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ABSTRACT

Under the assumption of constant failure rates it is pos-
sible to build a "reliability shorthand® which gives a sin-
ple, unified approach to reliability computations for sys-
+ems in *the presence of complications like support by shared
spares or changes in the failure rat2s of surviving compo-
nents when other componants fail. Th2 computational imple-
mentation of the shorthand depends upon the convolution of

strings of exponentially 3istributed random variables.

This paper presents an 2lgorithm for the numerical convo~
lution of exponentially distributed randcm variables. After
reducing the sys<tem scenario to its shorthand format, one
can use the programs that are given in “he appendix ¢o

obtain numerical values for the reliability of the systen.
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I. INIRODUCTION

The reliability shorthand consider2@ in this paper has
beer developed in conjunction with the course OA 4302 "Reli-
ability Ard Weapon Systems Effec*iven2ss Measurzamsnt" a* the

Naval Postgraduate School. A tutorial inzroduction tc *he

.J

reliability shorthand was gyiven by Rapicky[{Ref.2]. This

paper is devoted toc a complementary par+t of +thes idea.

Any study on system reliability always requires +“wo
steps; one is the descripticn of *he systam's lif2 and the

+her is thsz derivation 0f its survival functiorn.

Urnder the assumption of constan: component failure rates
+his paper presents a way of obtaining the systzm's r=zli-
ability which requires li%tle beyond *h2 description of the

system's life.

Section II contains an approach %> the convolution of

2

n

expcnentially distribut24 random variables., Also *here i
prasenta*ion of a computational algorithm for the convolu-

tion of exponentially distributad random variables.

A D i e S i : a4 aa a2 J_AA_AM‘,,-A-A_Ai
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Appendix A gives survival functions corresponding to sev-
eral reliability shorthanl notations and a program wri<en in

For*ran for computations from shorthand notations.

Section III deals with the reliability of redundant sys-
+ems under *he assumption of constant component failure

rates.

Appendix B consists of a program written in Fortran. The
program supports the approach of Section IIX. There is a
crude Monte Carlo simulation program in Appendix D which is

a simulation program parallel to the program in Appendix B,

There is another program in Appeniix C writtsn ir Por-
tran. This program uses tha2 network approach to systeas

described in Section III.

Appendix B summarizes the definitions used in +his paper.
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%ﬁggﬁﬁ IO COMPUTING CONVILUIIONS OF EXPONENTIAL

N

This section introduces a general algorithm for com-
puting the survival function of any convolution of =xponen-

tial ranrdom variables.

In reliability, the “erm convolution refers to the summa-
tison of independent random lives. In order %o have simplic-
ity in specifying conveolutions, +th2 r=sliability shorthard
introduces a special notation. 1In the following sections wa

will use this no*ation.

A. gg UR%IVAL FUNCTION POR A CONVOLUTION OF RANDOM

T S
VARIABLES

lLet F1(t) and FP2(t) be the survival functions for *he
random variables T1 and T2 respectively. Let £1(t) and f£2 (%)
be +he corresponding densities. Let P(t) be the survival

function for the random variable T, where T=T1+T2,

Then the likelihood 2xpression for F(t) is
t
F(e)=F1(t)+ [ F2(t-5) £1(s) 1s
0

S o N . L. .
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In the right hand side of equatisn, F1(*) is he prob-
ability that component ona completes the mission,
Uf;2(t-s)f1(s)ds is the probability that at somz time
s (0<s<t) component one fails, component two takes its place

and carries the system to the end of the mission duration t.

In order to illustrate consider som2 applications.

1. Ezxapple

L Reliability Shorthand Notatiosn : EXP{A,} +EXP {)\2}
ﬁ SYSTEM: One componen* having one spare with a dissimilar
tj failure rate. If the active ccmponent fails, the

spare will replace it immediately.

Here the life for the system is T = Tt + T2. The reli-
ability shorthand notation indicates that *this system has an
exponential 1ife with failure rate A1 followed by an expo-

nential life with failures rate A2.

The survival function for the active component is

F] (t)= e Mt , £20.

The survival function for the spare is
?2 )= e 2, 430,

The survival function for the sys“2sm is

10




t
B (%) +0f F, (t-s) £, (s) 1s

L]

—
4.4

~—
|

t
F(t) = e"‘1t+0f o ~ha(t-s) 3NS5 as , t20.

If we complete the int23ration, th2 result is

F(t)=re/ (2= Ay & enr/ u-na) 22, 0.

Which is the well known result.

Another way to establish this foraula is the use of the
moment gererating function. (Freund and Walpole[Ref.3))
2. Example
Reliability Shorthand Notation : EXP{A }+EXP{ A}
SYSTEM: One component having one idszn%ical spare. If the
active component fails, the spare will replace it

immediately.

The fecrmula that we derived abovs becomes meaningless,
because the denominators bacome zero. If we proceed as

before

t
F1(t) + [F2(t-s) £1(s) as
g

- -At toaltoc) -
F(t) e + J.e At skels ds
0

P (%)

(1 ¢+ ) st , t29.
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The result comes out as 2xpect2d to be +he Erlang {2,\ }

survival function.

B. RELIABILITY SHORTHAND NOTATION

EXP(A}+EXP {A}+....+EXP{A} (n identical

exponantial lives)

This leads to the Erlang {n, A} survival function

](At) /(i=-11 e')‘t, t2).

He-13

F(e) =
i

The use of moment generating function gives the result

immediately.

C. THE RELIABILITY SHORTHAND NOTATIOWN
. EXP[A],}*EXP{}Q}*.. .-.oocoo-n*Exp[Xn}

This is *he expression for the convolu+ion 0of n rardem

by variables where each has 1 distinct failure rate.
&

By the approach used in Section 2.1, adding one exponen-

Ol

tial life a* once, one can obtain th2 fecrmula £for the survi-

val func+ior

n
F(s)= L O A, s I
i21 jef 9 A

OO 'q PO

(x,=hp) oMY, =20.

