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Abstract
[
| \
A gradient search technique is used to maximize consumption of the degrees
of freedom for N-channel adaptive nulling phased array antennas. The

technique is based on a figure of merit which seeks to maximize the sum of the

square roots of the interference covariance matrix eigenvalues. Equivalently,
the worst case interference source configuration attempts to completely

consume N degrees of freedom of the adaptive nulling antenna. Kesults are

glven for several basic regularly spaced arrays. The techaique can be applied

to a phased array with arbitrary array element positions.
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I. INTRODUCTION

The main goal of an adaptive nulling antennna used .in any communications
system 18 to reduce the received power from undesired ilanterference sources
while maintaining sufficient pattern gain (or signal-to-noise ratio) to
desired sources in the aantenna field of view. Generally, if a single
interference signal is sensed by an adaptive system, the amplitude and phase
responses of the anteanna elements are adjusted so that a pattern null is
formed in the interfereunce direction. Assuming that the desired sources are
located in directions sufficiently far away from the null directions,
communications will not be disrupted.

A typical adaptive nulling antenna sgystem block diagram 1s shown in
Fig. 1l.1. In general, an N-element array or N-beam multiple beam antenna
(MBA) has N-degrees of freedom. That is, there are N adjustabie weights,
WisWgseoe Wy, which can be set to syntheasize a desired radiation pattern at K
far~field points. This means that, in general, N-1 pattern minima (or nulls)
can be synthesized while simultaneously maintaining some antenna gain in the
direction of a desired source. Clearly, if there are N-l1 interfereance sources
distributed in the antenna field of view, then N-l1 distinct nulls can be used
to suppress them.

A situation where the interfereace potentially can be more severe 18 the
case of N interference sources as shown in Fig. 1.2. Depending on the antenna
configuration, the above discussion suggests that N interference sources
possibly could consume all N-degrees of freedom. Since only N-1 nulls are

available, the Nth source may tend not to be nulled. In fact, if N-gources
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completely consume N-degrees of freedom of an N-cnannel antenna, no useful
adaptive nulling is possible.

An important question is: does a geometric configuration of N sources
exist that completely consumes N-~degrees of freedom? The case of two and
three sources in the field of view of a phased array and a multiple beam
antenna has been studied and the results described in a previous reportllj.
The consumption of degrees of freedom was found to be dependent on both source
spacing and source configurations. The spacing should be approximately one
half-power beamwidth 1in order that each source consumes oune degree of
freedon. However, the worst case interference configuration depends on the
nulling antenna geometry.

To this author's knowledge, a general method for the analytical
determination of the worst case N-intérference source geometrical
configuration has not previously been developed. [t is the intention of this
report to do so.

In order to fully understand the coacept of adaptive antenna degrees of
freedom, it is helpful to analyze the covariance matrix formed by the cross-
correlation of interference signals received at each pair of antenana
elements. In Section II, this interference covariance matrix is expressed in
terms ot its elgenvalues and eigenvectors. The conditions necessary for
complete consumption of the antenna degrees of freedom are determined.

In Section III, a derivation of the interference signal matrix which
consumes N-degrees of freedom of an arbitrary adaptive nulling array antenna

is given. The interference signal watrix 1s shown to be unitary; that is,
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the incident signal vectors are orthonormal. This leads to the concept of
orthogonal interference sources which is discussed in Section IV. An equation
is derived which gives the N-interference source coanfiguration which
completely consumes N-degrees of freedom of an N-element equally-spaced linear
array. ‘fhis is demonstrated for an 8-element array with eignt interference
sources.

One of the interesting results of this study is that for some N-element
array aatenna configurations, N-degrees of freedom cannot be completely
consumed by N sources. Section V discusses this case, and a source figure of
merit 18 derived which can be used to determine the worst case N-source
configuration. The figure of merit is equal to the sum of the square roots of
the eigenvalues computed from the interference covariance matrix. The most
effective ui-source configuration occurs when the figure of merit is a
maximum. That is, consumption of antenna degrees of freedom is maximized.

In Section VI, a numerical gradient search technique (based on the above
figure of merit) 1s developed which finds the worst-case geometrical
configuration of N interference sources. This numerical technique 1is usetul
for finding the worst-case interference source locations for arrays in which
an analytic solution is difficult or impossible. Examples are given where the

worst-case source configuration of various arrays 1is found by wusing the

gradient search.
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IL. CONSUMPTIUN OF AVAPTIVE ANTENNA DEGREES OF FKEEDUrL
In this section, conditions are given for N~interference sources to
completely consume N-degrees of freedom of an HN-channel adaptive nulling

antenna. For discussion purpose, the adaptive nulling algorithm is assumed to

be the Applebaum-Howells analog servo-control-loop processor[2'3'41' However,

the results are expected to apply equally well to any adaptive nulling

algorithn.

A. Appleoaum~Howelis Analog Servo-Control-Loop Processor

For this algorithm the steady~state adapted antenna wéignt column vector

is given by
W= (L + ugl (2.1)

where 5 is the identity matrix
R 1is the channel covariance matrix
p 1is the effective loop gain which provides the tnreshold for
sensing signals

W, is a vweight vector which gives a desired quiescent

radiation pattern in the absence of interference sources.

Note: Tne double underbar (_) refers to square matrix and the single underbar

() refers to a column matrix.

For an N-channel adaptive nulling processor [2 + pE] is an N x N

-

matrix.

The covariance matrix elemeats are defined by :

_ | e
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W

2
1 * P =1,2,00e,N
- —— S 2.2
qu wZ - w], / sp(m) q (w) do q=1,2,00,N ( )

“)

where Wy ~ w] is the nulling bandwidth
Sp(w), Sg(w) are the received voltages in the pth and qtP channels,
respectively
denotes complex conjugate.

Equation (2.1) is all that is needed to predict the steady-state adaptive
nulling performance of the system. However, to understand how N-laterference
sources consume N-degrees of freedom, it is necessary to express the adapted
weight vector in terms of the eigenvalues and eigenvectors of the interference
covariance matrix.

B. Eigenvalues and Eigehvectors of the Interference Covariance latrix

The covariance matrix defined by Eqe. (2.2) i3 Hermitian (that 1is,

R = 5T where ' means complex-conjugate-transposed) which by the spectral

theorem can be decomposed in eigenspace aslsl

R= .

R zxk-e-ksk' (2.3)
k=1

where Ag, k=1,2,.¢+,0 are the eigenvalues of §

e k=1,2,...,N are the associated eigenvectors of Ke

The matrix product e, Ek' is an NxN matrix which represents the projection

onto eigenspace for )g. Comparing Eq. (2.2) and Eq. (2.3), it is observed
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that the eigenvalues have units of voltage squared, that is, the eigenvalues

are proportional to power.
Substituting Eq. (2.3) into Eq. (2.1) and using the orthogonality property
of the eigenvectors lecads to the following expression for the adapted antenna

welght vector:llj .

e, t, wHe (2.4)
= ~o

where <eyt, w,> = eyt - w, is a complex scalar.

Each of the vectors in Eq. (2.4) are weights which can be applied t. the
adaptive antenna. From Eq. (2.4), and using the principle of superposition,

the adapted far-field pattern can be written as

N HA
k
P(0,¢;w) = PO(O.MH_O) - kil mx—k' <§k" w> PK(6,¢;gk) (2.5)

where P(8, ¢; W) is the adapted radiation pattern
P,(8, ¢; W,) is the quiescent radiation pattern
P (8, ¢; ) 1is the Kth eigenvector radiation pattern.

