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OPTIMAL PRICE AND INCON RWGULfIO 5 U11= UUCIMAINTY
IN THE MODEL W OnE O P90DU)

by

Michael I. Taksar 5

* 1. Introductin*

We consider an economic mdelfvith n consumers and only one

producer. The producer can be viewed as a state sector of the economy

vhich supplies consumers with q different products. The products can

be merchandise as well as different types of labor. Supply can be

positive and negative as well. E.g., negative supply of a labor to a

consumer means that the consumer is vorking for the producer delivering

that type of labor which he gets with negative sign. In ou model the

producer does not maximize his profit; therefore, taking into account

the possibility of a negative supply, we my think of a model of a pure

exchange econony in which the #tate sector plays a role of

technological restriction on the economy as a vhole*-,

-he state governs the prices (common to everybody) and levies

Individual taxes* If the tax Is negative, then the consumer gets a sub-

sidy from the state equal to the absolute value of this tax.

Each consumer acts Independently of the others maximizing his own

utility function under budgetary constraints* The aim of the state is

to find a feasible production plan which mximizes the sum of all util-

Ities of Individual consmers. -

0This research ws supported by the Office of Naval Research contract
No. ONR-UOOl-T9-C-0685 at the Center for Research on Organizational
Efficiency, Stanford University.
MDepartment of Operations Research, Stanford University.
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We consider a multiperiod model without savings in which the main

emphasis is on uncertainty.

* 2. Statement of the Results

In this section we give a precise mathematical formulation of the

model considered.

Let Ii be a q-dimensional Euclidian space and let Y C lBN. BY

[Y]t we denote the set of all (ylY2,...,y t such that yk 6 It and

there exist xt+l x t + 2 , . . xN such that

(2.1) (y 9Y2 ,...,xt+ i x,... ) E

. Given yl 9Y2 'e t' the set of all Xt+1  for which there exist

xt+2,***xN satisfying (2.1) Is denoted [¥]t+l(yl,...,yt).

We have N periods of time, n consumers and one producer. The

number of products is q, and a vector of JR will be called a product-

vector; the i-th coordinate of such a vector will be associated with the

amount of the i-th product.

The state of nature at time t is described by a random variable

at, taking values in a measurable space 8, with u-field F on it.

The probability characteristics of the process 8192,..,t,.. are

supposed to be known, i.e. a probability measure P on (sN,F 1 ) is

R given. The bundle (alg...,s t )  is denoted s t * The random variable

s t  includes all the uncertainty up to time t, and the knowledge of

this random variable gives us complete information about economic

situations at time t. This variable is supposed to be known to all
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participants, but the future states of nature st+l,st+2, etc. can be

only estimated.

Consumers. The consumer with number k is characterized by its

consumption set

XkC]RxsN

The section of 3 when sI' e is fixed is denoted Xk(sN). Any

(xl,xs,...,x N) e xk(sN) represents a sequence of product-vectors which

can be consumed at times 1,2,...,N respectfully, given the state of

the nature up to time N. The possibilities at time t should not

depend on future development of the world and therefore Ixk(sN)] t  does

not depend on St+lst+2,*.,s N .  This set is denoted X-(st). Theset )  denotThi is a
IxCk(sN)jt(x,... ) we denote ksl

subset in 3, and its points are all the product-vectors which the k-th

consumer can consume, given that the states of the nature in the 1st,

2nd, ... , t-th periods are described by at  and the consumption at

times 1,2,...,t-1 was xl,x 2 ,*..,xt_ 1 respectfully.

The value of the consumption at time t for k-th consumer is
k t

described by the utility function ut(x,s ), which associates a real

number for each product-vector x given the state of nature up to

time t.
0

The price-vector p is a q-dinensional vector and, given p, the 0

cost of product-vector x is the inner product of p and x, this is

denoted by px. The components of p can be both positive and nega-

tive. The latter means that the consuner is paid if he accepts certain )des
ar



kkInds of products. At time t the k-th consumer receives at amount

kof money from the state (if at  is negative then it means that he pays

txes). Given prices pt and taxes the consumr mximizes his

utility function subject to budgetary constraints, i.e., he solves the

following problem: FPor each st find xk(st), such that
.t

(2.2) ut(xt(s ),st) + max

subject to

(2.3) ptx k (st) a

(2.4) xk(st) x(stix 1(s),...,x 1(st) )

vhere x1,x2,...,xt 1 are the consumption at times 1,2,...,t-1.

Producer. The producer is characterized by its technological set

Y. C 3RNx

The s-section of Y is a set of sequences (yl,y2 ,...,yN). Any such

sequence represents a set of products which can be brought to consumers

by the producer at times 1,2,...,N respectfully, given that the state

of the world up to time N is described by sN .

We do not assume that the possibilities of production are indepen-

dent in different periods of time, therefore Y(sN  is not supposed to

be a product of N subsets of :R.

