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PREFACE

—/"% This work concerns random arcs on the circle. Arcs with randomly
chosen lengths are placed uniformly on the circumference of a circle
and probabilistic questions are asked about the resulting configuration.
Emphasis is placed on deriving expressions for the moments and joint
moments of quantities such as the number of uncovered gaps, the meagure
of the uncovered region and the length of the largest gap. Distributions
are also obtained for some of these variables.

"The subject of random arcs on the circle falls under the general
heading of covering problems. Covering problems in two or three dimen-
sions are of greater utility and interest than one dimensional problems
like covering the circle. However, multidimensional covering problems are
extremely difficult and little progress has been made on them. Much work
has beén done on one dimensional covering problems.

The results in this thesis are not motivated by any particular appli-
cation. However, the consideration of random arcs on the circle arises
naturally in many contexts. Fisher (1940) noted a connection between
certain tests of hypotheses in time series and} the covering of the circle
by n uniformly placed arcs of length t. This connection is rather
indirect.

A more direct comnection with random arcs is provided by tests of
uniformity for directional data. 'Suppoae n points PI’PZ'”"Pn have
been placed on the circumference of a circle and it is desired to test the
hypothesis that these points are uniformly distributed. Assume for conven-

ience that the circumference has length one. There are many reasonable test
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statistics. Two of these are mentioned below. The choice of test
statistic is governed by the alternatives to uniformity which are of
greatest interest.

The n points break up the circumference into n disjoint segments.
Let X be the arc length of the longest of these segments. It is reason-
able to reject the hypothesis of uniformity if X 1is too large. A more
frequently used test is based on the scan statistic. Let N(x,h) be the
number of points P, contained in the arc (x,x+h] where x+h 1is evaluated
mod 1. The scan statistic N(h) 1is defined as N(h) = Q:p N(x,h). N(h)
is the largest number of points that can be contained in an arc of length
h. If N(h) 1s large this may indicate clustering of the points P, and
thus a possible nonuniformity. Information on the scan statistic may be
found in Naus (1966) and Cressie (1977).

Now make each point P " the counterclockwise endpoint of an arc of
length t. Then X < t 1if and only if the circumference is completely

convered by these n arcs. Let L(x,t) be the number of arcs which cover

an arbitrary point x on the circumference. Define the maximal covering

f~‘ L(t) by L(t) = sup L(x,t). Clearly L(t) = N(t). Thus both statistics
L X and N(t) can :e easily interpreted in terms of the random placement
: of arcs of fixed length on the circumference. See Siegel (1979) for

; another test of uniformity which can be similarly interpreted.

» Problems involving random convex hulls lead naturally to coverage

: problems involving arcs of random length. Let zl.zz,...,zn be points
on the plane generated independently according to the distribution Q.

Cﬂ Consider the event B that the convex hull of the points zl,...,zn

= contains a given convex set K. Jewell and Romano (1982) show that each
é v
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point zi can be mapped into an arc A:l on the unit circle in such a

way that B occurs if and only if the arcs Al,Az,...,An completely
cover the circle. If K 1s a circle centered at the origin and Q has

circular symmetry, then it can be shown that the arcs A, are uniformly

b §
placed on the circumference with lengths independent of their positions.
This is the standard setting for random arcs on the circle.

Another example where arcs of random length arise is given by Siegel
(1978a) . The problem of covering a planar region by uniformly placed
disks of fixed radius leads to a related circle covering problem with
arcs of random length.

There is a fairly substantial literature dealing with random arcs on
the circle and related issues such as the covering of line segments or
the partitioning of intervals by random points, etc. Most of this is not
central to the development which follows. The most relevant history is
summarized below. For a more detailed history and bibliography see Siegel
(1977) or Solomon (1978).

Stevens (1939) was the first to correctly obtain the probability that
n uniformly placed arcs of length t completely cover the circumference
of a circle. He also derived the distribution of the number of uncovered
gaps on the circumference. Siegel (1978b) derived the moments and dis-
trifution of the measure of the uncovered portion of the circumference.
This quantity will be denoted by V. Votaw (1946) had obtained the distri-
bution of the measure of the covered region in the related problem of
covering the line. Siegel (1978a) also gave a general expression for the
moments of V when the arcs have random lengths chosen independently

from a distribution F. The corresponding expression for the distribution

vi
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of the number of uncovered gaps was derived by Holst and Siegel (1982).

ey
s A}

This thesis builds directly on the work of Siegel and Holst.

ay,

Some comments are in order on the origins of the ideas found most

w4
“ans
ALY

useful in this paper. The most frequently used notion is that of compu-
ting the p-th moment of the measure of a random set A as the proba-
bility that p independent uniformly generated points all lie in A.
Variants of this idea are used for computation of joint moments in situa-
tions involving two random sets A and B. This idea was formalized and
made rigorous by Robbins (1944) who used it to calculate the low order
moments of the measure of the region covered by random translates of a
fixed set. This method was applied much earlier in other contexts. For
elementary applications of the method by M. Crofton see the fifth chapter
of Solomon's 1978 monograph.

An argument due to Holst (1980) also proved to be very useful.
Expressions for the distributions of V and V* (defined in section 8)
were obtained via this approach. Holst's argument was also used to pro-
vide alternative derivations for some of the moments and joint moments
considered.

Sections 0 and 1 of this thesis contain definitions and various
facts necessary for later calculations.

Section 2 deals with the case of arcs having a fixed nonrandom
length. Moments are obtained for the number G of uncovered gaps. The
factorial moments of G are found to be especially simple in form. These
moments are equivalent to and offer a convenient summary of the distribu-
tion of G found by Stevens (1939). Next are presented a number of

derivations of the moments of the measure V of the uncovered region.
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One derivation is due to Holst (1980). All the arguments are different
from the original method of Siegel (1978b). Finally, several deriva-
tions are given of the joint moments of V and G.

In section 3 the case of random arc lengths is considered. An
expression for the factorial moments of G 1s obtained by the argument
of Holst and Siegel (1982). Then Siegel's (1978a) derivation of a gen-
eral expression for the moments of V 1s presented. Combining the ideas
of the two previous results leads to an expression for the joint moments
of G and V. These joint moments are evaluated in the case where the‘
n arcs have lengths sampled independently from a distribution of the
form F(x) « (x-a)i for 0 <x <1.

Section 4 treats the special case where the arc lengths have the
uniform distribution PF(x) = x. Many special arguments are applicable
in this case. The 2n points which are the endpoints of the n random
arcs divide the circumference into 2n segments. Let Gk be the number
of segments covered exactly k times. Vk is the measure of that part
of the circumference covered exactly k times. It is shown that the
conditional distribution x(vklckfj) is Beta(j,2n-j). Formulas for
EV,, EG, Evi and E(Gz“) are obtained for all k. z(il) and EV
are also calculated for all p.

Section 5 considers the random variables G, and V. when the arc
lengths have an arbitrary distribution F. General expressions are given
for the quantities zvk, Eck, EVjvk and Ecjck.

Section 6 deals with the spacings sl,sz....,sn between n inde-

pendent uniformly distributed points on the circumference. A recursion

is developed allowing one to compute the joint distribution of z:fi si
k m
and Tyo1 81+ Tiey Skagar-

viii
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In gection 7 expressions for P{G=K} and the conditional moments
E(VPIG-K) are derived as corollaries of the results in section 3.

Section 8 contains the development of the distribution and moments
of a quantity \l"l which is an upper bound for V.

Let Hk denote the length of the k-th largest uncovered gap on the
circumference. The distribution of lik is derived in section 9. It is
an immediate corollary of the distribution of G obtained by Holst and
Siegel (1982) and presented in section 7. An upper bound is also given
for the moments of .

In section 10 a general expression for the cumulative distribution
of V 1is derived using the argument of Holst (1980). The distribution

of V is found explicitly when F(x) = (x—a)i.
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THE MOMENTS AND DISTRIBUTIONS OF SOME QUANTITIES
ARISING FROM RANDOM ARCS ON THE CIRCLE

By
Fred Huffer

0. Description and Notation.

Consider the problem of tossing n arcs at random on the circumference
of a circle. More precisely, choose n points Pl,Pz,...,Pn uniformly and
independently from a circle of unit circumference. Take the arc lengths
L1,L2,...,Ln to be 1i.i.d. from the distribution F. Then let Pi serve
as a counterclockwise endpoint of an arc with length Li'

Let P(l)’P(Z)""’P(n) be the clockwise ordering of the points with
P, = P(l)' Defnine sk- P(k+1)'P(k) where P(n+1) - P(l)’ sk is the
clockwise distance from P(k) to P(k+1)’ sl,sz,...,sn are the spacings
between the counterclockwise endpoints of the arcs. (Warning: The spacings
between points chosen uniformly and independently on the circumference will
always be denoted by Si even if they are not the spacings generated by
the points Pl’PZ""’Pn')

The vacancy is that part of the circumference which is not covered by
any arc. Let V denote the length (or measure) of the vacancy. G will
denote the number of uncovered gaps on the circumference. The vacancy

consists of G distinct segments. This report will be concerned with the

exact calculation of the moments of V and G.

1. Preliminary Facts.

Before proceeding it is necessary to list certain facts about the dis-
tribution of the spacings sl,sz,...,sn produced by tossing n points at
random on the circumference of a circle. These facts are well known and

are included only for the sake of completeness.
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(1.1) Fundamental lemma:
) ) I e
P{S, > a;,...,S_ > a_} = P{S. > a,} = (1- a) = .
1 1 n n 1 =1 i {=1 17,

Proof. Let xl,xz,...,xn_l be i.i.d. uniform on [0,1]. Denote the
order statistics by x(l),x(z),...,x(n_l). Define Sk = x(k)-x(k_l) for

1< k<n where x( =0 and X(n) Z 1. It is clear that (Sl’SZ’°"’Sn)

0)
so defined has the same joint distribution as the spacings considered above.

The joint probability density of (x(l)""’x(n-l)) is given by

< X

(n-1)! I
{o< Xeqy <

io.cix il}'

(2) (n-1)

Let

A= {(x(l),...,x(n_l))z Sy > 8)5.0e,S > an}
and

n
B = {(XyyseeesXy gyt 8> 1 ab.

i=1
Define the transformation T so that T<u1""’“n-1) = (vi""’vn-l)

n
+ ) 8 for 1<i<n-l. T isa 1-1 mapping with
J=i+l

Jacobian equal to 1. T maps A onto B so that P(A) = P(B). It is

with vy - uy

n
easy to see that P(B) = (1 - § ‘1)n-1 .
i=1 +

The following useful facts are immediate corollaries of the previous

lemma.

(1.2) The joint distribution of (Sl....,sn) is exchangeable:

x(sl,...,sn) - x(st(l)'°"’sr(n)) for all permutations T .

2

2 a P U P VR [ Y
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(1.3) P{sl >a, S, > 8,...,8 > al = (l-ka):-l for k<n.

k

(1.4) £((Sy-ay)  seees (sn"n)+|31 > 81,0008, > a)

n
= £((1 - Z .1)(81""’511)) with the special case
i=]

£((81-a)+,.... (Sk-a)'..l's1 > a,...,sk > a)

It is also necessary to know the Dirichlet integral.

n
b T@) I T(a)
_ n a.-1 b
(1.5) EC T sji‘ ) = J;"
J=1
I(} a,)

319

if a, >0 for 1 <3 <n.

3

2. The Case of Constant Arc Length.

Using the results of the previous section it is straightforward to calculate

the moments of G and V when F(x) = I{x > a) so that the arc length is cons-

cant = a.
[ The number of uncovered gaps is
{ n
e (2.1) G= I .
- g2y {8y > al
L
Lo
Therefore
4
" .
- EcP = ) r{si > 8,.00,8, > a} .
-. 11.00091- 1 P
4 3
o ADRIICIBICIERR ORI SIS .




Grouping the terms according to the number of distinct indices ik and using

exchrageability (1.2) this becomes

pAn
- kZI S(p,k) ?;-iST P{s, > a,...,5, >a}.
Now use (1.3)
(2.2) "§“ S(p,k) (1-ka) 3t = EcP
. - p’ *
k=1 =g

Here S(p,k) equals the number of ways to partition a set containing p ele-~
ments into k nonempty subsets. These are called Stirling numbers of the
second kind.

A more aesthetic formula 1s obtained by considering (g) instead of GP.
Let 0-{01,02,...,0‘p} denote a subset of {1,2,...,n}. Define T ={0: |o|=p}
vhere |o| is the cardinality of o©. Clearly

(g) - UZT I{S o > a,...,sop > a}

so that by exchangeability (1.2) and (1.3) it follows that

G n n n-1
(2.3) E(p) - (p) P'[S1 > a,...,sp > a} = (p)(l—pa)+ .

