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Summar

The problem with applying z-transforms to the digi-
tal simulation of continuous linear systems is that the
Raggazzini-Zadeh identity only applies to the initial
conditions. This difficulty may be overcome by approx-
imating Z{G(s)F(s)], for example, Halijak's "Trapezoidal
Convolution”!s? and its extensions.’ These approxima-
tions did not yield perfect response for a unit step
into a single pole filter unless adjusted by a residue.*

The approximation for Z{G{s)F(s)] presented here,
which is based upon the second mean value theorem of
the integral calculus, has the desired response for a
unit step into a single pole filter and does not require
adjustment.

Some Preliminaries

The Laplace transform is defined to be

a

F(s) = J f(t) u(t) e St at (1)
where u(t) is the Heaviside unit step,
u(t) = {0,t <0 (2)
1,t >0

The z-transform will be defined as a "discrete” Laplace
transform

F(z) = f E f{t) &(nT - t) u(t) e Stat  (3)

and from the "sifting" property of the Dirac delta dis-
tribution,

@

£f(nT) = f £(t) 8(nT - t) dt (4)
equation (3) becomes
F(2) = L f(nT) u(nT) e=5"T (5)
and letting
z = eST (6)
one has
Flz) = L f(n1) 27" (7)
n=0

the usual definition? of the z-transform.

The Raggazzini-Zadeh identity may be readily deduced

from the convolution properties of the Laplace transform

The "sifting" property of the Dirac delta, equation (4),
yields

o

z[6(2)F(s)] = "0 kﬁo g(Mz K f(o1 - k17K (g
n= =

where the summation over k is discrete convolution.
From the Cauchy product of power series

z c(z)F(s)]=<kfo g(kT)z'k>< fo f(nT)z'“> (10)
= n=

and from equation (7)
z[6(z)F(s)] = 6(2)F(2) (11)

the Raggazzini-Zadeh identity.

2[6(s)F(s)] Approximation

It is well known that, in general, Z[G(s)F(s)]
# T G(z)F(z) and therein lies the difficulty in apply-
ing z-transforms to the digital simulation of continu-
ous systems. A very useful relatiorship would be the
solution of

L3

z[s(s)F(s)] = L

ns-o

2" u(nT) (12)

X fm g(t) u(t) fF(nT - t) u(nT - t) dt

If both G(s) and F(s) are known u priori, there is
no difficulty; but, in digital simulation, though the
plant, G(s), is known apriori, the input, f(nT), is
not.

By the second mean value theorem of the integral
calculus, Bonnet's theorem, one may write

( kT+n, T
@ n-l \ k
Z[a(s)F(s)) = L E f(nT - kT) g(t) dt
n=0 k=0 { kT
{12}
KT+T '
+ f(nT - kT - T)[ g(t) dt- 2"
T4n, T
k
In general " would be different for each k .
Assume that n 1is the same for each k , that is,
N = n (14)

Equation (13) is almost, but not quite, the form
of the Cauchy product of power series. To gbtain the

