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... . .ZMI~t

This paper is written Is the spirit of obtaiLing a concrete

-haacterizatioa of a system about which a fair bit in general, but not much

in particular is known. The last decade has witnessed a growing propensity

moss systems theorists for the lisaguage ad technaiqus of differential

geometry, partieularly applied to problems imvolviag the structure of

Iolisear coatrol systems. litially. this research adosed itself to the

task of classificatioza ad produeed a literature concerned with c uh

properties as miziIality ad realisability. Is contrast, it Is fair to say

that very little work concer iag the qualitative behavior of these systems had

bees attempted until reestly. Iace some early papers is the sixties

E17, 201, it is only in the last few years that concepts like costrollability

12. 6, 10, 12, 14, 131 or stabilizability [7, 11, 19, 211 have begus to

receive attention is the literature.

Beyond a certaia level of abstraction it Is probably Impossible to

proceed In the isvestigatioa of noalinear systems without adoptiag the

perspective of differential geometry as is sow customary. But sah work must

rely upoa isights developed is very concrete settLings to be of real use.

lere, we report an am investigatioa at that opposite pole of abstraction.

Specifically we coasider the secoad order hIogeneous bilisear system

" Az + uDx & hlzu) 1)

Wht vbere A and 3 *R sad u is a piecewise continuous funtion taking

values is A. The priscipal contribution is a statement of aecessary sad

sufficient coaditions for complete costrollability of this system, gives by

Theorem 1 in section 3.

As well as holding significasce for the more geSeral nonlinear setting,

i'

g................



-2-

equations of this kind have a well reported range of applications in their own

right [5, 181. The authors' interest in such systems was sparked when earlier

work on the the stability of second order quadratic differential equations

[161 necessitated a consideration of bilinear-type structure quite

independently. That result afforded a complete characterization of conditions

for the stabilizability of planar bilinear systems under constant linear state

feedback [151.

mmh-,,p-rmay be seen as a part of oLE continuing effort to

address some typical problems of nonlinear control, initially in settings

simple enough to permit complete solutions 4 amd upon algebraic statements

involving system parmeters. It Is a.-- sut" -fe-4that much more effort

of this nature will be required before the fruit of theoretical work in

nonlinear control theory becomes useful or even accessible for application In

practical situations.

This report is organized as follows. A preliminary discussion of

techniques and terminology is given in section 2. The question of complete

controllability is resolved in section 3. In section 4 we consider a variety

of related controllability concepts. Future reports will concern the nature

of reachable sets when controllability fails, as well as similar results for

general bilinear systems on the plane.

2. Definitions and Preliminary Discussion.

All of the results to follow could be cast in a more abstract form by an

appeal to the theory of vector fields on manifolds. However, the chief

contribution of this paper, as described in the introduction, consists in the

classification of planar bilinear systems according to concrete algebraic

cnconditions derived from the simplest notions of linear algebra ad matrix

a!
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theory. We will indicate the relation of these conditions to the more

abstract literature where appropriate. But, to our knowledge, the concepts

central (although almost certainly not peculiar) to the controllability of

system (1) as developed in the sequel have not yet boon explored in the

differential goometric control literature.

Bien in our simple setting, discussion is greatly facilitated by a number

of terminological conventions, which it is hoped will not distract the

reador's attention from the uderlying olementary geometric motivation. In

this section we will introduce that terminology and establish some useful

basic properties encouraged by the definitions. Thses concepts ver developed

in the course of the analysis of quadratic differential equations mentioned

earlier [16] to which the reader is referred for a lengthier discussion as

well as some of the more technical proofs.

2 2X 2A Mjia anda "IS"wil refe to elements ofit. andf

respectively, both considered as vector spaces over I. If a and b are

points, than [a b] will denote the matrix whose first and second columns are

given by the coordinates of a and b, respectively.1  if (v,...,vn) c V are

elmonts of a vector space, then let <v1 ... vn> denote their linear span. A

•lia is the span of a single element, <v1 ), and a In. <v1 >+ , denotes the

1'  set avlust N). If (A1 ,...,Aa) is a collection of matrices, then (A,..., u

denotes the sot of points whose ith element is Aix.