R

Eagir )
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This is also a well known formula and can be obtained

from by a momen*t generating functior.

D. THE RELIABILITY SHORTHAND NOTATION

EXP{A1} +EXP{A2}+ee caccee oo +EXP (X2} (n, ternms)
- 4 EXP (A} 4EXP (A} #eeceee coee « +EXP (A5} (n, terms)
[
!! + EXP[Ak}+EXP(Ak}+...........+EXP[Ak} (n, terms)
tf K
v This is “he convolution of ) ny axponential randonm
o i=]

variables where there are n4 identical axponential randcm

variables having the failure rate Xi.

The moment generating function technique is not useful in
this situation, since there is a hugz amoun* of compl=axity
involved. This section deals with this notation using the

convolu-ion formula.

. 1. Reliability Shorthand Noiatian
p." -
p,. EXP (A1) ¢EXP {A1]} +EXP fA2}

We know the survival function £or EXP{\;}+BEXP (A} and

also for EXP{A }+32XP{A}. The nex*t two subsec*isns present*

different ways to reach +ths survival function for the stert-

hand notation above.

13
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(a) .

:] . let T1,72,T3 be random variables dis<ributed as

! EXP (A1}, EXP{A\1}, EXP {2} respectively.

Let T1=T1+T2. This raniom variabls has the Erlang {2,A}

distribution.

The convolution formula for T=T1'+T3 is;
t
Fo (%) =1?.,.‘. (t) of ?13 (t -s) fT] (s} ds , *+20.
0 t
-Ait, [;Az(t-s)

0
A2t
C0A22=20,02)7 (A2=) )2 * A/ (A=) L}

=-At
ve 2T M2/(A1=A2) 2 } ,%20,

Fr(t)= (14M1%) e \2s S Pag

F (t) =e
T

().

Let T1,T2,T3 be random variables iistributed as

EXP fA1}, EXP{A1}, EXP A2} respectively.

f: Let T2'=T2+T3. This random variablzs has “he survival
& functiorn
-~ - -ht At
" FT (t) =X, /(Xz")\l)e "‘}\1/(A1°X2)e 2 s 220,
2

The convolution formula for T=T1+I2¢' is

_ — t_
Pr(¥) = PTé (t) + f PT1 (t-s) fTZ.(s) ds , =20.

0

W
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2 Banadicae Son ' Suendhe Snamiie PRI S TY o e Py P . dma b P 'y - N g xJ




Fr () =h/ 0= ha) Fn 000 e‘“tnf 25D 0
0
(e')\ls e‘hs) ds
- At

Br(t) = e ((A22-2A132) /(2 =M )2 + A1 /(A2=A1) t)

A
2832 /(A,=2p) 2 1,520,

Subsections (a) ard (b) illustrate that the convolution
formula gives a unique resul%, regazdless of *he way of
choosing the prior random life.

2. Reliability Shorthapd Notatio:n

EXP ()} +EXP {\; } #*EXP (A ,} +EXP (), )
lLet T1, T2, T3, T4 be random variables distributed
as

EXP {\1}, EXP{M}, EXP (A2}, EXP(),} raspectively.

Then from the derivation in Section 2, T1'=T1+4T2+T3 is a
randonm variable having th2 survival func+ion
= -\t Alt
= * * +20.
PT{. {t) (aualzt)e 3;;€ +20

where an=02-2M007 e =M 2 + 2, FMAX (A2=\;) o

21=), 2/ (), ", )e .

The convolution formula for T=T1'+T4 is

+
Fr(t) = ?-[:l(thjl?—n(t-s)fﬁ(s)ds , +20.
t
T’T(t) = (ai1*azt) e Mt o, 30t I AZ(tfi)all)\ra;zﬂlaus)e'hs
0

+ A2 azéxzs ) 1s

15




The result from the above is
Fo(t)= (atrats) €% (ageayt) 1T, 020,

where al'l= ()\?-3}\12A1 ) /(}\2- >\1) 3 ’ 91'2: )\1}\2 2/ 0\2 -Al ) 2 ’

1= (A13=320,20,) /700 <2203 0 =020/ 00002 .

It is important to note that the number of exponential
terms equals the number of dissimilar failure rates and each
exponential term has a polynomial cozfficient withk the
degree of the polynomial aqual to ths number of identical

random variables having the corresponding failure rate,

The next section deals with the convolution 5f exponen-

-‘i N ' : ﬁi*" -
. PR i H.< . .

sl L. PR oL L. . N .
e e A . .

tially distributed random variables uising the fact illus-

+trated abova.

3. cti of a
BaiEadigtagn of 0

From Subsec*icn 2, we can infer the fora of the sur-

n Algorithm for the Convolution of

.“..TTT 5 .
LI AT .
P . S e

vival function which we sought at th2 baginning of

e
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A ML

ERE AT

Ny
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Section C.

SHORTHAND NOTATION :

T

- EXP{A ]_}*EXP (}\1 }".oo LI ] *EXP[)\ll (!’.L “:etms)
. 4 EXP{A2}+EXP (A} %eeeoes +EXP (1} (2, terms)

¢

L-' 0 O 0 9 ¢ O 8 09 00 O OO 20 ¢ 0

0

B ¢ EXP{A J+EXP (N J#cceeos +EXP (A} {(n, <oras)
: 16
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SURVIVAL FUNCTION :

Fer) = a (met2te a0y 2tel e a ( N, e20

n.,-l1
vhere Ai(t)=aiitanz tea t24.. .. 4ap ¢!,

1
nz-l
Az(t)=az1+a22tta23t2+.,...4a,, t
2

S ® O 020 00 OO O 9O SOOGS0

n, -1

a. Example:

SHORTHAND NOTATION :

EXP{Ai1}+EXP {); }

+ BXP(),}
+ BEXP{)\; }+EXP {\;}+EXP{);}

SORVIVAL FUNCTION :

F(t)=(an+a1nt) &t 42y, 828 4 (a,, vay, teay, t2) 328 20,

17
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b.

survival function by adding one rando>am variable in each run.

