where a { 1,2 ,...,q). This follows
from the exchangeability (1.2).

)pf) (n(_an-l (P%q (a) E (VP IHa) q +f)lq) (~H

by (1.3).

It follows from (1.4) that

Z ((l-qa)(S ... ,Sn))

Define (UlsI**.,Un so that

ZCUi,*..,u) - ((S -a)+,.*.(S -a)+Sq+ *.*iSnIfa

n
V (Si-a)+

and thus

Vi



£(V Ha ) - Xi U1 + ) (Ui-a)+)

SO iq+l

Now use(*

q n
- (1~(-qa) S + I ((l-qa)S L -a) +)
irni iinq+1

- ((1-qa)( S I + (S 1 -b) +) with b -a
1l 1 iq+l 1q

Thus

E (Vp H0 ) -(l-qa)~ PE1 S~ + (S -b)

1m1 iinq+l +

and

VP+ (C)-n p
Kv()- (1(lqa)H1Pl Z[ S I S -)+

q q + q~

Using the multinomial expansion gives

S (-b) )pm
E[ +iq+ ( +

q aY n
a ~ E 1n. S i- ~ m+(S -b)+

where a -(a 1,..O.,a) and the su ranges over {0r:Ea,7p) Let

B(af) -{J:J >q and a~ > 01, v(aF) - I(a)I and A(V) n f (S > b).
i JEW~) j

Imitating the calculation in the first derivation of (2.5) yields

19



q o'i  n .

(l i q 1 (S I-b)+)1-1 I-q+l

q a1  na
P(A(a))I( HI S1 n (St-b)+ILA())I I1+t=11 L-q+l n .

n a
- (l-bv(0)):-1 {(-bv(G))p  ( Si))

i-i

(l-bv(a))+"-+ (n-l) I I

. ((p n-l) D 1 r I

Therefore

[E[ S.+ I (S,-b).]p - ( . (1-bv()) " .•~ "II 1 -~ + +
i-i inq+l p +y

Using b -a and substituting in the earlier expression fore V
p (K G

l-qa q
Sives

F.VP(G ) (pl?) -1 (-qva))+-
q q

By easy combinatorics

y(a:q+v () k -(ln-q)(p+q-l
k-q k- "

(How many ways can p Indistinguishable balls be placed In n boxes

so that exactly v(a) - k-q of the last n-q boxes are nonempty?

First choose the k-q nonempty boxes in says. Place one ballk-q
in each of these k-q boxes and distribute the rumaining p+q-k balls

IMP in the allowed k boxes in (PIk_) ways.) Thus
k-i

20
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-11

I yp(G X (U)flP) kI
q q p -

sinc Xq q (n k hi is the sme as (2.8).

The special cases p - or q -1 of equation (2.8) can be esasily

derived by other methods.

Allow the arcs to have a variable length t and define

nn
G(t) - T 1 {S> ti and V(t) - (S-t)+

Then - - G(t) which suggests the following formal manipulation:
dt

dt E(Vo+I) - E(- -A Vm+') - (m+l)E(V*G). It is straightforward to
dt dt

rigorize this argument (replace the derivative by a difference quotient

and use bounded convergence). Thus differentiation of (2.5) leads to

1 n -l nf-I.(vnO) U+ 1) Q • ) (n~m) k(lka) +-
k

which is equivalent to (2.8) with q - 1.

Let o denote a subset of (1,2,...,n) and define T - fca:Jfaq).

A little thought suffices to verify that

I i ' 1 s >a))( I (8i -a) +) -1)
cTCT ica i jW q-

The expectation of the left hand side is
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q
: RU if' > a (S -a)+)J

" () >a,..... >a) q3[(S -a) Is >a,..*,S >a]
q l~ q + q

)(' n-) q[-1 (l-qa) n-1 ()--qa)q +- + - +

The first two lines follow from (1.2). The third line uses (1.3) and

(1.4). Therefore

-)VI = _l)(-qa)+

This equation is different from (2.8) with p - 1 but with some algebra

the two equations are seen to be consistent.

3. Random Arclenath.

Now consider the general case where the arc lengths Lt  have an

arbitrary distribution F. Somewhat different methods are necessary at

this level of generality. For instance the formulas (2.1) and (2.4)

have no simple analogues.
g

A formula for the moments of G has been developed by Holst and

Siegel. Their argument follows. Let Ai be the subset of the circum-

ference covered by the ith arc (the arc with endpoint P a and length

Li). Define Hi - (PI U A and LI < 1). Hi occurs when the counter-

Clockwise endpoint P of Ai is not covered by any of the arcs. The

, gaps and the uncovered P are in one-to-one correspondence, G - l

22
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For T c {1,2,...,nl define T  n Ht . ITI denotes the cardinality

of T . It is easy to see that

G)~ I. with T - fr:jrj-q).
q TET

The events HT in the am are equally probable (since the arcs A are

i.i.d.) so that taking expectations yields E(C) - ( )P(f O) where

T R ,2,...,ql. HO  is the event that P1,P2*0.9.Pq are uncovered.

Let P(1)"'9.'P(q) be the clockwise ordering of the points

Pl,''"P with P(1) 
= Pl. Let L L be the corresponding

ordering of L,9....Lq. Define P(q+,) B P(1)" For 1 < k < q define

Sk to be the clockwise distance from P(k) to P(k+l)" Observe that

this notation differs from that given in section (0).

Let Di be the event that A i nf (Pj'"Pql - so that D occurs

when the ith arc does not cover any of the points P1 ..*""Pq " Then

q nHc nf S i > ILU) ) 11 D il
t-q+1

The random variables P100" ...Pno , .... "Ln are mutually independent

with the Li distributed according to F. Thus

i--+P(lio. IPl,...,pq) - n 1 P(Si))[P(DnJl,.0'"'P q) ] n -

Let Ck be the event that the arc An  lies between P(k) and
q

P(k+1)" - U Ck. The Ck are disjoint.
k-l 1

23
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P(CjIl,**9s q) -p I(CkILn sPl*@**P q)

- ((Sk7L )+Isk -Jk (Sk~t)+ dFIM

-:kdF(L) dz f F(K)dx

Define g(s) 0 F(x)dx so that P(C kI~i 9... Pq) - Sk Then

P(DnIPiJ*Pq) - k-

Therefore

n)pB" (nEPHp .. p
qq Giq

(3.1)

n (7 F(S~) ' (S )In-) EG
q k- q

where 810.009q are the spacings between q points chosen uniformly
q5

on the circle and g(s) Ef F(x)dx

U0

A general expression for the moments of V is due to Siegel. His

argument uses the Idea of the third derivation of (2.5). Choose points

Ql,..,Qp distributed Independently and uniformly on the circ'imference

and independent of P'~ Again let Ai be the subset of the circum-

ference covered by the ith arc. Let B be the event that all the points

Qilie In the vacancy. 3 occurs if and only if {Q1,...,.%1 A u 1Ai)i*

Rpeating the argumwt for (2.7) gives EVP P(B).

24



n
Lot D be the event that A IAn{Q1 ,...,Q O. B- n DV

The events D ,,...,D are conditionally Independent and equally

probable given Q 1 9 ." Qp" Thus

P(5JQ19...,.%) -{P(DilQ 1,.....p)1n.{ f ( )

k-1

as in the derivation of (3.1). S1,...,Sp are the spacings between

Therefore

(3.2) P(B) - E P(BE Q ,...,Q ) i E VP . E . g(Sk))n

where SI.... S are the spacings between p independent uniformly

chosen points on the circumference and g() F(x)dx

The ideas in the derivations of (3.1) and (3.2) can be combined to

obtain an equation for the joint moments E(G)VP. Use the notation from
q

the derivation of (3.2). It follows as in the proof of (2.6) that

P(BIPJ..., Pn,L,,...,L n- Vp . G is a function of PI,...,PL,...,L.

Thus

E(G-V E[(G )E(131P1 .... P .L..... L) E( i~

Let HT and T be defined as in the derivation of (3.1).

G

q TCT HT

qand hence

25
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Z(qG)I -B n (AH,) P (B i R )with CY 1 {l .qlTET

The events B nHT in the aum are equally probable because the arcs

A are i.i.d. and independent of Q1 ,...,Q. BnH is the event that

none of the points Pj90-O*"PqI Q,....Qp are covered by any of the arcs.

Let R - (R,...,Rp+q) be the clockwise ordering of the points

fPl,0...Pq Ql,o..,QpI with R1 - Pi. Define 6 C fl,2,....,p+q) by

ic C if and only if Ri c {P ....,Pq1 . 6 is a random set. Let

=w 1 < .. < Eq Let L(k) be the length

of the arc beginning at R k Denote by Si the clockwise distance

from R to R where R - . Let D be the event thati i+l p+q+l K..b h eetta

A i n (P...'P qQ,.,Q p - " D occurs if A does not cover any

of the points in R.