Defining the skew symtric matrix,

* j [' [

1We will generally denote scalars by lower case grook letters, points by

lower case roman letters, and matrices by upper case roman letters.

w'
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we have . 3:, the orthogonal complemeat of X. and T T 3:T - I.,yI.

where the last symbol denotes the determinat of the matrix Ex y]. Lot As

T
- denote the symnetric part of the matrix A. If A is siaular then A - ab for

some a, b s 32, sad if As M P. then zTPZ - 0 if sad only if X Is orthogonal

to either a or b - i.e. hs(&A> U (b.). Givem a matrix A, the com maaatad

kL A, is the set (£Mt3 Am )> 0) sad is denoted Co(A). The come of an

.- indefinite symetric matrix evidently coasists of the set of lines lying in

betweeca its two zero 1jaM which are defined to be the limes whose points

satisfy the equality Tmx - 0.

For ease of discussion we divide It into three classes based upon

spectral Properties as follows: a matrix is said to be MAMl if it has at

least two distinct real eigeavectors ALiIuaZ if it has an eisenvector of

multiplicity two, and a unique eisgespces or toALL if It has o real

eisenvectors. Since 1Az,x - 0 if sad only if x is an eigenavctcr of A, that

matrix Is focal, critical, or nodal if sad only if IAxxZ is siSn definite,

2 Tsemi-defisite, or indefiaite, respectively. Sines IAzxi - z JAx, the

identical sip conditions on [JAJS specify whether A is focal, nodal, or

critical as well. Notice that e Is an eigeavector of A if sad only if [ZA1s -

LsST]S for some a M32. Some further properties of matrices are preseted In

the Appendix , sad referred to as "facts" throughout the paper. he trace of

a matrix A will be denoted tr(A). The transposed cof actor matrix defined by A

will be demoted A# 16 TATY.

Given the matrix pair, (A,D), its *nail is the affine Im I i3 X 2

given as A+pD where psl. Lot If, 1c, In denote the subsets of I on which a

Of course this determinast vanishes everywhere for the identity matrix.

• .o. -*.°.
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peneil takes focal, critical, or modal values, respectively. To have Ue

following characterization of a pencil On In and Is*

.. , _ld=._2.L. Def ns (Z) A U"- x and ).(z) - j . ohen

for all points in R , z is an sigenvector of AeF(z)D with eigenvalue

given by )b(z) [116.

I keeping with outr intent to relate these results to the ezisting

nonlinear controllablity literature, we mention that the Al-sakrs

generated by the matrices AD, denoted tA,D)LA (in the notation of [4]) Is

the smallest linear subspace in i c2 containing A, D, and closed under the

lieJ z dk [1], a matrix product defined by [1,7] A XI-TX . Recent work

[10, 121 indicates that an abstract test for the controllability of certain

nonlinear systems may be effected using the Lie Algebra generated by their

definng vector fields. These conditions are designed to check when the

"drift term" ( analogous to the vector field Az in equation (1)) allows the

field to be pointed into either of two half spaces defined by a bypersurfas

in a containing the reduced degrees of freedom available to direct control.

In out problem, this hypersurfse Is simply the phase curve of the LTU system

defined by the matrix D. hese a similar test sean be effected with no appeal

to Lie Algebras. 3

Instead, we resort to standard notions from the theory of differential

equations. Defining the differential equation

(2)
£ - f(z,-) z8l

SNote the distinction between our problem ani that posed in [12]: we
consider all homogessous bilinear systems in 2 -(0) while the latter
considers nonsingular analytic vector fields on a simply connected domain of

iq



let f be analytic, and denote the integral curve through a point z0 at the

times I c 3 as If[IZz O . We will say that a subset, S c I is called a

positiva invariaxt set of system (2) if for Say xeS, the future trajectory,

If (+)z is contained in S. Clearly, a bilinoar system possessed of a set

which remains positive invariant for any choice of u is not controllable. To

test for positive invariance, it suffices to investigate the effect of the

field vector at the boundary of a set. In order to talk about boundary curves

and interiors algebraically we will find the following concepts helpful.

