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A BSTR ACT

Under the assumption of constant failure rates it Is pos-

sible to build a "reliability shorthand" which gives a sim-

*. pie, unifie4 approach to reliability computations for sys-

teas in the presence of complications like support by shared

spares or changes in the failure rat.s of surviving compo-

nents when other components fail. Th. computational imple-

mentation of the shorthand depends upon the convolution of

strings of exponentially listributed random variables.

This paper presents an algorithm for the numerical convo-

lution of exponentially distributed .andcm variables. After

reducing the system scenario to its shorthand format, one

can use the programs that are given in the appendix to

obtain numerical values for the reliability of the system.
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The reliability shorthand considecad in this paper has

been developed in conjunction with the course OA 4302 "Reli-

ability And Weapon Systems Effectiveness Measurement" at the

Naval Postgraduate School. A tutoria! in-roduction to the

reliability shorthand was given by Rapicky(Ref.2]. This

paper is devoted to a complementary part of the idea.

Any study on system reliability always requires two

steps; one is the descripticn of the system's life and the

other is the derivation o' its survival function.

Under the assumption of constant component failure rates

this paper presents a way of obtaining the system's reli-

ability which requirps little beyond the description of the

system's life.

Section II contains an approach tD the convolution of

expnentially distributed random vazriables. Also there is !.

prasentation of a computational algorithm foor the convolu-

tion of exponentially distributed random variables.

7
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Appendix A gives survival functions corresponding to sev-

eral reliability shorthand notations and a program writen in

Fortran for computations from shorthand notations.

Section III deals with the reliability of redundant sys-

tems under the assumption of constant component failure

rates.

Appendix B consists of a program written in Fortran. The

program supports the approach of Section III. There is a

crude Monte Carlo simulation program in Appendix D which is

a simulation program parallel to the program in Appendix B.

There is another program in Appendix C written in For-

tran. This program uses the network approach to systems

described in Section III.

Appendix E summarizes the definitions used in this paper.

8



'..~

II."AN AP'Ro CH TO COC.,PUT. ONVLUTIONS OF EXPON_11T11:

This section introduces a general algorithm for com-

puting the survival function of any c-onvolution of qxponen-

tial random variables.

In reliability, the term convolution refers to the summa-

tion of independent random lives. I order to have simplic-

ity in specifying convolutions, the reliability shorthand

introduces a special notation. In the following sections we

will use this notation.

A. THE SURVIVAL FUNCTION FOR A CONVOLUTION OF RANDOM
VARIABLES

Let P1(t) and F2(t) be the survival functions for the

random variables Ti and T2 respectively. Let fl(t) and f2(t)

be the corresponding densities. Let (t) be the survival

function for the random variable T, where T=Tl+T2.

Then the likelihood expression foc P(t) is

t

0

9



In the right hand side of equation, F1 (t) is the prob-

ability that component one completes the mission,
t

J12(t-s)fl(s)ds is the probability that at some time

s (O<st) component one fails, component two takes its place

and carries the system to the end of the mission duration t.

In order to illustrate consider some applications.

Reliability Shorthand Notation : EXP(X[I EXP(X2)

SYSTEM: One component having one spire with a dissimilar

failure rate. If the active component fails, the

spare will replace it immediately.

Here the life for the system is T = Ti + T2. The reli-

ability shorthand notation indicates that this system has an

exponential life with failare rate Xai followed by an expo-
nential life with failure rate X2.

The survival function for the active component is

F (t)- e tO.

The survival function for the spare is

F2 (t) e , tO.

The survival function for the system is

10
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t

F~~t) ~ P2 5j()F() fl (S' 's
0

F~) ~l+e X(s Xs ds ,t 0.

If we complete the integration, the result is

F(t)=X2/(X2- X 1 ) e + xI/(,I-X 2) e') , t2_0.

Which is the well known result.

Another way to establish this formula is the use of the

moment generating function. (Freund and Walpole[Ref.3])

2. EK4ml

Reliability Shorthand Notation : EXP(X I+EXP[ x)

SYSTEM: One component having one identical spare. If the

active component fails, the spare will replace it

immediately.

The formula that we derived above becomes meaninqiess,

because the denominators become zero. If we proceed as

before

t
SF(t) = l(t) +F2(t-s) f1(s) ds

0

F(t) e + ft-et-se Is
0

(t) -- ( 1 + At ) ,t_2.

11



The result comes out as expectel to be the Erlang (2,X }

survival function.

B. RELIABILITY SHORTHAND NOTATION

EXP(,}+EXP([A)+....+EXP[(A (n ilxtical

exponential lives)

This leads to the Erlang [f, ) ] survival function

n At(t) Z (t) /(i-1), e-x
1=1

The use of moment generating function gives the result

immediately.

C. THE RELIABILITY SHORTHAND NOTATION

EXP [A } EXP [*L2)- .... .. EXP [Xn

This is the expression for the convolution of n random

variables where each has a distinct failure rate.

By the approach used in Section 2.1, adding one exponen-

tial life at once, one can obtain th_ formula for the survi-

val function
n

S(t= A. / 1 ( X2 ) e-Xit , t 0.
1=1 j~i j1

12



This is also a w4ll known formula and can be obtainsd

from by a moment generating function.

D. THE RELIABILITY SHORTHAND NOTATION

EXP(Xi)+EXP(Xa)+ ........... EXP(Xz) (n. terms)

+ EXPX2 )+EXP(X2 ...........+EXPCX2} (n1 terms)

+ EXP(Xk)+EXP k} ...........e+EXP(Xk) (nk terms)

k
This is the convolution of n exponential random

variables where there are a, identicil exponential randcm

variables having the failure rate X."

The moment generating function technique is not useful in

this situation, since there is a huge amount of complaXity

involved. This section deals with this notation using the

convolution formula.

1. Eliablit ~a otation

EXP [Xi) +EXP (Xi) +EXP [X2|

We know the survival function for EXP[X3)+EXP(X 2} and

also for EXP(X )+vI PX). The next two subsections present

different ways to reach the survival function for the shcrt-

hand notation above.

13
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(a).

Let T1,T2,T3 be random variables distributed as

EXP(X 1 ), EXP(AX j, EXP (X2. respectively.

Let Ti' Tl+T2. This random variable has the Erlang (2, A }

distribution.

The convolution formula for T=T1'+T3 is;

t
<'.~ ~ (t) = -PV (t) T3rr (t -s) (s a ,to

0 t"2"t -- (t S"-- (~t)=- (1 +X It) e' t f ; t'sXls 1ixrXds

0
-x 2t

P (t)-e ( X2
2-2XlX 2)/(x-X 1 )2  + X1X2/(X 2-Xl) t)

T -Xat
Xe X2/(Xx-)Z } ,t_O.

(b).

Let T1,T2,T3 be random variables listributed as

EXP(Xl), EXP[Xdj, EXPrX2) respectively.

Let T2'=T2+T3. This random variable has the survival

function

FT () =-A, t.P T2(t N X2 /(x2-Xle + Xl/(Ll"X2)6Xat ,+>O,

,t0

The convolution formula for T=T1+r2' is

t
T' (t) + f FT (t-s) T 1(s) s , t>O.

0

14
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t
-it+t + -x 1(t-S)..---. ~ T Mt -XZ/CX - xt, 02/ X 0' t, e[ IXt . (X2-Xl

(ls s- e ) ds

- - X l t
T lt)= e ((X 2 2-2X 1 X2 )/(X 2 -Xl)2 + X,/(Xa-X1) t)

I ~ ~+'tcl X ) - X2 ) 2 t_>o-

Subsections (a) and (b| illustrate that the convolution

formula gives a unique result, regailess of the way of

choosing the prior random life.

EXP ( 1x) +EXP (X }+EZP (X 2) +EXP X21

Let Ti, T2, T3, T4 be random variables distributed

as

EXP(XII, EXP(Xi}, EP (Xa}, EXP(X2) respectively.

