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TERRAIN MICROROUGHNESS AND THE DYNAMIC

RESPONSE OF VEHICLES

Richard A. Weiss
Mobility Systems Division

U. S. Army Engineer Waterways
Experiment Station, Vicksburg, MS 39180

-- Me C- The design of vehicles with particular operating character-
istics on rough terrain requires accurate descriptors of terrain roughness.
At present a one parameter description of surface roughness is available
that uses the standard deviation of a detrended elevation profile. In order
to introduce the frequency content of the terrain into the roughness de-
scription, a three parameter model of the surface roughness power spectrum
is developed whose parameters are determined from the values of the standard
deviation of displacement, slope and curvature obtained from a detrended
elevation profile. The three parameter model predicts five distinct types
of power spectra which can be used to classify terrain roughness including
the cases where periodic features are present. For some types of terrain
it is not necessary to use detrended data, and for these cases the power
spectra are developed using an undetrended formalism.

The three parameter roughness model can be used to predict the power
absorbed by the driver. The effects of vehicle geometry including wheel
size, wheel spacing and track length are introduced in a natural way through
the roughness model. Vehicle dynamics effects including the location of the
driver relative to the center of mass of the vehicle are introduced by trans-
mission linctions. A comparison with experimental absorbed power data is
made. -

PART 1: INTRODUCTION. The dynamic response of a specified type of wheeled
vehicle operating on a terrain depends on the vehicle speed and the terrain
roughness. For satisfactory operation of both vehicle and driver, the dynamic
response of the vehicle must be predictable for a given type of terrain. To
achieve this prediction capability, the U. S. Army Engineer Waterways Experi-
ment Station (WES) was requested to develop improved methods of describing
terrain and use them to calculate the resulting vehicle and driver motion.

A description of terrain roughness is especially important for the de-
velopment of new vehicles because ride tests on various types of terrain are
required to evaluate new desigi concepts. An accurate surface roughness
description is required to separate the effects of a new vehicle design from
the effects introduced by the surface roughness properties of a test site.
Both the frequency content and. the amplitude of an elevation profile will
influence the ride quality of a vehicle, and an effect observed during a
vehicle ride test may be due to a peculiarity of the terrain roughness rather
than a specific vehicle effect.

!" The development of new vehicle designs is helped by a thorough under-

standing of how changes in the geometry and dynamics of a vehicle will inter-
r act with the terrain roughness to produce changes in the ride quality.
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Especially important are the effects of geometry including wheel size, wheel
spacing, driver location and track length, and the effects of dynamical param-
eters including spring constants, damping constants and the weight.1 The
effects of soil conditions are not treated although they may be important to
the vehicle response.

Description of Terrain Roughness
A description of surface roughness begins with a measurement of an ele-

vation profile, Figure la. Elevations are measured at small intervals
(usually one foot or one half foot) over a distance of several hundred feet.
Numerical differentiation gives the slope and curvature profiles. The mea-
sured elevations include gradual changes of elevation over a long distance.
In some cases this nonstationary character of the measured elevation profile
may have to be removed by a detrending procedure in order for the data to be
processed. In other cases the measured elevation data can be used directly.

Roughness can be described as a stationary random process if the statis-
tical properties of the profile height do not change with position along the
profile. To remove nonstationary trends from the data a detrending procedure*
is applied to the data which removes the very long wavelengths (the trend),
see Figure lb. The mathematical procedure for obtaining detrended data is
given by

2

1

Fd(x) = F(x) - - j[F(x + a) + F(x - a)]e - a / da (1)
0

where Fd(x) = detrended function

F(x) = original function
X = filter constant (detrending constant)

Computer program RRFN has been developed to calculate the detrended data from
the original input data.

1

After removing the trend the question still remains as to the frequency
constant of the terrain roughness. This is important because a dynamical
system such as the spring support of a vehicle has a resonance frequency, and
this resonance may be excited if the vehicle runs over a given terrain at a
specified speed. Therefore it is of importance to know the wavelength content
of the terrain roughness because this will determine the frequency content of
the input displacement, velocity, and acceleration on the wheels of the moving
vehicle. The wavelength content of a terrain displacement profile can be
described by a power spectral density function.

The power spectral density (PSD) gives the spectral density of the
variance of a random process. 2 "4 Therefore,

0 2 = V = f PSD dO (2)
0

* "Detrend" means to remove the trend of the elevation variations.
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where Y = RMS value of the random process standard deviation for zero
average value

V = variance
0 = spatial frequency = reciprocal wavelength = number of cycles/meter

In this paper the RMS value and the standard deviation will be used inter-
*.,changeably because the baseline can be chosen so that all average values are

zero. The PSD gives a measure of the frequency content of the random process.
For example, the surface displacement profile PSD is a measure of the wave-
length content of this profile.

One Parameter Model
A descriptor commonly used in terrain roughness models is the standard

deviation (RIS) of displacement obtained from a measured elevation profile.
The one parameter roughness power spectrum can be calculated from the value
of the RMS displacement. The one parameter power spectra of the surface dis-
placement and slope can be written as

2 ,5

Pd(0) =C (3)

P Ps() = (2,)2.2sin(nAL)2 Pd ( )  (4)
P5  K=n = d~[ i 4

where Pd = PSD of displacement profile

Ps = PSD of slope profile

C = roughness parameter

fAL = interval of elevation of profile measurement
For the undetrended case the RMS displacement integral (2) does not converge
with P given by equation (3), however the RIS slope integral (2) does converge
with P given by equation (4). For the single parameter model a theoretical

expression for the RNS value of the displacement can only be determined for
detrended data, and the theoretical need for detrending is that it allows the
elevation power spectrum integral to he evaluated. For this reason the value
of the parameter C must be determined from detrended data. The spectral win-
dow function occurring in equation (4) introduces the interval of measurement
of the elevation profile.

The power spectrum for a detrended elevation profile can be written as
2

Pd (QA) = (2nA)4g 4  P

Ii + (2nM)2 1

t 0 -2pd (Q)

where the detrending function 0 is defined by

0 = 1 + (2nM)- 2  (6)
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Since the RMS integral. of the slope power spectrum converges, Van Deusen uses
the undetrended slope power spectrum given by equation (4) to calculate the
RMS value of the slope. The integrals presented are

2

(Undetrended) = rPd(Q)d " Diverges (7)

o2 (Detrended,A) = rp X(,)dO n2AC (8)
d 0 d,DET 2

02 (Undetrended) = f Ps(Q)dO = 21t2C (9)
s 0 s AL

where ad = standard deviation of terrain displacement

a = standard deviation of terrain slopeS

A determination of the RMS displacement for detrended data (by computer
program RRFN, for example) immediately determines the constant C, and there-
fore the power spectrum for the undetrended data is calculated. Two basic
theoretical concepts are introduced in the one parameter model: (a) the
detrending function which allows the elevation RMS value to be calculated
analytically, and (b) the slope spectral window function which introduces the
measurement interval of the elevation profile. The value of a can be used to
calculate C directly from undetrended data using equation (9).s

Three Parameter Model
A comparison of the one parameter monotonically decreasing power spectrum

PK = C/(2 with the power spectrum values obtained by calculating the Fourier
transform of the autocorrection function of an elevation profile suggests that
the one parameter representation is valid only for high spatial frequencies
of the terrain roughness. Also, quasi-random terrain areas such as plowed or
disked agricultural fields cannot be described by a one parameter model be-

* cause a pronounced peak occurs in the measured power spectrum at a frequency
corresponding to the width of the plowed furrows.

A more complete description of surface roughness is needed, one that goes
a step beyond a one parameter characterization that is based on a single RMS
value of surface displacement. This paper introduces a three parameter rough-

* ness power spectrum model that can describe terrain areas having periodicities,
and gives a better description of the roughness power spectrum in the long
wavelength region.

The three power spectrum parameters are determined from the values of the
standard deviations of the displacement, slope and curvature of a measured
elevation profile (Figure la). The power spectrum determined by these param-
eters is found to be of five distinct types of which the Van Deusen form M 

2

is one. The displacement power spectrum Pd (0) is found to be a complicated
function of frequency that includes spectral windows of definite bandwidth.
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The resulting frequency channels of power transmission and power suppression
may be responsible for the anomalous dynamic response of some vehicles on a
given terrain.

Actual terrain locations where military trucks and track vehicles are
expected to operate can vary considerably in quality (frequency) as well as
their RMS values of elevation. Terrain types such as trails, cultivated
fields, virgin terrain, test courses, etc., are expected to be encountered by
military off-road vehicles. An attempt is made to classify terrain roughness
in terms of the five basic types of roughness power spectra by associating
each terrain site with one of the five types of power spectra. The type of
power spectrum associated with a terrain site will determine the nature of
the dynamic response of a vehicle moving over that terrain. In this way the
expected dynamic response of a vehicle can be related to a specific terrain
site. A computer program TERR was developed to accomplish this work.1

Absorbed Power
Driver fatigue can be related to the power absorbed by a driver during

the operation of a vehicle. Absorbed power is a physiological concept and by
definition it is related to the acceleration power spectrum measured at the
drivers seat.6 Experience has shown that a driver can absorb no more than
six watts of power and be physically able to drive a vehicle for an extended
period of time. 7 It is of military interest to be able to predict the vehicle
speed that corresponds to the six watt absorbed power level, and to determine
the terrain roughness descriptors required to do this.

At present the six watt speed is estimated from the RS value of surface
displacement as determined from a detrended elevation profile. 8 13 This
single parameter terrain roughness description is sometimes found to be inad-
equate because the frequency content of the ground surface elevation is not
considered. The three parameter terrain roughness description was developed
in part to improve the method of determining the six watt speed by including
the effects of frequency content.

Accession For

NTIS GRA&I
DTIC TAB
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PART II: THEORETI CAL ROUGHNESS MODELS

INTRODUCTORY REMARKS. Terrain areas can be natural or man-made or a com-
bination of both types. Natural terrain elevations appear to be random, but
some features such as windblown sand dunes have an apparent regularity. Han-

*made areas such as roads, trails, plowed and disked fields, etc., can contain
apparent regularities although their elevation profiles are still character-
ized as random data. Plowed fields, for example, exhibit a quasi-sinusoidal
pattern and will have a power spectrum that peaks at a spatial frequency that
corresponds to the quasi-sinusoidal pattern. This case clearly cannot be
described by a one parameter power spectrum of the form Cf"2 which is a
monotonically decreasing function of spatial frequency. This part of the
paper develops a three parameter power spectrum model that can be used to
describe random terrain roughness elevation which include regularities, man-
made or natural.

The power spectrum coefficients of the three parameter model are calcu-
lated from the RIMS values of elevation, slope and curvature that are obtained
from a detrended elevation profile or from an undetrended elevation profile
when possible. The values of these three parameters can be used to classify

*terrain roughness.

FORM OF THE THREE PARAMETER POWER SPECTRUM. This section suggests an
appropriate form for the three parameter roughness power spectrum. The choice
of the form of the three parameter power spectrum model is a natural extension
of the Van Deusen one parameter model Cp-2 . Figure 2a shows that the PSD of
the undetrended and detrended displacement profile is described by the form
CO"2 only in the region of large 0 (short wavelengths). For small Q (long
wavelength) the PSD deviates from that predicted by Cp-2 . Additional param-
eters are required to describe the deviation from CQ "2 in the region of small
0. Assuming that the short wavelength region is accurately described by the
form CO"2 , the modification of the PSD must consist of terms Q- (with a > 2)
that are added to the CO-2 term. In this way the modification of the PSD

*" becomes important only for small 0 and approaches the form CO "2 for large a.

The PSD for undetrended surface displacement can be written as a general-
ization of CO"2 in the form of a power series as follows

P =C-2 + 1X'3 + EQ4 (10)
d

For practical calculation, the power series must be cut off at some finite
4 term. If two parameters are chosen to describe Pd in the form

Pd = Cf)l2 + Ig 3  (11)

then the measurement of both ad and u is required to determine C and D. If
• S

three parameters are chosen to describe Pd in the form
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P = C1- 2 + DO- 3 + EQ'4  (12)
d

then ad9 a and o would be required to determine C, D, and E, where
S C

a = standard deviation of curvature (second derivative of elevation withc

regard to space coordinate). In this paper the term curvature will be used
to describe the second derivative.

