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1. Iatzodmetioa.

This paper is written in the spizit of obtainimg a comcrete
characterization of a system about which a fair bit in geseral, but not much
in particular is kmown. The last decade has witaessed a growing propemsity
amoag systems theorists for the language and techaiques of differeatial
goometry, particularly applied to problems imvolving the structure of
nonlinear comtrol systems. Iaitially, this research addressed itself to the
task of classification,and produced s literature concerasd with such
properties as minimality and realizability. Ia coatrast, it is fair to say
that very little work comceraiag the qualitative behavior of these systems had
been attempted until receantly. 8Simce some early papers in the sixties

(17, 20], it is only in the last few years that comcepts like coatrollability
[2, 6, 10, 12, 14, 13] or stabilissbility [7, 11, 19, 21] have begua to
receive attention in the literature.

Beyoad a ceztain level of abstraction it is probably impossible to
proceed in the imvestigation of noaliasar systems without adopting the
perspective of differential geometry as is aov customsry. DBut such vork must
zoly upoa insights developed in very comorete settinmgs to be of real mse.
Hore, we report om an investigatioa at that opposite pole of abstraction.

Specifically, we consider the second order homogenmeous bilinear systea

2 = Ax + uDx 4 h(x,w) (1)

2X 2

whese xslz. A and D sR » 88d u is s piecevise continwous fumotion taking

values in R. The principal coatributioa is a statement of mecessary aad
sufficient conditions for complete controllability of this system, giveam by
Theorem 1 in section 3.

As well as holding significance for the more gemeral nomlimear setting,
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equations of this kiad have a well reported range of applications in their own
right [5, 18]. The authors’' interest in such systems was sparked when earlier
work on the the stability of second order quadratic differeatial equations
[16] necessitated a consideration of bilinear—type structure quite
independently. That result afforded a complete characterization of conditions
for the stabilizability of planar bilinear systems under constant limear state

feedbaok [15]).

a
TL,) DU”"L*

may be seen as a part of ok continuing effort to
address some typicai problems of momlimear comtrol, imitially in settings
simple emough to permit complete solutioas _}:”’d upoa algedbraic statements
involviag system parameters. It is ou—oefoﬁ—fntﬁt/\tht much more offort
of this nature will be required before the fruit of theoretical work in

nonl inear comtrol theory becomes useful or evem accessible for application in
practioal situbtions.

This report is organized as follows. A preliminary discussion of
techniques and terminology is given ia section 2. The question of complete
controllability is resolved in section 3. In section 4 we comsider a variety
of related controllability comncepts. Future reports will comcera the mature

of reachable sets when comtrollability fails, as well as similar results for

general bilinear systems on the plane. V

~

2. Definitions and Prelimisary Discussioa.

All of the results to follow could be cast in a more abstract form by an
appeal to the theory of veotor fields on manifolds. However, the chief
contribution of this paper, as described in the introduction, consists ia the

classification of plamar bilinear systems according to comorete algebraic

conditions derived from the simplest notions of linear algebra aad matrix
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theory. Ve will indicate the relation of these conditions to the more
abstract literature where appropriate. But, to our kanowledge, the concepts
contral (although almost certainly not pecnliar) to the coatrollsbility of
system (1) as developed in the sequel have not yet been explored in the
differential geometric control literature,

Even im our simple setting, discussion is greatly facilitated by a number
of termisological comventions, which it is hoped will mot distract the
reader’'s attontion from the underlying elementary geometric motivation. In
this soction we will introduce that terminology and establish some useful
basic properties encouraged by the definitions. These comcepts were developed
in the counrse of the anmalysis of quadratic differential equations meantiomed
earlier [16] to which the reader is referred for a lngthin.duucsim as
well as some of the more techamical proofs.

A point and a gatrix will refer to elements of lz. and lzx z.
respectively, both considered as vector spaces over R. If a and b are
points, then [a b] will demote the matrix whose first and second columns are
given by the coordinates of s and b, tupocttvoly.l It {vl.....v‘l c V aze
elements of a vector space, them let {vy ... v,)> denote their limear spean. A
line is the span of a single olement, (11>. and a2 18Y, <'1)+' denotes the
set {avlaeR™). 1If {Ag,... A ) is 2 collection of matrices, thea {A;,...,A )x

denotes the set of points whose ith element is Aix.