The special cases of most interest are
EG = n(l-.n)_':.'1 and

B2 = n(l—a):.l + n(n-i)(x-za):'l
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The measure of the vacancy is given by

n
(2.4) Vs (s,-a), .
L G,

Using the multinomial expansion gives

p ) P 2 UJ
(%) EVV = ) ( ) ECI (s,-a),”)
0 OI.OQO'Un J-l j +

vhere 0 = (0,,0,5++.,0) and the sum ranges over {o‘:Zoi-p} . Note that ¢
is being used in an entirely different way than in the previous argument.
Let B(0) = {j:0,> 0}, b(c) = |B(s)|, and A(0) = () {S,>a}. Then
1 jeBlo) 3

n o n g
B ] (s-0),0) = PG (T (5,-0) Hao))

3=1 =1
n o
since I (S,~a) . 0 outside the gset A(0) .
=1 37

n-1 P n cj
= (1-ab(0)), {(1-ab(0))*¥ E( II1 sj )}
J-

by (1.3) and (1.4) .

- np-1 _(a-1)1_ o

using the Dirichlet integral (1.5) .

Substituting this result in (a) and simplifying gives




......................

-1
& e = 1) 7 (1-ab(o))™PL .
P b +

‘:sz By easy combinatorics |{o:b(0) = k}| = (:) (ij) for k< n A p. (How many
P ways can p indistinguishable balls be placed in n boxes so that exactly k
- boxes are nonempty? First choose the k nonempty boxes in (2) ways. Then

distribute the p balls into these k boxes in (E:i') ways.) Therefore

<1 nAp
(2.5) E Cator TS S e Y i Y R P L
P k=1

™
Y
e

o
;)

k)

q

-

3

1
1
]

L4
.,'_;'

Se

-

This formula was first obtained by Siegel. For the cases p=1 and p =2

the formula becomes

EV = (1-a) and xvz-—u )'“'1 “‘1 (12)

A second derivation (due to Holst) of the moments of V 1is given below.

This method of proof can also be used to calculate the distribution of V.

:~ Define I I{s >a}* Clearly

o

o =] (n I A-1))

24 o Jeo kéo

\ where O ranges over all 2 gubsets of {1,2,...,n}. Multiply both sides
L. of this equation by v? and take expectations. Grouping the terms according
E- to the cardinality of 0 and using the exchangeability (1.2) gives

3 .

&

=

.2

&

-

b

$.’

v s
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W = jZO () EOP1, LT ,,) e (-1)) .

Now substitute for V, expand the product of

a2
Se 2p Mum
PR B PR

indicator functions and use (1.2) to obtain

nsd k, n-j P
(&) (-1)7(C,7) E(T eI, .[ ) (S,<a),.])
321 kzo k 1 T34k 121 174
L I, n-j n-j .
321 (j) kzo -17CY) I, Lo 1}

. z([% (5g-0) IRl oeer,, = 1) o
i=1

Now apply (1.3) and (1.4),

.j - -
-1 AT ek Eha-gmatt
P '

. {(1-(_1+k)a)_l:_ n(s1+---+sj)’} .

(81,...,8 n) has a Dirichlet distribution with all parameters equal to one.

Thus by the "clumping'" property Sy 4eee +sj ~ Beta(j,n-j) so that
cee P . dtr-ly,ip-1
E(Sl+ +Sj) ( p )/ ( P ).

This result can also be obtained by using the multinomial expansion followed by

the Dirichlet integral (1.5). Therefore




4 -1 n n-j - _
N ek A B N C Ol G Toa
P =1 7 =0 P

¢ -G+ TP

-1 n L
=0 j=1 3 P

o (MP-1 P _gay0tp-1 m, p-1
G zgl (1-2a)7P70 () (7))
since by generating function arguments

L
b on*d ¢

Ly 3+p-1, _ p-1
i j)( P )= (

g.1) for 1<2<p and

zero otherwise (match coefficients for x"-l in the identity
a0 (e~ P o umt P

A third argument for (2.5) will now be given. This derivation introduces

ideas which will be used in later sections.

Let W denote the vacancy so that V is the measure of the random set

W. Choose points Ql""’Qm distributed independently and uniformly on the

o
circumference and independent of Pys-eesP e Define B = () {Qjew}. It

follows by independence that

Therefore

Te e e R s e

3=1

P(B|P,...,R) = (PlQ, eW[Py, .., B D™ = V* .

P(B) = EV" .

.....................
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Define P = fPl,...,Pn} and Q= {Ql""’Qn}‘ Choose an element x
uniformly at random from P U Q. Let R= (R(l)....,n(m)) be the clock-

wise ordering of the points in P UQ with R =x., Let C= (C,yeee,C , )
~ 2 (1) ~ 1 mén

with ci-I{R g and g are determined if 5 and g are knovn. It

(1) e:'l

is intuitively clear that R and C are independent and that C 1is uniformly

distributed over the set {9: z Ci-n} which contains (n:n) elements. This
is analogous to the basic result in nonparametric statistics which says that
under the appropriate null hypothesis the vector of order statistics and the
’_‘ vector of ranks are independent with the rank vectors having a uniform distri-
bution.

In the argument that follows mén+l will be equivalent to 1 when it is
used as the value of a subscript. Departing from the notation in section (0)
” let S (j+1) 'R(j) for 1< j<min. The S, are the spacings between

points in R (not the spacings between points of P as formerly defined). B

is the event that none of the points Ql"”'Q. are covered by an arc so that

B occurs if and only if sj > a for all values of j such that cj = 1 and
Cj s" 0. More informally B occurs if every block of consecutive points from
min
Q is preceded by a gap. Define h(C) = ) I{c «1,c, =0} Them by the
. ~ M 5 | 41"

independence of R and C and equations (1.2) and (1.3) it follows that

- P(BlCmc) = (1-ah(e)™™L. Thus

4 ]

- -1

. P = (UM P Rlcae) = UM deu-\a)““ !

,.: c ~

. vhere

4

5 d = |[{esh(e)=k}] .

=

.

% h(C) 1is the number of separate blocks of ones in (cl.....cm) vhen

b & ~

: the values ci are arranged in a circle. Using simple combinatorial arguments

. - En o n-1 n-1
it can be shown that dk (k 1) (k J‘) The factor (k-l) arises as

e 9

o
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A .

the number of solutions to n = z; +:°- +z, "where the z; are positive
integers. The factor (::i) arises similarly. The factor -? is necessary

to properly account for the circular symmetry. Therefore

-1 whAn
2 ? (n-l m—i) (l-ka)nﬂ"]'

n+m
B = ( n ) =1 k-l) (k- +

vhich is equivalent to (2.5). This formula is symmetric in m and n. Thus
znv"‘ - zmv“ where the subscripts on the expectations specify the number of
random arcs. The preceding proof motivates this symmetry since the points

Pl’ ese ’Pn and Ql’ cee ’Qm play symmetric roles in the proof.

min
Define G* = I . Note that G* is not necessarily equal to
oy (s, >al 1

G because the S, are defined differently than in equation (2.1). G* is

k
distributed as the number of gaps when n4m arcs (of length a) are tossed
randomly on the circumference. The previous argument involved conditioning on
C. By conditioning on G* yet another derivation of (2.5) 1is obtained.

Let D= (D),...,D ) with D, = I{sk>.}. By exchangeability (1.2)
the conditional distribution of D given G* = k is uniform on the (-:a)
elements of {P: }IDJ =k}. Since R and C are independent, D and C are
conditionally independent given G* and the conditional distribution of S
given G* = k is uniform on the ('r) elements of {9: )X C.1 =n}. Thus the
conditional distribution of the pair (C,D) given G*=k is uniform over the
set of (-:“) (.:n ) possible values.

The event B occurs if and only 4f D, = 1 for all values of 1 such

i

that C, =1 and C = 0, Again this simply means that B occurs if every

1 i+l

10




block of consecutive points from Q is preceded by a gap. Thus
P(Blc*-k) = Vk/( )( ) where V, 1is the number of pairs (c D)
with G* = k that lead to the occurrence of B. Combinatorial arguments
yield

odn m-1, ,.n~l, min-s
=1 EROOCHETS .

The summation is over all integers s with the usual convention that (;) =0
if x<y or y<O0.

To obtain this formula argue as follows. Remember that h(g) is the

number of blocks in the circular arrangement of (cl.cz,....c m)‘ It vas

esrlier shown that |{C:h(C)=s}| = =2 (""1) (""1 Choose C with

£ s

. ™y
A R

h(g) = 8. For B to occur every block of points from Q wmust be preceded

by a gap but the remaining k-s gaps can be placed arbitrarily in the remain-

ing wmin-s positions. This can be done in (‘:‘_‘;') wvays. Thus

A | GAACAONR

1{(c,D): h(C)=s and B occurs}| = BB A1) @7 (Wes)
E' Summing over s gives the result.
:‘ Therefore (since p{c" = k} = Pn-h{c-k})
5 vy
- P(8) = EP(BlGY) = ] ————p  {G=k}.
e 0D
::E \)k m "1 .’n n-l -1 .
:: et Ga) 15 QRN © -
= n k
2
™
-
& 11
r
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»
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A
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Multiply this by P n-ln{c- k}, sum over k, and interchange the order of

summation to obtain

-1
™ e (6.

-1
pp = 0 [ERELEDHED £ C
8

7 & . . X
(PRI
(AR
_ GRS

Using (2.3) and (2.7) now gives.

-1
mn mn m-1, n-1 nim-1
BV - (T § =2 G G A-sa))

which is the same version of (2.5) found in the preceding derivation. The

Y o
MIAARRRIFAEING A
' Y . A .
MY -‘T. P

subscript j used in Pj and Ej means that the probabilities or expecta-

tions are computed assuming the number of random arcs is j. When there is

A

no subscript the case of n arcs is assumed.

——

Using the method of Holst (the second derivation of (2.5)) it 1s possible
to calculate the joint distribution and joint moments of G and V. A comn-
venient form of the joint moments is calculated below. The notation of the
second derivation of (2.5) will be used. In the following, indices of summa-
tion will range over all the integers with the binomial coefficients (;)

taken to be zero 1f x <y or y <0,

PGy =f Ho ool (1= cee(l- .
E(VP( )] § (q)(J)z[v’I1 1,01y, )---Q 1)]

Precisely following the earlier derivation yields:

-1
- ntp-1 _kay2tP-1.n 3y Ry gy k=T (341
Gl E(l ka), (k>§(q)<j)( DA

12




pop——"
R J L

B ZUR sa s oo ot o

e

"V e

.
| S

With generating function arguments it can be shown that

2(1)(;‘) (3*‘;‘1)@1) . (")(‘”‘1‘1 i
3

(Pactor out (:‘) from the sum. Then use the result obtained by matching

k-1

coefficients of x in the identity (lh)k-q(lﬂ)'p-l - (ln)k-q-l’-l.)

Therefore

(2.8) E[Vp(z)] - (nﬂ;-l) ; a- h)n'!‘p-l( )(p-l-q-]_) (k)

with k ranging from q to min(n,p+q).

A second derivation of (2.8) which uses the ideas and notation of
the third proof of (2.5) is now given. (A similar but more general
argument is given in Section 3 so that this subsection may bhe skipped

if desired.) The reader should review the definitions of the random

{s 1=

variables P, Q, R C, 17 gl

and the event B which are given in
the earlier derivation.
Equation (2.6) 1s V' = P(B[P) so that E V'f(P) = E I £(P)

for all functions f (l:). In particular E \P(g) = E In(z). Note

min
*
that G is a function of P whereas G = z I{s > a) is a function
¥ i=1
of R and not of P.

For o c{1,2,...,min} define H_ =  {C,=1, S,>a}. If B
9 yeo 3 |

is true, then {Cj-l, S, >a} occurs if and only if there is an arc

3

13
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beginning at R which is followed by a gap. Thus when B is true,
(&)

HO occurs if and only if there are |0‘| gaps after the indicated arcs.

From this it follows easily that ) LI,
oeT o
T = {0:|0| = q}. Taking expectations yields

(e
= IB(q) where

E V() = P(BNH.)
q og’r ©

n+m, -1
=C.) 1 Ie@nafc=c)
g ¢

with O ranging over the elements of T. Fix c = (cl,...,c and

m+n)

define T = {j: c,=1} and A = {§: jet and j+1 ¢1} with the usual

3
convention min+l = 1., Note that |A| = h(c) where h(c) is as defined
in ti. third proof of (2.5). Clearly BNH, N {gsc} = ¢ when o ¢ 1.
If octT then given {C=c} the event BNH; occurs if and only if

S:| >a for all jeo UX . Thus by the independence of R and C and

equations (1.2) and (1.3):

0 if o¢rT
p(nnnolg-c) -
CI.-I)\Uola)Tm-l if oct .

Therefore
AC) o @t n+m-1
eG = ™ 1 G-lavsla)
T ogcT
with the summation over T and o satisfying |t| =n, |o] = q

and o cT. A 4is the function of T defined by A = {j: jet and j+1¢ 1}.