Equation (2.5) shows how the quiescent radiation pattern is moditiea in
the presence of interference sources. The scalar <5.k" l'o> is the projection
of the kth elzgenvector onto the quiescent antenna weigat vector. it, for
example, a single iaterference source (which gives rise to a single

eigenvalue, 1;, and eigenvector, ej) lies on a null of the quiescent pattern,

then <g_11,1°>-0. No adaption is necessary which means that i However, 1if

O P

e W o>t -



a source lies on a sidelobe of the quiescent pattern, the product of et with

vy will be non-zero. This projection 1is weighted by the quantity

uA}/(L + yx)) and subtracted from Wo. For a large value of )] corresponding
to a strong interference source, the product ud ] is much greater than unity.
This implies that ui;/(1 + urp)zl. (Similarly, a weak interference source
which has pi] much less than unity results in ux)/(l + prj)u = 0.) If another
source sufficiently separated (by approximately one half-power beamwidtn) trom
the first is added, a second large eigenvalue, )5, will occurll),  Two terms
(k=1,2) would then be significant in Eq. (2.5).

From the above examples, it is clear that strong sources cause a larger
change in the quiescent weight vector than do weak sources. However, this is
0. .y true when the number of degrees of freedom is sufficient to null the
interference. In the next section, it i3 shown that 1if H-degrees of freedom
are coampletely consumed, the quiescent weight vector does not change after
adaption. In this case, interference signals will not be adaptively nulled.

C. Vefinition of Complete Consumption of N-Degrees of Freedom

N-degrees of freedom of an N-channel adaptive nulling antenna are consumed
when the following conditions are met:
1. There are N uncorrelated equal-power interference sources 1in the
aantenna field of view.
2, The interference power 1s large enough to be sensed by the nulling
system.

3. The antenna fails to form any adaptive nulls in the interference

source directions.




T e e et ——————

To explain this set of conditions, we first note that it may be inferred
from a previous study that to consume N-degrees of freedom, the interference
covariance matrix must have N laryge e:lgenvalues[“. This will tend to occur
when the sources are spaced on the order of the antenna half-power beamwidth.

Given N equal-power uncorrelated sources arranged such that the
laterference covariance matrix has N large equal eigenvalues, then in

Eq. (2.4)

uh,

l—';_u—k.: = C = Constant . (2.6)

Thus, Eq. (2.4) can be written as

N
3-{2-(. T eelt]go . (2.7)
k=]

It can be shown that!ll)

N

L eel =] (2.8)
ke % T s :

80

us=(l- C)y_o . (2.9)

That 1s, when N sources are arranged 80 a8 to create an interference

covariance matrix with 4 large, equal eigenvalues, then N-degrees of freedom

10
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are completely consumed, and the adapted weight vector is equal to a constant
times the quiescent weight vector. This means that the antenua radiation
patteru (as given by Eq. (2.5)) cannot change from its quiescent shape. In
other words, interference sources on the antenna pattern sidelobes cannot be
nulled.

V. Discussion

1n section (II.C), the basic conditions necessary for complete consumption
of antenna degrees of freedom were given. A fundamental mathematical
condition for this occurrence requires that the interference covariance matrix
possess N large (compared to quiescent receiver noise) equal eigenvalues.

It is shown in the next section that when the covariance matrix has N
large equal eigenvalues, 1t 1s a diagonal matrix. Furthermore, the
interterence signul watrix 1is shown to be unitary. For convenience, the
derivation is given for an adaptive phased array antenna. However, the same

results should apply to a multiple~beam anteuna.

11
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Ili. UERIVATION OF INTERFERENCE SIuNAL MATKIX TO CUNSUME N DLEGREES OF FREEDUOM

OF AN N-CHANNEL ADAPTIVE NULLING ARRAY ANTENNA
A. Introduction

In this section, a mathematical Eroof is given which shows that the
optimum configuration of N equal power uncorrelated interference sources which
consumes tne N degrees of freedom of an N-channel adaptive nulling array
antenna, requires a unitary signal matrix. The NxN covariance matrix which is
formed from the received interference signals in this case 1s a diagonal
matrix.

The concept of “orthogonal sources” has been discussed by Mayhan,
et. 31[41_ By definition, each of these sources consume a complete degree ot
freedom. A necessary condition is that the sources be separated angularly by
approximately one half-power beamwidthlll. The received signal matrix for
orthogonal sources has orthogonal columns. This leads to covariance matrix
eigenvalues which are proportional to the incident interference power. This
will be shown in the following paragraphs.

B. Derivation

Witn little loss of generality, it can be assumed that the nulling antenna
is an array of isotropic point sources. The elements are assumed to be
located in the xy plane of the rectangular coordinate system such that the kth
element has arbitrary coordinates (xk,yk). Further, it is assumed that the
1*™® interference source with incident power P; 18 located at a large distance
from the array, at angles (04,¢4) where 8 and ¢ are standard spherical
coordinates. Then the ktgﬁ element of the received signal matrix (denoted

by §) is given by

12
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3w/ sinei(chos¢1+ yksin¢1) kel,2,000,N

S - /P—e 1-1,2...-.“

ki R (3.1)

where D is the array diameter and xkz + yk2 £ 1 are the normaslized element
positions (relative to D/2).

The covariance matrix for narrowband interference is

R~

[ 17

tel (3.2)

where 1 means complex-coanjugate transposed, and
I is the identity matrix which is used here to effectively normalize the
covariance matrix to quiescent receiver noise, that is, Py is measured -
relative to receiver noise.
Tne above covariance matrix is dermitian (that is, 5_51) » 80 it can be

decomposed in eigenspace as (see Eq. 2.3)

- 1
R= I xn e, e, (3.3)
n=]1 )
where Ay 18 the nth eigenvalue of &
e, is the rth eigenvector of R . “ '

To better understand Eq. (3.3), consider the following cases:
Asgsume first that interference sources are unot present, that {s, Pt-O,

(1 =1, 2, +s0, N) 80 that S={0] 1is the null matrix and R = I, For this case

x-x'-...-AN-A - ]

13




wnere Aq is the eigenvalue due to receiver noise only.

Tois is true because the sum of the diagonal elements of R equals the sum of

the eigenvalues of R, that 13[12]
N N N
I “11 = 3 An = 3 1=N . (3.4)
i=1 n=1 n=1

Assume now that N large equal-power interference sources are present, thus
Plspz-ooo’PN-P ’

where P is the power from each interference source received at each array
element. These sources produce eigenvalues which are large compared to
quiescent receiver noise, that is, ip >> Aq.. To completely consume N degrees
of freedom requires the covariance matrix to have N identical eigenvalues*,

sucih that for an array

= B s = = - PN + 05
Al A, Ay = A ( 1) (3.5)
That 1is, the eigenvalues are proportional to the 1incideat interference
power. A proof of Eq. (3.5) 1s given in Appendix A. Substituting this result

in £q. (3.3)7 ylelds

*uxamples will be given later that dewonstrate, for N equal eigenvalues, the
antenna cannot provide any adaptive pattern nulling.

'we assume for tne moment that we can find an “optimum” source distribution
that will result in Eq. 3.5 being satisfied. Later we show that this ideal
distribution can in general only be approximated.

14
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N
R=121x I
n=]

1

e e
From Eq. (2.8)

1

N
L e e = I
-n —n

ns=]

Thus,

5 = A£ = (PN + 1)£

|

(3.6)

(3.7)

(3.8)

which says that wnen N degrees of freedom are consumed, the covariance matrix

is diagonalized with N equal eigenvalues on the diagonal.

