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MONOTONE  EQUIVARTANT SEQMENTATION THUNIQUYES
b.\l
M, F. Janowit:z
Department of Mathematics and Statistics

University of Massachusetts
Amherst, M\ 01003

1. Introduction. An order theoretic model for hierarchical cluster
' analysis was introduced in (5] and further dewloped in 0], (7],
and [8]. Thc model was broad enough to include carlier models duc
to Jardinc and Sihson [11] and Matula {12). The punpose of the
prescent paper is to show that the model also includes ordinal non-
hierarchical clustering, and in particular may he vicwed as a model
for ordinal image scgmentation. Section 2 contains some hackground
matcrial from the thoery of partially ordered scts, while scction 3
relates this material to the problems of image scgmentaion. The
material is approached via a simple statistical model in section 4,
and section 5 rclates the present smodel to certain other segmenta-
tion techniques. The final section of the paper outlines how the
theory of section 3 mgy be used to construct a segmentation program,

and illustrates the operation of this program on real data. r

DIl TAB
Unannounced 0
Ju: Liflcation ___ __

Ry_ _
Distributlon/

- —d

»§~Avallablllty Codea

Avail and/op
Dist : Special




ta

2. Background material from the theory of partially ordered sets.
A basic familiarity with the theory of partially ondered scts

and lattices will be assumed.  Despite this, 1t will be comoement
to specifically develop certain motions here. tnless othemwise
specified, all partial orders will be denoted », with - reserved
for set inclusion. The symbol P(X) will represent the Rool can
algebra formed by the subscts of the set X, when ondered by sct
inclusion. Unions and interscctions will be represented as usuasl
by the svmbols ¢ and n, and it tums out to hc convenient to let
R denote the nonnegative real mumbers ordercd in the wual munner.
let P,Q he partially ordered sets. A mapping o:P - ( s
called isotone if Pyt P in P jmplies that o(p;) - ¢(py) n
Q. 1t is xaid to be residuated in casc it ix isotone and there is
an isotonc mapping o’:Q - P swch that p < c‘@(m ad q - w‘lq)
hold for cvens p « P, q - Q. This mapping ¢ is called the
residml mapping associated with ¢, and is wniquely determined bv

¢. Likewise, # is completely determined by o‘. and for a given
residual mapping 2, it will often be convenient to let & denote
the residuated mapping with which 8 is associated. et Res(P.Q)
denote the set of all residuated mappings of P into Q, writing
Res(P) in place of Res(P,P): dually, let Res'(Q,P) denotc the
set of all residual mappings of Q into P, with k:s‘(Q) having
its expected meaning. The reason that residuated and residual
mappings crop up is very simple. It was shown in [5], lemma 4.1,




p- 60 that a residual mapping C from R into P(X), where X
is a finite nonempty set, may be characterized by the following
three conditions:

(1) € s 150tone

(2) There is anelement h of R s~ that C(h) =\,

(3) Given h < R, thore corresponds 4 positive teal nurber
¢ such that C(h) = C(het).

If X happens to he the set of all 2 cloment subsets of the sct
P, then this says that € being residual is oquivalent to ¢
being a mmecrically stratificd clustering in the sense of Jardine
and Sthson Qi1 ], p. 6l.

The theory of residusted mappings is rather cxtensively
developed in (3], and the rcader should refer to that source, should
further information be nceded.

3. The_image segmentation problem. The underlying input data may

be thought of as a function F defined on a hounded closed
rectanglc and taking valucs cither in R or in W' for some
positive integer p. The values of | might represent brightness,
temperature, or some other attribute of the rectangle. The
junction F is transformed by a sensing device into a function

F having the same range as F, but whosc domain is

X= {1,2,...,m} «{1,2,...,n} for suitable rositive intepris m

and n. The idea here is to divide the original rectangle into




finitely many subregions by means of a rectangulav grid, and on cach
such subregion, let F somchow swmarize the valuwes of [, The
actual input Jata that is presented to the observer then is not the
original function F, but rather the sy fuxtion T defined
on X: altermately, the input data may be thought of as an @ In
n matrix taking values in R or R, inmfortwately, the process
of going from F to F has associated wilin it some moise, so T
represents a distorted view of the actual data. The idea of the
segmontation process is to recapture the principal regions
represented by F. A more precise and detatled description of the
assumptions relating to this are contained in [9) and {10). lor
that reason they will not be repcated here. We should sention
though that our attention will be restricted to the case where |
takes values in R, with the multifesture situation to be tnvesti-
gated in a later paper.

Let us sce how to embed the segmentation problem into the model
for hierarchical clustering that was presented in [5].  Think of the
input data either as 2 mapping M:X = R, where X = {1,2,....m -

{1,2,...,!, orasan m by n matrix A with entries from R.
The idea is to somehow represent the information provided by A\ ax
a matrix B (possibly of a size smaller than A) that has fewer
distinct levels of entries. To properly place this problem in an
order theoretic setting, recall ([5], p. 61) that D extends

maturallv to a residumted mapping D*:P(X) = R by letting
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D*(M) =v (D(m):m « M for all subsets M of X. If D' denotes
the unique resiJual rapping associated with l", we have established
a bijection between mappings from X into R and residual mupongs
from R into PX). Thus the image scgaentation problem mav be
viewed as the study of transformations of -  K,M\1) into
Res(R,71Y)) where Y < \. Transformstions suh a: Uus will b
called sogmentation methods. This places tic scgmentation problem
squarcly within the framowork of the model described in {5].