14




YC s

MASEESE
- .

A

EL A R TY
e I.;..'
1
.

-

With k = |0-A| the inner sum may be evaluated to obtain

-1
- (A n-lkl [A] n+m-1
) ;r E( k(i -GN

mtn n-1l, m-1
=R EDC) -

Using a previously given result |{T:|A1 = s}I - ds - -1

Thus the summation becomes

"] ) ER DA Aol
s k

There is no need to specify the ranges of s and k in the sum if

the usual conventions for the binomial coefficients are followed. With

a bit of algebra this becomes

(“":‘5 3¢ HEDEDE) ™

where t = s+k. Juggling the binomial coefficients gives

2()(““1 ) = DO T PG
(-t t-q ‘

- OGED

t-1

so that

-1
e G = Th ] QO @
t
which agrees with (2.8).

15
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The attentive reader will have noticed that the fourth derivation
of (2.5) (the one which involved conditioning on G*) was just a
camouflaged version of the third derivation. A similar type of camou-
flage applied to the preceding argument yields a third proof of (2.8).
The notation and results of the third and fourth derivations of (2.5)
will be used in the following.

In the preceding proof it was shown that E Vm(g) = E IB(g) . Now
condition on both G* and 9'

-1

E[IB(g) IG*'k,S'c] = (m?) } (fl)l“‘)':c-j and B occurs}|

%
since D given G =k and C=c 1is uniform on {D:ZDi-k} which

has (m:n) elements. Let 8 = h(c). Clearly G =3j implies J > s.
For ease of discussion say that there is a chunk at i 1f D, = 1.

i
Requiring that B occur determines the location of s chunks. To make

G = 3§ distribute j-s chunks in the remaining n-s locations 1 with

C, = 1. This can be done in ( ) ways. Finally, distribute the last

i j-s
k~} chunks in the m locations i with Ci = 0. This can be done in
n-g, , m
(k:j) ways. Thus l{P: G=j and B occurs}| = (j-s)(k-j)' Substituting

i = j-s gives

j, n-8 s+l n-8 m
jz QG2 Gy = g COODG ) O -

The well-known combinatorial identity

FEHE ) =1 (oG etth
i i

16




{" can be proved using generating functions. Use this identity to show

that (1) = I ( f )(n—s) (&Ln;s;i) Dividing by (‘?) and using
i

ﬁ‘ min-g~1

= st & k)" (s-l-i)/( 4 8ives

h Gy 1 * 8 ,,n-8,, k min
] (%) E(1g( )6 =k,Cmc) = E (o) Cg ) G Gy )
“ where s = h(c).

% %
G 1is independent of C. G 1is distributed as the number of gaps

G when there are mtn random arcs. Thus

P - * '
3 E(CS)c=e) = T (v

by (2.3). Unconditioning in (&) therefore yields

-1
E(Ig(dlc=e) = [ (2D a-(srna ™ .

i

a
=

-1

Now use P'fg-c} = (m:n) min (m-l) "

-1
s 's-1 -1) with s = h(c) to obtain

¢ ~1 - _
) EnQ B Vi@ - (YD L IR ADEPEP D a-(sra)]
8

min- 1
Precisely following the preceding derivation from this point on one again

L' obtaing (2.8).

The following computation gives a fourth argument for (2.8). As

in section (0) let sl,....sn be the spacings generated by the points

17
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Pys...,P 80 that (2.1) and (2.4) holds. For o c{1,2,...,n} define
By = v (s > al. Clearly
jec

G =] o1

vhere T = {o:|c| = q} .
T ger o

Therefore

E v = EVPL = (ME VP
1 cgr Iua 1 IHU

where o = {1,2,...,q}. This follows
from the exchangeability (1.2).

- (:)P(no)n(vplna) - (:)(l-qa):-l E(VP|H )
by (1.3).

It follows from (1.4) that

(*) £((Sl-a)+,...,(Sq-a)+,sq+1,...fsnluc)

= £((1-q8)(5,,...,8)) .

Define (Ul"°"un) 8o that

£(U,000,U) = 3((31“)+’""(sq“)+'sq+1""'sn|“a) .

n
Ve (s,-a)
L Gy

and thus

18




n
£v[r) = & )q_ U+ I U-a)) .

i=1 i=q+l
Now use (%)
n
= ? (l—qa)s1 + ) ((l-qa)si-a) +)
i=] f=q+l

n
= £((1-qa)( g s, + ) (Si-b)+)) with b = 7 A

=1 1 geqHl —qa °
Thus
5 E(VP|H ) = (1-qa)P uis + 'f (5,-5).1
oL = -qa -
2 o 211 gegn T *
and
g PGy o (M) (y_nayHP-1 ? oy 1P
- EV () = ()Q-qu)] z[iz1 s, + 1..‘th(si »,] .
=
g Using the multinomial expansion gives

n
P
nlg s, + I (5,-5),)° =

k_ 1=1 1eqtl
3 ( P ecm st omo(s,-b)h

2 cz! Opr++*2%y  ga1 1 gugu1 1 %

e where g = (01,...,cn) and the sum ranges over {o:zoi-p} . Let

B(o) = {j:J >q and o, > 0}, V(o) = |B(0)|, and A(0) = N {S,>b}.
g ] jeB(o) 3
Imitating the calculation in the first derivation of (2.5) yields

<

ns
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q 01 n 01
i=1 i=q+l

q o, = a,
= P(AO@)E(T s.° T (5,-b) "|Ac0))
t=1 1 feqn
n [+
- (1-bv(0))2! (Q-w@)? e( T s,.h)
i=1

n
- (1-bu) Pt T;‘:—;—ﬂ;—,— I oot

Therefore

n -1
B[} s, + (s,-b) .]? = (**?7) (1-bv(0)) P L |
121 1 1-§+1 17+ P g *

a
1-q

Using b = and substituting in the earlier expression for E Vp(g)

gives
-1

Gy o My Pl - ndp-1
EVPC) = QT 5(1 (av(e)a) [T~ .

By easy combinatorics

[Horqwio) = k3| = GTHEEY .

(How many ways can p indistinguishable balls be placed in n boxes
so that exactly v(g) = k-q of the last n-q boxes are nonempty?
First choose the k-q nonempty boxes in (:::) says. Place one ball
in each of these k-q boxes and distribute the remaining pi+q-k balls

in the allowed k boxes in (":‘1‘1

_1) ways.) Thus

20
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-1
Gy . (™ (otP-l n-q, PHq-1, ., . oép-1
EVP() = QTP E(“"l)( D Q)P

n, m-q, _ (0
stnce () GD (k)(:) this 1s the same as (2.8).

The special cases p=1 or q=1 of equation (2.8) can be ecasily
derived by other methods.

Allow the arcs to have a variable length t and define

n

n
G(e) = J 1 and V(t) = ] (S.-t), .
4oy 18>t} - e
Then -~ %:" = G(t) which suggests the following formal manipulation:

- ﬁ z(v‘*l) = E(- é v“"'l) = (m+1)E(V'G). It is straightforward to

rigorize this argument (replace the derivative by a difference quotient

and use bounded convergence). Thus differentiation of (2.5) leads to

1

-1
BV = =5 G ] QG2 (ntm) k(1-ka) ™"

which is equivalent to (2.8) with q = 1.
Let o denote a subset of {1,2,...,n} and define T = {o:|c|=q}.

A little thought suffices to verify that

(n 1 3] (s,-a)) = (ChHy .
ag'r 1e0 {si>'} jgo 374 q-1

The expectation of the left hand side is




M S gnanar rar s

"1 e .

- ™ nu§ 1 )( 3 (s,-a),)]

q qu1 (8,2} gep 3 *

n.
- (q) r{sln.....sqn} qz[(sl-a)+lsl>.,....sqn]
= Q- qlf G-q0),) = GO~} .

The first two lines follow from (1.2). The third line uses (1.3) and

(1.4). Therefore
+ ,G=1 n~-1 n
E[(q_l)Vl - (q-l)(l'q‘)«o- .

This equation is different from (2.8) with p = 1 but with some algebra

the two equations are seen to be consistent.

3. Random Arclemngth.

Now consider the general case where the arc lengths I‘i have an
arbitrary distritution F. Somewhat different methods are necessary at
this level of generality. For instance the formulas (2.1) and (2.4)
have no simple analogues.

A formula for the moments of G has been developed by Holst and

Siegel. Their argument follows. Let Ai be the subset of the circum-

ference covered by the 1“'

arc (the arc with endpoint P 1 and length
L,). Define H, = {P, ¢ U A, and L, <1}, H, occurs when the counter-
1 171 e 0N 1 1

Clockwise endpoint P, of A

1 1 is not covered by any of the arcs. The

n
are in one-to-one correspondence, G = 2 IH .
j=1 1

gaps and the uncovered P N

22
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Por tc{1,2,...,n} define n_l, = N ni. I'rl denotes the cardinality
iet
of T. It is easy to see that

G
(q) - TET Iu-r with T = {1:|t|=q}.
The events HT in the sum are equally probable (since the arcs Aj are
i.1.d.) so that taking expectations yields E(g) = (:)P(BU) vhere

o= {1,2,...,q}. H, 1is the event that Pl.Pz,...,Pq are uncovered.

Let P(l)""’P(q) be the clockwise ordering of the points

Pl,...,Pq with P(l) = Pl. Let L(l)""’L(q) be the corresponding
ordering of Ll”"’Lq' Define P(q-l-l) E P(l)’ For 1<k <q define
sk to be the clockwise distance from P(k) to P(k+1)‘ Observe that

this notation differs from that given in section (0).

i
h

Let D, be the event that A, N {Pl""’Pq} = ¢ so that D, occurs
when the 1" arc does not cover any of the points Pl....,Pq . Then

q n
B =[0n {s,>L. . Dnl A DJ.
L B fmql 1
The random variables Pl’ see 'Pn’ !‘1’ P ,Lu are mutually independent

with the L:l distributed according to F. Thus

n=q

q
I r(si)}[r(nnlrl,...,rq)] .

P(HU|P1’...’Pq) = {1 1

Let ck be the event that the arc An lies between P(k) and

q
P(Hl)' Dn- k-l'Jle. The (!k are disjoint.

23
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r(chlrl.....rq) - !P(Cklhn.Pl.-.-.Pq)

s
k
- ‘((skTLn)+|su’ - Io (5,-1), dF(2)

k k k
- I dr(2) I dx = J F(x)dx .
o % o

8
Define g(s) = Io F(x)dx so that r(cklrl.....rq) = g(5,). Then

r(nnlrl,....rq) - kzl 8(sy) -

Therefore
n n
() PR = (ER@E [P}, ... )
(3.1)
. q _ n-qy _ /G
(@ BT F(si){kz1 (s = E()

where sl,...,sq are the spacings between q points chosen uniformly
8
on the circle and g(s) Efo F(x)dx .
A general expression for the moments of V is due to Siegel. His
argument uses the idea of the third derivation of (2.5). Choose points
Ql""’Qp distributed independently and uniformly on the circumference

and independent of Pl,...,l’n. Again let A, be the subset of the circum-

i
ference covered by the 1*h arc. Let B be the event that all the points

n
Q lie 1in the vacancy. B occurs if and only if {Ql"“'Qp} n (iylAi)n) .

Repeating the argument for (2.7) gives EVP = P(B).

24




PT——— g v L

n
4 be the event that A N {Ql....,QP} =¢, B= ﬁ91 D
The events Dl""’Dn are conditionally independent and equally

Let D 1

probable given Ql""’Qp' Thus

P@IQy.---0Q) = {B(D,[Qy,..,0 21" = {kzl 851"

as in the derivation of (3.1). Sl.....Sp are the spacings between

Ql""'Qp' Therefore

4
- =EVWa n
(3.2) P(B) =E p(nlql,....qp) EV z{kzl 8(sy)}
where sl,....sp are the spacings between p 1independent uniformly

chosen points on the circumference and g(a)E.f; F(x)dx .

The ideas in the derivations of (3.1) and (3.2) can be combined to
obtain an equation for the joint moments z(g)v’. Use the notation from
the derivation of (3.2). It follows as in the proof of (2.6) that
P(B|PscoesPsLlyseee,l ) = VP G is & function of Pp,..e,P ,Li,eee,L .

Thus

G G G
z(q)v" - E[(q)B(IBIPl,...,Pn.Ll,...,Ln)] - B()L -

Let HT and T be defined as in the derivation of (3.1).

@@= 11

TeT T

and hence
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G n
E(q)IB - “{:T P(BNH) = (q)r(n NH,) witho = {1,...,q} .