Using the above notation

q n
B n H -( A S E > L(k)}) n( D.)

k-l k Jq+l

Knowledge of R and C determines PI "'P q'QI Qp" Thus condi-

tioning on R and is equivalent to conditioning on PI."" 9PqI

QI0" "*'p" The mutual independence of Pl," ""P ,n'L1 , ,...,L'QI'" " Qp

implies

P(BAnUIR,') - 1 F(S [P(DJR,C)]n
-

i-i is1)

Arguing as in the proof of (3.1) gives
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I-I

P(DIn RF) I S (S)

so that

P(BlH0 IR,E) - f1 F (S ~ )1[ i

Clearly R and E~ are independent and hence taking expectations yields

q p 4q nP(B n1 HaIE) - R( n! F(S I( g(S )nq
k-l k i-i

where Sl.., are the ordered spacings between p-Iq points chosmn

uniformly at random on the circumference. The distribution of

(Sio..**i~q ) is exchangeable so that P(3A1101F) does not depend

on 9 and thus P(BflHaIE) - PCI fH ,). Taking -fl2..q

then gives

(3)E(G) (n E( p+q Iq

(3.3 E p( ( H F(Sk){ I g (S)n)
q q k-i1 j-l

with S..PS as defined above and g(s) - ~F(x)dx
p+q

27



. ._ ... I . . - - - - _

The expression (3.3) can be explicitly evaluated for the following

*" class of distributions:

F(x) X(x-a) where 0 < a < 1, > 0 and X (l-af.

Then g(x) (x-a) 1 and (3.3) becomes

0- + + -

Gq q k-l il +l n-

1,*)

- X n -L q p+q
q (q) (") n - q  ) (,.,pq)E{ (Sk-a)+ JH (Sj-a)+

q (01)n- a a~.Ip+q k-lj- +

with summation over all a - (a1.a2 ,...,ap+q) satisfying E a, - n-q.

Now define

B(a) - {1,2,...,q) U {J: a > 0} , b(a) - IB(a)I

and

A(C) n (S > a}.

JeB(a)

Imitating the calculation in the first derivation of (2.5) yields

q 8 p+q a1(0+I)
E( 1I(Sk~a) + IIl (Sj-a) +
k-1J-

q ( [q k (0+1) p+q k(0+1)

- P(AIa)).[ H (Sk-a)+  II (S.-a)+  IAa)]
k 1 k-q+l

.l r 0 Eq 80 k(0+1 ) p+q ak(0+1)
(1-ab+ H Sk Tr Sk

k-1 k-q+l
q p+q

-(labla))p+B+n- r((+l)(ak+l)) H r(14k(B+l)).
+)r (p+n 8+n) k-1 k-q+l
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Plugging this expression into (*) gives

(3.4) E VP(G) - (q) r( q)
q. (l-a) n8 (+)n-q r~p+n+n)

n-q p+no+n-iq ~

)( 1-ab(a)) ii r(8+l)(ak+)) H r(4k(+))

a p+q k-i k-q+l

with che summation over all a - (...,Opq) satisfying E a, - n-q.

The expression (3.4) simplifies in a few special cases. Letting

8 $ 0 gives F(x) = l{x > a) in the limit. Thus setting 0 = 0

in (3.4) should produce the result for the case of constant arc length.

Putting 8 - 0 and simplifying yields

( n)(n+p-1 [ (lab(a))n+p-l
q q a +

A simple combinatorial argument shows that

{c: b(a)-klI = ( P )(nl)

k-q k-i

(How many ways can n-q indistinguishable balls be placed in p+q boxes

so that exactly k-q of the last p boxes are nonempty? First choose

the k-q nonempty boxes in (kPq) ways. Place o te ball in each of

these k-q boxes and distribute the remaining n-k balls in the
n-I wy. hrfr

allowed k boxes in (k-l) ways.) Therefore

pG nn~-l -E p()_ aX ~ -1pX n-1 )(1_1a) n+p-1

Sv( q) p+q- k k-q k-l +

which is easily seen to be the same as (2.8).
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If p 0 then b() =q for all C. Thus setting p 0 in

(3.4) gives

nnl(l-qa)'+-l q r((B+l)(ak+))r

E( G) a - 11
q(l-a)n 8(B+l)n-q r(no+n) o k-l

where the sumation is over f(al....,q): Eu-Mn-q).

Some slight simplification also occurs upon setting q - 0 in

(3.4).

E Vp  ) , pl| U.n (l-ab(a))+'a- H] p X

(i-a)no($+I n Xp +n + n ,) a a"p + k-)

where the summation is over all a - (a1,...,a p ) satisfying Z a, M n

and now b(a) - I(j: a > Oi .

4. Arclengths With the Uniform Distribution.

In the special case where the arc lengths have the uniform distribu-

tion (F(x) - x) simplifications occur which permit the calculation of

many quantities of interest by entirely combinatorial means. This

simplification results from the following obsekvations.

Let P and L be independent random variables with P chosen

uniformly on the circumference and L having the uniform distribution

F(x)-x for 0 < x < 1. P and L together determine a random arc.

Let Q be the clockwise endpoint of this arc (which has length L and

counterclockwise endpoint P). The conditional distribution of Q given

P is uniform on the circumference. Thus P and Q are independent.

30



Clearly the uniform distribution is the only distribution for the arc

lengths which makes the endpoints P and Q independent. Denote by

[s,t] the arc whose counterclockwise and clockwise endpoints are s

and t respectively. Since P and Q are i.i.d. it follows that

[P,Q] and [Q,P] are identically distributed. [P,Q] and [Q,P]

are complementary arcs: they are disjoint and their union is the entire

circumf erence.

Now consider tossing n independent arcs with uniformly distri-

buted arc lengths. Using the previous observations and notation these

n arcs can be written as [XI,YI ,...,[XnYn] where
I

are independent and distributed uniformly on the circumference. Choose

u uniformly at random from the elements of {X1,...,xn,Yl,...,Y,}. Let

Z1,Z 2 ,...,Z 2n be the clockwise ordering of the points Xl,...,XnY1...,Y n

with Z1 -u. Define Z- (Z I..,Z2n ). Let -((tlVnl),(E2,T2),...,( n, n))

be defined by ( - (i,j) if and only if i < j and fZ1,Z I - {,k ) .

Now define the orientations X = (n s'*"Xn) by

( 1 if [Z ~~ k -T1 [XkYk]

Ak j
-1 k" if [Zik'z k  [Xk' Yk]

Thus Z determines the 2n endpoints, E partitions the endpoints into

n pairs, and A orients each of these n pairs to obtain n arcs

(each pair of points {s,t} has two orientations which give the

complementary arcs Is,t] and [t,s]). Since X1,...,nXnYs...Y n are

i.i.d. uniform, Z, A and E are independent with E uniformly distri-

buted on its set of (20n)!/ 2n possible values and A uniformly distributed

on its set of 2n possible values.
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With the usual convention Z2n+l a Z1  define Sk  to be the length

of [Zk Zk+l1. Let S = (SiV,...,S 2n). S consists of the spacings

between 2n points chosen uniformly and independently on the circum-

ference. For

1 < i < 2n let K fk:[Z Ci,zi+11 [xYk]I

so that K1  is the number of arcs Y which cover [ZiZ 1+1 ].

Define the covering vector M - (M",M 2 n). M is determined by

and X since

n
MHi= i Jik where

k-1
:. (*)

The Xk are i.i.d, and independent of~ { so that iJ2..Jn are

conditionally independent given C with

Afiml~ - ik' OI1m 2
* 1

Thus the distribution of Mi is Binomial (n. )

Define

2n
*m Gkmi-l '{MiiSk)

and

2n
vk = Si=fM -k) "

Gk  is the number of segments [Zt,Z+ 1 ) which are covered k tines.
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Vk is the length of that portion of the circumference which is covered

k times. To relate this with the notation of the previous sections

note that G - G and V - VO. From the definition it follows

immediately that

2n(k)

E Gk - 2n P(M,-k) - 2n

!2

Since S and (,X) are independent it is immediate that

n

E Vk -2n(E Si)(P{Mamk)) 2

The random variables Gk and Vk obey some obvious constraints.

lMi-Mi+,) - 1 for all i where M2n+i - N. Thus Mi  is an even

number if and only if Mi+1  is odd which mplies G Gk - Gk= n.
k even k odd

Also V = l.

