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d‘naity of k future obscrvations is derived. It is shown that

the joint predictive density of k future observations may be
expressed as the product of k univariate t densities. Our
results are illustrated with one-step ahead forecasts employing

an AR(1l) model with a conjugate prior demnsity for the parameters.
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1. Introduction

Consider a p~th order autoregressive model

o _
Y(t) = I GJY(t-j) + e(t) , (1)
J=1

where t = 1,2,...,n, 0, 6R, Y(t) is the observation at time t, and

3
€(l), €(2)y...5€(n) are n.1i.d. (0,T), T > 0. The parameters
91,92,...,6p, and T are unknown and the 'initial' cbservations
Y(0),Y(~1),...,y(1-p), are assumed to be known constants.

Given a sample Sn = [Y(l),...,?(n)]'of observations, how
does one forecast future observations W(j) = Y(n+j), where
j=12,...,k , and k 1s an integer such that k > 1? Of course
there are many nonfBayeaian techniques of forecasting in the
literature 1nc1udiﬁg Box and Jenkins, exponential smoothing, and
stepwise autoregression, all of which are explained in Granger
and Newbold (1977). 1In addition, Bayesian techniques of forecast-
ing have been developed by Harrison and Stevens (1976), Zellner
(1971) and Chow (1975), who base their forecasts on the Bayesiaﬁ
predictive distribution of the future observationms.

The Bayesian predictive distribution is the conditional
distribution of the future observations "k o [W(1),...,W(k)])*
given the past observations sn and plays a prominent role in
Bayesian methodology. Aitchison and Dunsmore (1975) develop the
Bayesian predictive density for many of the traditional statisti-
cal models, but curiously, it has not often been used in time
series analysis, except by Zellner and Chow, where the former au-

thor uses it with first and second ordsr autoregressive processes

.....
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for K = 1 (one-step ahead prediction), and Chow derives the
predictive moments for the general case.

The purpose of this study is to characterize the predictive
distribution of W, given Sn. It will be shown that when k = 1,

k
The predictive distribution of W, is a univariate t and that when

1
k = 2, the conditional predictive distribution of W(2) given W(1)
is a univariate t and that the marginal predictive distribution
of W(1) 1s also a t . In general, assuming a normal-gamma
conjugate prior density for the parameters, the predictive demsity
of Wk is a product of univariate t densities.

This study 1s concluded with a numerial demonstration of
one-step ahead forecasting with a first order autoregreistve
model. Using a normal-gamma prior density for the two parameters
of the model, the mean and varianée of the predictive distribution
of W(1) = Y(n + 1) 1s computed for a wide variety of models,
sample sizes, and values of the prior mean of the autoregressive
parameter,

2. The Prior and Posterior Analyses

| Using the Bayesian approach, one must specify a prior density
for 0 = (91,62,....0p)'lnd T, and it often is convenient to use
either a Jeffreys' improper prior

£,(,1) = 1/7, T > 0, 6eR® )
or the normal-ganha conjugate prior density

£,(8,1) = §,,(8/1)€,,(1), T >0, Oer? , (3)

vhere the conditional prior density of 6 given T is




- 5(8-1) " B(6-w)

g, 0 = 2, , oexP ®
and
£, = ™ 150 o)

is the marginal prior density of <.

Thus, apriori, 6 given T has a normal distribution with mean
vector U and precision matrix TP, where P is a symmetric posi-
tive definite matrix, and T has a gamma distribution with para-
meters & > 0 and 8 > 0. This implies the marginal prior density
of 0 is

E,(0) = [28 + (0-0)" (0] HED/2 gegp ®
which is a t density with 2c¢b degrees of freedom, location U, and
precision matrix (2a) P(28) -1. Note, the parameters of the '
marginal prior distribution of T are balao parameters of the
marginal prior density of 6, hence one's prior mfot—tion about
0 depends on one's prior opinion of T.