Defining the skew symmetric matrix,

Al HE

1'0 will generally denote scalars by lower case greek letters, poimts by
lower case roman letters, and matrices by upper case roman letters.
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we have x, 4 Jx, the orthogonal complement of x, and yrx_. = TJ: = lx.yl.

where the last symbol demotes the determimant of the metrix [x y]. Let A,
denote the symmetric part of the matrix A, If A is singular then A = :br for
some a, b s Rz. and if A, = P, then xrl’x = 0 if and oaly if x is orthogonmal
to either a or b — i,0. xsay) U <b,>. Given a matrix A, the gone gensrated
by A, is the set {zeR? | x%Ax > 0} and is demoted Co(A). The come of an
indefinite symmetric matrix evidently comsists of the set of lines lyimg in
betwesen its two 2010 linss which are defined to be the lines whose points
satisfy the eguality xTAx =0,

For sase of discussion we divide IZX 2 into three classes based upon
spectral properties as follows: s matrix is said to be =ngdal if it has at
least two distinct real eigeavectors; gritical if it has am eigeavecotor of
multiplicity two, and s unique eigenspace; or fogal if it In: a0 real
eigenvectors. Simce lAx,z| = 0 if and only if x is az eigenvector of A, that
matrix is focal, oritical, or modal if end only if |Ax,x| is siga defimite,
semi-definite, or indefimite, :upoctivoly.z Since lAx,x| = xXJAz, the
identical sign conditioms om [JA], specify vhether A is focal, modsl, oz
critioal as well. Notice that ¢ is an eigeavecotor of A if and only if lJAl, -
[.‘.T]. for some a c!z. Some further properties of matrices are presesnted ia
the Appendix , and referred to as "facts” throughout the paper. The trace of
a matrix A will be denoted tr{A). The transposed cofactor matrix defined by A
will be denoted A¥ & yT\Ty,

Given the matrix pair, (A,D), its pencil is the affise line in sz 3

given as A+puD where peR. Lot If. ) O I,, denote the subsets of R on whick a

20! course this determimant vanishes everywhere for the identity matrix.
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e pencil takes fooal, cxitical, or modal values, respectively. We have the
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following characterization of s pemcil on I, and I..
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for a1l points ia lz. x is an eigenvector of A+u(x)D with eigenvaluwe
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given by A(x) [16]).

In keeping with our inteamt to relate these results to the existing

v
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nonlinear controllsblity literature, we meation that the [Lie Algebrs
gonerated by the mstrices A,D, desoted {A,D);, (im the motation of [4]), is
the smallest linear subspace in sz 2 containing A, D, aad closed under the
1ie bzacket [1], s matrix prodsct defised by [X,Y] 4 IY-YX . Receat work

[10, 12] imdicates that an abstract test for the comtrollability of certain

,-1.1
T "'
RN S

aonl insar systems may be offected using the Lie Algebra gemerated by their
defining veotor fields. These comditions are designed to check whean the
»grift term™ ( amalogous to the vector field Ax ia equatioa (1)) allows the

field to be pointed into either of two half spaces defined by a hyperssrface

et e Pl gl
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ia R® containing the reduced degrees of freedom available to direot coatrol.

In our problem, this hypersurface is simply the phase curve of the LTI system

dofined by the matriz D, hemce 2 similar test can be effected with mo appeal
to Lie Alsobru.s
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o Instead, we resort to stasndard notioms from the theory of differenmtial

‘ equations. Defining the differential equationm

- (2)
& £ = f(x,%) zsX

f SNote the distinction between our problem and that posed in [12]: we
-4 : consider all homogensous bilinear systems in R -{0} while the latter

, co.nuon aonsingular amalytic vector fields on a simply comnected domsin of
> R,




let £ be analytic, and denote the iategral curve through a poiat xg at the
times I c R as if(llxo. Ve will say that a subset, S € X is called s
positive invariant set of system (2) if for anmy xeS, the future trajectory,
!f{l+}x is contsined in 8. Clearly, & bilinear system possessed of a set
which romains positive invariant for amy choice of u is not controllable, To
tost for positive invariance, it suffices to investigate the effect of the
field vector at the boundary of s set. Im order to talk about boundary curves
and interiors algebraically we will find the following concepts helpful.

Let C be a smooth comnected curve in Rz. with forward cutwti.on4
specified by tangent vector t(x), such that § t(x) H = 1 at every xsC. Then
the normal of C at x is demoted n(x) 4 + Jt(x) and F(x) 4 [t(x) n(x)] is
oalled the frame of C at x. Specifying the sign of n(x), fixed for all xsC,
determines an orjentation. Vhen the need to distimguish the tangents,
normals, and frames of distinct curves arises, we will write tgo(x), and so on

for n and F. If S8 is an open, proper, simply comnected subuttbf Rz with

smooth boundary,dS, thenm the _e¢xternally oriented frame of 8 is the frame (or
sot of frames if 3S is not comnected), F, with oriemtation(s) chosen such that
for all x¢3S, x +5n(x) ¢ S when 8 ) O is arbitrarily small. Givea a curve, C,
with frame, F, and a vector field, f. we will say that,f has g fixed
orientation with respect to C if the imner produot f(x)rn(x) is sign definite
or semi-definite for all x s C. The following simple results are stated
without proof. Although merely a consequence of the foregoing definitionms,

they are of central importance in the sequel.