An Algorithm to Compute “he Coefficients

The algorithm representad below develops *he

As an example , in order t> compute “he survival func+ion

for the convolution of ten exponentially distributed rardom

variables,

the algorithm is supposed tc run ten times.

The notation used in the algorithm is:

nn1

Initial:

The first

nunber of dissimilar failurzs ra*es
ith type failura rate

failure rate for the currently entering life

k«h coefficient on the jth polynomial

curren*t number >f identical lives having
the ith failurs rate

number of randcm variables having izh

failure raxe.

=0 'Vj'k 'here j=1'2'.oK I k=1'2'.-onj

a5
n1=0 e Yi whare i=1,2,..K
Ai ¢ Y1 where i=1,2,...K

nni,V i where i=1,2,...K

Tun is : n1=1, a1]=1

18




Algorithm :

ni:n1:1 o until n.,e-nnie .

1. Update the coefficients : a, kfor k=2,3,..,n1
e

e

a; =i a / (@m=1) vhere m=n, -j for 3§=0,1,.,n ~1
1ek 1e iem-l ’ 1e e 1e

2. Update the coefficiant : L

n e
i
a; =a; 1+ L (A A/ 0N+ D (-1 1N g/ (-0
1o g 14, 1 hﬂ\‘e j=2 Ne 13727270,
n1>0 n1>]

3. Update the other cozfficients: 24 vi,k

where iiie,niio for i=1,2,.,K, k*--1,2,.,n1

a, =a A /() =-A;) , Vi where isi .
1n1 1n11e 1e i
- - % S 4
a'in ==(>\1eain maimH)/O‘ie)“l) e Vi where ..#.e and n121

for m=ni°j, j=1'2'¢.'ni-1

¢c. Exaample:
Reliability Shorthard Notation :

EXP{Q\; }+EXP (), }*EXP (), } +EXP {3, }

Let T1,T2,T3,T4 be random variablzss dis+ributed as

EXP (A\,}, EXP{x,}, EXP{)\,}, EXP{), } raspectively.

19
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We would like *o deriva a formula for ~he survival func-

tion of the random variabls T=T1+T2+I3+T4.

The use of algorithm:
15t gow;

At *he end of this run we have only one random variable,
which is distributed EXP{A,}.

2" pow:

i =1, n, =2
e

2, 181 then a,,= ),

a;;=a,+0 then a ;=1

At the end of the 2. run we have the survival function
for the T'=T1+T2, where T1 and T2 ar= identically distzi-

buted as EXP{\, }. The survival function is

F(2)= (ayra,t) e

Fety= (1 hee) 2 1Y w20

Which is ERLANG (2, A1} .

3rd RON:

ie=2, n, =2, n, =1

20
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a, =0*a“)\1/(>\1')\2 )+a 1! A2 /()\l-}\z) 2
=1A1/ (A1= R)+ A2/ (A1 =2z) 2

=x12/(x;-)22)2

3, =12k /e ~A1)  than 3, =30/ 0 ~ i)

a1 =(A28;173,)/ (A, =A;) *her a,, =(A£-2MA2)/(A2=1,;)2

Note that, here the coefficient ai2 is the updated one.

At the end of the 3. run we have the survival function
for the random variable T"=T1+T2+73, where T1,72,T3 are as
defined befcre,

- -at -Ast
Fadt) = (ipapt) & +a,8 1, €20

where &, =0,3~2)42,)7 O =00 20 25700/ (X" ) r
Ayr= )\12/()\1 “X2 )2.
Note that the coefficisnts are idan+tical to the result of

Subsecticn (b).

th

4 RON;

ie=2, R, =2, n,=2
2,2FA23,; then a,,= M /(0 "2,) 3

Ay T2, 43,0, /(0 “A) P22/ (0 -0 2

then axn =(3 '3)\22>\2 )/ ") ?

21




a12 =a12A2/(lz-A1) then a2 3)\1}\22/()\2')\1 )2
2050373, 7 (3, 7ay) ther 3, SR 702 /(700 3

At the end of the 4, run, we have the survival function

for the variable T=T1+T2+T3+T4,
Fo(t) = (a:4a,%) Mty (g, 00, p) P2t o0

where a;; = Q2 3-3X01222) /(=003 v 2,3 00,2/ (0,700 2
a2 (A 330,20, 0/7(0 =203 ¢ 2, =012/ (M70 ) 2 .

Note that the coefficisnts are idsn*ical to the resul:t of

Subsection 2.

22
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This section deals with 2 systzm whose components have

constant failure rates.

Having the reliability network for a system in which each
component has an exponential life and knowing the probabili-
ties for failures (discuss2d in Appendix E2) makes i%* easy

to describe the systenmt's life.

In order to make the idza clear, we will go “hrough some

examnples.
A. EXAMPLE A A
1 2 —_—
2 spares (A1) 1 spare ()j3)

SYSTEM : 2 conmnponents in series with spares.

DESCRIPTION : System has 2 compon2ants in series. Compo-
nent 1 has a life distributed as EXP{A1} and thare are 2

identical spares. Componant 2 has a life distributed 2s

23




EXP {A2} and there is one non-identical spare, whose life is

distributed as EXP{);}.

LIFE :
//Exp(xl+xz}
3 A1/ (A1+),)
/Exp[h+>\z}+< EXP {); +)3}
T M/700 %) 4 X/ (g *Ay) 7 A7 (X *2s)
EXP {), +) } ¢ \EXP{)\1 9,1+
2 A2/ (X1+X2) A/ O ;)
ZERO ZERO

6 A7 (M%)

S A1/ (M *)3) 9N/ 00 *3)

AN

EXP{qtAgd + /EX? {A1+23)

EXP{\,*); } %

\

' 10 X3/ (A1 +23)

.