The prior density §, of the parameters © and T 1is combined

with the conditional density of the observations S a given 0 and T,

which is
n P
£(8./0,1) = ™/ 2%xp - L I [x(t)- L 0,7(e-N1%5 8® (D
n 2 tul ol 3 a

the product is the posterior density of 0 and T, namely,
. m-l
E(6,T/8) « T exp- = {28 + (8-1)"B(8-1) +

n P 2
Lr(e) - Io.¥(e-11%, (8)

=l o1 3
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3. The Bayesian Predictive Distribution

The Bayesian predictive density of w&(conditional on sn) is

ﬁ::: g(wk/sn) - ! E(B,T/Sn)f(wklsn,e,t)ded'l:, wkel?.k (9
2 vhere 2 = {(8,7):0eR?,7.> 0} and £(W, /S ,0,T) 1s the conditional

] density of the k future observations Wﬁ given Sn,e, and T. It is
;; “ seen that the Bayesian predictive density of Wi is the average

(with respect to the posterior distribution of the parameters) of

the conditional predictive density of Wk given O and T.

"‘» The integrand of (9) is proportiomal to

Ez(e.t)f (sn/e,r)f(wk/sn,e,r). thus the predictive density of Wk

is the average (with respect to the prior distribution)of the

distribution of Su and wk given 6 and 1T, which has deumsity,

otk D P ., k P ’
£(S W, /8, DT L exp—z| L [¥(2)- 48107 (=901 4 E, Lica)- RRAICE)
(20)
k

vhere snen", WER", and W(-1) = Y(a-1), 1 = 0,1,2,..., .

The joint distribution of sn,wk,e,' and 1 is

f(sn’wk;etf) - f(snnwkleo‘l')ﬁz(ﬂ.‘r).SneRn. kekkgeekp-‘t > 0,

-, A
D

(11)

)AUJ

thus

, n k (12)
f.(sn,wk) = lt(sn, kse p‘t)ded‘l’,snek ’ keR

Q
is the joint density of the past and future observations, and the

P . 3
A W

Tt

Bayesian predictive distribution of wk will be identified from

this density, because

k

g(wk/sn) Gf(sn,ﬂk) ’ Wkek (13)

____________
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3.‘;' It can be shown that if K> 1,
k.1
N 84 /5 ) = g (.8 )8, (W, .5 )W, 2", (14)
! _
R where
X 1 -1/2 k-1
.‘j sl(wk_losn) G'Al ,Wk_len , (15)
- 8,(,,5 ) =[c-3a"'p)” %2 12 ¢ cB%, (16).
u - B k
and LA does not depend on W(1),W(2), etc.
The other quantities are
N )
q; . A-Al-l-Az +P, a7
* B=3B +B, +Py (18)
and
n o, k

= C= T YX(t)+ I Wis)+ 2 +y” Py, (19)
< t=1 =1
- where A, and A, are the pxp matrices
¥ a
v R RCEN{CHIREREERES (20)
<o t=l
3 and
- A, = [ L W(s-W(s-2)], 1<3c2<P. (21)
The pxl vectors B 1 and 32 are given by
n
By = [ I Y(O)¥(t-1)], L <3< (22)

t=1
- k
2 B, = [ ZW(s)W(s-3), 1<3<p. | (23)
! s=1

Consider equations (14),(15), and (16), then 1if k = 1, 8

* depends on W(1), via A, but not W(2), and 8, depends on both W(1l)
and W(2). Vhen k = 3, g, depends on W, = [W(1),W(2),W(3)] and
‘ 8; only on W(1) and W(2). In general if k> 2, 8, depends on wk
.;]
1
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u of W, is as follows:
Fefictive ddstribution of W(l) is ztm
K- x, m ﬁ at mﬁ um at20
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o B AT lenfrw.
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6, = (MO, WD), ... FA-D]” .

() 1f K.= 2, the predietive distribution of ¥, 1s such thet :

the margin. . distr’" .lon of W(1) is given by (a) sbove
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and the conditional distribution of W(2) given W(1l) Is
given by (16) with k = 2, which is a t density with
nt+20. degrees of freedom, location
W = D . 2
E[W(2) /W(D),8_] = D'k, (26)
and precision.

(nt+20)D
P[W(2)/w(1),8 ] = ohai At ’ 27)
A = fn

where, 27272 2

-1
AT,

D 1

,=1-6_

E, =G, A"l[nl-a-ru +WQE 1 ,
P, = C - WA(2) - [B,+ BWH(L)G,1°A7 (B + PWRI(LIG ] ,
and

Gy = [W(-1),W(=2),...,W(2-p)]" .

