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Abstract

A gradient search technique is used to maximize consumption of the degrees

of freedom for N-channel adaptive nulling phased array antennas, The

technique is based on a figure of merit which seeks to maximize the sum of the

square roots of the interference covariance matrix eigenvalues. Equivalently,

the worst case interference source configuration attempts to completely

consume N degrees of freedom of the adaptive nulling antenna. Mesults are

given for several basic regularly spaced arrays. The technique can be applied

to a phased array with arbitrary array element positions.
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I. INTRODUCTION

The main goal of an adaptive nulling antennna used in any communications

system is to reduce the received power from undesired interference sources

while maintaining sufficient pattern gain (or signal-to-noise ratio) to

desired sources in the antenna field of view. Generally, if a single

interference signal is sensed by an adaptive system, the amplitude and phase

responses of the antenna elements are adjusted so that a pattern null is

formed in the interference direction. Assuming that the desired sources are

located in directions sufficiently far away from the null directions,

communications will not be disrupted.

A typical adaptive nulling antenna system block diagram is showun iq

Fig. 1.1. In general, an N-element array or N-beam multiple beam antenna

(MBA) has N-degrees of freedom. That is, there are N adjustable weights,

wI,w 2 ,...,wN, which can be set to synthesize a desired radiation pattern at K

far-field points. This means that, in general, N-I pattern minima (or nulls)

can be synthesized while simultaneously maintaining some antenna gain in the

direction of a desired source. Clearly, if there are N-I interference sources

distributed in the antenna field of view, then N-I distinct nulls can be used

to suppress them.

A situation where the interference potentially can be more severe is the

case of N interference sources as shown in Fig. 1.2. Depending on the antenna

configuration, the above discussion suggests that N interference sources

possibly could consume all N-degrees of freedom. Since only N-i nulls are

available, the Nth source may tend not to be nulled. In fact, if N-sources

1 ..
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completely consume N-degrees of freedom of an N-cnannel antenna, no useful

adaptive nulling is possible.

An important question is: does a geometric configuration of N sources

exist that completely consumes N-degrees of freedom? The case of two and

three sources in the field of view of a phased array and a multiple beam

antenna has been studied and the results described in a previous reportl 1] .

The consumption of degrees of freedom was found to be dependent on both source

spacing and source configurations. The spacing should be approximately one

half-power beamwidth in order that each source consumes one degree af

freedom. However, the worst case interference configuration depends on the

nulling antenna geometry.

To this author's Knowledge, a general method for the analytical

determination of the worst case N-interference source geometrical

configuration has not previously been developed. It is the intention of this

report to do so.

In order to fully understand the concept of adaptive antenna degrees of

freedom, it is helpful to analyze the covariance matrix formed by the cross-

correlation of interference signals received at each pair of antenna

elements. In Section II, this interference covariance matrix is expressed in

terms of its eigenvalues and eigenvectors. The conditions necessary for

complete consumption of the antenna degrees of freedom are determined.

In Section III, a derivation of the interference signal matrix which

consumes N-degrees of freedom of an arbitrary adaptive nulling array antenna

is given. The interference signal matrix is shown to be unitary; that is,

4
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the incident signal vectors are orthonormal. This leads to the concept of

orthogonal interference sources which is discussed in Section IV. An equation

is derived which gives the N-interference source configuration which

completely consumes N-degrees of freedom of an N-element equally-spaced linear

array. This is demonstrated for an 8-element array with eight interference

sources.

One of the interesting results of this study is that for some N-element

array antenna configurations, N-degrees of freedom cannot be completely

consumed by N sources. section V discusses this case, and a source figure of

merit is derived which can be used to determine the worst case N-source

configuration. The figure of merit is equal to the sum of the square roots of

the eigenvalues computed from the interference covariance matrix. The most

effective 1-source configuration occurs when the figure of merit is a

maximum. That is, consumption of antenna degrees of freedom is maximized.

In Section VI, a numerical gradient search technique (based on the above

figure of merit) is developed which finds the worst-case geometrical

configuration of N interference sources. This numerical technique is useful

for finding the worst-case interference source locations for arrays in which

an analytic solution is difficult or impossible. Examples are given where the

worst-case source configuration of various arrays is found by using the

gradient search.

5



11. CONSUMPTION OF ADAPTIVE ANTENNA DEGkUXS OF FWUOi

In this section, conditions are given for N-interference sources to

completely consurae N-degrees of freedom of an N-channel adaptive nulling

antenna. For discussion purpose, the adaptive nulling algorithm is assumed to

be the Applebaum-Howells analog servo-control-loop processor[
2,3 ,4 j " However,

the results are expected to apply equally well to any adaptive nulling

algorittira.

A. Appleoaum-Hioweils Analog Servo-Control-Loop Processor

For this algoritnm the steady-state adapted antenna weight column vector

is given by

where I is the identity matrix

R is the channel covariance matrix

is the effective loop gain which provides the threshold for

sensing signals

w is a weight vector which gives a desired quiescent

radiation pattern in the absence of interference sources.

Note: The double underbar (.) refers to square matrix and the single underbar

(_) refers to a column matrix.

For an N-channel adaptive nulling processor [I + p!] is an N x N

matrix. The covariance matrix elements are defined by

6
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q (W) Sq (w) dw p 1,2,...,N (2.2)Rpq w 2 "" 1 f Sp( dq q -1,2,...,N

WI

where 2 - wI is the nulling bandwidth

Sp(w), Sq(w) are the received voltages in the pth and qth channels,

respectively

denotes complex conjugate.

Equation (2.1) is all that is needed to predict the steady-state adaptive

nulling performance of the system. However, to understand how N-interference

sources consume N-degrees of freedom, it is necessary to express the adapted

weight vector in terms of the eigenvalues and eigenvectors of the interference

covariance matrix.

S. Eigenvalues and bigenvectors of the Interference Covariance Natrix

The covariance matrix defined by Eq. (2.2) is dermitian (that is,

i - dt where t means complex-conjugate-transposed) which by the spectral

theorem can be decomposed in eigenspace as 
J

N

- k-I Xk-ek.K (2.3)

where XA, K-i,2,...,N are the eigenvalues of

, k-1,2,...,N are the associated eigenvectors of i.

The matrix product 2 2ke is an NxN matrix which represents the projection

onto eigenspace for XA. Comparing Eq. (2.2) and Eq. (2.3), it is observed

7
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that the eigenvalues have units of voltage squared, that is, the elgenvalues

are proportional to power.

Substituting Eq. (2.3) into Eq. (2.1) and using the orthogonality property

of the eigenvectors leads to the following expression for the adapted antenna

weight vectortil.

w - w -( e .w. > e (2.4)
- k-1 I + IJok -k

where <_kt, wD> - t • y is a complex scalar.

