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Cross Validated. Spline Methods for Direct and Indirect Sensing Experiments

Grace Wahba

University of Wisconsin-Madison
Statistics Department

Abstract

We first give an overview of cross-validated smoothing spline methods

for the analysis of data from direct and indirect sensing experiments.
Then we summarize some results involving two particular applications of
the approach.- (1) a deconvolution problem with nonnegativity
constraints on the solution; (2) estimation of horizontal divergence and
vorticity fran discrete, scattered, global measurements of the upper air wind
field.

1. Overview of Cross Validated Spline Methods for Direct and Indirect
Sensing Experiments.

For several years, we have been developing data analysis techniques for a

fairly general class of (direct and indirect) sensing experiments. The model

may be described as follows: f is sane unknown function of one or more

variables, which is assumed to be in a (Hilbrt) space H of "smooth" functions,

and one observes {yi}

a Y L1 T+ ci i * 1,2,... 1 n, (1.1)

where the data functionals L ,...,9Ln are n bounded linear fionctionals on H

and the c are independent, zero mean measurement errors, with variances

I = l,2,...,n. The parameter a2 may be unknown. Examples of LI are

LI Lif =f(p i)

(2) Ltf = fK(PiP)f(p)dP

all+' ""'ad

(3) L tf- ja (Pi) aXl df(x1""..'Xd).

ax1 ... axd
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Example (1) corresponds to the "direct sensing" problem, example (2) to a

Fredholm integral equation of the first kind given discrete, noisy data, and

example (3) corresponds to a partial differential equation. Example (2) is

pervasive in many problems in geophysics, meteorology and medicine.

Usually one desires to estimate f(P), for all Pe some set S. Sometimes only

moments fwi(P)f(P)dP are desired, in other applications derivatives of f may be

desired. Side information may freqi.tly be available, such as

0 < f(P) positivity

a(P) < f(P) < b(P) boundedness (1.2)

0 <f'(P) monotonicity

0 <f" (P) convexity

etc. More generally we have considered the case where feCCH, where C is any

closed convex set in H which is the intersection of a "smoothly varying" family of

hyperplanes. See [2]. H can be chosen so that there exists a C with the

requisite properties for each of the examples in (1.2).

The general approach to the estimation of f we have developed and tested

goes as follows: The estimate, call it fi, s the solution to the minimization

problem: Find fc/l to minimize

S (yt-Lif)2/w1 + XIm,6(f), (1.3)

subject to fcC. Here Om,6 is a seminorm on H, or "penalty function"
indexed by the parameters m and 6, (to be described in a monent), and X is the

bandwidth or smoothing parameter. Some examples of J are

*1
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( a)*() ""i~u())d

(2) f TT(f s+2af ,a+eaf ')dxdy or. in d dimensions

81 1 *..3  2

= M -) did dxxY

(3) Jm(f) ~ V f)~
sphere

where A is the Laplace-Beltrami operator an the sphere

Af A + €os #qco , a = longitude, * * latitude.Cosa# !

Another example appears in Section 3 below, where the parameter 6 plays a

different role. The important bandwidth parameter A, and sonetimes m and 8.

can be estimated by the method of generalized cross validation (GCV). The

ICV methed has recently.been extended to cover problems where the"

". costraints feC are imposed E21,24]. In example (1), if the Ltf are point

evaluation functfonals, thal is, Lif a f(Pt), then f, is a polynomial smoothing

splitm,, in example'(2) f. will be a thin plate spline (11,13] and in example

(3) f will be a spline on the sphere [20].

fX can be shon to be a Bayes estimate, with a certain prior detemined

b4 yf and J (E1,6]). on the other hand, it can be shown that f) is a natural

generalization of the output of a low pass filter, see [7]. If the Lf's

are derivatives, and the limit is taken as k.'O, then spline collocation methods a

for the solution to differential equations results [10].

Table 1 gives a list of some of the problems involved in estimating f by

cross validated spltne methods, and relevant references of the author, her

collaborators, and students. In Table 1, A is the SCY estimate of A.

.1"
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Problms in the estimation of f, with references

* (1) Explicit representation of the minimizer of (1.3) in various contexts
E1,4,5,11,13,18,20,22].

(2) Generalized cross validation methods for choosing Xm, and a [4,7,8,21,24].

(3) Use of prior information to choose H and J (22,23].