(c) 1f K = 3, the predictive distribution of W, 1is such that
the marginal distribution of W(1l) is givén by (a), the
conditional distribution of W(2) given W(l) is given
above by (ﬁ), and the conditional denmsity of W(3) given
W(1l) and W(2) is the t-demsity (16) with K = 3, with

n+20 degrees of freedom location

EIW(3) /H(1),W(2) S, ] = D38, » (28)
and precision
PIN(3 N1, W(2),8 ] = 22008 (29)
37=3037Ey
wvhere
D, =1-06" At
3 oA Gy

= G’ =1
Ey =G A [31+m(1)c°+w(2)c_11 ’

- c W - o+ BUHI(1)G H(2)6_y 1°A7 [B)+ BuHI(1)G,W(2)G_y ],
an .

y

Gy = [N(-2),...,W(3-D)]",
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(d) In general if K > 2, the conditional predictive distri-
bution of W(k) given %.f (W(1),W(2),e..,W(k-1)]" 1
with nt+20 degrees of freedom, locationm.
-1
E[W(k)/wi-l’sn] = Dk Ek (30)

and precision
(wza)nk (31)
HUCTLT RS 3=
whe:e
D, =1 -G 2z’
k -(k~1) -(k-1) ,
k-1

B = Cgepyd (Bt Bt e Pt
k-1 k-1

P = G- (k)=[B + Byt jfl"(”‘*.(j—l)l Ay ”‘*jflmw a-nh

where for i = 0,1,2,...

G_y = [W(-1),W(-1-1),...W(i+1-p)]” .

Thus it is seen that the predictive density of Wk mybel
expressed as the product of k univariate t densities, namely the
marginal density of W(l), given by (a). the conditional predictive
density of W(2) given W(1), given above by (b), and so on; however,
the predictive dmity of Wk is not the standard k-variate multi-
variate t density as defined by DeGroot (1970), Press (1972), and
Zellner (1971).

What is the predictive distribution of wk if one uses

Jeffreys' prior demsity El’ (2), in lieu of the conjugate prior
density 52’ (3),? Portunately, one may revise the previous
theorem and thereby produce the predictive distribution.
THEOREM 2

I1£{Y(t): t = 0,91,%2,,,.} is an AR(p) process with unknown
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parameters 8eRP and T >0, sn a sample of n observations, n > p,

L y(0),Y(~-1),...,Y(1=p) known real constants, and if the prior
Cg density of 0 and T 1is £(1),(2), the predictive distribution of
ol W, 1s given by Theorem 1 by letting P + O0(pxp),a < -p/2, and

B & 0 in equations (24) through (31).

N ) In particular, consider a first order model, p = 1, with
Jeffreys' prior demsity §, and a one-step ahead forecast, k = 1,
then what is the predictive density of W(1)? According to

& Theorem 2; part (a) of Theorem 1 gives the solution with o + - ,
B> 0, and P > 0 substituted into equations (24) and (25).

This gives a t distribution for W(l) with n-1l degrees of freedom,

,,‘ ,
ke e’ .
et TL 00 - . 8

location g
Y(n) I Y(t)Y(t-1)

EW(D)/S ] = —b : 32
8 yz(t)
“ and precision o=l ,
g o @) DY
- PHQ/S ) = S 2 = =7
- "{’2“’”3’ (O1-{HOT(E-D) 12[312(::)1[ ; 21!

L (33)
: Using the vague prior, the mean of the predictive distribution
of W(1) is '
(@) = 6T ,
where the posterior mean of 0

A n -1 2
0= ZY(t)Y(t-1)/ L Y () , (34)
0 0

is an estimate of O, the autoregressive parameter, which when

|8] < 1, 1s the autocorrelation between successive observations.
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\ A straightforward way to predict Y(n+l) is to note
" Y(nt+l) = 6Y(n) + e(atl) , ‘

. thus EY(n+l) = Y(n), where the average E is taken with respect
X to €(ntl) given Y(n), then EY(utl) is estimated by 6 Y(n), where
e* is some estimate of 6, say the mean , (34), of the posterior .
' distribution of 6. Hence the Bayesian way of point forecasting
, with the predictive mean conforms to the usual way one would
attempt to solve the problem.