H is determined by and X as shown previously. Write this

dependence asH - f(,A). Define M' - f(E,-) where -A (-X"9

-A and X are identically distributed and and A are mutually

independent. Thus M' and M are identically distributed. M' is the

covering vector that would be obtained using the complementary arcs

[y X*,...,[YnX]. From (*) it follows that ( .... , n)=(n-Ml,...nMn).

Thus (n-HMl....n-Mn2 ) and (M1i...M 2n) are identically distributed.

From this it follows immediately that Gi and Gn_ are identically

distributed for all i. Similarly Vi and Vni are identically
q

distributed.
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The ordered pair ( i) is uniformly distributed over the set

of (2n)I possible values. Thus any random variable (such as Gi )

which is a function of E and X can be investigated by purely

combinatorial methods.

S is independent of and A so that Z(VklGk-J) =-(Sl+,,+Sj),

Thus

(J+p-)
E(VIGk-j) - E(S-++Sj) Pk (2np-l)

P

and consequently

E VpKE(V.;k)1 (Zn4P-l)1 E(k+P-)
kk.p p

Using an elementary binomial identity this becomes

2u~-1- CkP- 2n+p-1 -1 I (P-1)E(k
(4.1) E Vp - (2nP-l) E(kP )- (2nP~l ) Pi

kj= J-1 p

This expression allows the moments of Vk to be computed combina-

torially. Formula (4.1) can itself be proved by combinatorial arguments

(which use the same basic idea as the third proof of (2.5)). However,

even though most quantities of interest can be computed combinatorially,

analytic arguments are generally preferred because they are usually

less tedious and notationally simpler.

All the moments of G and V0 are obtained by straightforward

evaluation of the expressions (3.1) and (3.2) (just use the multinomial

expansion followed by the Dirichlet integral). One way of writing these

moments which is useful for purposes of comparison is given below.
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G 2n n1 q (2ar )tI (4.2) '0) -q• -
q 2 '( 2 n) I T-1 1!

with sumation over all q-tuples a " (Ols...,q) satisfying E a t = n

and a > 0 for all 1.

(4.3) E VP - .- (Un )(2f.+pA) -  p (2at)I
2ni(20 ri a I

with sumation over all p-tuples a - (a1 9...,Op) satisfying E at-n

and a"i > 0 for all I. The crucial difference between these two

expressions is that a > 0 in (4.2) and at > 0 in (4.3). Using

(4.2) and (4.3) allows one to verify by inspection the validity of

(4.1) in the case k -0.

The first moments of Gk and Vk were given in the previous

subsection. The second moments of Vk and Gk for arbitrary k are

now obtained. Choose points Q1 and Q2 distributed uniformly and

independently on the circumference and independent of XI9...,X n ,

'1,...,Yn. Define W 1 - I{k: Qtc [XkYk]1. W 1 is the number of

arcs which contain Qt. Following the derivation of (2.7) gives

2E P {w -w 2 - t}.

An arc [Xk,Yk] will be said to separate Q, and Q2 if it con-

tains one of the points but not the other. Observe that [XkYk]

separates Q1  and if and only if the complementary arc [YkX]

separates Q1 and Q2. Let 0 be the number of arcs which separate

Q, and Q2. This may be written as

q
n

k 1 1 l"(Qlc[Xkyk1 -{Q2C ,Xk.Yk •
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The above observation says that 8 does not depend on the orientations

~ of the arcs and so must be a function of Q1 9 Q2 Z and C.

Condition on Q1 1 Q2 ' Z and so that these quantities may be

considered as fixed In the following argument. Let A be the number

A of arcs which contain Q, but not Q2. Let B be the number of arcs

which contain both Q, and Q2. Then W, - A+B and W2 - (0-A)+B.

Since the orientations X1'" 
" 'Xn  are i.i.d. (and independent of

Z' Q2, z and ) with P{XAil} - P{X=-I} = -, the random variables
1

A and B are independent with A ̂ - Binomial (0, -) and

B w Binomial (n- -. WI -W2 -t if and only if Am= and B - t

Thus the event fWl "w 2W t) is impossible unless 0 is even. Set

8 2k. Then

2k (n-2k.

PfA- -} k and P{B-t- -
2 2 2k 2 2 n-2k

Multiplying these probabilities gives

PWl 
iW

2  
(2k Xn-2kP~wlw2"tQ29z'' 2 n- k t-k °

This conditional probability depends only on 8 so that

P{-w -tle-2k }  1 2k n-2k

1 2 2n ( )kt-k

It remains to evaluate P{8-m}. Condition on Q, and Q2 so that

these points are fixed in the following argument. Let R1  be the length

of the arc [Q1,Q2] and R2 -l-R1 . Let Ik be the indicator of the event
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{[XksYk ]  eparates Q and Then 0 kn I are•[kk Q2" - 1 I k .  1 , , , n ae

clearly i.id. with P{Ik- 1) 2RIR2. Thus Z(OIQ 1,Q2 ) - Binomial (n,2R1l1 2 )

and

P{e- ulIQQ2 ' (;)(2R1 R2)
3 2R 2)~

2 2since 2-2RR R1 +R 2  Taking expectations yields

P{0-u n a n 2  E{R3aRm 2 2Pe -in) --2Q2_ 1 2 1 R + R 2

where R1  is uniform on (0,1) and R+R 2 - 1. Use the bnomial

expansion followed by the beta integral to evaluate this expression and

obtain

P{e - m) - 2-o (f +2n "

Substituting the previous results in the expression

P(W1 W2-t - {W1 w2 -t l 2k {- 2k1
k

and simplifying the binomial coefficients yields

(n

(4.4) E 2 ) V 42n -
2 (2n+l) k J

with the sums taken over all integers k and j and assuming the usual

conventions (x) 0 if y < 0 or x < y.
y
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From (4.1) it follows that

EV2  2n+l -l GtE V 2 fE C +E() .
t 2t 2

Since E Ct  2n(n)/2 n  formula (4.4) also allows immediate calculation
t t

Gt
of E(

The expression (4.4) can be rewritten to more closely parallel (4.3):

E 2 - n (2n+1 -1 (201) ! (2a2)1 k n-2k. (01.a2
i t 2a(2n) 2 a 12 k t-k k) k

where the summation is over a - (a1,02) satisfying 1+a2 - n and

a1 > 0, a2 > 0. This expression can be modified to obtain a formula

fo tE 2n+1 - and requiringfor E( 2t )  by simply deleting the factor of ( 2
C1 > 0 and 2 > 0 in the sun.

1 C2
An expression for E( ) will now be given. For T C {l,2,...,2n-l,2n)

p
G1

define HT- A M (N-1). Then ( 1) a with T- {T:1TIOp1
T T i p T T IIT

Thus E( ) - P(HT). Since (t,X) is uniformly distributed over
TCT

the set of (2n)l possible values P(H ) - (21,If(Cx):Mim 1 for icT}I.
-- r" ,Tp .T .2~ . Dfneo (i+- i5(20

Let T - {TI,T 2 , ... ,T } with T < T2 < ...*<T . Define ai (T -T29 p 1 2p i 2~

for 1<i<p-l and a in-(Y o+...+a 1. Since IMi-Mi+I- 1

for all i it is clear that P(H ) - 0 unless al. ... ,p are all

positive integers.

Routine but tedious counting arguments show that

P P (2a i )
I(,)Mimi for icT}[ -L- I- (21i+l))-(n+l)} -1

2 n i-l -
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To motivate this answer note that

nl P (ai) I

j((•X): Mi- 0 for icx)- CY

Nov show that every pair (E,A) which leads to -i  0 for leT

p
can be modified in (( H (2a1+1)) - (n+l)} different ways to yield

i-i

pairs (Q,) with Mi - 1 for let.

Dividing by (2n) and summing over T e T gives

G 2n n P p (2a)
(4.5) E( -) 2n • ( H (2ai+l))-(n+l)I h at

p P 2n( 2 ) a i-l i-1 i

with the suimnation over all p-tuples a - ('1,...,a ) satisfying
p

Ea1 - n and a, > 0 for all i. The factor arises when the sumqJ P

over the subsets T is transformed into a sum over the partitions a.

To obtain E use (4.5) to calculate ( ), E( ),...,E( )

and then plug these values into expression (4.1). Expression (4.5)

can be modified to obtain a formula for E Vp  by throwing in a factor

of ( )2np--  and extending the sum to allow a1 > 0 for all 1.

Expressions for E( k) along the lines of (4.5) can be found for
p

arbitrary k and p. They are not given here because (in their present

form) these expressions are quite cumbersome.

