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b~y
f F. Janowitz

lWpartamnt of .hathemtics and Statistics
ftivcritN. of bssachusetts

Aherst, 4%k 01003

I. Introduction. An order theoretic model for hierarchical clu,'ter

analysis wbas introduced in 151 and further dcvvloicd in Iol, 171,
and 181. 1he model ua broad enough to include earlier vodels duc-

to Jardine and Sibson fill and %btula 112). 1he pur'se of the

present paper is to ho that the mdel also includes ordinal non-

hierarchical clustering, and in particular my he viewed &s. a model

for ordinal img segmntation. Section 2 contains some tsac1ground

metcrial from the thoery of partially ordered sets, hhile section N

relates this mterial to the problem of imge sepmentaion. The

material is approached via a simple stati.tical amdel in section 4,

and section 5 relates the present model to certain other selp'nta-

tionl techniques. The final section of the paper outlines how the

theory of section 3 my be used to construct a seg entation program,

and illustrates the operation of this program on real data.
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2. BackDroWd material from the theory of partially or&red sets.

A basic familiarity with the theory of partially ordered ..t-i

and lattice, will 1w as:sumoJ. lkeisiit this, it %III he cunv'zltu t

to specifically develop certain :vtions here. U'less othcije

specified, all partial orders will be dc ottJ -t, with , reserved

for set inclusion. The symbol P(%) will represent the Roolean

algebra formed by the subsets of the set X, when ordered h%- set

inclusion. Unions and intersmutions will he represented as usual

by the svmols v and n, and it turns out to he convenient to let

R denote the nonnegative real nmiers ordered in the ut~uwl menner.

ILt P,. he partially ordered sets. A uapping :1' - 4,, ,s

called sotone if p1 , P, in P iqplies that p(7 1) o(r 2
)  n

Q. It is sald to be ri'Cd5%Ztcd in can.c it is iotone amn therv i.

an isotone nmrpn :Q - P such that p , C€ (p) and q

hold for eery p P, q -Q. This mpping i is called the

retd.l raming associated with 6. and is uniquely determined by

o. Likewise, # is completely determined by o' and for a given

residual napping 9, it will often be convenient to let e denote

the resiclated apping with which 0 is aw.ociated, ert Res(PQ)

denote the set of all residuated mppings of P into Q, writng

Res(P) in place of Ies(P,P): dually, let Res (Q,P) denote the

set of all residual mpings of Q into P, with les*(Q) having

its expected naring. The reason that residuated and residual

mappings cro up is very sinple. It was shown in 1S1, Ltem 4.1,



p. 60 that a residual mapping C from R into P(X), where x

is a finite noneipty set, may he characterized by the following

three condit ions:

(1) C is isottmc

(Z) There is an element h of A .ks that C(h) -

(3) Gven h - R, there corresponds a postitiv teal nurtvr

I such that C(h) - C(h-}.

If X happens to he the set of all 2 elemnt s-ubsets of the %(-t

P, then this says that C being residual is equivalent to C.

being a nmierically stratified clutqerinS in the 'eni e of Jardine

andSibson lII1. p. 61.

The theory of rv~iduated mappins is rather extI'%ively

developed in 131, and the reader should refer to that source, should

further information be needed.

o. oblem. The wnderling ,int data miy

be thought of as a fiction F Jefined on a houidcd closed

rectangle and taking values either in R or in W' for %oh

positivt integer p. The values of l' w-ht represent brightness,

temperature, or some other attribute of the rectangle. The

function F is transformed 1w a sensing device into a function

r having the sae range as F, but whose domain is

X (l,2,...,.} {l,2,...,n) for suitable positive intepris m

and n. The idea here is to divide the original rectanglc into



finitely many subregions by mans of a rectanglar grid, and on eacJ

such subregion, lot V someow smarize the valus of I. Die

actual input data that is ire ,ntcL to the oh-erver thn i.- not th,

original function F, but rather the sumir' fwixtion r .. fincd

on X; alternatcly, the input data aMy N- Thtilt of as an m 1,

n matrix aking valucs tn R or R". lnforttu".telv, tlu- wtxix.c.-

of Xaing from F to r has associated wits, at sow noit., so r

represents a distorted view of the actual data. The idea of ihc

sepimtation process is to recapture the principal regions

* represented by r. A more precise and detailed dekcrption of the

assumptions relating to this are contained in 191 and 1101. lot

that rmason they will not be repeated here. We shu J uention

though tat our attention will be restricted to the case whcre I.

takes values in R, with the multifeature situation to ti investi-

gated in a later paper.

Let us see how to med the sepwntation problem into the wadel

for hierarchical clustering that was presented in 1S1. Think of the

input data either as a mapping D:X - R, where X - 11.2,. ... P- •

( ,...,. , or as an a by n mtrix A with entries from R.

The idea is to somehow represent the information provided by A as

a matrix B (pcssibly of a size smiler than A) that has fewer

distinct levels of entries. To properly place this problem in an

order theoretic setting, recall ([51, p. 61) that D extcnds

naturallv to a residuated mapping ie:P(X) - R b- letting

.. .. -- Iia mm li i ..



[(OO -v (1(m):. .S for all subsets M of X. If 1)i denit :

the unique resiJual pping associated with It% ie have est;0bl i-hwd

a bijection between euppins from X into R and rvszdual I niviw

from R into P;X). Thus the image tpentation probler mv I-

viewed as the study of transformtions of two k$N\I **,o

Ri,6*(R, PtY)) where I : X. lrantforat ions %ikh a! this ti1! lk-

alled seMbntation methods. This places fth 'c,,vitation prut$'lcm

squirvly within the frawwork of the mdel described in 151.

For input data having only ordinal 4igni ficacc. we tuoulJ

like to de'cribe the class of %cnentation wthods that shoulJ

properly he used. !n order to do this. ue need the notion of

coaatibiltty (151, p. W. Let F he a sepmentation t..thod and

o a residual mppang on R. To say that F it -Cmatihle i, to

qay that for evury C , Res (,pX)) - ",) - F(C) -. -. tor

data having only ordinal ignificance, one should insist on

-coautihilitv for all order automorphism of R and this loads

to a class of .,gmentation tchniques that are called uonotonc

cqiuivariant. Thete are characteri:ed (i71. 1heorem I, p. 149) a%

follm*: Let C t o (R,r(X). To say that h (h • Ro is a

t g level of C is to s#-" that h is the imagc of sorc

tubset of X under the resIduated mapping C assm-iatcd with C.