If one would want to forecast W(1), one could use an interval
‘ prediction based on the predictive distribution of W(1l), which is
| t with n-1 degrees of freedom, location given by (32) and pre-
cision given by (33). The predictive variance of W(l) is
& var (WD) = (-1 (=) e/ ) (34)
‘ thus » :
BWQD/S ] e, VIEWD/S T (35)
is a 1-y, 0 < y < 1, prediction interval of Y(n+l) and is easily
: computed with the aid of student's t tables. The intervals have
’ the HPD (highest posterior density) property explained by Box
- and Tiso (1965).
1 Land (1981) gives some examples of one and two-step ahead
~.§ forecasting, via Theorem 2, with an AR(1l) process and Jeffreys'
~ prior distribution.

| 4. A Rumerical Study
\ In this section of the study, an AR(1l) model
X Y(t) = ¢¥(t-1) + €(t) , t = 1,2,...,0 (36)
ey 48 considered, where Y(t) is the observation at time t, Y(0) is a
)

¥ R R PR PR
™ P T i.“ . N L T e T N St RN e e ER I ML R D Cet e - i
i, " ., PRt a - v o a R - P - - . - . - - . . e - - b . . S o ° o L
% ~ 2 * . » N I T S T
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known constant, ¢€R is the unknown autoregressive parameter

and the €(t), t = 1,2,...,n are n.i.d. (0,T), where T > 0 is

‘unknown. Suppose the prior density for ¢ and T is

- Tewle
£§(¢,7) = ‘t!’c 2 ™ 1.'18

which is a normal-gamma density with parameters J€ER, P> 0, o and

s$€R,T > 0 , (37)

8 > 0. The urginalr prior »dmit‘y of T is gamma with parameters
a>OaﬁdB>Oandthemrginalpriordmityofctu

E@) = (28 + (8-0) 2 B "H2/2 yp (38)
thui apriori, ¢ has a t diat:ibution' wvith 20 degrees of freedom,
location u, precision (20) P(28)”" and varisnce 8(a-1)"> ¥}, vhen
a> 1, '

Suppose one believes that the process is 'almost' stationary, .
thev one would want '-oct' of the marginal prior probability
distribution of ¢ to be concentrated over (-1,+l). For example,
suppose one wants ¢$€(-1,1) with a preassigned probability of 1-v,
vhere 0 < Yy < 1, then, assuming a, B, and U are fixed, one would
choose P such that

o ael R P |
P B§ m’mu ) “(@=1)"",Jul <1, a>1, (39)

vhere f.Y /2,2 is the upper 100(Y/2)X point of the t-distribution
with 20 degrees of freedom. Hence & and 8 are chosen to express
the prior opinion of T, U is chosen as one initial guess of the
value of ¢, and then P is determined from (39).

In this way, one may express one's prior opinion of an almost
(Y close to 1) stationary AR(1l) process (36).

Now, suppose we want to forecast a future observation Y(n + 1)

B L= BTN T AT ® iy ey et e v e om o m ot e a e e e e e e .
% B TN T o e S .
’ S NPILXTILAPY ATVL P B T T T e e e e e e e e T e




based on a sample Sn. vhen the observations were generated from an
AR(1l) process, which is almost sgationary.' Clearly, part (A) of
theorem 1 applies and the following tables were computed using
formulas (24) and (25) of that theorem.

Using the normal-gamme prior (37) for ¢ and T, samples Sn’
where n(= 25,50,100,750), were generited with ¢ = 0.0,.50,.75, and

90, T = 1, and Y(0) = O. The parameters of the prior distribu-

| tion wered = 10,8 = a- 1, u = 0.0,0.25,0.5,0.75, and 0.90, and
P was determined from (39) with y = .05, that is, 95% of the

,T. marginal prior distribution of ¢ is concentrated over (-1,1), with
E: & prior mean of i and a prior variance of pl