Z[6(z) F(s)} = f, 2" u(nT) f f, g(t) 6(kT - t) u{t) f{nT - t) u(nT -t) dt (8)
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proper form
w ‘ . KT+nT kT |
2[6(s)F(s)] = L - Z f(nT - KkT) fg(t)dt + }; f(nT - «k1) f glt) dt. 2 (15)
ne ' 0 KT+(n-1)T |
w© \ n _(n k kT+nT nT+nT -n :
1[6(s)F(s)] = L ¢ L f(nT - kT)z {g(t)dt ¢ - £(0) j g(t) dt z :
n=0)k=0
(1€)
n kT 0 '
-(n-k) -n
+ L f(nT - kT)z (n- (t)dt 27" - f{nT) 2 g(t)dt -
k=0 '{ T (nfl)T \
and finally
G(s)F(s)] = [ @ & [ o "ok £ faae e - foro) )
Z[G(s)F(s)] = F(z) - f(o g(t) dt 27" + F(z g(t)dt 27" - g(t)dt (17
n=0 nT n=0 nT+(r|-1;T (r-1T
[t is interesting to compare this result with Halijak's “Trapezoidal Convolution:"!*?
4
26(s)F(s)] = LY[F(2) - flo] 6(2) + F(2) [6(2) - g(0)]] (18)
which may be derived from the first mean value theorem that is
of the integral calculus.’ !
f(t) =1 (24b) }
Two Plants of Interest and J
Consider the case where the plant is a single inte- Flz) = 1/(1 - z27Y) (24c)
grator; that is:
equation (23) becomes ‘
G(s) = 1/s (19a) ( )
1-n)z2" 1T T
. z[{1/5)/s] = e — (25) ,
g(t) 1 (19b) 1) ——
Substituting into equation (18) one has \
o ool z[(1rs)ss) = H—Z—)— (26) j
2[F(s)/s) = [F(z) - f(0)] L [ at2™" -2
n=0 nf which is exact for any n .
o nT 0 :
+ F(Z)[ L S dtz f dt] (20) For F(s) = /s (27a)
n=0 AT+~ I)T (n-1)7 that is flt) = t (27b)
and integrating and F(z) = Tz/(1 - 2°')? (27¢)
2[F(s)/s] = [F(z) - flo)) L n ;" equation (23) becomes
n=0
- 2[(/s2ys) - el ',T’)Z']T( Ta ) (28)
- - ‘ =%} 2 .
+ F(2) [ L (1-m)1 27" - (l-n)T] (21) -z (G-27)
n=0
which may be written after summing 2[(1/57)/s] o L e ]Tzz : (29)
(1-z71)°
2[F(s)/s] = [F(2) - f(o)] [nT/(1-27")] which for n = 172 is
+ Flz) [(1-n)17(2-27") - (1-n)T] (22) - .
2laystys) = T2iliez) 130)
and combining 1ike terms 2{1 - 271y}
-1 which is exact,
dfetsys) - Ul TR =0Tt gy
1-2 A more interesting plant is the single pole filter:
For a unit step input, G(s) = a/(s + a) (31a)
F(s) =1/s (24a) that is




a e-aT

9(t) =
In this case equation (17) becomes

(31b)

®  nTénT
- F@ - fo) L[ ae
n=0 AT

and after performing the indicated integration and sums

Z[a F(s)/(s + a))

Z[a F(s)/(s + a)) = [F(2) - f(0)]

(1

filter when the time constant of the input and the fi]-
ter are the same"

dt 2™ + F{2) [E f

nT 0
ae”3tat 27" . j' ae”at dt] (32)
n=0 nT+(r-1)T (h-1)T

In this case, "Trapezoidal Convolution,” equation (18) would yield

I{a F(s)/(s + a)] =

and with residue adjustment

Z[a F(s)/(s + a)] =

For a unit step input, F(s) = 1/s (24a)
that is f(t) =1 (24b)
and Flz) = 1/(1 - 279 (240)
equation (33) becomes

—arT
1/ a - 1 1-¢7°
Z[E (<3 a)] : [1 T 1] (1 T ,-x)
+( 1 \ i—(e-a"\T _ e-aT)}_—i (36)
1 - 2-9 L1- edl 7t
and collecting terms
1/ a (1-eM);
z[— 2 ] = . (37)
s (s + a) (1 _ z")(l _ e-aT 2 1)
which is exact for any n !
Without residue adjustment "trapezoidal
convolution” yields*
-aT) -1
1/ a ay_(1 + ¢¥7);
[t . (T (38)
s (s + a)] (2 >(l _ z-l)(l s el Z-x)
With residue adjustment one ??s“ )
-aT -1
1 a aT 1 +e z
Z[— ] tanh (5— (39%a)
3 (s + a) (2 )(1 - 2O - e-al 27D
-aT) -t
(1 - e )Z (39b)

Z[%(s—}?)] Q-2 - e 27)

In the sample data domain a second order Runge-Kutta
integrator would yield:

1/ a V.  [1-(1-al+aT?2)] 2"
Z[E (s ¥ aﬂ‘ (1 -2z - (1-al +a%T2/2) 271

Note the (2/0) Pade” approximation for the exponential.
A unit step input and a Tustin's substitution® for

the plant would lead to
Z[l( a \]: [1-Q - a7/2)/(1+ a1/2)] 2~
s\ss+all” -2 - (1 - aT/2)2 M1 + aT/2)]

1

(40)

1

(41)

Note the (1/1) Pade” approximations for the exponential.