Polynomial models beginning with the term AQ- 1 such as

Pd = Afl 1 + CO-2 + Dg-3  (13)

are not valid for two reasons: (1) they do not approach the Van Deusen form

CU-2 for large 0, and (2) the integral f P -2d0 for detrended data has a

logarithmic singularity and cannot be evaluated.

The short wavelength (high frequency) part of the power spectrum is de-
scribed by the parameter C, while the long wavelength (low frequency) part of
the power spectrum is described by the parameter E. The middle ranges of
frequency are determined by the parameter D. The values of the power spectrum
parameters C, D and E are determined by the type of terrain elevation profile
that is measured, and these parameters can be used as descriptive numbers to
classify terrain roughness.

CLASSIFICATION OF TERRAIN ROUGHNESS. This section shows how a terrain
roughness classification can be developed in a natural way from the algebraic
signs of the parameters C, D and E. Terrain roughness can be classified
according to the shape of the power spectrum associated with the natural ele-
vation profile. The shape of a theoretically predicted roughness power spec-
trum is determined by the values of the parameters C, D and E. These param-
eters will be determined from the values of ad, a and a associated with the
elevation profile.

A priori, the values of the three parameters can be positive or negative
yielding a total of 2 x 2 x 2 = 8 possible types of power spectra. But the
case C < 0, D < 0 and E < 0 must obviously be excluded because the power spec-
trum must be positive at least in some frequency range. This leaves seven
possibilities. But of these seven cases two are redundant and only five
physically distinct types of elevation power spectra are possible for the
three parameter model. These are shown in Figure 2b. The basic forms of
Type 2 and Type 3 remain unch4nged for D > 0 or D < 0 so that either sign
still represents only one spectral type, and this redundancy yields only five
distinct spectral classes.

The one parameter power spectrum Cf "2 is seen to be a special case of a
Type 1 power spectrum with C > 0, D = 0 and E = 0. Type I power spectrum con-
tains all frequencies with little power at the high frequencies. Type 2 has
no power at high frequencies. Types 3 and 4 have pronounced peaks at definite
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frequencies and can be used to describe a large scale rolling type of terrain.
Type 4 with D2 < 4CE gives a power spectrum which is all negative and so this
case must be excluded. Type 5B with D2 > 4CE describes the situation where a
high frequency periodicity occurs within the terrain, such as in the case of
plowed or disked fields. Type 5A with D2 < 4CE can be considered to be a
special case of Type I where the power is positive for all frequencies.

Power spectra, by definition as the Fourier transform of an autocorrela-
tion, are always positive. Therefore only the frequency ranges where Pd(0)
is positive in Figure 2b are physically acceptable. The regions where
Pd(0) become negative must be regarded as physically unacceptable for power
transmission and Pd(0) is set equal to zero here. In this manner it is seen
that the roughness power spectrum Pd(Q) is not in general a simple function
but rather may contain cutoff frequencies (0o and 01) which produce "windows"
(bright areas) and zero power areas (dark regions) of definite bandwidths.
Therefore only in distinct frequency regions may power be transferred to a
moving vehicle. The type of power spectrum exhibited by a given site is de-
termined from measured values of a d, a and a from which the values of C, D
and E are obtained. s c

The power spectra used are one-sided because they are defined only for
positive frequencies. Sometimes two-sided power spectra are used which are
defined for positive and negative frequencies. The two-sided power spectra
can be obtained as mirror images of the one-sided power spectra. Power
spectra must be symmetrical about the zero frequency axis because they are
defined as Fourier transforms of autocorrelation functions which themselves
are symmetrical. The power spectrum model given in (12) can be used for nega-
tive () by choosing I1g 3 , absolute value of 0, in the regions of negative 0.

The type of power spectrum obtained from an elevation profile will depend
on the length of the measured profile. Therefore the classification of ter-
rain areas will be scale dependent, and a comparison of two terrain areas
should be made on the basis of equal elevation profile lengths. This paper
does not investigate scale dependence.

The five possible types of roughness power spectra are associated with
the choice of a three parameter power spectrum model. The choice of a greater
number of parameters would produce more complicated power spectrum shapes.
For example a four parameter model would exhibit two additional types of spec-
tra giving a total of seven types. The three parameter choice made in this
paper is justified by noting that Newton's law of motion relates the force act-
ing on a vehicle to the acceleration input. Therefore as far as vehicle dynam-
ics is concerned there are three stochastic kinematic quantities to be obtained:
acceleration, velocity and displacement. This suggests a three parameter sur-
face roughness model because the standard deviations of velocity 0v and accel-

eration Ua can be related to the standard deviations of the slope as and cur-

vature ac, respectively, of the terrain elevation profile (Part III). There-

fore the calculation of the basic kinematic quantities associated with the
vertical dynamic response of vehicles (ad, av, oa) requires the three measured
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roughness quantities 0d, as and a from which three power spectrum parameters

(C, D and E) can be determined.

THREE PARAMETER MODEL OF DETRENDED TERRAIN ROUGHNESS DATA. This section
develops the formalism and mathematical details required to evaluate the power
spectrum of a measured elevation profile from the RMS values of the elevation,
slope and curvature obtained from the corresponding detrended elevation pro-
file. This is done for each of the five types of power spectra described
above.

For roughness power spectra of Types 1, 2 and 5 it is impossible to use
values of ad, a and a obtained directly from undetrended data to calculate

d s c
the power spectrum coefficients because the integral _fP dl diverges (at 0 = 0)o d

for the form of power spectrum given in equation (12). These three types of
terrain roughness must be handled using detrended data and the values of ad,
a and a for detrended data can be related to integrals of the form
s c
f P *-2df which converges. For roughness spectra of Types 3 and 4 it is

0 d
not necessary to use detrended data because the integrals defining do, o
and a are defined from a lower cutoff frequency 00 and so the singularity at

c
= 0 is avoided and undetrended data can be used. But the detrended formalism

can be applied to spectra of Types 3 and 4, and this section evaluates the in-
tegrals that appear in the mathematical expressions for ad, a and a (for de-

trended data) for all five types of terrain roughness power spectra.

For the power spectrum given by equation (12), the values of Pd' Ps and

P for undetrended data are
c

Pd = C(-2 + DQ- + EQ'- (14)

EO-4) sin (nQ&L) 2

P= (2n)2 j2 (Cf?' 2 + ir- + EQ-4) [i_ -L)1 (15)

= (2n) 4Q4(CQ2 + + ,,4 ) sin (n-~] (16)

The form for the slope and curvature PSD is developed in Reference 1.

The necessary integrals for the detrended scheme of the three parameter
model will now be evaluated. ,This will be done for each of the five basic

types of roughness power spectrum.

Type I Power Spectrum
The variance integrals of Pd and P cannot be performed directly on (14)

and (15) because they are singular for 0 = 0. In order to calculate C, D and
K E, the variance of the detrended displacement, slope and curvature profiles

must be used. For the case of detrended data the displacement, slope and
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°. curvature power spectral densities are Pd* 2 , Ps*2 and P 02 respectively
dS C

where * is defined by (7). From (14) - (16) the RHS values of the detrended
* terrain displacement, slope and curvature are

U2 = V = JfPd¢p2dO = Cfj(A) + Df2 (X) + Ef3 (k) (17)
d d 0  d

0 2 = V = 0f1Ps-
2dQ = Cgj'(A) + Dg 2 (h) + Eg3 (X) (18)

s s 0

02 = V = P c- 2 dQ = Ch1 (A) + Dh2 (X) + Eh3(X) (19)
c c c

The values of ad, a2s and a2c are represented as a linear combination

of integrals where the fi(A), gi(\) and hi(X) are given, with b 2nX and
a = nAL, as

fI(X) = f -2-2d= b4f Q (20)
f (I + b 2Q 2 2o 0

00

f2(A) = -Gad= ~ d (21)
f o 0f (1 + b 2 2)(

0 0

fQ-4. f dbQ

f3 (A) = =-40-2d! 0 b 4  (22)
(I + b2( 2)

0 0

00 0

g(.) (2n)2  sin a )2  d = (2n)2bf 2 sin 2 (aQ)dO
(1 + b2

2 ) (23)

0 0

00 00

fag 2  (2n)2b4  0 sin 2 (aO)dg
g2(k) (2n)2  - S a0 

-2dQ =I (+ y- (24)f a f (I + bA)2)"
0 0
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g3 (A) = (2n)2  -2  sin aO) -
2d (2n)b sin2 (aO)d (25)

aQ 7 b2a(2 )

0 0

2sin a\4 - d (2n)4b4  Q2 sin4 (aQ )dQ
h() (2n) 4  41 = a4  1 (26)

f af (1 + b2()2 )
0 0

OD 0

/(24 ( in a)4 0-2d= (27) 4b4  sin4 (a(2)d(

0 0

0D 0f3 27) sin a( \4 02O (27r)4b4  sin 4 (a(2)d(2 (28)h3(X) = (2n)4  f aI . d - a+ J (18)

o 0

Note the integrals gj, g2 , hl, h2 and h3 diverge where a = 0, so that ys and

a diverge for AL = 0. Only for the case AL t 0 are Od' V and a properly

defined by infinite integrals when > 0 Also, the integrals representing
C d and a would diverge in the low frequency limit if the detrending factor

o- 2 were not inserted into these integrals. In other words, whereas AL t 0

avoids singularities at high frequencies, the detrending factor *-2 avoids
singularities at low frequencies.

The values of the integrals in (20) - (28) are evaluated in Reference 1
by complex integration using the contours shown in Figure 2c, and have the

following values

nbfl(A) = (29)

f2 (k) = L (30)

r2

f3 (A) = !!- (31)
p4
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g1 (A) ---2 - e ) + e" (32)

n2b e2a/b 2a/b92Wh = aTZ [ E, (2a/b) + e" E*(2a/b (33)

=n3b3* ' e-/ 2a/b]

4nh;( ) + b +e- 2a+b a 2a/b I gle2a/ (35

41T4b{ -a/ 2a/b4a/bl4ab

h2 (\) = - eaEl(2a/b) + e 2a/bE*(2a/b) - 1 [eE 1 (4a/b)

+ e-a/bE*(4a/b]} (36)

h3(A) = 3 - e e - e - a -2a/b - 1 2/b)] (37)

where E, (x) and E*(x) are exponential integral functions which are tabulated

in the literature. The exponential integrals are defined as follows

Ei(x) = -Ei(-x) = f - dt (38)

6 x

Ft

E*(x) Ei(x) = - dt (39)

For small values of x these functions have the following series expansions

I
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x2  x3  x4  x 5

S(x) -log + 3+ (40)
1e (x2 ! 2 ! 4 ! 55

x2  x 3  x 5

E*(x) = y + loge(X) + x 2!2 + + -+ -- + (41)

where y = Euler constant = 0.5772157.