Then from the derivation in Section 2, T1=T+T2+T3 is a

random variable having the survival function

FT/ (t) =(a +a t)e~tz; i t O
112

where ai1=(x-22X-X)/(x2 XI) , aTXjX( - ) ,
"4

a21x 1j
2 /(X, )2

The convolution formulh for T=TI,+T4 is

FT (t) FT't) (t-sl*./lsl~s , tO.

t

"-Tt) =(all+al2 t) ett+ aj k-t+ t a +X a L2s) eXIs

+ X2 a 2 1j S ) tSo

154)



The result from the above is

where a11 = -X13 X12X 1 /(x 2 - X1) 3 3 ;' 2= Xl~2 2 / 2X, 2

a2 = (X 1
3 -3 X1

2  -)/ X 2 )2
3  B22 U IX

It is important to note that the number of exponential

terms equals the number of dissimilar failure rates and each

exponential term has a polynomial coefficient with the

degree of the polynomial equal to the number of identical

random variables having the correspGading failure rat-;.

The next section deals with the convolution of exponen-

tially di.stributed random variables asing the fact illus-

trated above.

3. jatr"ctjon of an Alqorihi for the Convolution o

Prom Subsection 2, we can infer the form of the sur-

vival function which we sought at the beginning of

Section C.

SHORTHAND NOTATION:

+ EXL'(X2)+EXP(X 2 )+...... +EXP(X 2 ) (n.. terms)

+ EXP(A kJ+EXP(XkJ+...... +EXP (Xk1 (n, tiras)

16
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SURVIVAL FUNCTION:

p (t) A AI(t).jXat + A 2 (t) ;e2t,.+. A (t) Xkt 4- > 0

w here Ai (t)a 1+a2 t+a 13 t 2 + oo o.+azn t I

AZ(t)=ai+a22t+a23t2+ 00.4.a 2 n t
2

Ak~~aleak2t.at3t24....eaf tnk .
k

a. Example:

SHORTHAND NOTATION

EXP(X0)+EXPPt 2

+. EXP()

+. EXP(X3 .EXP (X3 )+EXP (X3

SURVIVAL FUNCTION:

-(aj~a~t)"1t+121 j-A2t +(a 3 I +a 32t~a 3 3t2) j'Xtf4t O.

17



b. An Algorithm to Compute the Coefficients

The algorithm represented below develops the

survival function by adding one random variable in each run.

As an example , in order to compute the survival function

for the convolution of ten exponentially distributed random

variables, the algorithm is supposed to run ten times.

The notation used in the algorithm is:

K number of dissimilar failure rates

XI  ith type failure rate

X A failure rate for the currently entering life

a . k  kth coefficient on the jth polynomial

n current number of identical lives having

the ith failure rate

nn1  number of randem variables having i-.h

failure rate.

Initial: ak=0 •V j,k wh ere J=1,2,..K , k=1,2,...nj

n" =0 , Vi where i=1,2,..K

Input : , i where i=1,2,...K

nn, i where i=1,2,...K

The first run is : n1=1, air1

18
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Algorithm:

n,;ni1, until nian e
ee e e

1. Update the coefficients a k f or k=2,3,..,n
e e

a1ekXaiem_/(m-1) , where mne -J for J=-,1, 1ni 1
ee e

2. Update the coefficient : a1e
ne

a, *Ili I+ (a1 l( 1 +~ (J-1) ij 1 /(X 2-X)~
e eate e j=2 e e

n >0 n >1

3. Update the other coefficients: aik Vi,k

where ii ,n 00 for i=1,2,.,K, k=1,2,.,pi
e

a nja i /e -e ) ,V4 where i~i

a (lmH' vi where i#ie and n 1
e e

for m=n i-j, J=1,2,..,n i-1

c. Example:

Reliability Shorthand Notation

EXP( )+EZP (Xl )+EXP ( ) 4EXP C2)

Let T1,T2,T3,T4 be random variables distributed as

EXP(X 1), EXP(Xl, EXP(X 2), EXP(X2 I respectively.

19



We would like to derive a formula for the survival func-

tion of the random variable T=T1+T2+r3+T4.

The use of algorithm:

1 st RUN;

n1 =1, a11 =1

At the end of this run we have only one random variable,

which Is distributed EXP[Aj.

2 nd RUN;

i =1, n1=2e

a,2 a,, then a1 2 = 1

all~l,+O then a 11=1

At the end of the 2. caun we have the survival function

for the T'=T1+T2, where Ti and T2 ars identically dist:.-

buted as MX~al). The survival function is

-x 1t

Which is ERLANG (2, Xj)

3 RUN;

i e 2, n,=2, n 2 1a

20



a2 , =O+a, x//(A I-x.2 )+a ! 2/(X 1 -X 2 ) 2

a.. =a2a 2 /(; 2 -) then a12 -AIA 2/ (2 A

a, 1=(A Al.rial 2) / (A2 - AI then a 1 1 = O,-2, 2 )/( 2 - 1 )
2

Note that, here the coefficient a12 is the updated one.

At the end of the 3. run we have the survival function

for the random variable T"=Tl+T2+T3, where T1,T2,T3 are as

defined before.

- -xt -Xt
F at)=(altazt)e +1 2P , t2_O

where a,=c 2
3 -2hX 2)/(0 2 -X) 2, a1X = (X/X2-X)

a zr x,2/()I "X 2 ) 2.

Note that the coefficients &re identical to the result of

Subsecticn (b).

4th RUN;

S=2, n =2, n2 = 27e2

a 2 2 =Aa 2  then a 2 2 - X1
2

2 /(X-1X 2 ) 2

a 21 =a 2 1 +a,.IXI(X 1 "- 2 ) +"I 2\/(X -X 2 ) 2

then a21 (3 - 3X22X.)/( 1 - ) 3

21



a 12 =aI 2x 2/(XZ-AI) then a12 =A2A2 /(A2 -A1 )2

a. X1 er
S= 2 a(l-a5/(X2 -X1 } then a =(X 2 I-3XX?)/(X 2 -XI) 3

At the end of the 4. run, we have the survival function

for the variable T=T1+T2T3+T4.

! Fl.(%) =~ (al a, 2t) 9l t+ (a2,,a+ )i~t >0

where al1  a2 3-3 1Xa)/(X" )3 , a1 X= X2
2/({X"X 1 )2

-2 - , a 2 2 AXA 2 /(AX 2 ) 2

Note that the coefficients are identical to the result of

Subsection 2.

22



III. _LIBI Y SOR AND APROA SYSTEM RELIABILITY

This section deals with a system whose components have

constant failure rates.

Having the reliability network for a system in which each

component has an exponential life and knowing the probabili-

ties for failures (discussed in Appendix E2) makes it easy

to describe the system's life.

In order to make the idea clear, we will go through some

examples.

A. EXAMPLE

2 spares (Xi) 1 spare (X3)

SYSTEM : 2 components in series with spares.

DESCRIPTION : System his 2 components in series. Compo-

nent 1 has a life distributed as EXP(Xj ) and there are 2

-identical spares. Component 2 has a life distributed as

23



EXPfX21 and there is one non-identical spare, whose life is

distributed as EXP(X 3 }.

LIFE :

EXP(XI+X2)

3 X1/(Xl+X2 )

/EXP( Xl X2+EXP X1 X3

1 X /( 1+X 2 ) X x2/(Xl +X2 ) 7 x/( 1*X 3)

EXP IX1 + X21 + EXP(XI+X 3 I+

2 X2/(X 1 + X 2) X3/(XI +X3

ZERO ZERO

6 X3 / (x I+ X 3 )

EXP [fl+4 +/ /EXP [I +A3 )

5 XI/(XI+X 3 ) 9 )1 /(X +X 3 )/
EXP ( 1 +X3 )+\

10 X3/(XI +1X 3)

\ZERO

Explanation for the derivation of system's life:

At the beginning the system has in EXP(X +X2 1 lifs. The

failure of the system is by the failure of component 1 with

a probability of Xl/(Xi+X 2 ) or by the failure of component 2

with probability of X2 /(XI +X2 )-

2'4

"4 .i -: . : . . . . . . . . . . . .. .. .