Substituting Eq. (3.8) in Eq. (3.2) yields, for the assumed optimum source

distribution
§ §1 = (A-l)} .
3

s
S = — = —

=a »~1 /PN

-

denote the normalized optimum signal matrix.

yields

15

(3.9)

(3.1)

Substituting this in Eq. (3.9)

5

=




§$ St=1 . (3.11)
=n =p =

By definition, a matrix U is unitary if

c
nc

t =1 (3.12)

Equation (3.11) satisfies Eq. (3.12) and thus §n is unitary. This result
shows that the covariance matrix formed from a unitary signal matrix is equal
to the identity matrix.
C. Discussion

A mathematical derivation 1is given in this section which, as a result of
Eq. (3.11) proves that when the N degrees of freedom of an N channel adaptive
nulling array antenna are completely consumed by N equal-power interfereuce
sources, a uanitary signal matrix is produced. (Although it is not shown, it
is expected that the same result should be valid for a multiple beanm
antenna.) The optimum signal matrix S (which 1s equal to the unitary signal
watrix §n multiplied by the square root of the product of the incident
interference power and the number of elements (Eq. (3.10)) was shown to
produce a diegonalized covariance matrix with N equal eigenvalues on the
diagonal (E£q. 3.8). The eigenvalues were shown 1in Appendix A to be
proportional to the incident interference power.

While the above result shows that a unitary signal matrix is optimum (to

consume degrees of freedom), it does not (in general) provide the interference

16
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source locations directly, and such a configuration may not exist for an
arbitrary antenna layout. Sections V and VI discuss an iterative best
approximation to a unitary signal matrix, which determines N interference
source locations. For certain special cases, the optimum signal matrix can be
achieved, however. In the next section, an exact solution for the optimum
location of N interference sources in the field of view of an equally spaced N

element linear array is obtained.
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IV. CONFIGURATION OF N INTERFERENCE SUOURCES TO CONSUME N VEGREKS—OF~FKEEDOM OF
AN N-ELEMENT ADAPTIVE NULLING LINEAR ARRAY ANTENNA

A, Introduction

In Section IIL it was shown that the optimum configuration of N
interference sources, to consume N degrees—of-freedom of an N-channel adaptive
nulling array antenna, produces a unitary signal wmatrix. For arrays with
elements located on a periodic lattice, the worst-case interference source
configuration that consumes N degrees-of-freedom can sometimee be computed
analytically. (In general, this 18 not possible for random, thinned, or
irregular arrays.) In this section, the optimum interference source
coordinates 64, i=1,2,...,N, for a linear array, are derived by enforcing the
orthogonality property of the optimum covariance matrix (Eq. 3.8). Following
the derivation, an example, consisting of a configuratfon of eight
interference sources, to consume eignt degrees-of-freedom of an eight-element
linear array, is given.

8. Uerivation of Urthogonal Interference Source Positions

Consider a linear array of N equally-spaced isotropic elements as shown in
Figure 4.1. 1t 18 desired to compute the angular positions 84> i=1,2,.,.,N of
N interfereace sources such that N degrees-of-freedom are completely
consumed. From Section III, this occurs when the ianterference signal matrix
is unitary and, equivalently, when the normalized covariance matrix is equal
to the identity matrix.

The received signal at array element k, due to the itn interference source

is given as

18
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; Figure 4.1 Received signal at the kM element of an N-element linear array
| , due to the ith interference source.
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Jl"l’kd/x sin 6 k= 0,1,2,...,N‘l
., = e i
ki i=

1,2,000,N (4.1)

where A is the wavelength (which should not be confused with the eigenvalue
A).
The normalized covariance matrix for narrowband interference 18 defined

here to be

%
|
(172
['12]

(4.2)

where 3 is the signal matrix, t means complex—conjugate transposed.
(Note: to simplify the derivation, the identity matrix is dropped (see
qu 3.2))-

Let ¢y = 2nd/ X sin 843 then from Eq. (4.1), the interference signal matrix is

Apigngsa

i

4

t
i
{
J

[ 1 1 . e . 1 I
e‘wl e'ﬂZ ej"pN
s - e.‘lf'&1 IV, . I,
e:](l‘l-l)\l’1 eJ(N'l)'#Z e:l(ﬂ-l)!l’N
- P
(4.3)
and
r - -32 -j(N-1)y. ]
1 e V) P k1 . . e I(N-Dy, .
1 e_'WZ e-szz . o . e.j(N-l)wz
81 - : : L] [ ] :
1 e IV e 2¥y e e e . e‘jw-l“’ﬂ
) (4.4)
20
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Using Eqs. (4.2), (4.3), and (4.4), the mn " term of the covariance matrix is

expressed as

N
- - j(m-rl)w m = 0,1,2,...,N—l .
: 121e ! n=0,1,2,e..,N"1 (4.5)

( Note: 5 is a Heraitian matrix since Ron = an* (* denotes complex conjugate).

knforcing orthogonality of the covariance matrix (to consume N degrees-of-

freedon),
N, m =n
R = mn = O,l,Z,...,N-l; n= 0,1,2,3,000.“"1 . (4.6)
mn
0’ m+#n

Define an integer £ = w-n, then from Eqns. (4.5) and (4.6)

:eju’i =0, =(N-1) <L<N=-1 . (4.7)
i=] L#0

It is desired to find the N values of y; such that Eq. (4.7) is satisfied for

all values of %.

Equation (4.7) represents N phasors whose sum 1is zero. This suggests a

uniform distribution of phasors between 0 and 27%, that is, assume a solution

of the form

b =1 (4.8)

where 1 is an integer (i = 1,2,3,...,N) or (1 = 0,1,2,3,...,N=1).,
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Substituting Eq. (4.8) in the left~hand side of Eq. (4.7) yields

N 21
e dUTN 8 Ly
i=1

. (4.9)

It must be shown that the sum (denoted by T) is zero, for vy =1 2n/N to be a
solution of Eq. (4.7).
If we set ¢ = 2n¢/N, the left-nand side of Eq. (4.9) 18 recognized as the

array factor (AF) of a uniform linear array, which may be summed as follows:

N N-1
AF = l T eji‘vl = % - ' T eJ1¢| (‘0.10)
i=] ‘ i=0
so that ?
sin(N(ZEL)/2)

. (4.11)

IT| = sin(Ny/2) _ N - Slnw _ o
sin /2 sin(2ng/2N) sin(lﬁ)

-(N-1) < 2 < N-1

2+ 0.

Since |T| = 0, y; = (1 (2n/N)) is a solution of kq. (4.7) for all values of ¢.

We may now solve for 6

by - 2nd/X sin 91 =i 3% . (4.12)

22
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The orthogonal interference source angles are, thus,

-1.1
01 = gin (EE (4.13)

The ratio i/N has been restricted to the raage - d/ix to d/) so that 9; is
real. In the next section, Eq. (4.13) 1is used to find the configuration of
eight orthogonal interference sources for an eight-element linear array.

C. Example: Eight-Element Linear Array

Consider an eight-element linear array of isotropic point sources with
one-half wavelength interelement spacing, as shown in Figure 4.2. The angular
locations of eight ortnogonal sources are computed from Eq. (4.13). Using
d/A = 1/2 and N = 8, then

d d
-N = bl . 4
T 1Ny (4.14)
or

-3<1<4 (4.15)

are the possible values. (Note: 1 = -4 13 excluded because it is the same as

i = +4, that is,
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Figure 4.2 8-element linear array of one-~half wavelength spaced isotropic

elements with interference source at 01-
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Substituting this resulc in Eq. (4.13) yields

o, st t(}) 1m0, 2,23, +4 . (4.16)

To consume eight degrees of freedom, the interference position angles are
computed to be (0°, % 14.48°, £+ 30°, % 48.59°, + 90°). The significance of
these angles 1is clearly shown by the array factor (Eq. (4.10) with N = 8))
given in Figure 4.3. One source is placed at each null position, and one is
positioned at the peak of the main beam. The above interference configuration
was used as input data to an Applebaum~Howells adaptive nulling computer
prograia. The quiescent receiving state .15 assumed here to be uniform
coverage, that is, only a single array element is "on". Since the array
elements are isotropic the quiescent directivity in the source directions is
0 dBi. The adapted results are given in Table 4.l1. The eigenvalue spread is
approximately O dd. The adapted directivity 1in the source directions is
approximately U dBi, hence no pattern nulls have been formed. This verifies
that the sources are orthogonal and that they consume eight degrees—of-
freedom.