3
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Define - ( i,2..,2n) by C -M where M0 - 2 .

An equivalent definition is

1 if2:1 X 1 ...,Xl

S-1 if z i C{YI  ,Tn} .

k
Define S0 ,S1 ... S by SO - 0 and S- E C= M -M for k > 0.i-" '2n 0 k I

This notation differs from that in the preceding subsections. Let

B - {4:Itil - 1 for all i and Z_ i- 0} and

U +B +  fC:gCB and Si > 0 for all i). B is the set of bridges

and B+ is the set of positive bridges.

It is clear that is uniformly distributed over the ( 2n)
- n

elements of B. Let 1 < T1 < T2 < .<T p 2n. Using the uniform

distribution of and simple counting arguments one can show that

P{M- ). M M S 0...a S I (2n1 p 2a i

T T T T T n a1 p 2 p i-li

where a 1 (T + - T ) for 1 < i<p-1 and a -n-(a1+.-.+a .p p <p2n

Let T - (TI,...r P) and define T - {T:l < TI < T2 < ... < Tp<2n

Since

n G

(k) - 11 1 iMnk-0 p TCT M 2 =. MT

it follows that
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n G
jE(~) P{N, NHT Mk- 0 p TCT 1 2

which can be rewritten as

(4.6) 10 (k)= . (n) p (k=O po i=i

with the summation over a - (a1 ...,$a) satisfying Ea a n and

a1 > 0 for all i. Using (4.1) gives the companion formula

I'I

n' 2n .(np1- n- a

with the su-aton over p-tuples a - (alp .... a p) satisfying Z a, n

and a > 0 for all i. This formula gives a check on (4.4).
i+

Mk - Sk +MO > 0 for all k. Thus M 0 - 0 implies CcB

C consists of n positive and n negative coordinates. Each

positive coordinate is paired to a negative coordinate by an arc.

This pairing can be done in n! equally likely ways. If M0 - 0,

then each j with C = -1 must be paired with e k satisfying

k < J and Ck 1 I. This can be done in W(C) different ways where

WQ) M S1.~ : ct+1 M -1

Therefore

W(t)+
----" n for t C B+n!

0 otherwise
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W(C) can be written in a more symmetrical fashion. Define

L {i:SI > Si and S < S and H - {l:S < S and S > S

where for notational convenience Si - 0 for i < 0 and i > 2n.

L is the set of relative minima (low spots) and H is the set of

relative maxima (high spots). Then

W(4) = iCH
H(S 1)

icL

Since P{ =t- (2) for all t, su-ming PfoO- t over t
V n

yields

1 n1If O n ! T W(t)Pr°°)"2 "tCB+ -

This gives the amusing identity

(4.8) + W(t) =(n 1 x x3 x5 x... x (2n-1).
t B( n12

+ 1 2n

It is easy to show that B contains n- (n ) elements. Assume T
nl n

is uniformly distributed over B+. Then (4.8) can be restated as

E W(T) - (n+l) •
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5. Vk and Gk for Arbitrary Arc Length Distributions.

This section deals with the quantities Vk and Gk introduced

in the preceding section. The definitions are repeated for convenience.

n arcs are placed at random on a circle of unit circumference. Vk is

the measure of that part of the circumference covered exactly k times.

The 2n points which are the endpoints of the n random arcs divide

the circumfereqce into 2n segments. Gk is the number of segments

covered exactly k times. The previous section dealt only with the

case in which the arc lengths had a uniform distribution. Arbitrary

distributions F for the arc length are now considered.

The expectation of Vk  is easil-, calculated. Let Q be a point

chosen uniformly on the circumference and independent of the n random

arcs. Let W be the number of arcs covering Q. Arguing as in section

3 gives EVk = P{Wk). W - E I where I, is the indicator of the
ki J

event that the jth arc covers Q. The I are clearly independent and

identically distributed with Eli - V (l-F(x))dx. P is the

expected arc length. Thus W is Binomial (n,1) so that

n k n-k
(5.1) EV k = U (l-)

The second moments EV V are more complicated. Label the n
j k

random arcs by the integers 1,2,...,n. Let 7r Cfl,2,...,n).

Define U to be the length of that part of the circumference which

is not covered by any of the arcs in w. U is the measure of the
[.r

-q vacancy which results after the arcs in iT are tossed on the circum-

ference. For 1 < j < n define the functions
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O if z is covered by the j th arc,

J otherwise

Then U 0 J f (z)dz. Upon expanding 11 (1-fW(z)) one obtains7he 0U i i

17$-p J (r kz)r k 1')>f ( l p ETr

Integrating both sides and noting that

V np- f 1  fj (z) I (l-fk(z))dzVnp 17ri-p 0 J CT k47"

yields

(5.2) V ( -p( )un-p p 'r

The moments EU U may be evaluated by the methods of sections

2 and 3. Let Q, and Q2 be chosen uniformly and independently on

the circumference (and independent of the n random arcs). Then

EUrU - P(B) where B is the event that Q, is not covered by any

of the arcs in v and Q2 is not covered by any of the arcs in a .

Let B be the event that Q, is not covered by the j th arc. Then

(.) B (1T B 1)(1 B2 k) ( I B1 )( H B2k 11 BitB2 )
j Lr kca j Lr-aC kIM a
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where the product notation is used to denote intersection. The factor

events in (*) are conditionally independent given Q1 and Q2 " The

arguments of section 3 yield

P(B IQ1,Q2) - P(B2klQlQ 2) - g(l)

and

P(BlLB2 ,I.Q 2) g(S ) + g(S2)

IS

where g(s) R f F(x)dx and S are the spacings between the points
0 i• 1

QQ2. Let a - g(l). Note that a 0 F(x)dx - 1-u. Then using the

conditional independence gives

P(BIQ1 .Q2) ala-Il~l--Ol{g(s g(s2 ,

Thus

(5.3) LIUn, - Ia-- ,1I+-l IE.(s ). g(s,))Ianl.

where S1 and S2 are the spacings between two points chosen uniformly

at random on the circumference. Define M(r) - Efg(S 1)+g(S 2 )}r.

Equation (3.2) says that M(r) - E V2 where r is the number of
r

random arcs.

Now use (5.2) and (5.3) to calculate

.EVn pVn~ q -. (_1 )I7r+la-p-q(wl)( ) *101) .- I+la-"lI(lI)

n-p n-q 7ra p q

_ (-1)p+q I (ITI) I (.--) LjUWl(IrU WI)(lTual)
Tr OUItW P q )"
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I.

* The transformation T' a nw, w' l ir-a and a' = a-w is used to

obtain the last expression. Thus the sumation in this last expression

is over all mutually disjoint subsets r,T and a. As usual assume

that (x) - 0 if x < y. Counting the choices of T,w and a with
y

I -rl k, IwI - i and lJal - j yields

S(_I)Pl
q I (n)M(k) ( (,)i+(fl*k) ( n-(k+i k+J

k ik i~j q

where (ba) denotes the usual multinomial coeffieint

al if b > 0, c > 0 and b+c < a,
a b lc!(a-b-c)!

- (bac)=

0 otherwise

.his can be rewritten as

(5.4) EV V = (-)P+qk M(k) Z ( ' (I)(k+i.Xk+I-i
n-p n-q k kIi i q

where the summation is over all integers k,l,i when the usual conven-

tions for multinomial coefficients are followed. Examination of the

sum shows that the coefficient of M(k) is zero if k < p+q-n.

A simple generating function argument gives

I k+iX(k+t-i , 2 L-i-J(J P )( p k k

i , q

This alternative form may be more convenient if p, q or k is small.
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Some special cases of (5.4) are
EV. - n2M() + n(l-2no)M(n-l) + n(nl)Cl 2M

and

EV V -(....)p(f) IXp Y.nk
0 P3P k k

Let the random variable L be distribated. according to F.

Define Fto be the c.d.f. of (1-L). Thus i(x) - l-F(l-x).

The trivial observation that a segment of the circumference is

covered by exactly p arcs if and only if it is not covered by

exactly n-p arcs yields the following result.

IF(Ol-.*,vn - (V ,V n- .. V0)

where denotes that the arc lengths are distributed according

to H. In particular E V V - ELV V .Applying this result toF pq F n-pn-q

the above special cases of (5.4) Immnediately gives expressions for

en-i and EVV.