In the life figure, number 1 denotes the event "failure

of component 1" and number 2 denotes the event "failurle of

component 2".

If event I occurs, component 1 is replaced by one of the

spares and system again functions with a life distributed as

EXP [X +X21, since the exponential distribution has the memo-

ryless property and component 2 still has the same failure

rate.

If the event 2 occurs, component 2 is replaced by its

spare and the system has a life distributed as EXPVA1 +A3 ).

The numbers on the life figure correspond to the transi-

tions that can occur. The probability on each arc shows the

* conditional probability of the transition. As an example

event 3 can occur with probability of X, /(X,+X?), given that

event 1 has occured before.

The distribution ZERO lefined by Esary[Ref.1] and

Repicky (Ref.2] (also defined in Appendix 23) enters when

life is exhausted.

For convenience of description, it is helpful to define

the concept of path used in this piper. Path denotes the

25
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sequence of events in the system's life from the starting

point to the point where the system is not functioning.

Examples;

Events 1 and 3 are a path, which denotes a sequence of

lives for the system. In this case, the system has 3 expo-

nentially distributed lives EXP (Xi+X 2 +EXP(XI+x 2)+EXP(l +X 2 i

with the probability of A+ /,x 1 A2  A,/(x1  )

Events 1, 4 and 8 form another path, which describes a

sequence of lives for the system. In this path, the system

life is EXP[A I +A2 }+EXP[l +A2 1+E!P[A1 +A 3 )+ZERO. The prob-

ability of this path is

The ZERO distribution contributes zero additional life to

the system, so we can omit it. Nevertheless, wc can not omit

its probability in the zalculatioa of path probability,

since the event numbered 8 has a probability of occurring.

2

i
o
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B. THE SURVIVAL FUNCTION FOR THE SYSTEM

In this section we will deal with an approazh to obtain-

ing the system's survival function.

1. E.XAML2

SYSTEM: Two components in parallel.

X2

LIFE :

,X [X1 /(I+X 2 )- EXPIX2)

X2 /(X 21 -EXP(XlX

DESCRIPTION: Component 1 has EXP(X1 ) life and component 2

has vXP(X2 ) life.

There are two failure events that can be allowed. The

first is that component 1 fails at some time t and component

2 carries the system for the rest of the time. the ether one

4

27
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is that component 2 fails at some time during the mission

and component I carries the system fir th4 rest of the time.

There are more events such as nio failures during the missi-on

duration, which are taken care of by the representation.

Now we have two paths

l~.2 Pah e ah Life

1, p1  +/X1~ 2 ~ EXP IX1 +X2 +EXPf)x2

2 P 2 X 2 /(X 1 +A2 EXP (X1 +X2 I+ EXP (X1

Let T be the system's t6ime to failure and let T1,T2,T3 be

random variables exponentially distributed with the failare

'rat es X*X 2 02 X, respectively.

Then

T+ T2 with probability p,

T

The Survival fumnction =an be vrit1-#*z as

7F(t) =p 1 F1 (t) + P2 'F2 (t) ,t2!O

where PIZ XI /(Xl+X2)s P2= A2/()L +X2 ) and F, (t) F,~ (t) denote

the survival functions for the shorthand notatior~s

EXP1X1 +X2 1+EXPCX2 ), EXP(X1 +X2 )+!XPCX1  respectively.

28



The survival function for the convolution of two expcnen-

tially distributed random variables with dissimilar failure

rates is

If we do the substitutions for Fi (t) and Fa (t) as

A1 =X+AA 2 , X2 A2 andAi =A,+XA 2 = A, respectively,

Fl(t) becomes

SIt) = XA / 1- A) e(A+X)t+ X, AA)/ XA 2t +>O

and (t) becomes
-(Xl+X2)t -1 2t

F (t)= A/I-AI ) e +(X+XA2 /xA, e t2_O.
2

Then

F(tX 1 /(X 1 +X2 ) FIt) +X2/l(X +XA) F (t)

(t)=e +e 4x1 +A2  , t_.

The result gives the survival function that is well known

for this system.

Another example is the 2 out of 3 system.

29
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RELIABILITY NETWORK:

The known survival function is

-(Xl+A2)t -(A14A3)t -(,AL+A 3)t - ('A+A 2+X3)t *tO

LIF E:

EXP (;k2 +X3

Al (Al X2 +A3)

UIP (AI+A 2 + X +- 2 /(Xl +X2 4,a) -EXP(X 1 +X3 )

X3/ (Xl+X2 +X3)

EXP (A1 + A21

EXP (X1 +X X+X2 I+EXP 0X2+X3 )with probability X/ (A 1N 4 3)

T= EXP 0 1 +X2+)A3 +EXP (XI +X 31 with probability X2/ (X +2 ~ 3)

EXP (A1 +Az+Aa I+EXP fA1 +A2 )with pro ba bility x2/ Axx

30



The survival function is

S-p,F F (t) +p 2 F t) 3  M t -2:.

whe re
-(? 2 +X,)t

P2 ( ) 1(X 1 +Xj/(-k) e +Xl02'3)/qe
.9- -(x+),2 + 3)t -(X, 1 +xs)t

e + Qx~x4

• ! 2 ( C - (+X) /(-)12 e + +X) /X2 e

(Xl I+X2 +X3s)t -(XI + 2 ) t
F3  (t) - (X+)2) (-X3) e + (k +2+J A e

If we do the necessary cancellations, we can get,

F(t)=e" (X+X3)t+e'(X+X 3)t +e"(x1 +X2 )t -X+x 2 +x3)t t>.

as desired.

~~2. _ggneral. Procedure

Having the algorithm presentel in Section II, we carl

treat more complicated systems under similar assumptions.

The procedure is

i. Set up the reliability network for the system.

-. ii. According to this network, set up the system lif .

'ii. Using the proper reliability shorthand formulas for

the related convolutions of exponential lives, set up the

survival function.

3
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I V. SUTIM A RY

The reliability shorthand is an easy way to descri*be a

system's life, but it is difficult to implement computatio-

naly since there is considerable complexity in handling con-

voJlut ions.

The algorithm presented in this piper gives some relief.

from this difficulty. Howsver, the accuracy in obtane fro

this algorithm is very mus-h related to the di-fferences in

the failure rates.

Anocther asp-3ct in the algorithm is that distributions are

convolved one at a ti me and thi*s reqaires very accurate run-

ning conditions in the case of a complicated system.

It is beieved that i:is possibl;e to derive another

algcrithm which is more powerful than the one introduce:d

here. instead of adding one distribaltion at a ,-ime, one car-

try to add several at a tin3e.
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A- 1

This section contains the survival functions for several

shorthand notations which were derived by the use of the

approach described in Section I.

A. 1.1 Shorthand Notation : EXP( X.

Survival Function: P(t)- - , t20.

A.1.2.1 Shorthand Notation: EXP[Xi)} EXP(Xz)

Survival Function;

XFt 2/z-X,) X2 X/ X1 (X-1A) XA2 t t_.

A.1.2.2 Shorthand Notation : EXP(')+EXP[ X).