Each of the vectors in Eq. (2.4) are weights which can be applied t the

adaptive antenna. From Eq. (2.4), and using the principle of superposition,

the adapted far-field pattern can be written as

N JA
P(O,o;w) = Po(e,o;w) - <!E, w> FV(e,;_k) (2.5)0k=l I + X

where P(O, *; w) is the adapted radiation pattern

Po (e, ; wo) is the quiescent radiation pattern

Pk(e, ; k) is the kth eigenvector radiation pattern.

Equation (2.5) shows how the quiescent radiation pattern is modifiea in

the presence of interference sources. The scalar < k, o> is the projection

of the k eigenvector onto the quiescent antenna weight vector. Lt, for

example, a single interference source (which gives rise to a single

eigenvalue, A,, and eigenvector, ±1) lies on a null of the quiescent pattern,

then <_ta,>-O. No adaption is necessary which means that _ . However, if

8
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a source lies on a sidelobe of the quiescent pattern, the product of 21 With

w will be non-zero. This projection is weighted by the quantity

MA/AL + iA,) and subtracted from yp. For a large value of Al corresponding

to a strong interference source, the product VA is much greater than unity.

This implies that UX1/(l + I1)Ei. (Similarly, a weak interference source

which has XIi much less than unity results in U)X/(l + UXI)p S 0.) If another

source sufficiently separated (by approximately one half-power beamwidth) from

the first is added, a second large eigenvalue, A21 will occur' l ". Two terms

(k-l,2) would then be significant in Eq. (2.5).

From the above examples, it is clear that strong sources cause a larger

change in the quiescent weight vector than do weak sources. dowever, this is

o,.y true when the number of degrees of freedom is sufficient to null the

interference. In the next section, it is shown that if H-degrees of freedom

are completely consumed, the quiescent weight vector does not change after

adaption. In this case, interference signals will not be adaptively nulled.

C. vefinition of Complete Consumption of N-Degrees of Freedom

N-degrees of freedom of an N-channel adaptive nulling antenna are consumed

when the following conditions are met:

1. There are N uncorrelated equal-power interference sources in the

antenna field of view.

2. The interference power is large enough to be sensed by the nulling

system.

3. The antenna fails to form any adaptive nulls in the interference

source directions.

9



To explain this set of conditions, we first note that it may be inferred

from a previous study that to consum N-degrees of freedom, the interference

covariance matrix must have N large eigenvaluest 1| . This will tend to occur

when the sources are spaced on the order of the antenna half-power beamwidth.

Given N equal-power uncorrelated sources arranged such that the

interference covariance matrix has N large equal eigenvalues, then in

9q. (2.4)

- C - Constant ( (2.6)

Thus, Eq. (2.4) can be written as

N
[i- C E !A ] " (2.7)

k I

it can be shown that
[lli

N

so

V (I - C)w . (2.9)

That is, when N sources are arranged so as to create an interference

covariance matrix with d large, equal eigenvalues, then N-degrees of freedom

10
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are completely consumed, and the adapted weight vector is equal to a constant

times the quiescent weight vector. This means that the antenna radiation

pattern (as given by Eq. (2.5)) cannot change from its quiescent shape. In

other words, interference sources on the antenna pattern sidelobes cannot be

nulled.

U. Discussion

In section (Il.), the basic conditions necessary for complete consumption

of antenna degrees of freedom were given. A fundamental mathematical

condition for this occurrence requires that the interference covariance matrix

possess N large (compared to quiescent receiver noise) equal eigenvalues.

It is shown in the next section that when the covariance matrix has N

large equal eigenvalues, it is a diagonal. matrix. Furthermore, the

interference signal matrix is shown to be unitary. For convenience, the

derivation is given for an adaptive phased array antenna. However, the same

results should apply to a multiple-beam antenna.

4



IlL. UEKIVATION OF INTERFEKENCE SIGNAL ,ATXlX TO CUNSURE N DEGREES OF FKEEDOM

OF AN N-CHANNEL ADAPTIVE NULLING ARRAY ANTENNA

A. Introduction

In this section, a mathematical proof is given which shows that the

optimum configuration of N equal power uncorrelated interference sources which

consumes tue N degrees of freedom of an N-channel adaptive nulling array

antenna, requires a unitary signal matrix. The NxN covariance matrix which is

formed from the received interference signals in this case is a diagonal

matrix.

The concept of "orthogonal sources" has been discussed by Hayhan,

et. al|4 ]. By definition, each of these sources consume a complete degree ot

freedoia. A necessary condition is that the sources be separated angularly by

approximately one half-power beamwidth1l]. The received signal matrix for

ortnogonal sources has orthogonal columns. This leads to covariance matrix

eigenvalues which are proportional to the incident interference power. This

will be shown in the following paragraphs.

B. Derivation

With little loss of generality, it can be assumed that the nulling antenna

is an array of isotropic point sources. The elements are assumed to be

located in the xy plane of the rectangular coordinate system such that the kth

element has arbitrary coordinates (xkyk). Further, it is assumed that the

Ith interference source with incident power P, is located at a large distance

from the array, at angles (Bi,€i) where 8 and f are standard spherical

coordinates. Then the element of the received signal matrix (denoted

by 8) is given by

12
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A JwD/A sineI(KCos#,+ YkSinfi) k-1,2,...,N (3.1)
Ski I 1-1,ml2,...,w

where D is the array diameter and xk 2 + yk 2 < I are the normalized element

positions (relative to D/2).

The covariance matrix for narrowband interference is

R - S St + 1 (3.2)

where t means complex-conjugate trandposed, and

I is the identity matrix which is used here to effectively normalize the

covarlance matrix to quiescent receiver noise, that is, P1 is measured

relative to receiver noise.

Tne above covariance matrix is dermitian (that is, R-K ) , so it can be

decomposed in eigenspace as (see Eq. 2.3)

Z- X a e e n (3.3)m n -li --
n~l

where Xn is the nth eigenvalue of A

en is the ntn eigenvector of R

To better understand Eq. (3.3), consider the following cases:

Assume first that interference sources are not present, that is, Pi-O,

(i -1, 2, ... , N) so that S-jUJ is the null matrix and R I. For this case

X,~~~ W X

1 2 N q

13



wnere Xq is the eigenvalue due to receiver noise only.

This is true because the sum of the diagonal elements of K equals the sum of

the eigenvalues of R, that is [ 121

N N N
£ Z I - N (3.4)ii n

n-I n-1

Assume now that N large equal-power interference sources are present, thus

PI P2 N P

where P is the power from each interference source received at each array

element. These sources produce eigenvalues which are large compared to

quiescent receiver noise, that is, Xm > > Aq. To completely consume N degrees

of freedom requires the covariance matrix to have N identical eigenvalues*,

such that for an array

1I - X2 = PN( + 1) 3.5)

That is, the eigenvalues are proportional to the incident interference

power. A proof of Eq. (3.5) is given in Appendix A. Substituting this result

in Eq. (3.3)t yields

tixamples will be given later that demonstrate, for N equal eigenvalues, the

antenna cannot provide any adaptive pattern nulling.