- Consider Table 2, where sample sn, n= 25,50,100,750 was

generated from the AR(1l) model Y(t) = .25Y(t-1) + e(t), with

Y(0) = 0 and €(t) ~ n(0,1). The parameters of the prior dhttibu—v
tion were chosen as G = 10, B= 9, i = 0,.25,50,.75,.9 , which
determined Pfrom (39) with Y = .05 . These tables consist of
three parts, namely the prior, posterior, and vprodictive informa-
tion, thus the first row corresponds ton = 25, = 0, P ' = ,2298,
B(T) = a/B8 = 1.1111 , var(t) = a/Bz = ,1235, the marginal posterior
nean of ¢ is .3004, the marginal variance of ¢ is .0299, the mean
of the predictive distribution of Y(a+l) is .4189, which is

calculated from (24) and the predictive varisnce of Y(nt+l) is

1.2954, which wvas computed from (25). Each table corresponds to
\ a particular AR(1l) model and are as follows.
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What can be concluded from this numerical study? First, one sees
the influence of the sample size n and the prior mean | on the

posterior mean and variance and the predictive mean and variance
of Y(n+l). They show the anticipated reduction in the posterior

variance of ¢ and the predictive variance of the future observation

as the sample size increases. As the prior mean of cb.:l.ncreases
toward one, for the same AR(l) series (same value of ¢), and the
same value of n, series length, the posterior variance of ¢
decreases, becduse as U increases to one, P, the prior variance
of ¢ decreases, as can be verified from (39). Of course, this
should hapﬁen since, as the prior variance of ¢ becomes smaller,
so should the posterior variance of ¢.

Also the tables show, that for the same value of | and n,
the posterior Qar:lance of ¢ decreases as the true value of ¢

increases from 0 to .90 . Of course, this is anticipated from the

theory of time 'seriu, because the usual estimator of ¢ has a
large-sample variance of n.l(l -9 2), see Box and Jenkins (1970). |
Results for the predictive density show that its mean is
highly influenced by the value of the last observation Y(n) and
its variance by the sample size, the variance decreasing as the

sample size increases.
Given a particular AR(l) model, say that given by Table 4,
one would expect the predictive variance to be the smallest when

‘U= .75 and n = 750 and this 1s indeed the case. The same holds

for the other four tables. For example with Table 1, (when the

"true' value of ¢ = 0), the predictive variance is smallest when
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U =0 and n = 750, which is the largest sample size.

Predictive intervals for one-step ahead forecasts are
relatively easy to find. Suppocg the AR(1l) model with ¢ = .5
(Table 3) is used to generate 25 observations and one's prior
belief 1s based on 4 = .75, & = 10, 8 = 9, and the P value given
by (39), i.e., one is assuming the process is stationary with a
prior probability of 952. A 90X prediction interval for Y(26) is

1.0821 ¥ 1.2917 ¢ which is (-0.817,2.9812), and this

.05,65°
follows from part a of Theorem 1.
5. Comments and Conclusions

It has been shown that if an AR(p) is an adequate model for
a time gseries and if prior information is expressed as either a
conjugate prior density or a Jeffreys' vague improper density, the
predictive distribution of k future observations is characterized
by the product of k univariate t densities. Theorem 1 and 2 give
the particular details of the predictive distribution.

These theorems provide one with a way to make point and
interval forecasts of future observations. For example, the mean
of the predictive distribution gives a point forecast, and the
mean together with the variance of the predictive distribution
allows one to construct interval forecasts. The theorems also
give a way to make one-step, two-step, and other poly-step
predictions.

The numerical study illustrates the sensitivity of the
posterior and predictive mean and variance to the sample size and

prior mean of the autoregressive parameter of five AR(1) models.

PP I

TR, I TV, e e e ey R LRSI TSR
LR PR N NP TP ISV ST SN WA Tl oI St SO0 St TR .




SO
J

',:. “ ;Ii_‘} Ai]ﬂ"{!ﬁ" r "-Jx‘.‘:“-‘..5'-.-"..'-'.'-‘-' .

[
Wil e
-

MAs]

%

SN ' . ‘_s:,,g:—:;;j -

R R L s

CAA R IS R SIS R M P,
,,'l‘hg“~~t.-~‘,l~..-'-‘-'.-'- - Yo" " A

The calculations reveal that the variance of the one-step ahead
forecasts is a minimum for the largest sample size and when the
prior mean of the autoregressive parameter coincides with the
'true' value of that parameter. The prior distribution of the

- parameters of the AR(1) models were chosen to express near
stationarity of the process.

It would be interesting to develop the predictive distribu-
tion of vector autoregressive processes. One would expect the
forecasting distribution to be characterized by the product of
multivariate t densities.
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