(4) Smoothing of multIdimensional scattered data (11,13].

(S) Smoothing splines on the sphere E20,22].

(6) Numerical methods-for computing fj with large data sets [14,21,25].

(7) Qu'adrature methods tailored to specific integral equation problems (19,28].

(8) Oplmal design (choice of tl.....tn)ElO17J, -

(9) Convergence properties of fi [3,4,7,12].
(10) Convergence properties when the constraints are discretized [2].

(11) Confidence intervals for f. [26].

(12) Relation of fj to Bayes estimates and Weiner filtering (1.61.

(13) Nonlinear data functionals (29]. .

Four expecially interesting.areas of application are

.(1) Smoothing of scatter d, noisy data in two and higher dimensions

with thin p.late splines (11,13]. Transportable code is available

from the adison, WI Academic Computing Center.

(2) Approximate solution of Abel's Integral Equations, as they occur in

stereology and coputerized tomography [16,281. These equations have

a singular kernel. "

(3) Equations of radiative transfer as they occur, for example in the

estimation of vertical temperature profiles from satellite-observed

radiances [291. These equations are mildly nonlinear.

(4) As an alternative to logistic regression [273.



The integral equation methods have found use in a number of engineering

applications, for exaple in the determination of adsorption energy
Idistributions from an adsorption isotherm experi ment E30] and in the recovfery.

of .aerosol size distributions from Marple impactor data E31].
For lack of space we have onitted explicit mention of recent related

M-.= , work.by others, in particular by Cox;.Chow, Geman and Wu; Rosenblatt;

Lii; Silverman; Speckman;and Utreras.

In the remainder of this pap r we briefly review recent numerical results

In two interesting areas: Section 2: Deconvolution with positivity constraints

and Section 3: Estimation of wind horizontal divergence and vorticity from

scattered noisy wind vector measurements.

~ -2. Deconvolution with Nonnegativity Constraints

We numerically studied the convolution equation

*y k(I-s)f(s)ds + ,i - 1,2,...,n (2.1)

f(s) .0,.0<s <

With J(f) - 1(f"(s))2ds. The'results appear in [243,. The cross validated spline

method prescribes the estimate of the solution. call it f , say, as the minimizer f

1 n 1~ 1- )1(h()) 22
I k( -s)f(s)ds + XJ(f"(s)12ds (2.2)

in the nonnegative quadrant of a certain Sobolev space W22 , (which we will

not discuss further).V *For n of moderate size (say 32-256) a good, readily computable approximation

to the minimizer f of (2.2) ray be found by approximating f. by a

trignometric polynomial of the form

n( 8.1
f fx) a CO+ %cos2TW + OBsin21W

and finding the a's and $'s to minimize (2.2) subject to the discretized

positivity constraints

_ '" - --.--.: ;.:, ..................... ...--..-.:......-.-. . .. .. - . . .



N o fixed--)., a quadratic programuing -problem With ft unknowns and A -14-ear.-

inequality constraintS results. GCV forc~n~rafned p-oblems may be tisid

- to choose ; -for- each trial-Talue-of- Aa- q.p. must -be solved.,"a -good-starting

* guess can be obtained by applying GCV to the unconstrained problem. (Thus,

the.method -is not "cheaplL-7 however it- can be very cheap compared to-the ?.

cost of some experiments.l.

We give here a single numerical .example, from [24]. Fig. 2.1 gives a

plot of the convolution kernel k(t) (assumed periodic). Fig. 2.2 gives

- a plot of the (true) test solution f(x), 0 < x < 1, "exact" data g(x),

g(x) "k(x-s)f(s)ds 0 < x < 1

and simulated measured data

f.r---64.The£. "7 g(!) e ci* i -. 1,2,... ,n .1

for n 64. The e, were independent normally distributed pseudorandom

variables-with common standard deviation a a .05. The fact that there are

two distinct peaks in the true f is not at all obvious from the measured data.

Fig. 2.3 gives the true f (again) and it gives fl, which is the crossvalidated

spline estimate of f obtained without imposing positivity-constraints. Fig. 2.3

also gives f. C which Is the estimate for f with the nonnegativity constraints

Imposed. 1 C is the GCV estimate of A for constrained problems.

The unconstrained cross-validated spline estimate is not bad, however,

spurious oscillations are clearly visible. The constrained solution not

only eliminates the spurious oscillations, it enhances the resolution of the

two peaks. This innocuous looking problem is illposed to a high degree.