Type 2 Roughness Spectrum
Detrended data must be used for this case. The integrals defining Vdt V5

and V are (see Figure 2b)
c

a2  Pd0-2dQ = CAf(A,Qo) + DAf2(A,0o) + EAf3 (A,Qo) (42)

0

00

a2  Ps0 -2dQ = CAEl(Xn°) + DAh2 (Af)O) + EAh3 ('A,0 ) (43)

0

00

02 =/ P - 2dO CAWAl0'O) + D~h2(X,00) + E~h3(X,0°) (44)

where the integrals Af.(A,0o), Ag.(A, 0o) and Ah .(A,0o) are given by

(,_b_2 =b COS )\(4

&f(X,00) b4f (I += i -7o - sin e0 Cos 00 (45)

0

;. no
Af2(A,fOo ) =b4 OdO b2  2 boOn

bf - sin20o . (46)
f (1 + b2n 2 )
0
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no

tlf bQO 1V dQ 2  2  3 (0c,+ sin 80 cos 00)% b4g0  (47)f(I + b2fg2) z

0

where

00 = tan'(b~o) (48)

no

()2bf sin2(aO)do (49)
a (1 + b2Q2 )

0

- (2Yb4 [o(o) - L2) (no) + L2) (O -

where

Lo(Qo) = 0 - b2gS + 1 -~g A b 6 ga + L b8 08 -Lno= 3 5 79 11

_(2a) QS sin (2alo) 2 0 cos (2ano) 2 sin (2aQo)

Lz (I o =  2a +'" '

(2a) (2a)

(2a) 4

+ r(2 .)4fO - 12(2a) 2 08 + 24] sin (2ago)
(2a) s

go

(21 f 0 sin2 (aQ)dfl
Ag2(X,o) ()b4 J (1 + b2g2) (50)

= b 0 oCn) - W(2a) (o) + w (0) -""

462



where

W0 (flo) = (I- b2 08 + -g bOg + Og

(~2a) On=fl sin (2aflp) +cos (2anp) 1

= 2a (2a)
z  (2a)"

W(2a) (f 0) =2b
2  cos (2afo) + 6 + R2f go sin (2aflo)

go
( 2__X ) 2n 0 sin 2 (aQ)dO (51)Ag3(X,fo0)-u
a(I + b202)

0

1 ()2b [O(() - HH+ n2  )(0 0 ) .

where

11(Q) 2 b2fl + 3 4O- 4 bO+ 5 b -..

4

H(2a) ( sin (2a0 0)
1 (00) 2a

H(2a) (0 2b 9sin (2aflp) + 20a cos (2a0 0) 2 sin (2anp)
H2  (n)= b 2a (2a)Z (2a)3
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F,0
( ) b4 o2 sin4 (aO) (52)

(I + b2 )2 )

0

' (Ln)"" { Lo(oo - 2 [42a) - .,aoo, .

(4a~)~) ( L4a)() ( L4a)()-

where

L(4a) ( 0) 8 sin (43o0) + 200 cos (4agO)_ 2 ein (4af0)
L 04a (4a)Z (4a)

L (4a) (00) Zb' [4(4a)2-: - 2 % .oE (4anp)
(4a)4

+ [(4a)4oj - 12(4.) 2 08 +1 24] sin (4ago)j

= 4 0 sin 4 (a)dO (53)

(1 + b2j)
2 )5

= ~ ~- , 2 [W (o) - w2a)(fo) "

+ P (Qo) - w2 (O) +

where

W_4a)(l 0 )in (4ac) cos (4aflo)

4a + (4a)Z (4a)2
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2 4a(0 0) 2b2 -()4 cos (4aO) + -~) (a 4a)3] 0 sin (4a~O4

no

Ah (2!!)4 I sn4 (aO)dfQ (54)(+ ( b202)(4

S4 / HO(0) -2 [H2a) (0o) - H2a)(00) +

1 (4a)( (4a)[H a O)- H2 (00) + "
2 1~

where

H(4a)(0o) = sin (4aQo)
4a

H'a)(00) = 2b2 [08_sin (4aOo)+ 200 cos (4aQo) 2 sin (4a0O)
2 4a (4a)Z (4a)

Type 3 Roughness Spectrum
Either the detrended or undetrended procedure can be used for this case.

The integrals defining Vd9 V and V for the detrended case are (see Figure 2b)

SPd-2dQ = Cfl (X,00 ) + Df2 (x,0O ) + Ef3 (AQ 0 ) (55)

no

s f Ps. '2dO = Cgl(A',0) + Dg2 (,0O) + Eg3(A,00 ) (56)
s o .

00

=Y fP -2d0 = Chl(,0 0 ) + Dh2 (X\,00) + Eh3(X,(0O) (57)

no
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The integrals f.(A,i o), gj(X,0o) and h.j(, 0o) are given by

Oh

(A00 1)4f 0: j f. (A) a Ef (X. SIO)
j J (I + b 2 0 2 )

(7)bafiIi ± 2 2 g.X - g.(A,n)o) (59)

4(10

,.A4 D ("3-_ .r 4 (af)i.o
h.A,^, 0oj---b" " - h.A) - Lih.(A, 0) (60)

.3 \a/ J (1 b2n2
nlo

TyejPo%.r__ pectrum
Either the detrended or undetrended scheme can be used for this case.

The inegrais detilning Vd' V nd Vc for this case are (see Figure 2b)

o2  f rl 2 dC. = tf 1 ,Qo,) + f 2 (,0 0Q0 1 ) + Efa(A, 0 ,0 1 ) (61)

no

°C.- P9 2 d1 -- Cg 1 (A,Qo,Q 1 ) + Dg2 (A,n0o,fl1 ) . Eg3 (A,O/o,fl1 ) (62"
d J4f
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ni

G2= o P 2dg = ChI(XQ 0 ,01 ) + Dh2 (An 0°' 1 ) + Eh3 (Xn'°fll) (63)
c

The integrals f.(X , 0 ,01 ), g.(X, 0 ,01 ).and h.(X,00 ,Q1 ) are given by

b (f,00,01) 0 n doQ2  = Af.(A'0 1 ) - Af 01900) (64)fJ( 'GO'Gf (I + fbl3-Jd

no

(2n)2b4 n3- sin 2 (an)dQ (
(A,0'01) a f (I + b2g2 ) = Ag(,l) - Ag.(Xfo) (65)

no

Q,

(2n4 0-Jsin4 (a)df
h(A, o =, -( b4 f2 Ah.(X,01) - Ah.(XQo) (66)

f (I + b2n2 ) 3

Type 5B Power Spectrum

The detrended scheme must be used for this case. The integrals defining

V d? V and V are (see Figure 2b)

2= Pd*-
2
dQ + f Pd*' 2dn (67)

0

= C6fMI(A, 0 ,01 ) + D6f2(h, 0 ,Q) + E6f3(Xn 0 ,IQ)

467



Ur2  pS*- 2dQ + Jf P*- 2dtl (68)
o

=C6g1 (X,fl 0 421 ) + D~i 2 (A,Q0,n 1l) + E6g 3 (X,flo,0)

Lp P qr2dl + P -2 dfl (69)

=C6h1(X,(?0,0 1) + D6h2 (X\,II0 ,Q) + E6h3(X,Qo0 1 )

The integrals 6f.(0, 00,01), 6g (,\,0 0 ,01) and 6h.(A,0l0,0l1) are given by1 J

(,,Q~i,) Ag(I10)+ g.1(1\10 1 ) g.(X\) + Ag.(X,(C.) -Agj(?.X,) 0)

=Ah (X,0 0 ) + h.Q, 1  h h(A) + Ilh (A,Qo) -h ~h(k,o) (72)
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Three Parameter Model of Undetrended
Terrain Roughness Data

This section considers the use of undetrended nonstationary elevation
profiles to determine the surface roughness power spectrum. If the terrain
roughness power spectrum has E < 0 as in cases Type 3 and Type 4 of Figure 2b
there is a lower cutoff frequency Q0 for the power spectrum and the diffi-
culties associated with for integrals for 0 4 0 do not arise. For this case
undetrended roughness data can be used to determine the power spectrum coef-
ficients C, D and E, and a detrending constant A does not enter into the
calculations. Types 1, 2 and 5 power spectra do not have a lower cutoff fre-
quency and therefore must be obtained from detrended data.

Type 3 Power Spectrum
For a Type 3 roughness power spectrum that exhibits a lower frequency cut-

off, the integrals expressing ,d' a and o for undetrended data in terms
of the power spectrum coefficients are (see Figure 2b)

a=f(cn-2 + do-a + EO-4)dQ= Cfj(Qo) + Df2 (0o) + Ef3 (6o) (73)

00

02 ( 2 fDCj-2 + DO-3 + E-4 sin 2 (aO)dQ (74)

= Cg1(0o) + Dg 2(Mo) + Eg3 ( 0 )

G2 () f(Cn -2 + DO- 3 + En - 4  sin4 (aO)dQ (75)C a

no

= Chj(no) + Dh2 (00 ) + Eh3 (Qo)

where a "s and a are obtained from undetrended data.
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The integrals to be evaluated are

tI mo) (6

12WO2) 
(77)

gj wo) ()2f 1
2  gd0()

uO

91 (00) (()f794a)~ 
8)

0

(0) 2l sjn2  (a)dg (&0)

2( sin2 (a12)dO 82
0
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h( )4 sin4 (aQ)dO 
(83)

0

The integrals f1 (Qo), f2 (2o), f3 (go), g2 (2o), and g3 (0o) diverge in the long

wavelength limit go 4 0.

The evaluation of these integrals is done in Reference 1 and yields the

following results

fi(Qo) no-i (85)

f2(0O) =0-2 (86)2

f3 (0o) = 3 (87)

2n2 ( I (2a)) (88)

2n2 ( 1 - i(2a)) (89)

g3 Wo) = a7(3 - 2a) (90)

090

(a/4\3 1o 1 1  47 (91)
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S( )4- + (4a) (92)

h-jdQO) (2.n) (1 I (2a) +1 (4Z) (93)

wherr thr l's :re given by

( (2j) 2os (2alo)" + 2asi(2aQ O )  (94)

1fin

( a , , w-, (2al a si n (2afro + 2 2Ci(2a g~o) j,

*o!- (o.,' ) "in (2. 2a " cos (2aO.)- 4 alsi(2a4)0 ) (96)
1430

(41) .... o + 4asi(4aQo (97)

12

(4a) cos (4aQ,) 2a sin (4af o ) + 8a
2Ci(4aflo) (98)

13 Q + 8a

(,a) cos (4aq - 2a sin (4ao) 8a2 cos (4aQO) 32 a3si(4afo) (99)
UA 300

and abe;'. stIe inte~rzl at' cosine integral functions are given by
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t

si(t) =f sin x dx t3 t (100)
x - + t - + !7 +

t

Ci(t) Cos x dx = y + loget - t + "(101)x e 212 4!4 6!6

where ¥ = Euler constant = 0.5772157. This completes the analytical evalua-
tion of the integrals f(Q 0 ), gj(go) and hj(n0 ).

Type 4 Power Spectrum
A Type 4 roughness power spectrum exhibits a spectral window having lower

and upper frequency cutoffs 00 and Q1 respectively. The integrals defining
Od' s and ac are written as (see Figure 2b)

o2= f (Cn-2 + Dx- 3 + EQ- 4)dQ = Cfl(QO,gl) + Df2(Qo,g) + Ef3( 0,01 ) (102)d o

G2 = f (Cn-2 + DQ 3 + EQ- 4) sin 2 (aQ)dQ (103)
s a o

= Cg1 (00,01 ) + Dg2 (o,Q01 ) + Eg3 ( 0 ,Q1)

02= f (Cn-2 + DQ- 3 + EQ 4 ) sin 4 (aQ)dQ (104)c a o

= ChI(( 0,01) + Dh2 (Qo,Q1 ) + Eh3( 0 ,91 )

where 0d, as and a refer to undetrended data, and where the integrals

f(0Oo 1) , g(o,01), and h (Q 0 1 ) must be evaluated analytically.

By writing the integrals in equations (102), (103) and (104) as

f = f - f , the following values of these integrals are obtained.
Qo o 01

fj(Qo, 1 ) = fj(go) - f (Q1 ) (105)
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- W0,01) g (0) - gj (0 1 ) (106)

1. (o,i1) h (Qo ) - h (i,) (107)

where tie tuncLions t.(U) g((it) and h.(Q) are given by equations (85)
through (9J).