Survival Function:

F g(t)= (1 At) ex  , ta0._

A.1.3.1 Shorthand Notation : EXP(X)+EXPIX2 } EXPfX 3 }

Survival Function:

-Xlt _x2t _
F(+)sal e a21 e +31 O.

where all-X 2 3 /(X 2 -Al) (X 3 -x) a a =A- 3/(Xl -A 2 ) (A 3 -X 2 )

33



. " q ': i .. - .... ". .-. -J T 1 i . . .:.. .. "T

a3 1 ;01 2/(Al-A3) A2 A3)

A.1.3.2 EXP( X +EXP( X)+EXP( X

Survival Function:

F (t)=(l+Xt+l/2X2tz)e~t ,

A. 1.3.3 EXP(Xi +EXP(X2I+EXP(X2

Survival Function:

F(t)=alle +(aa 2

where a11 X2
2/(X 2-X1 )2, 2 =(?L 2 -2XIX 2) /(X -X 2) 2

" m a2f- XX/ (X-X 2 "

A. 1.(4.1 EXP(X})+EXP(XaI+EXP(X 3 +EXP( I

Survival Function:

x -;Qt -aq~3t 4-X 4t t2.
F(t)=aille +a2 l 1+a3 -e t+9e t

where a= 11 Xj/TI (X -x) V i=1,2,3,4

jyi j j J

A. 1.I.2 ZXP(X )+EXP[ XIEXP[X } EXP( X

Survival Function:

F(t)=(1+Xt+1/2 X 2t2 +1/6 X3 3) Xt t>O

A. 1. 4.3 EXP(XII+EXP (X2IEXP(X2)+EK PX

4 Survival ?unction:

3(4



-t -x2tF (t) =aj14 + (a 2 +a t+'33t 2) e t2:._00

where a11= = 2 
3 /(X 2- 1  )3 1, =I'all

a22=xlAZ2(Xr 2 7 2 )/(.- 2 ) 2 , a2 3 7 1 A2 z/ 2 (A1 -2).

A.1.4. 4 EXPf }+EXP (X +EXP(X 2 )+EXP (X2}

Survival Function:

t -X2tP (t) =(a z+a t) e +(a~z + • t)a t20

where a1 =(X 2
3-3XX,)/(X2 -XI) 3  a 2 2X1X?/(X 2 -X)2.

a 2 = () I 3 -37X. 2 ) /(X 1 -) 2 ) 3 , a2 ?X 2 X. 
2 /(XI -X2 

2.

A. 1.4.5 EIP (X +EXP(X 2) + EXP(X3) +EX{P (X3

Survival Function:

-Xit -X2t -x3t
F( t )=a e +a e +(a + t) a , t2:0.

11 21 31 32

where a 1 Z= xz (7 2 -) ( 3 -7 2)X, ) G3X..XIXz;/(X 1 - ) (X3  )A2

a 31 7 1X 2 /( X1 7 A3) (X2 - X 3 ) + X1 2 3[ 1/( X1 -X 2 ) ( -X 3) 2

' -1/(XIz "X2) OL2 "X3 2

a32  X3/( , X 3) (- 2- 3 )-
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A- 2

This section introduaes a Fortran program using ths

algorithm described in Sec-tion II.

APROG RATM F0 T LjITH ONE AT A TIME:

C THIS IS A PROGRAM TO COMPUTE THE RELIABILITY OF A SYSTEM
C WHICH HAS THE RELIABILITY SHORTHAND NOTATION
c EXP(L) ..+EXP (LN)
C WHERE THERE IS NO RESTRICTION FOR THE FAILURE RATES.
C
C VARIABLES:
C A(I,J) : I.TH TYPE FAILURE RATE, J.TH COEFFICIENT
C ON THE POLIN3M.
C NI(I) : AMOUNT OF LIVES HAVING THE I.TH TYPE
C FAILURE RATE.
C NINIT(I) : AUXILAURY ARRAY FOR THE NI(I). INPUT
C FOR THE PROGRAM.
C L(I) : THE ARRAY FOR THE FAILURE RATES
C

REAL L209 1C INTEGS N ~20 (120)

* READ 5S.4£99). T
WRIT EI6 498) T

* READ4 15~04 K
WRITE 6 150 0) K
READ4 .011 (NINIT(I) L(I)I=1,K)WRIT (6,1501 (NIN r(f,L(I),I=lK)

C
C COMPUTE COEFFICIENTS ONE ALL
C DISSIMILAR

KK=1
2 A(KK )z1.

NI (K) .1lJJ= 1
- IF (JJ.EQ.KK) 30 TO 6

A (KK 1)A(KK, 1) *L (JJ)/(L (JJ) -L (KK))
6 IF(JJ. E.K) GOTO 9

JJJ J +1
GO TO 4

9 IF(KK.EQ.K) GO TO 8
KK-KK 1
GO TO 2

8 CONTINUE
C
C BEGIN TO ADD ONE AT A TIME
C

32 IF(NINIT(IEI. E.NI(IE)) GO TO 99
NI (I E)=NI (I)+

Ui C
C UPDATE IE

36
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C
J=O

12 NNNN=NI (IE) -J
A(IE NNNN) =L (IE) *A (I NNNN-1) /FLOAT (NNNN-1)
I=jNNN.EQ.2) GO TO 26

GO TO 12
20 SUM=O.

DO 101 1=1 K
IFhI.EQ .IN GO TO 101

SU -SU(;A 1 *L I%(Ll) -L (IZ)
PA~ T=.

NK= 0~I 102 11=2 NIKK
FACT=FACr (if" 1)

1U=U+A 02 *ACT*L (IE) /(L (I) -L(IN)) **II
101 CONTINUE

A (INE, 1) =SUM+ A(I E, 1)
C
C UPDATE I.NE.IE
C

21 ITI EA .12) GO TO 26
ACI NI(I) J=A I, NI (I)) *L (IE) (L (IE) -L (1)

IF (N~f I) .EQ. 1) GO TO 26

241 NNI=NI (I) -J
A(I,NNI )(L (IE)*A (I,NNI) -FLOAT (NNI)*A(I,NNI+1))
I /(i~ L( I -L I) )

I~J. .(N I()- 1) GO0 26

GO TO 211
26 IFjII ZQ.K) GO TO 32

GO To 21
99 CONTINUE

IF(IE.EQ.K) GO TO 35
I E= I N +
GO To 32

C CALCULATE THE PROBABILITY
C

35 CONTINUE
PRO;81-,
DO14 1,
SUN 0.
NKK=NI (I)J~DO 41 J1NKK

SU4-SUM+A (I, J) *T*C J- 1)
41 CONTINUE

PROs PRO+SUM*EXP (-L (I) *T)
40 CONTINUE

C
C PRINT OUT THE RESULTS
C

WRITE (6,600)
DO 17 I;l,K

WRITE 96,1600) L (I) ,NIP(I
17WRITE '6,601 -,N
1WRITE16:601) !;RI6 JD1N
STOP

.4 499 FORMAT F1OLj50S FORMAT' 31,13
501 FORMAT 3X,13,P1O.5)
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600 FORMAT(11, 1 T0X, 'FAILURE RATE AMOUNT COEFFICIENTS
*'.l ,10IX40$-' }

601 FORMAT('0 ,1oX,'PROBABILITY ( TIME > ',F1O.5,')= ',
1FI0.71500 FORMAT '0',I4X, ',,I,,'(ENUERO

603 FORMAT '0',35X,3k5(El2.5 2X(E/B)

*DISSIMILAR FAILURE RhTES ')
1501 FORMAT(10' 15X '# OF R.V. FAILURE RATE',/15X,

125('-') 1//0 18X 13 5XF 0.5,//))
1600 FORMAT( 01,1X, FIO.5, 5,I3i

END

EXAMPLE :

INPUT FOR THE PROGRAM

8.
K= 6

5 6.5
5 1.5
5 2.5
5 3.5
5 5.0
5 9.0

OUTPUT FROM THE PROGRAM :

THE INPUT IS:
TIME= 8. 0000
K = 6 (THE NUMBER OF DISSIMILAR LAMDA" S)
NO. OF R.V. FA ILURE RATE

5 6.5
5 1.5
5 2.5
5 3.5
5 5.0
5 9.0

FAILURE RATE AMOUNT COEFFICIENTS

6.5 5
0.15713E+08 0.843322+07 0.18530E+07
0.20038E+06 o.92701E 0'4

1.5 5
0.273614E+09 -0.89949E+09 0.11817E+08
-0.73813E+06 0.18586E+05

2.5 5
-0.18295E 11 0.82312E+10 -0.17601E+10
0.17341E+09 -0.11979E+08

3.5 5
0.188',1E+11 0.89164E+13 0.25648E+ i
0.25077E+09 0.334 06E+09

5.0 5
-0.83480E+09 -0.5232LIE+09 -0.16061E+09
-0.21713E+08 -0.22945E+07

9.0 5
-0.39700E+05 -0.15168E+06 -0.32323E+06
-0.33727E+06 -3.27860E-01

PROBABILITY ( TIME > 9.o )= 0.6935042
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APPENDIX B

This section contains a program described in Sectilon IT

*to compute the reliability of a system.