Proposition 2.2: If the vector field in (2) has a fixed

4
Formally, C is the image of some real interval, I, under the smooth mapping
x2:I =>C, and the forward direction in C is specified by the ordering of I.




orientation with respect to a smooth curve C c lz. then there is no
2¢C and t > 0 such that §,{(~%,)}x contains points on either side of
C. |

~Cozollary 2,2.1: Let 8 be an opea, proper, simply coanected,
smoothly bounded subset of Rz. with externally oriemted frame,

F=[t n]. If £ has fized orientation with respect to 38 them either 8

[V‘—.'; or its complement is positive iavariamt under systea (2)

b

tt 5 3. Complete Coatrollability.

' Call s system gompletely controllable if anmy point in the state space
E-‘ may be steered to amy other poiat im finite time by am appropriate coatrol

P sotion, u(t). Since the state space of system (1) , lz-(O). is not simply

X connected, it is clear that complete coatrollability must eatail aam ability to
! transfer any ray to any other ray of lz. If, ia n“itiu. zadial comtrol

! = the ability to move toward the origin or away from the origin om a givea ray
; = is available, then it is reasomable to expect that complete controllability
E holds. This section is devoted to the formal verification of such iatuitive
L"‘ reasoning.

l\ Twvo observations coaceraing LTI systems in !2 provide orucial imsight
LL" into this prodlem. First, s fooal limear systeam Ras integral curves which

T pass through every zay oa the plase, Clearly, if the ramge of the pencil

b includes s fooal value st some y sR, thea systea (1) transfers amy ray to any
»‘ other ray oa the plame in finite time for u = Boe The importamce of focal

"“ pencil valuwes will be demonstrated in Proposition 3.1, below. However, as
conjectured above, this is nmot enough: the following system has the

[. accessibility property and its pencil admits focal values, yet it is

ancoatrollable,
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{ Second, a nodal linear system has radially invariant integral curves (om
% the eigonvector limes) whose forward direction is spocified by the sign of its

eigenvalues: these may be arbitrarily chosen when the system is coatrollable.
In the presemt context, while an (A,D) pencil evideatly lasks the necessary
E dogrees of freedom to take arbitrary eigemvalues, the ability to assign

: eigenvaluss with both positive and negative real part over a particular

A interval will be s crucial factor in the comtrollability behavior of system
-‘ (1) If I c R, we will say that a pencil, A+uD, enjoys the stability
agsisnment property over I, or is asgignable over I, if it has both stable anmd

-- unstable eigenvalues as g ranges over I.
! ’ With this motivation in mind, we may state sufficient conditioms for
p

£ controllability.

Proposition 3.1: If the pencil A+uD attains focal values and

has the stability assignment property over R then system (1) is

completely controllable.

Proof: Fix any % 8 n’-(ol. Let the pencil be focal at Bo 8O

that for u(z) = Bos the systom reaches any ray inm 82 in finite time

from any initial comditiom.
If @ is the matural frequency of A+tpoD them let f‘./ 2%, amd

|

g.

.
t
.
-
o

define the spiral curve C, 4 ih(“o)(lo.sl)x‘ or !h(uo)[["'on‘i
depending upon whether x5 is a source or destination point. ci defines
s bounded region, ‘i < I" containing the origin and containing (or

excluding) the poimt z for one (or the other) index assignment. Let

us suppose that ‘1"2' hence "2“1' VWith no loss of gemerality, we

P WO WA Egprs VP IIULY G LI P S YU YU S W WU PP UIR ST LU U S Y} 4 A A._A:_.‘AJ
RO NV I S WU WL, WP T SR U S R P S U -
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will consider only the case that A+pgD is unstable, since the
alternative case has an identical proof. Under that assumption, and
since the pencil has the stability assignment property on R, it
either includes saddle values — i.e. with negative determinant — or
totally stable values.