Lot C be a mooth connected curve in 2, with forward direction
4

specified by tangent vector t(z), such that I t(x) U n 1 at every zaC. Then

the A2MaL of C at x is denoted n(z) - + 3t(z) and F(z) _ [t(s) n(z)] is

called the frame of C at a. Specifying the sign of n(m), fixed for all zeC,

determines an ozlj n. When the need to distinguish the tangents,

normals, and frames of distinct curves arises, we will write t'C(Z), and so on

for n and F. If S is an open, proper, simply connected subset of N 2 with

Smooth boundary,DS, then the externally oriented frme of S is the fre (or

set of frames if DS is not connected), F, with orientation(s) chosen such that

for all zs8S, z +Gn(x) d S whon 6 > 0 is arbitrarily mall. Given a curve, C.

With frVme, F. and a vector field, f, we will say that, f has a Lw

T
Qrientation with ressect to C if the inner product f(z) T(z) is sign definite

or semi-definite for all x a C. The following simple results are stated

without proof. Although merely a consequence of the foregoing definitions,

they are of central importance in the sequel.

Plxnaa.t.Lsa2,L: If the vector field in (2) has a fixed

w

4Formally, C is the image of some real interval, I, under the mooth mapping

":1 -4C, and the forward direction in C is specified by the ordering of 1.

w
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orientation with respect to a smooth curve C q 2, then there is no

zsC and v > 0 such that cfo(- ,,)x ontains points on either side of

C.

Coolla y 2.2.1: Lot S be an open, proper, simply connected,
smoothly bounded subset of R 2 ,wth externally oriented franc.

F-[t a]. If f has fixed orientation with respect to a8 then either 9

or its complement is positive invariant under system (2)

S. Complete Controllability.

Call a system coisozl.o.ISMILMU if any point in the state space

may be steered to any other point in finite time by an appropriate control

action, u() s ince the state space of system (1) , K2-(0) is not simply

connected, it is clear that scmplete controllability mut entail as ability to

transfer any ray to any other ray of K2. If, in addition, radial oontrol

- the ability to move toward the origin or away from the origin on a given ray

- is available, then it is reasonable to expect that complete controllability

holds. This section is devoted to the formal verification of such intuitive

reasoning.

Two observations concerning LTI systems in R2 provide rucial insight

into this problem. First, a focal linear system has integral curves which

pass through every ray on the plane. Clealy, if the range of the pencil

includes a focal value at some poaR, then system (1) transfers any ray to say

other ray on the plane In finite time for a p 0 The importance of focal

pencil values will be demonstrated in Proposition 3.1, below. lowever, as

conjectured above, this is not snough: the following system has the

accessibility property and its pencil admits focal values, yet it is

uncontrollable.

. -- A



Example 1.

... - [lo~J + u~~x

Second, a nodal linear system has radially invariant integral curves (on

the sigenvector lines) rhose forward direction is specified by the sign of its

•igenvalues: these may be arbitrarily ohosen when the system is controllable.

In the present context, while an (AoD) pencil evidently laks the necessary

degrees of freedom to take arbitrary sigenvalues, the ability to assign

eilgenvalues vith both positive and negative real part over a particular

interval will be a crucial factor in the controllability behavior of system

(1). If I c R, we will say that a pencil, MupD, enjoys the stability

assiesment urmartv over I, or is assimnable Mvey I. if it has both stable and

unstable eigenvalues as I ranges over I.

With this motivation in mind, we may state sufficient conditions for

controllability.

ftonsJitinU3L _ If the pencil A+pD attains focal values and

has the stability assignment property over A then system (1) is

completely controllable.

Proof: Fix any zl,x2 a 12-(O). Lot the pencil be focal at p so

-that f or u(T) a FO the system reaches any ray in N in finite time

from any initial condition.

It a is the natural frequency of A~poD then let AI 2x, and

define the spiral curve Ci I (,t0 )tO.'V2 I or Jhtjo)tt. .Ol).

depending upon vhether zi is a source or destination point. Ct defines

a bounded region, ij E -r containing the origin and containing (or

exoludins) tke point a, for one (or the other) index assignment. Let

K... ':' us suppose that xlu12 , hene z2 d1. With no loss of generality, we
V's

"""K ? " I " :I "-'-" " -•I du i' : " r ,+- ' "/" , • -", , , , _. ..
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will consider only the case that A p0D is unstable, since the

alternative case has an identical proof. Under that assumption, and

since the pencil has the stability assignment property on N, it

either includes saddle values - i.e. with negative determinant - or

totally stable values.