1:alculat,)ns of he Parameters
of Lhe Rouginess Powe. Spectn-m

"a.: sueLion gives the pio:edurc for expl icitly calcuiaLing Lthe power
spectrum coefficients C, D and E. and also the cutoff frequencies 00 and Q,
which occar i-n Type I - T'vp, 5 power spet-tra. The values of the integrals
t.(k', g(A), ;I fh), and Af (N,0 0 ), Ag.(N, 0 ), and Ah.(X,90) for the de-

trer,'rd rs,; g (0,)), and h.(0o) for the Type 3 undetrended case;

and t . , j( ,) ,nd h.(o,Ql1 ) for the Type 4 uadetrended case ha.e

now ceu evaluate,. These integrals are used to calculate the coefficient'.
C, P 'nd F (and go and -, :;here necessary) that describe the power spe-tr.
of th- -t ,jl terr iu e,,.ion -rofile

TP. J-:t rf-,ling proceuIre can, be applied whether or not there 4- a lo,,s
cutoif frequency flo, and therefore this procedure can he applied i. ill f
five pow-,- spe-,ruir types shown in Figure 2b. The detrending pre.iure .m.wt
be j!-T,14ed t" power spectra of Types 1, 2 and 5 because these cases havc pos-
iti., '.!Ii:: of power supctrura in the limit Q? 4 0. For rypes 3 and 4 .ove"
'r-' , tther LJ,. detreIded or the undetrended tormalism can be used. Fi 't

t',.'i >laticn j: C, t al E for ail five types of terz.-in roughness .i e
(Ion a. .:g Lh d,L rcu,.d scheme, and then C, D at'd E 4il! be calcultc4 f ,r
spe.,-!P type- 3 and 4 using the undetrended scheme.

, , q!.+. Schenio

f;.pv I (C C, D 0, K > 0), Figure 21.

't three ,imultaneous equations (17) - (19) yield

V 12 () f3(A) f1 (k) Vd f 3 (A)

g2(x) g3 (A) g(X) V g3
V s h.(,) hj(A) hj(A) V sh 3(A

. D- - _ ... . . = .(i 7)
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fl(X\) f2(A) Vd fI(X) f2 MA f3 MX
9 1(\) g2() V DET(X) = g 9() g2 (A) g3 (A) (109)
h,(A) h2(A) VS h1(A) h2(,\) h3(A)

E = DET(A)

which give C, D and E in terms of the measured variances V V and V of

detrended data. d$ s c

Type 2 (C < 0, D < O, E > 0), Figure 2b.

The solution of the three simultaneous equations (17) - (19) give
the power spectrum coefficients as

Vd Af2(A'0°) Af3(l'gf)I Af1 (X,QO) V df 3 (,0o0)

V _ 2(X,(o) Ah3(A, 0 ) Ah1 (X,no) V c 3 (XQo)
C D = D (110)DETA(,Po) DETA(, (2)

Aft(A,QO) Af 2 (A,o0) V d lAfl(A, 0 ) Af 2 (A,!o) Af 3 (A, 0 )1

Agl(X,(o) Ag2(X,9o) V
d  DETA(Xn 0 ) AgI(X,Qo) A8 2(X,0o) Ag3 (X ,(0 )

A~h1(A,QO) Ah2 (XQO) V c Ahl(X,f)0 ) Ah2 (A,()0 ) Ah3(Xf)O)
E =DETA(X, 0 )

and the equation for (o as

-D - 4D'- 4CE (122)
C 

12C

These four equations determine C, D, E and 00 .

Type 3 (C > 0, D > 0, E < 0), Figure 2b.

The solution of the three simultaneous equations (17) - (19) give the

following expressions for the power spectrum coefficients
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V d f2(AQ 0 ) f3 (,:0 0) f1(AQ0) V d f3 0
V s 2'\(O g83(AX 0) 81 (,Q0 ) V s g3(A,00)
V ch 2(A,010) h3(,,O) h1 (A,,Q) V Ch 3 (Ak,Q2)

C = ErAQ)D - - E(~2)(113)

f1(Ak,00) f2 (A,00 ) Vd fl(kJQ0 ) f2(Aj20) f3(X,010)
1 (\,')O) 92 (A,()0 ) V 1ET(A\,Qo) =gl(A\,( 0 ) 92 (A\j()) g3(A,0)

1hlCA,Q0 ) h2 (,,O) Vs h1 (A\,Q0 ) h.z(A,0 0) h3 (k,fl0 )
E DTAw (114)

and the following equation for 00

00= -D + VD2- 4CE (115)

These tour equations determine thke four unknowns C, D, E and 00. The vari-
ances V doV sand V refer to data detrended with the constant X.

Type 4 (C < 0, D > 0, E < 0), Figure 2b.

The Lhree simultaneous equations (17) - (19) yield

Vd 2 (A,()0, 1) g3(Ajl, 1  g1(A,00,01) V dg 3(Aj,0 ,Q1)

V C h2(AQ 0,(11) h3(AIf20,Q1 ) hlCAj1 0,f)1) V ch3(X,(1 0,01)
C -------- - D -DET(X 0 ,) (116)

4 gI(AkQ 0,C21) g2(Alf10,fl1) Vd
h1(A,00,1 ) h2(A,Nl,Q 1) Vs

bDA, ET1)h(Q0 ),(1') - V AQ, 1  2 Xc 0 ~)g(~l,~)

h1 (A\,' 0 ,01) h2 (A,fl 0 ,0 1 ) f 3 (k,QC,0)
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and the following equations for the bandwidth

Q0 -D + D0 7- 4CE (118)
2C

2C 4CE (119)

These five equations determine the five unknown power spectrum parameters C,

D, E, 00 and fl1.

Type 5B (C > 0, D < 0, E > 0), Figure 2b.

The three simultaneous equations (17) - (19) yield

V d 6f 2 (Xj0 0 , 1 ) 6f3(Ak,Q0,?1)1 6f1 (X,o0 ,iQ1 ) Vd 6f3(X,()0 ,01)1
V 6g2(A,f)0fl1) 693(X,00,Q1) 6g1 (X,)o, 0.) Vu 6g 3 (X,()O,(2)
V s 6h2(XQ)0,()1 ) 6h3(X,00,Ql) 6h1 (X,0Q0,) Vs 6h3(X,()0 ,(l))

C ___ID____(120)_

DET(Xj2,12)D DET(X,o?0 ,(2) (20

bfl(Ak,f)0,1?1) 6f 2 (,X,f2I) Vd
691(A,00,O1) 6g2(A,()O,Ql) V
6h,(A,00,01) 6h2(Aj?)0 ,01) VS

E =l

(121)
6f,(4,00,01) 6f2 (A,() 0 ,f)I) 6f 3 (A,() 0 ,Q1 )

6g1 (A,f 0 , 1 ) 6g2 (A, 0 , 1) 6g 3 (X0,Q1 )1

The equations for 00 and 01~ are

-D - DZ-4CE (122)

2C

-D + 4D kE (123)
2C

These five equations determine C, D, E, 00 and 01.
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For the detrended scheme the values of ad, as and ac are obtained from

data measured at intervals of AL and detrended with a factor . As such d,
a and a represent data that have been conditioned in order that the theoreti-
cal determination of C, D and E can be accomplished by equations (17) - (19).
The expressions for *-2 and sin (ag)/aQ that occur in the right hand sides of
equations (17) - (19) account for the detrending factor X and the measurement
interval AL, so that in principle the coefficients C, D and E are independent
of the intervals of data measurement or the detrending technique, and reflect
the actual roughness condition of the terrain. It is clear then that, as
written in equation (14) through (16), Pd describes actual surface roughness,
while P and P still contain a factor containing the arbitrarily selecteds c

value of AL. But AL can be set to zero at this point of the calculation to
obtain the values of P and P for the actual terrain.

s c

This concludes the calculation procedure of the power spectrum coeffi-
cients C, D and E from detrended elevation profile data.

Undetrended Scheme
Only Type 3 and Type 4 power spectra can be handled using undetrended

data.

Type 3 (C > 0, D > 0, E < 0), Figure 2b.

For a Type 1 power spectrum the undetrended elevation profile can be
used, and the power spectrum coefficients are determined by

V d f2 (00) f3(g0 ) f1 (QO) Vd f3(QO)
V g2 (Q0 ) g3(0o) g1(00) Vd g3 (0o)
V c h2 (0O) h3(00) h,(0O) Vs h3(WO)

C = DET(Q0 ) D = DET(Q) (124)

f1(QD) f2 (Qo) Vd f1(g0) f2(00) f3(g0)

g1 (gO) g2 (gO) Vs DET(Qo) = g1(gO) g2 (gO) g3 (0O)

E = DET(Qo0) c h1( 0) h2(g0 ) h3(00) (125)

and the following equation for go

g = -D + VDZ - 4CE (126)
2C

*These four equations determine the four unknowns C, D, E and 0o that describe
a Type 3 power spectrum. The variances V , V and V refer to undetrended
elevation profile data. s c

'4

' 478



Type 4 (C < 0, D > 0, E < 0), Figure 2b.

For an undetrended elevation profile with a Type 4 power spectrum of

bandwidth 01 - 0,o the power spectrum is calculated by

Vd f2 ( 0 ,f1) f 3 ((o,0 1 ) f1( °o,01 ) V d f 3 ( 0O0)

Vs h2(fO,f1) 93()0:,1) g1(OoO) V g36( l

V VS h (00,01) h3(00,01) =h,(00,0 1) Vs h3(0o01 1(27
DET( ) DDET(0 0,01) (127)

ff(, 
),fO) f2 (00 ,01 ) Vd

gg o (O),gI) (2o01) Vo
hl620 ,01) h2(00,01) Vc

E =DET(0 0,01)

(128)

DETMOA) f1(00,01) f2((00 ,()) fON00 01)

DETo t) ~hl(0o,0) h2(0o,Q) h3(000,01

and the following equations for the bandwidth

0 = -_D + jj2 (129)2C

= -D - D2 - 4CE (130)I =  2C

These five equations determine the five unknowns C, D, E, 
00 and 01 that de-

scribe the Type 4 power spectrum. The variances Vd, V. and Vc refer to an

undetrended elevation profile.

Dominant Frequencies of a

Terrain Elevation Profile

Roughness power spectrum Types 3, 4 and 5 have a dominant wavelength 
for

the undetrended elevation profile that can be calculated 
from equation (12)

to be

1 -3D t 49D_ -32CE (131)

XD = D 4C
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I--.

For detrended elevation profile data all five spectral types will have a domi-
nant frequency. An approximate expression that gives the dominant wavelength
of detrended elevation data in terms of ad and a is

= 2n s (132)
d 

D

* This expression is affected by the detrending process.

Numerical Analysis of Terrain
Elevation Data

A numerical study was done to determine the types of terrain roughness
power spectra that are associated with actual terrain areas, and to determine
their basic frequency content. Computer program RRFN (Reference 1) was devel-
oped to calculate values of ado as and ac from a measured elevation profile.

The computer program RRFN performs the following specific functions:

a. It detrends the measured elevation profile for some choice of
value of the detrending parameter.

b. It calculates the standard deviations of displacement, slope
and curvature for the detrended and undetrended elevation
profile.

Computer prgram TERR (Reference 1) was developed to calculate the rough-
ness power spectra from the values of ad, as and c that are supplied by com-

puter program RRFN. The computer program TERR contains all the integrals and
mathematical functions that appear in Part II. Computer program TERR performs
the following specific functions:

a. It calculates the power spectrum parameters C, D and E and cutoff
frequencies Qo and (2 from detrended values of a d, a and a for
spectral Types 1 through 5, and from undetrended values o f
4 a and a for spectral Types 3 and 4.

Ss c

b. It calculates the frequency dependence of all five types of
terrain roughness power spectra.

The elevation profiles of 100 terrain sites were examined, and values of
a ad, a and a were calculated using computer program RRFN with a detrendingt A J 10 ft. These values of and were used as input for com-constant a t hs auso d, as ando eeue siptfrc

puter program TERR to calculate the values of the power spectrum coefficients
C, D and E and the associated cutoff frequencies 00 and 0i that describe the
spectral characteristics of the actual terrain. The results appear in Table 2.
The values of C, D and E that appear in this table were calculated using the
detrended data formalism.
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The results in Table 2 show that the signs of the coefficients C, D and E
can be positive or negative and the terrain sites can be separated into the
five spectral classes described earlier and shown in Figure 2b. The frequency
of occurrence is shown in Figure 2d which indicates that spectral Types 3, 4

and 5 are the most common spectral types.