If 0 e h, "...Cht denote the splitting levels of C, then to sa,

that the septntation method F is mnotone equi%-ariant is to sa-

that:
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(i) every splitting level of F(C) is a splitting lve! ,

(ii) the scquence C(O) F(hl) t ... ,-l{(ht) de1pnd; uni]

upon the sequence C(O) < C(hd)c...C(ht) and is

independent of the actual values of the hi 's.

(iii) conditions () and (it) hold for .- erv C -Res ,['*1kJ .

One can associate with each s.bset T of Res*R) the collcctun

'(T) of all segmentation mthods that are ,-ciopatiblc (or everA

• - T; conversely. for any set S of segmentation metlv~ s one c n

a.sociatc the set i(S) of all o # Res(R) such that F 6.

0-coMatible for every F in S. .bturally, for tais to be w-an-

ingful, one inst think of a segmntation method as a sopping

F: ks*(RP(X)) - As'(RP(Y)) where Y is a fixed sUhi.ct of X.

In any event, the supplnp (,k,) define a gaots correspondence

in the sense of 121. p. 124 between the residual mpping on R and

the suUptaton methods on X. It generally turns out that the

galols closed objects (I .e., those objects that appear &% ima es

of n or 0) of such correspondences have som -tignificance. kc

have alreudy -ewn that the rnatone equivarlant cluster ,ethoD.

apear as the imte uder tk of the set of order autouvrphisu. of

R. so they ate glots closed. F. Bauliew 11 ha.-t among mny other

things characterized all closed classes that are contained in this

one. [fere is a description of these classes:

(Si) Flat methods. F(h) depends only upon C(h).

(S2) Seiflat methods. lC(h) depends upon C(h) and C(O).



_________.___.. .... . .i I I ( I I ) , , . . .
|7

(S3) Divisive methods. FC(h i ) lepend Xn L'(ij )

(h )i ..... t(th) %,here h is tile higlist -- )litting,

lcvel of C.

(4) SF(I1) ct)"i . C(O) dcpends on)' trion C(QO) for

0IJ , F t(h ) d Jet-mi on {-'hi .-kh2.l.. +Jt

(SS) Slonoto" t wumsriant mthodl.

The rI at cd 4et- of resJiul mppings. (It I corrvniponitn to

VSa). are:

tfl) RtK()

tTZ) Thc _ct of all re4idmia mpnp 9 on P for which

m ol) - 0.

(T3) Those re dul ips whose range is of the form fh:t k

for 4om fixed clemat k of R. i.e.. vi-oe re eic i a

LwL1KIt filter of R.

(74) Do" reslduml mp' whose rma is the union of 401

with a principal filter of It.

(75) The set of all In)ective residual wMing%' on R.

fe simplnet of the cloqWl clasei' of -%entation mthods i% of

course the flat wtltxb, and it 1i% to thic class that %v ni direct

out attention. Seedless to .-s, such metho arc easy to descrihc

and easy to implemint. m ar- risvn a fixed finite noncw'l% %vt

an incirvasing stq1ce

.... *



of subsets of w, here -4. CQh 1 and Wish to r'roduAC a"tU-c

of Suh ct% of X that softlk~ stweri~r or 1betvr reproew~ tht

underly'ing picture than does the input dat:"!, th praw oie. 1.i 11,at

SIdependb only tw~n Mi thi% amounts to d*efiiitiig jgii -t

Having recogni:ed the ncvd to define an s.wotunj wap ~ingL

i0X). tt io~ appropriatt to decide upon rvsoahI. andiitc for

* these wMip . The idea i% to attach %ow satial iinfcanitv to

the deci~son a% to uhcther a raven point hciooug! to the outilut (if

the apping. In other uort6, the dmee&ion &,, to ulictfr x l-ln:

to (.%0 4Jvuld he baw.%vtpo all point in -;ow %call region

*urrow~ing %. Thi% on tV prel ,%tjt*J In ,jvin O*J1iust Owi

uupping 0 '0011 he point-l"e in that for cadL x 01~ tberc

ia ,owh~et X(%) of X containing x such that-

(I) 0(:) - and a(~~ 0 a.
(PBZ) 1lor A NW, if #(A) r 4, tbm x d)

(M.") Iilr 'I X. it - i4 if and Onb i f (4 %%

It is indiate that fore I~ t ('4 r(%Q W\00. S10 that

the otstput vill he inkpent of the Imlatity of the int'ut ivt~.,

oit ~o~tiin" turTM out to he useful to ins%t that ft, __

COqIleC~wt% in that

(PMO) For M r- N, (X N 1). M (II).



The local version of (IR) is the content of Theorem 1.

Theorem 1. For a point-basld isotone "manq . on P,

axion (P4) -.. unaJt-nt to the asvrtion titfur ea hu,.t

A of X(x). emactly ono: of (A) and (X% kAill bx- natx-qfly?.

Proof: Let -t iatisfy (PM4). If x ,(A)t,,4(! ) IA). tb-

,(A) ,i o(XA , contmry to (PM). For the "i.sverse implicit ioi,

assuw that i is point-tdw and that for A , % (j), ezactl) tw

of -A,( and ,(X(x)A) is mnnmtp. If nok, v , .t. I

* d' :)~((~), s y i T(Wt4(Y)). and coni~.cqu"~TIV, V f kem).

Conversely, y i ,(M'- y i (M" (y)), so ' ,(. (E)\) r(X"4).

** let - be point-based with an asociated family of ncigNoor-

hoods M(x), x - (X). If N(S) Is a second such family of

neighhorhoods, it is clear that so also is %Mx) m %(x. In view of

this, there is no hmru in assufin8

(PBS) If M(x) satisfies (PSI) through (P3), the-n

S~x 'I(s).

Smah a minimal family of subsets of X will be called the ,--stem of

.netlbor ods associated with iv. Unless othcmise speified, %fhicn

we speak of a point-based isotoo mapping r, it will always be

as-uid that the family f((x):x E () represents this system of

neighlmrhx,%.