In the former case, if |A+§;DI<0 for some p;sR, then
ih(pl){l]‘l runs through x, and intersects the previously constructed
spiral C, at two points, a snd b, such that ;h(lll) (l+h. the forward
solution of system (1) for uw = By starting at s, passes through x; and
then b (see Figure 1.a). Evidently, choosing u to be one value of
and then the other, for an sppropriate lemgth of time will tramnsfer x4
to X O vice—versa,

In the latter case, !h(lll)(l}x.i is s curve through x; connecting
the origin with the point at infinity, hence must intersect the spizal
Ci at a single poiat, a. To brinmg x, to xp, travel on Cz to a, using
uSpg, snd then on lh(ul){l+}' to x;, since A+u,D is stable and x
lies in between a and the origin on that curve. To drinmg x; to x5,
travel away from the origin on ;ll(llo) {R+}xl until leaving the compact
set Ry, which must ooccur at finite time since A+pgD is umstable.
Continue on this trajectory until the reaching a poinmt
as Ih(ul){lf-)xz - R). Then apply usp; to travel from a to x, om

‘h(ll1){l+}' (see Figure 1.b).

In fact, as intuition would suggest, the comditions of Proposition 3.1
ire necessary for controllability, and we will devote the rest of this section

;0 the demonstration of that result. To do so, we require a more algebraic

‘harscterization of when those conditions fail. For both the assignability

B ANt et - St it AR AR A R A S
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and fooal properties, such a characterization leads almost immediately to the

desired results,

D g oL
o

Legma 3.2: The pencil A + uD does not enjoy the stability

assignment property over R if and oaly if D has pure imaginmary

:L! eigenvalues and [l)"l:.TA]s is sign definite or semi-definite.

;_ Proof: If D has eigenvalues with non-zero real part them eoither
;' tr{D}#0 or ID|<O. 1In the former case tr{A+uD)} evidently changes sign
:‘ for psR, while in the latter [A+pdD| = [A] + ntt[D’A} + uzlbl (from

{ Fact I.1) evidently takes negative values for large emough u. Both
. situvations imply assignability, hence that property fails only when D
:' has eigeavalues on the imagimary axis in the complex plane.

L':’j In that case, since the pencil is not assignable on If U I°. the

property holds on R if and oaly if it holds om I,. From Lemma 2.1

this is equivalent to the condition that A(x) s I change sign

Dx, x
on R2. Whea IDx,x) is sign definite this, inm turm is equivaleat to
the condition that |Ax,Dxl= x™D'JAx change sign on B? - i.e. that
[DTJA], is indefinite. If D has pure imaginary eigeavalues, then
IDx, x| is indeed sign definite wnless, for some poiat d, n-lufl.
hence [DTJ’A] s ™ [d‘de]‘ and A(x) = dexIdfx. This funotiomal changes

sign if and only if de ¢ (df) which is eguivalenmt to the comditioa

Lt that [DTJ' Al s be indefinite.

b
X

- Given this understanding of stability assigmment, its mecessity for

: complete controllability is quite easy to establish. The reader may note that
the following proof is equivalent to a stability argument using the Lyapumov
‘w

fonction, v,

R N N S
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Propositiop 3.3: If A +uD does not have the stability

assignment property them (1) is not completely comtrollable.

Proof: If the pencil is not assignable thenm scoording to Lemma
3.2 D has pure imaginary eigenvalues, and [DTJ] s ™ DTJ ( from Fact
1.2) is sign dofinite (assume positive definite with no loss of
gonerality). Defining v(x) 4 erTJ’x yields a set 8 & v.1[0.1] (v is
any positive constant) whose extermal frame is given by F(x) = [Dx
Ipx1/Bpxll, for all zedS. Hemoce n(z)’h(x,u) = - (JDx)T[A + u(x)D]/kDxl
= xT[DrJ’A],xIleI which must be defimite or semi-definite, again
sccording to the lemms sbove, and the field has a fized orieatation
with respect to 38.5 Thus, by Corollary 2.2.1, 8 is positive

invariant, and the system is mot comtrollable.

- ——

Similarly, once we characterize the algebraic relations on the pair (A,D)
which preveat its pencil from attainming focal values, the mecessity of this
condition becomes apparent as well, It is iaterestiag to mote that the ability
to attain focal values is intimately related to the comditions for
surjoeotivity of a guadratic map from lz to itself. This may be seen as
follows. According to Lemma 2.1 the image of the map p(x) g- Ie:ﬂ specifies
the subsot of R on which an (A,D) pencil takes real eigeavalwss. Clearly, a
pencil has no fooal values if and only if u - the ratio of two quadratic foras
- is surjective. This ratio maps lines in the plane into the real lime, and

the conditions under which it is surjective may be givea as follows.

sﬂquivclutly. v is & Lyapunov function with definite or semi-definite
derivative v = a'h




.........