?We assume for the moment that we can find an "optimum" source distribution

that will result in Eq. 3.5 being satisfied. Later we show that this ideal
distribution can in general only be approximated.

14
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N
-)E z e e (3.6)

n- I --n "

From Eq. (2.8)

Nt
E e e a M (3.7)

'-11

Thus,

R- AI - (PN + 1)1 (3.8)

which says that wnen N degrees of freedom are consumed, the covariance matrix

is diagonalized with N equal eigenvalues on the diagonal.

Substituting Eq. (3.8) in Eq. (3.2) yields, for the assumed optimum source

distribution

S St - (A-I)I . (3.9)

Let

S (MSs -. . - (3. Iu)

denote the normalized optimum signaL matrix. Substituting this in Eq. (3.9)

yields

15
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S St-I . (3.11)
-n ma

by definition, a matrix U is unitary If

U Ut - I (3.12)

Equation (3.11) satisfies Eq. (3.12) and thus S is unitary. This result
-n

shows that the covariance matrix formed from a unitary signal matrix is equal

to the identity matrix.

G. Discussion

A mathematical derivation is given in this section which, as a result of

Eq. (3.11) proves that when the N degrees of freedom of an N channel adaptive

nulling array antenna are completely consumed by N equal-power interference

sources, a unitary signal matrix is produced. (Although it is not shown, it

is expected that the same result should be valid for a multiple beam

antenna.) The optimum signal matrix S (which is equal to the unitary signal

matrix S multiplied by the square root of the product of the incident
=a

interference power and the number of elements (Eq. (3.10)) was shown to

produce a diagonalized covariance matrix with N equal eigenvalues on the

diagonal (Eq. 3.8). The eigenvalues were shown In Appendix A to be

proportional to the incident interference power.

While the above result shows that a unitary signal matrix is optimum (to

consume degrees of freedom), it does not (in general) provide the interference

1
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source locations directly, and such a configuration may not exist for an

arbitrary antenna layout. Sections V and VI discuss an iterative best

approximation to a unitary signal matrix, which determines N interference

source locations. For certain special cases, the optimum signal matrix can be

achieved, however. In the next section, an exact solution for the optimum

location of N interference sources in the field of view of an equally spaced N

element linear array is obtained.

17
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IV. CONFIGURATION OF N INTERFERENCE SOURCES TO CONSUME N DEGREES-OF-FREDOM OF
AN N-ELEMENT ADAPTIVE NULLING LINEAR ARRAY ANTENNA

A. Introduction

In Section III it was shown that the optimum configuration of N

interference sources, to consume N degrees-of-freedom of an N-channel adaptive

nulling array antenna, produces a unitary signal matrix. For arrays with

elements located on a periodic lattice, the worst-case interference source

configuration that consumes N degrees-of-f reeaom can sometimee be computed

analytically. (In general, this is not possible for random, thinned, or

irregular arrays.) In this section, the optimum interference source

coordinates 6i, i-1,2,...,N, for a linear array, are derived by enforcing the

orthogonality property of the optimum covariance matrix (Eq. 3.8). Following

tne derivation, an example, consisting of a configuration of eight

interference sources, to consume eight degrees-of-freedom of an eight-element

linear array, is given.

6. Derivation of Orthogonal Interference Source Positions

Consider a linear array of N equally-spaced isotropic elements as shown in

Figure 4.1. It is desired to compute the angular positions 01, iil,2,.t.,N of

N interference sources such that N degrees-of-freedom are completely

consumed. From Section I1, this occurs when the interference signal matrix

is unitary and, equivalently, when the normalized covariance matrix is equal

to the identity matrix.

The received signal at array element X, due to the ith interference source

is given as

18iI

. i a___l__lii___II



11 21845-Nl PLANE WAVE

0i

"i K
d sin Oi

d d k • • N
0 1 2

Ski = ej27rkd/X sin Oi

k = 0, 1, 2,.... N-1

Figure 4. 1 Keceived signal at the kth element of an N-element linear array
due to the ith interference source.
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= ejZwkd/X sin i  k " 0,1,2,...,N-1 (4.1)
ki i 1,2,...,•

where A is the wavelength (which should not be confused with the eigenvalue

X).

The normalized covariance matrix for narrowband interference is detined

here to be

R, - S s t  (4.2)

where S is the signal matrix, t means complex-conjugate transposed.

(Note: to simplify the derivation, the identity matrix is dropped (see

Eq. 3.2)).

Let i 2rd/X sin 81; then froa Eq. (4.1), the interference signal matrix is

m I I I 2 e 1

ej 2 1 e 2 ej 2N

e 2e 2 e j * N

L =J e li-*O e iN*)2 • . N,,

(4.3)

and

1 e-J*1 e- 2 1 . • 1 e -J(N-1)#1

1 e-J 2 e-J2 2  • 2 e-J (N-1)*;.

1 e -j* e -J 2N . . . -j(N-1)*N

(4.4)

20
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Using Eqs. (4.2), (4.3), and (4.4), the an t h term of the covariance matrix is

expressed as

N

X, E e (4,5,2,...,- (45)
in i-I n ,1,2,...,N-1

(Note: K is a Heraitian matrix since 'n - (a* denotes complex conjugate).

Enforcing orthogonality of the covariance matrix (to consume N degrees-of-

freedom),

- ( m - O,1,2,...,N-1; n - O,1,2,3,...,N-1 (4.6)

Define an integer a - a-n, then from Eqns. (4.5) and (4.6)

E ej =i -O, -(N-1) < I < N - 1 (4.7)
i-1it

It is desired to find the N values of ti such that Eq. (4.7) is satisfied for

all values of L.

Equation (4.7) represents N phasors whose sum is zero. This suggests a

uniform distribution of phasors between 0 and 2wl, that is, assume a solution

of the form

*i i-- (4.8)

where i is an integer (i - 1,2,3,...,N) or (i = 0,1,Z,3,...,N-I).

21



Substituting Eq. (4.8) in the left-hand side of Eq. (4.7) yields

N 2
N -T . (4.9)

i-l

It must be shown that the sum (denoted by T) is zero, for *i - i 2w/N to be a

solution of Eq. (4.7).

If we set * - 2wir/N, the lef -hand side of Eq. (4.9) is recognized as the

array factor (AF) of a uniform linear array, which may be sumed as follows:

N N-1
A Z eji* sin (N*/2) E-e ji(.

iA l e sin 4.,'2 = J E (4.10)

so that

sin(N(-2-t)/2)

ITI =si(Nb/2) N = o (4.11)
sin */2 sin(2wL/2N) - s(n(41)

-(N-1) < 9 < N-i

£*0.

Since ITI - U, *i - (i (2w/w)) is a solution of Eq. (4.7) for all values of x.