Dlefinit ion. The point-hascd isotoe fggfpf)ng is sid to lie

freq! defined if there exist positive integer-, i ;d k >-ucli

that for e~o, X . (%),

(ti) x (NO) for ILI _ X if and 0wt1 If M\~t

I1cre #.% dcnotv the cardinality of t'e set A.

Thw~rv* !. Let # beac st~ido~

asotoricon PMit. Su 5Se that Owe r1 o9ns JilIV(

the_ 'a c ariit.amthat for ce.uI (%I A '~

1:4rdirwilt_ _____: tincfubv~ of i(o(r ulidc (Al

an iwfcetcniin or t o 1w (rv svii.

arc that k * *ON(W be S, medthat #AX (1*k)/2 for 31l

roor Lvt -t W fraqutmcv-buscd. It #, k/2, thenr

4/~:. anid thcn, t, a ,%tbct 0 of Ni(%) A % A~h Out

00 ~ 'I~ #1lI ic 00 . thl!% prudlwe- a contradictiont. If I,

is vvn taing it _ xtx) vith cariminaity- k/2 ptvdaxi - a -mT2 at

cvnftrjtitof. Tu, k is' oAW and 0 - k/2. If *%X 1l'i t/7,

we rnv take B A A o that 06 * (I4k)(2. ;iincc #(%(x) P) - 'A

this tell% w that v(D) j * y(N(x) II), owntrary to (MAI). Thin'-

OAXwk npiual (lh!.Su4,pot conwmrely that k -m#(li

oddI and that *AX is neceswrily (140/1. we are to 5hoh that
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is frequerny-based. By construction of A., x • (B) for

B X(x) inq,'ies tluit B - #Ax = (l+k)/2. If on the othier himd,

OR (l~k)/2, tht-n "(\W\B) (1+k)/2, soy((x. H , and
V COnt. ntl., ?x •(,B).

One i. often interested in the extent *- which a se..wntation

algorithi blurs an image. Vhe merging of cltutcrs that should rt

I he nrgLd is o of the ways in which suCd bhzrring occurs. lo

illu.stratv this conretely, let us corsider a frequency-defined

nrap np, . that operates on 3 by 3 neighborhoods ccjter-J on points.

4 . q~ Sup v \ iI, S rows aJ S colnum s, anti that ,.\ are the region,;

devvtt-! 1 1 s. Z" ' in lig. 2(a). In Fig. -' (h), the imbihers of

-(M). ,(N) ate decmted by l's, 2's, %!tile in Ili,. 2(c), tle

mbecrs of (.sX) are indicated iy 3's. Al] runaining entries
ar e . -vtlc tk(t ,(.N,) , () ,",. . In connection with,

this. e s,'hall %jv

11111 0 0000 0 0 0 0 0
111 1110 0 3 330

0 0 0 0 0 0) a V 0 0 333

2 2 : 2 2 03 33
0 (1 0 0 0 0 0. .. 2' OOf001(0 OOOO

(a) (b) (c)

Fig. 2 Illustration of blurring. Sem text for explantation.

that %1,\ are 1-seartmd for the i5otnne point-hased mapping y

in case there is no set of the form N(x) that intersmcts both M1

and \. We then have

.. . ... iii4I ~ l I I
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1,ooan 3. Let I be a p~int-bsd isotonc ipiejo ~j

If MX are vseparstesi. then WU(N4) Yrl) -. qX.

-Proof: IEvidently, '.e need only show that (M (M) -(%I.

Accordirgly, let x - ,04uKI, so (4,,%l Y- ',. Sia:v %.%:t

Y-,4qrnted. we mzuit have (~kN\z 4~(totr %,,Mi1, ufivwe

x ,r(NQ ) VINI~.

Alongt thc?'c I I os, the mapp i g hill heca I I d a vo j n

)rhs in case v1(4u%) a v(41 ai dI(I for all sudhsct! ',kl,

of X. Ihere is a dual rvt ion of meet 1-m nbrphiasa, arel w %a4 ~i

Sis a homo~pjiu is to .ay that it is hoth og Agf e- i ct

homomorphism. The next thcioran shmis that thc~c comuatitn, Iar-

extrcey powerful, aind wil only be mct sin tiravia situhtion .

lhwrom 4. Let -, he a ppilt-hasCd i-.otnv_!xajWitl un l.

1hen (ailb.(2a)-'(2hi aul(3-nh)

(Is) , i % a jo In horn sali.

(1h) For wuch x - dX) there isa subset A.~ of N(O) such that

x 1 M) if any only if W ' A.

(Zh) xor'tni~oc -.*dN), there- isa- subsect 4, of

x) six)dwtht x - 4M%) if!E !on!lf B~ C Il

(3s) Y is a humwmrphissu.



(3b) For each x M(X) there corresponds an clement X of .(X)

such th. t x ,(SO) if and onlv if v

Proof: (la) -1(lb). If - is a join lomtwrlti, let t' be the

union of all subsets of %(x) that are r-:pOd tv 4 h% J nd

rote that ,IC) - o. Observing that t(,.\(x)) - . if ,nd only if
Nl, N(x) -_ C, ke my noutm ke Ax = (x),\'.

(ib) -. (la) If x - (.Iq N , then (, so M,,Ax

or 0\ . I l w ec x - ,(14) u y(.

(2a) -, (Zb) If Bx  is the intersection of all suhsets C

of %(% for which j r) ' 0, then vm evcr 'l, 1*

(2b) is nw clar.

(2b) --{) is obvious, as is (3b) ->(3a).

(i) -(3b) If Rx  is defined as in (2), then -(H

hut -t(.) o for every proper subset C of Bx . It is immediate

that 0. I X), and (3b) row follows.

Romrk S. , ting that if y in the tlwcrcm is complemcnt-

* presen'ing, then it is a join hi0uvrphim if and only if it is a

xeet hom3orphism, it follows that for such mappings the six

conditions of the thoram are utuallv equi alent.