For input data having only owndinal significance, we would
like to describe the class of seymontation mcthods that should
properly be used. 'n onder to do this, we nocd the notion of
compatibility ([3], p. 68). Let F bhe a segmentation nethod and
9 a residual mapping on R. To say that ¥ {s ¢-compatihle i~ to
say that for every C - Res (R,p{X)), F(C » ) = F(C) - . for
data having onlv ordinal significance, one should insist on

“-commatibility for all order autosorphisms of R and this lcads
to a class of scgmentation techniques that are called sonotone
cquivariant. These are characterized ([7], Theorem 1, p. 14%) as
follows: let C « Res (R,P(X)). To say that h (h < R is a

splitting level of C is to sav that h is the image of somc

subsct of X under the residumted mapping ¢" associated with €.

If 0¢ hvl <...<h, demote the splitting levels of , then to <av

t
that the segmentation method F is sonotone equivariant is to say

that:
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(1) every splitting level of F(C) is a splitting level o1 o,

upon the sequence C(0) < C(hl)<...<C(ht) and 15
independent of the actual values of the hi's.
(111) vonditions (1) and (ii) hold for ciery C . s (R, (\).

Onc can associate with cach subset T of Res (R) the collection
a(T) of all sepmentation methods that are «-cumpatible for even
2+ T; conversely, for any set S of segmentation methods, onc can
a-sociate the set 3(S) of all o < Res(R) such that F s
o-compatible for every F in S. Naturally, for tais to be mcan-
ingful, onc must think of a segmentation method as a mapping
F: Res (R,P(X)) = Res'(R,P(Y)) where Y {s a fixed subset of X.
In any event, the meppings (2,3) define a galois correspondence
in the sense of [2], p. 124 between the residual mappings on R and
the segmontation methods on X. [t generally tums out that the
galois closed objects (i.c., those objects that appcar as images

of n or 8) of such correspondences have some <ignificance. #c
have alrcady scen that the sonotone equivariant cluster methods
appear as the image under a of the set of order autosorphisms of
R, 30 they are galois closed. F. Baulieu [1} has among many other
things characterized all closed classes that are contained in this
one. Herc is a description of these classes:

(S1) Flat methods. FRC(h) depends only upon C(h).

(52) Semiflat methods. KC(h) depends won C(h) and C(0).




.....

{S3) Divisive methods. It(hi) depends upon C(hi].

Cih.

"l),....t'[ht) where h' is the highest splitting

level of (.
(84) SF(l) methods. H(0) depends only wmon ((U); for
hl s 0, l’t(hi) deperuds on C(h’-. cly g heeee i
(SS) Monotone eyuivariant methods.
The related sets of residual mappings, (Ti1) corresponding to
ISy1), are:
(T1) Res(R)
iT2) The sct of all residuml mappings ¢ on R for which
»(0) = 0.
(T3) Those residuml maps whose range is of the form {h:h &
for s<ome fixed clement k of R d.c., whose range i1 2

principal filter of R.

(Td) Those residual maps whosce range is the union of {01
with a principal filter of R.
(15) The set of all injective residuml mappings on  R.
The simplest of the closed classes of segacntation methods is of
course the flat wthods, and it is to thic class that we now dircct
our attention. “Needless to sav, sich methods arc easy to descrihe
amdd casy to implement. We arc given a (ixed finite nonempty sct X

and an increasing soquonce

.\Ilf&lzt...'.lg"




of subsets of X, where Mi > C(hi). and wish to produce a seguence

N, =N, L.. N, )X

| B
of subsets of X that somchos swmmmarize or hetter sepresent the
underlyving picture than Jdoes the input dat: <o the problem. 1o v
N depends only won M. this amunts to defining an ssotone
mapping . on {X).

Having recognized the need to define an isotone mapping on
MX), 1t is appropriate to decide upon reasonahlc candidates for
these mappings. The 1dea ix to attach some spatisl significame to
the decision as to shether a given point beiongs te the output of
the mapping.  In other words, the decision as to whother o boelongs
to M) should be based upon all points in <ome <mall region
surrowding s, This may he precisely stated by saving that the
mapping + <hall he point-hased in that for ecach x - (N} there
ivs a2 subset N(x) of X ocontaining x sich that:

(PRI} +(2) =& and +(N(x)) = 2.

(PB2) tor A < N(x), if «(A) £ 2, then x . ((A).

(MR For M X, v« (M) if and only 1f x « v{MN(x]),

It i+ immcdiate that for M - X, « (M) = = YIMN(xV),  So that
X (N}

the output will he independent of the jolarity of the input imagc,
it sometimes tums out to he useful to insist that v preserve

complements in that
(PA) For Mc X, +(X\M) 2+ (X) (™).




The local version of (PB4) is the content of Theorem !.

Theorem 1. For a point-based isotone map.ing , on P .a),

axiom (PB4) s wquivalent to the asscrtion that for each subset

A of N(x), cxactly one of 1(A) and (Mx).A) will be nonempty.

Proof: Let v+ satisfy (PBE). If x < ((A)+.(N(x) A), then
%« +(A) 2 y(X'A), contrary to (PB4). For the cuuwverse implication,
assume that 15 point-hased and that for A < N(x), exactly one
of +(A) amd «(N(x)\A) is nonompty. If now v . ,(X\\), then
Yo {(vIDA(NY)), %0 ¥ ¢ y(MaN(Y)), and consequently, v ¢ (M),
Conversely, y ¢ v(Mi=y ¢ yOWN(y)), 20 ¥ < ((N(x)\M) 1 (XN).