& \ZERO

4

- Explanation for the derivation of system's life:

:

E' At the beginning the system has 2an EXP{\; +)\;} 1life. The
Ei failure of the system is by +the failure of component 1 with
=3

= a probability of M1/ (M+A2) orx by the fallure of component 2
B with probability of Az /(A *+Az ).

Y
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In the life figure, number 1 dznotes the avent "failure
of comporent 1" and number 2 denotes the event "falilurs of

component 2%,

If event 1 cccurs, component 1 is replaced by one of ths
spares and system again functions with a life distributed as
EXP {A\ +A2}, since the exponential distribution has the memo-
ryless property and componen* 2 still has +he same failure

rate.

If the event 2 occurs, component 2 is replaced by its

spare ard the system has a life dis*tributed as BXP{h +X3}.

The numbers or the life figure correspond to thes *ransi-
tions that can occur. Th2 probability on each arc shcws the
condi+icral probability of the <trarsition. As an 2xample
event 3 can occur with probability of A; /()\;+),), givan tha=

event 1 has occured before.

The distribution ZERO defined by Esary [Ref.1] and
Repicky [Ref.2] (also defined in Appendix E3) enters when

life is exhausted.

For convenience of dsscription, it is helpful to define

the concept of path used in <this paper. Pa*th denoc<es the

25
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sequence of events in ths system's life from the s*tarting
point to the point where the system is not functioring.

Examples;

Bvents 1 and 3 are a path, which denotes a sequence of
lives for the sys*tem. In this case, +the system has 3 expo-
nentially distributed lives EXP (A;+X}+EXP{); +),} +EXP{), #,}

with the probability of A /0 ) Al/(A1#Az"

Events 1, 4 and 8 form another pa*h, which describes 2

sequence of lives for the system. In this path, the system

1ife is EXP{A; +);) +EXP{), #1, }#EXP{)\,+ A, } ¢ZERO.  The prob-
ability of +his path is

’ | ISVAINEoYE (PRA PRIV (WL RV B

The ZERO distributicn contributes zero additional life %o
*l +he sys*em, sO we can omit it. Nevertheless, we can not oamit
its probability in the <calculation of path probability,

since the event numbered 8 has a probability of occurring.

25
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B. THE SURVIVAL FUNCTION FOR THE SYSTEM

In this section we will deal wi*h an approach %o obtain-
ing the system's survival function.
1. EXAMPLES

SYSTEM: Two componen*s in parallel.

A
] 1 ]
e 2 -
Az
LIFE :
Ar 7 X+ AR) EXP {)\,}
EXP {A14 )2} +
\
IYEPA OVRDYY, EXP{)\,}

DESCRIPTION: Component 1 has EXP{),} life and component 2

has 2XP({A2} life.

There are two failure avents that can be allowed. The
first is that component 1 fails at some time t and componant

2 carries the system for the rest of +*hs time. The cther on2

27
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is that component 2 fails at some “ime during +the mission
and coampcnent 1 carries th2 system for th2 rest of the tinme.
Thare are more events such as no failur=s during the mission

duration, which are taken care of by the representation.

Now we have two paths

No.of Path Weight Life
1 Pl =X1/(}\1+>\2’ EXP{A]*A2}+EXP()\2 '
2 Pa= X2/ (N %))  EXP{), +),}+EXP{,, }

Let T be the system's time to failure ard le« T1,T2,T3 be
random variables exponrentially distribu*ed with the failure
Tates A ¢+ Azeh2es A, TE€Spectively.

Then

T + T2 with probability p,

T1 + T3 with probability p,

The survival function c2n b2 writtasn as

F(r) =p, P (t) +p F,(t) , 20

where p; = A; /(A1*h2)e P2= /(4 *+X;) 20d F, (%), F;(t) denote
+he survival func+ions for the shorthand nota<isns

EXP{\; +) } +EXP{X;}, EXP{) * )\ }*+EBXP{);} cCespectively.

28
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The survival function for the convolution of two expcnen-
tu tially distributed random variables with dissimilar failure

rates is

Fot)=ra/ (a=A1) %/ (a0-n %o,

If we do the substitutions for Fi(t) and ?E(t) as
A1 =A14X2,A2 = A2 andA; =M1+ , A, = A} respectively,

Fl(t) becomes

— - + -

Pl. ()= A2 / (- 1) e(h }\Z)t*v\l +A2) 7\ elzt , £20,
and F, (%) becomes

—_ '(A]_"P)\z)t -)\zt

PZ (*) =X /(-}\z) 2 + ()\1 +)s ) /Aze e t20.

Then

F()=A1/7(n4h2) BLl(t) 37 (4 +2) P (%)

Foy=elt el vty

The result gives the survival functior +hat is well known

for this systen.

Another oxample is the 2 out of 3 systen.

29
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RELIABILITY NETWORK:

— 1 2 m
1 3
- 2 3 -

The known survival function is

=(A1#22)t =(A1+ds)t =(A#Ag)t  =(A;+Ag#A5)t
e +e +e -22

F(s)= , t20.

LIFPE:

EXP(p, +2; }
A1 7 (A1*2Ag +25)
EXP (A #h2¢ a3+ =22/ (A *A2% )y ) —EXP (), +1,}
A/ (A1¥h2 +),)

AN

EXP{ A +A2¢)2 J+EXP {A2+)3 ) with probability A/ (A#%,)

EXP A1+ )}

D-J
"

EXP{ A1+ X2¢A3} +EXP (A #)3} with probability )/ (\M,%,)

EXP {A; #+X,+)3 }#EXP {A;+) } with probability ),/ (\;*)*))

30
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The survival function is
F(t)=p; B, (t)+p, K, (t)+p, F3 (t) , t20.

vhere
- =(A1+A2#A3)t -(A2+23)t
P (£) = Qo¥r3d/ (~X) e + B ¥A3) /N @

- ~(A1+A424)t -(A1423)t
P (=0 /() e *ute*rd A, e( )

— =(A1+d2#A3)t -(A1#+A2)t
F (9 =0p%) /() e + (929 A @

If we do the necessary cancellations, we can get,

(X2+la)t+e'(>\1+>\3)t +e'(}\1"‘>\z)t _Ze'(hﬂz"')\a)t,

F(*)=e t>0.

as desired.