Lemmg 3.4;: The ratio of two quadratic forms, u(x) = xrlxlxrex
is surjective on R if and only if both G and H are indefinite and

either

(1) their distinct zero limes alternate around the plane: i.e. xlllx =
0 has s solution both in Co(6) and Co(-G), and vice
versa.

or

(i1) they share a zero line in common

Proof: u is surjective if and oaly if the pemcil (G,H) has mo
siga defianite valwes - i.e. if and only if x [G + alllx =0 has &
non—-trivial solutioa for every asR. This is equivaleat to the
condition that 0 ) lo+al| = l6] + a?|H| + ate(d’m) scoordiag to I.1.
The latter implies that |G] and |H| must be megative, and simce each
is symmetric, this, ia tura, implies that G and H are iandefiaite; that
all comes Co(16) and Co(tH) aze non—empty; aad that thezre exist four
poiats, 8;,89,4;,4,, which define the two zero lines of G and H,
respectively (see section 2): G# - [alazrl.. and l‘ = [4;4,1,.

Defining R & [4; 4,1, ve have IRI%|aren] =

iRT(eram)n] @

8, o, ""'lonnua1
I [ 8, leranle, ] ‘
=(8,764,)(a,T04,) - (4,TI6raH14, )2 thus it 1s sutfictent that
(4,764,)(4,704,) < 0 to imsure l6+aH] < O for all a. It s also
mecessary, since leval| = (4, 764,)(4,704,) for @ = (4,%64,)/(8,THe) =
(a,'raal)l(afuz)’. Sisce 4; snd 4, are the zero limes of H, the

condition that (dlrcdl)(dzruz) < 0 implies (1), above, while
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(4,6¢,)(4,T64;) = 0 impries (11).

The reader should mote that ocase (ii) ocours oaly in a degenerate

situation where both ammerator and dencmimator of p(x) share s common limear

factor, crx. Defining a quadratic map from ‘2 iato itself based upon the

awm & [2281],

it is clear that in this degenerate case there is some matrix, B, smch that

Q(x) = crxlx. Such & map is never surjective. Using further iansights from the

functional p,

previous lemmsa, we have the following iateresting result.

_Cozollacy 3.4.1; Q is ssrjective on B> if asd oaly if the

quadratio forms erx and xrlx have 30 common factors aad p is

sucjoctive on R,

Proof: The condition that xr[M]x = 0 have & sox-trivial
solution for all a s R is equivaleat to the comditiom that Q(x) s <y
for every poiat y‘ [:]. and this is equivaleat to the surjectivity of
§ scoordiag to the previons lemma. 8Simce Q is homogemeous, i.e.
Q(k)-kzﬁ(:) for asy scalsar A, the asswmption Q(x)s<y) and x¢ 0
implies <y>* is ia the image of Q. Henoce it suffices to fiad the
oconditioas mnder which for every choice of y with Q(x) s {y>, there
ezists amother poiat in the pre~image, of <y>, 3, such that
Q(z)c(-y)".

Clearly it Q= crxlz fozr some poiat ¢ and matrix B thea Q cammot
be surjective, hence it is mecessary that 6 aand H have a0 common

1inear factors. In the proof of the previous lemms it was showa that

uwader these hypotheses, @ +all is similar to aa isdefiaite symmetric

a L NN PN a 2 e o b R e s e and LI WA TPy P DA WY WL W Iy N S P
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. matrixz whose diagonal terms have opposite sign under the change of

't basis given by the zero limes of H, B=[d; d;] (which is indeed a basis
b

since (Bl < 0), regardless of the choice of a. It is easily seea that

b the two distinot zero lines of such s matrix, <x) amd <z, lie ia

o et M
. XIS
P .

opposite quadrants, hence the zero limes of G+all 1ie in opposite
B~cones — i.e. xsCo(H) implies zsCo(-H) - and the desired result

follows,

p T W e
7 AR

=

[ ]

Cozollazy 3.4.2: An (A,D) pencil has no focal valuwes on R if

and only if the quadratic map Q(x)‘“:::::] is surjective or has the

T

"degenerate structure” Q(zx)=c xBx for some point ¢ aad matrixz B.

E

Proof: Defiaiag AUAI.. aad *[ml.. Q(x) may be writtea as
T
[:q:]. Fzom Lemma 2.1 the pencil has fooal valwes if and only if p is

not surjective, and the result follows from above.