V. Dbiscussion

The worst-case configuration of N interference sources, to completely
consume N degrees-of-freedom of an N-element adaptive nulling linear array

antenna of equally-spaced 1isotropic point sources, is an arc with source
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TABLE 4.1

ADAPTED ANTENNA RESPONSE FOR AN 8-ELEMENT UNIFORM f
LINLAK ARRAY WITH ONE-HALF WAVELENGIH SPACING

Eigenvalues
i Ay (dB)

22.8
22.8
22.8
22.8
22.8
22.8
22.8
22.7

G NS WM

ANTENNA DIRECTIVITY Dj AT INTERFERENCE SOURCE POSITION (Oj, ¢j)

i By ¢y Dj(Quiesent) DJ(Adapted) i
(degrees) ‘ dBi dBi

1 =48.59 0.0 0.0 0.04 |

2 -30.00 0.0 0.0 0.00 : |

3 -14.48 0.0 0.0 -0.02 }

4 0.0 0.0 0.0 -0.,02 J
5 14.48 0.0 0.0 -0.02 g

6 30.00 0.0 0.0 -0.02

7 48.59 0.0 0.0 0.00

8 90.00 0.0 0.0 0.04




spacing that 1is equal to the angular peak-to null spacing of the array factor
for uniform amplitude. These 1interference sources are referred to as
“orthogonal” because their locations are determined by requiring that the off-
diagonal elements of the interference covariance matrix equal to zero. The
orthogonal interference source position angles are computed from Eq. (4.13).
This equation was used to find eight orthogonal interference sources for am
eight-element array linear array. No adaptive nulling was possible for this
arrangement of sources.

In the next section, a figure of merit 1s derived which can be used to
determine the worst-case interference source configurations for an'adaptive

nulling arrdy antenna with arbitrary element positions.

28

2
X
X




V. DERIVATION OF A FIGURE OF MERIT TO DETEKMINE THE BEST APPRUXIMATIUN TO A
UNLITARY INTERFERENCE SIGNAL MATRIX

A. Introduction

In Section IIL, it was shown that the optimum configuration of N equal-
power 1interference sources, to consume N degrees of freedom of an N-channel
adaptive nulling array antenna, produces a unitary signal matrix. The
covariance matrix of the optimum signal matrix, normalized to the incident
interfereance power, 1is diagonal. The diagonal elements are identical, and
they are proportional to the incident interference power. While it 1is clear
that a unitary signal matrix is optimum, the optimum interference source
locations cannot be analytically computed for some arrays. This is shown by
examining the covariance matrix of the N interference sources for aa arbitrary
arraye.

Let R, be the mt’h element of the intertference covariance matrix without
quiescent receiver noise (i.e., §§T). For interference 8ources to be

"orthogonal”, the elements of the covariance matrix must have the following

ptopetty“’" »
N
z P1 n=n
- 1-1 m-l.;z,..-,N
Rmn n-l,Z,...,N (5.1)
0 w#n

Using Eq. (3.1) and (3.2), the mth phase term in the covariance matrix §§1,
containing the unknown interference position angles (91,¢1), is of the form

R = [

(5.2)
0 el
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where Vi, = "D/A sin 8, (xm cos ¢, +y_ sin ¢,) (5.3)
m-l,Z'.O.'N
n-l,z,...,N

¥, o " nwD/A si.nei (xn cos$, + Yy sin¢i) (5.4)

h terms of

If the orthogonality conditions of Eq. (5.1) are imposed on the m®
Eq. (5.2,, together witih the Hermitian symmetry of R (1.e., R = ET), then
there are N(N-1)/2 complex equations with 2N unknowns (B1s94)s 1i=1,2,...,N.
For periodic arrays, the N(N-1)/2 complex equations usually reduce to 2N real
equations. The 2N unknowns then can be analytically determined. However, for
certain arrays (random, thinned, or irregular), there are generally more than
2N real equations and the system 18 overdetermined. There is no exact
solution then, because the solution of a subset of 2N real equations will not
(in general) satisfy the remaining equatiouns.

From the above result, it is apparent that analytical solutions for
orthogonal iaterference source locations for many arrays are not readily
obtainable. It is the subject of this section to derive a figure of merit
which can be used to select, by computer search, the best approximation to a
unitary matrix. (This 1s equivalent to finding the best fit to the
orthogonality conditions (Eq. 5.1)). The figure of merit is shown to be equal
to the sum of the square roots of the eigenvalues computed from the
interference covariance matrix. For a given set of {int. ference source
configurations, the one which consumes the most degrees of freedom maximizes
the figure of merit. This criterion 1is applied in Section V.C to the case of

two sources in the fiela of view of an N-element array.
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B. Derivation of a Figure of Merit to Maxiwmize Consumption of legrees of

Freedom

Let 2 be the matrix that 1is generatea by the incident signals from N
sources, as given by Eq. (3.1). 1t is desired to minimize the difference
between 5 and a desirable unitary matrix A As discussed previously, a
unitary signal matrix implies that the interference sources are “"orthogonal”,
that is, N degrees of freedom are consumed. It § and A are approximately
equal, this represents a nearly orthogonal configuration of interference
sources. The following minimization is the same as that given in Appendix I
in a report by W. C. Cummings on multiple beam forming netw0rks[6]. It is
repeated here to make the connection to orthogonal interference sources as
well.,

First, define the difference between the given signal matrix and the

optimum unitary matrix as
l-) = S5-A (5-5)

(For convenience, the double underbar (for square matrices) will now be
dropped.) As will be shown, the square matrix A can be computed from the

1

eigenvector matrices of SS' and s's. Une way to minimize D is to minimize the

sum of the squares of the magnitudes of each term in D. That {is,

2
[1D]}" = 2 “’13'2 = minimum (5.6)
13

[
'
‘




or

||S-A[|2 = minimum (5.7)

By the singular value decomposition theorem[7‘ any matrix, such as S, can be

deconmposed as

S=ViIT (3.8)

where

z - diag(di) i'l,Z,-..,N (5.9)
9 = /i; are the positive square roots of the elgenvalues of ss!

(and of STS, equivaleatly), and are referred to as the

singular values of S
is the unitary eigeavector matrix of s St

is the unitary eigenvector matrix of s's.
Substituting kq. (5.3) in Eq. (5.7) yielas

t 2
[vEe' =a}|” = minigun (5.10)
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Next, use the unitary matrix property that”l

2 2 2 2
I TR T AT YNY (5.11)

where Ul and U2 are unitary matrices; and

M is an NxN matrix.
Pre~aultiplying by Vr and post-multiplying by T, Eq. (5.10) becomes
]]VXT‘-A]]Z = |thV£T'T—VtAT[|Z v . ‘ (5.12)

Since V and T are unitary, that s, v'v = 1 = 7',

VtVZTYT = [fIl = ¢

(5.13)
Substituting this in Eq. (5.12) yields
||V£Tt-A||2 - ij-VtAlez . (5.14)
Let
P = V'AT

(5.15)




Ql

e g ——

so that Eqe. (5.14) 1s written as

||V2T1-A]|2 = ||Z-P||2 = pinimuam . (5.16)
Now P is unitary since
PtP = TtA'vvtaI = T'A'Ar = T'T - . (5.17)
Hence
N 2
L |vij| =] . (5.18)
j=1

tnat is, the sum of the absolute values of the elewents alony any column is

unity. Also, because P is unitary, the diagonal elements are constrained by

. '1
|P11| <1 (5.19)
Another useful property of the unitary matrix 1s that
N N 2
$ L (B, | =N . (5.20)
1=] j=1 °*

Since 1 1s diagonal it is logical that, to minimize ||2-P||2, the optimun P
should also be diagonal (this is the only way that the off-diagonal elements

of (I-P) can be equal to zero). Theretore, by Eqns. (5.18) and (5.19), P must

Mo L

WP P
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pe the identity matrix. It must now be shown that of all unitary matrices,

P=I {8 the closest unitary matrix to .