-. C
C
C THIS PROGRAM CALCULATES THE RELIABILITY FUNCTION:
C
C

C P1 Fl (TI (EXP (L1:11 +EXP (Ll12 ....... .EXP (L1,Ml)
C + P2 * 2 (T)(EXP (L2,1) +EXP (L2:21 ....... +EXP (L2,N2)
C + P3 F3 3T) (EXP (L3,1 4.EXP (L3#2) ........4. EXPR(3,N-%3))

C . . . . . .

C + PI * I P(T) (=EiP(Li, 1) ;EP-P(Li9 2)4o. ...+EXP(LINI))

C +

C + P14 FN(T) (=EXP (LN, 1) +EXP(LN,21 ...... .EXP (LN, 1N))
C
C Ll ( : ARRAY FOR ALL LANDAS.
C PH : ARRAY FOR ALL PROBABrLITIES.
C MI( NUMBER OF EXP IN EACH ROW.
C IK :TOTAL NUMBER OF ROWS.
C PROBA :PROBABILITY OF SYSTEA1 SURVIVAL AT TIIE T.
C TIME :TIME
C A (1,K) :THE COEFFICIENT FOR rHE CURRENT PATH,
C I.TH TYPE FAILURE
C RATE AND K.TH COEFFICIENT ON THE THIS POLINOMIAL

REAL P.(50)
CALL RE.AD1 (IK,P,T)

DO 1 1=1 IK
1 SUM=SUM. (I)GT1.E5 GOT19

IF (ABSI~SUM-i.).GT13-)G : 9
PR OBA=0. 0

DO 2 1-1 1K
IWRITE '6hm 0911, P(I)
CALL vN CON( P RO 4T

2 PROBA= PROBA. PRO P(I)
WRITE(6,601) TPRO
STOP

199 WRITE(6,198) SUM
STOP

601 FORMAT('1',10X,IPROBABILITY (TIMEl> ',F1O.5,1)= 1,

* 1009 FOM 'Of,1OX 12 1. 36Xb tPP4HljlPfObB~LIIbSNO
198 FORMATJT'1'1OX,'ITAE* sM A~ LIT EIS0NO

TOAL0 .O,/1OX, ISUMI F 0.P 7)

C
C GET INPUT

SUBROUTINE READ1(IK,P,T)
REAL P(501
READ(5,&9 9) T
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.1

WRITE 46 14991K
WRITE56I0g9) TK

READ (5) (P
RETUR N ( I 1I31,K)

3 FORMAT (7F10.7)
499 FORMAT 5X,F 10.4)
500 FORMAT 5X I5
599 FORMAT :1E ,10 :TIME= 510.41
1500 FORMAT '0',10X,'IK -' X,I3)

END
C
C
C

SUBROUTINE ONECON(PROT)
REAL A(20oI01.L(20)
INTEGEH Nf(20 NINIjr(20)
CALL READ(K,L,INITj
CALL ONEDIS(K,ANIL)
CALL ONEATA(K,ANIL,NINIT)
CALL CALPRO(KANIL, PRO, T)
RETURN
END

C
C
C

SUBROUTINE READ (K,L, NINIT)
REAL L(20)
INTEGER NINIT(20)
READ 5 1) KWRIT ~°5011 K
READ (,52) (L(I),NINIT(I) ,I=1,K)

RETU RN
1 FORMAT 1x'I5

52 FORMAT F5Xl 1 O I5)
1501 FORMAT 'ik'K K1501~ ~ OR T 10 , IK 2 5X,' (# OF DISSIMILAR FAILURE

* RATES.)')
END

C
SUBROUTINE ONEDIS(K,A,NI,L)
REAL A(20 o1,L(2
INTEGEH Nf(2
KK=1

2 AJKK 1)=.
JJ=l

4 IF(JJ.EQ.KK) GO TO 6A(KK I =A 'KK,1) *L (J /(L(JJ) - L(KK))
6 IF (JJ.EQ. K) GO TO 9

JJfJJl
GO TO 4

9 IF(KK. EQ.K ) GO TO 8
KK=KK¢1
GO TO 2

8 RETURN
END

C
C BEGIN TO ADD ONE AT A TIME
C

SUBROUTINE ONEATA(K,ANIL,NINIT)
REAL L(20.A(20 10)
INTEGER N IT (2 6 ,NI(20)
IE=I

32 IF(INIT(IE. E?.NI (IE)) GO TO 99
NI (IE)=NI (IE)

C
C UPDATE IE
C
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12 qN1N=14I l) -j-1/FOTN-
A fIE, N)=L(IEb*AI NN-1 ?OT(N1
IWNN. EQ.2) G T~ 26

GO TO 12
20 CONTINUE

DO 101 1=1 K
IF(I.EQ.IEf GO TO 101

4 '1 1f) .LT. 2) GO T6 101l

NKK=NI (I)
DO 102 It-2 NKK

A (IE, 1) A AF& CAIII)*FAT*L(IE) /(L (I -L (IE) )**II
102 (XE, NUA~ ,I
101 CONTINUE

C
C UPDATE I.NE.IE
C

21 IT IEQ.IE) GO TO 26
A(I I)A I,NI(I)) *(IE),#/(L (IE) -L (I))

F(UI ).Q. 1) GO TO 26

24 AINNI=N( liE*(I NNI -FLO&T(NNI)*A(I,NNI+1))

IFJJEQ.N (I-1)) GO TO 26

GO TO 24
26 IFJI EQ.K) GO TO 32

GO To 21
99 CONTINUE

IF(IE EQ.K) GO TO 35

GO To 32
35 RETURN

END
C
C

CSUBROUTINE CALPROIK,& ,NI, L,PRO,T)
REAL L420 )*A620 ,10
INTEGER NI (20
PR 0=0.
DO 40 Iinl,K
S UN= 0.

SUM-UN+AIJ*T*C J-1)

41 CONTINUE
TTT--L I) *T

r-PR +SU M*EXP (TTT)
40 CONTINUE

4 ~~WRITE (6,1010~oo1,

NiN I (1)
WRITEJ6 1001) L(I:),qI(I),(A(I,J),J=1,NNN)

1000 CONT I1Ut
RETURN 10)

1001 POPHAT (1OX,F10.5 5x 13,5X,,215(E12.5 5R),3s X
1010 FORIIAT (15X,'LA1ADl 1,6 1 ,Nif,,X, ICOEF'fIC ENTS1,lx

1351
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INP.fl l 15 PRG.