."
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Figure 2.1. The convolution kernel k(t).
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If there were no measurement error, there would be only about 20 linearly

independent pieces of information in the 64 dimensional data vector recorded

to 8 significant figures. The nonnegativity constraints are adding important

information. For further information concerning the relative degree of

illposedness, see [21]. Unsophisticated estimation methods will give garbage.

3. Vector Fields on The Sphere

In meteorology and geophysics measurements of vector fields are made

at discrete locations around the world and it is desired to estimate the

global vector field. In meteorology, for example, the wind field at the

500 millibar height (height at which the pressure is 500 millibars) and other

heights, is measured at the worldwide radiosonde network. It is desired to

estimate the vorticity (curl) C and the divergence D of this wind field on

a regular grid, to be used as initial conditions for the differential

equations of numerical weather forecasting. The following is abstracted

fran [22].

Letting U(P) and V(P) be the east and north wind respectively at

P z (X,€), the data are

u U ) + i v1 V(Pi) + (3.1)

where c U and e are measurement errors, and it is desired to estimate € and

D on a regular grid. ; and D are related to U and V by

1 "" (Uc + 79os1) + D -1 - + -(Vcoso)], (3.2)acos* 3 acos4 ax af

where a is the radius of the earth. There exists (by Helmoltz Theorem)

two functions T(P) and O(P), called the strem function and the velocity

potential respectively, with the following properties:



f (3.3)•j F ; os- 'os V 4 ;))

A ..-. A - (3.4)

Vi "M-e 4ato C and- rfw U1 an&Vl' bysolving m4-Minimization...

* problem of the form: Find T and 0 In an appropriate function space to

-minimize . .. ..... . . .. ..- -

i 31 3, 1* aos 13,i a) ).V )
I 11 + .__ 1 p- +24 I + X3XX(c,)-U .

4 10 )(T)+ aj (4)3(3.5)

and then obtaining C and 0 analytically as Ay and at. The paraieter I is

the usual bandwidth parameter and the parameter 8 controls the relative

amount of energy in the divergent and nondivergent part of the wind. An

approximation to the minimizer of (3.5) may be obtained by first approximating

7Y and 0 as a finite number of spherical harmonics

I~ ~ " llot OtI I (3.6)
101 O-1 Z1 sma

The spherical harmonics {Y1} are the egeanfunctions of the Laplace-Beltrami

, operator A,

AY& IW.N'

and approximating ' and " this way is analogous to the approximation of

f in Section 2 by a finite number of sines and cosines. It can be shown that

if 3(1) and j(2) are isotropic seminorms (isotropic - unchaged under arbitrary

rotations of the coordinate system) then for 'f and 4 of (3.6),

-- - .-1*** - . . ......

. ,, . ' '' : ,,,:,.;, , ,' ',- ,, .,-. , , , . .. -... . . . " . ... - .. . .4 . . . . . . . ..
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]0)y) I (2). is (3.7)

(-) -2ft som (A is (1 .1 tar more ifetalis, 'ani in particular for adiscussion'-

concerning the choice of the {J). from historical data, see [22J.

By substituting (3.7) into (3.5), for fixed 1,6, the minimization

problem reduces to finding the which minimize a quadratic fort.

The parameters I and 6 are estitted by GCV.-
To see how wefi this method m be expected to €lo on real _teorolcgical

data, realistic "true" 500 mtllibar strew function-velocity potential

pairs (T,0) were.generated and the .true" wind fields at 114 North American

weather stations determined using (3.3). Realistic measurement errors.. ....

(s.d. in each component of 2.5 meters/sec) were added. Fig. 3.1 gives :he

simulated wind data, and Fig. 3.2 gives the estimated wind field, which is

obtained by using (3.3) In conjunction with the estimated (,.0). Eigs.

3.3 and 3.4 give the "true" and estimated vorticity and divergence

respectively. The results appear to be excellent when compared to prev'ous

estimation methods. One of the results of this experiment was that the

estimates were sensitive to changes in 6 as well as X and, the GCV method

gives a good estimate of an optimal 6 as well as X. In a problem like :tis,

it can be very important to parameterize J in a physically meaningful way,

as well as in a mathematically well posed may. Methods for doing this are

discussed in E22], see also [15].

%!
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