The geometric imterpretationm of this result is that an (A,D) pemecil fails

to have focal values only whea A asd D share az eigeaveoctor or their

_ eigemvectors are "iaterwvoven” oa the plane. Ia the former case it is oclear
' that such a lime is positive imveriast under system (1) for amy choice of

u. Vo will show ia Propositionm 4.1 that this "degemezate” situstion is exactly
the ocondition uader which the Lie Algebra generated by (A,D} does aot spaa ‘3

at every poiat, Ia the latter case we find that ome of the coass defined by

~ the eigemvectors of D, Co(JD), is positive iavariast. This may be shown as
follows.

- Propesition 3.5: If the pemcil A+pD has no focal valuwes, thea
=




system (1) is not completely controllable om nz-{o).

Proof: According to the 3.4and its corollaries, if the pemcil is
never focal thenm both A and D are nodal, and |Ax,x| has opposite sign
(oz is zero) on the two distinot eigemvectors of D, 4, and 4;. The
matrix [JD] = [dldz."r]. is indefinite, henoce Co(JD) has an open
isterior and possesses s set of four externslly oriented frames,
Siace its boundary, 9Co(JD) = <d;> U <dp> - {0}, is discommnected,

these are given lvy‘

F(2a>%) = # 18, (1)%74,] for 1=1,2.

Since

S st = (1) 3, T (a+wD)a, = ~(-1)}laa,, 4|

i i 1094

on 3Co(JD) it follows that h has a megative definite or semi-definite

“ orientatioa with respect to either Co(JD) or Co(-JD). System (1) is
;.

not coatrollable.

Taken together, the three propositions of this sectioa provide a proof of

the central result.

o Theorem 1: System (1) is completely coatrollable oa Iz-(Ol it

';. and oanly if the pencil A+pD attaiss focal valwes aaéd has the stability
[

" assignment property over R.

» ‘

:_ This zresult has s computationally more useful formulatioa as follows.
-

-

o

7"' "o assume, with 2o loss of generality that both eigenveotors have mait

- norm, sad that both have the same oriemtatioa - i.e. ld4;,4,1 > 0,




Cozollary 3.5.1: System (1) is completely comtrollable if aamd

oaly if both

(1) t=(D) # 0 or IDl < 0 or 1IDTIAL,) < 0
and

(1) 1f o8(3a), ans BR(ID],, then IB] 2 0 oz l6] 2 0 or I[ETG),| < O
hold

Proof: The first conditioa follows from Lemma 3.2 directly. The
second condition is a restatemest of the mecessity of the penmcil
sttaining focal valuwes: A+uD is focal if and oaly if |e+uD| = 6] +
uzlll + utr(ll’el > O for some u ¢ R. This is possidble if aand oaly if
oither IH] 20 oz lel 2 0 or tr(®6)2 - 41GHI > 0 vhere tae last

inequality is equivaleat to IIIIIC].I < 0 scoordiag to Fect I1.S. --

4. Related Notioas of Coatrollability

The complexity of soalisesr systems necessitates aa attempt to defise and
stedy s variety of distimct coatrol behsviors which, ia the LTI settimg are
all ssbsumed withia the guestion addressed ia the foregoing sectioa: the
ability to reach the emtire state space from say poiat. Ia this sectioa we
consider a awmber of such related behaviors whose properties are esasily
handled by techaiques alzeady developed above. Ve proceed from some weaker
notions — definitions of local coatrollability at a poiat which may hold evea
when complete controllability fails — to stromger motioas of coatrol ability.

The weakest of these is a property first iatroduced withia the older

roalizabilty literature mentioned ia the istrodwoctioa, and loag kmowa to be

necessary for complete controllability. A coatrol system is said to have the
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accessibility property (or, to be accesssible ) if the set of reachable
points has a non—empty interior in the state spsce [23]. It is well known
[22] that the socessibility property holds if smd omly if the Lie Algebra
generated by the admissible vector fields (indexed by the range of u) of a
control system spans the tangeant space at every point of the state space. In
our case this is equivaleat to the condition that <(A,D}; x> = lz for all
points x. The set of homogeseous bilimear systems in R"® which satisfy the
accessibility comdition have been classified by Boothby [3], but we prefer to

state and dezive the same resslt for ‘2 using language sppropriate to this

study.
Pronosition 4.1: System (1) is accessible if and oanly if

matrices A and D have 20 eigesvectors in common.

Proof: It suffices to show that <(A,D);,2> = R* for all
points, x, ifA4<D)>, and A and D have 20 eigeavector ia common. The
comverse -~ i.0. if Ax s <x) and DPx ¢ {x), at some poiat x, or if
As<D>, thea (Ax,Dz};, does mot span .2 - is trivially tree.