Now let v be point-based with an associated family of ncightor-
hoods N(x), x - v(X). If M(x) is a second such family of
ncightorhoods, it is clear that so also s Mx) ~ N(x). In view of
this, there is no harw in assuming

(PBS) If M(x) satisfies (PBl) through (I'B3), then
N(x) < M(x).

Swh a minimal family of subsets of Y will be called the systom of

neighborhoods associated with v. Unless otherwise specified, when

we speak of a point-based isotone mapping v, it will always be
assumed that the family (N(x):x ¢ (X)) represents this svstom of
ncighborhoods.




Definition. The point-based isotone mapping + 1s said to be

frequency-defined if there exist positive integers i und k  such

that for cach x < ,(V),
() *Nga) = &, amd
(1) 2 M) for Mo X ifandonly if & #(MA!.

liere '\ Jenotes the cardirality of the set A,

Theorem ! Let + be a point-hased, comploment-preserving
1sotonc rapping on P(X). Suppose that the regions N(x)  all tave
the same cardinality, amd that for each s « (M, AL has mingm!
cardinalsty among those subscts A of N(x)  for whsch 2 L (AL

Mcessary and sufficiont conditions for 1 1o he froguongy based

arc that A = ¥N(x) be odd, and that *A = (1+k)/2 for all
v« (N},

Proof: et v be froquoncy-based.  If ;- k/2, then
'(N(.‘h\“] - wl2, amd there is a subset B of Nix) ’Ax wch that
‘B - Vo Sice 2 (B) = 9, this produces a contradiction, 1f &
is cven, taking B _ N(x) with cardinality k/2 prodwes a «imlar
contradiction. Thus k is odd and LR VPN L A (Iehy/2,
we way take 8 L_:\! w0 that 8 = (1*k)/.. Sirxc #(N(x] ) - *t§,
this tells us that +(B) = ¢ = y(N(x):B), contrary to (PRe). Thus
‘!\! st ol (10K)/2.  Suppose conversely that k = #N(x1 i<

odd and that £\, it necessarily (1+k)/2. ¥We ate to show that
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ts frequency-based. Bv construction of Ax’ X - y(B) for

B < N(x) ingplies that #B - *Ax = (1+k)/2. If on the other land,
*B - (1+k)/2, then 2(NMx)WBY < (1+k)/2, so  y(N(X).BY = o, and
consegquently, x . 3 (B).

One is often interested in the extent !« which a segmentation
alporithm blurs an 1mage.  The merging of clusters that should mot
be mergad 1s one of the wavs in which such blurring occurs. To
1lustrate this concretely, let us consider a frequency-defined
mapping . that operates on 3 by 3 neighborhoods centered on points.
Suppose N fus S rows and S columns, and that M, N are the regions
demotaed by PP s, 2 an Fig. 2(a). In Fig. 2 (b)), the manbers of
(M), «IN) arc demtoed by 1's, 2's, while in big. 2(¢), the
mombers of 4 (M:N) are imdicated by 3's. Al} ramaining entries
are 0. Mtice that  «(MN) - v(M) ¢ 4 (N). Inconnection with

this, we shall say

11111 00000 00000
11111 ol111n0 03330
0nopoag nocoo n3330
22222 an2r2ao 03IF3IO0
e 2222 00000 00000
(@) 1)) (c)

Fig. 2 Hlustration of blurring. Scc text for cxplantation.

that M,N arc y-scparated for the isotone point-based mapping
in case there is o set of the form  N(x) that intersects both M

amd N. Wc then have




Theorem 3. Let 1 be a point-based isotone mapping on #'(\).

If M\ are y-separatad, then Y(MN) = (M) ¢ (N).

Proof: Fvidently, we need only show that (M) (M) - W (N).
Accordingly, let x « 3(MuK), 30 (MUN) Ma 7 ¢ Siwe M are
y-scparated, we must have (MoN)-\(x) = W\(x) or NoN(a,  whemwe

X « Y(.‘n (¥ ”f‘b\‘)o

Along these lines, the mapping + will be called 3 oin
homomorphism in casc y(MuN) = Y(M) v +(N) for all subscts M\
of X. There is a dual notion of meet hososorphism, and w sav tuat
vy is a homomorphism is to say that it is hoth 4 win and 4 mect
lhosomorphism. The next thocoram shows that these conuitions arce

extromely powerful, and will only be mect in trivial situatione.

Thoros 4. Let + be a point-hasad isotone smapping on Ty,

Then (la)-=>(1b), (2)<m () and (3a)-=>(%h).
(la) v is a join homomorphism.

(1b) For cach x - v(X) there is a subset A  of N(x) such that

x ¢« v(M if any only if "w"‘x £ 1,
(@) v is a meet homomorphism.

(2b) Corresponding ®© cach x - v(\), there is a subsct 8 of
Nix) sich that x - (M) if and only if R e A
(3a) v is a homoworphism.




(3b) For cach x « ¢(X) there corresponds an clament »  of M»)

such tut x « (M) if and only if v M

Proof: (la) =>(lb). If y is a join homowrphism, let ¢ be the
union of all subsets of N(x) thatare rupred o 3 by v, und
ote that (C) » &. Observing that v(M-N(x)) = & if und only if
MiN(x) €, wemy now take ’\x = N(x)\C.