The events BI\HT in the sum are equally probable because the arcs
A

3
none of the points Pl""’Pq' Ql""’Qp are covered by any of the arcs.

are 1i.1i.d. and independent of Ql""’Qp' Bmlo is the event that

Let R = (Rl”"’Rp+q) be the clockwise ordering of the points
{’1""'Pq'Q1'"°'Qp} with R, = P,. Define { C {1,2,...,pq} by

1€ if and only if R, € {Pl""’Pq}' £ is a random set. Let

E= {51,...,Eq} with £ < g, < -o0< Eq. Let L., be the length

of the arc beginning at RE » Denote by S, the clockwise distance

i
k
from Ri to Ri+1 where Rp+q+1 = Rl' Let Di be the event that
Ai n {Pl,...,Pq,Ql,...,Qp} = ¢, D1 occursg if Ai does not cover any

of the points in R.

Using the above notation

q n
BNH =(N {s, >L,..Hhn( n p).
O g1 & W =g+ 3
Knowledge of R and £ determines Pl....,Pq,Ql,...,Qp. Thus condi-
tioning on R and & 1s equivalent to conditioning on Pl""’Pq’
Ql"“’Qp‘ The mutual independence of Pl""’Pn’Ll"’"Ln’Ql""’Qp

implies

q
P(BAH [R,E) = { T F(S

)HP(_|R,E)]"Y .
=1 o4 a2

Arguing as in the proof of (3.1) gives

26




P(D_|R,E) P? (s,)
. » - g
T o~ g1 3

so that

P(BNH[R,E) = { n "‘se ) 2 85171 .
k j=1

Clearly R and & are independent and hence taking expectations yields

Pta
PG N E O = BCT F(5 )0 ) 8(s,)1"™
kel k jm1 3

where S.,...,S

1 piq

uniformly at random on the circumference. The distribution of

are the ordered spacings between p+q points chos=mn

T 2ol o aun cas 40 aun 4

« . . PRI
Y R R
. . .

(sl""’sp+q) is exchangeable so that P(B(\HUIE) does not depend
on £ and thus v(nnnols) = P(BNH)). Taking £ = {1,2,...,q}

then gives

(3.3) E V() = () ECT n F(s )1 T s 1Y
g1

with Sl,...,Sp+q as defined above and g(s) = f: F(x)dx .

27
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The expression (3.3) can be explicitly evaluated for the following

class of distributions:
F(x) = A(x-a)g_ where 0<a<l, B>0 and A = (l-a)'B .

Then g(x) = -B—_._—l (x-a)s_"'1 and (3.3) becomes

q Pi n-q
PGy o (D _az\B A _yB+l
E V() = (EC LAy a),)(jzl BT S5m0y ) )
(*)
n piq o, (B+1)
- =2y " el e T s )
T @+ 0 %1% k=1 j=1 3

with summation over all o = (01,0‘2,...,0p+q) satisfying I O, = n-q.

Now define

B(o) = {1,2,...,q} U {j: o, > 0} , b(o) = |B(0)]

and

A(D) = N {s, > a} .
jeB(o) 3

Imitating the calculation in the first derivation of (2.5) yields

8 ptq j(8+1)
ECT (s 08 T (s, )
k=1 * oy 3
B+o (B+1) ptq o, (B+1)
= P(A(0))E[ n (Sk-a) I (s,-a), |ACo) ]
k=l kmgtl
q B40,(B+1) p+q O, (B+1)
- (1-ab(0))2* 97 { (1-ab (o)) B+ (- (B+Dg s, mosk
k=1 k=q+1
- (1-ab(o))P*mBH-l TG4 1 1eainy o 1) T oo, 41y
+ I'(ptn B4n) =1 keqtl k *
28
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Plugging this expression into (*) gives

I (p+q)
(3.4) e vP (¢ Q" ™
T (1-2)"B(8+1)"9 Np+nB+n)

; q pHe
I G "9, )-ab@)P™ L 1 r(@a)(o41) T T4, (B+1))

o %10 ’°p+q km1 k=q+1

with che summation over all o = (01,...,0p+q) satisfying I o, = n-q.
The expression (3.4) simplifies in a few special cases. Letting

B4+ 0 gives F(x) = Itx > g} 1in the limit. Thus setting B=0

in (3.4) should produce the result for the case of constant arc length.

Putting B = 0 and simplifying yields

-1
PGy . (D tp-1 _ n+p-1
EV() = (CeD) g (1-ab(0)) """ .

A simple combinatorial argument shows that
|{o: b(o) =k}| = (P &L
: k-q’ k=17 °

(How many ways can n-q indistinguishable balls be placed in p+q boxes
so that exactly k-q of the last p boxes are nonempty? First choose
the k-q nonempty boxes in (qu) ways. Place ¢e ball in each of
these k-q boxes and distribute the remaining n-k balls in the

allowed k boxes in (::i) ways.) Therefore
BV = OCPD N 7P -kl
ptq-1 i k-q” "k-1 +
which is easily seen to be the same as (2.8).
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If p=0 then k(O) = q for all 0. Thus setting p =0 in

(3.4) gives

_ nf+n-1
R .
T q1-2)"(E+1)" 9 I'(nB+n) o k=1 K

where the summation 1s over {(01....,0q): Zoi-n-q}.
Some slight simplification also occurs upon setting q = 0 in

(3.4).

P
VP - —{e-D) G " ) -sb@)P* L 1 iy 40,8)
(1-a)™ (B+1)" Np4nB4n) o °1°°°**%p k=1
where the summation is over all o = (01,...,0'p) satisfying L 01 = n

and now b(o) = |{j: o, > 0}] .

3

4. Arclengths With the Uniform Digtribution.

In the special case where the arc lengths have the uniform distribu-
tion (F(x)=x) simplifications occur which permit the calculation of
many quantities of interest by entirely combinatorial means. This
simplification results from the following observations.

let P and L be independent random variables with P chosen
uniformly on the circumference and L having the uniform distribution
F(x)=x for 0<x<1l, P and L together determine a random arc.

Let Q be the clockwise endpoint of this arc (which has length L and
counterclockwise endpoint P). The conditional distribution of Q given

P 1is uniform on the circumference. Thus P and Q are independent.
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Clearly the uniform distribution is the only distribution for the arc
lengths which makes the endpoints P and Q independent. Denote by

[s,t] the arc whose counterclockwise and clockwise endpoints are s

and t respectively. Since P and Q are i.i.d. it follows that
[P,Q] and [Q,P] are identically distributed. ([P,Q] and [Q,P]
are complementary arcs: they are disjoint and their union is the entire
circumference.

Now consider tossing n independent arcs with uniformly distri-
buted arc lengths. Using the previous observations and notation these
n arcs can be written as [xl’Yll""’[xn’Yn] where Xl,...,xn,Yl,...,Yn
are independent and distributed uniformly on the circumference. Choose
u uniformly at random from the elements of {Xl,...,xn,Yl,...,Yn}. Let
Zl’zz”"’ZZn be the clockwise ordering of the points xl,...,xn,Yl,...,Yn
with 2, = u. Define 2 = (2,,...,Z,). Let &= ((§;,n;),(E;.n,),..05(E 5N ))
be defined by (£,,n,) = (1,3) if and only if 1< j and {zi,zj} = {Xk,Yk}.

Now define the orientations A = (Al,...,xn) by
1 if [z, ,2 ] = [X,,Y ]
gy T e

-1 1if [znk,zgk] - [xk,Yk] .

Thus E determines the 2n endpoints, § partitions the endpoints into

n pairs, and 5 orients each of these n pairs to obtain n arcs

(each pair of points {s,t} has two orientations which give the
complementary arcs [s,t] and [t,s]). Since xl""’xn’Yl""’Yn are
i.1.d. uniform, E, é and E are independent with 5 uniformly distri-
buted on its set of (2n)!/2" possible values and 5 uniformly distributed

on its set of 2" possible values.
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With the usual convention 22 8@ Z, define S, to be the length

n+l 1 k
of [zk.zkﬂ]. Let § = {(sl'""sZn)‘ S consists of the spacings

between 2n points chosen uniformly and independently on the circum-

ference. For

1<1<2n let M, = l{k:[zi,z ]l c [Xk,Yk]}l

i+l

so that nt is the number of arcs [xk’Yk] which cover (Z 1’21+1]'

Define the covering vector M = (Ml,. "’MZn) . M is determined by

£ and )X since

~

n
M = J where
i kzl ik
(»)

Tk = I{Ak-l.ikik nk}+1{)\k-—]}(1-1{€k_<_i< nk}) ’

The Ak are i.i.d. and independent of E so that J:I.l’J12""’Jin are

conditionally independent given £ with

1
P{Jik-llg} = P{J, = ojg} = 5.

Thus the distribution of M:l is Binomial (n, %) .
Define
2n
G, = I I .
ko M=kl
and
T
v, = S, Iry vy
ko T1T{M=k}

Gk is the number of segments [zi,ziﬂ] which are covered k times.

32




TaTTT

MR (¢ RO

MAMRGAER

Ty
0 R

......

—p— v v —T i i S i S

V, 1is the length of that portion of the circumference which is covered

k
k times. To relate this with the notation of the previous sections

note that G =G, and V= V.. From the definition it follows

0 0
immediately that

2n(})
= 2n P{Mi-k} = o .

E Gk

Since S and (£,)\) are independent it is immediate that

n

EV, = 2u(E S,) (P{M,=k}) = % .

The random variables Gk and V

k obey some obvious constraints.

lMi-MH_l] =1 for all 1 where M, .. =M. Thus M is an even
number if and only 1f M, , 1s odd which implies . ) G, " ) G, =u.
a even k odd
Also z = 1.
k=0 “

M is determined by 5 and A as shown previously. Write this
dependence as M= f(g,é). Def ine ,’," - f(g,-&) where -5 - (-11,...,-)&“).
-Z\' and 2_\ are identically distributed and § and é are nqtually
independent. Thus !_1' and M are identically distributed. g' is the
covering vector that would be obtained using the complementary arcs
[Yl,xll,...,[Yn,xn]. From (x) it follows that (H]'.,...,Hin)- (n-nl....,n-ﬁzn).
Thus (n-Ml""’n-MZn) and (Ml,.. "MZn) are identically distributed.

From this it follows immediately that G:l and G

n-i are identically

distributed for all i1i. Similarly v, and V,.qg 8re identically

distributed.
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The ordered pair (£,A) is uniformly distrituted over the set
of (2n)! possible values. Thus any random variable (such as Gi)
which is a function of £ and A can be investigated by purely
combinatorial methods.

§ is independent of 5 and é 80 that £(Vklckfj) = £(SI+-o‘+sj).

Thus
NG
Bt = 35y ris® - e
P
and consequently
-1 G, +p-1
Evp = (BBl = WP ecK ) .

Using an elementary binomial identity this becomes

“%.1) EW- (2“‘;"‘1)-1 n(c"Tl) el ) (P‘lm ) .
jm1 3

This expression allows the moments of Vk to be computed combina-
torially. Formula (4.1) can itself be proved by combinatorial arguments
(which use the same basic idea as the third proof of (2.5)). However,
even though most quantities of interest can be computed combinatorially,
analytic arguments are generally preferred because they are usually
less tedious and notationally simpler.

All the moments of Go and Vo are obtained by straightforward
evaluation of the expressions (3.1) and (3.2) (just use the multinomial
expansion followed by the Dirichlet integral). One way of writing these

moments which is useful for purposes of comparison is given below.
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nl 3 (20)!
o1

G
(4.2) g% =22, ,
91 T 2%2m)! o 1=1 Y

with summation over all q-tuples ¢ = (01....,oq) satisfying I 0,=n

and o1 >0 for all 1.

-1 P (20)!
4.3) Evl-2 (Bl el Ty g A,

0 P %y P o =1
with summation over all p-tuples O = (61....,0p) satisfying I o;=n
and O, > 0 for all 4. The crucial difference between these two
expressions is that o, >0 in (4.2) and oy >0 i4n (4.3). Using
(4.2) and (4.3) allows one to verify by inspection the validity of
(4.1) in the case k = 0.

The first moments of Gk and Vk were given in the previous
subsection. The second moments of Vk and Gy for arbitrary k are
now obtained. Choose points Q, and Q, distributed uniformly and
independently on the circumference and independent of xl....,xn,
Yy,000,Y . Define W, = [ {k: Q€ [xk.tk]}l. W, 1s the number of
arcs which contain Q- Following the derivation of (2.7) gives
E vi =P {w =wW,=t}.

An arc [xk’Yk] will be said to separate Q and Q, if it con-
tains one of the points but not the other. Observe that [xk,tk]
separates Q; and Q, if and only if the complementary arc [Yk.xk]

separates Q1 and Q2. Let 6 be the number of arcs which separate

Q1 and Q2. This may be written as

n
6= kzl II{QIe[X.k,Yk] }-I{Qzelxk.Yk] }I :
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The above obgervation says that O does not depend on the orientations

A of the arcs and so must be a function of Ql’ Q2’ Z and ¢£.