2. Geperal-Procedur

1o

Having the algorithm present2i in Sesction II, we can

treat more complicated systems under similar assump+ions.
The procedure is
i. Set up the reliability netwdrk for the systam.
ii. According to this natwork, set up *he system life,

iii.Using the proper reliability shorthard £fcormulas for
the rela+ed convolutions of exponential lives, set up the

survival function.
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The reliability shorthand is an easy way to describe a
system's lifs, but it is 3ifficult to implemernt ccmputatio-
naly sirce there is considzrable complexity in handling con-

volutions.

The algcrithm presenteld in this paper gives some r2lief

from this difficulty. Howsver, the accuracy in obtained from

jae

this algorithm is very much related o +the diffesrences in

ths failure rates.

Arncther aspact in the algori+hm is that distributiors are
convolved one a+ a *ime and this resquires very accurate run-

ning conditions in the cas2 of a complicated systen.

It is believed that i1t is possiblz *o derive another
algcerithm which is more pswerful than *the one introduced
here, Ins*ead of adding osne distribua“ion a< a “ime, one can

tzy “o 2d4 several at a tine.
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A-1

This sec*ion contains *he survival functions for several

shorthand notations which were derived by +he use of the

approach described ir Section II.

A. 1.1 Shorthand Notation : BXP{ A}.
. . = =it
survival Punction: P(t)= =2 s t20.
A.1.2.1 shorthand Notation: EXP{A1}+ EXP{),}

sSurvival Puaction:

F(t)= A2/ (A2=)1) ah + A1/ (A =22) ghat 520,

. A.1.2.2 Shorthand Notation : EXP{A}+EXP{A}.

Survival Furction:

Fee)=(1+ A5 et 0.

i A.1.3.1 Shorthand Notation : EXP(),}+EXP(),}+EXP{), }
@

-

: survival Func<ion:

F(*)=ay, e-xlt’azx g\zt ta, ert ¢ £20.

£

-

vhate 2, =)0,/ (), =) ) (A,7a,) ¢ 3, 2AA3/ (A =Xx2) (A3 =X2) ,

33
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a3y TAA/ (A1 =A3) (A2=A3).
2.1.3.2 EXP(A }+EXP{ A} +EXP{ A}

Survival Punction:

F)=(1mests222e2) St 420

A.1.3.3 BXP{A; } +EXP (A2} + EXP(A2 }

Survival Punction:

= -\t =Aat
+* *
P(t)=a;,e 4'(au+a.22 t)e ’

t20

whare a =),2/(2,"A1)2, 25=(A; 2-2N422) 7 (A =X2) 2

aF hlz/ ()\1°)\2 ) .

A.1.4.1 BXP{A;} #+EXP (A2} *EXP{As} +EXP Qs }

Survival Punction:

F(t)=a, 1e>‘1 *azl-eht*aa 1'e>‘3 t*au-e)“'t

where a;y = I Ajz I O‘j’}‘i) yi=
# A

, t20.

1,2,3,4

A.1.4.2 EXP{A }+EXP{ A} +EXP{A }+EXP{ A}

Survival Punctiorn:

PL)= (14184172 ) 2624176 3 3+3) Pt e>0.

A.1.4,3 BEXP{A1}+EXP{)2} +EXP(A2}+EXP{); }

Survival Punction:

34
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F(t)=a e +(a,pa,t+a,t2)e , +20.

vhere a =1, 3/(A-n )3 , 3, =1-2,,
7 MAT22) 70 7R B e 3,350,320 7,0
A.1.6.4 EXPQ\, J+BEXP{\,}+EXP(A, }+EXP (), }
Survival Punction:
- -A2t =izt
P(t)=(an+aut)e +(a,*3,%t)e t20.
vhere a =(3,3-3)2%,)/02=2;1) 3 32 NA2/7 -0y 2,
3,7 (A 3= FA2) /700 =22) 3 70027 (A - ) 2.
A.1.4.5 BXP(A; }+EXP{\2} ¢+ EXP{\3} +EXP {X }
Survival Function:
- -At -Aa2t -Ast
+)= + +1 ) +20.
P() aue ane 0(331 a32 )2 » 0

wvhere 3 = 22A37 (A2=M) (a=h 12, 2, = AA/ (A=) (g =k ) 2

a, = 00/ (0" hs) Gz =x3) + 0200801/ 00 72 ) (A =);) 2

=1/0q =2x2) 02 =x) 2 ]

a,=M2Ay/ () = 4y (A2mA5) -
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A-2

This section introduces a Fortran program using the

algorithm described in Sestion II.

A PROGRAM POR THE ALSORITHYN ONE

15
5]
(F

. LR -

C
C THIS IS A PROGRAM TO COMPUTE THE RELIABILITY OF A SYSTEM
- ¢ WHICH HAS THE RELTABILITY SHORTEAND NOTATION
- c EXP(L1)0..+EXP§LN%
- g WHERE THERE IS NO RESTRICTION POR THE PAILURE RATES.
5 ¢ VARIABLES:
C A(I,J) : I.TH TYPE PAI LURE RATE, J.TH COEFFICIENT
¢ ON THE POLINJM.
¢ NI(D) : AMOUNT OF LIVES HAVING THE I.TH TYPE
C FAILORE RATE.
€ NINIT(T) : AUXILAURY ARRAY POR TPEE NI(I). INPUT
¢ POR THE PROGRAM.
g L (I) + THE ARRAY FOR THE PAILURE RATES
REAL L 20& A(20 1oh
c INTEGS fiz , NI (20)
g GET INPUT
READ (5,499) T
wazwééé u9§) T
aaané 5006 K
WRIT éé 1500) K
READ ( 5016 (NINIT(I) ,L(I) ,I=1,K)
c WRIT=(6,1501) (NINZT(&),L(}),1%1,K)
¢ COMPUTE COEFPICIENTS ONE ALL
¢ DISSINTLAR
2 §K§§ 1) =1
z [ ]
uf(xk)=1
JJ=1
IP JJ1 iK§ ;?*E?JJ)/(L(JJ) L (KK))
= -
Ir s ?n 54
3325
GO TO u
9 IF(KK.EQ.K) GO TO 8
KK=KK+1
GO TO 2
c 8 CONTINUE
¢ BEGIN T) ADD ONE AT A TINME
I =
32 s NIT E?.NI(IE)) GO T7 99
c )=8 *
¢ UPDATE IE
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Qna