(1b) =>(la) If x « v(\N), then (MoNA # &, so MA
or '.'\"u\x 2 9. Heme x « ¥(M) w ¥(N).

() =>(2b) If Bx is the interscction of all subsets C
of Nx)} for which +.C) » s, then x . owverv L), 0 x . "’“\"
(D) is now clear.

(2) =>(23) is ohvious, as is (3b) =>(3a).

(3a) =>(3) If Bx is defined as in (2), then v(Bx) r g,
hut +(C) = 4 for cvery proper subset C of B, . It is immcdiate
that B! * (s-x). and (3b) mow follows.

Romrk 5. Yoting that if vy in the thorem is compl ament-
preserving, then it is a join howomorphism if and only if it is a
meet homomorphism, it follows that for such mappings the six

condi tions of the theoram are mutuallv ecquivalent.

If M <X is acted upon by a rigid sotion  produce %, onc
would mturally want that same rigid motion acting upon (M) wW

produce y(N). A careful formulation of this idea shows that this
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is too mxh to hope for. To see why, we need the concept of a
translation on YX: this is a mapping of the form 'l'p q where p,o

are {ixed integers and lP q(i._i) = (lepyivq). Undess p o= o=,

the domain and range of 1 will be proper subsets of  X.  he

Poy
agree to call the point-based isotone mapping translation-invariant

provided it satisfies:

(PB6) If N(x) is contained in the domain of the translation T,
aml if v = T(x), then N(¥) = T(N(x)), and for A « N(x),
X« v(A) if and only if v ¢ (T(A)).

Remark 6. If v is a point-based, translation-invariant
isotonc mapping on P(X), and if M < domain (1) with
40TV« y(N), it is true that T(+(M)) = v(T(M)). This mav fail,
however, if cither M or T(M) is not contained in +(X). This is
illustrated in Fig. 3. Herc X =S -~ S, wherec S = (1,2,3,4,51.
The mapping vy is defined by looking at 3 by 3 neighborhoods
centerced on the points of X, and saying that for A N(x), x « v(A)
iff *A > 5. This choice of y satisfies (PBl) through (PB6),
and is even frequency-defined. let = (2,2) and 1 = Tl,l’ SO
that T(x) = (3,3). Then Fig. 3(a) shows Nix), Fig. 3(b) shows
T(N(x)) = N(T(x)), while Y(N(x)) and ~+(T(N(x))) are displaved
in (¢) and (d). The reason that T(y(N(x))) # v(T(N(x})} 1is that

T(N(x)) is contained in v(X), while N(x) is not.
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11100 00000 00000 0QO0O0OQ
l111vo 01110 w0l1l100 wowo0toq
11100 01110 o0lovo o01l}o
DOVOO 01110 00000 ¢vioa
00000 00000 00000 0000
(@) M = N(x)  (b) T\ (c) (M) (d) M)

Fig. 3 Scc text for explamticn.

Remark 7. Yor translation-invariant mappings y on P(X),

the conditions expressed in Theorems 2,3 and 4 can be simplific?, as
one need only state tham for a single memher of (XY, ‘The details
of this are left  the reader. We also mention without proof

that versions of the above results are true for atomistic

orthomodular lattices(|2}, p. 53).

Romark 8. The actual construction of a point-hased isotone
mapping on P(X) can now be easily understood. One chooses a
system of neighborhoods N(x) for points x in some subsct Y of
X, and defines a family hx)x-Y' where y is an isotonc mapping
on N(x) such that :

(1) v, (#) = ¢, and v, (N(x}) = {x}.

If one wants to produce a compl ement-prescrving mapping, then one
also wants

(2) If A < N(x), then exactly one of \x(:\) and VX(N(\“,\)

is non-empty.
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The mapping + is now defined by the rule x « y(M) if and only if
vx(MnN(x)) = {x;. This is the technique that will be usad for the

remainder of the maper.

Romark 9. Though it might mot necessarily nake sense to use
mint-bascd mappingsthat :ire not frequency-defined, it is casy to
construct cxamples of than., D see this, let N(x) bea 3 by 3
region centered on x. For A ¢ N(x), let yx(,\) = {x} if at
least 2 out of the 3 rows of N(x) each has at lcast 2 member: .f
A; otherwise, let vx(A) = 9, Do this for each x that is mt in
an outer tow or column of X, and use the construction of Remark 8
to definc a mapping v on P(X). Te result is a point-hasced,
compl ament-preserving isotone mapping that is mot frequency-defined.
Clearly this example is representative of an entire class of such

mappings. Other candidates for y are pattern-defined mappings.

These put x in y‘(A) if A contains a subset of a desirad tvpe.

For 3 by 3 neighborhoods, such desired types might include sets

such as
111 110
010 or 110
000 000

4. Underlying statistical considerations. We have just scen that

the construction of a flat scgmentation method imolves the
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definition of an isotone mapping on P(X). If the input date were
correct, then the most reasonsble choice for such u mapping meht be
the identity map or a map of tic form M MY for some subscet )
of X. The idea though is to usc the isotone mapping 1o vroduce
an cstimate of the truc data that is in some sense better than the
onc provided by the input data. Specifically, let us assue that
the data represents a subset M* of X, but that the input data
produced M instead. One wants to estimate M* by (M), As in the
last section, it is assumed that X = (1,2,...,m! ~ {1,2,...,n}. let
{N(x)} be a system of neighborhoods of points x in some subsct Y
of X. To say that a point (i,j) is an interior point of the sct
M* will be to say that for x = (i,j), N(x) ¢ M*; a similar
definition applies to the complement of M*, If N(x) intersects
hoth M* and its complement, then x will be called a boundary
point of M*. Thus X is divided into 4 regions: (1) the interior
of M*, (2) the interior of X\M*, (3) the boundarv of M*, and