General expressions may in principle be obtained for the higher

I+

moments of Vk. For example the same arguments used to obtain (5.3)

can be used to show that

k +k +k
EU U U nE{g(l) + 2 3

. n 1 d 2 a3

WgS +S) +gS)1 g(-S +S) + g(S)l3

egf(S 2 o3) +g(S 1  kf g(S1) +g(S 2 ) +-(S-)
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Here S11 S2 and S3 are the spacings between three points chosen

randomly on the circumference and for TC (1,2,31 define

k = ii t with products denoting intersection and ""

denoting the complement. Using (*) and (5.2) the moments E VpVq Vr

•1 :can be easily calculated. However the expressions for these moments

". will not be given as they are exceedingly cumbersome.

The n random arcs divide the circumference into 2n segments.

Each arc or segment has an initial point (the point which is furthest

counterclockwise) and a final point (the point which is furthest clock-

wise). For 0 < k < n-l let Ck be the number of arcs whose initial

points are covered exactly k times and Ck be the number of arcs

whose final points are covered exactly k times.

* By associating each segment with its initial point one obtains

G k Ck l + Ck for 0 < k < n. Associating each segment with its

final point yields Gk - Ck + Ckl. It is understood that C-1 -C 1

- C - C - 0. Equating the two expressions for Ck gives
n n

CkC k-l Ck-Ckl for 0 < k < n. This implies Ck  Ck for all k.

4 Thus for all k

(5.5) Ck m + Ck- l

w" This expression is useful because 5 is easier to handle than Gk.

The calculation of ECk is Immediate. Let Ijk be the indicator

of the event that the initial point of the j th arc is covered exactly

k times. Then Ck Ej Ilk so that EC = nEllk - n.Prob(P1 is covered

k times) where P1  is the initial point of the first arc. Since P1
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is uniform and independent of the n-i arcs labeled by 2,3,...,n

it is clear that Prob(P 1is covered k times) -E -1Vk
1- n- 1-

- k)Pi (1-U~) by (5.1). Thus

n-i k n-i-k(5.6) E Ck n(k)

EGk is nov obtained using (5.5) and (5.6).

The second moments EC C can be calculated in a straightforward
p q

manner similar to the derivation of (5.4). The argument is sketched

below. C C E E I I so that EC C - n(n-i)EI I +nEI I
p q i i ip jq p q 1P IL lpi q

Now flEip I nS(p-q)EI1 -
8 (p-q)EC -6(p-q)n(n- l)11p(1...)n-i-p

lpI pp p
where ; if x- 0,

6(x) 0 otherwise

th P is the initial point of the it arc. Let Jand be

teindicators of the events {P is not covered by the second arc)

and fP 2 is not covered by the first arc) respectively. Let H(ik)

be the indicator of the event that P~ is covered by exactly k of

the arcs with labels in t3,4,...,fll. With this notation

'I J1H(l,p)+ (1iJ)H(l,p-1)

and

'2 JH(2,q)+ (1i J)H(2,q-1)

so that
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(5.7) lpI2q = H(ip-)H(2,q-1)

+ JiH(l,p)H(2,q-1) + J2H(lp-l)H(2,q)

- (Ji+J 2)H(lp-l)H(2,q-1)

+ JlJ 2fH(l,p)H(2,q) - H(l,p)H(2,q-1)

- ,(1p-l)H(2,q) + H(i,p-1)H(2,q-1)1

Arguing as In (5.2) will give

(5.8) H(in-2-s)- (_4)lIl- (1 -8 )U il)

where the sum is over w c f3,4,...,n) and U(iw) is the indicator

of the event that PI is not covered by any of the arcs in 7r. The

analogue of (5.3) in this situation is easily seen to be

-C Cl£

-" (5.9) 1 J2 H(l,i)H (2, r)

O al -WI + I,,-aE (s 11 F(sE) 2FSg()l)+(S2) }

where ei " 0 oz 1 and S1,S2 are as in (5.3). Now expand (5.7)

using (5.8) and evaluate the expectation of each term using (5.9)

- to obtain the desired result.
"1 £2 k

Define N (k) E FCSI )  F(S 2 ) (g(S )+g(S 2 ) where j - + 2

The quantities M (k) are clearly related to the Joint moments in
V
- equation (3.3). Let M denote the sequece M (0),M (1),M (2),...

Now define
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R(np,qk) (-1) * ( )(- )z (1)( )( )
k, i, I zn-p n-q

and let R(n,p,q) denote the sequence R(n~p,q,O), R(npql),

R(n,p,q,2),... . With this notation (5.4) may be written as an

inner product EVpVq - <HOIR(n,pq)>.

This notation has been developed in order to allow EC C to
p q

be written in the following reasonably compact form:

(5.10) EC C - n(n-l){(M 0IR(n-2,p-l,q-l)>pq

+(H 1 R(n-2 ,p,q-1) + R(n-2 ,p-l,q) - 2R(n-2,p-l,q-l)>

+<02 R(n-2,p,q) - R(n-2,p-l,q) - R(n-2,p,q-l) + R(n-2,p-lq-l)>)

(P-q)n (n-l1p• _nl-
•+ !

p

Observe that the inner product terms precisely parallel the terms in

(5.7). Using (5.10) and (5.5) one obtains the moments EG G
p q

The moments EV C can also be expressed in a form resembling
pq

(5.4) and (5.10). The derivation is sketched below. Let Q be a

point chosen uniformly at random on the circumference and independent

of the n random arcs. Let A be the indicator of the event (Q is
p

covered by exactly p arcs) and I be the indicator of the event
iq

that the initial point of the ith arc is covered by exactly q arcs.

Then EVC = EVEI I nEVpI nEAl. Now let J be the indicator
p q p I iq p lq p lq*

of the event that Q is not covered by the first arc and Rk be the

w indicator of the event that Q is covered by exactly k arcs with

labels in (2,3,...,n}. Then
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A 14q A J~Iq + (1-J)Up...Iq

(*) - Hp~1Iiq + J(Hp Iq-Hp lIlq)

Let Mj(k) - IF(S1)j{g(S1)+g(S2)}k for J - 0 or 1 and let

the sequences M and R(n,p,q) be as in (5.10). From (*) one can

immediately read off the desired expression:

(5.11) EVpCq =n{<Moi(n-l,p-l,q)> + <MIR(n-1,p,q)-R(n-l,p-lq>).

Using (5.5) and (5.11) one obtains the moments EV C
p q

IN 
.
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6. A Recursion for the Joint Distribution of Various Sums of Spacings.

This section gives a result concerning the spacings S1 S2' ... ,Sn

between n points chosen uniformly on the circumference. For any

ac{1,2,...,n) define

S(a)- si
Ica,

Let Tk { l,2,...,k) and Tki = {l+i,2+i,...,k+il) where addition is

modulo n in the sense that n+l - 1, etc. Define

n
Hk(a) " '(S(Ti) > a)

This quantity arises naturally when considering the random placement of

arcs of length - a and in the construction of some tests of uniformity.

In order to compute the second moments I H (a)Rk(b) one must be

able to calculate quantities like P{S(O) > a, S(T) > b). This prob-

ability can be written down almost by inspection when Y C T or when

0 A r -T . A recursion formula is now developed to handle the case

when lanT > 0.

All events are subsets of the simplex ((xl,x2,....,Xn): Exj - 1

and xj > 0 for all J). Let T:RU Rn  be a bijection and denote

T(x 2 ,...,xn) = (xx.*.,X). Assme that T has Jacobian equal
:q_ ~~Vx " 11 2.. n n fralpit e n

to 1 and satisfies xl +... +x ~x' +-+xI for all points zee.
n 1%

Assume also that A and B - T(A) are both subsets of the slaplex.

The spacings (S1,S2,.S n )  are uniformly distributed on the simplex.

Therefore P(A) - P(B). This simple fact is the basis of the following

argamnt.

53

,S



Choose a and T such that (0 UT) A {1,2,31 = *. o vill

serve to denote a fixed collection of Inequalities of the form S(w) > c

with 7 satisfying either 7 A {1,2,31 = * or w D (1,2,3). Thus

t
( nl1 = {S(7r ) > c I for some t and 7r,",.. ",t satisfying the

i-i
stated condition. Clearly

S(*) P{S1 +s2+-s(a) > a, S1+S3 +S(T) > b, 0 1

- P{S 1+S(a) > a, SI+S3+S(T) > b, 0 1

,I -V+ P{Si+S(a) < a < Sl+S2+S(C), S1+S3+S(- > b, D .