For the large time step, T, the approximation pre-
sented here will out perform "Trapezoidal Convolution,"
Tustin's substitution method and a second order Runge-
Kutta integrator.

"Trapezoidal Convolution"!s? yields exact results
for a damped exponential input into a single real pole

Sl))’[F(Z) - f(O)} / (I-e-aT z-l) + F\Z) [e'aT Z-‘./(l _ e-aT 2_1)]:

ﬁL;;sifﬂIZ“ + F(Z)[(e'a(”'l)T- l)e"?t z_l} (33)
- e‘at Z-l) 1 - e-at Z-A

(34)
tamn(3) 4[F(2) - f] /(- e ) v k) [T G L s
)3t - Ol (42)

s +a + a - (I_-T_ET?T

In this case, equation (17) yields

1 { a . e'ayﬂl - e-aT) -1

Z[s +a\s + aﬂ - (1 Al 2_1)3 (43}

and setting this numerator equal to the exact numerator
and solving for n , one has

-aT
- -l fate® 44
U~ ( -5?) (44)
-e
For aT << 1
n o~ 1/2 (45)

Recurrence for A Single Pole Filter

To develop a recurrence for a sinale real pole fil-
ter with non-zero initial conditions, start with the
differential equation

x(t) +a x(t) = af(t) (46)
and transform to the Laplace domain using
n-1 (%)
L [f(")(t)] = s"f(s) - L s" " le(o) (47
2=0
s X(s) - x(0) + a X(s) = a F(s) {48)
solving for X{(s) and then taking the z-transform,
. af (s ] [xﬂO} ] 49
x(z)-z[s,ra»fzs+a| (49)

Since the initial condition, x(o) . is a constant
in the Laplace domain (an impulise in the time domain),
the Raggazzini-Zadeh identity, Equation (11), would
apply. The forcing function, F(s) , is another matter,
and requires approximation. Using equation (33)

ﬁ-z'ﬁ'aT)X(z) = B@_e-anT) s (e . e'aT)z'ﬂ F(z)

- (1-e77T) £(0) + x(o0) (50)

and substituting equation (7) and equating coefficients

of like powers of "z"
x(0) = x(0) (51a)




x(nT) = ed7 x{nT-T) + (1 - e"a"T) f(nT)
(e _ e Mr -1, n>0  (51b)

For a second order damped filter with non-zero
initial conditions*

w2 F(s) + (s +20) x(0) + X(0)

X(s) (52)

2 2
§¢ + 205 tw
s [+]

where

a partial fraction expansion yields

.1 i -i
X(s) = m [5 Yo+ i s ¥ o - iw ]x

[W2 F(s) + x(0) + x(0)]

1 1 1
Yz [s FoFiw s ¥ o im] x(0) (53)

where
o= (@ - o)l (54)
Let
X(s) = Qﬁél_%_yﬁil (55)
where
ifw? F(s) + o x(0) + x(0)]/w + x{0)
Uls) = & 5+ * Tw ] (56)
and
-ifw? F + 0 x{0)] /w + x(0
Ve) - 1[ 2 F(s) + 9 x(0) + x( )] w + x(0) (57}

s +0 - lw

Since V(s) is the complex conjugate of U(s) ,
only u(nT) need be found. The problem becomes that
of finding the recurrence for a single complex pole
filter. In this case, equation (51 a,b) would become:

u{0) = x(0) + i[ox(0) + x(0)}/w {58a)

Conclusions

The approximation proposed here is exact for a
unit step input into a single pole filter. The pole
may be either real, imaginary, or complex. The
response to a unit step is unaffected by the choice of
n ; and n may be chosen to adjust the response for
some other input of interest, though a value of one
half is generally appropriate.

Higher order problems should first be “simplified”
by a partial fraction expansion, though the initial
conditions should be incorporated before the expansion.
The approach lends itself to parallel processing.
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th]

onT) = e (T iy oy iw(ijg)z [1-e'”(°""“’”:| f(nT) + m(u—)2>zg'”(““"w” -e Mg o1y (seb)

@
where
e (T o o (cos uT - 1 sin ) (59)
and
x(nT) = Real u(nT) (60a)
x(nT) = w Imaginary [u(nT)]}- o Real[u(nT)] (60b)