(4) those points which do not have neighborhoods (i.e., X\Y). This
is concretcly illustrated in Fig. 4. Here we take m = 10, n = 7,
and N(x) a 3 by 3 region centered on x. Y would then consist of
all points not in an outer row or column of X. The members of M*
are denoted by 1's in Fig. 4(a) with those of X\M* represented by
0's. The resulting 4 regions are displaved in Fig. 4(b) and arc
numbered as above.
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0000000 44444144
0000011 4223334
oobo0oo0l111 4233314
boollll 43333114
oo1l11111 43331114
ool11111 4331114
col11l11l11l11 4333334
0001011 433353 .
0onpoo0l11l1] 1233354
goonoll 4433331
(a) Original picture (b) 3 by 3 ncighborhoods

Fig. 4. See text for explanation.

A crude model may be constructed by assuming that membership in
M has probability p (p » 0.5) of providing a correct cstimate of
membership in M*, and that membership in X\M has a probability
4qtlq > 0,5) of providing a correct estimatc for membership in M, Let
us also assume that these probabilitics are cach independent, bearing
in mind that in practice this is somctimes not so. Realistically,
one should also notice that boundary points will have a lower
probabiiity of correct classification than do interior points, but
this is an issue that will be temporarily ignored. The gain of an
isotone mapping ¢ 1is defined to be the sum of the probability of
correct classification by y for an interior point of M* and an
interior point of X\M*, and is denoted G(y). Umtil further notice,
it will be assumed that y is a point-based, translation-invariant
isotone mapping on P(X). It will prove convenient for a fixed N(x)

to let TY = {A: A c N(x), x ¢ Y(A)} and FY = {A: A < N(X), Y(A) = ¢},

e ——————




19

Letting A' denote a typical subset of %(x) having cardinality i,
we have then have
G = zipl-p*iza

where k = *N(x). In order to see the role of freuuency-defined

L 'l'T) + I‘i{(l-q)iq"'i::\i N RN

mappings in this model, we present

Lemma 10. Let v bec complement-prescrving with k = #N(x) odd,

and let v' be the frequency-defined, point-based isotone mapping

having the same neighborhood system as v. Then G(v) < G(v').

Proof: Since Y is complement-preserving, T = 'F‘ = Zk'l.

The same is true for vy'. Thus a bijection ¢ may be defined on
P(N(x)) such that ¢ maps T‘ onto TY, and F‘ onto FY.. We
may even take ¢ to be the identity map on (TvnT‘ W) u (FYnFY.).
For Aec T nF ., PA < j= (1+k)/2, while *(A) > j, so

A < 73(A). A similar argument shows that for A . Fv nTY.,

fA > 19(A). Using ¢ to match the terms of G(y) with those of
with those of G(y'), it is clear that each term of G(y) is no

larger than the corresponding termm of G(v'), so G(v) < G(v').

Theorem 11. If p=q, and if y and y' have thc same svstem

N(x) of neighborhoods with y' frequency-defined, then G(v) - G(v').




20

Proof: In view of Lemma 10, we nced only produce a complement-
preserving point-based isotone mapping " with N(x) uas neiphbor-
hoods such that G(y) - G(y"). This will be accomplished by making
use of Remark 8. Choosc some fixed N(x), and consider subsets A
of N(x). If x ¢ y(A) . v(N(x)\A) with -~ j, take "(A) = {a}
and Y'(N(x)\) = ¢. If y(\) = ¢ = ((N(X)\A) with *A - j, do the
same. Otherwise, let "(A) = {x} if x . y(A) and y"(\) = 2 if
v(A) = ¢. We need to show that " is isotone. The proof will be
by contradiction. Supposc then that A < B ¢ N(x) with "(A) - "(R).
Then Y'"(A) = {x) and y"(B) = ¢. Bv the construction of ', we
must cither have x . vy(\) or "A = j.

Case 1. x ¢ y(A). Then also x « v(B), so if y"(B) = ¢, then
X - v(B) n Y(Nix)\B) and MR < j. Since A < B implies

N(x)\A > N(x) B, this puts x in y(N(x)'A), whence "(A) = o,
a contiadiction,

Case 2, MA : j. Then also #B 2 j. The only way for y'"(B) = ¢
is for y(B) = ¢, so y(A) = ¢ and consequently y"(A) = ¢, again
a contradiction.

This then establishes that y' is isotonc. The construction of
Remark 8 can now he used to extend y'" to a point-based, complement-
preserving isotone mapping on P(X) having the same neighborhooud
system as y. We rust still show that G(y) < G(y"'). The changes
in these sums occur from members of (TYnFY") v (Ty..rFy). If

Al € T,(nFY", then i < j, and the term corresponding to Al in




G(y) is pi(l-p)k'i. while the corresponding term in G(y") is
P Ya-pt. Inthat i - k-1 and p > 0.5, this represents an
increase.  Similarly, if A'. T
the term from G(y") - the corresponding term from G(4).