We may now solve for 01

2w
*i " 2wd/A sin el in-jj• (4.12)

22
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The orthogonal interference source angles are, thus,

ei - sin ( I) (4.13)

d i d
where - - < -<

The ratio i/N has been restricted to the range - d/X to d/A so that 91 is

real. In the next section, Eq. (4.13) is used to find the configuration of

eight orthogonal interference sources for an eight-element linear array.

C. Example: Eight-Element Linear Array

Consiner an eight-element linear array of isotropic point sources with

one-half wavelength interelement spacing, as shown in Figure 4.2. The angular

locations of eight ortnogonal sources are computed from Eq. (4.13). Using

d/ = 1/2 and N - 8, then

-N < i < N d (4.14)

or

-3 < i < 4 (4.15)

are the possible values. (Note: i - -4 is excluded because it is the same as

i -+4, that is,

23

i



mn I

Figure 4.2 8-element linear array of one-half wavelength spaced isotropic
elements with interference source at 0t.
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Zx jw

e 8 e 8 ej

Substituting this result in Eq. (4.13) yields

1 - sin-1(1) i - u,* 1, 2 2, * 3, + 4 (4.16)

To consume eight degrees of freedom, the interference position angles are

computed to be (0, 14.48, * 30, * 48.59, + 90o). The significance of

these angles is clearly shown by the array factor (Eq. (4.10) with N - 8))

given in Figure 4.3. One source is placed at each null position, and one is

positioned at the peat of the main beam. The above interference configuration

was used as input data to an Applebaum-Howells adaptive nulling computer

program. The quiescent receiving state is assumed here to be uniform

coverage, that is, only a single array element is "on". Since the array

elements are isotropic the quiescent directivity in tne source directions is

0 dBi. The adapted results are given in Table 4.1. The eigenvalue spread is

approximately 0 dA. The adapted directivity in the source directions is

approximately 0 dii, hence no pattern nulls have been formed. This verifies

that the sources are orthogonal and that they consume eight degrees-of-

freedom.

U. Discussion

The worst-case configuration of N interference sources, to completely

consume N degrees-of-freedom of an N-element adaptive nulling linear array

antenna of equally-spaced isotropic point sources, is an arc with source
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Figure 4.3 Array factor for 6-element linear array with one-halt wavelength
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TAALb 4.1

ADAPTED ANTENNA RESPONSE FOR AN 8-ELEHENT UNIFORM
LINhAt ARRAY WITH ONE-HALF WAVELENGTH SPACING

Eigenvalues

i Xi (dB)

1 22.8
2 22.8
3 22.8
4 22.8
5 22.8
6 22.8
7 22.8
8 22.7

ANTENNA DIRECTIVITY Dj AT INTERFERENCE SOURCE POSITION (ej, *j)
ij Di(Quiesent) D.(Adapted)

(degrees) dBi dBi

1 -48.59 0.0 0.0 0.04

2 -30.00 0.0 0.0 0.00

3 -14.48 0.0 0.0 -0.02

4 0.0 0.0 0.0 -0.02

5 14.48 0.0 0.0 -0.02

6 30.00 0.0 0.0 -0.02

7 48.59 0.0 0.0 0.00

8 90.00 0.0 0.0 0.04
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spacing that is equal to the angular peak-to null spacing of the array factor

for uniform amplitude. These interference sources are referred to as

"orthogonal" because their locations are determined by requiring that the off-

diagonal elements of the interference covariance matrix equal to zero. The

orthogonal interference source position angles are computed from Eq. (4.13).

This equation was used to find eight orthogonal interference sources for an

eight-element array linear array. No adaptive nulling was possible for this

arrangement of sources.

In the next section, a figure of merit is derived which can be used to

determine the worst-case interference source configurations for an adaptive

nulling array antenna with arbitrary element positions.

.1

28



V. IERIVATION OF A FIGUKM OF MER(IT TO OTEMId E THE EST APPRUXIIATION TO A

UNITARY INTERFERENCE SIGNAL MATRIX

A. Introiuction

In Section I1, it was shown that the optimum configuration of N equal-

power interference sources, to consume N degrees of freedom of an N-channel

adaptive nulling array antenna, produces a unitary signal matrix. The

covariance matrix of the optimum signal matrix, normalized to the incident

Interference power, is diagonal. The diagonal elements are Identical, and

they are proportional to the incident interference power. While it is clear

that a unitary signal matrix is optimum, the optimum interference source

locations cannot be analytically computed for some arrays. This is shown by

examining the covariance matrix of the N interference sources for an arbitrary

array.

tht
Let R., be the mat element of the interference covariance matrix witihout

quiescent receiver noise (i.e., SS). For interference sources to be

"orthogonal", the elements of the covariance matrix must have the following

property
[4 ,

.4IP n-n m1 2,... ,N (5.1)
m E n- ,2,... ,N

mn~

th t
Using Eq. (3.1) and (3.2), the anth phase term in the covariance matrix SS

containing the unknown interference position angles (8i'*i), is of the form

NI
J(*i,a- *i,n)

R e (5.2)
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where -i'm M WD/X sin Oi (xM cos + Ym sin fi)  (5.3)

rn-I 2,. .. ,N

n-i ,2,. . .

*i,n - OA sinOi (Cn cos i + Yn sin# ) (5.4)

If the orthogonality conditions of Eq. (5.1) are imposed on the mnth terms of

Eq. (5.2), together with the Hermitian symmetry of R (i.e., & = ?), then

there are N(N-1)/2 complex equations with 2N unknowns (0ii), i-I2,...N.

For periodic arrays, the N(N-1)/2 complex equations usually reduce to 2N real

equations. The 2M unknowns then can be analytically determined. However, for

certain arrays (random, thinned, or irregular), there are generally more than

2N real equations and the system is overdetermined. There is no exact

solution then, because the solution of a subset of 2N real equations will not

(in general) satisfy the remaining equations.

From the above result, it is apparent that analytical solutions for

orthogonal interference source locations for many arrays are not readily ".

obtainable. It is the subject of this section to derive a figure of merit

which can be used to select, by computer search, the best approximation to a

unitary matrix. (This is equivalent to finding the best fit to the

orthogonality conditions (Eq. 5.1)). The figure of merit is shown to be equal

to the sum of the square roots of the eigenvalues computed from the

interference covariance matrix. For a given set of int, Terence source

configurations, the one which consumes the most degrees of freedom maximizes

the figure of merit. This criterion is applied in Section V.C to the case of

two sources in the field of view of an N-element array.
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B. Derivation of a Figure of Merit to Maximize Consumption of Degrees of

Freedom

Let S be the matrix that is generated by the incident signals from N

sources, as given by Eq. (3.1). it is desired to minimize the difference

between S and a desirable unitary matrix A. As discussed previously, a

unitary signal matrix implies that the interference sources are "orthogonal",

that is, N degrees of freedom are consumed. It S and A are approximately
U =

equal, this represents a nearly orthogonal configuration of interference

sources. The following minimization is the same as that given in Appendix I

in a report by W. C. Cummings on multiple beam forming networks[6 ). It is

repeated here to make the connection to orthogonal interterence sources as

we 11.