* If M cX is acted upon by a rigid motion t produce N, one

would mturally wnt that same rigid motion acting upon '('I) to

produce (N. A careful formlation of this idea shois that this

. ...6l i i I m m i I...



is too much to hope for. To see why, we need the concept of a

translation on X: this is a mapping of the form 11 Whel. p,,!

are ftxed integers and I pV(i,i) dlp,q. I tles 'I =

the domain and range of T P1A will tk, proper .stbset'. (1 .X. he

agree to call the point-based isotone reapping translation-invari:mt

provided it satisfies:

(P66) If X(x) is contained in the domain of the translation T,

and if v - T(x), then N(y) - T(N(x)), and for A -(x),

x (A) if and only if y R

Remark 6. If Y is a point-based, translation-invariant

isotone mapping on P(\), and if M! domai ni with

4 ., T(M) - -(X}, it is true that T(,F(M)) - N(T(M)). This may fail,

however, if either M' or T(M) is not contained in -,(X). This is

illustrated in 1ig. .. Here X - S - S, where S - (I,2,3,4,S5.

The mapping y is defined by looking at 3 by 3 neighborhoods

centered on the points of X, and saying that for A X(x), x t N(Al

iff 'A > S. This choice of -f satisfies (PBI) through (PM1),

and is even frequency-defined. Let x - (2,2) and I - T1,19 so

that T(x) - (3,3). Then Fig. 3(a) shows XMx), rig. 3(h) shows

T(N(x)) - N(T(x)), while y(N(x)) and '(T({(x))) are displayed

in (c) and Id). The reason that TI(dN(x))) # -y(T(N(x})) is that

T(N(x ) is contained in y(X), while N(x is not.
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1 00 0 0000 0 0 000 00 00
l 1) 0 1 1 1 0 0 1 1 U 0 o 0 1 0 o

I 1 00 0 I I 1 0 1 0 1 1 (
0 0 0 0 0 1110 000 0 ,' 1 (I 0

0 0 0 00 00 t) 0V 0(0 0 0 0 ) 0i
(a) NI NMx) (b) "(rM) (c) Y (M) (d) I( 101)

Fig. 3 See text for explanatirn.

Roark 7. tor trarnlation- invariant mappings -y on P(x),

the conditions expressed in lheorems 2,3 am! 4 can he sinql if i,-!, as

one need only state them for a single member (f (X. ic. details

of this are left to the reader. We also mention without proof

that versions of the above results are true for atomistic

orthomodular lattice(j21, p. 53).

Roark 8. The actual construction of a point-based isotone

mapping on P(X) can now be easily understood. One chooses a

system of neighborhoods N(x) for points x in some subset Y of

X, and defines a family ()x)x.Y, where ,x is an isotone mapping

on N(x) such tat :

(1) yx - , and Yx(N(x)) - {xl.

If one wants to produce a complement-preserving mapping, then one

also wants

Z) If A _ N(x), then exactly one of ) x(A) aW y (Mx),A)

is ron-crnpty.
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1he maipping Y is ow defined by the rule x t y(M) if and oid% if

x(.NX(x)J - (xi. 1his is the technique that will he usct for th.

remainder of the paper.

Remark 9. 1Iough it might not necessarily noke sense to use

;oint-based mappine.that ire rot frequency-defined, it is eas - to

construct examples of them. Ib see this, let N(x) be a 3 by 3

region centered on x. For A c N(x), let yx (A) - (x) if at

least 2 out of the 3 rows of N(x) each has at least 2 memlt)er r .,f

A; otherwise, let yx(A) - o. Db this for each x that is rot in

an outer roui or column of X. and use the construction of Remark 8

to define a mapping v on P(X). 1he result is a point-based,

complement-preserving isutone mapping that is not frequency-defined.

Clearly this example is representative of an entire class or such

mappings. Other candidates for - are pattern-defined mappings.

These put x in y (A) if A contains a subset of a desired type.

For 3 by 3 neighborhoods, such desired types might include sets

such as

111 110
010 or 110
000 000

4. Underlying statistical considerations. We have just seen that

the construction of a flat segmentation method imnolv's the

- .. .. .- ,. N..-- .immnai i~i I ts ' I I .... .. I
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definition of an iso Wne pr ing on P(X). If the inliut dati 40rt

correct, the.n the most reasoia ble choice for such a ruapping miviht k.

the identity rap or a map of the form I -o %, Y for sonic stj),-+t )

of X. The idea though is to use the isotone miplping I to i)odurxc

an esticiate of the true data that is in son' sense btter than the

one provided by the input data. Specifically, let us asszn that

the data represents a subset .f* of X, but that the input data

produced MI instead. Oh)e w-ants to estinate M* by (,M). As in the

last section, it is assumed that X - (l,2,...,m) ,lZ,...,n. Let

(N(x)) be a system of neighborhoods of points x in some subse Y

of X. To say that a point (ij) is an interior point of the set

M will be to say that for x - (ij), N(x) EM*; a similar

definition applies to the complement of MP. If N(x) intersects

both N1P and its complement, then x will be called a boundary

point of P. Thus X is divided into 4 regions: (1) the interior

of W, (2) the interior of X\Nf!, (3) the boundary of M*, and

(4) those points which do not have neighborhoods (i.e., X\Y). This

is concretely illustrated in Fig. 4. Here we take m - 10, n = 7,

and N(x) a 3 by 3 region centered on x. I would then consist of

all points not in an outer row or column of X. The members of P

are denoted by l's in Fig. 4(a) with those of X\.P represented hy

O's. The resulting 4 regions are displayed in Fig. 4(b) and are

numbered as above.

.. ..In mmmInml~mm d ihiim ni ii mi. .. . .



0000000 4444444
0000011 4223334
0000111 4233314

0001 111 4333314
001 1 111 43331 1 .t
0011111 4331114
0011111 4 333334
0 010 1 1 4 33353. ,
0000111 4233334
0 ) 0 1) 0 1 1 4 4 4 4 4 4 .t

(a) Original picture (b) 3 by 3 ne i horhoods

Fig. 4. See text for explanation.

A crude model may be constructed by assuming that membership in

Mt has probability p (p > 0.5) of providing a correct estimate of

membership in M*, and that membership in X\M has a probability

Sqjq > 0.5) of providing a correct estimate for membership in M. LAt

us also asstime that these probahilities are each independent, hearing

in nind that in practice this is sometimes not so. Realistically,

one should also notice that boundary points will have a lower

probability of correct classification than do interior points, but

this is an issue that will be temporarily ignored. The gain of an

isotone mapping ', is defined to be the sum of the probability of

correct classification by -y for an interior point of M* and an

interior point of X\.NI, and is denoted 6(y). Util further notice,

it will be assumed that y is a point-based, translation-invariant

isotone mapping on P(X). It will prove convenient for a fixed N(x)

to let TY f (A: A c N(x), x c y(A)) and F (A: A sN(x), -y(A) f.