TIM E 15.
#ROWS 5

.2 .2 .2 .2 .2
1.ST 3

.1 3

.8 2
.4 1

2, ND 3
.2 2
.5 4
.6 1

3. RD 3
.1 3
.5 4
.3 2

4. TH 2
.2 3

5. TH 32
1 2
.2 4
.4 3

TIME= 15.0000
1K = 5
1. P(1)= 0.2

K 3 (#OF DISSIMILAR FAILURE RATES.)
LAMDA NI COEFFICIENTS

0.10 3 0.11294E+01 0.66342E-01 0.87075E-02
0.80 2 0. 18742E-0 1 0.23 324E-02
0.40 1 -0.14815E+00

2. P (2) 0.2
K *3 (Q OF DISSIMILAR FAILURE RATES.)
LANDA NI COEFFICIENTS

0.20- 2- -0. 250773+02 0.23 1148E+01
0.50 4 -0. 13017E+03 0.21 333E+02 -3.22222E-01 0.55556E-01
0.60 1 0. 15625E+03
3. (3) =0.2

K = 3 (# OF DISSIMILAR FAILURERAE.
LAIDA NI COFICIENTS

4 0.0 3 0.75531E 01 -0.54932E+00 0.27C466E-01
0.50 4 -0.89945E+01 -0.99536E+00 -0.42847E-01 -0.73242E-03
0.30 2 0.2'4414E+01 -0.14648E+01
4. P 4)= 9.2
K !(2 (8OF DISSI3ILAR FAILURE RATES.)

LANDA NI COEFFICIENTS

0.10 3 0.32000E+02 -0.16000E+01 3.40000E-01
'40.20 3 -0.310002+02 -0.119000E+01 -0.20000E-01

K !(3 (8m0. OF DISSIMILAR FAILURE RATES.)
LANDA NI COEFFI#CIENTS

0.10 2 -0.15170E+03 0.37926E+01
0.20 4 0.14400E+03 0.12800E+02 0.32000E+00 0.10667E-01
0.40 3 0.87037E+01 0.51851E+00 0.88889E-02

4PROBABILITY (TIME > 15. 0 ) 0.9111188
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APPEND;X C

ISTDOMMON

This section consists af a computer program to computp

system reliabilities as described in Section III.

Again for simplicity, we will go thruogh an example.

The structure of the system is

spare (Xi)

3

2

XA

Components 1, 2 and 3 have lives exponentially distributed

with failure rates X1 , \ respectively. Also we have a

spare for component 1 which is identical to component 1.

Using the shorthand approach, the system life would bp

determined as follows
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/
z~~X /reX2,3 tA+ P V 2*XA , - zsEX .+X 3) +-X2 / £k1+X2 +X -E X 1+A)

UP (X+X 3 ' o(+ ) -ZERO

-EXPP 1 ~ +

X3/ QX+ 3)-ZERO

Some definitions are necessary before describing thi pro-

grim

NODI: Each node represents an exponentially distrubuted

random variable with a certain failure rate. The number for

any node can be chosen arbitrarily but can not be used more

than once.

A C : Each arc originates at a node and leads to another

node. Only one arc can terminate at a given node. Arc num-

bers can be chosen arbitrarily. If r. is the total number of

nodes in a system life then there will be n-1 arcs in this

system.

With these definitions, we cn represen+ a system life in

the following way
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KP O IM3 1411 (12P): Each node has a back pointer. A

back pointer is an arc number which shows which arc connects

the node to the tree. If the pointer is zero, then the

related node is the root of the tree.

NODE NgO BACK _INTE IPB(I)

1 0

2 1

3 2

4 3

5 '

6 5

7 6

8 7

9 8

(Here node I is the root of the tree.)

OD_ _ LT: As we mentioned, each node repr:?sents an

exponential lifetime, for simplicity we can use some integer

code numbers for each failure rate.
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0 (distribution ZERO)

X1 X + 2X3

2 1 X3

3 X1 + X2

Here only the code number 0 is not arbitrary and 0 can be

used for the ZERO distribution. The others can be picked out

arbitrarily.

ABC 2 IST: This list is similar to the node code list.

Arc code numbers represent probabilities.

Code No. Probijit_(

1 (X1/( X 2 + 3)

2 X2 /(X +x 2 o 3

3 X3 /(X +X 2 +X 3)

4 X1 / (X1 + 3)

, 5 X 3 X I z + X3)

M NRGj; L_2 : Each arc has an origin node and a terai-

nal node. In the program we need to use only the origin

list.

.46
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21

31

4 2

5 2

6 2

7 3

8 3

LA O NODE02 LIal (jig): This list indiAcates the nodes on

the end of each path. Thare is n-a necessary order in the

list.

LAS. Z2Tj DEPTH LLS;T (I PD) :This list indicates the number

of arcs from last node to the root oE t$-he tree.

Z L. P. Nod 1i-st LP (I) L- P. DIepth Li"st IP(I)

15 2

2 6 2

3 7 2

14 8 2

59 2

6 1
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C
C THIS PRCGRA:I COMUTES THE RELIA3ILITY OF A .ZIZ "3M
C WHICH HAS A SURVIVAL FUNCTION LIKE BELOW:
C
C P (T

C P1 F(1T) (-EXP (L 1 1+EXP(L1 2). EXP (L )

C+P2 * F2' C4XPL2 ...... .L2 ......... EX'
C+P3 *Fl (T) J=EXP(3,14EXP (L3,24 *........+EXP (L3 M3'

C . P1 *, FI(T) (=EXP (LN,l1 +EXP(LI,2|. ...... +4EXP(LI,M))

C
C
C VARIABLES I PROGRAN:
C IPB(I) : BACK PoIWrER OF THE I.TH NODEC IPA(K) : PROBABILIT! CODE F THE KTH A:
C IO PN FN OT)RIGI N p OD EX OF N 21T AR....CPLNM)

C ICLB(I) : FAILUiRE R CODE. THE I.TH N E

C PAi() : DIFFERENT PROBABILIrf LIST
C LP :LAST POINT NODE LIST
C IPD ) : LAST POINT NODE DEPT. LIST
C L() : FAILURE RATE LIST
C N : NUMBER OF NODES IN TREE
C M : NUMBER OF APCS IN TREE
C NLAST : NUMBER OF LAST POINT NODES
C NDIF : NUMBER OF DIFFERENT FAILURE RATES
C MDIF : NUMBER OF DIFFERENT PROBABILITIES
C NPATH8 : NODE LIST IN A PARTICULAR PATH
C MPATH) : ARC LIST IN A PARTICULAR PATH
C TM : THE NUMBER OF THE CURRENT LAST POINT NODE
C IP : THE DEPTH 3F THE CURRENT LAST POINT NODE
C PROBA : THE CURRENT VALUE OF THE SURVIVAL FUNCTION
C PRO : PROB. OF TiE CURRENT PATH SURVIVAL AT T
C P : THE CURRENT PATH PROBABILITY
C LCODE) : FAILURE RATE CODES IN CURRENT PATH
C LL() : FAILURE RATE LIST IN CURRENT PArH
C IK : # OF DIS. ?AILURE RATES IN CURRENT PATH
C NI() : NUMBER OF LIF5 RELATED TO THE FAILURE RATE
C NINITo) : AUXILAURY %RRAY FOR IT()
C A (,) : COEFFICIENTS FOR CURRENT PATH
C T : TIME
C
C
C
C MAIN PROGRAM
C
C

REAL L(20) P&(20) jlbPRPVOB,
I(TEG0 10)ICL 100),IO50) LP(50),:PD(50),

*NPAT(11, PATH-(), 1((11) IIK,IH( 00)
PROBA=O.b
CALL READfLP L,PA,IPB,ICLIO,IPD,NLAST,T,IPA)WRITE (6,1013|

DO 1 Ii, LAST
IN=LP(I)
IP=IPD I)

NPATH (1) I
DO 9 J=1 IP
NPATH (J+l)=IO(I Ifi)
MPATH J) -PB (IM)
I =NPATH (J+I)

9 CONTINUE
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CALL PASS4PA,L ICL NPArH, MPTH,IP,LL,N,IK,!',IPA)'- WEIrE(6.1 90) i,l,f
CALL ONECON{PROT,LL,NI,IK)
PROBA= PROB A+ P*PRO