‘to show this it is required to prove that

2 2
Hz-111" < {lz-u]]

(5.21)

for all unitary matrices U. Performing the noru on the left and right-hand

sides of the above inequality yields

N N N
2 2 -
He-1]1% = £ (o-D° = x oil -2 Lo +N
i=] i=] i=]
and
N N N
2 2 2
JE=v|"= ¢ ¢ (U .1+ ¢ Jo,-U,|
1=] j=1 4 1= M
i#]
or
N N N N
2 2 2
, [lz=U]|" = £ ¢ luij| + Lo - Zo (U
1=] j=1 i=] i=]

||z-u||2 =N+ g 012 - g o (U, + ":1 )
i=1 i=1

U *
11714

|uij|2 is equal to N, so that Eq. (5.23) reduces to

(5.22)

(5.23)

where * denotes complex conjugate. Using Eq. (5.20), the double summation on

(5.24)

o

Y 'M‘-;‘,,_ﬁ



B

substituting Eqns. (5.22) and (5.24) 1in Eq. (5.21) gives

N, N N, N
£o,°+N=-2%0,£ Lo, +N=- Lo (U 4+ ) . (5.25)
ge1 1 =1 17 gar ! guy + M

Clearly, if the unitary matrix U is other than the identity matrix, then by
Eqs. (5.18) and (5.19)

* :
(v, + Uii) < 2 » (5.26)

i1
and the inequality of Eq. (5.25) (and Eq. (5.21)) is satisfied. Therefore,
P=1 i3 the optimum matrix which minimizes Eq. (5.16).

Using the left-hand side of Eq. (5.25), kq. (5.16) can now be written as

2 N N
flz-P||° = & 0" +N=-2% g = uinimum . (5.27)
i=] i=]

In kq. (5.27) the summation of o;2, N and ||Z-P||2 are all positive, hence

[12-P| |2 1s minimized when

N N
Fe= 1o =1 /i'; a paximum (5.28)
i=] {=]1

Equation (5.,28) is the desired figure of merit (denmoted by F), that 1is, when
the interference sources are located so that the sum of the square roots of
the eigenvalues computed from the covariance matrix SSt is maxiwized, the

signal matrix $ {s the best approximation to the unitary matrix A. The
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optimum unitary matrix A can be found by substituting P=I in Eq. (5.15), that

is,

P = V’AI = I (5.29)
or VPTr - VV'AITr = VI'I‘T . (5.30)
Since VVt-TTt-I, then

A= VT (5.31)

is the optimum unitary matrix which minimizes [|S—A||2. Note: for any given i

signal matrix S, a unitary matrix A can be computed by Eq. (5.31).

tn

Finally, denote FJ as the figure of merit for the j configuration of

interference sources, from a given set of J configurations. Then the optimum
interference source configuration (to consume the most degrees of freedom) 1is v

chosen according to

Fopr = BaX(F) 21,2, 000,d (5.32)

0

where

F, = ¢ /x,, .
k. J {=] 1.1
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Equation (5.32) is the basis for choosing one configuration of interterence
sources over another. An example of this is given in the next section.

C. Exaumple:
Sources

Selection of Optimum Configuration of Two Interference

In this section an example is given which demonstrates that the figure of

merit, given by Eq. (5.32), can be used to determine the worst-case*

configuration of two interference sources.

Consider an arbitrary N-element array of isotropic point sources, with

equal power (P) incident from two interference sources witn two sets of

spacings. In the first set, the two sources are angularly separated

(approximately one half-power beamwidth) sucn that there are two equal

eigenvalues X; = Ay = A associated with the covariance matrix. Thus, two

degrees of freedom are consumed[!l, It is assumed here that A is much larger
than the quiescent noise level (Aq = 1). The (W-2) remaining eigenvalues are
equal to unity. From Eq. (5.28) tne figure of merit is

N
Fl = iilfi; = /Al + /AZ + (N-2)

or

Fl = 2/X + (N=2) (5.33)

* g 1] ”

The words "optimum contiguration” and "worst-case configuration" are used
somewhat interchangeably in this report. A situation is “optimum" or “worst-
case" depending on the point of view.
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Next, assume that the two interfereunce sources are located at the same angular
position. In this case, there is only one eigenvalue and it 1is 3 dB larger

than the eigenvalue for a single interference sourcelll. That is,

A, = 22, A

1 =1, A

-1, -c-,x -l.

2 3 N

: and one degree of freedom 1s consumed. For this case, the figure of merit is

computed to be

F, = ?: /x_i’ = Y2 /A + (N-1) . (5.34) .

i=] .

By BEq. (5.32), since F; is greater than Fy, configuration #1 has more effect

as an interference source than configuration #2.

D. Discussion :

A figure of merit (Eq. (5.28)) was derived which can be used to determine i

which matrix, of a collection of ianterference signal matrices, is the best |

approximation to a unitary matrix. For a given nuuber of interference source v
configurations, the worst-case 1s chosen corresponding to the configuration
which maximizes the sum of the square roots of the eigenvalues computed from
ﬂ the interference covariance matrix (Eq. (5.32)). This 1s the same as
maxiuiziag the consuuption of the antenna degrees of freedom. ‘he reasou for
this 1s that this optimum 18 closest to being a unitary matrix and when a
unitary {interference signal matrix is achieved, N degrees of freedom are

4 completely consumed (there are N identical eigenvalues).

39




—— — e ——————

f
)
€
|
|
]

It is important to note that the figure of merit is independent of the
antenna quiescent radiation pattern. This 1s because the covariance matrix is
formed prior to array element weighting or beawm formation.

A simple example was given which demonstrates the ability of the figure of
merit to identify a two—-intertference source contiguration that maxiaizes the
consumption of antenna degrees of freedom. The example was an N-element array
with two equal-power interference sources (first located with one-haltt
beamwidth spacing, and then located at the same position). It was shown that
the figure of merii can be usea to choose the configuration that consumes two
degrees of freedom. The next section discusses a gradient-search technique,
waich implements the figure of merit to find worst-case interference source

configurations for arbitrary antenna arrays.
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VI. A GRADIENT SEARCH TECHNIQUE TU MAXIMIZE CONSUMPTION OF PHASED ARRAY
ANTENNA DEGREES QF FREEDOM

A. Introduction

In the previous sections, a mathematical formulation was developed which
describes the conditions necessary for the consuamption of phased array aatenna
degrees of freedom. Complete consumption of N degrees of freedom of an
N-element phased array antenna occurs when the N eigenvalues computed from the
interference covariance matrix are equal and laryge comparea to the quiescent
receiver noise level. For N equal eigenvalues, the covariance matrix is
diagonal and the interference signal matrix is unitary. Since the columns of
the signal matrix are orthogonal, the interference sources are referred to as
being "orthogonal”. It was shown that when N interference sources are
geometrically arranged such that N large equal eigenvalues are produced, tne
antenna cannot provide any useful adapted pattern unulling.

For some periodic arrays, exact solutions for orthogonal interference
sources can be found. However, for some arrays such as random, thinned, or
irregular arrays, exact solutions do not appear to exist. In this case
N degrees of freedom cannot be completely consuwed by N interference
sources. That 1s, some antenna pattern nulling is possible. Since a unitary
interference signal matrix completely consumes N degrees of freedom, the
interference signal matrix must be the closest approximation to a unitary
matrix in order to maximize counsumption of degrees of freedom. The closest

approximation to a unitary interference signal matrix for an arbitrary array

can be realized in tne following manner:




.
.