Just as in the case of consumption sets, we require that possibil-

ities of production up to time t depend only on the state of nature up

to time t, that is, yO3N)t depends only on st (this set will be
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denoted Yt(st)). The set [Y(s')Jt(yl,Y2 ... ,yt.1) is denoted

, Yt(st Yl, "."YI't)"

A production plan is a sequence of random vectors

such that for each *N 81

(2.5) (yr(s1)y(S)) 6 y(N )

Another way of writing (2.5) is,

(2.6) yt(st) EYt(stlyi(sl),...,ytl(st'l)) t = 1,2...,N

-o The verbal interpretation of (2.6) is the following. At each time t

*: the producer decides what set of products he will produce during that

period of time, this decision my be based on the state of the world up

I to time t, but not on the future values of the process St+lSt+2,..*

which are not known at time t. he production at time t mist be

technologically feasible, and the technological possibilities depend on

the previous history of the world as well as on the previous production

decisions.

Equilibrium. The main ain of the producer in this model is to

find a production plan which maximizes the total expected utility of all

consumers in the periods from 1 to N, that is, to solve the following

problem

iiN t- iti (2.T) I{= 1=.ttxtG ,)} Max.

Subject to

e~o°- 'Z-o"° " °°' "o° ,'f°.°O~o'- .............................................................. . • .... .. - •.-.....
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(2.8) xi lst) r4(st xllsl)' xt- (st-l))

t 1 1,2,...,N , i - 1,...,n

(2.9) (X 1  x(s)'X(s2 ) ,. ,x1(s
1)) e (s)

where

(2.10) xt(st) = ) x (st)

L~et

xt(s t ) , t = 1,2,...,N ; k 1,2,...,n

be the solution of the problem (2.T)-(2.i0) and let

-k (s) , t 1,2,...,N ; k = 1.2,...,n

be the solution of the problem (2.2)-(2.4). If there exist prices

it ~ t
Pt~'t and individual taxes a (s ) such that

'k t t
Kt (a ;~t

k
then we say that there exists an equilibrium and Pt and at are

respectively equilibrium prices and taxes.

The meaning of this definition is the following. At each time

t it is possible to set prices common to everybody pt and individual

ktaxes at in such a vay that each consumer, maximizing his own utility

function without regard to previous history or to any uncertainty in the

future, will saximize the total expected utility of the whole society

,.-

., .:,,, -,-. ,. ,,-. ..-.,,--.. ..-....... .......-....................... .....-. .
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sugmied over all time periods. The prices and the taxes at time t can
-4
, •be chosen only on the basis of information available up to this time.

3. Proof of the main result.

In this section we prove the existence of equilibrium under the

following assumptions:

4 A.l: For each k and each sN the set Xk(sN) is a convex

closed set in 1R
N

A.2: For each k and each sN

o r xk(,s"x (a )

where 0 is a point in ]N with all coordiniates equal to zero.

A.3: The sets Xk(sN) are uniformly bounded from below, i.e.,

there exists a vector c 6 JRN (independent of k and sN ) such that

for any x 6 Xk(sN )

X>_

Boli: For each k the function uk(x,st) is measurable in

(x,st)

B.2: For each k and aWy fixed st  the function uk(x,st) is

strictly concave and upper semicontinuous In x.

3B3: For each K there exists 6(K) such that for all k, t

and st  ui(x,st) ( 6(K), provided 1x1 • K.

• " ' .- -.. ,-.. . . _. ,. . . . •. . .. •' .". . . ". . • .. •- ... . . ...- .- . . ,



C.1: For each s N  the set Y(uN ) is a closed convex set in IN.

C.2: For each 9N

VsN

C.3: The set Y(s N ) is uniformly boundedo.1 / i.e., there exists a

constant d (independent of 8N ) such that for each y C Y(sN )

lyI < d

(Iyl denotes the mximum of the absolute values of the coordinates of

o y).

First we prove the existence of solution of the problem (2.7)-

(2.10)o.

Let H be a space of functions on S0 with values in In x M.

A point of H is a set of q-dimensional random vectors

(xi(Bs).i 1,2,...,n; a - 1,2,...,) such that x (s ) is P-,sur-

able, vhere the bar over a a-field mans the completion of the

a-field with respect to P.

Consider a subset Q in H specified by the following condi-

tions:

1.a: xm(,8) is a Fteasureable function of s (i.e. xk

does not depend on SO+2,o.,sN)a

I6 xk(SN) for P-a.m.st all sN

4
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loc x k(61) x k(s2),.. k x(.1)) E y(sN) for P-almost
kmi k-i k-i

all sN.