In the former case, if IA+PlDI(O for some piasN, then

Ih(p,)R)xl runs through x2 and intersects the previously constructed

spiral C2 at two points, a and b, such that lh(p,)(N+)a, the forward

solution of system (1) for u E p1 starting at a, passes through z and

then b (see Figure l.a). Bvidently, choosing u to be one value of p

and then the other, for an appropriate length of time will transfer zi

to zi, or vice-versa.

In the latter case, ih(,1){ ]xj is a curve through xj connecting

the origin with the point at infinity, hence must intersect the spiral

Ci at a single point, a. To bring z2 to zl, travel on C2 to a, using

u~p. and then on lh(,L){NR+)a to z1 , sis A+PID is stable and '2

lies in between a and the origin on that curve. To bring x, to x2 ,

travel away from the origin on 'h(po) { )zl until leaving the compact

set R2 , which must occur at finite time since A poD is unstable.

Continue on this trajectory until the reaching a point

as Jh(Pl )(2) 2 - %. Then apply u-p 1 to travel from a to '2 on

Ih(,)(+)a (see Figure l.b).

In fact, as intuition would suggest, the conditions of Proposition 3.1

ire necessay for controllability, and we will devote the rest of this section

,o the demonstration of that result. To do so, we require a more algebraic

,heracterization of when those conditions fail. For both the assignability
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and focal properties, such a characterization leads almost Immediately to the
desired results.

Ldesi_3r2_ Ths pencil A + pD does not enjoy the stability

- assignment proprty over A iff and only if D has pure iaginary

.4 oigeSvalues and ED ZAs is sip definite or seal-def inte.

Proof: If D has *igenvalue with non-zero real part then either

tr(D)#O or IDI(O. In the former case tr(A+pD) evidently changes sip

for JaSR, While in the latter IA+pDI - 1AI + ptr(D'A) + #21DI (from

Pact I.1) evidently takes negative values for large enough IL. Both

situations imply assignability, hence that property fails only when D

has oigenvalues on the imaginary axis in the complez plans.

In that case, since the pencil Is not assignable on If U 1c, the

property holds on A if and only if it holds on 1n From L.im 2.1
this is equivalent to the condition that 1(z), Da. xnj change sip

on A . Thn Ift, zi is sip definite this, in turn is equivalent to

the condition that lAx.DuisA £TbTAx change sip on l2 - i.e. that

[DTYAJ Is indefinite. If D has pure imaginary sigenvalues. then

!2l Dz, zl is inded sip dfinite unlessor soe point d, D-I dT],

hence [DT;AJs - [ddTA s and Mx) - dTAx/d%. This functional changes

sip if and only if dTA J (dT> which is equivalent to the condition

[that DTIAIs be indefinite.

0

Given this understanding of stability assignment, its necessity for

complete controllability is quite easy to establish. The reader may note that

the following proof is equivalent to a stability argument using the Lyapuaov

function, V.

w . . un 
+

[ ," " "w -
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PNouosition 3.3: If A +pD does not have the stability

assignment property tha (1) is not completely controllable.

Proof: If the pencil is not assignable then according to Lema

T T3.2 D has put* imaginary eigenvalues, and [D T$] = D 3 ( from Fact
1.2) is sign definite (assme positive definite with no loss of

generality). Defining v(W) x TDThx yields a st S 4 v-1 [0,Y] (T is

any positive constant) whose external frome is given by F(x) - [Dx

I nJ/IDl, for all xs8S. Iena* n(z)Th(xu) -- (jDx)TIA + a(v)D/bzl

J --TT3AJ x1/Dx which must be definits or soni-definite, again

according to the lems above, and the field has a fixed orientation

V with respect to 8. Thus, by Corollary 2.2.1. 9 Is positive

invariant, and the system is not controllable.

0

Similarly, once we characterize the algebraic relations on the pair (AD)

which prevent its pencil from attaining focal values, the necessity of this

condition becomes apparent as wll. It is interesting to note that the ability

to attain focal values is intimately related to the conditions for

surJeotivity of a quadratic map from IR to itself. This say be seen as

follows. According to Lems 2.1 the image of the map p(z) - specifies

the subset of It on which an (A.D) pencil takes real elognvalues. Clearly, a

pencil has no focal values if and only if p - the ratio of two quadratic forms

- s urjective. This ratio maps lines in the plans into the real line, and

,-u the conditions under which it is surJeotive may be given as follows.