Condition on Ql’ Q2’ Z and £ sgo that these quantities may be
considered as fixed in the following argument. Let A be the number
of arcs which contain Ql but not QZ’ Let B be the number of arcs

which contain both Q1 and Qz. Then W, = A+B and W2 = (0-A) +B.

1
Since the orientations Xl,...,ln are i.1i.d. (and independent of

Qs Qs Z and ) with P{li-l} - P{)‘i-_l} = %, the random variables
A and B are independent with A Vv Binomial (6, l) and

B A~ Binomial (n-e,%). Wl = Wz = t 1if and only if A -% and B = t-%.
Thus the event {wlawz- t} 1s impossible unless 6 1is even. Set

0 = 2k, Then
2 -2k
Pa=d) - (b and P{B=t-2} = -;'—k—-)-
2 2k 2 n-2k °
2 2
Multiplying these probabilities gives
1l ,2k, ,n-2k

P{W, =W, =t|Q;,Q,,Z,E} = A GG ) -

This conditional probability depends only on 6 so that

1 ,2k, ,n-2k
P{W, =W, =t|8 =2k} = o G G ) -

It remains to evaluate P{6=m}. Condition on Q; and Q, so that
these points are fixed in the following argument. Let Rl be the length

of the arc [QI’QZ] and R2- 1-R1. Let Ik be the indicator of the event
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R . P UL L S .

{[Xk,Yk] separates Ql and Q2}. Then 0 = Z:_l Ik' 11,...,1n are

clearly 1.1.d. with P{I =1} = 2R;R,. Thus £(8|Q;,Q,) = Binomial (n,2RR,)

and

n-m
P(o=n/0;,0,) = () (2r,R) (B2 +8D)

since 1-2R1R2 = Ri'l-ng . Taking expectations yields

n-m

o=} = )2® (ISR +2D) )

where R1 is uniform on (0,1) and R1+R2- 1. Use the binomial

expansion followed by the beta integral to evaluate this expression and

obtain
zm(n n-m -
m n-m, , 2n
Plo=al =g By CP)Gmay) -

Substituting the previous results in the expression

P{W, =W,=t} = E P{W, =W, = t|0 = 2k}P{6 = 2k}

and simplifying the binomial coefficients yields

(n) -1
2 t k,t, ,n-t n=-2 2n
(4.4) EV = 47C)CLT) ) ( k)( )
t ,n (20+1) £ kK" k § j 72542k

with the sums taken over all integers k and j and assuming the usual

conventions (;) =0 if y<0 or x<y.
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From (4.1) it follows that
2n+1 Gt
EV: = 5 e G +E( D} .

Since E Gt - 2:1(:)/2n formula (4.4) also allows immediate calculation
Gt
of E( 2 )'

The expression (4.4) can be rewritten to more closely parallel (4.3):

-1 (201) ! (202) !

2 n! 2n+l n-2
EV = n{—-———} { ) —_— k)( )( )
t 2%(2m)! 2 g 91l9p! k

where the summation is over ¢ = (01,02) satisfying 0, +0, = n and

o, 20, 0y 2 0. This expression can be modified to obtain a formula

-1
for E( ) by simply deleting the factor of (2n+1) and requiring

01>0 and 0‘2>0 in the sum.

G
An expression for E( pl) will now be given. For T C{ 1,2,...,2n-1,2n}

define H_= N {M =1}. Then ( ly - ) IH with T = {t:|t|=p} .

T i
G iet TeT

Thus z(p) = ) P(H). Since (§,)) 1is uniformly distributed over

the set of (2n)! possible values P(H ) = Oin )l I{(E MM =1 for ie t}|.

- -l -
let T {11,12....,rp} with 1) < T, < e ST Define 0, = 5 (T,.,-T,)
for 1<1<p-1 and G =n-(0;+...+0, ;). Since I, -M,
for all 1 it is clear that P(HT) = 0 unless 01,...,ap are all
positive integers.

Routine but tedious counting arguments show that

P (201)!
[{(E,A): My =1 for 1et} -—{(n(zo ) -t} T —— .
. 2" =1 1=1 "1
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To motivate this answer note that

p (20!
[{(E,N): M, =0 for 1e1}| = % I —?1T
- 2" i=]1 i

Now show that every pair (£,1A) which leads to M, =0 for ierv

A e

P
can be modified in {( I (20,+1)) - (n+l)} different ways to yield
=1

pairs (&,)) with Mi-l for iet .

Dividing by (2n)! and summing over T €T gives

G P p (201
1 2n n!

(4.5) B()=2e=—= ¢ —— (I (20,41))=(n+l)} 0 —A—
P P %)t <2: gm1 1 g1 %!

with the summation over all p-tuples O = (01,...,ap) satisfying

201 = n and 01 >0 for all 1. The factor 2—:— arises when the sum

over the subsets T is transformed into a sum over the partitions o.

G G G
To obtain E VP use (4.5) to calculate E( 11), E( 21) soeesE( pl)

1
and then plug these values into expression (4.1). Expression (4.5)

can be modified to obtain a formula for E V{ by throwing in a factor

-1.-1
of (2n+lp; 1) and extending the sum to allow 0, > 0 for all {.

G
Expressions for E( pk) along the lines of (4.5) can be found for

E,; arbitrary k and p. They are not given here because (in their presemt
o form) these expressions are quite cumbersome.

L .

= -

-

L‘

L i

3

-

.

I
{
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Define L= (Cl.cz,...,czn) by ci-u-xi_l where M

This notation differs from that in the preceding subsections. Let

3'{§=|C1| =1 for all 1 and 2;1-0} and

Lt 1 o = 2n’
' An equivalent definition is
e 1 if Z e {x e x }
1 1, 1 n ]

e

-1 1f zie {Yl’...’Yn} .
‘ k
} Define S‘),S]‘,...,S2n by So = 0 and Sk = 151 t;:l = Mi—Mo for k> 0.

B' = {z:ZeB and S; 20 for all 1}. B 1s the set of bridges
and B+ is the set of positive bridges.
It is clear that [ 18 uniformly distributed over the (2:)

E elements of B. Let 1 < T < T, < ---<1.'p £ 2n. Using the uniform

] distribution of I and simple counting arguménts one can show that

- ~

-1 p 2
“ , 2n i
! PIM =M =...2M } =P{S_ =5 =.cag5 }= () n¢e.m,
& T T, 'tp T, Ty ‘rp n {=1 %4
1

° where 0, = 3 (r“_l-'ri) for 1 <1< p-1 and op n-(01+-- + °p-1)'
: let T = (‘tl,...,'rp) and define T = {1:151'1 < T,< eee < T, < 2n} .
b Since

' »

n G
’ ] (Bl
k=0 ter My =My =eee= M),
1 2 P
L it follows that
N 40
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E( ) - P{M =M = ccomM }
wo P er 1 T2 Tp
which can be rewritten as

n G -1 p 20
(4.6) I e =2.74 7 1 (Y
=0 P P o =1 °i

with the summation over 0 = (61,...,0'p) satisfying 201 = n and

o, >0 for all i. Using (4.1) gives the companion formula

n -1 -1 P 20
€.7) ) evp =2 ol 2y oo b
k=0 P P o =1 “i

with the summation over p-tuples O = (01,...,0p) satisfying I o 4=

and 0, > 0 for all 1i. This formula gives a check on (4.4).

i

Mk-sk+M030 for all k. Thus Mo

§ consists of n positive and n negative coordinates. Each

= 0 implies ZeB'.

positive coordinate is paired to a negative coordinate by an arc.
This pairing can be done in n! equally likely ways. If Mo = 0,

then each j with [, = -1 must be paired with ¢ k satisfying

3
k<3] and 0" 1. This can be done in W(}) different ways where

wig) = 1 si .
Ligygp =1
Therefore
w(t) .
Y for se B ,

P{M, = 0jg=t} =
0 otherwise .
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W(Z) can be written in a more symmetrical fashion. Define

L= {1:8 S, and S <si+1} and H = {i:S <SS, and S,>S,.,}

>
i-1 i i i-1 i i iHl

vhere for notational convenience S5, = 0 for 1< 0 and {1 > 2n.
L 1is the set of relative minima (low spots) and H 1is the set of

relative maxima (high spots). Then

T (s.1)
1eq 1

I (s,!)
ger, 1

w(z) =

Since P{g=t} = (f?) for all t, summing P{MQ'OIE'E} over t

yields

1 nl
P{M =0} = — = ) L Ve .

o0 (2n)! SéB ~
This gives the amusing identity
(4.8) I, wee) =20l o gu3xsxix (201)

teBt ~ 12

It is easy to show that B+ contains E%I (i?) elements. Assume T

is uniformly distributed over B+. Then (4.8) can be restated as

E W(T) = “:1' )
~ 2
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for Arbitrary Arc Length Distributions.

k

. Vv d G
5 X an

This section deals with the quantities V, and G, introduced

k k
in the preceding section. The definitions are repeated for convenience.
n arcs are placed at random on a circle of unit circumference. Vk is
the measure of that part of the circumference covered exactly k times.
The 2n points which are the endpoints of the n random arcs divide
the circumferepce into 2n segments. Gk is the number of segments
covered exactly k times. The previous section dealt only with the
case in whichthe arc lengths had a uniform distribution. Arbitrary
distributions F for the arc length are now considered.

The expectation of Vk is easilr calculated. Let Q be a point
chosen uniformly on the circumference and independent of the n random
arcs, Let W be the number of arcs covering Q. Arguing as in section
= P{W=k}. W= X I, where I, is the indicator of the

k 373 3

event that the jth arc covers . The I, are clearly independent and

-u= ft (1-F(x))dx. u is the

3 gives EV

identically distributed with EIj

expected arc length. Thus W 1is Binomial (n,nu) so that
n, k n-k
(5.1) EV, = Gon (=) .

The second moments EV’JVk are more complicated. Label the n
random arcs by the integers 1,2,...,n. Let 7 <{1,2,...,n}.
Define U" to be the length of that part of the circumference which
is not covered by any of the arcs in 7. Uﬂ is the measure of the

vacancy which results after the arcs in 7 are tossed on the circum-

ference. For 1 < j < n define the functions
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0 1f z 18 covered by the jth arc,

fJ (z) =

1 otherwise .

1

Then U" = fo I £,(z)dz. Upon expanding Il (l-fk(z)) one obtains

jew 3 kéw

} n £(2) I (l-f (z)) = } (__l)l'!fl-p(l"fl) I £.(z).
=p jE‘n’ j k¢1|' T|>P 4 jt»:’n' j

Integrating both sides and noting that

1
v - J I £z ((1-f (z))dz
P % 0jer 3 kg k
yields
Irl-p i
(5.2) v o= ] ()M Py
P inl2p P

The moments EU“_Uc may be evaluated by the methods of sections
2 and 3. Let Q and Q2 be chosen uniformly and independently on
the circumference (and independent of the n random arcs). Then
EUvUO = P(B) where B 1is the event that Q; 1s not covered by any
of the arcs in 1 and Q, is not covered by any of the arcs in ¢ .

Let B1J be the event that Q is not covered by the jth arc. Then

(%) B=(0I B

LRI B s (T RO (T s

)
Jer-o 1 keo- Lemno 12 28

1
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where the product notation is used to denote intersection. The factor
&‘ events in (%) are conditionally independent given Q and Q,. The

arguments of section 3 yield

‘ﬁu.-v-. ——
[ .

P(Blj|Q19Q2) = P(BZkIQl’QZ) = 8(1)

and

p

P(Blszle19Q2) - 8(51) + 8(82) ’

s
where g(s) ® fo F(x)dx and sl,s2 are the spacings between the points

. 1

B Q;»Q). Let o = g(l). Note that o = fo F(x)dx = 1-u. Then using the

L' conditional independence gives

r(8lo;,0,) = a'“‘"'*l""’lfg(sl)+s(s2)}l°“"| .

Thus

(5-3) EU Uy = “Io-ﬂ|+l"_olE’8(sl)'*8(32)}I°"“l R

where S1 and 5, are the spacings between two points chosen uniformly
N at random on the circumference. Define M(r) = E{g(sl)i-g(sz)}r.

Equation (3.2) says that M(xr) = ErV2 where r 1s the number of

random arcs.

Now use (5.2) and (5.3) to calculate

‘ Evn-pvn-q - Tzr g (_1)I"""IOI'P'Q(I:I)(lzI) . al""ol"‘lo‘"ln(lon '"I)

- -1DP Y Mty (< lo vl Jrusly Jtuely
T O P q
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The transformation T' =0flm, 7' = 7—0 and o' = 0-m 1is used to
obtain the last expression. Thus the summation in this last expression
is over all mutually disjoint subsets w,T and 0©. As usual assume
that (;) = 0 if x < y. Counting the choices of t,m and o with

|'l'| =k, |m| =1 and |o‘| = § yields

B

pHq n i+ n-k) k+i, k+i
= (-1) ()M(K) (-a) "~ ( CC)

where (bac) denotes the usual multinomial coeffieint

t al
§ a blc!(a-b-c)'! if b>0,c>0and blc <a,
(b,c) =

0 otherwise .