Suppose, them, that Ac = a;8, Do = 8,5, and R & [¢ 5] has ful)
raak. Thea

Teaigd [ ° N ]

shctmd [ 0 %]

TE5T=(5.51 4 084 -9d, o38;-938;
3817%18 0288
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Since ;-[%]. aad :-[2]. we have [A,Dlcslg> if and oaly if
[:12]-1[:;]. vhich we now assume, Note that [A,D] = y;A + v,D if and
only if v = - y5/y; = 83/a3 which is equivaleat to the conditiom that ‘
As<D>, heace we further assume that [A,D]¢<A,D). |

If four matrices span lzxz » 1.0, if <A,B,C,D) = lzx 2. thea

their valuwes at any poimt, X, must span lz: {Ax,Bx,Cx,Dx) = lz.

Since dim <A,D,[A,D]) = 3, it nov suffices to show that the mext order
bracket in the Lie Algebra generation process yields an independent
matrix. This follows from inspection: [D,[A,D]1s<A,D,[A,DP]> if and
oaly if 818, = 0 which impliss ea; = 0 sinoe [31] ¢ <[g]>. hence,

Aff A and D share am eigemvector.

Given aa LTI system, the test for the accessibility property reduces to

the familiar rank condition on the controllability matrix. However, ia |
gonoral, as well as for system (1), the ability to reach am open set in the |
state space from an arbitrary poiat does not encompass s sufficieatly powerful

aotion of controllability. The reader may note that the coaditions for

accessibility are exactly those which guarantes against the “degemerate

struoture” arising ia Lemma 3.4 and its corollaries. Simple examples of

accessible bilinear systems which are not controlilable have been given ia the

literature [4] and we offer the following.
Example 2.

t= o ok + o3 o)

A more reasonable local condition would be ome which insures that amy

poisat, posessed of an open reachable set, be contsismed within the iaterzior of

that set. Call ssoh a poiat 190ally coptrollable. Ve relegate to a later
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paper the exhaustive study of this property for system (1) since it leads to
an investigation of reachable sets when complete controllability m.u" . That
atndf is found to be closely allied to a still stronger local comcept. From
Proposition 3.1 it is appareat that even given a completely controllable
system, reaching a meardy poiat ia the state space may first necessitate a
complete ezcursios around the origia iz the opposite direction. It is useful
to iaquire as to when say mearby point mey be reached by a trajectory which
remains "nearby”. This notion has appesred ia various guises in the
litezature: as “local-local controllability” [9]; as “local comtrollability”
[8); as "small-time—local comtrollability” [24]. The last comcept does aot
capture the behavior of imterest ia this setting: simce we are permittiag
arbitrarily lacge valwes of the ocoantrol iaput, ®, for aay poist Zg, We may
zeach points arbitrarily close to ‘D{I+lxo ia sn arbitrarily small time. That
curve may be uabowanded, thus it is clear that trajectories permitted by such a
defiaition vould a0t aecessarily remain "nearby” xg in amy semse of the word.
The second eoafliocts with our prior motion of looal coatrollability. Hemoe we
will adopt the fizst of these and say that s point, x, is lgogal-loaally
ogntzgllable if it is looally coamtrollable and poiats in azy asighborhood may
be zeached using trajectories remaining in that neighborkood. The coaditions

for a poiat to satisfy this requirement are given as follows.

Proposition 4.2; A poiat, x5, is local-locally cosmtrollable
wader system (1) if and oaly if IDxy,x,1#0, end for any meighborhood

of xg, N, the peacil of (A,D) is stability assigasble oa p(N) where

is the fwmaotional p(x) 4 Il‘):ﬂ"

701 couzse, the property holds trivially at every point when a system is

completely ocontrollable
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Proof: Simce u(N)cI, U I, the formulae of Lemma 2.1 give the
sigoenvalues and eigenvectors of the pencil on that iaverval:
assignability holds on p(N) if and only if the eigeavaluwe funsctiomal,
AMz) = - lﬂ changes sign o p(N). But if IDxy,x9|#0 thea A(N)
changes siga if asd only if |Axg,Dxgl = 0 and |Az,Dxl changes sign on
every neighborkood of <zg).

Now assume the hypothesis does mot hold. If [Ax,Dxl is definite
or semi-defimite on small emough seighborhoods of <(xg>. Given s fixed
s ) 0, the curve §,{(~s,8))x, disconnscts axy small seighborhood of
zg, N. Sizmce the frame F( !D[(-c.c)lxo)- [Dx Jpx) /ADzl, we have
a(z,9) a(x) = lAx,Dx| definite or semi-definite for x & $pl(-e.0))xg
and all u. Hemce h has a fized orieatation on §((~s,8))zy, and mo
trajeotory of system (1) cam cross that eurve imside N accordiag to
Propositioa 2.2 - xg is not locsl-locally ocomtrollsble. If |Ax,Dzxl
changes siga on every seighborhood of xg, thes lAxzy,Dxgl = 0. Ia this
case, it [Dxg. 39l = 0, thea x4 is am eigeavector of both A and D, aad
(29> is positive-imvariast.

