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Preface

This report consists of two papers dealing with optimal control of
systems with slow nonlinearities modeled as singularly perturbed systems.
In the method developed a composite control is designed in two stages. A

slow nonlinear and a fast linear subproblem need to be splved.

The first paper by Chow and Kokotovic establishes stabilizing and
near optimality properties of the composite control in the deterministic case.
In the second paper by Bensoussan the same system is considered with whit;
noige disturbance inputs. The presence of noise smoothed the system behavior

and allowed a more complete solution than in the determinigtic case.
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A TWO STAGE LYAPUNOV-BELLMAN FEEDBACK DESIGN
OF A CLASS OF NONLINEAR SYSTEMS

Joe H. Chow Petar V. Kokotovic
Electric Utilicy Systems Coordinated Science Laboratory and
Engineering Department Department of Electrical Engineering
General Electric Company University of Illinois
Schenectady, New York 12345 Urbana, Illinois 61801
ABSTRACT

The composite control proposed in an earlier paper for a class of
singularly perturbed nomnlinear systems is now shown to possess properties
esgential for near-optimal feedback design. It asymptotically stabilizes the
desired equilibrium and produces a finite cost which temds to the optimal
cost for a slow problem as the singular perturbation parémecer tends to zero.
Thus the well-posedness of the full regulator problem is established. The
stability results are also applicable to two-time scale systems which are
not singularly perturbed, and the paper does not assume the knowledge of

singular perturbation techniques.

*The work of P. V. Kokotovic was supported in part by the U. S. Alr
Force under Grant AFQOSR-78-3633, in part by the Joint Services Electronics
Program (U. S, Army, U. S. Navy, and U. S. Air Force) under Contract NOQOOlé-
79-C-0424, and in part by the National Science Foundation under Grant ECS-79-
19396. Part of this work was performed when J. H. Chow was a Research
Associate at the Coordinated Science Laboratory, University of Illinois.




1. Introduction

A conceptually appealing framework for simultaneous stabilizacion
and optimization of feedback systems consists in requiring that the Bellman's
optimal value function be in the sameé time a Lyapunov.function. This has been
elegantly achieved in Kalman's linear regulator theory as a culmination of
earlier afforts by Lurie, Krasovski, Bellman, and many others. However, in
dealing with nonlinear problems, the Lyapunov-Bellman concept has serious
drawbacks. One of them, the notorious "curse of dimensionality," is
frustrating to practitioners. Arother omne, the question of existence and
differentiability of the optimal value functiom, disturbs the analytically
minded. Similar difficulties appear on the Lyapunov side because of the lack
of general methods for constructing Lyapunov functions. Nevertheless, the
optimum stabilization continues to be one of the fertile concepts stimulating

the development of numerical and analytical methods for nonlinear regulator

design [4-7]. Most analytical methods assume that the linear part of the system is

dominant and design a linear regulator as a first approximatiom, to be subsequently

corrected by series expansions [5,7]. This approach is applicable to many
nonlinear systems, but it also has important limitations. First, it is not
directly applicable if the linear part is not dominant, second, calculation
of expansions increases the dimensionality difficulties, and, third, .ill-
conditioning due to fast and slow phenomena remains.

The two-time-scale approach presented in this paper avoids lineari-
zation and directly addresses the dimemsionality and ill-conditioning
difficulties. Its philoscphy can simply be stated as follows: ''Design the

slow subsystem first, by assuming that the fast subsystem has already reached

its steady state. Then design the fast subsystem for a set of constant values

[
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of the states of the slow subsystem. Combine the two designs by guaranteeing
stability and near-optimality properties of the resulting syster ."” The method
proposeé in (3] and developed here implements this design philosophy on the

systems nonlinear in slow variables and linear in fasc variables and control.