First, define the difference between the given signal matrix and the

optimum unitary matrix as

D - S-A (5.5)

(For convenience, the double underbar (for square matrices) will now be

dropped.) As will be shown, the square matrix A can be computed from the

eigenvector matrices of SSt and S S. One way to minimize D is to minimize the

sum of the squares of the magnitudes of each term in D. That is,

2 2ioiD i2  . lolj = minimum (5.6)
iji
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or

Its-All 2 - minimum 
(5.7)

By the singular value decomposition theorem[ 7 j any matrix, such as S, can be

decomposed as

S - V r T(5.8)

where

r diag(oa )  i-1,2,...,N (5.9)

a,= I are the positive square roots of the eigenvalues of SS'

i s~t
(and of S 5, equivalently), and are referred to as the

singular values of S

V is the unitary eigenvector matrix of S S'

T is the unitary elgenvector matrix of S'S.

Substituting hq. (5.8) in Sq. (5.7) yielus

II VE' -All 2 minimuu 
(5.10)
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Next, use the unitary matrix property tbat [7 j

2 2 2 2
1II I1- I I uIMI I - HH~U21 z  HUvIHu 2112t=ii =1ut1 luj (5.11)

where U, and U. are unitary matrices; and

H is an NxN matrix.

Pre-&nultiplying by Vt and POst-multiplying by T, Eq. (5.10) becomes

t 2 t t t 2VE' -All I V VET T-V AT• 
(5.12)

Since V and T are unitary, that is, VtV - I -T'T,

V VEaT T = izi - z 
(.13)

Substituting this in Eq. (5.12) yields

t 2 t 2IVVC-AI lIz-V AT(.

Let

P = V AT
(5.15)

4 
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so that Eq. (5.14) is written as

IVET I-All 2 IIE-Pll2 - minimum (5.16)

Now P is unitary since

pFP - TtAtVV AT - TtAtAT - T'tT - • (5.17)

Hence

[2 (5.18)

! IF eij I
i-t

that is, the sum of the absolute values of the elewents along any column is

unity. Also, because P is unitary, the diagonal elements are constrained by

( I • (5.19)

Another useful property of the unitary matrix is that

N N 2

E Z IP -N =(5.20)
i-I J-

Since L is diagonal it is logical that, to minimize IIE-PII 2 . the optimum P

should also be diagonal (this is the only way that the off-diagonal elements

of (E-P) can be equal to zero). Theretore, by Eqns. (5.18) and (5.19), P must
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be the identity matrix. It must now be shown that of all unitary matrices,

P-I is the closest unitary matrix to E.

To show this it is required to prove that

2 2 (.1
Hz-Ill ( 2lz-ull( )

for all unitary matrices U. Performing the noru, on the left and right-hand

sides of the above inequality yields

N N N
iz-Ill2- z ( )2- z ai- 2z E ai + N (5.22)

i-I i-I i-I

and

N N N
2 2 . E j

t-1 J!, 1-1n i i

i*j

or

2 N N 2 N 2 NlI-Ii z -i z a1 ~iU ) (5.23)E, E JU I + E a E a (Ut +U (523

iI j-1 i-i i-i-

where * denotes complex conjugate. Using Eq. (5.20), the double summation on

iutj1 2 is equal to N, so that Eq. (5.23) reduces to

N N

2 N 2 - I
Sz-uII2" N + E  

-0 z E a Ui i ) . (5.24)
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Substituting Eqns. (5.22) and (5.24) in Eq. (5.21) gives

N N N 2 N
Eoi + N - 2 E E at + - Zi (U i+U ) . (5.25)
i-i i-I i3 I i-I

Clearly, if the unitary matrix U is other than the identity matrix, then by

Eqs. (5.18) and (5.19)

(U + U < 2 , (5.26)
ii ii

and the inequality of Eq. (5.25) (and Eq. (5.21)) is satisfied. Therefore,

P-I is the optimum matrix which minimizes Eq. (5.16).

Using the left-hand side of Eq. (5.25), kEq. (5.16) can now be written as

N N
2 a 2 + N - 2 E a, - minimum (5.27)
im- i -

In tq. (5.27) the summation of o12, N and IIE-P1 2 are all positive, hence

1[EP [2 is minimized when

N N
E a o= E r - maximum (5.28)i-i i J

Equation (5.28) is the desired figure of merit (denoted by F), that is, when

the interference sources are located so that the sum of the square roots of

the eijenvalues computed from the covariance matrix SS is maximized, the

signal matrix S is the best approximation to the unitary matrix A. The
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optimum unitary matrix A can be found by substituting P-1 in Eq. (5.15), that

is,

P - Vt AT = 1 (5.29)

or VPT t = VVtA-T t = VIT . (5.30)

Since Vt-TTt= , then

A M VTt (5.31)

is the optimum unitary matrix which minimizes uIS-All". Note: for any given

signal matrix S, a unitary matrix A can be computed by Eq. (5.31).

Finally, denote Fj as the figure of merit for the jtl configuration of

interference sources, from a given set of J configurations. Then the optimum

interference source configuration (to consume the most degrees of freedom) is

chosen according to

F o max(F ) J-1,2,...,J (5.32)opt .

where

N
F - E /

4
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Equation (5.32) is the basis for choosing one configuration of interference

sources over another. An example of this is given in the next section.

C. Example: Selection of Optimum Configuration of Two Interference
Sources

In this section an example is given which demonstrates that the figure of

merit, given by Eq. (5.32), can be used to determine the worst-case

configuration of two interference sources.

Consider an arbitrary N-element array of isotropic point sources, with

equal power (P) incident from two interference sources with two sets of

spacings. In the first set, the two sources are angularly separated

(approximately one half-power beamwidth) such that there are two equal

eigenvalues X1 - X2 - X associated with the covariance matrix. Thus, two

degrees of freedom are consumedt l].  It is assumed here that X is much larger

than the quiescent noise level (Xq - 1). The (W-2) remaining eigenvalues are

equal to unity. From Eq. (5.28) tne figure of merit is

N
F, . z T /X i ixI A2+ (N-2)

or

F1 - 2/X + (N-2) (5.33)

The words "optimum configuration" and "worst-case configuration" are used
somewhat interchangeably in this report. A situation is "optimum" or "worst-
case" depending on the point of view.
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Next, assume that the two interference sources are located at the same angular

position. In this case, there is only one eigenvalue and it is 3 dB larger

than the eigenvalue for a single interference source
[lJ. That is,

A, M 2A, 12 , A3 - I, ... AN

and one degree of freedom is consumed. For this case, the figure of merit is

computed to be

N
F - I - /2 i + (N-1) (5.34)
2 i-I

By Eq. (5.32), since F, is greater than F2 , configuration #1 has more effect

as an interference source than configuration #2.