Conversely, assume the hypothesis holds. Chooee any
aeighborkood,N, asd for smsll s > 0, let y Sz + eJzg ¢ N. Since
b,(n(y)) = A(y)y, the state may be steered radially wp or radially dowa
on one side or the other of x5 for rays {y> ia arbitrarily small
seighborhoods of {xg>. Since ID:o.lolﬂ. ln{(-i.G))xo iatersects
every such ray. Hence, choosing arbitrarily large values of the
contzol imput, the state at time 8, !“‘) {281z, may be brought
srbitrarily olose to §5((-6.8))zp, and, thereby, to amy <y)> in s
neighborkood of <xy> while remaining N.

It should be noted that, gemerically, local-local controllability holds

......
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only for points on the lines containing the eigeavectors of D-IA. Clearly, no
homogeneous bilinear system (1) is local-locally coatrollable exzoept om s set
with empty imterior in lz.

The final topic we will consider in this section comceras global
controllability behavior. If local-local controllability expresses an ability
to travel at will without imordimate excursions in the state space, it is
reasonable to ask the same question regarding the control space. The prodblea
of control space constraints requires s separate paper of its own, bmt we will
consider here what is perhaps the stromgest such comstraint that might
reasonably be imposed. In Theorem 1 it was shown that any state may be
transforred to any other state using no more than two constant coatrol valmes
when the system is completely comtrollsble. We will say that (1) is ong-step

coatrollable if it is completely comtrollable, and amy stats may be

transferred to any other state using a simgle comstaant comtrol valus.

_Proposition 4.3: System (1) is ome-step comtrollable if sad
only if it has the stability sssignmeat property oa I,.

Proof: Clearly, the system camnot be ome—step controlliable unless
it is completely controllable — unless the pemcil takes focal values
acoording to Theorem 1. From the results of Proposition 4.2 we may
always find an open set of poiats which are nmot local-locally
controllable, Since system (1) is LTI under comstant coatrol imputs,
we require that the pencil include values whose associated iategral
curves retura to arbitrarily small neighborhoods »f amy point. The
oaly such systems are pure centers — i.e. whose matrices have pure
imaginary eigenvalues. If tr{D} # O thenm the pencil cammot have purely

imaginary eigeavalues without being assignable on I,. If tr{D} =0,
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then tr{A]}] must vanish as well for the pencil to have a value with
pure imaginary roots, hemce if it has any such values, then all its
values have this property. In this case the pencil is not
assignable,hence not controllable.

Conversely, assume that the pencil is assignable on I;, so that
for all p s It there exists a coatinuous regular matrix valsued
function, P(u) such that A+pD = P(n)[u(u)l-l-li(u)nl’-l(u). and a covers
a2 open 3eighborhood of the origin in R with a(ug) = 0. It follows
that exp{t[A+uD]) = ot 2(c,p) where, for amy pair of points, x,y, for
every p s I!. there oxists s to(u) such that T 8 %o * 2nn implies

2%86 _(.)y where 7 is some positive continuous function.

n(f‘o.l)l =g
Setting r(p) 410 v/ 2ma it is clear that r becomes unbounded as p
spproaches jg, and, hence takes integer values (since it is also
continuous) samong them, say r(p;) = N. This implies that

exp(tylA+psDlix = y. 0

It is iateresting to note that assignability over If is equivaleat to the

wbility to induce a "Hopf Bifurcation” of the pemcil (A,D).

(. Computational Details

Fact I.1: If A and D are two matrices then |A+D| = [A| + ID| +

tz(a¥p) = 1Al + Ip] + t:{D#A}

Fact 1.2: Let D be a matrix with pure imaginary eigenvalues.,

Then [DJ’]. = DJ is sign definite.

Proof: It will suffice to show that [DJ], = DJ, simce IDJ| = DI

I71 > 0, under the hypothesis. Since D has pure imaginary eigenvalues

it is similar to s multiple ofJ - i.e. there is s change of basis, P,
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such that PIP L ¢ <D>. Since P = P¥/IP|, this implies that PPJ ¢

>, or DI & PP, 0
Fact L3: 1Bl = |Pl - tzt3P12 /4

Proof: IP+PT| = 21P| - t=((JP)2). Since tr{(IP)2} = -2IP| +

tr{J’P]z (from computation), the result follows.
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