-quivaletly, v is a Lyapuaov function with definite or semi-definite

derivative a - n h
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IinAL. The ratio of two quadratic forms. p(z) zTz/zTGx

is surjeotive on A if and only if both 6 and R are indefinite and

• ither

(i) their distinct zero lines alternate around the plans: i.e. zTIz -

0 has a solution both in Co(G) and Co(-G). and vice

versa*

or

(ii) they share a zero line in oemon

hoof: p Is surJective if and only if the peneil (0,3) has no

sig defiaite values - i.e. if ad only if x [a + Rz - 0 has

non-trivial solution for every &s. Uis is equivalent to the

Scondition that 0 _ l4eEs - lel + 41111 + str( S) according to 1.1.

The latter mplies that 1e and Ii nuet be negative, and size eaeh

is simtric, this, in turn, implies that 6 and I are indefaite; that

all cones Co(±6) and Co(±1) are non-empty; and that there ezist four

Points. a1i.&2,4 d, whick define the two zero lines of 6 and R.

respectively (see section 2): - .&&T]s and 6h a.

Defining R ad 1 d 1 . we have IIl Iloe"1

T T

eondii)n T)T (d2T[ g]dl)2 thu it is sffiaent that
( .TO L)(d2TOd) 0 to insur e l .G9 j 0 or all a. It is also

u..ecessar, ""o. l6+GNl - (dlTedlI(d2T~d2) for a - (d2TGdlllld2TH )-

W2 , )/(d2Td)2. Since 41.and d2 are the , zer .lne of .the

.c ondition that (d 1TOdl)ld 2T~d2) < 0 imqplies (Asbovo, while



T T(d, %d)(dlTdi 0 implies (Hi).

The reader should note that ease (ii) occurs 0317 ia a degenerate

situation where both nmerator and denominator of p(i) share a comom linear

faster,~z DefiLag a quadratic map f rou 32 imto itself based upon the

functional P.

it is clear that is this degenerate case there is @me matrix, 3. such that

Q(x) O- BZ Suck a map Is sever surJeotive. using further issights from the

* previous lsma, we hae the followiag interesting result.

CaoGszLUmgz.4.1: Q is surjeotive emn if &ad only if the

quadratic forms sTZand ZTiZ havo e samon factors and P is

warJective ona .

TProof: The condition that a 1".)z 0 have a mo-trivial

solution f or all ac 4 is eluivaleat. to the condition that Q~x) 8 (Y)

for every point yh[] ad this is equivalent to the surjectivity of

p according to the previous lemos. Size* Q Is homogeneous, I.e.

Q(36).L Q~x) for any scaler 1%, the assumption Q(z)s(y ad z# 0

Implies (Y> is is the image of Q. sme It Suffices to finad the

conditions under which for every choice of y with Q(x) a (y>. there

exists another point in the pre- image. of (Y)' soa such that

Clearly if Q - cB.3 for some point ad matrix 3 then Q easmot

be surjoctive, hence it Is moeseary that 6 ad I have me ooamam

linear factors. Ia the proof of the previoew lum It Vas shoas that

under these hyptheses. 6 4.3 is similar to a indefinite symectris
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atrix whose diagonal terns have opposite sign under the change of

basis gives by the zero limes of R, R-[dj 2 1 (which is indeed a basis

sizse I 0), regardless of th. choice of a. It Is easily seen that

the two distinot zero limes of such a matrix, (x) and Cs). lie is

opposite quadrants, heooo the zero limes of 04.1 lie in opposite

1-comes - i.e. zsCoCI) implies asCo(-I) - sad the desired result

follows.

QrllM.34.-2: An (A.D) pencil has so focal valses on R if

sad only if the quadratic map Q )l z z l] is surJctiv or has the"IDz, zl ssuotioohsth

"degenerate structurew Q(z)'mcT zzx for sme point c and matuix S.

U
Proof: Defiing [AJs , sad I[aDis, 1 (X) may be written as

[ j. From Lemas 2.1 the pOscil has focal values if sad only if P is

not surjective, ad the result follows frm above.

The eemetrie Interpretatios of this result is that as (AD) peseil fails

to kave focal values only whem A and D share an lgeaveotor or their

eigemsvetore are 0istezvovos" on the plas. Is the former ease it is clear

that seh a lime is positive Invariant uader system (1) for sam choice of

u. We will show is Proposition 4.1 that this "degenerate" situation is exactly

the ecndition nder which the Lie Algebra generated by (A,D) does sot spas 30

at every point. Is the latter ease we fiad that ome of the aoses defised by

the eigenveotors of Do Co(D), is positive invariant. This may be shown as

follows.