..nl-'y. then i - ), and again

When p = q, the above theorem shows that the ''gain® from a
flat segmentation method can he maximized by using a point-based
isotone mapping that is complement-preserving and frequency -defined.
This amounts to saying that such mappings maximize the probability
of corrcct classification of interior points, as this probahility
is just half the gain. With this thought in mind, we shall dircot
our attention to mappings of the above type defincd on k by &k
neighborhoods of points with k an odd intcger. The _j/kz rulc
with j = (1+k)/2 will be the unique such mapping on a k by k
neighborhood, and the 3/5 rule will refer to the unique | defined
on the region consisting of x and the 4 points that are immediately
to its North, South, East and West. These rules were introduced in
a slightly differcnt context in {9}, and some discussion given to the
probability of correct classification of points in the casc of interior
points as well as houndary points. Thesc probabilities are all bascd
on an underlying binomial distribution of XN(x), and will not be
repeated here.

There is another item worth mentioning, however. To improve
the classification of interior points, one simply enlarges the sizc

of the k by k region. This is fine except that as k incrcases
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the number of boundary points also increases, and as was shown in

(9], the probability of misclassification of boundary points cun
actually imcrease when the j/k2 mule 18 wsed., This is 1 Hustrated
by some simulations in Table 1. The segmentations are Jone on the
data of Fig. 6(b) corrupted by various tvjes of additive moise with
the indicated signal to noise ratio. The theoretical probability of
misclassification of intevior points is compared to the actual
probability hased on 10 trials, and this is comparcd to the
probability of misclassification in the entire picturc. Notc how
the ratio of the probability for misclassification of interior
points over that of the entire picture changes a1s the value of k
increases from 5 to 9 to 2S.

ALl of this suggests that therc may he occasions when one wants
to use flat scymentation method other than that provided v the i/k*
rule. For 3 by 3 regions, onc idea might he to define v on Nint o as
follows: y(A) = ix} if *A > 6 orif *N =4 or 5§ and x . \.
Naturally this will increase the probability of misclassification of
interior points, but may Jdo a slightly bhetter iob ncar the boundary
of a region. This is illustrated in Table 2, where this rule is
compared to the 5/9 rule for regions containing various mixturcs of
members of M and itz complement. Notice the rather dramatic
increase on probability of correct classification near the boundary

as evidenced by the box rrlating to *M = 5. A comparison of the

two mcthods on real data is displayed in Fig. S,




Noisc Actual image Tnterior joints Tatio of
Ratio Ruc Ohserved  SD Theoret. Mbserved SO Interior/actual
1.25 None .2697 .0203 LoR20 0182
3/5 .1607 0290 .1401 1341 0241 .8)
S/9 .1233 0247 .0783 L0699 019 W57
13/25 0947 .0146 .0102 .0035  .0030 .U37
1.00 None  .3100 .0199 3178  .0202
3/5 .2218 .033 .1874 L1935 L0377 .87
S/9 .1784 0271 .1221 125  .027 .70
13625 .1381 L0272 .0283 .0333 .07 .24
3 ) . lo .M6 . .
3/5 .3018 0524 .2930 L2910 .040] .97
S/9 .2629 .0578 .2374 L2353  .04S2 .
13/2S .2100 0821  .1210 A178 L0449 .50
L] . L] L] 06103
3/5 . 3564 0447 .3469 L3301 0333 .94
S/Y .3276 0611  .3026 L2902 .0340 .89
13/25 .2739 0669 L1987 1810  .0391 .00
. v | A5 0255 -
3/5 .4183 .0513 4150 4108 .03»9 .M
S/9 .3987 0652 .3890 .3737  .0532 .94
13/25 .3619 .0744 3222 .3048 .0883 .84
Table 1. Simulated data bascd on 10 trials. Entries in the table

represent probabilities of misclassification. The column:
labelled SD refer to the standard deviation of this
probability, and the "Ratio” colummn is simply the obscrvad
probability for interior points divided hy the observed
probability for the entire picture. The columns headod
“Actual Image" refer to Fig. 6 with additive gaussmn
noise having the indicated signal to noise ratio. The
remaining columns apply to the identical noise on the
interior of a single region. The signal to moise ratio

is the difference in grev levels that characterize the
input set from its background divided by the standard
deviation of the moisc.




AL

0 " Prob. 7% rule [ BT T el 579 rule T

LA S {orrect Mean by Meaw s

9 0 .9 99, 80 0.51 w9, 55 0,4 '
.8 97,585 1.72 96, 30 2.2
.r 90 .50 3.)12 8h, 0% 4.0]
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.7 67.35 S5.53 72.40 4.59

.6 59.75 5.49 | ©2.05  5.18 1
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.8 ! 02.25 4.30 77.55 3.83
.7 $7.70 5.0} 05.40 5.

.0 55.70_5.12 $8.75 .23 |

Table 2. M is a subset of a 3 bv 3 rectanple with the indicated
, canrdinality. The Prob. (orrect rcfers to the probability
' that the actual input dats provides a correct estimate of
membership in M.  The entrics in the colums liabel 1cd
"Mcean”  refers to the mean percentage of probahility of
vorrect classification based on 20 trials, and the “\iv
colismns refer to the standard deviations of these means.
See text for an explanation of the modificd 5/9 rule.