SPYNY TR T WA o

From Eq. (3.1), let the received signal at the kth array element be given
by

jnD/Asineij(xkcos ¢1j+ yksin oij)

s = /P, e

ki) 1 (6.1)

where (613’¢1j) are standard spherical coordinate angles for the ith
interference source with power P, measured at the antenna; the subscript j
being the jtn contiguration of interference sources. (Note: the imaginary
exponent j = /-1  should not be confused with the integer subscript
j=1,2,..¢ +)« The element positions (xk, yk) can be arbitrarily chosen.
The covariance matrix for narrowband interference 1s expressed as (from

Eq. (3.2)

R = S.8 ! + 1 (6.2)

=T %3 T
To maximize consuuption of antenna degrees of freedouw the difference

between the signal matrix S, and 1its associated unitary matrix must be

3

winimizede A derivation was given in Section V for a figure of merit whicn

minimizes this difference.
The figure of merit for the jth interfereuce source configuration is given

by

A, (6.3)
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where Aij is the ith eigenvalue computed from the interterence covariance
matrix for the jth interference source configuratiom.
The optimum interference source configuration (from a given set of J

source configurations) occurs when Fj is maximized, that is,

Fopt - max(FJ) J=1,2,000,J . (6.4)
Tne interference source coufiguration for which Fopt occurs yietds the closest
approximation of the signal matrix § to a unitary matrix. |

In the next section, a gradient searci techanique 1is introduced which
implements the figure of merit. Ia Section VI.C, the gradient search is
applied to two basic planar arrays.

B. Gradient Search Technique

Assume that N interference sources are distributed in the antenna field of
view as shown in Fig. 6.l. The 1th faterference source from the jth source
configuration has position cooruinates (uij,vij)

where

Ui.1 - wD/ksineijcos(piJ
(6.5)
V1j - nD/Asineijsin¢ij
and (eij.¢ij) are standard spherical coordinates. It is desired to find the

configuration of N iaterference sources such that the figure of merit, given
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oy tq. (6.3), is maximized. Assuming an initial configuration of sources, the
gsources are moved until the optimum figure of wmerit 1is achieved. From

Eqs. (6.1), (6.2), (6.3), and (6.5) observe that

A, = xij((U1

v
1j !

)» (UZj’VZ )y eeey (UNj’v )) s (6.6)

4 3 N}

which means that each eigenvalue 18 a function of the positions of N
sources. 1t is desired to find the collective search-directions for the N

sources such that the figure of merit increases most rapidly. That is, select

directions such that the directional derivative 1s maximized at (U V’)lal.

f
The directional derivative (denoted by D( )) of the figure of merit is

given by
N ¥ aF
DF,) = ¢ (-1 +—d-r (6.7)
( j) ™ (auij uij avij vij) ;
where ) weans partial derivative, .

Tuij*Tvij are tne (U,V) directions for which Fj 1s increasing most

rapidly.

The directions ruij»rvij are constrained by (for convenience)

2

L (ruij

+r12)-1. (6.8)
1=] v

J

It 1is desired to maximize D(FJ) subject to Eq. (6.8). Using Lagraage

multipliers[9] construct the Lagrangian function
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N ¥, aF . N ) .
Lj = 1.2-1 (auij rui.:] + 3V1J rvij) + y(l - 1£l(r01j + rvi_] )) (6.9)

where y 1s a constant to be determined. The requirewent that by be an

extremum implies

oL ar
—d e _—d 2  ayp nml,2, 000 N (6.10a)
ar 1) unj
unj nj
oL, r
——J-— - —-J- - = =
T W ervnj 0 n=l,2,004,N (6.10b)
v nj
or
l 3F -‘
- - (6.11a) i
unj 2y aunj
R
r o= . (6.11b) 3
vanj 2y avnj :
|
Squaring Eqns. (b.lla) and (6.11b) and invoking Eq. (6.8) ylelds '
N N aF, 2 aF, 2 .
Do A, ey s (GE T+ b)) (6.12)
o n=] J 4y" a=l nj nj
: thus,
oF 2 ar, 2
1 i 3
Y=t t (Gg—) + (v ) ) (6.13)
n=] nj nj
46
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substituting this result in Eqs. (6.lla) and (6.1lb) gives

oF

A

au
nj

r -

unj JTe 2 WF 2
L (D) o+ ()
am1 Uy v

ihe positive sign was
function increase. The partial derivatives

ar, or
’ ’ n-l,Z,-..,N
aunj 3an

represent the gradient directions for maximum function increase.

(6.14a)

(6.14b)

chosen corresponding to the direction of maximun

Since Eq. (6.3) cannot, in general, be expressed in a functional form, the

partial derivatives must be numerically computed.

derivatives can be avoided, however, by using the following approach:

Write

aF AF
A . _un (6.15a)
3U 20

nj nj
aF AF i
. e (6+15b)
v )

nj nj
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where as shown in Fig. 6.2

3V . .) = F (U .-AU ;V ) (b.16a)

AF = F (U . +AU iy

unj jonj nj’ nj j'  nj " nj

AF " "'j(unj; an+ AVnJ) - rj(unj; Vg ” Aan) (6.16b)

AUnj and Avnj are assumed to be small increments.

The problem is siwplified (and the searcn is unbiased) if the increments

AUnJ and AVnJ are taken to be equal, that is,

AU . = AV = AU = AV (6.17)
nj nj n n

Substituting Eqs. (6.15) and (6.17) in Eqs. (6.l4a) and (6.14b) yields

AFun'
r . = J (6.18a)
unj N
2 2
‘/ Ik R %)
n=1
AF
r . = ALN (6.18b)

vaj N N )
\fnil CCOF og) HCAF D5

Equations (6.18a) and (6.180) are used to compute the new positions of the

(J#1)tD configuration according to

Uﬂ(J+1) B Unj *ay, runj (6.19a)
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>eF(U, + AU,)

AF, , = F(V, + &V,) - F(V, - 8V,)
AF, . = F(U, + AU,) - FU, - AU,)

"

Figure 6.2 Figure of merit increments for optimum search directioms.
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+ Avntvn (6.19p)

Vagg+1) = Vaj 3

In practice, one interference source remains fixed in position throughout
the search, for reference purposes. Additionally, a random noise matrix,
typically 30 d8 below the incident interference power, is added to the
covariance matrix to avoid testing for either a minimum or saddle point of the
figure of serit (10,

C. Application

A computer program implementing the above gradient search technique 1s
used in this section to determine the worst-case interference source locations
for two basic arrays. (In general, the array elements can have arbitrary
positions given 1in (x,y,Z) rectangular coordinates.) Two arrays that are
useful 1in testing the gradient search are shown in PFig. 6.3. Figure 6.3a
shows a geven-element array arranged in a regular hexagonal (equilateral
triangular) grid for which an exact solution exists for the locations of seven
interference sources to completely consume seven degrees of freedom. These

positions can be determined by using Eqs. (6.1) and (6.2) and enforcing

R = 0 m#*n IIl'l.Z,..-,N n-l,Z,...,N (6020)
that 1s, the covariance matrix is constrained to be diagonal. It can be shown
analytically that the optimum configuration of interference sources (to obtain

a 0 d8 eigenvalue spread) is a regular hexagon, rotated with respect to the

hexagonal array. (This derivation will not be given here.) Next, Figure 6.3b
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Figure 6.3 7-element array configurations.
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shows a seven-element uniform circular ring array for which no exact solution
is known to exist for seven fnterference sources to completely consume seven
degrees of freedom. That 1is, Eq. (6.20) cannot be satistied exactly. Since
the interfereace source configuration which would waximize consumption ot
degrees of freedom for this antenna 18 unknown, a numerical solution 1is
necessary.