A-iI
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Letting A' denote a typical subset of 'N(x) having cardinal ity j,

we have then have

GO) *'{pi (Ip)k 'Ai : ) ,(l-q)i : , I

where k N N(x). In order to see the role of frequency-defined

mappings in this model, we present

Lemma 10. Let y be complement-preserving with k - ,N(x) odd,

and let -Y' be the frequency-defined, point-based isotone mapping

having the same neighborhood system as y. Then C(N) ;

Proof: Since Y is complement-preserving, OT U 'F .

The same is true for Y'. Thus a bijection o ray be defined on

P(N(x)) such that o maps T onto T., and F onto F ,. We

may even take 0 to be the identity map on (T.nT ,) u (FynoF,).

For Ae TY FY,, #A < j - ( l k)/2, while *0(A) >j, so

#A < 80(A). A similar argument shows that for A FY rTe,,

#A > *.(A). Using * to match the terms of G(y) with those of

with those of G('), it is clear that each term of G(y) is no

larger than the corresponding term of G(-y'), so G(f) < C(-').

Theorem 11. If p - q, and if y and y' have the same-system

N(x) of neighborhoods with ' frequency-defined, then G(y) , (;(,').
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Proof: In view of Lca 10, we need only produce a ,:onqqi.mt t-

preserving point-based isotone mapping " with X~x) js neighfor-

hoods such that G(y) - C(y"). This will he acconlli.h b' making

use of Remark 8. Choose saw fixed N(x), and consi&r stblsets A

of N(x). If x t ,(A) .(N(x)sA) with "'. j, take ,"(A)- .O

and V"(N(x)A) - o. If y(A) - - ,(X(x)\A) with A . j, do the

same. Otherwise, let -t"(A) - x) if x - "(A) and -y"(A) l zt: if

-f(A) l e. We need to show that )" is isotone. The proof will be

by contradiction. Suppose then that A c B L N(x) with -%"(A)., 1"01).

Then Y"(A) - (x) and y"(B) - 0. By the construction of c", we

Dnst either have x • y(A) or 'A 2! j.

Case I. x f Y(A). Then also x ( (B), so if y"(B) -, then

x y(B)n v(Nx)\B) and ER < j. Since A _ B inplies

%i(x)\A : N(x) B, this puts x in y(.(x)',A), whence )"(A) - 0.

a contiddiction.

Case 2. #A j. Then also 'B a j. The only way for y"(B)

is for y(B) o, so -((A) - t and consequently )"(A) -, again

a contradiction.

This then establishes that Y" is isotone. The construction of

Remark ; can now he used to extend y"to a point-based, complement-

preserving isotone mapping on P(X) having the same neighborhood

system as Y. We must still show that G(y) , G(y"). The changes

in these sums occur from members of (T ynF ,,) u (Ty,,(F ). If

A c T nFyl,,, then i < j, and the term corresponding to Ai in
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G(Y) is pi (l-p)k-i while the corresponding term in GW' is
pk(l-p) In that i -k and p > 0.5, this represents an

increase. Similarly, if A i , T,,nF , then i - j, Mid a,Iri

the tern from G(I") the corresponding term from C(-).

hen p - q, the above theorem shows that the "gain" from a

flat segmentation method can he muximi:ed by us.ng a point-based

isotone mapping that is complement-preserving and frequency-defined.

This amounts to saying that such mappings maximi'e the probability

of correct classification of interior points, as this probability

is just half the gain. With this thought in mind, we .hall dir-.i.

our attention to mappings of the above type defined on k by k

neighborhoods of points with k an odd integer. The j/k2 rule

with j - (142)/2 will he the unique such mapping on a k by k

neighborhood, and the 3/5 rule will refer to the unique v defined

on the region consisting of x and the 4 points that are immediately

to its North, South, last and West. These rules were introduced in

a slightly different context in (91, and some discussion given to the

probability of correct classification of points in the case of interior

points as well as boundary points. These probabilities are all based

on an underlying binomial distribution of N(x), and will not he

repeated here.

There is another item worth mentioning, however. To improve

the classification of interior points, one simply enlarges the size

of the k by k region. This is fine except that as L increases

I

-I n nulm Igila



the number of boundary Ioints also increase.., and as ,as %houI iir

(91, the probability of misclassification of botudary point- .jn

actually increase when the jlkz rle is used. 'liis ib il!ustraitod

by some simulations in Table 1. The segmentation.s are done on the

data of Fig. 6(b) corrupted by various ty es of additive noise ,ifh

the indicated signal to noise ratio. The thoreti'al rrobbhlity of

misclassification of interior points is crunpared to the actual

probability based on 10 trials, and thi- is compared to the

probability of misclassification in the entire picture. Note hc'i.

the ratio of the probability for misclas.ification of interior

points over that of the entire picture chang'es as the value of k

increases from 5 to 9 to 25.

All of this suggests that there may he occasions when one wants

to use flat sepnentation method other than that provided lv the J/k 2

rule. For 3 by 3 regions, one idea might be to define ) on %(x, a-

follows: (A) - jx} if #A > 6 or if ',- a 4 or 5 and x - I.

