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COMPUTER PROGRAMS

Edited by Peter R. Nelson
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Economic Design of an X Control Chart

DOUGLAS C. MONTGOMERY
Georgia Institute of Technology, Atlanta, Georgia 30332

A compuler program for the optimal sconomic design of an £ control chart (s presented. A
single aseigneble cause systom (s sssumed, where the mean time between process shifie is an
exponentially distributed random veriable. Given fized and veriable sempling cosls, the costs of
investigating action signels, the penaity cost of production in the oul-of-control state, snd other
perameters deecribing process periormence, the program finds the sample oise, control Nimit
width and interval between sempies that minimize the expected total costs per unit time.

Introduction

ONTROL charts are widely used to maintain sta-

tistical control of a process. They are also used
for analyzing process capability and estimating
process parameters. To use a Shewhant comtrol
chart, we must select the same size n, the width of
the control limits &, and the interval between sam-
ples . We assume that & is a multiple of the
standard deviation of the statistic plotted on the
chart and that A is in hours. Selection of n, & and A
is called the design of the control chart.

While control charts traditionally are designed
with respect to statistical criteria, there has been
much research devoted to the design of control
charts using economic criteria. For a recent survey
of this field, see Montgomery (1980). This note
represents a computer program for the optimal
economic design of an X control chart, based on the
cost model of Duncan (1966).

The process is sssumed to start in a state of
statistical control with mean g and standard devia-
tion 0. There is a single assignable cause that results
in a shift in the process mean from p to po = 80,
where 8§ is known. The time before the assignable

Dr. Montgomery is a professor of Industrial and Systermms
Engineering. He is s Senior Member of ASQC.

KEY WORDS: Economic Models, Process Con-
trol, X Chart
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cause occurs has an exponential distribution with
parameter A (thus \"' is the mean time in the in-

a; = the variable cost of sampling
a; = the cost of finding an assignable cause
a3 = the cost of investigating a false alarm

a. = the hourly penalty cost for operating in
the out-of-control state

a = the type ] error rate
1 = § = the power of the chart

& = the time required to sample one item
and interpret the results

D = the time required to find the assignable
cause following an action signal

then Duncan’s (1956) paper shows that under the
above assumptions the expected cont per hour in-
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couse, given thet & eccwn butween the /th and
() + 1)t samples

Seme cimplification of this cost Aunction is pes-
sible. Duncan (1906) astes that
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Substituting (0 and (€) ime (1) end cimplifying
gves

Bl)=

wheve

Bea(l/Q=~M-12+ AR egneD W
Note that (L) & o function of the contrel chant
parsmeters A, & and A. Byuation (5) may be mini-
mised with reapest o these parametess by divert
ssarch methedn. Other metheds ave
disrussed by Duncan (1908); Gesl, Jain snd We
(1995; and Chin and Wethaelll (1979},

Program Deseription

Variows sumerical studiss have indissted that
the epthmal contrel chart dosign is relatively insen-
sitive %o mispecification of the sost pmameters but
melstively sonsitive to the magnitude of the chil &
Purthermere, the magnitudes of the chik primarily
afioets the eptimal sample sine ». Por this reasen,
the program displays & sumber of conteel chart

@ *an Al..#uﬂl#h
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Yl 14, N, 1, Amuery 1008

may slecs w0 dovisle somonhat from the eptimal
dasign. depending en his dagree of confidence in the
PAraERter estionsies.

Bquation (3} is eptinised in twe stages. Chin and
Wetherill (1976 aste that by constreining the
power of the chast (1 = §) w» & specified value ey
090 or .90 the eptaimal & and 4 can be appreny.
mated by the sslution 8o

aeh [ 4 1)
PV oy v »
and
SVa=-aa=, -

chae 2= 1908U 1l -0 ad > 10000 0
1 = § =080 and ¢ln) in the dennity fnction of ¢
standasd asrmal candem varisble. The pregam
unes 2 = 1.5008 o cnlve (7) and 6. The sesulting o,
oy a®, hem W b wed w ont ower and wppwr
lmite in the search for the eptimal cample sise

The sosend phase of the eptimination finds the
optimal & and A for sach value of & in the imservel
omantl,. A’ = M g a g a® + 10 The contrel it
& & found waing ¢ thres-singe line soarch slarting
with & cowne grid, Bollownd by twe susssasively
finer mashes. At eneh cont function evelustion, the
optimal A is computed wsing the hilloning eguation.
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‘This apprestmetion for the eptimal A given & and
& was cuggeeted by Duncan (2908 end Chin end
Wetherll (1976). An ennet dosed form sslution for
the eptizal A destved by Oosl, Juin and We (190D)
could be wsed insiend of eguatice @). In practics,
u--.un---—-——-y.
= £ ase gvan By & = SD(=h)
l-l- - 8)+ O =~ &) ohee
©4-) s the cumistive standasd asrmel Gsthution
fmetion, which b ovalusted in the progran wing
on sppeesimation el Abamevie and Sigun
(1904, equation 382.1N.

Program Operation

The wswr oot supply e alne psamuten o, &y,
@y, 8%, 0y, A, &, g and D. The pragran csiloudates the
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