Botn the hexagonal array and ring array were chosen with an aperture
diameter equal to 65.7\A. (These two arrays are, thus, highly thinned.) The
array elements are assumed to be isotropic for the gradient search. However,
for adapted antenna response computations, elements with a half-power
beamwidth = 13° pointed perpendicular to the plane of the array were used. At
interference source locations close to boresight, the element directivity is
approximately equal to 20 dBi. The quiescenf mode of operation is assumed to
be uniform coverage so that, when there is no interference, only one array
element is "on". Note: the gradient search is independent of the quiescent
mode of operation because the figure of merit is independent of array element
excitation.

Tne initial interference source configuration 1s chosen to be located
essentially at a single point within the field of view. That is, the atarting
configuration prior to the gradient search consumes only one degree of
freedom. The seven sources appear as a single source with seven times the
power uof one of the seven sources. It is implied here that the starting
configuration is unbiased. For convenience, in the two gradient searches that

follow, actually only one interference source 18 fixed at boresight
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(reterence) while the remaining 8ix sources are uniformly spaced on a ring
(centered at boresight) whose radius is equal to 0.0l HPBW.
A gradient search for the 7-element hexagonal array (Fig. 6.3a) 1s given
in Fig. 6.4. A typical source trajectory is shown with an arrow. First, the
source moves radially outward from the reference source. After the maximum
radius is achieved*, the source rotates clockwise to its final position. (By
symnetry, the source could also have moved counter-clockwise). The computed
eigenvalue spread for the final hexagonal source configuration is 0.l dB. The
adapted antenna response for these sources is summarized in Table 6.1. The
adapted directivity in each source direction is nearly 20 dBi, indicating that
no adaptive nulls are formed. Thus, seven degrees of freedom are consumed for »
this array/source configuration, and there is no improvement in interference
to receiver noise ratio after adaptation.
Next, a gradient search for the seven element uniform circular ring array
(Fig. ©.3b) 1is shown in Fig. 6.5. A trajectory for one of the sources shows
that the initial wovement is purely radial. The final source configuration is i

U-shaped and produces a 6.4 dB eigenvalue spread. (8y symmetry, the

U-configuration can have other rotation angles but the shape i1s constant.)
The source spacing 1is approximately equal to the peak-to-null spacing of the
array factor. The adapted antenna response is summarized in Table 6.2. Since
the eigenvalue spread was greater than 0 dB, some pattern uaulling is

possible. The improvement in iaterference-to-receiver noise level after

*at the maximum radius, the source spacing is approximately equal to the peak-
to-null spacing of the array factor.
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TABLE 6.1

ADAPTED ANTENNA RESPONSE FOR A 7-ELEMENT HEXAGONAL ARRAY

ANTENNA DIKECTIVITY AT IRTERFERENCE SOURCE POSITION (Bj ,¢J)

- .
W Lugndue 2 X L St ST 1 VO

(Figure 6.4 source configuration)

ej ¢j Dj(Quiescent)
(degrees) dsi
0.0 0.0 20.00
0.89 -10.75 20.00
0.89 49.03 20.00
0.89 108.92 20.00
0.89 169.35 20.00
0.89 =130.35 20.00
0.89 =70.45 20.00
54

Eigenvalues

o8

SNV EWN e

Ay (dB)

22.2
22.2
22.2
22.2
22.1
22.1
22.1

Dj (Adapted )

asi
19.94
20.03
19.99
19.94
19.97
19.97

19.98




TaBLt 6.2

ADAPTED ANTENNA RESPONSE FOR A 7-ELEMENT UNIFORM RING ARRAY
(Figure 6.5 source coniiguration)

Eigenvalues »

-

Ay (d8)

24,3
24,2
24,2
22.0
20.2
19.5
17.9

~NownswWwNe-

ANTENNA DIRECTIVITY AT INTERFEKENCE SOURCE POSITLON (Gj,¢J)

3j 85 ¢4 Dj (Quiescent) Dj (Adapted) i
dasi dsi

1 0.0 0.0 20.00 19.26 5
2 0.67 6.33 20,00 13.48 %
3 0.75 67.57 20.00 20.68 ;

t
4 1.05 108.26 20.00 18.92 |

{
5 1.02 -160.48 20.00 11.03 !
6 0.73 -118.30 20.00 13.12 |

]

7 0.66 -56.21 20.00 21.07 . M

Wk
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uulling 1s, however, calculated to be only 1.76 ds. The directivity to
several sources 1is somewhat reduced, but no deep nulls are formed. Thus,
while a solution which results in a unitary signal matrix has not teen found,
a solution for effective consumption of degrees of freedom appears to have
been reached.

D. Discussion

A gradient search technique 1s given which can be used to determine
numerically the optimum geometrical locations of N interference sources to
maximize consumption of degrees of freedom of an N-eleneﬁt phased array
nulling antenna. The figure of merit, used to determine optimum source
directions, 18 equal to the sum of the square roots of the eigenvalues
computed from the interference covariance matrix.

Optimum solutions were gi?en for two basic arrays; a seven-eleaent
hexagonal array and a seven-element uniform circular ring array. For the
seven-element nexagonal array, an exact solution was found (0 dB eigenvalue
spread). Seven interference sources on a rotated regular hexagon (Fig. 6.4)
were shown to completely consume seven degrees of freedom (Table 6.1). For
the seven-element uniform ring array, a 6.4 dB eigenvalue spread (Table 6.2)
was achieved. Hence, aan exact solution for this array geometry does not
appear to exist, The worst-case interference source configuration in this
case is U-shaped (Fig. 6.5). For either array, the interterence source
spacing 1is fundamentally related to the peak-to-null spacing of the array

factor. Equivalently, the minimum spacing between two “optimum™ sources is

raelated to the antenna half-power beamwidth.
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Figure 6.4 OGradient search for a 7-element hexagonal array.
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Figure 6.5 Gradient search for a 7-element uniform ring array.
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Vii. CONCLUSLUNS

A theory 18 developed for determining the locations of N-interference
sources to maximize consumption of the degrees of freedom of an N-channel
adaptive nulling phased array antenna. 7The worst-case arrangement of sources
is determined by maximizing a figure of merit which is equal to the sum of the
square roots of the eigenvalues computed from the interference covariance
matrix. A gradient search technique 1s used to determine optimum source
directions for an initial arrangement of sources in the antenna field of
view. The initial source configuration is arbitrary, but for an unbiased
solution, the sources are initially constrained to be spaced much less than
the nulling antenna half-power beamwidth. That is, initially the sources
consume only one degree of freedom. |

HMaximizing the figure—of-merit is equivalent to finding an incident-signal
matrix which is the best approximation to a unitary matrix. Equivalently, the
worst—case interference diagonalizes the interference covariance matrix. When
the covariance matrix is diagonal, the sources may be referred to as
"orthogonal”. In this case, N-degrees of freedom are consumed, and the
covariance matrix has N equal eigenvalues. When N-degrees of freedom are
completely consumed by N sources, no adaptive nulling is possible.

For simple regular-spaced arrays, the concept of orthogonal interference
sources can be used to find the worst—case interference geometry in a closed-
form equation. This was done in Section IV for an eight-elemeat equally-
spaced linear array. However, for more complicated array geometries (such as

random, thinned, or irregular arrays), the worst-case source configuration is




R o R

not mathematically tractable in a closed form. Indeed, a set of orthogonal
sources probably does not exist, in general. A gradient search is appropriate
in these cases to find the best approximation to a set of orthogonal sources.

In Section V, a figure of merit was derived which is used in the gradient
search technique discussed in Section VI. The gradient search was applied to
two different array geometries; a3 7-element regular hexagonal array and a
7-element equally-spaced circular ring array. A numerical gradient search
found an orthogonal configuration of seven sources, which completely consumed
seven degrees ot freedom for the hexagonal array. For the circular riug
array, an orthogonal set of sources was not found; however, the worat-case
solution severely reduced the amount of antenna pattern discrimination. The
gradient search technique is valid for arbitrary array geometries. The
element positions can be periodic, spatially tapered, thinned, irregular,
random, planar, or non-planar.