This can be rewritten as

o Log L, bl ki1
5.4 v v = (-1)PH ] Mk ? ) (=
= (5.4) aeplmg = CDFT I MO0 T (00" T D™
t where the summation is over all integers k,%,i when the usual conven-
:‘ tions for multinomial coefficients are followed. Examination of the

sum shows that the coefficient of M(k) 1is zero if k < p+q-n.

A simple generating function argument gives

B ety ki 2-1-§, & 3, ko Kk
I @EHET LTG0 Gy

This alternative form may be more convenient if p, q or k is small.
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Some special cases of (5.4) are

zvi = n2M(n) + n(1-2na)M(n-1) + n(n-1)a2M(a-2)

and
BV = DPA) ] Q) o u@-0 .
op Py k
o Let the random variable L be distrilted according to F.
\ Define F to be the c.d.f. of (1-L). Thus FP(x) = 1-F(l-x).

The trivial observation that a segment of the circumference is
covered by exactly p arcs if and only if it is not covered by

exactly n-p arcs yields the following result.

v v

"

£ (VgsVyseeesV) = ;i(vn,vn_l,....vo)

e

where .Cﬂ denotes that the arc lengths are distributed according

to H. I ticul EVV =EV V lying this result t
o n particular Pp'q B’l;n-pn-q Applying ]
E the above special cases of (5.4) immediately gives expressions for
3 EV: . and EV V..
n-1 np

General expressions may in principle be obtained for the higher
8 moments of Vk. For example the same arguments used to obtain (5.3)

can be used to show that

k. +k, +k

172 73
(*) E Uoluczuo3 = E{g(1)}

b a0 s ot e 4
- s .

T

k13

k
(8(8145,) +8(5,)} "(g(5,45,) +8(s,)}

k
(8(5,455) +8(s)} Pla(s)) +5(5,) +g(s3)}k123 .
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Here Sl' 82 and 83 are the spacings between three points chosen
randomly on the circumference and for t< {1,2,3} define

k. = | n o, I o | with products denoting intersection and "™ "
iet jér ]

denoting the complement. Using (*) and (5.2) the moments E VquVr

can be easily calculated. However the expressions for these moments
will not be given as they are exceedingly cumbersome.

The n random arcs divide the circumference into 2n segments.
Each arc or segment has an initial point (the point which is furthest
counterclockwise) and a final point (the point which 1is furthest clock-
wise). For 0 < k < n-1 let Cy be the number of arcs whose initial
points are covered exactly k times and Ek be the number of arcs
whose final points are covered exactly k times.

By associating each segment with its initial point one obtains
Gk = Pk-l + Ek for 0 < k < n. Associating each segment with its

~

final point yields Gk - Ck + ck—l' It is understood that C_l - C-l

- cn = En = 0. Equating the two expressions for Gk gives

~

ck-ck-l - Ck-Ck_1 for 0< k < n. This implies C_ = Ck for all k.

Thus for all k

(5.5) G =C +Cy -
b
r'.A-' This expression is useful because (:k is easier to handle than Gk’
t The calculation of EC, is immediate. Let Ijk be the indicator
F of the event that the initial point of the jth arc is covered exactly
- k times. Then C = Xj IJk so that EC, = nEI, = n-Prob{Pl is covered

k times} where P, 1s the initial point of the first arc. Since P,

1
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is uniform and independent of the n-1 arcs labeled by 2,3,...,n

it is clear that Prob{P1 is covered k times} = E .V

n~1%
-1. k -le
= (nk ITRE T 1-k by (5.1). Thus

(5.6) Ec, = n("hu w7

EG

X is now obtained using (5.5) and (5.6).

The second moments Ecpcq can be calculated in a straightforward

manner similar to the derivation of (5.4). The argument is sketched

+nEI, I

below. CC =L .I I, 1 so that EC C = n(n-1)EI, 1 .
Pq P9 1p 1p1q

1"} "ip'iq 29

- - - - - _ n-1, p _ n-1-p
Now nmlpth ad (p q)EIlp §(p q)ECp §(p-q)n( D Jut (1-p)
where
1 if x =0,
S(x) =
0 otherwise .
Pi is the initial point of the ith arc. Let J1 and Iy be

the indicators of the events {Pl is not covered by the second arc}
and {Pz is not covered by the first arc} respectively. Let H(1i,k)
be the indicator of the event that Pi is covered by exactly k of
the arcs with labels in {3,4,...,n}. With this notation

1 = Jln(lsp) + (1‘-11)“(19?-1)

1p

and

Ipg = JpA(2,0) + (1-3))H(2,9-1)

so that
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(5.7) Ilplzq = H(1,p-1)H(2,q-1)

+ J,8(1,p)R(2,q-1) + J,H(1,p-1)H(2,q)
- (3,+3,)8(1,p-1)R(2,q-1)
+ J,J,{8(1,p)H(2,q) ~ B(1,p)H(2,q-1)

- H(1,p-1)H(2,q) + H(1,p-1)H(2,q-1)} .
Arguing as in (5.2) will give

(5.8) H(i,n-2-8) = ] -plTl-e (l';')u(i,n)
m

where the sum is over 7 < {3,4,...,n} and U(i,m) 41s the indicator

of the event that Pi is not covered by any of the arcs in 7. The

analogue of (5.3) in this situation is easily seen to be

€ €,
(5.9) BJ, "I, H(1,MH(2,0)

€ €
- olo-7l + |7-0] EF(S,) 11?(s2) 2{g(s1)+g(s2)}|"”"|

wvhere =0 or 1 and 81,82 are as in (5.3). Now expand (5.7)

€4
using (5.8) and evaluate the expectation of each term using (5.9)

to obtain the desired result.

Define M,(K) = E F(S;) ‘(s )ez {g(s,) +g(s.)}* wh -
e 4 1 2 8(s,) +8(s, vhere j = ¢

The quantities Mj(k) are clearly related to the joint moments in

1+€2.

equation (3.3). Let MB denote the sequence Mj(O),MB(l),ﬁj(Z),... .

Now define
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e R,p,0,0) = DPRT (Pt ) @&,
t
{ and let R(n,p,q) denote the sequence R(mn,p,q,0), R(n,p,q,1),
L R(n,p,q,2),... . With this notation (5.4) may be written as an
E inner product rzvpvq - (Molk(n,p,q)> .

This notation has been developed in order to allow Ecpcq to

be written in the following reasonably compact form:

(5.10) EC,C, = n(a-1){< ¥y [R(n-2,p-1,q-1) >

+<Y, |R(n-2,p,q-1) + R(n-2,p-1,q) - 2R(n-2,p-1,9-1))>

+<M2 |R(n-2,p,q) - R(n-2,p-1,q) - R(n-2,p,q-1) + R(n-2,p-1,q-1)D}

+ 6<p-q>n(“;1)u"(1-u>“‘1‘p )

Observe that the inner product terms precisely parallel the terms in

(5.7). Using (5.10) and (5.5) one obtains the moments EGqu-

yf The moments EVqu can also be expressed in a form resembling
(5.4) and (5.10). The derivation is sketched below. Let Q be a

;; point chosen uniformly at random on the circumference and independent
;; of the n random arcs. Let A.p be the indicator of the event {Q 1s

covered by exactly p arcs} and qu be the indicator of the event

ﬁi that the initial point of the 1th arc is covered by exactly q arcs.

P

e Then EV.C = EVEI. I, = nEV I, = nEA I, . Now let J be the indicator
Pq piiq P 1q P 1lq

gf of the event that Q 1is not covered by the first arc and nk be the

>¥i indicator of the event that Q 1is covered by exactly k arcs with

labels in {2,3,...,n}. Then
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AI, =JHI + (1-R .1
p 1lq p1lq ( )p-llq
* =H I, +JHI, -H I .
* p-1"1q (p lq p-1 lq)

Let Mj(k) - B?(Sl)jfg(sl)-l-g(sz)}k for j =0 or 1 and let

the sequences Mj and R(n,p,q) be as in (5.10). From (*) one can

immediately read off the desired expression:
(5.11) BV C, ~ n{< My |R(n-1,p-1,9) > + (MllR(n~1,p,q)-R(n-1,p-1,q>}.

Using (5.5) and (5.11) one obtains the moments EVqu.
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6. A Recursion for the Joint Distribution of Various Sums of Spacings.

This section gives a result concerning the spacings 81,82,...,Sn
between n points chosen uniformly on the circumference. For any

oc{1,2,...,n} define

s@ = ] s, .
1€0

= {1,2,...,k} and T, 41 = {1+1i,241,...,k+i} wvhere addition 1is

k k
modulo n in the sense that n+l = 1, etc. Define

Let T

n
H(a) = ] I

=y (s(r +)>a} "

This quantity arises naturally when considering the random placement of
arcs of length = a and in the construction of some tests of uniformity.

In order to compute the second moments E uj (a)llk(b) one must be
able to calculate quantities like P{S(0) > a, S(T) > b}. This prob-
ability can be written down almost dy inspection when 0 C T or when
ONT=¢. A recursion formula is now developed to handle the case
when |0 Nt > 0.

All events are subsets of the simplex {(xl.xz,...,xn): ijj -1

and x, > 0 for all j}. Let T: R® + BR® be a bijection and denote

J
‘r(xl,xz,...,xn) - (xi,x.",,...,x"‘). Assume that T has Jacobian equal

to 1 and satisfies X) beeebx = xi +oee 4 xt" for all points gen".
Assume also that A and B = T(A) are both subsets of the simplex.

The spacings (sl.sz,...,sn) are uniformly distributed on the simplex.
Therefore P(A) = P(B). This simple fact is the basis of the following

argument.
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Choose 0 and T such that (o Ut) N {1,2,3} = ¢. p will
serve to denote a fixed collection of inequalities of the form S(m) > ¢
with 7 satisfying either 7 N {1,2,3} = ¢ or 7 2{1,2,3}. Thus
{al}= 151 {S('lri) > ci} for some t and 7,,...,m  satisfying the

stated condition. Clearly

(») P{s1+sz+s(o) > a, S;#5545(1) > b, 0}

- P{Sl+s(0) > a, S;+5445(1) > b, 0}l

+ P{5,45(0) < a < §,45,45(0), S;+5,+5(°) > b, [} .

The transformation

'- - -
sl a Sl s(0) ,

S! = §.4+5,45(0)-a ,

2 172
S:; = §,+8; , and

'= >
Si Si for £ > 3

satisfies S, +..0 + Sn - §!

1 1
inequalities in ] are unchanged by the transformation. The simplex

+eeed s; and has Jacobian = 1, The

conditions {stj =1, §; > 0,...,8n > 0} are always implied when
writing an event. With this in mind it is easily shown that the event
{s1+s(o) < @ < S,48,4(0), S, +5,45(1) > b, G} transforms to (after

deleting the superscript primes) the event

{sl+s(o) < 8 < 5,45,45(0),8445(1) > b, =}

- {sl+s3+s(a) > a, §;+8(1) > b, gl - {sl+s(a) > a,8,+8(7) > b, al.




w
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Substituting this in (a) yields

(6.1) P{81+82+s(0) >a, §,#5545(1) > b, 0}
- p{sl+s(o) >a, Sl+83+s('r)>b, (@),
+ P{SI+S3+S(0) >a, Sy#5(1) > b, O}

- P{s1+s(o)>a, §445(T) > b, 0}

with (0 UT) N {1,2,3} = ¢ and [ consisting of inequalities not
involving 81,82,83 except through the combination Sl+62+s3.
Choose £ and n such that || =1, |n-£| =3 and

€ An| = k. Now define

Q(1,3,k) = P{S(E) >a, S(n)>b} .
Simplify (6.1) by deleting [ to obtain the desired recursion
(6.2) Q(1,3,k) = Q(i-1,3,k) +Q(4,3-1,k) - Q(4,3,k-1) .

The boundary terms Q(0,j,k), Q(i,0,k) and Q(i,j,0) are easily
evaluated (see below). Thus (6.2) gives an efficient method for
tabulating Q(i,j,k). By varying a and b the joint c.d.f. of
S(£) and S(n) may be calculated.

Now the boundary terms are evaluated. Let Gy909s 2250y and
{1,2,...,m} be disjoint sets. Define k =|o,| for 1<i<m
and k = £1k1° It is reasonably intuitive (and fairly easy to prove)

that
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(6.3) P(igl {s(0)) < a <5480 DD
k
- ( YER S0 Ll SR
kl,...,k 1, j 3

1f 01 =soem am = ¢, (6.3) reduces to the fundamental lemma (1.1).
Let a = (al,...,am) and 5 = (kl’""km)' Define
k
It ajj
h |

R(a;k) = (kl,...,k )(1-L a )“‘1"‘

with k = I k . Every event {s(8) >b} can be expressed as a disjoint

union of events of the form {S(g) < b < S:L+s(°)}' For instance

{s. "'sz"'sa"’} - {s >b} U {s < b<s 4s, }uf{s 185 £ b<s +s2+s3} .