Lenma 1. T he set Q is convex uniformly bounded and almost

surely closed. The latter means that z(sN) 6= Q(sN) for almost all

s6N for each sequence 3k r Q such that

Proof: Convexity of Q follows from A.1 and C.1. Let c and

d be the vector and the constant from the conditions A.3 and C.3, and

a - Id. Then l.b and 1-c implies that for every

(X 1(s , 1 ,2,...,n; m -i,2,...,I r eQ

4(3.1) x I(s ) -al1

(3.2) i.(m) 4 [d + (n - 1) all

vhere 1 indicates the q-dimensionai vector whose coordinates are equal

to 1. Inequalities (3.1) and (3.2) imply uniform boundedness of Q.

k(5N k kISuppose tbut z (s {x,i m l,oo..,n; m l...j) converges to
N im

Zsm) - (x3 (sU),i m 1,...,n; a a l,...,N) as k + for al0ost all

BCondition 1.a ho~lds automatically for z. Since Xk is closed

z satisfies 1*b. Since Y Is closed z satisfies iee.ii' Define a functional U on Qby the formula

------------ --------------------------------
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n~ N t t
U(z) =E{ I I u(x t (s ),s )

k-1 t-1

here

Z f~(sm),j = 1.2,...,n; m = 1,2,...,N) e Qz xm

Lemma 2. The functional U is strictly concave, bounded from

above and upper semicontinuous with respect to a.s. convergence. The

latter means that if zk + z a.s. then U(z) > rn sup U (zk).

*Proof. Let z N x (s ),i 1 ,...,n; m =l..e.,N) E Q. By Lema

1 there exists K such that

IX i(s n)I K

Due to B-3

U i(x i(s M)'S M) 6K

whence

U(z) W 1(K)

Because, by virtue of B.2, u is strictly concave, then for eachi

*(3.3) u (ax + (1 - G)Y,.") > a i(X's + (l - a)U i(Y~s M)

*Assuming x - x(s") and y - y(s") and taking mathematical expectation

* of both parts of (3.3), vs get that U is strictly concave.
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Similar arguments show that B.2 implies U to be upper semicon-

tinuous and the lemma is proved.

Lemmas 1 and 2 show that U and Q satisfy the conditions of

Theorem 5 of Appendix III in Arkin and Evstigneev 119791, therefore

there exists z {xt(st), i - 1,2,...,n; t 1 1,...,N) E Q such that

U(z) = Mx U(z)
a?

Since U is strictly concave such z is unique.

Note that the set of random vectors (xt(s )( is the solution of
t

- Li

(2.7)-(2.10). Next, ve show that xt can be obtained by individual

optimizations if the prices and taxation are properly chosen.

= Theorem. There exists a family of random vectors pt(st),

i t
t - 1,2,...,N and a family of random variables at(s ), t = 1,2,...,N;

i = 1,2,...n such that for each i and t x (st ) is the solution of

(2.2)-(2.4)

Proof 1: Fix t and st . Let

A n

iit

Let Z be the set of all product-vectors y such that

2oa: There exist xl,x2,...,xn  such that

xi xi tl l ;i 2 ^i t-iX 6X ( 1; (s1), (s2)1000 ,X (lS

.1

".-..:.,........ ... ,...°.. * 4 . , ... . ,- . ., . . . . , .. : ... , .- T_ , . :. :,
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" n

• ' xi =y

i;1

n t t n , .
b: ut(x ,s )

By virtue of A.1 and B.2 the set Z is a convex set in JR, and the

* condition 2.b implies y * Z
Therefore there exists a vector pt(st) FR such that for each

(3.4) Pt(st)y > pt(st)y

(see Rockafellar [19701, Chapter 3; if Z is empty then pt(st) may be

any vector). Put

2t ti t

tt..I Proof 2: Next we show that the above defined Pt and a are

the prices and taxation we are looking for.

Suppose that there exists k such that the solution x of (2.2)-

4 Atk t
(2.) differs from xt(s ). Because the conditions (2.3), (2.4) define

z:: k
* a convex set and ut  is strictly concave then the solution of (2.2)-

kt
(2.h) is unique. On the other hand xk(st) satisfies (2.3) and (2.1.),

*therefore

Ik k- t, k, k, t, t
(3.5) ut(xs > u(xts ),at

~t t

Lot

1Z. ....
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-1 t Ak t +kltAq1 A an tZ Xt (a + xt~(s + t (s) + x+ (aCs +.. + xts)Xtt

t ~ Inequality (3.5)'implies z C6 Z. On the other band

k-i

and tlmat contradicts (3.)).

Remark 1. Using proper theoremn of measurable selection, it is

possible to show that pt(st) and at( 5 t) can be chosen as measurable

functions of a~ * Hoever, measurability of p s and a's is not

essential in the formulation of equilibrium, because p's and a's are

not involved in mthematical expectations.

The model, in which 8 Is finite and (2.3) is replaced by an

expression with miathematical expectation in the left-hand side was

considered by Debreu in Theory of Value 119T61.

Rlemrk 2. The same arguments show the existence of equilibrium if
^i t
x (s is any Pareto-optiml system of product-vectors.

1.t



Footnotes

11 Primsry resources are included in constraints embodied in Y.
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