1 CONTINUE
WRITE(6,601) T,PROBA
STOP

601 FORMAT(10',10X,'PROBABILIrY ( rIME > ',F10.5,')= ',

1313 FOPMiAT (1OX,'BEGIN TO CALCULArI)N' 2,( ))
1990 FORMAT '0',IOXI2,'.',5X,'P(@,r2, 1.

END
C
C GET INPUT
C

SUBROUTINE READALP,L, PA,IPB,IZL,IO,IPD,NLAST,T,IPA)
IN T EGEH I10 0) 11CL (100) , ID (1)1) , LP(50) , IPD (50) ,

C *IPA(l) READ TIME AND # OF NODE
C

READ (5,) II T,N
C
C READ BACK POINTERLIST FAILURE
C R BLT CODE LIST

. C

READ(5,3() (I(I),ICL(I ,I=1,)~M=N-1
C
C READ ABC ORIGIN LIST AND ARC
C PACRABILITY CODE LIST
C

READ(5,4) (10(K),IPAI(K),K=1,M)

C

C READ # OF PATYH AND #OF DIFFERENT
C FAILURE RATE AND OF DIFFERENTC ARC PROBABILITIES

C READ (5,5) NLASI!,NDIFMDIF

C

C READ LAST POINT LIST (LP) AND
C LAST ?OINT DEPTH LIST (IPD)
C

READ (5,6) (LP(I) , IP (1) DI ,NLAST)
C READ FAILURE RA TES
C

R E A D (5 7 =M 1 1 N I

RETURN
1 FORMAT 5X,Fl0.3,I5)
3 FORMAT (5X ,1015
4 FORMAT (5X,1015
5 FORMAT (5X,3151
6 FORMAT (5X, 1015)
7 FORMAT (5X,5F10.5)

END
C
C THIS SUBROUTINE :OMPUTES NE:ESSARY LISrS TO
C CALCULATE THE SURVIVAL FUNCTION OF A CURRENT PATH
C
C

SUBROUTINE PASS (PA,L,ICL,NPATH,MPATHIP,LL,NI,IK,P,
* *IPAI

REAL GPA (20) 'AL 11) hL(20)
I NTEGER NPAH 1) , ,PATH (1,0) L DE 10) NI(10),1CL(100)

*IPA~(100)
P=.
DO 1 I1,IP
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K..

1 P=P*PA(IPAgMPATH (1) 1 1
I PPffiIP+ ]
II=1
IF(ICL(NPATH (1)).EQ.0) 11-2
DO 2 I=11 IPP

2 LCODE (I) =fCL (NPArH (I)I
I K=O
DO 3 I=II IPP
IF(LCODE(f).EQ.0) GO TO 3

IK=IK+1
LL (IK} =L (LCO DE (I)
LLL=1

J J= I+1
IF(JJ.GT.IPP) 30 TO 13

DO 4 J=JJ IPP
IF(LCODEji).NE.LCODE{J)) GO TO 4LLL= LL L+LCODE(V

4 CONTINU =

13 NI (IK K=LLL
LCODE (I)=0

3 CONTINUE
RETURN
END C

C THIS SUBROUTINE CONTROLS THE
C COMPUTING OF THE SURVIVIL FUNCTION OF THE CURRENT PATH
C

SUBROUTINE ONECON (PRD,TvL,NINIT,K)
REAL A(11 10) L(1T 1
INTEGER NI 1 ( 11)
CALL ONEDIS K,ANIL)
CALL ONEATA KA,NI,L, NINIT)
CALL CALPRO (K,A,NI,L,PRO, r)
RETURN
END- C

C THIS R3UTINE COMPUTES THE COEFFICIENTS
C AS EACH IS DISSIMILAR
C

SUBROUTINE ONEDIS (KA,NIL)
REAL A(11 10b L(11
INTEGER Nf(2
KK=l

2 A(KK 1) =1.
NI (KK)i1

4. IF(JJ.EQ.KK) GO TO 6
A1K ( I)A(K 1)*L(JJI /(L(JJ)-L(KK))

6 1 (JJ.EQ.K) o TO 9
JJ=JJ+1
GO TO 4

9 IF(KK. EQ.K ) GO TO 3
KK=KK+1
GG TO 2

8 RETURN
END

C
C BEGIN T3 ADD ONE &r A TIME

SUBROUTINE ONEATA(K,ANI, L,NINIT)
REAL L(11) A(11,lO)
INTEGEE NINIT(11),N(11)
IE-I

32 IF (NINITJIE|*Ej.NI(IE)) GO T3 39
NI (IE)mN (Ili+

C UPDATE IE
C

5o
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J=0
12 NN-NI(IE)-J tEN-)LAT1Nl

GO TO 12
20 CONTINUE

DO 101t1=1 K
IF (I. EQ IEf GO TO 10 1
AtLE I ;A(IE 1) +A(!: 1)*L(I)/(L(I)-L(IEfl
MFNfj.).LT.) GO r6 101
NKK=NIA'0) 102 11=2 NKK

102 E 1)ZA (t l A1 I 4 ACT'L(IE)/(L(II -L(IE))**II
101 CONTINUE

C
C UPDATE I.NE.IE
C

21 IT IEQ 1! Go To 26
A i )(!A, NI (I) *L (I E)/(L (IE) -L (I))
iF(P IQ. 1) GO TO 2 6

24 NNI:NIlI) -J

* IF rJ.EQO (NI 1)'1 0LIIT 26
JaJ +1
GO TO 214

26 IFJIEQ.K) GO TO 32

GO TO 21
99 CONTINUE

IF(IE EQ.K) GO TO 35
IE=IE+1
GO TO 32

35 RETURN
END

C
C CALCULATES THE PROBABLITY FOR TiE CURRENT PATH
C

SUBROUTINE CALPRO(KAFNI,LPRO,T)
REAL L(1i 'A 4 i1110)

DO 40 Im1,!K
S U N0.
NKKNI (I)

DO 1 J=1,NKK
SUMinSUM1+& (1,3) *T*C-1)

41 CONTINUE
TTT--L(I) *T
FROm PRO+SUN*EXP (TTT)

40 CONTINUE
VRITE416 1011)
DO 1000 1.1'
NNN=NI (1)

RETURN
1010 FOP.HAT (0',1OX F10 7 5X12 51 2 5125 6 X 1 2)
1011 FORMAT (151,'LAADAI,7i,'If51, 0O FFI l r lx

END
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= .I. RT RJA FRTHE PROGJA :

TN 2.13
Ni6. 1 3- 1 1 1 2 1 3 3 4 1
NO.6 5 1 6 2 7 3 8 3 9 2
NO. 11 10 3 11 2 12 2
AR.1 1 1 1 2 2 1 2 2 3
AR.6 3 2 4 3 5 1 5 2 6 1
AR. 11 6 2 7 3
NL MN 6 3 3
LPf PD 8 3 9 3 10 3 11 3 12 3
LP6PD 13 3
LANDA 2.0 .5 1.5
PAIS .25 .75 1.0

OUTMj LFRO5 ZH PROGRAM

BEGIN TO CALCULArION
-: 1. P{' 1= 0.0625000

LUDA NI OEFICIENTS

1.5 2 -0.80000E+02 0.24000E+02
2.0 2 0.81000E+02 0.18000E+02

2. P (2)f= 0.0468750
LAMDk NI COEFFICIENTS

1.5 2 -0.51200E+03 1.96000E+02
2.0 3 0.51300E+03 0.16200E+03 0.18000E+023. P( 3= 0.1406250
L IDA NI COFICIENTS

0.5 2 -0.63578E-06 0. 11852E+01
2.0 3 0.10000E 01 0.81481E+00 0.22222E+00-. 14. P( W) 0.0/468750
LAMDA NI COEFuICIENTS

1.5 2 -0.51200E+03 3. 96000E+02
2.0 3 0.51300E+03 0.16200E+03 0.18000E+025. P( 5) = 0. 14,06250
LAS BA NI COEFFICIENTS

0.5 2 -0.63578E-06 . 11852E+01
2.3 3 0.10000E 01 0.81L481E+00 0.22222E+00

6. P{ 66= 0.5625000
LA3DA N1 COEFFICIENTS

0.5 2 0.59259E+00 0.88889E+00
2.0 2 0.40741E+00 0.22222E+00

PROBABILITY ( TIME > 2.3 ) 0.0173515

4.
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& PENDIX D

This section gives the program for the simulation of a

system's life mentioned in Section III. The program uses a

crude Monte Carlo simulation procelure.