The transformation

1 - a-Sl-S(Y)

S;, = Sl+S2+S(a)-a

S - SI 1+S3 , and

S! - S for i > 3

satisfies S1 +...+IS
= Sj + S' and has Jacobian - 1. The

inequalities in L3 are unchanged by the transformation. The simplex

conditions (E Sj M 1, S1 > O,...,Sn > 01 are always implied when

writing an event. With this in mind it is easily shown that the event

(S1 +S(a) < a < S1 + 2+(a), S +S3+S(T) > b, r1 transforms to (after

deleting the superscript primes) the event

{S+S(a) < a < S1+S3+S(a),S 3+S(r) > b, 1

- {S1+S3+S(a) > a, S3 +S(T) > b, [0-) Sl+S(a) > aS 3+S(T)>b, i}
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Substituting this in (,) yields

(6.1) P{S>+S2+S(a) > a, SI+S3+S(T) > b, 01
. P~~{SI+S() > ,+S3+S~z ,r,

-P(S 1+S(a)> a, Sl+S3+S(Tr) >b, 0)

+ P{SI+S3+S(a) >a, S3+S(T) > b, 01

- P{SI+S(O) > a, S3+S(T) > b, [31

with (a U T) n {1,2,3) - * and [3 consisting of inequalities not

involving S ,S2,S3 except through the combination S1+S2+S3.

Choose and n such that -n " i, In j1 " j and

k n ni - k. Nov define

Q(i,jk) = P{S()>a, S(n)>b)

Simplify (6.1) by deleting 03 to obtain the desired recursion

(6.2) Q(i,j ,k) = Q(i-l,j ,k) + Q(ij-l,k) - Q(i,j ,k-1)

The boundary terms Q(O,J,k), Q(i,O,k) and Q(i,J,O) are easily

evaluated (see below). Thus (6.2) gives an efficient method for

tabulating Q(i,j,k). By varying a and b the joint c.d.f. of

S() and S(n) may be calculated.

q Now the boundary terms are evaluated. Let l,2,...,Olm and

{l,2,...,m} be disjoint sets. Define ki= Jal* for I < i < m

and k - Z iki . It Is reasonably intuitive (and fairly easy to prove)
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(6.3) P( n {S( ) < ai <S i+S(ai)))

-( n-a n-i-k akj
n1 ) (l-ia i ) H aI

- . ..,k ii+

If CF M. a - *, (6.3) reduces to the fundamental lemma (1.1).

Let a- (al,...,a,) and k - (kl,...,k). Define

R(a;k) n-i n-l-k H a
-- k1,...,k )(l-Zi) ajM +

with k £tk1 . Every event {S() > b) can be expressed as a disjoint

union of events of the form {S(a) < b < S1+S(a)). For instance

fSS2 S3 >bl {S >b) U {S _ b<1+S2I U fSI+S b +S2+S 3 .

Using this type of expansion and (6.3) one obtains

M
(6.4) P( n wt ) > ai )  R(a;t)

i-N P i<k ~ ~

where El,.M are nonempty and disjoint with " 1+k, for

1 < i <m, k - (k,...,k), and k < k iff . <k i  for all i.

This has the special case

p-i q-1
Q(p,qO) - R(ab;ij)

1-0 j-0

Let E E ... C and 0 < k, < k2 < ... <k < n-i with1 1 2

,,Ile[- k+1 for 1 < i < m. Let 0 - b0 < b, < ... < bm < I and

define a1 - b 1-b i_ for 1 < i < m. It is clear by inspection that
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m
(6.5) P( n fsQ i) >bl) =  R(a; Z)

ifil 9£eD -

with D R {(ti,...,m): 9. < k for I < p:< m}. To see this
J.1 p

most easily use exchangeability (1.2) and take = {1,2"'"k +11

for all i without loss of generality. Generate (SI,...PSn) as

the successive differences between the order statistics of n-i

points chosen uniformly and independently on the interval [0,l]

(see the proof of (1.1)). Let Li be the number of points falling
m

in (bil,bi]. Define L = (LI,...,L ). The event n {S( ) > biSi-l i

occurs iff LCD. (6.5) follows immediately upon using the multinomial

distriution of L.

A special case of (6.5) is

q-1 p+q-l-i
Q(p,O,q) I I R(b,a-b;i,j)

i-i j-1

when b < a. The degenerate case b > a is easily handled. The

remaining type of boundary case is Q(O,pq). This reduces to the

previous case since

Q(ab;i,j,k) Q(ba;jik)

Here the dependence of Q on a and b has been made explicit in the

notation in the obvious way.
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7. Conditional Moments of V.

This section is devoted to developing expressions for some conditional

moments of the vacancy V. These expressions follow easily from the results

of section three.

First some notation will be introduced. This notation is a slight

modification of that in section three. Let I be the indicator of the

event that P is not covered. Remember that P is the counterclock-

wise endpoint of the J th arc. Then

n
- 1

Let a c {1,2,...,n). Then

G
(7.1) () I " J I

q jal-q jea

where the sum is over all subsets containing q elements.

Using this formula gives

Fp(G) - I EVp H I _ (n ) EV, I .
q I q ja i q 12 q

Therefore

EP(G)

(7.2) E(VPIP 1 P2 ... Pq are uncovered) - G q

E( q)G

The numerator and denominator are given by formulas (3.3) and (3.1)

respectively. Remember that the P are the unordered endpoints.
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An expression for E(vPGmk) will now be derived. The argument

uses the following combinatorial identity:

(7.3) *k} >k

This identity will be verified by manipulating the indicator functions I

defined previously. Elementary inclusion-exclusion arguments may also be

given.

I C lk Lea UO

Expanding the product R (l-I) yields

I -k Tra icw

Now group terms to get

l l (4 l-k(ll) 1 1

lwT J-k ie

j>k ilJi ic7r

Now using (7.1) completes the derivation of (7.3).

Taking expectations on both sides of (7.3) yields

(7.4) P{(k, -k (-l)J-k(( i)E( G)

j .> _ k
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The distribution of G was first obtained by Hoist and Siegel. The

desired conditional moments are now easily obtained.

(7.5) E(VPjG-k) E VP Ifk 1 J J
Pt--k P{Ginkl J. (~~ k)v (G, j>k

upon using (7.3). Summing over k in (7.3) and using an elementary

property of binomial coefficients one obtains the related identity

G-k J- 1 G(-l)J " Xl'

iG>kl J > k k-lJ

This can be used to obtain expressions for K(VPIG> k)

Formula (7.5) is a sumation of terms involving E VP( ) where qq
varies. To avoid possible misinterpretation of the spacings Si formula

(3.3) will be restated with the dependence on p and q made more explicit

in the notation.

E VP(G) q (UgJ S~ (S )),-q
q q )zk nI . k u Jr

where r = p+q and SlrS2r,"'Srr are the ordered spacings between

r points chosen uniformly at random on the circumference. g(s) Ef F(x)d.
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8. An Upper Bound for the Vacancy.

As in section (0) let P1 ,P 2 ... ,P be the unordered endpoints of

arcs of length L1,L 2 ,...,Ln which are i.i.d. from F. Let Si be the

distance from Pi to the nearest point P in the clockwise direction.

This is a convenient modification of the notation in section (0). Due

to the exchangeability of the spacings the joint distribution of S, ... ,S n

still satisfies the fundamental lemma (1.1).

Define the random variable V as

n
(8.1) V* - (Si-Li)+~i-l

Comparing this with (2.4) shows that V - V5 when the arcs are of fixed

length a (F(x) = I{>aI). In general V < V5 . This is easily seen as

follows. Let x be a point on the cirmference. Let P be the first

endpoint which is reached upon starting from x and moving counterclock-

thwise. The j- arc will be said to be the arc Imediately preceding x.

V* can now be described as the measure of the set of points which are

not covered by the arc imediately preceding them. If a point x is not

covered by any of the arcs then in particular x is not covered by the

immediately preceding arc. Therefore V < V* as desired.

Expressions for the distribution and moments of V* are readily

obtained. The argument of Holst will be used to find the distribution

of V (see the second derivation of the moments of V in section two).

Let H be an arbitrary function. Define I - I{S j  LI for 1 <J < n.
j Ii >L

Using exchangeability it follows that

61



n k k n
EH(V*) (n 7 EH( 7(SiL) I (I)

k-o i-i i-i i-k+i

(n n-k n-k k k+j
k 7 j)nk() EH( 7(S i- i) HI

k-o J-o i-i i-i

k k+j
To evaluate EH( I (Si-Li)) H Ii  condition on the values of L1,L2,...,L n

i-i i-1

and use (1.1) and (1.4). This yields

ktj nik+j

- E(l - Li)+  E{H((i- Li)( so. nLI,i-I i-i t)) .. ,i

(1 H((l-y)s) k-i (-s) n-k-ids
0 r(k)ok) H

k
since I S " Beta(kn-k). F k)  is defined to be the k-fold convolution:

1-I

F *(x) - P{ .L, < x}. Making the transformation u - (l-y)s and inter-

changing the order of integration this becomes

r(n) H(u)uk-ld u (_u_y)n-k-ldF(k+)*(y)r(k) r(n-k) 0 0

Note that when k - 0 or k - n the Beta distribution is degenerate.