Figures in Reference I show typical elevation profiles that correspond to
the five types of roughness power spectra. These figures tend to support the
conclusions that can be drawn from Figure 2b, namely: that Types 1 and 2 tend
to contain mainly long wavelengths (20-60 ft) of relatively large amplitude,
Types 3 and 4 tend to have a roughly sinusoidal pattern of medium sized ampli-
tudes with medium sized wavelengths (5-10 ft), while Type 5 contains a high
frequency component (wavelength less than 5 ft) of relatively small amplitude.

The frequency of occurrence of spectral types shown in Figure 2d probably
depends on the type of terrain selected for this study in the sense that all of
the areas selected were test sites used for the operation of vehicles. Other
types of terrain, such as may be encountered in macroroughness studies like
the elevations measured across a valley, may produce a somewhat different
occurrence frequency diagram. The lengths of the elevation profiles used for
this study were generally 300 ft. The selection of different profile lengths
may also change the frequency occurrence diagram.

It was shown that spectral Types 3 and 4 exhibit a lower cutoff frequency
0o and it is therefore possible to calculate the values of the power spectrum
coefficients C, D and E using undetrended elevation profile data. Table 3
gives values of C, D and E calculated for Type 3 power spectra by both the
detrended and the undetrended formalisms. The values of C, D and E pre-
dicted by both methods are essentially equal, as they should be since they
refer to the natural terrain roughness and their values should be independent
of the method of calculation.

The relationship of the values of as and ac with the values of od appears

to be different for each of the five classes of terrain roughness. The rela-
tionship is shown in Figures 3a and 3b where it is seen that there is some
tendency for the data to fall into distinct groups. Type 5 has the highest
values of s/ d and c/a d due to the high frequency component associated with

this spectral type. Types I and 2 have the lowest values of these ratios be-
cause they contain dominant low frequency components.

Figures 3c through 3e give the dependence of the values of d' a and a
on the choice of detrending parameter X. The values of (d decrease rapidly
with A- , while the values of os and ac decrease more slowly. The relatively

slow variation of a and a with X-1 indicates that these two quantities ares c
associated with the higher frequency components of the terrain profile, while

od is associated with the lower frequencies.

The values of the spectral coefficients C, D and E immediately give the

roughness power spectra for the terrain displacement, slope and curvature as

given by equations (14) - (16). The basic forms of Pd(o), P (Q) and P (Q)

are shown in Figures 4a through 6e for spectral Types 1 through 5.
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PART III: GEOMETRY AND KINEMATICS OF THE VEHICLE -

GROUND CONTACT

Introductory Remarks

In the previous parts of this paper, terrain roughness was described in a
manner independent of the geometrical characteristics of an operating vehicle.
But the degree of roughness of a terrain area, as measured by the dynamic re-
sponse of an operating vehicle, will depend on the geometry of the vehicle-
ground contact areas. Therefore the terrain roughness description introduced

*' earlier in this paper must be generalized to include the effects of the geom-
*etry of the ground contact area.

Two kinds of quantities can be distinguished in vehicle dynamics problems--
input and output variables. By input variables are meant all quantities mea-
sured or defined at the soil-vehicle contact points. Output quantities are
all quantities measured or defined at points on the vehicle. A theoretical
prediction of the output dynamical response of a vehicle requires an under-
standing of interaction of the geometry of the vehicle with the geometry of
the ground surface because this interaction will produce a terrain roughness
power spectrum that includes the effects of the terrain-vehicle contact geom-
etry. This terrain-vehicle power spectrum serves as the input for calcula-
tions of the dynamical response of a vehicle. This part of the paper calcu-
lates the input power spectra for realistic vehicle-ground contact geometries.

Input Power Spectra for Single
Point Contact with the Ground

This section derives the power spectra associated with the vertical veloc-
ity and acceleration of a point which is constrained to move along a specified
elevation profile with a constant horizontal speed. This is done by first
calculating the standard deviations of the vertical velocity and acceleration
of the point in terms of the standard deviations of the slope and curvature.

The standard deviations of the vertical velocity and vertical accelera-
tion of a point that follows the contours of the surface displacement profile
are calculated as follows

- N td\t N = U202  (133)

u2  /Ad.\2
N 2 A2d 2

2 =2 1 u 4 (13a N N
- j=l
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where a = standard deviation of vertical velocity of wheel-soil point of
contact

a = standard deviation of vertical acceleration of wheel-soil point of

a.contact

v = vertical velocity of wheel-soil point of contact

a = vertical acceleration of wheel-soil point of contact

u = horizontal velocity of vehicle = At

Equations (133) and (134) are valid for both detrended and undetrended
data. However, they are valid only for small values of slope, i.e. for the
case when the curvature is essentially equal to the second derivative.

Therefore the RMS values of the slope and curvature immediately determine
the RMS values of vertical velocity and vertical acceleration experienced by a
point travelling over an elevation profile at a constant horizontal speed.
This is done by

a v = uos  (135)

a = u2a (136)a c

If the point travelling along the surface elevation has an associated mass,
the standard deviation of the power delivered to this mass is approximately
given by

= m av = mu 3 0 a (137)

where a = standard deviation of powerP

m = mass of point

Although the values of a and a are of some interest, they cannot be

used directly to calculate the corresponding RMS values of output velocity and
acceleration. The calculation of these output quantities requires the input
power spectra.

The power spectral density functions for input displacement, slope, cur-
vature, vertical velocity, and vertical acceleration for a point contact will
not be calculated. The PSD functions are expressed in terms of the spatial
frequency 0 or the time frequency f that are related as follows

= (138)
u

F
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where f = time frequency. The PSD functions are defined as follows

00 -2 OD -2
2 f Pd(Q)0df = f P (f) df (139)

0 0

-2 0 -2
02= P (Q) d =f P'(f) df (140)

0 0

00 -2 00 -2
G2 = P(Q)O dQ =f P'(f)o df (141)

o 0

2 j-2 p (-2
v= P(() Q CiI = f Pv(fl4 df (142)

0 0

-0 2 0-2
a = f Pa(Q)o dQ = Pt (f)o df (143)

o 0

where Pv = power spectrum of input velocity and P = power spectrum of input
V a

acceleration. Equations (138) through (143) can be used to determine the
power spectra in terms of the time frequency.

From (133), (134) and (138) through (143) it follows that

P (0) = u2 P (Q) (144)

V 5

p a (Q) U4 ' (0) (145)

Using (138) it is clear that

P(f) = u 1 Pd(Q) (146)

P'(f) = u -1 P (0) (147)
-S S4s

P'(f) = u -, P (0) (148)
c c
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p'(f) = u-1  = -P () = u2 P'(f) (149)
Vs s

Pa(f) = u 1 pa (p) = U3P (12) = u4 P'(f) (150)

A summary of the one point power spectra is given as follows. Let

,(Q) = CQ-2 "+ 'ID -3 + E!Q- 4  (151)

tI = CY + D(y)3 + E!!)4 (152)

then

Pd(Q) = O(Q) (153)

P (f) = u-I to u -1 Pd(0) (154)

Ps(Q) = (2nQ))2 pd(n) (155)

P (f) = (2nf) 2 P(f) (156)

P() =(2nu d() (157)

PI(f) = Pd(f) (158)

P (12) = (2nu2)2 p d(0)  (159)

P'(f) = (2nf)2 P (f) (160)

P (12) =(2nu12)
4 PdQ (161)

P'(f) =(2nf)4 P'f) (162)
a

Table 1 gives the units of the various power spectra.
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Input Power Spectra for a Two
Point Contact with the Ground

The power spectra for the case of two contact points with the ground can
be obtained by using the spectral window functions given in equations (15) and
(16). The various kinematic and terrain roughness power spectral are then given
by

2 ,4

d) = 440) (163)

PdM(f) = = u " I Pd( 2} (164)

Ps( 2) = (27f2)2 L-aO 1 Pd Q  (165)

P's(f) () Sina f/u)-2 P(f) (166)

P (Q ) = (2M 2)2 [sin (a)]'

c aft Pd (Ql )  (165)

Pc(f) = (2rf)4u [ Sina/(af/u)1 4j P (f) (168)

(a)2

. P f ) = (2nuQ) 2 [SinaQla)_2 Pd f (169)

P'(f) = (2nf)2 [sin (af/u)] p(f) (170)

S L af/u

P a() = (2nu) 4 rsin (a 4Q)11
L a J P (171)

t P'(f) = (2nf)4 rsin (a f/u)] 4 P ( (172)

a'f -- L afu J P~)(168)

where a = nL and L = distance between the two contact points. The one point
power spectra given in equations (153) through (162) are regained by taking
a = 0 in equations (163) through (172), i.e., the spectral window functions
have a unit value for the case of one point of contact.
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Spectral Window Functions for Vehicles

The calculations of the input power spectra for vehicles requires a knowl-
edge of the spectral window functions for vehicles. The slope and curvature
spectral window functions were introduced in the roughness power spectrum cal-
culations to account for the finite interval of measurement of the elevation
profile. The same situation arises for a vehicle operating on a terrain site.
When the absorbed power or vertical acceleration is measured at the driver's
seat, the surface roughness is indirectly being measured. But now the sam-
pling of the elevation profile is being done by the wheels of a truck or the
track of a tank, and two physical situations must be considered. First, the
sampling is done with finite contact lengths and second, there may be several
unequal intervals of measurement as in the case of varius distances between
the wheels on one side of a truck running over an elevation profile. Both of
these physical situations must be described to calculite the spectral window
functions for vehicles.

The spectral window functions can be obtained by averaging over all pos-
sible two-point intervals along the areas of contact with the ground. The
two-point contact spectral window functions for the slope and curvature are
given by equations (15) and (16). Single and multiple contact areas must be
considered for the averaging process using equations (15) and (16).

Single Contact Area
For the case of a single contact area, such as produced by one wheel or

by a tank track, the spectral window functions are calculated by integrating
equations (15) and (16) over all two-point contact positions as shown in
Figure 7a with the result that

asw12) TL L sin 2 [nf?(x - ) dx dy (173)asw f2 f I M(x - OF]f f

TL  TL

asw(=) f sinO(x-Y) dx dy (174)
L O o

where

asw (2) = slope spectral window function for single contact area

asw (4) = curvature spectral window function for single contact area

TL = length of contact area in the direction of vehicle motion
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These spectral window functions are evaluated in Reference I and have the
following values for small values of OTL

asw (2)(TL) = 1 + a2(QTL) 2 + a4(QTL)4 + a6((?TL) 6 + ... (175)

asw (4) (TL) = I + P2(QTL) 2 + P4(QTL)' 4 + p6(QTL) 6 + ... (176)

where

02= 72 (177)

2
4

a 4 = + 6_5 (178)

6

a6 = 8820 (179)

R2

2= 9 (180)

+4  + (181)

75

6 176 (182)86= 13230

These expressions are valid for Q < I/TL, and are therefore low frequency
approximations.

For large values of OTL (high frequency) these spectral window functions

have the following asymptotic values

asw (2) (183)
OT L

asw (4) 2 (184)
4TL
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The spectral window functions for the case of a single contact area are shown
in Figure 7b.

Multiple Contact Areas
The calculation of the spectral window functions for a multiple contact

area geometry, such as is produced by the wheels of a truck, is accomplished
by integrating equations (15) and (16) over all two-point contact positions
as shown in Figure 7c, with the result that

NL1 sin2 f[no( i - r)i A

ASW(2) = (N + N!/2)T N f [w(ti Q- ri)]Z dt, dqi

+ N Li+TL L.+T L sin 2 [nQ(. - rA.)(

+ fId~ drj. (185)

i,j L. L.