Naturally this will increase the probability of misclassification of

interior points, but may do a slightly better ioh near the boindary

of a region. This is illustrated in Table 2, here this rule is

compared to the 5/9 rule for regions containing various mixtures of

members of M and its complement. Notice the rather dramatic

increase on probability of correct classification near the boundary

as evidenced by the box r-lating to IM - S. A co warison of the

two method.k on real data is displayed in Fig. .
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INoise A705u81 iwge Interior jont Mil'o oT- -

Ratio Rule Oscrved SD Theoret. cIeed S1 ID literior/a, tua
1.2S None .2697 .0203 .2820 .0182

3/5 .1607 .0290 .1401 .1341 .0241 .83
5/9 .1233 .0247 .0783 .0699 .01% .5"
13/25 .0947 .0146 .0102 .03S .0030 .037

1.00 ne .3100 .0199 .3178 .0
/5 .2218 .0336 .1874 .1935 .0377 .87
5/9 .1784 .0271 .1221 .1256 .0276 .70

13/25 .1381 .0272 .0283 .0333 .0217 .24
"0.67 N .3810 .0306 .3857 .0Z28

3/5 .3015 .0524 .2930 .2910 .0401 .9"
5/9 .Z629 .0578 .2374 .2353 .0452 .9
I325 .2100 .0521 .1210 .1178 .0449 St

U.50 None .4170 265 .4168 .010,
3/S .3564 .0447 .3469 .3301 .0333 .94
519 .3276 .0611 .3026 .2902 .0340 .89
13/25 .2739 .0669 .1987 .1810 .0391 .66

0.W5 NIOe .4501 .OZSZ .4544 .02:5
3/5 .4153 .0513 .4150 .4108 .03)9 .99
5/9 .3987 .0652 .3890 .3737 .0532 .94

13/25 .3619 .0744 .3222 .3048 .0883 .84

Table I. Sindlated data based on 10 trials. Entries in the table
represent probabilities of isclassification. The colu-it
labelled SD refer to the standard deviation of this
probability, and the 'Ratio" column is simply the observedJ
probability for interior points divided by the observed
probability for the entire picture. The coluwm headed
"Actual Imge" refer to Fig. 6 with additive gaussian
noise having the indicated signal to noise ratio. The
remaining colams apply to the identical noise on the
interior of a single region. The signal to noise ratio
is the difference in grey levels that characteri:e the
input set from its background divided by the standard
deviation of the wise.

0

0



0%I X-.I Correct -*an SI) A-al, S11

9 0 .9 99.80 o 0..1 l.S
.8 97.35 1.72 )b.- . :
.7 ') .a .2l 4.(A

.b 73.30 5.04 7u.uS 4.2s i .p ~---TL.S5 07o g--0o.',....

.8 9S.45 2.01 111.S0 %.Ob

.9 89.50 2.62 st,.90 18
•. 25 3.48 7.0 3. 1"
64.45 4.82 b..4S 3. 2u

M _ - 9 .- - ..9s- - ....
.8 79.25 3.48 82.30 " "b
.7 67.35 S.S3 712.40 4.,S1
.b j 59."N 5.49 62.03 5.85~ "4 " . h ! .S5 3.94 ... SS.25 2.95

.2.25 4.30 77.55 3. 8
.7 57.70 S.01 o5.40 .7_ .6 55.70 S.12 _ S.,"5_____

Table 2. M is a mLiset of a 3 by 3 rectanple with the indicated
cardinality. The Prob. Correct rcfers to the probability
that the actual input data pr.-idks a corrvt estimate of
mevWrthip in M. The entries in th colurmn Ib-el lod
'"k'n'" refers to the man percentagc of prohahi iiitv of
correct classification based on 20 trial%, and the -".1r'
colims refer to the standard deviatioms of thcse mcali.
See text (or an explanation of the ivJifzl& S/0 riulc.
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Another approach to modifying a frequency-beasd mapping is to

us'e some sort of |pat tern-|hased rapping. A w:iv of i)pLmientingP this

is via the iterated 3 by 3 me;ui filter. Tlhis filter is based on a f)

by S neighborl"ol, and can either be viewed as a weighted filter on

this neighborhood or as a 3 by 3 mean filter .pllied twice. (See 110]

for a discussion of this filter.). Table 3 provides a comparison of

the .Alowing 5 segrentation techniques: (1) original data; (2) 5/9

nile: (3) /9 rule but using iterated 3 by 3 mean for 4 or S members

of NI in the 3 Iw 3 neighborhood; (4) iterated 3 1y 3 meai; (5)

13/25 rule. fty Theorem 2, the 13/25 rule ha.n the highest probabilitv

of correct classification for interior points, but ;e; evidenced by

Table 3, other segmentation techniques can give better overall

performance. To see why this is so, one might notice that the 13/25

treats equally the following two data sets:

S0000 O0 1 00
0 1110 00010
0 1110 10010
0 I I I 0 0 0 1 1 1
1)0000 1000

since they each have exactly 9 entries of 1. Yet the first data set

4is umch more likely to reflect x being in the set M. On the other

hand, the iterated 3 by 3 mean would produce values of 0.61 and 0.38

for these sets, thus putting x in M for the first but not the

second data set.

" - I- .m m l i im i ll



Vta Error %lean and SD of rcent ncorrect classification
data S19 rule mdi f - . te&rif tJ T- 7

________ 5/9 rule 3 b" r can rule
A Us 17.0 3.8 2.2 2.1 2.

1.1 0.6 0.6 (.0 (A
Ur L.6 17.9 1,-i I.

l.S 2.8 3.6 3.5
UZ 3. 26.5 -2. . .

2.4 5.0 6.2 . _ _ . .

B 16.3 3.2 21.3 2 .
1.7 0.8 0.5 I___0,

15 37.7 16.5
1.1 2.3 ".3U3 38.5 - 5.5 -1 " T -- --- TB74 ..... .

2.2 4.3 J .0 d. 4.6

C U8 18.3 7.8 4., 0,
17 1.5 1.2

UI5 33.1 21.3 161.7- 5.4

2.1 1.8 1.6 1.5 - .,
-U= .i .P2A -" ..

2.9 7.Z 7.2 ".3 ,.O

D U8 16.1 6.9 5.4 5.42.1 1.8 1.6 1.A2.0 " 18.6 14.0 6

1 .7 2.8 3.0 3.4 " .

.u. 39.3 30.7 ".
2.4 4.8 5.1 5.A6.1

A CS 16.6 3.0 2.0 2.o 2.5
1.3 0.4 0.4 0.4 1 .5

GlO 34." 14.41.7 2.6 2.6 .,1..
Gt5 . 57 T - Z3.0 16.9 -

1.1 3.4 4.8 3. "

GS lb.3 3.3 2.4
. 0.8 0.7IO 30.0 30 - 8.3,...

1.4 1.5 1.7 1.7 ('
. ra5 " (,. 1' 2 .6 15.0 1 .

_ 1.6 1.9 3.0 3.3 -.

C GS 18.8 b.7 4.8 4.8 6.4
2.2 2.2 2.1 2.3 1.