anon

12

20

b b
o0
=\

21

24

26
I

99

35

41
40

Ve E
OOV
-2t WOQO

snuﬁu Z1'(IE) *A (IE, NNNN-1) /PLOAT (NNNN~-1
E% 2{ Gb ( 26 ’ ( )

Com HZO
HeB=
_.z-

[ K2 -t A1 ]
o
Y
N

QO Il % W

wn
[=]
<

DO 101 I=1
%§é3508+A£T.2;*LAI%/(LJ%)-L(IE))

ACT—FAC?‘I 1)
SUH=SUH*AéI IIB*FACT*L(IE)/(L(I)-L(IE))**II

CONTT
A (IE, 1)-SUH+A(IE 1)

UPDATE I.NE.IE

oo
-t

Q.1) GO TO

LY

« EQ.IE)

NI(I))=A I,NI I * IE L(IE)-L(I

Pigﬁki) é ( )) L( ) /(L(IE)-L(I))
NNI

) ~FLOAT (NNI) *A (I, NNI+1))

CONTINU

IF(IE.EQ.K) GO TO 35
IE=TE+1

GO TO 32

CALCULATE THE PROBABILITY
CONTINUE

S
NKR=NI(I)
o 41 J=1,
SUHSSUH*A(I J)*T*(J-1)
CONTINUE
PRO=PRO+SUH*EXP(-L(I)*T)
CONTINCE

PRINT OUT THE RESULTS

-

) LgI),NI I)
RéJ)' =1, NNK)

X, *THE I NPUT IS:',//15X,'TIME=',710.4)

gz
0000V EOD
M ONS" aOM

500 0 O 428
Pooloe me s 1 1) 0O S LD

(212 [T [& P Y . R

RIEREBOHIFI N 2]
g, NV, b= O
W™ = S % % )
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EXAMPLE :
INPUT FOR THE PROGRAM :
8.
R= 6
5 6.5
5 1.5
5§ 5.0
§ 9.0

AILURE RATE

AMOUNT COEFFICIENTS

[ ] ]

a -

' ‘,10 Z'PROBABILITY ( TIME > ',F10.5,%)= ¢,
35X, 3(5 (E12.5,2X

, x"é (B2 3&,151
I£g§EORATé5) )

)
7X,' (THE NUMBER OF

13 Ve FAILURE RATE', /15X,
13,5X,F10.5,//7))
0.5,5%,13)

THE INPUT IS:
TIME= 8.0000
K = 6 {THE NUMBER OF DISSIMILAR LAMDA" S)
NO. OF R.V. FAILURE RATE
5 6.5
5 1.5 )
5 2.5
5 3.5
: 38
FAILURE RATE AﬁOUNT COEFPFICIZENTS
6.5 5
0.15713E+08 0.84332%+07  0.18530E+07
s o.zooaaz;os 0.92701E+04
) 0.27364E+09 -0 .89949E+03  0.11817E+08
- -o.73e13z§06 0 .18586E+05
T -0.18295E+11 0.82312B+10 <-0.17601E+10
35 o.173u1z§09 -0.11373E+08
: 0.18841E+11  0.89164E+1)  0.25648E+ "
5.0 o.zsovvzgos 0 -33u 06E+08
‘Y -20.83u80EB+09 -).52328E+09 -0.16061E+09
5.0 -0.217133§oa -0.22945E+07
T -0.39700E+05 -0.15168E+05 =0.32323E+06
-00337273*06 -3027860E-01
PROBABILITY ( TIME > 9.0 )= 0.6335042

PP W S NP N
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INIRODUCTION

This section consists >f a compa“er program <tTO compute

system reliabili*ies as dsscribed in Section III.
Again for simplicity, we will go thruogh an example.

The structure of the system is

spare (A1)
A

A3

A2
Components 1, 2 and 3 have lives =2xponen*ially distributed
with failure rates A\; ,Az2 s A3 respectively. Alsc we have a

spare for component 1 which is identical to comporent 1.

Using the shorthand approach, the system life wculd be

detersined as follows

u3

e e e . . -
R I R S . .
- e A A A A e A A m e A BN M ta . ma mam e A ie a2 e e = o




. B o
e
I

N

"y
N2k

A1/ Qu*Az93) —EXP A}

/ EXP Q\#) 9.} #=)\2 / Qo #A)—EXP ()}

x/ (}\la2 *Aa) As/ A, ¥\, #A,)—ZERO
EXP (A *A,+\} +<}‘1+&+)§) -ZERO
X2/ 014')\2*)\3) A1/ (M) —ZXP 40}

\ EXP (\+)g +/
A/ o\l"’)a)—ZERO

Some definitions are nacessary before describing the pro-
gram
NODE: Fach node represants an 2xponentially distrubu+ed
random variable with a certain failures rate. Th2 number for
any rode can be chosen arbitrarily but can not be us24 mors
than once.
ARC Each arc originatss at a nods and 1leads o ano*her
node. Only one arc can t2rminate at a given node. Ac-c rnunm-
bers can be chosen arbitrarily. If n is the ¢o5tal number of

nodes in a system ife then there will be n-1 arcs in this

systenm.