AW)=(N+N!/2)T2  lnj(i i)1 ~ dq.

I f f s7nQ Q n )14i - :)+ z II[nt1 ( i _ f)] d~. dqj (186)

i,j L. i

where
ASW(2 ) = slope spectral window function for a truck

ASW(4) = curvature spectral window function for a truck

N = number of wheels on one side of a truck

L. = position of wheel i1

L. = position of wheel j
J

ti~nj = integration variables

In equations (185) and (186) it is assumed that all wheels of the truck are
the same size. The truck spectral window functions are normalized by the fac-
tor (N + N!/2)T2 to give a unit value if the truck dimensions were shrunk to

L
zero size to produce the case of a one point contact.

The truck spectral window functions defined by equations (185) and (186)
are evaluated in Reference I for the three types of wheel geometries shown in
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Figure 7d. For this evaluation it is assumed that the wheel-ground contact
length is equal to the tire radius, TL = TR where TR = tire radius.

a. Four wheel truck

ASW(2) = - 2asw(2)(T + sin (nL120) (187)

ASW(4) = 2asw (4)(TR) + si L,20) $ (188)

b. Six wheel truck

ASW(2) 3 asw(2)(TR) + sin (ML1 2() 
+ sin (nLlQ)

6 R i[ -- nrL 1 30

+ [sin (1L230 ] (189)

r ]I ]
ASW(4) = 3 asw (4)(T) + Esin (nL 1 2 0) 4 + sin (nL 130)

6 R nL 1 2 0 J " rL1 3

+ sin (nL2 3 f) (190)
nL2 3f

c. Eight wheel truck

ASW (2)= L asw(2T) + I n (nL12l ) + [sin (nL13)
10 s R L J L nL13 j

+ ki nL14Q) 2+ [sin (nL2,Q) ]2+ sin (nL240) 2

L[n 140 J TL23f? L nL24fl

+ rsin (nL3 ,) 
2 (191)

L nL901
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ASW(4) =1 4 asw(4)(T R ) + [sin (nL 1 2 Q) I + sin (nL1

10 w[nL 120 J nL 30

n (nL,4 ) 1+ Lsin (nL2 ,01] + [i nL240)

L nL1 4! J 7nL2 PO J nL2 4( ]

L L 4 )] (192)

where L.. = distance between wheels i and j. Figure 7e shows typical averaged

slope and curvature spectral window functions for a four wheel truck.

Equations (187) through (192) show that the truck spectral window func-

tions introduce the relevant geometrical characteristics of the wheel-ground
contact, including wheel spacing and tire radius. Equations (175) through

(184) show that the relevant geometrical quantity for track-laying vehicles is

the track length in contact with the ground. All these equations can be easily
generalized to the case of half-track vehicles.

Contact Length Filter

A vehicle will not respond to the high frequency components of a terrain

elevation profile because the finite contact length of a tire or a track with
the ground tends to filter out these frequencies. For instance a track of

length TL will filter out all wavelengths shorter than T L/2, while on a smaller

scale a tire of radius TR will filter out wavelengths shorter than TR/
2 . The

situation is shown in Figure 8a.

A low pass filtering action due to the finite contact length with the

ground is physically plausible and necessary, but a rigorous theoretical deri-
vation of the form of this filter has not been developed. In this report it

is assumed that the filter is of the exponential type

-F(Q,TL)
e (193)

where several forms of the filter function F(Q,TL ) can be selected.

Two forms of the function F(Q,T1 ) were investigated in this report

G_ CT= a c T(14
F(Q,TL) = OT (194)

s L s AW

F(QTL) = P(OTL) 2 = (T) (195)
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where XW= 0 = spatial wavelength. For the form appearing in equation (194)
which is linear in TL, it was found that a spatial frequency factor o /L C .8

had to be inserted to account for the dominant frequencies of the terrain.
Only in this way was the parameter a found to have a constant value indepen-
dent of terrain site and track length.

The values of a and P were determined empirically from experimental ab-
sorbed power data for trucks and track laying vehicles (see Part V) and are
equal a = 118.8 in. (for detrended values of a and a ), a = 123.2 in. for
undetrended values of a and a ) and 0 = 1.4. The form of the filter func-

tion given by equation (194) appears to describe the absorbed power data some-
what better than does the form in equation (195), so that all further calcula-
tions in this report were done using the filter function represented by
equation (194). Figure 8b shows a typical exponential filter expressed in
terms of TL.

The filter functions can also be written in terms of the time frequency
using equation (138) as

ao fTL o
F(f) =-a -f (196)a u a

S s

F(f) = U) = (fT) 2  (197)

where T = TL/u = time delay for transit of the vehicle-ground contact length.

Figure 8c shows a typical exponential filter, given by equation (196), ex-
pressed in terms of the time frequency.

INPUT POWER SPECTRA FOR VEHICLES. Taking the spectral window functions
and the low pass contact length filter in account and treating vehicles as
rigid bodies gives the following expressions for the input roughness power
spectra and the input kinematic power spectra for wheeled vehicles:

Pdi(W) = e-F Pd() (198)

P .(Q) = (27U) 2e'F ASW (2)p() (199)

-F (4

Pci ( Q) = (2n)4eFAsw (4) Pd W2) (200)

P vi(0) = (2u0)2eF ASW (2)Pd(Q) (201)
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P al ( ) = (2nuL)4e-FAsW (4) Pd ( OI (202)

where Pdi' Psi' Pci Pvi and P ai= input vehicle power spectra for displace-

ment, slope, curvature, vertical velocity and vertical acceleration respec-
tively. These equations are valid for track vehicles with ASW(2) and ASW(4)
replaced by asw () and asw (4) respectively.

Equations (198) through (202) shoQ that the input kinematic power spectra
for vehicles are related to the terrain roughness power spectrum that has been
adjusted for vehicle geometry. The input kinematic power spectra would de-
scribe the motion of a vehicle if it were totally rigid. The actual vehicle
response is calculated as a joint effect of these input kinematic power spec-
tra and a transmission function which accounts for the impedance of the ve-
hicle. The following Part IV develops the transmission function.
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PART IV: DYNAMIC MODELS FOR MOVING VEHICLES

Introductory Remarks

It is of value to vehicle design engineers to be able to predict the ver-
tical dynamic displacement, velocity and acceleration at a point on a moving
vehicle and ultimately to predict the power absorbed by the driver. To do
this, the dynamic response of a vehicle to rough terrain must be known. The
dynamic response of a vehicle can be described by a transmission function.14-16

Because vehicles undergo pitching and rolling motions as well as vertical
motion (heave), the power absorbed by the driver will depend critically on his
location relative to the center of mass of the vehicle. It is important to be
able to separate and determine the contributions to the absorbed power due to
the surface roughness, the internal dynamics of the vehicle, and the location
of the driver. The driver location variable appears in the pitching motion
transmission function.

This paper uses simple linear viscoelastic spring models to describe the
dynamic response of a vehicle. It is known that linear viscoelastic models do
not adequately describe the dynamic properties of vehicles because the vehi-
cles contain nonlinear springs and dashpots, and Coulomb damping in addition
to viscoelastic damping. The linear viscoelastic models introduced here serve
as a simple expedient way to evaluate the roughness power spectrum method.

The transmission functions developed will be used in Part V to calculate
the power absorbed by the driver using a power spectrum method. The absorbed
power calculation requires the output acceleration power spectrum at the
drivers seat, and this can be calculated using a transmission function.

Vertical Motion Transmission Functions

Single Mass
Vertical Motion

The output power spectrum of a mechanical or structural system is related
to the input power spectrum through the transmission function for the system,
Figure 8d. The transmission function of a dynamical system is generally a
complex number whose imaginary part is a measure of the damping. For a linear
system the output power spectrum is given by

P'(f) = IT12 p!(f) (203)

where P'(f) = output power spectrum
0

T = transmission function
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ITI = magnitude of transmission function

P'(f) = input power spectrumi

Mechanical transmission functions generally come in two forms, one relating
output displacement to input force, and the other relating output displacement
to input displacement.

If the input to a linear spring system is a force and the output is a
displacement we have

do ITdFI Pk (204)

where P' = power spectrum of the output displacementdo

TdF = transmission function relating input dynamicforce to the output dynamic displacement

Fi= power spectrum of the input force

The transmission function for this case is
4

1/k _ -idF (205)dF - (f/fn)+ i2 f/f n  TdFI

dF [I - (f/fn)21] + [2tf/fn]-7(26
n n

tan-] 2t/ n )z2~/ (206)

dF = tan- 1- (f/f) (207)

where k = spring constant

f = Vk/m/2n = natural frequency
n

= CD/(246) = damping ratio

m = effective mass

C D = damping constant

f = frequency

For application to vehicle dynamics a more useful transmission function

is that which relates output displacement to input displacement. e output

power spectrum of displacement is then given by

Pdo ( f ) = ITdd 2 P 'd i (f) (208)
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where T = transmission function relating the input dynamic displacement
d to the output dynamic displacement

Pdi = power spectrum of input displacement

The transmission function for this case is given by
4

T1I + iaf T e -ie dd (209)

Tdd - (1/f )2 + iOf I dd0

2 1 + (
2 f

2

I(210)
[1 - (f/f n)2) + o2 f 2

dd = tan- 1  (f/fn)Z + fZ] (211)

where a = 2t/f. It is easy to show that the velocity-velocity transmission

function and the acceleration-acceleration transmission function satisfy the
following conditions

I Tdl= ITvvI = IT a (212)

where T -- transmission function relating input velocity to output
"" velocity

T = transmission function relating input acceleration to
a output acceleration

Therefore only the displacement-displacement transmission function needs to
be considered for vehicle dynamics problems.

An important property of the transmission function is its value for zero
frequency

T dd(f = 0) = 1 (213)

This corresponds to a simple translation of whole dynamic system, so that the
static output displacement equals the static input displacement. Note also
that ITddl * f-2 whJ;- ITdFI 2 

. f- 4 ,n the high frequency limit. The trans-

mission function for a vehicle running over rough terrain will depend on the
vehicle speed because t the relation f = uQ. In particular, the value of

ITddl 2 for the single egree of treedtn model is obtained from equation (210)

to be
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Tdd 1 + a2u2 2  (214)
dl (I -U2 0 2,f2)2 + U

2u2 g2

Note that for u 0 the transmission function has the value of ITddI =

Double Mass
Vertical Motion

Vehicles generally exhibit two resonance peaks - one associated with the
vertical motion of the body (,-1 Hz) and the other with the vertical motion of
the wheel suspension system (^15 Hz). A displacement-displacement transmis-
sion function for a two-mass system is therefore required to accurately de-
scribe the dynamic response of a vehicle moving over rough terrain. The deri-
vation of the two-mass transmission function is given in Reference 1, and is
as follows (Figure 9a)

T A + iB (215)
dd E + iF

2 (AE + BF) 2 + (BE - AF)2  (216)
dd (E2 + F2)

where
w2C BCw

wA 2 B k W (217)

B k

F B + k B (218)

C* CB L (C + M

where w = 2nf

CB = damping constant ,for vehicle body

CW = damping constant for wheel suspension system

MB = mass of vehicle body WB/g

MW = mass of wheels = Ww/g
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k B = spring constant of vehicle body

kW = spring constant of wheel suspension system

It appears that track laying vehicles can be adequately described by a
single mass transmission function, while wheeled vehicles generally require a
double mass transmission function to describe their vertical motion. Typical
vertical motion transmission functions for tanks hnd trucks are shown in
Figure 9b. The dynamical parameters for several track laying vehicles are
given in Table 4, and for several trucks in Tables 5 and 6.

Combined Pitching and Vertical Motion
Transmission Function

Because a vehicle operating on rough terrain has a pitching motion, the
values of the power absorbed by the driver are expected to depend on the geo-
metrical location of the driver relative to the center mass. The pitching
motion of a vehicle can be described by a transmission function. This section
calculates the displacement-displacement transmission function for a combined
pitching and vertical mode of motion. The model used for this calculation is
shown in Figure 9c, and consists of a rigid rod representing the vehicle body
that is supported by two damped springs at each end.