_ Preowsitios S.5: It the pescil A+pbD has so fosal values, then
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system (1) is not completely controllable on 2-{0)

hoof: According to the 3.4and its corollazies, if the pencil is

nover focal then both A and D are nodal, and IAz.zI has opposite sign

(or is zero) oR the two distinct oigemvOOtors of D. d1 and d2 . The

matrix [3D] s [dldi2 T]s is indefiaito. hoseo Co(D) has an open

interior sad possesses a set of four externally oriented frames.

Sizes its boudary, KCo(3D) = (h1> U (d2 > - (0), is discomected,

these are Siva 

((+di) + ) E ,4 i (-1)iJ o i-l,2

Since

"-m ()idiT3TIA+uDIdi m - )IAdi p diI

eo Co(D) it follows that h has a negative definite or semi-defiaito

oriestation with respect to either Co(D) or Co(-rD). System (1) is

not costrollable.

Taken together, the three propositioas of this section provide a proof of

the central result.

V Theorem 1: System (1) is completely oontrollable om z-20) if

sad only if the peoil A+flD attains focal values ad has the stability

assigmuent property over I.

This result has a oomputationally more useful formulation as follows.

We assume, with so loss of generality that both oiogavotors have umit

0mo, snd that both have the sme orintation - i.e. ldldi ) 0.

"" .' -', - .- -? . ... -. -" - - - - -,- -. -- - - - -. . -
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C . 2L.Lau3.S.: System (1) is completely controllable if ad

only if both

(i) tr(D) 0 0 or IDI ( 0 or I[DTjsAJI ( 0

and

(ii) if AM ana d M3[1D3., than o 11 0 or ll 0 or I[ITO] I < 0

hold

Proof: The first condition follows from Loins 3.2 directly. The

second condition is a restatement of the necessity of the pencil

attaining focal values: A+PD is focal if and only if 16+pDI - 161 +

P2 II + Otr(FG) >0 for some P a 2. Lis is possible if ad only If

either 111 .o or 101 10 or tr( 9 -)2  41011 > owhere the last

-i. inoquality is equivalent to IHTI 1 ~I 0 according to Pact 1.3.

4. Related Naties of Costrollability

Tho omplezity of nonlinear systems necessitates as attempt to dfliao sad

study a variety of distinct control bekviors which, in the LTZ setting are

all subsumed within the question addressed in the foregoing seetica: the

ability to reach the entire state *pseo frm any point. In this section we

consider a amber of such related behaviors whose properties are easily

handled by techniques already developed above. we proceed from some weaker

notions - definitions of local controllability at a point whick may hold even

- whon complete controllability falls - to stronger notions of control ability.

The weakest of these is a property first itretdmeed within the older

realisabilty literature mentioned in the introdotion, and long known to be

necessary for complete controllability. A control system is said to have the

ip
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aseautbItX puoperxt (or. to be uaMUaJhlg ) if the set of reaohable

points has a non-empty interior in the state space E23]. It is veil known

;+- [221 that the accessibility property holds If sad only If the Lie Algebra

generated by the admissible vector fields (indezed by the range of u) of a

control system spans the tangent space at every point of the state space. In

our ease this is equivalent to the condition that ((A,DI)S> - N2 for all

points X. The set of hemogeneous bilinear systems In Which satisfy the

accessibility condition have been classified by Boothby [31 but we prefer to

state ad derive the same result for 2 using language appropriate to this

study.

1.u~eo tim 4.1: system (1) is accessible if and only if

matrioes A and D have no oigenvootors in common.

Proof: It suffices to show that ((A.D) e> - I? for all

points, z, LfAd(D> and A and D have no oigenvetor in comnon. The

. converse - i.e. if Az a W sad ft a Wz). at sme point z or if

AsCD>, then (Az, Dz)f does not span M2 - is trivially true.