With these definitions, we can reprasen+ a system life in

the following way




BAGCK POINTER LIST (IPB): Each node has a back pointer. A
back pointer is an arc number which shows which arc connects
the node to the tree. If +the pointer is zero, then the

related node is the root of the tree.

=z
(o]
(=]
tx
-4
Q
[[o+]
=
'n
b
1o
18]
-
2%
X3
=)
[
o
(1o}
—
L)

2 1
3 2
4 3
5 4
6 S
7 )
8 7
; 9 8
fi (Here node 1 is the root of the trez2.)

NODE CODE LIST: As we men*iorned, =2ach node reprasaents an

M\

exponential lifetime, for simplicity we can use some integer

cede numbecs for each failure rate.

” ,Ivv:v,vrr.v
A l.. SRS
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PV T PTYeY
v
Pl St

~~~~~~~~~~~~~~~~~~~

Relatad Failure Rate-L(I)

’9
[N
111
-3
10
L ]

0 (distribution ZERO)
1 AL A2+,
2 Mt
3 X1t oA

Here cnly the «code number 0 is not arbitracy and 0 can be
used for the ZERO distribut ion. The others can be picked ou*
arbitrarily.

ARC CODE LIST: This list is similar to th2 node code list.

Arc code numbers represent probabilitiss.

Code No. Prabability-PA(I)
1 A1 /7 (A; #X2%03)
2 A2/ (Ay*h2¥r3)
3 A3/ (A1 #A2%A3)
4 M/ (X *2,)
5 A3/ (A *A3)

ARC ORIGIN LIST : Each arc has an >rigin node and a terai-
nal node. In the pregram we need to use only the origin

list.
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S e e TR SR A R RN . —— e e A A R
o '
=
R Azc Yo. origin ¥ade I0(I)
2‘ 2 1
3 1
o 4 2
-
5 2
fi. 6 2
. 7 3
8 3
Ei LAST POINT NODE LIST (LP): This list indicates the nodes on
» the end of each path. Thare is n> necessary order in *“he
lis+t.

(I2D) : This list indicatss the number

LAST POINT DEPTH LI

of arcs from last node ¢to the root of the <ree,

1

I L. 2. Nede List LR(D) L. B. Dep:th List IRD(I)
1 5 2
2 6 2
3 7 2
4 8 2
5 9 2
6 4 1
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nan
Y
WO O

anaa an

nan aana anan anan

nanan

L ICL NPAIH 4PATH,I?,LL,NL,IK,T,I72)

L PASS !
ﬁr,LL NI,IK)

PA,
g 1 9
CON (PR
A'PROBA+P*P
INQE
,601) T, PROBA

'0*,10X, 'PROBABILITY ( I'IME > ',P10.5,')= ",

10!,'32 IN TD CALCUL TIJN! {11X 20('~'))
' ,10x;12, . '5 [ 4 P "12' 10'

—~~ O

-b
[« Jc LI« U llglie ok @]
P add> O O b b D
HHEHYH AZO
—~— o~ a\";ml"'

W =

*
mg ity
ZO0a203™
ONIONOH

O O

GET INDUT
SUBROUTINE READ LP L, PA,IPB,ICL,I0,IPD,NLAST,T,IRA)
REAL Lézo£ 6
INTEGE B(100),1CL(100),I0(139),LP (50),IPD(50),
*IPA(100)
READ TIME AND # OF NODE
READ (5,1 T,N

READ BACK POINTERLIST,FAILURE
: RATE CIDE LIST

R%AD(S,3) (IPB(I), ICL(I) ,I=1,N)

READ AR
oR

L))
ATH A
TE A

-

READ 3% OF
FAILORE

READ (5,5) NLAST,NDIF,MDIF

READ LAST INT LI éLP) AND
LAST ?OINT DEPTH T (IPD)

READ (5,6) (LP(I),I®D(I),I=1,NLAST)
READ FAILURE RATES

c
J
READ (5,4) (IO(K),IPA(K) ,K=1
1 4
R

o

LI Y

~NOWNMVEW-
tad ) rag g g ej 2 g
(XIRMRIZXIXCIO U
Ll d ol d ]
r3r3e 33 3rI 2 D i
P S "1
[$,18,085, 18,10 TV, Ry
PED4dIdPddg LI
nawaas
ViaWaary  J-l)

2000000
O oo o]

THIS SO
CALCULATE THE

OUTINE PASS (PA,L,ICL,NPATH,MPATH,IP,LL,NI,IK,EB,

R

L P Oh LL(1Y) L(Z )

% NP fQ( 1), PATH(10) LCODE(10) ,NI(10),ICL(100),
3
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hadiat ke !

R
5 ey .

A .

anan

ann

anon

1 P=P*PA(IPA{MPATH(I)')
ol
IF(ICL(NPATHé1)).BQ.O) II=2
DO 2 I=1I,IP
2 LCO%E(%)=£CL(NPAf&(IH
DO 3 I=IT,IPP
IP(LCODE($).20.0) G0 TO 3
%%7%%;1L(L”ODE(I))
LLL=1
JI=I+1
IF(JJ.GT.IPP) 30 TO 13
DO 4 J=JJ,IPP
IF(LCODE{E).NE.LCODB(J)) GO TO &4
LLL=LLL+
LCODEéJ =0
4 CONTINU
13 NT(IK) =LLL
LCODEé £=
3 CONTIND
RETURN
END C
THIS SUBROUTINE CONTROLS THE
COMPUTING OP THE SURVIVAL FUNCTION OF THE CURRENT PATH
SUBROUTINE ONECON{PRD,T,L,NINIY,K)
AL A(11,10) Lé} 1
INTEGER n£é11f NIT(11)
1L ONEDIS (K,4,NI,L
CALL ONEATA(K,A NI L, NINIT
CALL CALPRO(K,A NI,LsPRO, T
RETURN
END
THIS ROUTINE COMPUTES THE COEFFIZIENTS
AS EACH IS DISSIMILAR
SUBROUTINE ounnxs;x,a,n:,n)
REAL A (11 105 L)
INTEGER Nf (20§