Finally, only narrow bandwidth examples were considered here, 8o one
interference source could consume no more than one degree of freedom. as is
well known, broadvand sources can contribute to more than one eigenvalue, thus
complicating the simpler picture presented here. It 1is believed that the
figure of merit presented will still give worst-case configurations in the
broadband case, if the covariance matrix is properly calculated using

Eq- (2.‘)0
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APPENDIX A

In Eq. (3.5) it was stated that wnen N degrees of freedom are consumed, by
N equal-power interterence sources, the covariance matrix of an N element

array has N identical eigenvalues such that

= W aae B = Ae
where

P is the iacident power of each interference source ou each array
element.
This equation 1s derived in the following manner: Assume that tne N

interference sources are located at (8),61)s (02:62)s oo (BysdpN)e  For

convenience, express the interference signal matrix (Eq. 3.1) as

E = /P g (A.2)
where
- -
ja a ja
eJ l ej 2 LN ] eJ N
J = (a.3)

trmemm e e e e g

RO




R N

IR AR rce s

-y

where aj = wb/) sin 61 (xjcos¢p; + y}8ingy)

bj = wD/A sin 835 (xpcos¢y + yz8ingy)

n; = nb/) sin 8; (xpcos¢; + yysing;)

i= 1, 2, ceey N (A.I.)

(Note: in tne above notation, "a" refers to array element #1, "b" reters to

array element #2, etc.)

Substituting Eq. (A.2) in Eq. (3.2), the covariance matrix in terms of J is

5 = ng? + E (A.5)
where
F -Ja; -ip) -jny]
e e ees e
- -jb ~in,
e jaz e j 2 LN ] e j z
Jt = (A.6)
-ja -jb -jn
e Jay e 3Py . e J “d

Unly the diagonal terms of Eq. (A.5) are of interest here, which are computed

as follows:
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-

Rl

Ry,2

R

i n,n

[

j(a.-a )
= P(e 11

(b =b.)
= P(e 11

= P(e

j(az-az)

+ e

+ e

3(by=b,)

j(nl—nl) :I(nz-nz)
+e

i(a
+ see t+ e

N2

j(o~b )
+ 200 + € N R

j(n )
+.0I+e N N

Lo

) + 1 = PN+l

) + 1 = PN+L

) + 1 = PN+1 (A.7)

J

From Ey. (3.4), the sum of the diagonal terms of the covariance utrii is

equal to the sum of its eigenvalues, so

A

N N

I (PN+L) = ¢ )‘1

i=] i=]
but

Al = Xz = L., An -

(a.8)

because it is assumed that N degrees of freedom are completely consuued.

Thus,

N N

(PN+l) T 1 =) E 1

i=]

i=1

TN -

(A.9)

T e g -
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which ylelds

A = (PN+1)

as desired. That 1is,

interference power.

(A.10)

the eigenvalyes are proportional to the imcident

l

64




l.

2.

3.

7e

8.

9.

10.

11.

12.

REFERENCES

A. J. Fenn, "Interference Sources and Degrees of Freedom in Adaptive
Nulling Antennas, " Technical Report 604, Lincoln Laboratory, H.L.T.
(12 May 1982). AD-A116583

W. F. Gabriel, "an Introduction to Adaptive Arrays"”, froc. IEEE, 64, 239-
271 (1976).

J. T. Maynan, “"Some Techniques for Evaluating tne dandwidth
Characteristics of Adaptive Nulling Systems,” IEEE Trans. on Antenna and

Propag., AP-27, 373 (1979).

Jo Te. tayhan, A. J. Simmons, and W. C. Cumnings, “wide~Band Adaptive
Antenna Nulling Using Tapped Delay Lines,” L[EEE Trans. on Antenna and
Propag., AP-29, 930 (1981).

G. Strang, Linear Algebra and Its Application, (academic Press, Inc., New
York, 1976) p. 213.

W. C. Cummings, “"Multiple Beam Forming Networks,” Tecnnical Note 1978~9,
M.I.T. Lincoln Laboratory (18 April 1978). AD-A056904

8. Nobile and J. W. baniel, Applied Linear Algebra (Prentice-Hall, New
York, 1977).

R. L. Zahradnik, Theory and Techniques of Optimization for Practicing
kngineers (sarnes and Noble, New York, 1971) pp. 118-124.

F. W. Byron, Jr., and R. W. Fuller, Mathematics of Classical and Quantum
Pnysics, 1, (Addison-Wesley Publishing Company, 1969).

D. A, Plerre, Optimization Theory with Applications, (J. Wiley and Soms,
New York, 1969) pp. 296-29Y.

G. Strang, op. cit., p. 116-117.

s

e -
- -

T - . T

[

o ]

R




ACKNUWLEDGMENTS

The author wighes to express his gratitude to Mr. William C. Cummings,
br. Alan J. Simmons, and br. Leon J. Ricardi for their encouragemeat and
technical conttibutions to this study. The computer programming of the
gradient searcn by Mr. David S. Besse and the typing of the manuscript by Mrs.

Kathleen R. Martell are also appreciated.

66




e ——— T

UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (Whon Data Entered)
REPORT DOCUMENTATION PAGE _ READ INSTRUCTIONS

1. REPORT UMBER 2 0. 3. RECIPIENT'S CATALDS USSR
ESD-TR-32.089 m é ??

§. TNE (and Subsisle) §. TYPE OF REPORT & PENIOD COVERED
Consumption of Degrees of Freedom in Adaptive Technical Report
Nulling Array Antennas - ~

Technical Report 609

7. AUTHOR(s) 0. CONTRACT O GRANT NUMBER(y)

Alan J. Fenn F19628-80-C-0002

8. PERFORMING OAGANNZATION NAME AND ADDRESS

18, PROGRAM ELEMENT, PROJECT, TASK

ll.;i(l;coln Laboratory, M.LT. m:.:lax mm“_
.0. Box 73 and 33601F
Lexington.. MA 02173.0073 Project Nos. 2029/6430
11. CONTROLLING OFFICE BANE AND ADDRESS 12. REPORT DATE
Air Force Systems Command, USAF 12 October 1982
Andrews AFB 13. NUNBER OF PAGES
Washington, DC 20331 76
14 MONTORNG AGERCY BANE & ADDRESS (if different from Controlling Office) 15. SECUNITY CLASS. (of shis report
Electronic Systems Division Unclassified

Hanscom AFB, MA 01731 16a. DECLASSIFICATION SOWNOAADING SCHEDULE

16. DISTRIBUTION STATEMENT (of chis Report)

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the abstract entered in Block 20, if different from Repery)

10. SUPPLEMENTARY NOTES

None

18. KEY WORDS (Continue on reverse side if nocessary and idensify by block number)

phased arrays eigenvalues covariance matrix
sntennas interference gradient search
adaptive nulling degrees of freedom

20. ABSTRACT (Continue on reverss side if nocomary and identify by block number)

A gradient search technique is used to maximise consumption of the degrees of freedom for N-channel
adaptive nulling phased array antennas. The technique is based on a figure of merit which seeks to max-
imise the sum of the square roots of the interference covariance matrix eigenvalues. Equivalently, the
worst case interference source configuration attempts to completely consume N degrees of freedom of the
adsptive nulling antenna. Results are given for several basic rogularly spaced arrays. The technique can be
applied to s phased array with arbitrary array element positions.

00 "™ 1473  comen or 1 nev o5 18 sesoLETE

UNCLASSIFIED
1iand

SECURITY CLASBIFICATION OF THIS PAGE (When Bate Entorvdd)

Lo > e

e e e =