The equations of motion for this model are the following coupled linear
differential equations

14

Z

mx + kjx t + CR1x + k2x 2 + C2x2 = k 1 + C1rh + k2q 2 + C2 2  (221)

JO - Lj[ktx1 + Cjx1 ] + L2 [k2x2 + C2x2J = -L[klq1

+ C161 1 + L2 [k2q2 + C2621 (222)

where

m = mass of vehicle

x = vertical acceleration of center of mass

k, = equivalent spring constant of front support of vehicle

x, = vertical displacement of front support of vehicle

C, = equivalent damping of front support of vehicle

= vertical velocity of front support of vehicle

k2 = equivalent spring constant of rear support of vehicle

X2 = vertical displacement of vehicle body directly above rear wheels
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C 2 = equivalent damping constant of rear wheels and suspension

x2 = vertical velocity of truck body directly above rear wheels

= elevation of ground surface at front wheels

= rate of change of nl due to passing vehicle

n2 = elevation of ground surface at rear wheels

62 = time rate of change of n2 due to moving vehicle

J = moment of inertia about pftch axis through center of mass

L, = distance from front of vehicle to center of mass

L2 = distance from rear of vehicle to center of mass

The solution of the coupled differential equations is given in Refer-
ence 1, and is given in the form of a transmission function. The displacement-
displacement transmission function is given for a point in front of the center
of mass and for a point behind the center of mass as follows

2 2

WTF 2F) ) (223)
F2 2

ITti =( ) + (tB)2(24

where

T = displacement-displacement transmission function for a point
F

a distance z in front ol the center of mass

TB = displacement-displacement transmission function for a pointa distance z behind the vehicle center of mass

z = distance from center of mass at which the motion is to be
calculated

and where

= R - zS (225)

F
2  T - zU (226)

B
= R + zS (227)

B T + zU (228)
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R = (Z1W1 + Z 2W 2 )/( W + w2 (229)

S = (X1UI + X2U2)/ + U2  (230)

= (Z2WI - ZlW 2 )/(W1 + 42) (231)

U = (X2 U1 - u2X1 )/(U + 2(232)

ZI = aA(d - Jw2) - u -Bg - bpA + whpB (233)

Z2 = 0B(d - Jw2 ) + -Ag - b PB - WhPA (234)

W, = (k - n 2 )(d - Jw 2 ) - w2 Cg -
b 2 + W 2 h 2  (235)

2 = wC(d - Jw2 ) + wg(k - mw2) - 2wbh (236)

X1 = 0A Wl - PBW2 - bZ1 + whZ 2  (237)

X2 = OBWi + PAW2 - bZ2 - whZ 1  
(238)

U1 = Wl(d - Jw2 ) . wgW2  
(239)

U2 = wgWl + W 2 (d _ Jw
2 ) (240)

OA = k, + k2 cos (wL/u) + wC2 sin (wL/u) (241)

( B = LUC1 - k2 sin (wL/u) + wC2 cos (wL/u) (242)
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PA 2[ COS (WL/U) + WC2 sin (wL/u)] - Llk1  (243)

=B L2 1WC 2 COS (wL/ti) - k2 sin (wL/u)] wCjLj (244)

L L, + L2(245)

b = k2 L2 - k1L1  (246)

d = kIL2 + kAL (247)

h = ('2 1,2 - CIL, (248)

g = C1LI + CAL 29

C = CI + C2  (250)

k = k,+ k2(251)

The derived transmission function can be used to calculate the motion of

a vehicle at any position along the length of the vehicle relative to the cen-

ter of mass. In this way a prediction of the dependence of the power absorbed

by a driver on his location relative to the center of mass can be made. Fig-

ure 9d shows a typical transmis~sionl function for the combined vertical and

pitching modes of motion.
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PART V: ABSORBED POWER AND VEHICLE RESPONSE

Introductory Remarks

Quantities often measured for a vehicle moving over rough terrain are the
power absorbed by the driver and the vertical acceleration at the drivers seat.
The power absorbed by the driver is the energy dissipated as heat. It repre-
sents the energy lost due to vibration damping in the human body. Absorbed
power is a physiological concept that has been developed as a measure of
driver fatigue on prolonged exposure to vehicle induced vibrations.7 It has
been found empirically that the maximum power that a driver can absorb and
still function reasonably is six watts. Therefore it is of importance to be
able to estimate the vehicle speed at which six watts of power is being dissi-
pated by the driver. The six watt speed clearly depends on internal vehicle
characteristics, the location of the driver relative to the center of mass of
the vehicle, and the surface roughness.

Two methods are used to obtain the six watt speed. The first is a formal

power spectrum method of calculating the power absorbed by the driver which
includes a consideration of vehicle dynamics. The second is a regression

analysis of the six watt speed measured for vehicles operating different types

of terrain. The power spectrum method introduces the terrain roughness and
vehicle geometry through the power spectra described in Parts II and III, and

the vehicle dynamics through the transmission functions introduced in Part IV.

The regression analysis uses directly Ihe detrended values of ad, os ad to

describe the terrain roughness, the track length or tire radius to describe

the vehicle geometry, and the dimensionless Froude numbers to describe the

dynamical characteristics of vehicles.

Out ut Power Spectra and Vehicle Response

It will be shown subsequently that the calculation of the absorbed power

and total power of the driver requires the output acceleration and velocity
power spectra. The power spectra of the vertical motion of a point on a ve-
hicle can be obtained from equation (208) and equations (198) through (202) to

be

Pd = Tdd1 e -F(M) (252)

Pvo () = (2nL)2'r dd 2 e -FASW(2)Pd (6) (253)

Po(0) = (2nt)) 4 rI e ASW(4 )Pd(0) (254)

ao I' rddl d(24
The vehicle speed enters directly in equations (253) and (254), but the de-
pendence on the vehicle speed is also indirectly introduced through the
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transmission function, as for instance in equation (214). The corresponding
power spectra expressed in terms of the time frequency are obtained using
equation (154) to be

P o(f) = Tdd 2 Fe-p (f) (255)

P, (f) = (2nf)2 T 12e-F ASW(2)p (f) (256)
vo Iddd

P M= (2nf)4 Td2 e-FAsw(4)P(f) (257)

ao I ~Ll ddl 27

The standard deviations of the vertical displacement, velocity, accelera-
tion and absorbed power at a point on the vehicle can be calculated from inte-
grals of the output power spectra, given by equations (252) - (254), over the

frequency ranges of the five basic types of roughness power spectra. Equa-

tions (252) - (254) show that P do and Pvo diverge for f = 0 (or 0 = 0). This

is identically the same problem that was encountered in the roughness models

of Parts I and II where it was shown that Pd () diverge for Q = 0. Therefore

the same difficulties that appear in the roughness models of spectral types 1,

2 and 5 appear in the vehicle response problem. Equations (254) and (257)

show that P ao() and Pao(f) are not divergent for 0 = 0, corresponding to the

situation that P (Q) is not divergent for 12 = 0 as described in Part I.c

The divergent integrals resulting from the calculation of the RMS values

of the output vertical displacement and velocity can be evaluated in inserting

a filter function similar to that defined in equation (6). Thus the following

integration factor can be used

-2 (2n 1Q) 4  (258)

.+ (2nyQ)2]

where y¥ = filter constant. This integration factor is not necessary for the

calculation of absorbed power becaus- this calculation involves only the ac-

celeration power spectrum.

The standard deviations of the %ehicle displacement, velocity and acceler-

ation are given by

4 do o d(1)4pd = Pdo(f)0r2 df (259)

2 = Pvo ( Q)0 - 2 dQ =1 P'o(f) 2 df (260)
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ao o aoC()d! f P'(f) df (261)

The integrals in equation (259) through (261) are evaluated only in the re-
gions for which the power spectra are positive.

Absorbed Power and Six Watt Speed Calculated
bY Power Spectrum Method

The absorbed power is related to the vertical acceleration of the driver
(at the drivers seat) ind is defined in terms of the vertical acceleration
power spectrum as follows

6

ao I H2fp fd A (f,u)df (262)

where
A = absorbed power (watts)

H a(f) = human factor function |jwatts/(ft/sec2

P'o(f) = output vertical acceleration power spectrum at the location of
the drivers seat

A'(f,u) = absorbed power spectral functionp

The human factor function H (f) is empirically determined and has the form ofa

a band pass filter. 6 This function appears in Figure 9e.

The frequency dependence of the absorbed power is given by equa-
tions (254), (257) and (262) as

A (Q,u) = (2nid)4 T 2e-FH2ASW(4)Pd(0) (263)
p Iddl a d

Ap(f,u) = (2nf)4  I e-FH2ASa(4)p,(f) (264)

where A p(,u) = uA'(f,u). Equations (262) and (264) show that five basic

quantities enter into the absorbed power calculation, and these depend on the
vehicle dynamics, vehicle geometry, driver location and terrain roughness:

a. transmissio function

b. low pass filter associated with the ground contact length

c. human factor function
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d. curvature spectral window function for vehicle

e. power spectrum of terrain elevation

The roughness power spectrum is given by the three parameter model, and refers
to actual terrain described by the parameters C, D and E of Part II.

Because the functions Tdd and Ha that appear in equations (263) and (264)
dd a -F

are intrinsically functions of the time frequency f, while the functions e

and ASW(4) are intrinsically functions of the spatial frequency 0, it follows
from f = uQ that the absorbed power given by equation (262) always depends on
the vehicle speed. The six watt vehicle speed is obtained from the absorbed
power equation (262) by taking A = 6 watts.

P

qIt should be pointed out that the absorbed power dissipated by the driver
is not the same as the total power associated with the kinetic and potential
energies of the motion of the driver. The RHS value of the total power de-
livered to the driver is given by

0 po = - P vo ()Pao ()df2 (265)

where

o = RMS value of total power of driver
po

WD = weight of driver

A comparison of the experimental values of absorbed power with values
predicted by the numerical integration of equations (262) and (264) are shown

in Figures 10a through llc for a series of track laying vehicles. Figure Ild

gives a comparison between predicted and measured values of the six watt speed
for track laying vehicles. A similar procedure for trucks appears in Fig-

ures 12a through 12d.

Linear Regression Prediction of the Six Watt Speed

The six watt speed is the vehicle speed at which the driver is absorb-

ing six watts of power; it is a measure of ride quality. A high value for

the six watt speed means a smooth ride, and a low value means a rough ride.

The value of the six watt speed depends on both terrain and vehicle
characteristics.

For the purpose of the design and testing of vehicles, it is important to

have a simple expression for the six watt speed giving its dependence on ter-

rain roughness parameters and on vehicle parameters. In this way the results

of vehicle tests conducted at different terrain areas with different types of

vehicles can be compared, and an evaluation of design changes can be made.

The vehicle parameters describe the geometry and internal dynamics, while the
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terrain parameters describe the displacement, slope and curvature of an eleva-
tion profile.

Values of the six watt speed for several vehicles have been measured for
a number of terrain sites where elevation profiles have been determined. The
regression analysis given here represents the six watt speed as simple powers
of the terrain roughness parameters and the vehicle parameters. This analysis
is valid only if the six watt speed is a monotonically increasing or decreas-
ing function of the chosen parameters. It was found that the vehicle dynamics
parameters k, m and C could not be successfully brought into the regression
analysis, and therefore only terrain roughness and vehicle geometry were
considered.

A regression analysis incorporating k, m and C could not be accomplished
because the dependence of the six watt speed of these parameters could not be
represented by a simple power law. The dependence on the vehicle weight, for
example, was found to be either direct or inverse depending on the choice of
the resonance frequency or the damping ratio as a basic vehicle dynamics
parameter; both choizes gave essentially the same quality of fit to the mea-
sured six watt speeds. This suggests that the dependence of the six watt
speed on the vehicle weight is more complicated than a simple power law. In
fact, the six watt speed is expected to initially increase with the vehicle
weight producing a smoother ride, and then decrease with additional weight
giving a rougher ride due to hitting the bump stops.