C
C THIS PROGRAM SIMULATES A SYSTEM HAVING
c THE RELIABILITY FUNCTION:
C
C
C F (T)z

C P1 * 1j~ (T(EXP(Ll11 +EZP (L1, A .........EXPN (1Mll
C + P2 * P2(T) (=EXP(L2,1 +EXP (L2,2) ....... +EXP L2,M2
C + P3 * F3(T) (=EXP(L3,1)+EXP(L3,2) ....... EXP L3,M3)
C.. . .

C + PI FI(T)(=EXP(LI, I)+EXP(LI,2)....... +EXP(LI,MI))
C + . . . . . . . . .

C

C + PH FN(T) (=EXP(LN, I) EiP(Li,2) ... +EXP(LNMN))
C
C L() : ARRAY FOR ALL LAMDAS.
C P : ARRAY FOR ALL PROBABILITIES.
C M ) : NUMBER OF EXP 1N EACH ROW.
C MTT : FIST NUMBER OF LAMDAS IN THIS ROW.
C N : TOTAL NUMBER OF ROWS.
C PROB : PROBABILITY OF SYSTEM SURVIVAL Al TIME T.
C TIME : TIME
C
C
C

REAL L(500) P(50 PRDB
INTEGER MI(§0),MT(50) ,MIDO,MIUP,I,J,N
IX=456378
CALL READ(L,N,TIME,MI,MT, P)

C CHECK FOR SUM OF PIS EQUAL TO 1.0
C

T OT= 0
* DO 150 I=1 N: 150 TOT-TOT+P(IIF(1BS TO4-1.) GT. l.E-5) STOP

CALL CONTROfL,NTIME, MT,NT,P,IX PROB)
CALL OUTPUT L,NTIMEMIMT,P, PR5B)
STOP
END

C
C SUBROUTINE READ
C

SUBROUTINE READ{LN, IME,MI,MT,P)
REAL 5IO)SP(5M (50)ILENTEG MI( 10), M(

C
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C GET THE TIM!E
C

REkD(5,505) TIME
C
C GET THE NUMBER OF ROWS
C

READ(5,501) N
C

*C GET ALL P'S
C EEAD(5,504) (P(Ir),1=1,N)

C
C GET ALL LANDAS IN THE ORDER OF ROW BY ROW

MIDO1l
* HIUPQ0

DO 100 J=1,N
IF (J.NE.1) MIDO=MIUP41
MT (J) MIDO
READ(5 I52O) MI(J)
AIIUP=NIUP+I (3)
READ (5 503) (L (I) * 1MIDO,.MIUP)

100 CCNT INb E
RETURN

501 FOrSAT (15
503 FORMAT (5F 0 .5)5041 FORdAT (5F10.7
505 FORMAT (5X,F1O.3
520 FORMAT (5X,15)

END
C
C SUBROUTINE CONTRO

SUBROUTINE CONTRO (L, N ,TIME,tMI,MT, P,IX,PROP
REAL L (500) P(5OL
INTEGER MI( 50),MT( 50)
SUM=0.

DO 1 1=1 ,N
N ~1000 O*P (I)

CALL SIIULA(NN,L,MI(I) SiT(l) ,X,IX,TIME)
1 SUM=SUM+I

PRO=SUH/1 000000.
RETURN
END

C
C SUBROUTINE FOR SIMULATION
C

SUBROUTINE SItULA(NN,L,M,MTT,X,IX,TIME)
REAL L (500) pRN (50)
INTEGER M, I ,J, IX

MIT= NTT+M-1
DO 11 I=lNN
TEST=O.
CALL LEXPVN(IX,RN,M,16807,0)
330O

DO 111 J-MTTMMT
3J=JJ+ 1

111 TESTinTEST+Rlf(JJ%/L(J)
11 IFET~?EST. GE.TIME) l.X

END
C
C SUBR09TINIE OUTPUT

SUBROUTINE 0UTPUT (L, N TIE, MI, %, P,PRO)
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C
C PRINT OUT ALL THE SYSTEM
C

WRIT E4 6 ,600)
MIUP 1(11
WRITE(6 601) PA1), (L (I),1=1,MIUP)

DO 162 1=2,N
-IDO T (I)MIUP=8T%+m L J=IDTMU1
WRITE(6,6 2) (), (L(J) J=MIDO,MIUP)

102 CONTINUE
WRITE(6,603) TIME,PR3RETURN

C
C FORMAT STATEMENTS
C

6C0 FORMAT ('I,5X,'THE SYSTEM IS :'
601 FORMAT(101'5Xe F6T)=' P10.7 '),EXP L =,5

6 OR* 1' - Ox, 1! 0 7 * I t EXP L ,,5(F,I0. 4,3X) ,5 //20X,5 (;10 4. 5X;) )
603 FORMAT 10r 5X IPROBABILITY OF SYSTEM SURVIVAL AT• T=IFIG.5, 7'F10. 7)

END

INU E0 THE MiIQRAM
JTIME 15.
RO W 5

.2 .2 .2 .2 .2..:1. ST 6

.1 .8 .4 .1 .1
S.8

2.ND 7
.2 .2 .5 .5 .5
.5 .5

3.PD 9
5 .3 .1 .1

.5 .5 .5 .3
4.TH 6

.1 .2 .1 .1 .2

.2
5.TTH 9

.1 .2 .4 .1 .2

.2 .2 .

0 UT -- o 19O 9 .2ROGRA-m

THE SYSTEM IS :
F(T)= 0.2 * EXP L = 0.1 0.8 0.4 0.1 0.1

0. 8
+ 0.2 * EXP L = 0.2 0.2 0.5 0.6 0.5

0.5 0.5
+ 0.2 * EXP L = 0.1 0.5 0.3 0.1 0.1

0.5 0.5 0.5 0.3
+ 0.2 * EXP L = 0.1 0.2 0.1 0.1 0.2

0.2
+ 0.2 * ZXP L = 0.1 0.2 0.,, 0.1 0.2

0.2 0.2 0.4 0.4
PROBABILITY OF SYSTEM SURVIVAL AT T= 15.00000 IS 0.911241
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This section reviews some notions which are found in the

references for this paper.

E.1 Redundant systems with exponentially lived compo-

nents:

In reliabili-y analysis, the term system is used to

describe a set of components organized to perform some mis-

sion. & system is redundant if, in some fashion, some of the

components involved act as back up for other components.

A rough definition might be that a system is not redun-

tant if the failure of any one of its components causes the

failure of the system, and is redundant if one or more of

its components can fail without causing the system to fail.

Thus redundant systems have the property that they can suf-

fer damage through the failure of some of their components

and still survive. (ESARYRef.i])

E.2 First failure in a set of exponentially lived compo-

nents:
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We have n components, -ach inde.oendent from th. othrs,

we want to compute the probability that the J.th compcnent

fails first.

P(J.th component fails first)-P(T <T Vi )i#j)

(T >T.%fvi,)i#Jrs) je3 ds

0
(s~ )Jf~ (s) JS

flj n

o' = Xisieo j ds

o! n
S/( I [ Z x e ds

i~i
1=1 J=1
n

E.3 Degeneracy at zero (Zero Distribution):

Let ZERO be the name for the distributio,, of a random

variable that is degenerate at zero.

If P(To 0O)=1, then we say that r. has the distributior.

ZERO, or

T ' ZERO
0
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