Suppose, then, that Ao -,, Do -61g, ad R [ S1 has full

rank. Then

1 A [o 62

61 63  [
• l' - ,' ' " ' ' L" 261-626



sincec J ad £'j.we have [A.D~cs(S> if and only if

which we am assum. Note that ADD J Y- A + 2 if ad

0nly if T 72T/T1 - 43/63 which is equivalent to the condition that

ABED>. haoeo we further assume that [A.Dld(A,D>.
If four matrios s R2 X 2 , i.e. if <,BCD> - 2X 2 then

their values at any point, a, must span R2: (Az,Cx, Dx> - R2 .

Since din (,D,[A,D]) - 3, it now ufflces to show that the mext order

bracket in the Lie Algebra generation process yields am indpendent

matrix. This follows fram inspootion: [D,[A,D]s (AD.A,DJ> if aad

only if 612- 0 which implies aOuu2 - 0 $iLU £: <[j>2 em.

U 1ff A mad D share an sigonvoetor.

Given am LTI system, the test for the accessibility property reduces to

the familiar rank condition on the controllability matrix. Eowever, in

general, as well as for system (1), the ability to reaoh an open set in the

state space from an arbitrary point does not emompass a sufficietly powerful

motion of controllability. The reader any note that the oonditions for

acessibility are exactly those which guarantee againmt the wdogomerato

structure arising in Lmas 3.4 and its corollaries. Simple examples of

accessible biliaar systems whick art mot controllable have beO given is the

literature [41 and we offer the following.

Exampl* 2.

It- + 40 1 x.

A more reasonable local condition would be en which insures that any

-* point, posesed of ma spem reachable set, be contained within the interior of

that set. Call snh a point lM1Jgg ej0gy1oo L . We relegate to a later

w m m ~ mmmm mm mmm mm mm m m um mmm ~ m
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paper the ezhaustive study of this property for system (1) since it leads to

an investigation of reachable sets whea complete controllability fails hat

study is found to be closely allied to a still stronsger local concept. Prom

Propositios 3.1 it Is apparent that even gives a completely controllable

system, reaching a nearby point in the state space may first necessitate a

complete exoursios around the origis in the opposite direotion. It Is useful

to imquire as to when any oearby point may be reached by a trajectory which

remains "searby"'. This aotion has appeared is various Suises is the

literature: as "loeal-loeal controllability" (91; as "looal costrollabilty

[81 as sall-time-local cotrollability' [24J. The last concept does sot

capture the behavioc of interest is this sotti&s: sies we are permitting

arbitrarily large values of the control isput, u, for sy point zoo we may

reach points arbitrarily close to1612 )zO in an arbitrarily small time. That

curve may be unbounded, thus it is clear that trajectories permitted by such a

definitio would not ecessarily remain "nearby" x0 in any sease of the word.

he socond eoafliots with our prior notion of local controllability. lemos we

will adopt the first of thes and say that a point, a, is ln fli- z

* e~. cg&LZJdLtA if it is locally oostrollable and points is ay neighborhood may

be reached using trajectories remaining in that neighborhood. The conditions

for a point to satisfy this requirement are given as follows.

S_ osi-tion.44.2". A point, zo , is local-locally controllable

under system (1) if sad only if IDzo.=oi'O. and for s y neighborhood

i* of 20, N. the pencil of (AD) is stability assigsable on p(N) where p

Is the fusetional p(z) A- I .

7 of course, the property holds trivially at every point when a system is
completely controllable
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Proof: Sizes p(N)CI 5 U 10, the formulae of Lomes 2.1 give the

eigenvalues and elgeaveotors of the poeuil on that lnverval:

assigsbility holds on p(N) If sad only if the eiseavaluo functional,

).(x) - - - ohasges sigs on P(N). But if IDZOOzoIOO the& 360

,ha-ges alg if ad only if IWonzOfI - 0 ad IAzzl okanges sign on

every nighborhood of 40).

* .Nw assume the hypothesis does not hold. If lz.Dzl is definite

or semi-defiaite on small esugh neighborhoods of (zO>. Given a fized

a ) 0. the curve k(l-s,l))zo disconets any mall seighborhood of

zO , N. glase the from@ F( JDL(-solzo)-Dz Dzz/Ift. we have

hlz,)Talz) - IAzDzl definite or semi-defi ite for z a 10--6)N

sad all U. se" k has a fixed orientatios oa ] (-sa))zO = so

trajectory of system (1) sam ares that curve inside N according to

Propositiom 2.2 - z0 Is sot locsl-losally coatrollable. If IAz.Dxl

changes aiga on every ighborhkood of * thena IAxs 1 - 0. Ia this

ease, If IDzoz1 - . thea z0 is an elgavnetor of both A and D, sad

_xO > is positive-invarLast.