After separating out these special cases the final result becomes

* (8.2) FB(V*) - H(l-y)(1-y)n-ldF(n)*(y)

n- n

+ H(O) IO(j)(. l)j 0 f (i-y)n-ldF(J)*(Y)

n-i n-k 1~ (1 k-(I.)+n 2 k(n-k) (_)J H(u)uk-ldu (,_uy)n-k-dF(kj), (Y)k-i j-0 n 0du
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- (n)

If is absolutely continuous with density fn' then (apart

from an atom at zero) the distribution of V* is absolutely continuous

with density q(u) given by

(8.3) q(u) wS 0 + un-lfn(l-u)

+n- n -k (n 2 k(n-k) n-k- u k-i f1-u-y)n-k-l dF(k+j)*(y)

k-l j-o n 0

w is the mass of the atom at zero,

V-n (i (ly)nidF(i)*(y)W- I (n)(-l) d Y
J-0 f 0

(8.3) is obtained by inspection from (8.2).

To obtain the cumulativo distribution of V set H(u) -{u< x} in

(8.2). Using the fact that

k n-i

for 0 < x < 1 and the earlier expression (t) the following result may

be derived:

n: n- i-1 )_li+ k  k fl-xk- (

(8.4) P{V* < x} 1 i+ (1)(nk)(ik  1) x (l-x-y)nkldF( )*(y).
6i-i k-0
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The momenta of V may be found by taking H(x) -p in (8.2)

or by duplicating the first or third derivation in section two and

conditioning on L1 ,12 ...,L n at the appropriate step. This leads

to

(8.5) E(V*)p- (pln-1) n ( p(:' (l-.y)+P'dF~k(y)

Observe that (8.4) and (8.5) reduce Immediately to the results of Siegel

upon substituting F(x) - Ix )

V <V *so that P{V <x) >P{V <x). Some Idea ofthe error in

approximating P{V < x'i by P{V* < x) may be gained by the comparison

* -of LFVP and E(V*)P which are known quantities. The approximation will

not be good unless F is tightly concentrated about its mean. For example

let F be the uniform distribution on the interval [-,8c]with

O < < M c < 1-B. Using (3.2) and (8.5) gives

n l.QnanEV (1-EL)-(l) an

n+l 1~
* F-L (-ci+B) -

EV (_L~n2B(n+l)

Since V < V it is reasonable to use

EV -1

V as a measure of the similarity of the distributions of V and V.
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This quantity is large when 8 is large. (V*-EV)/V "1 when

1 LF*-E 2
However _ 6 (,Ln) as 8+0. Thus theL'J 6 1c

approximation is quite good for small 8.

The argument leading to (8.2) does not use the fact that '2'"

are i.i.d. but only that they are exchangeable. Thus (8.2) through (8.5)

remain true under this weaker hypothesis. It is necessary only to assume

that L.,L2 ,...,L are exchangeable and independent of S1,S2,..S n .

Note that F (k ) S P{Ek= L < x) can no longer be interpreted as

a convolution.

9. The Largest Cap.

The vacancy consists of C disjoint gaps. Let H denote the length

of the largest of these gaps. This section will be concerned primarily

with the distribution of H.

Increase the length of each arc by t while keeping the counter-

clockwise endpoint fixed. The J-th arc now has length L + t. Let

G(t) and H(t) be respectively the number of uncovered gaps and the

length of the largest gap in this new configuration. By definition

G(o) -G and H(0) -H.

Clearly H(t) = (H-t)+ . Thus H < t if and only if H(t) 0 or

equivalently G(t) 0 0. This yields

(9.1) P{H < t - P{G(t) - 0)

The probability of complete coverage is given by (7.4) as
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n

(9.2) P{G(t) -01 1 + I (-l)JE(G(t))

Define Ft to be the cumulative distribution function of Li+ t

so that Ft(x) = F(x-t). Correspondingly define

•St(s) - Ft(x)dx- f F(x)dx- g(s-t)

Note that if a < t then gt(s) - g(s-t) 0 0. Now replace F and g

in (3.1) by Ft and gt to obtain

(9.3) E( q (q 1-( t))

with all terms defined as in (3.1). The distribution Ft may have

F t(1) < 1 but this does not affect the validity of (9.3) because the

general results (3.1), (3.2) and (3.3) continue to hold when F(l) < 1.

Combining (9.1), (9.2) and (9.3) imiediately gives an expression for

the distribution of H.

Define Rk to be the length of the k-th largest uncovered gap so

that """- a £- E=V. For convenience set

H k - 0 for k > G. The distribution of Hk  Is found in the same way

as that of H1 . For t > 0,

P{R k  t - P{G(t)_• ki (-l) J-kJ-l (G(t)

j k

by the formula following (7.5). An application of (9.3) completes the result.

66



In the remainder of this section a simple upper bound for the moments

of H will be developed. This will yield an upper bound for P{H > t.

Choose points Q1 ,Q2 ,...,% distributed uniformly and independently

on the circumference and independent of the n random arcs. Let B be

the event that all the points Qi lie in the same gap. One way to

calculate P(B) is to condition on P1,P2,...,Pn and hL 2 ,...,L n  so

that the arcs may be regarded as fixed. The conditional probability that

all p of the points Qi land in the J-th largest gap is H . Therefore

P(BIP HP,
l'"'Pn n L ~l

Taking expectations yields

P(B) - E H

Another way to calculate P(B) is to condition on the location of

the points Q "1 ..., % Let SlpS 2p,...,Spp be the spacings between the

points Q' " The event B occurs if and only if all n arcs lie

entirely between the same two adjacent points in {Q }P . The probability
i i-ln

that all n arcs lie entirely in an interval of length s is g(s) by

the arguments in section three. Therefore P(BIQ 1I...%) - EP 1 g(Sip)n.

Taking expectations and using the exchangeability of SlpS2p,...,Spp

gives P(B) - pE g(Slp)n.

Equating the expressions for P(B) leads to

qn
(9.4) E(I H -) pE g(S1l)n
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If the length of each arc is increased by t while keeping the counter-

clockwise endpoint fixed, the length of the J-th largest gap becomes

(H-t)+. The distribution of arc lengths is now Ft and g is replaced

by g Thus (9.4) is transformed intot •

(9.5) E (H -t)P - pE g(s _t)i +

An upper bound for the moments of H - H1  follows imediately:

!B(9.6) E(H-t) p < pE g(Slp-Q n

where

fsg(l~t)n for p - 1,
i g(Slp-t~n

(. E(p-) 1 ((u-t)n(()u)P-2 du for p > 2

since S lp %. Beta(l,p-1).

If p is sufficiently large the sumation Ej(H -t) will tend to

be dominated by its largest term (H-t)p. If t is sufficiently large

most of the terms in Z (H -t) p  will be zero and the term (H -t)P willii +1 +
again be dominant. Thus when p or t is sufficiently large R(H-t)p+

E E E-(Hj-t)P and the inequality (9.6) will be fairly tight.

An upper bound for P{H > x} is obtained by Chebyshev's inequality:

P{H > X} - P{H-t > x-t) < (-~_ _ (x-t)p

for 0 < t < x. Now using (9.6) gives
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(9.8) P(H > x) < inf

pt (x-t) p

where the infimam is over all integers p > 1 and all t in [O,x).

This upper bound may be approximated numerically using (9.7).

Equation (9.5) mav be given another interpretation. Let Zi be

the length of the uncovered gap having Pi as an endpoint. If P± is

covered by some arc set Zi  0. Clearly Z ,Z 2 ,...,Z n are exchangeable

with -ii.n Z, V. Z1 ... ,z is just a reordering of the numbers

Hi ,...,Hn  so that Zj(Zj-t) p - E (H -t) p . From (9.5) and exchangeability

it follows that

' (*) E(Z -t)P= E g(Sp- n .

This result may be obtained directly from the distribution of Z1.

Let C - fL1 < 1} and D be the event that none of the n-i arcs

labelled 2,3,...,n cover the point P1. P{Z 1
> O - P{PI is uncovered) -

P(C n D) - P(C)P(D) - F(l)g(l)n- . Lengthening the arcs by t leads to

the similar result

(9.9) PfZ 1 > t} = Ft(1)gt(1)n-I  F(l-t)g(l-t)n-I

q For t - 0 (*) is obtained as follows.