G10 31.4 18.1 14.0 13.9 13.
2.6 4.2 4.5 4.6..

GI 3.5 Z3.O 1..0 j.6 b-
-,o 3. . 3.9 3.8 _ 4.

D GS 16.3 6.2 4.7 4.7 6.
1.4 1.4 1.4 1.4 1.

O 30.8 17I 3 11.m
2 4.2 4.5 4.0 3.

•3 5 36.9 25.1 20.9
2.3 _ _4.7 S., 5.4 A.-

Table 3. Percentage incorrect classification based on 10 trials. See

text for explanation of rules. Error U8 refers to a uniform error

distribution taking values fnn -8 to 48. Ermor GS refcrs to a 'aussian

error distribution with expected value 0 and standard deviatior 5.

The other error entries are defined similarlv. llata set A is the

iwge indicated by~ V- in fig. b(a) and R is its comnplcirent. Vata C

is the limte of Fig. 6(b), and D is its coMlement.
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000000000000000000000000000000 0000000000000000000000000
000000000000000000000000000000 0000000000000000000000000
000000000000000000000000000001 0000000000000000000000000
000000000000000000000000000011 0000000000000010000000000
000000000000000000000000000011 0000000000001111000000000
000000000000000000000000001111 0000000000001111000000000
000000000000000000000000011111 0000000000011111000000000
000000000000000000000000011111 0000000011111111000000000
000000000000000000000000111111 0000001t1111111100000000
000000000000000000000111111111 0000001111111111110000000
000000000000000000011111111111 0000111111111111110000000
000000000000000011111111111111 0000111111111111110000000
000000000000000011111111111111 00001!1111111111111000000
000000000000001111111111111111 0001111111111111111100000
000000000000001111111111111111 0000111111111111111100000
000000000000011111111111111111 0000111111111111111100000
000000000011111111111111111111 0000111111111111111000000
000000000011111111111111111111 0000001111000011111000000
000000000111111111111111111111 0000000000000000000000000
000000000111111111111111111111 0000000000000000000000000
000000000111111111111111111111 0000000000000000000000000
000000000111111111111111111111 0000000000000000000000000
000000000111111111111111111111 0000000000000000000000000
000000001111111111111111111111
000000001111111111111111111111
000000001111111111111111111111
00000000011111111111111111111
000000000111111111111111111111
000000001011111111111111111111
000000000011111111111111111111

1Ii. 6(a) (b)
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S. Some monotone equivariant segmentation techniques. Many conmonly

used spatial techniques for image enhancement lead to monotone

equivariant segmentation algorithms. To illustrate this, consider the

histogram modification techniques described in 131, pp. 127-136. If

the data are first rank ordered, and after application of the technique,

the output is labeled by the original data values, the resulting

technique is easily seen to be monotone equivariant. For example, if

the original data values are 2.3, 5, 8.7, 12 and 20, the rank-ordering

would produce ranks of 1 through 5. If a histogram modification

technique produces output levels of 3 and 5, and if this ouput is then

labeled as 8.7 and 20 (the values of the original data corresponding

to these ranks), then the resulting technique is monotone equivariant.

We described in 19] a segmentation technique that is also

monotone equivariant. It will be convenient to briefly describe it

here. The input data is an m by n array A of nonnegative

integers. The program consists of the following parts:

A. Prefiltering. A version of a k by k mean or median

filter is applied to smooth the data, and the ouput is rounded to the

nearest integer to form a matrix B.

B. Thinout. A frequency count is made of the values appearing

in B. Those values that occur with frequency less than some

threshhold are deleted and the points corresponding to them reassigned

to the closest valid remaining data value. Alternately, the k

highest occurring values can be retained. The resulting matrix is

denoted C.

- -,,,,4- . n, m | mI ~ n i .. .



C. Suppose matrix C has data values j1'j2.,,,.jk, 1hw 3

by 3 dispersion of value Jl is defined as follows: For erich polint

in C having value j,, look at a 3 by 3 neighborhood cenicred on

that point, and calculate the number of points ii that neii Oborhood
that do not have value j,. Compute the avi~ige over all pXints

having value j, for which 3 by 3 neighborhoods can he found. Ibis

is the dispersion for i1 . Continue the process for j ,i- .. • jk"

D. Various options exist for deleting 1 or more of the data

values having the highest level dispersion. The simplest is to Just

delete the highest level value. Other options might include delrting

all values whose dispersion exceeds 0.9 on the first pass, and then

dropping this cutoff down by increments of 0.1 until a stopping

criterion is reached. Various options also exist for the reassignment

of points whose value has been deleted. They proceed on both a global

and local basis. Cluster means can be computed for eadi valid cluster,

and points assigned either to the nearest mean, or by means of a Bares

decision rule distance. -lternately, this car be done on a global

basis, and all points having a given deleted value can be assigned to

the nearest valid cluster. These techniouu , are called ANTAR and

ANI ARU. A second type of technique involves assignment of points

according to whether their labels are above or below the averages of

the next valid clusters that are above or below them. This can be

done on either a local or global basis, and the resulting techniques

are ANLXT and ,)6Nli:XlI. These techniques as the. have been descrihbcd



are not monotone equivariant. If, however, the input data are first

rank ordered, and the output is labelled according to which input

value corresponds to which rank, then the resulting techniques do

become monotone equivariant. Anu illustration of the operation o: thc

algorithm occurs in Table 4. The input dat. , &.:,:ists of a :,;ixture of

2 normal distributions, one with expected value 30 and the tuthur t,ith

expected value 20, each having a standard deviation of 4. Thc data

entries are rotuded to the nearest integer, and a 3 by 3 mean prcfiltCr

is used. This prefilter tries to remove outliers by deleting the

highest and lowest entries from each neighborhood, and outputting the

average of the remaining 7 members. The "nondirected dispersion"

shown in this table is identical to the version of dispersion we

described earlier. The "directed dispersion" refers to the average

of the maximum number of points in the subregions to the North,

South, East and West of the center point that lie in regions other

than that of the center point. The idea here is that the directed

dispersion would distinguish between boundary points to a region and

noise. Notice the dramatic drop in the values of the dispersion when

the proper ntmuber of regions is found. 'The egmentation algorithm

was ANUR, and the input data was arranged so that one population was

in the upper half of the input matrix, and the other in the lower

hal f.
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MIXTURE OF 2 NORMAL DISTRIBUTIONS WITH EX-
PECTED VALUES OF 20 AND 30. OUTPUT OF NON-
DIRECTED AND DIRECTED DISPERSIONS AT VARIOUS
STAGES OF THE CLUSTERING PROCESS

60 THtNOUT

20

17 18 11) 2,0 2i ?2 23 24 ?5 26 "1 68 3

60 6

ljLLoo...CLUSTER

I 20
17 18 19 20 21 22 23 24 25 26 27 28 290 30 31 72 3

O0 .. .. . . . .. .. .. . . . . . .