1

Using this type of expansion and (6.3) one obtains

(6.4) P(n{s(£)>a}) ] R(a3R)
, 1=l <k 7

vhere §,,...,E are nonempty and disjoint with lgil = l+k,  for

l1<i<m k= (kl,...,km), and £ < k 1iff 2,1_<_k1 for all 1.
This has the special case

p-1 q-1
Q(p,q,0) = ) Z R(a,b;1,3) .
i=0 j=0

1

| | = k+1 for 1<1<m. Let O=by<by <+ <b <1 and

" bi-bi-l for 1 <i<m. It is clear by inspection that

Let E,cE,c+rcf and 0<k <k, < ---<km<n-1 with

define a
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{sp>b.h = ] R(asp)

m
(6.5) (N
i=1 &eD -

with D = {(!.1,...,2,m): 121 f,j < kp for 1< p< m}l. To see this

most easily use exchangeability (1.2) and take Ei = {1,2,...,ki+1}
for all {1 without loss of generality. Generate (Sl,...,sn) as
the successive differences between the order statistics of n-~1
points chosen uniformly and independently on the interval [0,1]

(see the proof of (1.1)). Let L, be the number of points falling

1
m
= )
in (b, ,,b,]. Define L= (L,...,L). The event 191 {s€>>b,}

occurs iff LeD. (6.5) follows immediately upon using the multinomial
distrihition of L.

A special case of (6.5) is

q-1 ptq-1-1
Q(p,0,q) = ) Y R(b,a-b;1,3)
i=1 i=1

when b < a. The degenerate case b > a 1is easily handled. The
remaining type of boundary case is Q(O,p,q). This reduces to the

previous case since

Q(a,b;1,,k) = Q(b,a;j,1i,k) .

Here the dependence of Q on a and b has been made explicit in the

notation in the obvious way.
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7. Conditional Moments of V.

This section is devoted to developing expressions for some conditional
moments of the vacancy V. These expressions follow easily from the results
of section three.

First some notation will be introduced. This notation is a slight
modification of that in section three. Let I.‘l be the indicator of the

event that P is not covered. Remember that P is the counterclock-

h h|
wise endpoint of the jth arc. Then

n
G = I, .
=1
Let oc {1,2,...,n}. Then
G
(7.1) ()= n 1
1 IG%-q jeo 3

where the sum is over all subsets containing q elements.

Using this formula gives

PG P n P

EV () = J P o1, = (D 1.1 .

1 |o]=q jeo 39 172 q

Therefore

> VP ()
(7.2) E(V IP +Pnrsee.,P_ are uncovered) = N

1727 e ()

q

The numerator and denominator are given by formulas (3.3) and (3.1)

respectively. Remember that the P1 are the unordered endpoints.
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An expression for E(Vplc-k) will now be derived. The argument

uses the following combinatorial identity:

i-k, i, ,C
(7.3) 1 = -1 TG .
{c=k} jgk k' ‘5

This identity will be verified by manipulating the indicator functions Ij

defined previously. Elementary inclusion-exclusion arguments may also be

given.

I = (nm I)H)Cn (1-1))) .
{6=k} ]olzk 10 1 ido t

Expanding the product I (l-Ii) yields
ido

- 1 ] lmlno

loj=k w30 ter 1

Now group terms to get

= % (_1)|“|’k(|zl) it Ii
[r]>k iem

i-k3 :
- 1" Q) I I .
j;k K Tr{'-j ter 1

Now using (7.1) completes the derivation of (7.3).

Taking expectations on both sides of (7.3) yields

(7.4) plo=i} = ] DIFDE
12k
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The distribution of G was first obtained by Holst and Siegel. The
desired conditional moments are now easily obtained.

EVP I
(7.5 Bl = et = oy 1 DIFDEw &

2k

upon using (7.3). Summing over k 1in (7.3) and using an elementary
property of binomial coefficients one obtains the related identity
-k, j-1, ,G
Ley = 1 DI*ATHE .
{c>k} 15k k-1"%4
This can be used to obtain expressions for B(VP|G3 k) .
Formula (7.5) is a summation of terms involving zv’(g) vhere ¢

varies. To avoid possible misinterpretation of the spacings S, formula

b
(3.3) will be restated with the dependence on p and q made more explicit
in the notation.

PGy o (Mg o n-q
EV(q) (q)z n r(sh){f g(s, )}

k=1 =1 I

where r = p+q and sk,sh,...,s" are the ordered spacings between

r points chosen uniformly at random on the circumference. g(s) = f; F(x)dx.
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8. An Upper Bound for the Vacancy.

As in section (0) let Pl’PZ""’Pn be the unordered endpoints of
arcs of length Ll’LZ"“’Ln which are 1.i.d. from F. Let Si be the
distance from Pi to the nearest point Pj in the clockwise direction.
This is a convenient modification of the notation in section (0). Due
to the exchangeability of the spacings the joint distribution of sl,sz,...,sn
still satisfies the fundamental lemma (1.1).

Define the random variable V‘Ir as
(8.1) vt - rzl (L), -

i=1

Comparing this with (2.4) shows that V = Vv* when the arcs are of fixed
length a (F(x) = I{x>a})' In general V < V*. This is easily seen as
follows. Let x be a—point on the circimference. Let Pj be the first
endpoint which is reached upon starting from x and moving counterclock-
wise. The jﬂl arc will be said to be the arc immediately preceding x.
V* can now be described as the measure of the set of points which are
not covered by the arc immediately preceding them, If a point x 1is not
covered by any of the arcs then in particular x is not covered by the
immediately preceding arc. Therefore V < vt as desired.

Expressions for the distribution and moments of v* are readily
obtained. The argument of Holst will be used to find the distribution
of V* (see the second derivation of the moments of V in section two).
Let H be an arbitrary function. Define I‘1 - I{s >L.}) for 1 <j<n.

b I |
Using exchangeability it follows that
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2 Yo} ook k m
EH(V") = ()EH( ) (S,-L,)) TNI'1 n (1-1,)
t wo ¥ el T g lgan f
& n n-k k k+j
- - T MO mYs,Lp) 1o, .
= kzo jm0 ¥ 1 121 17 e
‘! k ket
j To evaluate En(izl(si-Li)) 11-11 Ii condition on the values of I..]_,Lz,...,Ln
. and use (1.1) and (1.4). This yields
ko K+ k
= E(1 - 121 L)y E{H((l-izl Li)(zzlsz))[Ll,...,Ln}
1 1
- _oy0-1, (k+))* I'(n k-1 n-k-1
() fo (1-y) " “dF (y) Wf)_IS‘Th)_ [0 H((1l-y)s)s ~(l-s8) ds
3 () *
since z sz A Beta(k,n-k). F is defined to be the k-fold convolution:
=]

k
*
F(0 (x) = p{ ) L, < x}. Making the transformation u = (l-y)s and inter-
i=1

changing the order of integration this becomes

1 l-u
() __ k-1 n-k-1, (k+j)*
I'(k)T(n-k) Io H(wu™ "du Io (1-u-y) dF o .

Note that when k=0 or k = n the Beta distribution is degenerate.

After separating out these special cases the final result becomes

: 1
& (8.2)  EH(VY -f H(1-y) (1-y)® " Lar(® *(y)

0

n 1
+ 80 ] r-n? J (1-)*"Lar *(y)
=0 0

n-1l n-k 1 ) Y
+ ] 1 (:)2 k(n-k) (“‘k)(—l)j[ H(u)u lau I (l-u-y)n-k.ldF(Hj)*(Y) .
kel §=0 n ] 0 0
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(n)*

If F is absolutely continuous with density fn’ then (apart

from an atom at zero) the distribution of V¥ is absolutely continuous

with density q(u) given by

(8.3) qu) = wﬁo + un-lfn(l—u)

n-1 n-k l-u
+ 751G ) ko=l @ k)( -l 1 J (1-u-y)® K Lap () *(
kel §=0 0

w 1is the mass of the atom at zero,

n 1
) <§‘>(-1)j f -9 LarD*y) .
j=0 0

(8.3) 1is obtained by inspection from (8.2).

*
To obtain the cumulative distribution of V set H(u) = I{u<<x} in

(8.2). Using the fact that

k n-1
P{]s <x}= ] (n'l)xj(l -x)" 13
fm] j=k
for 0 < x <1 and the earlier expression (1) the following result may

be derived:

n 1-1 l-x
8.4) PV*<x}=1+73 T ( )(“;1)(1;1)( -1 itk k[ (1=x-y)* kL
1=1 k=0 0
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The moments of V* may be found by taking H(x) = xP 1n (8.2)
or by duplicating the first or third derivation in section two and

conditioning on L Ln at the appropriate step. This leads

1"!‘2, LIRS
to

*
8.5  EWHP - @Y f GED J a-n™? a7y |

Observe that (8.4) and (8.5) reduce immediately to the results of Siegel
upon substituting F(x) = I{x>a}‘

V< v' so that B{V < x}_z p{v" < x}. Some idea of the error in
approximating P{V < x} by piv" < x} may be gained by the comparison
of EV and E(V®? which are known quantities, The approximation will
not be good unless F is tightly concentrated about its mean. For example
let F be the uniform distribution on the interval [a-8,B+a] with

0<B<ac<l-B. Using (3.2) and (8.5) gives

EV = (1-EL)® = (1-a)" and

n+l n+l

* e pl-p)® - (o) -(-0f)
EV" = E(1-L) TICT) .

Since V < v* it 1s reasonable to use

L-g-
lB(n+1) (L)

a8 a measure of the similarity of the distributions of V and V™,




This quantity is large when B is large. (EV*-EV)/EV = 7.3_—1 -1 when

a=8 --;* . However _E_V;;_Evmg_gz_-dl(_]%)z as B + 0. Thus the
approximation is quite good for small B.

The argument leading to (8.2) does not use the fact that LysLyseeesly
are i.i.d. but only that they are exchangeable. Thus (8.2) through (8.5)
remain true under this weaker hypothesis. It is necessary only to assume

that 1.1,!. ,...,Ln are exchangeable and independent of sl'sz“”’sn'

< x} can no longer be interpreted as

(k)* . - k
Note that F  (x; = P{I_, L,

a convolution.

g
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9. The Largest Gap.
The vacancy consists of G disjoint gaps. Let H denote the length

of the largest of these gaps. This section will be concerned primarily

with the distribution of H.

.1v74 o

Increase the length of each arc by t while keeping the counter-
clockwise endpoint fixed. The j-th arc now has length L.‘I +t. Let
G(t) and H(t) be respectively the number of uncovered gaps and the
length of the largest gap in this new configuration. By definition

G(0) = G and H(0) = H.

PRGNS (( i

Clearly H(t) = (H—t)+. Thus H< t if and only if H(t) = 0 or

equivalently G(t) = 0. This yields

nain Ao o and SEEN smias o S S0 Saun 4

.
) (9.1) P{H < t} = P{G(t) = O} .
E. The probability of complete coverage is given by (7.4) as
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n
(9.2) P(G(t)=0} = 1 + ) (-1)33(‘“;)) .
i=1

Define Ft to be the cumulative distribution function of Lii-t

so that Ft(x) = F(x-t). Correspondingly define

8-t
Ft(x)dx - I F(x)dx = g(s-t) .
0

g.(8) = Io

Note that if s < t then 8t(3) = g(s-t) = 0. Now replace F and g
in (3.1) by F, and g  to obtain
G(t)y o (Myp 1
(9.3) E( )= ()E(H
q .

FS,-tN{ ) g(s -t)}"™9
i 12 k

1l 1

with all terms defined as in (3.1). The distribution Ft may have

Ft(l) < 1 but this does not affect the validity of (9.3) because the

P 'vv'fl—v PP J‘"' —
. . . . S 2
P PR AN . o

- e . P . Lo

general results (3.1), (3.2) and (3.3) continue to hold when F(1) < 1.

Combining (9.1), (9.2) and (9.3) immediately gives an expression for
the distribution of H.

Define nk to be the length of the k-th largest uncovered gap so

that H = H 2Hy >+ 2 H, and 8:’1 H, = V. For convenience set
[ Hk = 0 for k > G. The distribution of Hk is found in the same way
[ ' as that of H,. For t >0,

' . . 133k 3-1, . G(t)
: P{R,_ > t} = P{G(t) > k} , Z . (-1 "G _1IEC j )

by the formula following (7.5). An application of (9.3) completes the result.
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In the remainder of this section a simple upper bound for the moments

of H will be developed. This will yield an upper bound for P{H > t}.
Choose points Ql’QZ""’Qp distributed uniformly and independently
on the circumference and independent of the n random arcs. Let B be
the event that all the points Q1 lie in the same gap. One way to
calculate P(B) 1is to condition on Pl,Pz,...,Pn and Ll’Lz""’Ln 80
that the arcs may be regarded as fixed. The conditional probability that
all p of the points Qi land in the j-th largest gap is Hg. Therefore

- 5 uP
anlpl""’Pn'Ll"“’Ln) § nj .