Another approach to modifying a frequency-based mapping is to
us¢ some sort of pattern-hased mapping. A way of implementing this
ts via the iterated 3 by 3 mean filter. ‘This filter is based on a 6
by S neighburhood, and can cither be viewed as a weighted filter on
this neighborhood or as a 3 by 3 mean filter applicd twice. (See (10§
for a Jdiscussion of this filter.). Table 3 provides a comparison of
the .ollowing S segmentation techniques: (1) original data; (2) 5/9
rule: (3) 3/9 rule but using itcrated 3 by 3 mean for 4 or 5 members
of M in the 3 by 3 ncighborhood; (4) iterated 3 by 3 mean; (5)
13/25 rule. By Theorem 2, the 13/25 rule has the highest probahility
of correct classification for interior points, but as cvidenced by
Table 3, other segmentation techniques can give better overall
performance. To sece why this is so, one might notice that the 13/25

treats equally the following two data scts:

0Ovoeo0o0 00100
01110 00010
01110 10010
gtitl11lo 00111
00000 f1ag0a
since they cach have cxactly 9 entries of 1. Yet the first data sct

is much more likely to reflect x being in the set M. On the other
hand, the itcrated 3 by 3 mean would produce values of 0.61 and 0.38
for these scts, thus putting x in M for the first but not the

sccomd data sct.
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Percentage incorrect classification based on 10 trials. Sce

Table 3.

Error U8 refers to a uniform crror

text for explanation of rules.

Error G5 refers to a Saussian

distribution taking values from -8 to +8.

5.

error distribution with expected value 0 and standard deviation

is the

A

MNata set

The other error entries are defined saimilarly,

Mata ¢

is its complement.

image indicated v 1's in Fig. 6(a) and R

is its complement.

is the imape of Fig. 6(b), and D
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Fig. 6(a)
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5. Some monotone equivariant segmentation techniques. Many commonly

used spatial techniques for image enhancement lcad to monotone
equivariant segmentation algorithms. To illustrate this, consider the
histogram modification techniques described in {3], pp. 127-136. If
the data are first rank ordered, and after application of the technique,
the output is labeled by the original data values, the resulting
technique is easily seen to bc monotone equivariant. For example, if
the original data values are 2.3, 5, 8.7, 12 and 20, the rank-ordering
would produce ranks of 1 through 5. If a histogram modification
technique produces output levels of 3 and 5, and if this ouput is then
labeled as 8.7 and 20 (the values of the original data corresponding
to these ranks), then the resulting technique is monotonc equivariant.

We described in [9) a segmentation technique that is also
monotone equivariant. It will be convenient to briefly describe it
here. The input data is an m by n array A of nonnegative
integers. The program consists of the following parts:

A. Prefiltering. A version of a k by k mean or median
filter is applied to smooth the data, and the ouput is rounded to the
nearest integer to form a matrix B.

B. Thinout. A frequency count is made of the values appearing
in B. Those values that occur with frequency less than some
threshhold are deleted and the points corresponding to them reassigned
to the closest valid remaining data value. Alternately, the k
highest occurring values can be retained. The resulting matrix is

denoted C.
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C. Supposc matrix C has data values jl’jZ"”’jk' The 3
by 3 dispersion of valuc jl is defined as folltows: Tor cuch roint
in C having value jl’ look at a 3 by 3 neighborhood centered on
that point, and calculate the number of points in that ncivhborhood
that do not have value Jy- Uompute the average over all points
having value jl for which 3 by 3 neighborhoods can be found. This
is the dispersion for }y- tontinue the process for Jasdgaeeendy

D. Various options exist for deleting 1 or more of the data
values having the highest level dispersion. The simplest 1s to just
delete the highest level value. Other options might include delrting
all values whose dispersion exceeds 0.9 on the first pass, and then
dropping this cutoff down by increments of 0.1 until a stopping
criterion is reached. Various options also exist for the rcassignment
of points whosc valuc has been deleted. Thev proceed on both a global
and local basis. Cluster means can be computed for ecach valid cluster,
and points assigned either to the nearest mean, or by means of a Baves
decision rule distance. Alternately, this car be done on a global
basis, and all points having a given deleted value can be assigned to
the nearest valid cluster. These technigues are called ANFAR and
ANEARU. A second type of technique involves assignment of points
according to whether their labels are above or bhelow the averages of
the next valid clusters that arc above or below them. This can be
done on either a local or global basis, and the resulting techniques

arc ANEXT and ANEXTU. These techniques as they have heen described




are not monotonc cquivariant. 1f, however, the input data arc tirst
rank ordered, and the output 1s labelled according to which input
value corresponds to which rank, then the resulting techniques do
become monotone equivariant. An illustration of the eperation o the
algorithm occurs in Table 4. The input dat. c.ioists of a mixture of
2 normal distributions, one with expected value 30 and the otiwr with
expected value 20, cach having a standard deviation of 4. The data
entries are rounded to the nearest integer, and a 3 by 3 mean prefilier
is used. This prefilter tries to remove outlicrs by deleting the
highest and lowest entries from each neighborhood, and outputting the
average of the remaining 7 members. The "nondirected dispersion”
shown in this table is identical to the version of dispersion we
described earlier. 7The 'directed dispersion" refers to the average
of the maximum number of points in the subregions to the North,
South, East and West of the center point that lie in regions other
than that of the center point. The idea here is that the directed
dispersion would distinguish between boundary points to a4 region and
noise. Notice the dramatic drop in the values of the dispersion when
the proper mumber of rcgions is found. The segmentation algorithm
was ANEAR, and the input data was arranged so that one population was
in the upper half of the input matrix, and the other in the lower

half.
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7. Construction of a segmentation algorithm. A program bhascd on the

earlier material will now be described and illustrated. The input
data is as in Section 3. The program itsclf has two phascs:
Phase 1. Find levels at which to slice the duta.