Conversely, sams the hypothesis holds. Choose aa

'eLghborhoodN, sad for smail a ) 0, let y 6 uiz a N. Sines

-yhp(y)) - ).(y)y.the state may be steered radially up or radially does

on aom side or the other of xo for toys (y) in arbitrarily mall

neighborhoods of e Sies IDn,xOl#o, 1((-&.S))z 0 iterseets

every sach ray. esoo, choosing arbitrarily large values of the

control Iput, the state at time 6, JhL(U)l_6lzo, my be brought

arbitrarily close to 1((-.6))z O, and, thereby, to any <y> in a

neighborhood of <2 O> while remaining N. 0

It should be noted that, generically, loal-losal coatrollability holds
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only for points on the lines containing the eigenvectors of D A. Clearly, so

homogeneous bilinear system (1) is local-locally controllable except on a set

with empty interior in

The final topic we will consider in this section concerns global

controllability behavior. If local-local controllability expresses an ability

to travel at will without inordinate excursions in the state space, It is

reasonable to ask the ame question regarding the control space. The problem

of control space constraints requires a separate paper of Its own. but we will

consider here what is perhaps the strongest such constraint that night

reasonably be imposed. In Theorem 1 it was shown that ay state may be

transferred to say other state using no more than two constant control values

when the system is completely controllable. We will say that (1) is ~as

caatznl1.ghl If it is completely controllable, and any state may be

transferred to any other state using a single constant control value.

..Pzopaj±.jon.A4j..e System (1) is one-step controllable If and

only if it has the stability assignment property onIf

Proof: Clearly. the system cannt be one-step controllable usless

it is completely ontrollable - unless the pencil takes focal values

according to Theorem 1. From the results of Proposition 4.2 we ay

always find an open set of points which are not local-locally

controllable. Since system (1) is LTI under constant control inputs,

we require that the pencil include values whose associated integral

curves return to arbitrarily small neighborhoods of any point. The

only such systems are pure centers - i.e. whose mtrices hae pure

imaginary oigenvaluos. If tr(D) ii0 then the pencil cannot have purely

imaginary eigenvalues without being assignable on If. If tr(D) -0,
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then tr(A) must vanish as wall for the pencil to have a value with

pure imaginary roots, hen** if it has any such values, then all its

values have this property. In this case the pencil is not

assignable,hne not controllable.

Conversely, assme that the pencil is assignable on If, so that

for all p a If there exists a continuous regular matrix valued

funotion, P(p) such that A+pD - P(p)[a(p)Iep(j)7]P-(p), and a covers

an open neighborkood of the origin in A with s(p 0 ) - 0. It follows

that azp(v[A+ D]) - •U n(.i) where. for any pair of points, x.y, for

every p s If, there exists a T() such that TU A v0 + 2rn implies

Q(T .101)M •2 sna y(p)y where y is some positive continuous function.

Setting r(p) A In y/ 2wa it is clear that r becomes ubounded as p

approaches pO , and, hence takes integer values (since it is also

continuous) among them, say r(p2 ) - N. This implies that

ozp({N[A+plDJ]z - y. 0

It is interesting to note that assignability over If is equivalent to the

ibility to induce a M lopf Difur ation" of the pencil (A,D).

I. Computational Details

-pa1. If A and D are two matrices then IA+DI - IAI + IDI +

tr(AD) - IAI + IDI + tr(D*A)

Pss. T-2: Let D be a matrix with pure imaginary eigenvalues.

Then [DI S 0 03 is sign definite.

Proof: It will suffice to show that [DhIs M DJ, since IWJI - IDI

III ) 0, under the hypothesis. Since D has pure imaginary eigenvalues

it is similar to a multiple off - i.e. there is a change of basis, P,
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such that RP - 1 a D). Since P71 - P*/IPI, this implies that ppT3 a

(D). or W a <ppT). 0

Fkg L_ . IP, I - IlI - t(,p)214

Proof: IP+PTI - 21I - tr(('P)2). Since tr((r) 2) -- 21PI +

tr[IP)2 (from computation), the result follows.
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