EZp - uPP(Z 1 c du} - p f P-1 P{Z > udu

q
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S u P-IF(Iu)gS(lu) n-l du

f.&(i1 L for p- 1 ,
n

-11
p(P.-2 1 uP- 2g(l.u)ndu for p 2 2

since g'(x) - F(x). Comparing this with (9.7) completes the result. (*)

for t > 0 may be verified in the same way.

7
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10. The Distribution of V.

In this section a procedure for calculating the distribution of V

is outlined. For the distributions F(x) - (x-u) considered in section

3 the distribution of V will be found explicitly.

As in section 9 define Z to be the length of the uncovered gap

having Pi as its clockwise endpoint. If Pi is covered by some arc

set Zi = 0. Then Z1 ,Z2 ,...,Z n are exchangeable and EiZi . V. The

joint distribution of ZIZ 2 ,...,Zn will now be obtained. In particular

it will be shown that

(10.1) P{Z1 >tl,Z 2 > t 2 ,....,Zk> tk}

k
= P{Z1 > I t V Z2 >O,...Zk>O}

i-l-

k k
k-l kkn-kM (l-x) E H F((l-x)Sik){ I g((1-x)Sjk)}

i-l j=l

kwhere x - Eik ti and as usual Slk, S2k...,Skk are the spacings

between k independent points uniformly distributed on the circumference

and g(s) 4 F(x)dx. Equation (10.1) is a generalization of the funda-

mental lemma (1.1). Equation (10.1) reduces to (1.1) upon taking F(x)u I

and g(x) - x. This means the arcs have been shrunk down to points.

The proof of (10.1) is very similar to that of (3.1). First some

notation must be developed. For 1 < i < k let Qi be the point obtained

by starting from Pi and moving a distance ti  in the counterclockwise

direction. Then in the notation of section 4 [Qi,Pi] is a segment of

the circumference with counterclockwise endpoint Qi, clockwise endpoint
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Pi and length t . Let SlkS2k,...,Skk be the spacings between the

points QI'Q2'' ' Q k " More precisely, for 1 < i < k define Sik to

be the distance from Qi to the nearest point Q in the clockwise

direction. Q'Q 2
" ""Qk are independent and uniformly distributed so

that SlkS2k ...,Skk have the usual joint distribution for the spacings.

Define B - {Z1 > tlZ 2 > t 2,...,Zk>tk}. Let Ai denote the arc with

counterclockwise endpoint Pi and length Li. The event B occurs if

and only if A,...,An do not intersect the segments IQ1,Pl],..., [QkPk].
n k

More precisely, B occurs if and only if U A1 and 1 Ul[Qi,Pi] are

k k
disjoint. Let C be the event that UAi and U [QiPi1  are dis-

n k
joint and D be the event that U A and U [Q ,P] are disjoint.

klil
Then B - C n D.

Now condition on the points PI' 2'" "'Pk so that 1QkPk]

can be regarded as fixed in the argument which follows. P(BI*)uP(C*)P(Dl*)

where * denotes conditioning on PI'P2'"" Pk This follows from the

mutual independence of L'...,Ln, Pl'""Pn C occurs if and only if

Li < Sik-ti for I< i< k. Thus

k
P(CJ*) - H F(Sik-ti)

i-l

Since the arcs A k+l...,An are conditionally independent P(Dj*)-P(E *) n - k

k
where E is the event that An and iUI[Qi,Pi] are disjoint. Following

the arguments of section 3 will lead to

k
P(EI*) - I g(Sik-ti)

i-l
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Putting this all together gives

k k
}n-k

P(Bl*)- I F(Sik-ti){ I g(Sjk-tj))
i-i i.1

Taking expectations yields

P{Z 1 > tl,...Zk> tk}

k k n-k

-E H F(Sik-ti){ X g(Sjk-tj)}I
i-i i.1

P(Ek k n-k- P(W)E( R F(Si- i M, I g(S k-t ) }nkw)

k.
where W n .S ik > ti}. Applying (1.1) and (1.4) to this expression

completes the proof.

When F(x) - xO so that g(x) = - equation (10.1) becomes

k

(10.2) P{Zl>tl,Z2 >t2 ...,Zk>tk} - i n(+)-

where

+In-k

8 { k+}
-(E( in Sik) -1 P{Zl > Oz 2 > O...,Zk O .

k i-l A j +12

The quantities k(0) were evaluated by Holst and Siegel (1982) and can

also be obtained as a special case of (3.4).
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An expression for the distribution of V may be found by the argu-

ment of Holst (1980) used in sections two and eight. For I < k < n

define Yk Ekz1Zi I k Iz >o and Bk = n z i > 0. Note that

Y - V. Then by exchangeability of Zl1 Z2 ' Z n

nn
n j n

P{V >x, I () EI {,y >x TI 1 (1-I)
j1 1 i-i i-j+1

S k ( k k-_j)EI{y >x} i= Ii

so that

(10.3) P(V>x} - n (-l) k-j i-j)PfY >XjBk}P(B k )

From (10.1)

k k
P(Bk) - E( n F(Sik)){ g g(Sj4)} n -k Q n -E(k)

Mr i-1 j-1
Fk  , 2  ,t dtlt .. 1tk lI..• kdtklBk}

using (3.1). Let Fk(tl't2 '., tk) dt2dt2 **dtk - P{X , .. , }

so that fk is the joint density of ZIl,Z2 ,...,Zk given Bk. fk may

by calculated from (10.1) by partial differentiation. One could obtain

P{Y >xIBk } for J < k by integrating fk(tl...,tk) over the set

where tl+t2 +...+t >x. Thus in principle (10.1) and (10.3) together

determine the distribution of V.

The distribution of V may be given explicitly when F(x) = x

In this case (10.2) yields

k

P{Zl>tl , ... ,zk>tkBk) ( - n(+)-

i-7
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and thus

i"k n(B+l)-k-1
f fk(tlt 2,...tk) t I- i= i+ "

Sk

which is the density of a Dirichlet distribution. This implies

£(yj IBk) Beta(j,n(8+1)-J) for J < k

Note the curious fact that Z(Yj iBk) does not depend on k so long as

J < k. Define Hj(x) - P{Yj >%1Bk) when j < k. P(Bk) - ( Thus

(10.3) becomes

n n
(10.4) P{V> x} I H Wx)n I (-1) k-i n-i)j 8

J-1 l k-j kS

n

J1 e (x)P{G-J}

by using (7.4). This may be restated as

(10.5) £(VIGk) - Beta(k,n%8+l)-k)

when F(x) - xa .

The distribution of V can also be obtained when F(x) X(x-a)

where X is such that F(l) < 1. Only a sketch will be given. It is

necessary to evaluate the terms P(Bk) and P{Yj > xIBk } found in

(10.3).
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It is easy to show that

() P (Bk) M ,nl(Bk) and P(Yj > x[Bk1 P(Yj > xBk

Mwhere the subscript denotes the value of X. Therefore it suffices to

consider only 1 - 1 in the following.

As usual let ZIZ2,..Z n  be the gap lengths generated by n

random arcs with lengths i.i.d. from the distribution F(x) - (x-a)+.

Let Z1,Z,...,Z be the gap lengths generated by n random arcs with

lengths i.i.d. from the distribution F*(x) - x . The argument in

V
* section 9 which involves increasing the length of the arcs shows that

() £(zZ2,...,Z n ) = £((Zl-a) + ,(Z2-a) ,..., (Z -a) +

From (10.2) one obtains the following analogue of (1.4) for 1 < k < n:

(@) £~~(Z*-tl, .... ]Z • l..,k
1 '- 1 Z >ti "Z*> k

k . ,1 ,
= £((l - . ti)(Zl...,Zk)IZl> O,....zk> 0)

i-l

Using (t) gives

- k Ic * 1

.P(Bk) Z Pa})Z ) P( n )(+ )-
i-i i-i.1 P( * z>o)-P

by (10.2). Define Y EI Z and Y* = Zi . Then for J< k

equation (t) yields
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P [Y >xjBJ P{Y*>x+jaIZ*>a,...,Z >a)
1i k j'k

Upon applying ()this becomes

The result preceding (10.4) gives the conditional distribution Y as

Beta(j,n(0+1)-J) and thus the above expression equals H j 1kaj where

H(-) is the same as the function in (10.4):

r~n(~+l)) 1 J-l (Bl-1-H (y) r (+) u (1u)n0 )-1 du
j r(j)r(n(0+1)-J) f

Applying (#) to the previous results produces

(10.6) P(B) X n a)Ikan01- and

PfYji> xlBk} H - 1x

Plugging these into (10.3) yields the distribution of V when

F(x) -X(x-a)
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