Taking expectations yields

P(B) = E ] HP .
] b
Another way to calculate P(B) 1is to condition on the location of
the points Ql""’Qp‘ Let slp’SZp""’spp be the spacings between the
points Ql""’Qp' The event B occurs if and only if all n arcs lie
entirely between the same two adjacent points in {Qili . The probability
that all n arcs lie entirely in an interval of length s 1is g(s)n by
the arguments in section three. Therefore P(BIQI""’Qp) = 33-1 g(Sip)n.
Taking expectations and using the exchangeability of slp’SZp""'spp
gives P(B) = pE g(slp)n.

Equating the expressions for P(B) leads to

P n
(9.4) E(§ H) = pE g(5, )" .
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t If the length of each arc is increased by t while keeping the counter-
clockwise endpoint fixed, the length of the j-th largest gap becomes
(Hj-t)+. The distribution of arc lengths ig now Ft and g 1is replaced
by 8+ Thus (9.4) is transformed into

(9.5) E } (uj-c)z = pE g(s1p~c)“ .

An upper bound for the moments of H = H, follows immediately:

1

(9.6) E(8-t)? < pE g(Slp-t)n

where

g(l-t)n forp=1,

(9.7) E g(Slp-t)n -
(p-1) fi g(u-t)“(l-\.:)p-2 du forp>2

since S, " Beta(l,p-l).

1p

If p is sufficiently large the summation I (H -t)i will tend to

b I |
be dominated by its largest term (Hl-t)i. If t 18 sufficiently large
most of the terms in tj (Hj-t)_l:_ will be zero and the term (Bl-t)g_ will

sgain be dominant. Thus when p or t {is sufficiently large E(H-t)z%

E xj(nj-:)g and the inequality (9.6) will be fairly tight.
- An upper bound for P{H > x} 1is obtained by Chebyshev's inequality:
-
[ E(B-t)P
[ P{H > x} = P{H-t > x-t} < —
‘ (x_t)P
-
= for 0 <t < x. Now using (9.6) gives
3
E
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PE g(s; -t)"
(9.8) P{H > x} < inf —B—
Pt (x't)p
vhere the infimum is over all integers p >1 and all t in [0,x).
This upper bound may be spproximated numerically using (9.7).

Equation (9.5) mav be given another interpretation. Let 2Z, be

i
the length of the uncovered gap having Pi as an endpoint. If Pi is
covered by some arc set zi = 0. Clearly zl,zz,...,zn are exchangeable

n

with el Zi = V., zl,...,zn is just a reordering of the numbers

Hl""'Hn so that ZJ (Zj-t)z - Zj(uj°t)£‘ From (9.5) and exchangeability
it follows that

t)P =R -t)?
Q) B(z)-0) = B E g5 -0)" .

This result may be obtained directly from the distribution of Zl.
Let C = {Ll <1} and D be the event that none of the n-l1 arcs
labelled 2,3,...,n cover the point P, . P{71>0} - P{Pl is uncovered} =
P(C N D) = P(C)P(D) = F(l)g(l)n'l. Lengthening the arcs by t leads to

the similar result
(9.9) P(z, > t} = F (g, (D" = F(1-)g(1-0)""" .

For t = 0 (*) 1is obtained as follows.

p 1 p 1
EZ; -I u P{zledu} - p[

wP1p{ z, > uldu
0 0
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- p [ up-lF(l—u)g(l-du)n-ldu

\¢ 0
n
L‘%‘)— for p=1,
H p(p-1) 1 p-2 n
‘ o f u’ g(l-u) du for p > 2
' 0
E since g'(x) = F(x). Comparing this with (9.7) completes the result. (*)
{ for t > 0 may be verified in the game way.
]
a4
r,
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10. The Distribution of V.

In this section a procedure for calculating the distribution of V
is outlined. For the distributions F(x) « (x-u)i considered in section
3 the distribution of V will be found explicitly.

As in section 9 define Z, to be the length of the uncovered gap

i
having Pi as its clockwise endpoint. If Pi is8 covered by some arc
set Z, = 0. Then Zl,Zz,...,Zn are exchangeable and Zizi = V. The

joint distribution of Zl’ZZ""’zn will now be obtained. In particular

it will be shown that

(10.1) P{Zl>t1,zz>t2,...,zk>tk}

k
>Y t,, 2,>50,...,2
o 1772

= p{Z > 0}

1 k

= (1-0)% g ; F((1-%)S, ) { lfg(u-:ns ¥
=1 ik §=1 ik

k
=1 b4

between k independent points uniformly distributed on the circumference

where x = and as usual slk’SZk""’Skk are the spacings
and g(s) = fg F(x)dx. Equation (10.1) is a generalization of the funda-
mental lemma (1.1). Equation (10.1) reduces to (1l.1) upon taking F(x)=1
and g(x) = x. This means the arcs have been shrunk down to points.

The proof of (10.1) is very similar to that of (3.1). First some
notation must be developed. For 1l < i < k let Qi be the point obtained
by starting from ' and moving a distance ty in the counterclockwise

direction. Then in the notation of section 4 [Qi’Pil is a segment of

the circumference with counterclockwise endpoint Q,, clockwise endpoint




Pi and length ti' Let slk’SZk""’skk be the spacings between the

points Ql’QZ”"’Qk' More precisely, for 1 < i < k define § to

ik
be the distance from Qi to the nearest point Qj in the clockwise

direction. Ql’QZ””’Qk are independent and uniformly distributed so

that S have the usual joint distribution for the spacings.

16521+ Sk
Define B = {zl>t1,zz>t2,...,zk>tk}. Let Ai denote the arc with

counterclockwise endpoint P, and length L The event B occurs if

i i°
and only if Al,...,An do not intersect thﬁ segments [EI,PI],...,[Qk,Pk].
More precisely, B occurs if and only if 131 Ai and iyl[Qi,Pi] are

k k
disjoint. Let C be the event that U Ai and iul[Qi’Pi] are dis-

{==
n k
joint and D be the event that U A, and U [Q,,P,] are disjoint.
f=ltl * 1= 11
Then B = C N D.
Now condition on the points Pl,Pz,...,Pk s0 that [Ql,PI],...,[Qk,Pk]

can be regarded as fixed in the argument which follows. P(B|x) = P(C|*)P(D|*)
where * denotes conditioning on Pl’PZ""’Pk' This follows from the

mutual independence of Ll""’Ln’ Pl,...,Pn. C occurs if and only if

Ly 2857t for 1 <1 < k. Thus

k
P(C|*) = NI F(S
i=1

1k-ti)

Since the arcs A ,;,...,A are conditionally independent P(D|"¢)--P(E|1")n-k

k
where E 1is the event that A, and 1U1[Q1,P1] are disjoint. Following

the arguments of section 3 will lead to

k
P(E|*) = | g(s,.-t,) .
= ik i
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ET-‘ Putting this all together gives

-

E . l k 3 E n~k

3 P(B|*) = 1 F(s,,-t ){ ] g(s )

- P 1Kty

H Taking expectations yields

b

‘ P{z1>t1,...,zk> t:k}

. k E n-k

=E I F(S, -t ){}) g(s )R
f=1 1kt =1 jk j

- k k

v n-k

! = P(W)E( n F(s ){ g(S t)} W

!

9 k

[ where W = r_\l' 'S, >ty}. Applying (1.1) and (1.4) to this expression
‘- completes the proof.

» When F(x) = x so that g(x) = 3+1 equation (10.1) becomes

b .

!
g (10.2) P{Z)>t,,2,>t,,...,2, >t} = £ (B)(L - 2 t )“(‘3"'1)'1 1
i =1 1 :

where
-
’ k k s‘T3+1 Rk
Ek(B) = E(illl Sik { Z Bl } = P{Zl>0,zz>0,...,zk> 0} .

-

S The quantities gk(B) were evaluated by Holst and Siegel (1982) and can
i

- also be obtained as a special case of (3.4).

.
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An expression for the distribution of V may be found by the argu-

ment of Holst (1980) used in sections two and eight.

k
define Yk zk_lzi, Ik-I{Zk>0} and Bk

Y = V. Then by exchangeability of Zl,zz,...,Zn:

For 1 <k<n

k
n {zi>0}. Note that
i=]

n
{v>x} rf " 1 T
P{V>x} = (,)EL I 1 n (1i-1,)
j_lj {Yj>x} 4=l ii-j+1 i
n n k-j ,n-j k
=7 M T A II
P kﬁj LIRS R
so that
(10.3) P{V>x} = E ®) E -1 I yety, >x[B, 1p(B,)
LI M k-37° "5 kK Pk
From (10.1)
k k
n-k n,~1__ G
P(By) = E(ian(sik)){ I 8501 = () TEQY
= j-l
using (3.1). Let F (t;,t,,...,t )dt,dt .. dt, = P{xledtl,...,zkedtklnk}
so that fk is the joint density of Z]_,Zz,...,zk given Bk. fk may

by calculated from (10.1) by partial differentiation.

P{Yj>x[Bk} for 3 < k by integrating f,(t;,...,t.)

One could obtain

over the set

where t,+t +---+t:l >%x. Thus in principle (10.1) and (10.3) together

1 "2
determine the distribution of V.

The distribution of V may be given explicitly when F(x) = x .

In this case (10.2) yields

P{z.>t ,...,2
17" i " =1
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k
n(f+1)-1
>tk[8k} -(1- ] t),




and thus

n(f+1) -k-1

k
£ttt = (1 - ) t),

i=1

which is the density of a Dirichlet distribution. This implies
£(Yj|Bk) = Beta(j,n(B+l)-j) for J < k.
Note the curious fact that .s:(Y:l lBk) does not depend on k so long as

J < k. Define Hj(x) = P{Yj>xIBk} when j < k. P(B)) = &, (B). Ths

(10.3) becomes

4 { } ° n, v k-j .n-j
(10.4) P{V>x)} = jzl Hj(x) G 1gj(-l) (k_j)Ek(B)
n
D) Hj(x)P{G-j}
i=1
by using (7.4). This may be restated as
(10.5) £(V|G=k) = Beta(k,n{B+1)-k)

when F(x) = xB.

The distribution of V can also be obtained when F(x) = )\(x-a)g
where A 1is such that F(1) < 1. Only a sketch will be given. It is
necessary to evaluate the terms P(B,) and p{Y 3 >x|Bk} found in

(10.3).
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It is easy to show that
(#) P, (8 = \"p;(B) and P (Y, >x([B,} = P (¥, >x[p,]

vhere the subscript denotes the value of A. Therefore it suffices to
consider only A = 1 in the following.

As usual let Zl,Zz,..-.,zn be the gap lengths generated by n

random arcs with lengths i.i.d. from the distribution F(x) = (x-a)i.
* %
1°2

lengths 1.1i.d. from the distribution F*(x) = xB. The argument in

*
Let 2 ,...,zn be the gap lengths generated by n random arcs with

section 9 which involves increasing the length of the arcs shows that
Q) (,,2 ) y , (z'-a) )

£ 21’ 2,...,Zn s((21-8)+,(zz-a)+,..-, Zn-a)+ .
From (10.2) one obtains the following analogue of (1.4) for 1 < k < n:

* * * *
(@) x(zl-tl,ooo,zk-tklzl> tl,o'o'zk> tk)

k & * * %*
= g((1 - ithi)(zl,...,zk)lzl>0,...,zk> 0) .

Using (1) gives

n(B+1) -1

k k
P,(B) = P(n {z, >0 =P(nN {Z:>a}) = £, (B)(1-ka)

i=1 i=1

- 7d P B
by (10.2). Define YJ 21_1 Z, and Yj zi_lz . Then for j < k

equation (1) yields
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P {Y, >x|B } P{Y. > |z) > > a)
1Yy ka = 3 x+ja Z‘.l a,...,zk>a .

Upon applying (@) this becomes

* %*
= p{y, > f‘i;lzfov-'»z:’(’} .

J
*
The result preceding (10.4) gives the conditional distribution Yj as
Beta(j,n(B+1)-j) and thus the above expression equals Hj(I§E;) where

H(*) 1is the same as the function in (10.4):

1
_ _ T(n(B+1)) 3=1,. . n(B+1)-j-1
Hi ) = T (a(B+D-D) f u? "1~ du .

Applying (#) to the previous results produces

(10.6) P(B) = A", (8) (1-ka) 2BV an

x
P{Yj>xlBk} = Hj(m) .

Plugging these into (10.3) yields the distribution of V when

F(x) = A(x—a)E.
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