It is possible to find a direct correlation between the six watt speed,
the three terrain roughness descriptors 0d$ s and Yc for detrended data, and

the vehicles parameters. Both wheeled vehicles and track laying vehicles were
considered for this study.

Track Laying Vehicles
Seven mathematical forms were chosen for the regression analysis of the

six watt speed for track laying vehicles. They are as follows:

= Aao (266)

uG = Aao (267)
S

u6 = Ac
¥  (268)
c

us = Ao T6 (269)

u, Aa (270)
d5L
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U6  Aua T 6 (271)

whee6 AO CFO y T 6 i (272)

d s c TL JL(22

where
u6 = six watt speed of vehicle

a = RMS values of displacement, slope and curvature, respec-
tively, of a detrended elevation provile (A = 10 ft)

TL = track length

JL = jounce length

The coefficients in equations (266) through (272) were obtained by fit-
ting these equations to measured six watt speeds. Eight track laying vehicles
were used in this analysis, LEO 2AV, M60 Al, ATR, SKI, AISV, HIMAG-5, MICV and
the 113. The six watt speed was measured for these vehicles for a total of
twenty-four terrain sites. The dimensions of the quantities shown in equa-
tions (266) through (272) are chosen to be as follows: [u6 ] = mph, [od) = in,
[a s = 1, ac I = in.

"
', jTLI = in. and PJL ] = in.

This data combined with a library regression computer program gave the
following results for the six watt speed and the coefficient of fit (cf):

u 23.55 (266a)

d
cf = 0.29

u6  9.62 (267a)

cf = 0.02

u= 47.2 (268a)
C

cf = 0.04

0.393 T
0 .8

7 4

u6 = - - -L -(269a)

cf = 0.70
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3.33 JO.98

u6 = OS L - (270a)
cf 0.8d

cf = 0.82

1.324 To 2 8 9 j. .761

ur = L L (271a)
d

cf = 0.84

0.944 gr0 .7 0 8 To 4 1 2 j0'.6 72

U= s 7- L L (272a)

is the relevant terrain roughness parameter for track laying vehicles, whilg
o and a play secondary roles. Equations (269a) through (271a) show that the.S cjounce length JL is the primary vehicle parameter for track laying vehicles
while the track length TL plays a secondary role. The best fit to the mea-
sured six watt speed data is given by equation (272a) with all parameters in-
cluded, but the fit is not much better than given by equation (270a) with only
the two parameters ad and JL" A comparison between the experimental six watt
speed and those predicted by equation (272a) is shown in Figure 13a.

When the vehicle dynamics parameters k, m and C are eventually brought
into the expression for u6 , they should be entered as nondimensional parameters
in the form of the damping ratio and the Froude numbers.

17

Wheeled Vehicles
Seven mathematical forms were chosen for the analysis of the six watt

speed for wheeled vehicles. They are expressed in terms of the tire radius
(TR) and wheel base length (LVB) as follows:

= A (273)

Aad

Us AaY (274)

us = Ac,; (275)

U6
us = A L (276)

S WB
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U AuT (277)

Us Aaa L T &(278)

~u 6 Aa Lo T

s WB R

u d = Ao ds ac LWB TR (279)

The coefficients in equations (273')'through (279) were obtained by fit-
ting these equations to measured six watt speeds for trucks. Five trucks were
used in this analysis: PAC-CAR, TARADCOM-HMTT, 10 ton (8x8) - Cargo truck A;
DRAGON WAGON, 10 ton (8x8) - Cargo truck B; GERMAN MAN, 10 ton (8x8) - Cargo
truck C; 656, 5 ton (8x8); M520EI GOER, 8 ton (4x4); and the Czeckoslovakian
TATRA 813.

A library regression routine (MULFIT) was used to analyze the six watt
speed data for these five trucks, and gave the following results for the six
watt speed and the coefficient of fit (cf):

14.87 (273a)

d

cf = 0.38

0.0411
u6 

= 6-T - (274a)
c

cf = 0.51

0.789 (275a)U6 =

cf = 0.62

Ur' = 1285 (276a)

U6  W. r3 L1.415 27a
s W

cf = 0.76

217.9
u6 = (277a)

s R

cf = 0.80

317.7 (278a)
U 6 = 00.996 LB'66 Tl. 5 9

cf = 0.80
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K
1099 a0 .4 7

5 00. 9 42

d c
U6 = FZ'ZZ 0 16b T"' (279a)

s R

cf = 0.82

Equations (273a) through (275a) show that the detrended slope Y is thes

significant terrain roughness parameter for wheeled vehicles, while a and ad
play subordinate roles. The best fit to the measured six watt speeds of
wheeled vehicles is given by equation (279a) with all variables included, but
this fit is not much better than shown in equation (277a) with only two param-
eters a and TR. A comparison between the experimental values of the six watt
speed and those predicted by equation (279a) is given in Figure 13b. The
relatively poor agreement shown in Figure 13b suggests that an alternative ve-
hicle parameter, such as the jounce length, is required to obtain a better
correlation between measured and predicted six watt speeds for wheeled
vehicles.

Dimensional Analysis
Dimensional analysis uses relationships between nondimensional quanti-

ties which remain valid irrespective of the scale of the physical system.I1
The procedure is to calculate a set of relevant dimensionless parameters for a
physical system. For this study the physical system is a vibrating vehicle
moving over rough terrain.

The Froude numbers for a physical system are given by
1 7

FL2 (280)

where = Froude number, M = characteristic mass, V = characteristic speed,
F = characteristic forces operating in the system, and L = characteristic
length.

The Froude numbers associated with a linear harmonic oscillator are

= - V2  
( 2 (281)

EL fRL  Y)
KL R

HV2  MV
t 2 =  - -(282): CVL CL

where fR = resonance frequency of vehicle, K = spring constant of vehicle, and
C = damping constant of vehicle. Because the resonance frequency of a vehicle
is a directly measurable quantity, equation (281) is used as the appropriate
Froude number and therefore the appropriate dimensionless parameter for repre-
senting the six-watt speed for vehicles is
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Us T(283)
u6  f RTL

For wheeled vehicles the characteristic lengths would be the tire radius and
wheelbase length. The other dimensionless parameter for a vibrating system is
the damping ratio

D -(284)

A third parameter that was examined is the ratio of jounce length to ground
contact length

L= JL/TL (285)

For a vibration problem it is the vehicle mass M = W/g that enters (281)
through (284) not the vehicle weight. Dimensionless parameters such as W/(KL)
and W/(CV) are inappropriate for a vibration problem. The correct dimension-
less parameters equivalent to (283) are MV/(CL) and CV/(KL). This can be seen
from the extreme case of zero gravity where g = 0 and W = 0 but M = some fixed

value; in this case vibrations can still occur. On the other hand for a
statics problem, such as deformation of a solid (vehicle) under the action of
gravity, it is the weight and not the mass that enters the appropriate dimen-
sionless parameters.

Terrain roughness has been described by the three parameters a., Gs
and a . Within this description the terrain roughness dimensionless param-c
eters are

s = Gs (286)

tcd = GcGd (287)

A combination of these parameters that was examined is

a

S- (288)
R a c ad

A number of dimensionless relationships were developed with corresponding

coefficients of fit from data for eight track laying vehicles, and are as
follows

t = 0.011 t1.28 (289)

cf - 0.60
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0.012 t.21U6+ = ., (290)

cf 0.70

0.027 t2.06
u6= S (291)

D ' cd

cf 0.74

0.025 t2.o6
Eu6 = '-4 . (292)

cf 0.74

Equation (292) shows an insignificant dependence on the ratio of jounce
length to track length. A comparison of measured values of ue/(fRTT) with
those values ir shown predicted by equation (291) is shown in Figuri 13c.
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PART VI: CONCLUSIONS

CONCLUSIONS. This paper generalizes the method of characterizing the
ground surface displacement profile by a one parameter power spectrum of the
form Cflg 2 . A three parameter model of the power spectrum of the terrain dis-
placement profile data is introduced in such a manner that the additional
parameters will more accurately describe the contribution of the long wave-
lengths to the surface roughness, and will describe the cases where periodici-
ties are present in the terrain such as in the case of plowed fields.

The three roughness power spectrum parameters are used to calculate the
power spectra and standard deviation values of the vertical displacement, ve-
locity, acceleration and power absorbed by the driver for a vehicle operating
on rough terrain. A comparison of theoretical and experimental results was
made.

The theoretical and experimental studies of terrain roughness and dynamic
vehicle response yields the following conclusions:

a. A three parameter power spectrum model can be used to classify
terrain roughness into five basic types which adequately de-
scribe natural and manmade terrain features including periodici-
ties (Parts I and I).

b. The three parameters of the roughness power spectrum can be de-
termined from the standard deviations of the displacement, slope
and curvature of a detrended elevation profile, but in some
cases undetrended data can be used (Part II).

c. The power absorbed by the driver of a vehicle depends on:
(1) the human factor function relating absorbed power to the
acceleration power spectrum, (2) the vehicle transmission func-
tion that describes the internal dynamics of a vehicle, (3) the
low pass ground contact length filter that describes the filter-
ing effect of a track or wheel, (4) the vehicle spectral window
functions that introduce the geometry of the vehicle-ground con-
tact, and (5) the three parameter roughness power spectrum that
introduces surface roughness (Parts III, IV and V).

d. The six watt speed for track laying vehicles can be related by a
regression analysis to the vehicle geometry and the three rough-
ness descriptors ad, as and Oc for detrended data. The signifi-

cant terrain roughness parameter for track laying vehicles is
Ydo while for wheeled vehicles it is as (Part V).
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Table' '

Units of the Power Spectra

C in.

D dimensionless

E in. -

p d(f)) in.2  e
- p(Q) in.3  ec

PdO(f) in. 2 sec

pa in. 3 sec-

P'(f) in. 2 sec - I

v3

p a(() in. see-4

p(f)n.
2 sec 3

aPf

p S(() in.

p'(f) sec I

S

P c(0) in. "l

p'(M in. "2 sec

c

1
V
r
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Table 4

Dynamical Parameters of Track Vehicles

Vehicle Weight Spring Constant Damping Constant Track Length

Type lb lb/in. I1 sec/in, in.

M113AI 24,200 6,060 3110 105

HICV 43,000 8,400 720 150

AISV 2,940 300 80 50.25

HIKAG-5 79,910 10,000 400 168

LEO 2AV 111,000 15,750 8000 188.3

M60 Al 106,000 20,000 8000 171

2

I

52



Table 5

Dynamical Parameters for Trucks

Wheel Assembly
Body Spring Damping

Weight Spring Damping Weight Constant Constant
Vehicle Type lb lb/in. lb sec/in. lb lb/in. lb sec/in.

PAC-CAR
TARADCOM-HMTT
10 ton (8x8) 46,179 4718 830 5131 75,490 830

DRAGON WAGON
10 ton (8x8) 44,136 4509 822 4904 72,150 822

GERMAN MAN
10 ton (8x8) 47,610 4864 887 5290 77,829 887

M656
5 ton (8x8) 23,040 2354 250 2560 37,664 250

M520E1-GOER
8 ton (4x4) 41,400 2500 1000

Table 6

Geometrical Properties of Trucks

Tire
Radius L2 L13  L14 L2 3  L24 L34

Vehicle Type in. in. in. in. in. in. in.

PAC-CAR
TARADCOH-HMTT
10 ton (8x8) 26 58 190 248 132 190 58

DRAGON WAGON
10 ton (8x8) 26 58 202 260 144 202 58

GERMAN MAN
10 ton (8x8) 23.75 65.5 209.5 275 144 209.5 65.5

M656
5 ton (8x8) 22 56.25 147.75 204 91.5 147.75 56.25

M520EI-GOER
8 ton (4x4) 34.5 235 ..........
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