2 LCLUSTER

2 60

17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33

too ----- - - - ----

4

60- CLUSTEF
70 LL 2

2, , iI I I I i l I m

17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33

60 4

f _ CLUSTER

20 LL Dircte
17 16 19 20 21 22 23 24 2,5 26 27 28 29 30 31 3 2 33

' I able 4.



7. Construction of a segmentation algorithm. A program based on the

earlier material will now be described and illustrated. The input

data is as in Section 3. The program itself has two phases:

Phase 1. Find levels at which to slice the (t-ita.

Phase 2. Make appropriate slices and tu-- i J/k rule to increase

the probability of correct classification.

As was noted in section 4, the Phase 2 portion of the algorithm is a

flat segmentation technique. The program can be used as a cleanin,

algorith, or it is suited for the determination of the principal

regions of a digital picture.

Description of Phase 1. 6 methods of deteminin,- the slice

levels are built into the program.

Method 1. The mean and standard deviation of the input data are

determined. The slices are taken at M-25, N-S, Ni, M S, and \1+2S,

where M is the mean and S the standard deviation. If this get's

one outside the data range, then the extreme values are modified so

that they lie between the minimum and maximum values of the input.

Method. 2. A frequency count is taken of the levels that appear

in the input data, and slices are taken at relative maxin points of

this distribution.

Method. 3. This uses relative minima of the dispersion.

Method 4. This is the same as method 3, except that if A

represents the vector of distinct data values, then for Alil, one

is interested in the average number of points that do not lie in

A[i-1, A[i) or A[i+l]. One then takes the relative minimmi points.
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Method S. This too is similar to Method 3, except that the

output is the average variance in t by t neighborhoods centered

on points having a specified value. The slice levels again are the

relative minima.

Method 6. User specifies slice levels.

B. Description of Phase 2. Having arrived at a list of slice

levels, one now chooses a j/k 2 rule. The actual slices are constructed

so that they are halfway between the slice input levels, and the

resulting slices are given the labels of the slice inputs. Thus

if one wanted slices at 17, 20, 22, 26, and 30, one would actually

look at the increasing sequence of sets c 2 3 4 M M5,

where M i = {x: < ki } with k1 = 18.5, k2 = 21, k3 = 24, k4 
= 28,

and k5 = the maxiimu value of X. This forms S clusters, and they

are assigned the values 17, 20, 22, 26 and 30. Alternately, they

could be labeled by their means.

The actual implementation of this process is very simple. For

input data X, one looks at the lowest actual slice level k1 . A

Boolean matrix is formed by letting I denote points whose value

is < ki and 0 elsewhere. If a j/k 2 rule is used, one then looks

at k by k regions. If the number of l's in such a region is

j, the output is 1; otherwise, it is 0. 11e output for k 2 is

added to this, and the process continues until the supply of actual

slice levels is exhausted. Computation time may he reduced by

observing that if at a given stage a 1 is pr'odk-Ced, thnC all

.4



succeeding stages must also produce a I. .:O there is no reason to

consider neighborhoods involving tht point. Thi; of course is

simply a reflection of the fact that a j/k rule represents an

isotone mapping on PM. "The actual implii-entation can be, further

optimized by first appl'ing, a k by !, 'ian filter, anid ;q,ipling

the Phase I techn i que. to the out Tut of thiS 'iI t or.

We close by considering some exauzq)!e invol,.ing real data. The

data are from two sources: the WestinghouseITIR tape and an infrared

weather tape that was S.tuppied by the Air Force Geophysical L.ahor:torv

at lIanscom AFB. Plates 1-S illustrate the S 'Iicthods of selecting

slice levels that uere explained earlier in this sect ion, :ind Platc ,

shows the output of the Sli(.tMlXr progran on the same Jata set. 'lIhough

there are some minor differences shon between the various i/k-

rules used, all of the methods did :a g:ood job of showing the central

object of interest - a tank. One should hear in mind that the shades

of grey in the pictures serve only to distinguish regior. They do

not necessarily represent actual temperature levels of the regions.

It is also of interest to note the difference in resolution between

the 13/25 rule and the other rules that :are (sed. This is especially

apparent in Plates 14 and 17.

I
I
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Plate 1. Poirt ion of Ikeco rd A1 o) f t anhu~ Lpe . siIce m-o-rain
output 11" ing ktfiou I . i41't- p ic itres represcii, itput usinig
i teralttd 3 !IV I Iwagi filter anid iV n.I~!c. !1totozI ictuIre
rejpresen t 5/') 7-ile aiki 13/ 2" rifle.

Plate 2. Sanmw as Plate I , except that slicc l ~ee. arc ijft61[cx 1wv NICho 2.
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Plate 6. tXit ptit (lf 1c:' 11 ' 4 ,J tYt;C. Top row
i-Ojc~ti r I ml -I, I-. f . ,)TtPLt o~f

I1)~~'1 4flJ ii i tllt levels.
11) '~T.il - n t, e~u ~ d bv 3



Pla~te 7. Po rt w~ t,~ o~ ple zgramw output
ii;t~'~ -,i~ '.'r vi r't I I Tcrated 3 by 3 rl

Plaite 8. I''(i - -c:; .1iic' of
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I

Plate 11. Same as Plate 6, except that data i, fom Record 68.

Plate 12. Portion of Record 12 of II, JR tape. , lice program output using
- Method 3. Fo w1l 1.t ! ' , I , t (,f P I "I t
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1i

SPlate. 13. Saw. as Plate 6, except that data is from Record 12..

Plate 14. Portion of weather picture showing Gulf Stream and some cloud
cover. Slice program using Method S. Forint follows that of'

Plate 1.
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