Phase 2. Make appropriate slices and w: a i/k rule to increase

the probability of correct classification.
As was noted in section 4, the Phase 2 portion of the algorithm is a
flat segmentation technique. The program can be used as a cleaning
algorith, or it is suited for the determination of the principal
regions of a digital picture.

Description of Phasc 1. 6 methods of determining the slice

levels are built into the program.

Method 1. The mean and standard deviation of the input data are
determined. The slices are taken at M-25, M-S, M, M#S, and M+2S,
where M is the mean and S the standard deviation. If this get's
one outside the data range, then the extreme valucs are modified so
that they lie between the minimum and maximum values of the input.

Method. 2. A frequency count is taken of the levels that appecar
in the input data, and slices arc taken at relative maximum points of
this distribution.

Method. 3. This uses relative minima of the dispersion.

Method 4. This is the same as method 3, cxcept that if A
represents the vector of distinct data values, then for Ali], one
is interested in the average number of points that do not lie in

Al1-1], A[i) or A{i+1]. One then takes thc relative minimum points,
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Method 5. This too is similar to Method 3, cxcept that the
output is the average variance in t by t neighborhoods centered
on points having a specified value. The slice levels again are the
relative minima.

Method 6. User specifies slice levels.

B. Description of Phase 2. Having arrived at a list of slice

levels. one now chooses a j/k2 rule. The actual slices are constructed
so that they are halfway between the slice input levels, and the
resulting slices are given the labels of the slice inputs. Thus

if one wanted slices at 17, 20, 22, 26, and 30, one would actually
look at the increasing sequence of sets h& < Mz < MS My« MS,

=29, k, = 28,

where Mi = {x: s ki} with k, = 18.5, kZ =21, k

1 3 4
and kS = the maximum value of X. This foms 5 clusters, and thev
arc assigned the values 17, 20, 22, 26 and 30. Alternately, they
could be labeled by their means.

The actual implementation of this process is very simple. Tor
input data X, one looks at thc lowest actual slice level kl' A
Boolean matrix is formed by letting 1 denote points whose value
is =< ki and 0 elsewhere. If a j/k2 rule is used, one then looks
at k by k regions. If the number of 1's in such a region is
:j, the output is 1; otherwise, it is 0. The output for k2 is
added to this, and the process continues until the supplv of actual

slice levels is exhausted. Computation time may be reduced by

ohserving that if at a given stage a 1 is produced, then all
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succeeding stages must also produce a 1, so thcre is no reason to
consider neighborhoods involving that point. This of course is
simply a reflection of the fact that a j/k: rule represents an
isotone mapping on P(X). The actual implementation can be further
optimized by first applying a k by ! = Tian filter, and applving
the Phase 1 techniques to the output of this ¢ilter,

We close by considering some cxamples involving real data.  The
data arc from two sources: the WestinghouscfPLIR tape and an infrared
weather tape that was supplied hy the Air Force Geophysical lLaboriatory
at Hanscom AFB. Plates 1-5 illustrate the 5 wmethods of scelecting
slice levels that were cxplained carlier in this section, and Plate ©
shows the output of the SEMENT program on the same Jata set.  Though
there are some minor dJdifferences shown between the various j/k2
rules used, all of the methods did 2 good jobh of showing the central
object of interest - a tank. Onc should bear in mind that the shades
of grey in the pictures serve only to distinguish regions. They do
not necessarily represent actual temperaturce levels of the regions.
It is also of interest to note the difference in resolution between
the 13/25 rule and the other rules that are used. This is especially

apparent in Plates 14 and 17.
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Plate 1.

Plate 2.

Portion of Record 21 of westinghouse PLIR Tape.  Slice nrogram
output using Mcethod 1. ipper pictures represent ontput using

iterated 3 by 3 mean filter and  3/5 rale. Bottom ictures
represent 579 rule and 13/25 role,

Same as Plate 1, except that slice levels are obtained by Method 2.




Plate 3. Same as Plate 1, oo

Yoy b o e od by “("”’K)d 4.

v, v ¢ tY

Plate 4. Same as Plate 1, ex.s
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Plate S, Same as Pliate !V, oxcent ot <Vee Yevels e o

crined by Method 5.

Plate 6. Output of segent (v, St i decora oot FLIR tape. Top row

Paeq, ot it R e

represents originai

hiseat procra. otior o L o oogroal sl S
The se,mentat oos e N e R

disner crop oo

tar=or ontput of

e o ntput tevels.,

toawitocted 3 by 3




¥y
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Plate 7. Portiong of e o0 ) Bestinghoune 00T e Shce program output
wsy Yethal T rece D pepresent witpat v rerated 3 by 3 mein
filter, 5/ 1000 e aned TR e,

Plate 8. {uta Pt T e e e e enation of
T e e




Plate 9.

Portion ‘”f Recor! - ’ o e e as Plate 9, exeept
tape. Stice pro. oo thot Method 5 0w weied.,
using Method o000 -0

under Plate 1 v v e

explanation ¢ -




Plate 11. Same as Plate 0, cxcept that data is from Record 68.

Plate 12,  Portion of Record 12 of I'LIR tape. Slice program output using
Method 3. Format follow: that of Plate 1,
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Plate. 13. Samec as Plate 6, except that data is from Record 12.

Plate 14. Portion of weather picture showing Gulf Stream and some c¢loud
cover. Slice program using Mcthod 5. Format follows that of

Plate 1.
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