0. Discussion

A figure of merit (Eq. (5.28)) was derived which can be used to determine

which matrix, of a collection of interference signal matrices, is the best

approximation to a unitary matrix. For a given number of interference source

configurations, the worst-case is chosen corresponding to the configuration

which maximizes the sum of the square roots of the eigenvalues computed from

the interference covariance matrix (Eq. (5.32)). This is the same as

maximizing the consumption of the antenna degrees of freedom. The reason for

this is that this optimum is closest to being a unitary matrix and when a

unitary interference signal matrix is achieved, N degrees of freedom are

completely consumed (there are N identical eigenvalues).
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It is important to note that the figure of merit is independent of the

antenna quiescent radiation pattern. This is because the covariance matrix is

formed prior to array element weighting or beam formation.

A simple example was given which demonstrates the ability of the figure of

merit to identify a two-interierence source conriguration that maxi~uzes the

consumption of antenna degrees of freedom. The example was an N-element array

with two equal-power interference sources (first located with one-hali

beamwidth spacing, and then located at the same position). It was shown that

the figure of merit can be used to choose te configuration that consumes two

degrees of freedom. The next section discusses a gradient-search technique,

wuich implements the figure of merit to find worst-case interference source

configurations for arbitrary antenna arrays.
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VI. A GRADIENT SEARCH TECHNIQUE TO MAXIMLIZ CONSUIMPTION OF PHASE) AAUCAY

ANTENNA UEGKEES OF FREEDOK

A. Introduction

In the previous sections, a mathematical formulation was developed which

describes the conditions necessary for the consumption of phased array antenna

degrees of freedom. Complete consumption ot N degrees of freedom of an

N-element phased array antenna occurs when the N elgenvalues computed from the

interference covarlance matrix are equal and large compareu to the quiescent

receiver noise level. For N equal eigenvalues, the covariance matrix is

diagonal and the interference signal matrix is unitary. Since the columns of

the signal matrix are orthogonal, the interference sources are referred to as

being "orthogonal". It was shown that when N interference sources are

geometrically arranged such that N large equal eigenvalues are produced, the

antenna cannot provide any useful adapted pattern nulling.

For some periodic arrays, exact solutions for orthogonal interference

sources can be found. However, for some arrays such as random, thinned, or

irregular arrays, exact solutions do not appear to exist. In this case

N degrees of freedom cannot be completely consuwed by N interference

sources. That is, some antenna pattern nulling is possible. Since a unitary

interference signal matrix completely consumes N degrees of freedom, the

interference signal matrix must be the closest approximation to a unitary

matrix in order to maximize consumption of degrees of freedom. The closest

approximation to a unitary interference signal matrix for an arbitrary array

can be realized in tae following manner&

4
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From Eq. (3.1), let the received signal at the kth array element be given

by

= JwD/XsinO i (xkcos *1j+ y s mn lJ )s fi - P e ijk(6.1)

where (O1jiij) are standard spherical coordinate angles for the Ith

interference source with power Pt measured at the antenna; the subscript j

being tile j configuration of interference sources. (Note: the imaginary

exponent j - Y7 should not be confused with the integer subscript

J-I,2, ... .). The element positions (xk, yk) can be arbitrarily chosen.

The covariance matrix for narrowband interference is expressed as (from

Eq. (3.2)

K - SS + 1 (6.2)

To maximize consumption of antenna degrees of freedom the difference

between the signal matrix S and Its associated unitary matrix must be

minimized. A derivation was given In Section V for a figure of merit whicti

minimizes this difference.

The figure of merit for the jth interference source configuration is given

by

N
F- E i (6.3)
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where Xij is the ith eigenvalue computed from the interterence covariance

matrix for the jth interference source configuration.

The optimum interference source configuration (from a given set of J

source configurations) occurs when Fj is maximized, that is,

Fopt W max(F ) j-l,2,...,J . (6.4)

The interference source configuration for which Fopt occurs yields the closest

approximation of the signal matrix S to a unitary matrix.

In the next section, a gradient search technique is introduced which

implements the figure of merit. In Section VI.C, the gradient search is

applied to two basic planar arrays.

B. Gradient Search Technique

Assume that N interference sources are distributed in the antenna field of

view as shown in Fig. 6.1. The ith interference source from the jth source

configuration has position coordinates (Uij,Vij)

where

Uij M W/Xsine ijcoa~ij

(6.5)

Vij - wD/Asin ijsinfij

and (Oijfij) are standard spherical coordinates. It is desired to find the

configuration of N interference sources such that the figure of merit, given

I
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Figure 6.1 Distribution of N interference sources.
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oy Eq. (6.3), is maximized. Assuming an initial configuration of sources, the

sources are moved until the optimum figure of merit is achieved. From

Eqs. (b.1), (6.2), (b.3), and (6.5) observe that

-j 
= Aij((U ij'Vij ) (U 2'V 2j), ... ' (U NjV)) (6.6)

which means that each eigenvalue is a function of the positions of N

sources. It is desired to find the collective search-directions for the N

sources such that the figure of merit increases most rapidly. That is, select

directions such that the directional derivative is maximized at (0JV ),S|.

The directional derivative (denoted by D()) of the figure of merit is

given by

N( rF +F (b.7)
iI iJ uij 3V viij

where 3 means partial derivative,
ruijrvij are the (U,V) directions for which F is increasing most

rapidly.

The directions ruijrvij are constrained by (for convenience)

N (ruij2 + r vij) 1. (6.8)i i1

It is desired to maximize U(Fj) subject to Eq. (6.8). Using Lagrange

multipliers [9 1 construct the Lagrangian function
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L -- r + !!I- r~j + YOl E(r + r )) (b.9)
Lj i:1 (Uj ulij + ij v1 j i-I uij vij

where y is a constant to be determinea. The requirement that Lj be an

ext remum implies

- -- - n-i,2. ., (6.1Oa)
3runj a ni unj

3L.. af
J - 2yr M 0 n-,2,...,N (6.1Ob))V . - yvnj

arvaj 3Vnj n

or

rvj w I (6.kla)
2y 3Un

r . (b.Ilb)
vnj 2yV.nj

Squaring Eqns. (b.la) and (6.11b) and invoking Eq. (6.8) yields

N 2 2) N IaF2 a F j 2
Z (r n + r vnj2 E ((au -+ (a.v) (6.12)

nl 4y2 nl nj ni

thus,

SY N F 2 0-

a'S4(b.13)

VnM nj
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5ubstituting this result in Eqs. (6.11a) and (6.1kb) gives

au nj

un l F 2 aF 2

r - . (6.14b)vnj 3 F 2 3F 2

) + 
)

u-I nj nj

fne positive sign was chosen corresponding to the direction of maximum

function increase. The partial derivatives

aF'. 3
Unj , V ; n-1,2,...,N

represent the gradient directions for maximum function increase.