2 LSRR, 1) =1
: L ]
Nf(xk)=1
JJ=1
ipégJiEQixﬁk 1) E?Jgj/(L(JJ) L (KK))
: -
1§(J&.Eq.é) o 109
JI=JJ+1
GO TO 4
9 IF(KK.EQ.K ) GC TO 3
KK=KK+1
GG TO 2
8 RETURN
END
BEGIN TD ADD ONE AT A TIME
SUBROUTINE ONEATA(K,A,NI,L,NINIT)
REAL Lﬁ11& Aé11 1 L
INTEGER N fzr (1 hy, k1
=
32 IF(NINIT(IE).EQ.NI(IE)) GO ™ 39
NIfIE)snf(IE) §-NIE)

UPDATE IE
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The program uses a

IIT.

crude Monte Carlo simulation procedure.
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GET THE TIJdE

READ (5,505) TIME

GET THE NUMBER OF ROWS

o

OUNIEW=

READ (5,501) N

GET ALL P'S

READ (5,504) (P(I),I=1,N)

GET ALL LAMDAS IN THE ORDER OF ROW BY ROW

MIDO=1
MIUP=0
DO 100 J=1,N

ggia)uz 1) " MIDO =MIUP+ 1
READ (5, 520) LI
R§gg-glgo3) ff%:) I=MIDO, MIUP) ’

[ e ’

cnrfnbz
RETURN
FORMAT
FORMA
FORM
FORM
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END
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SUBROUTINE FOR SIMULATION

—d ok

SUBROUTINE SIHULA(NN L,M,MTT, X, IX,TIME)

REAL LéSOOE V{

%NgEGE

MMT=MTT +M-1
DO 11 I=1,NN

T ST=
CALL LEXPV(IX RN,4,16807,0)

JJ=0
DO 111 J=MTT,MMT
JJ=JJ+ 1

TEST=TEST+RN(JJ5/L(J)

L (TEST.GE.TTHE
RETOR
END

SUBROUTINE OUTPUT

SUBROUTINE OUTPUT(L,N,TIME,MI,MT,P,PRO
REAL LéSOO) p(gc (ke 8y +HI, AT, B, PRO)
INTEGER NI (50), MT(50)
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C
g PRINT OUT ALL THE SYSTEAN
HRITEJG +600)
HRITE(66651) P§1),(L(I),-= fHI0F)
HT{I
MIUP=MT IL é E'
WRITE(G 602) (L), (L(J) ,J=MNIDO,NMTIUP)

102 CONTINUE
R%ITEJG («603) TINME,PRD

C
g FORMAT STATEMENTS

6CO FORMAT('1',5X,' THE SYSTEM IS :')
6CG1 PORMAT('0", x,'Pér)=' F10.7,' *« *,'EXP L = ',5
1 P1o.u.3x;,5§//2 z,s{§1o.u,§x;);
602 PORMAT(0Y,9R, *+ ¢ ,710.7,¢ * YV ,YExp L = !',5(F1
10.“,3!)'5!//26X 5(£10.4,5%)))
603 PORAAT( 9% 5% *bROBABILETY OF SYSTEM SURVIVAL AT
*«7=1,F10.5,0°I§ 7,F10.7)
END
INPUT FOR IHE PROGRAM :
ppets 5.
ROW 5
.2 .2 * .2 .2
1. ST
.1 .e [ ] .1 .1
.8
2. 5D 7
) .2 .5 .5 .5
.5 .5
3.PD 9
o1 .5 .3 .1 .1
.5 .5 .5 23
4. TH 6
.1 .2 .1 L ] .2
.2
5. TH 9
.1 [ 3 .u ‘2
.2 .2 .u .u
QUIPUT PROM THE BROGRAM :
THE SYSTEM IS :
F(T)= 0.2 # EXP L = 8'3 9.8 0.3 0.1 0.1
+ 0.2 *EXP L =20.2 0.2 0.5 0.6 0.5
0.5 0.5
+ 0.2 %#EXP L =20.1 0.5 0.3 0.1 0.1
0.5 0.5 0.5 0.3
+ 0.2 *EXP L = 8'% 0.2 0.1 0.1 0.2
+ 0.2 *3EX? L =20.1 0.2 0.4 0.1 0.2
0.2 0.2 0.4 0.4
PROBABILITY OF SYSTEM SURVIVAL AT T= 15.00000 IS 0.911241
55 |




ARPENDIX E

This sec+ion

references for this paper.

E.1 Redundant systems with

nents:

In reliability analysis,
describe a set of compcnents
sion. A syst2m is redundart if,

cemponents involved act as back

A rcugh definition might be
tant if the failure of any one

failure of *he system, 2and is
its components can fail without
Thus redurndant systems have the
fer damage through the failure

and still survive.

.2 Pirs+ failure in a

nents:

56

reviews some notions

+he tern

organizad to perforam some mis-

(ESARY Ref.1])

set c¢f 2xponentially lived compo-

PRSP ¥ oW Yo Y

which are found in the

exponentially lived cempo-

systam is used +*o

in s>me fashion, some of the

up for other coaponents,

that 2 system is no* redun-
of its componen*s causes tha
redundant if on2 o- more of
causing *he sys*tem %o fail.
prop2rty that they can suf-

of some of their comporents




A e 4 ]
[

"ﬂw p—

We have n compornen*s, 2ach ind2o0ernden+t from the others,
we want *o compute the probability ¢hat <the j.th coapcrent

fails first.

P(j.th component fails first)=P(gJ<T eyi 31i#9)

-}

-A,S
0

i

= e d

ftigje ge ™ e n

0 ] n izllis

=>\/(Zki)j[{)\]e ds
i=1 oy 1

E. 3 Degeneracy at zero (Zaro Distribution):

Let ZERO be the name for ~he dis:cibution of =a random

variable *hat is degenerate at zero.

If P(T,=0)=1, then we say that I, has “he distributior
ZERO, or

TOW ZERO .
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