Since Eq. (6.3) cannot, in general, be expressed in a functional form, the

partial derivatives must be numerically computed. Computation of the partial

derivatives can be avoided, however, by using the following approach:

Write

Ili A unj(6. 15a)aunj = nj

AF

IF7v (6.15b)

47

_ __ ___Ai



where as shown in Fig. 6.2

AFa~ j 0 F (U +JAUnj ;V ) - F (Unj -AUnj ;V ) (6.16a)

AF vnj n F (Unj ; Vnj + AV ) - Fj (Unj ; Vnj - AV n) (6.16b)

AUni and AVj are assumed to be small increments.

The problem is simplified (and the search is unbiased) if the increments

AUnj and AVnj are taken to be equal, that is,

AUI M AV - AU n AV (6.17)

Substituting Eqs. (b.15) and (6.17) in Eqs. (6.14a) and (6.14b) yields

r ALunj (6. 18a)
unj S 2)l

C n= I("Funj ) 2 (AF vn )2

AF

r vaj vnj (6.l8b)

22)
a un vnj

Equations (6.18a) and (6.18o) are used to compute the new positions of the

(j+l)th configuration according to

U (j+l) - Un +AU n runj  (6.19a)
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F(Vn + AVn)

F(Un AUn) F(Un. Vn)+

4 F(Vn - AV)

AF~~ F(V AV - F(Vn AV)

Aun=F(Un + A~)- F(Un - d

i Figure 6.2 Figure of merit Increments for optimum search direction.
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Vn(j+i) V Vnj + AVarvnj

In practice, one interference source remains fixed in position throughout

the search, for reference purposes. Additionally, a random noise matrix,

typically 30 du below the incident interference power, is added to the

covariance matrix to avoid testing for either a minimum or saddle point of the

figure of merit (10 ).

C. Application

A computer program implementing the above gradient search technique is

used in this section to determine the worst-case interference source locations

for two basic arrays. (In general, the array elements can have arbitrary

positions given in (xy,z) rectangular coordinates.) Two arrays that are

useful in testing the gradient search are shown in Fig. 6.3. Figure 6.3a

shows a seven-element array arranged in a regular hexagonal (equilateral

triangular) grid for which an exact solution exists for the locations of seven

interference sources to completely consume seven degrees of freedom. These

positions can be determined by using Eqs. (6.1) and (6.2) and enforcing

R 0 m * n m-l,2,...,N n-1,2,...,N (6.20)
mn

that is, the covariance matrix is constrained to be diagonal. It can be shown

analytically that the optimum configuration of interference sources (to obtain

a 0 dd sigenvalue spread) is a regular hexagon, rotated with respect to the

hexagonal array. (This derivation will not be given here.) Next, Figure 6.3b
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Figure 6.3 7-element array configurations-
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snows a seven-element uniform circular ring array for which no exact solution

is known to exist for seven interference sources to completely consume seven

degrees of freedom. That is, Eq. (6.20) cannot be satisfied exactly. Since

the interference source configuration which would maxiaize consumption ot

degrees of freedom for this antenna is unknown, a numerical solution is

necessary.

Both the hexagonal array and ring array were chosen with an aperture

diameter equal to 65.7X. (These two arrays are, thus, highly thinned.) The

array elements are assumed to be isotropic for the gradient search. However,

for adapted antenna response computations, elements with a half-power

beamwidth 180 pointed perpendicular to the plane of the array were used. At

interference source locations close to boresight, the element directivity is

approximately equal to 20 dbi. The quiescent mode cf operation is assumed to

be uniform coverage so that, when there is no interference, only one array

element is "on". Note: the gradient search is independent of the quiescent

mode of operation because the figure of merit is independent of array element

excitation.

The initial interference source configuration is chosen to be located

essentially at a single point within the field of view. That is, the starting

configuration prior to the gradient search consumes only one degree of

freedom. The seven sources appear as a single source with seven times the

power of one of the seven sources. It is implied here that the starting

configuration is unbiased. For convenience, in the two gradient searches that

follow, actually only one interference source is fixed at boresight
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(reference) while the remaining six sources are uniformly spaced on a ring

(centered at boresight) whose radius is equal to 0.01 HPBW.

A gradient search for the 7-element hexagonal array (Fig. 6.3a) is given

in Fig. 6.4. A typical source trajectory is shown with an arrow. First, the

source moves radially outward from the reference source. After the maximum

radius is achieved*, the source rotates clockwise to its final position. (By

symmetry, the source could also have moved counter-clocwise). The computed

eigenvalue spread for the final hexagonal source configuration is 0.1 dB. The

adapted antenna response for these sources is summarized in Table 6.1. The

adapted directivity in each source direction is nearly 20 dBi, indicating that

no adaptive nulls are formed. Thus, seven degrees of freedom are consumed for

this array/source configuration, and there is no improvement in interference

to receiver noise ratio after adaptation.

Next, a gradient search for the seven element uniform circular ring array

(Fig. o.3b) is shown in Fig. 6.5. A trajectory for one of the sources shows

that the initial movement is purely radial. The final source configuration is

U-shaped and produces a 6.4 dfl eigenvalue spread. (dy symmetry, the

* U-configuration can have other rotation angles but the shape is constant.)

The source spacing is approximately equal to the pea-to-null spacing of the

array factor. The adapted antenna response is summarized in Table 6.2. Since

the eigenvalue spread was greater than 0 dH, some pattern nulling is

possible. The improvement in interference-to-receiver noise level after

a* the maximum radius, the source spacing is approximately equal to the peax-

to-null spacing of the array factor.
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TAIILE 6.1

ADAPTED ANTENNA RESPONSE FOR A 7-ELEMENT HEXAGONAL ARRAY
(Figure 6.4 source configuration)

Eigenvalues

i AI (db)

1 22.2
2 22.2
3 22.2
4 22.2
5 22.1
6 22.1
7 22.1

ANTENNA DIKECTLVLTY AT INTUFRJKNCE SOURCE POSITION (ej,#bJ)

#. Dj(Quiescent) Dj(Adapted)
(degrees) dai djli

1 0.0 0.0 20.00 19.94

2 0.89 -10.75 20.00 20.03

3 0.89 49.03 20.00 19.99

4 0.89 108.92 20.00 19.94

5 0.89 169.35 20.00 19.97

6 0.89 -130.35 20.00 19.97

7 0.89 -70.45 20.00 19.98
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TA uL, 6.2

ADAPTED ANTENNA RESPONSE FOR A 7-ELEMENT UNIFORh RING ARRAY
(Figure 6.5 source contiguration)

Eigenvalues

i xi (dd)

1 24.3
2 24.z
3 24.2
4 22.0
5 20.2
6 19.5
7 17.9

ANTENNA DIRECTIVITY AT INTERFERENCE SOURCE POSITLIN (eJp )

0 #j Dj(Quiescent) Dj(Adapted)
ddi d~i

1 0.0 0.0 20.00 19.26

2 0.67 6.33 20.00 13.48

3 0.75 67.57 20.00 20.68

4 1.05 108.26 20.00 18.92

5 1.02 -160.48 20.00 11.03

6 0.73 -118.30 20.00 13.12

7 0.66 -56.21 20.00 21.07
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uulling is, however, calculated to be only 1.76 dA. The directivity to

several sources is somewhat reduced, but no deep nulls are formed. Thus,

while a solution which results in a unitary signal matrix has not been found,

a solution for effective consumption of degrees of freedom appears to have

been reached.

D. Discussion

A gradient search technique is given which can be used to determine

numerically the optimum geometrical locations of N interference sources to

maximize consumption of degrees of freedom of an N-element phased array

nulling antenna. The figure of merit, used to determine optimum source

directions, Is equal to the sum of the square roots of the eigenvalues

computed from the interference covariance matrix.

Optimum solutions were given for two basic arrays; a seven-eleaent

hexagonal array and a seven-element uniform circular ring array. For the

seven-element hexagonal array, an exact solution was found (0 dd eigenvalue

spread). Seven interference sources on a rotated regular hexagon (Fig. 6.4)

were shown to completely consume seven degrees of freedom (Table 6.1). For

the seven-element uniform ring array, a 6.4 dB eigenvalue spread (Table 6.2)

was achieved. Hence, an exact solution for this array geometry does not

appear to exist. The worst-case interference source configuration in this

case is U-shaped (Fig. 6.5). For either array, the interterence source

spacing is fundamentally related to the peak-to-null spacing of the array

factor. k quivalently, the minimum spacing between two "optimum" sources is

related to the antenna half-power beaswidth.
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Figure 6.4 Gradient search for a 7-element hexagonal array.
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Figure 6.5 Gradient search for a 7-element uniform ring array.
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Vii. GUNCLUSLONS

A theory is developed for determining the locations of N-interference

sources to maximize consumption of the degrees of freedom of an N-channel

adaptive nulling phased array antenna. The worst-case arrangement of sources

is determined by maximizing a figure of merit which is equal to the sum of the

square roots of the elgenvalues computed from the interference covariance

matrix. A gradient search technique is used to determine optimum source

directions for an initial arrangement of sources in the antenna field of

view. The initial source configuration is arbitrary, but for an unbiased

solution, the sources are initially constrained to be spaced much less than

the nulling antenna half-power beamwidth. That is, initially the sources

consume only one degree of freedom.

ilaximizing the figure-of-merit is equivalent to finding an incident-signal

matrix which is the best approximation to a unitary matrix. Equivalently, the

worst-case interference diagonalizes the interference covariance matrix. When

the covariance matrix is diagonal, the sources may be referred to as

"orthogonal". in this case, N-degrees of freedom are consumed, and the

covariance matrix has N equal eigenvalues. When N-degrees of freedom are

completely consumed by N sources, no adaptive nulling is possible.

For simple regular-spaced arrays, the concept of orthogonal interference

sources can be used to find the worst-case interference geometry in a closed-

form equation. This was done in Section IV for an eight-element equally-

spaced linear array. However, for more complicated array geometries (such as

random, thinned, or irregular arrays), the worst-case source configuration is

5~59



not mathematically tractable in a closed form. lndeed, a set of orthogonal

sources probably does not exist, in general. A gradient search is appropriate

in these cases to find the best approximation to a set of orthogonal sources.

In Section V, a figure of merit was derived which is used in the gradient

search technique discussed in Section VI. The gradient search was applied to

two different array geometries; a 7-element regular hexagonal array and a

7-element equally-spaced circular ring array. A numerical gradient search

found an orthogonal configuration of seven sources, which completely consumed

seven degrees of freedom for the hexagonal array. For the circular ring

array, an orthogonal set of sources was not found; however, the worst-case

solution severely reduced the amount of antenna pattern discrimination. The

gradient search technique is valid for arbitrary array geometries. The

element positions can be periodic, spatially tapered, thinned, irregular,

random, planar, or non-planar.

Finally, only narrow bandwidth examples were considered here, so one

interference source could consume no more than one degree of freedom. As is

well known, broadband sources can contribute to more than one eigenvalue, thus

complicating the simpler picture presented here. It is believed that the

figure of merit presented will still give worst-case configurations in the

broadband case, if the covariance matrix is properly calculated using

.(2.6).
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APLDIX A

In Eq. (3.5) it was stated that wnen N degrees of freedom are consumed, by

N equal-power iaterterence sources, the covariance matrix of an N element

array has N identical eigenvalues such that

S 2(P+) (A.1)

where

P is the incident power of each interterence source on each array

element.

This equation is derived in tue following manner: Assume that the N

interference sources are located at (01,#1), (024*2), ... , (ON,4N). For

convenience, express the interference signal matrix (Eq. 3.1) as

S - J (A.2)

where

jal  ja2  . JaN

e e ... e b N

J - (a.3)

einI eJn 2  
inN 

"

L

61

EOwn
,V -_ . -. ...,, , ._ _ .. .-: , _ : .,.



where ai " irD/A sin ei (Xjcosi + yjsin~i)

bI - wD/X sin ej (x2cosfj + y 2 sinfj)

ni - nD/A sin ej (xNcosfi + yNsin~i)

i - I, 2, .. , N (A.4)

(Note: in tue above notation, "a" refers to array element #1, "b" reters to

array element #2, etc.)

Substituting Eq. (A.2) in Eq. (3.2), the covariance matrix in terms ot J is

R PJJt + I (A.5)

where

-j i -Ja l e , ..-ja2 -jb 2 -jn2

e e .. e

Jt - (A.6)

- J aN -.1 n NLe e - I) • e J

only the diagonal terms of Eq. (A.5) are of interest here, which are computed

as follows:
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r j(a I-aI) J(a 2 -a 2 ) J (aN-a 14
1R 1  .P(e + e + +) + 1 - PN+

It2, 2 -P(e ib1b1)+ e +02-b,),+ + e j( b1) + I -, PN+1

SIt -)A7

K P(e + e , + I -P+ (A. 7)
a n

Froms Eq. (3.4), the sum of the diagonal terum of the covariance matrix is I

equal to the sum of its eigenvalues, so

N N
E (P-ti) - r Ai (a.8)

"i-I i-I

but4.
A, A A2  .. Art A

because it is assumed that N degrees of freedom are completely coensued.

Thus,

N AXtmt L: - X, E. 1 a( i'z4 - l (.1
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which yields

A (P+I) (A. 10)

as desired. 'Aiat is, the eigenvalues are proportional to the incident

interference power.

)I

I
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