The class of systems considered is assumed to be in the
standard singular perturbation form exhibiting explicitly a parameter u, which
can be interpreted as the order of magnitude of the ratio of the slow and
fast state speaeds. Although this form simplifies the definition of the sub-
systems, the paper does not require any familiarity with singular perturbation
techniques. The slow and fast subsysteas can be considerad as postulates
whose validity is subsequently demonstrated by the properties of the actual
system controlled by the proposed composite control. Since the proofs of
these properties are elementary and make use of only Bellman's principle of

optimality and Lyapunov-type arguments, the paper can be read with no more

than a basic background in control theory. The steps of the design procedure
are presented on a simple example. The method of this paper is radically

different from the finite interval trajectory optimization results of [8,9]

because of the stability and boundedness requirements fundamental

in infinite time problems, which require feedback solutions.




2. Full Problem ‘,-

The problem considered is to optimally control the nonlinear system

o

X = al(x) + Al(x)z + Bl(x)u, x(0) = X, (2.1a)
Nz = az(x) + Az(x)z + Bz(x)u, z(0) = z, ( .1b)

with respect to the cost functiom

J = [ [p(x)+s'(x)z+2'Q(x)z+u'R(x)uldt (2.2)
o

where u>0 is the singular perturbation parameter, x, z are n-, m-dimensional
states, respectively, u is an r-dimensional control and the prime denotes a
trangpose. Regulator problems where the system is linear in the control and
nonlinear in the state have been considered earlier [6]. Here the system is
also linear in the fast state variable z, as is for example, the case with
models of dec motors and synchronous machines [2]. We make an assumption which
in addition to differentiability and positivity properties of terms in (2.1),
(2.2) also guarantees that the origin is the desired equilibrium.
Assumption I: There exists a domain DCRn, containing the origin as an
interior point, such that for all x€ D functions al, a,, Al’ Az, A;l, Bl’ 32,
P, 8, R, and Q are differentiable with respect to x; al, a,, P and s are
Zero only at x=0; Q and R are positive definite matrices for all x€D; the
scalar p+s8'z+2z'Qz i3 a positive definite function of its arguments’ x and z,
that 1is, it is positive except for x= 0, z=0Q where it is zero.
An approach to the full problem (2.1), (2.2) would be to assume that
a differentiale optimal value function V(x,z,u) exists satisfying Bellman's

principle of optimality

. ]
0= mtn[p#-s'z +z'Qz+u'Ru+Vx(al+A1z+Blu) +; Vz (a2+Azz+Bzu)] (2.3) 4
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where Vx, Vz denote the partial derivatives of V. Since the control minimizing

(2.3) 1is
P P PO 1 prge
u=-3 R (BlV:"i-u Bzvz), (2.4)

the problem would consist in solving the Hamilton-Jacobi equation

S 1 _1 1 -1 1
O=sp+x'z+2'Qz+ Vx(zl-f-Alz) + " Vz(az-!-Azz) z(vxal + m vzsz)n (Biv;+ ” Biv;) .
v(0,0,u) = 0. (2.5)

This would be a difficult task even for well behaved nonlinear systen Oue to
the presence of-% terms in (2.5), the difficuities with singularly pe¢ rhed
systems (2.1) increase. The method of this paper avoids these diffic. _.ies.
In contrast we take advantage of the fact that as u-+(Q the slow and the fast
phenomena in (2.1) separate. We do not deal with the problem (2.1), (2.5)
directly. Instead we define two separate lower dimensional subproblems, slow
and fast. The assumption about existence and differentiability of the optimal
valua function is then made only for the slow subproblem, while the assumptiom
for the fast subproblem is similar to thuse made for linear quadratic
problems. The solutions of the two subproblems are combined into a composite
control whogse stabilizing and near optimal properties are the main subject of

the paper.

3. Slow Subproblem
Because of the presence of u, system (2.1) exhibits a 'boundary

layer,”

that i3, a fast transient in the variable z, after whose decay both
x and z vary slowly with time. Setting u=0 the fast transient is neglected,

that is,
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| *s = al(xs) + Al(xs)zs + Bl(xs)us, xs(O) =X (3.1a) ;
‘ a2("5‘) * AZ(J‘S)Zs + B2("s)us’ (3.1b)
L and, since A;l is assumed to exist,
-1
zs(xs) =- -Az (a2+32us) (3.2

f is eliminated from (3.1a) and (2.2). Then the slow subproblem is to optimally
control the slow subsystem

i:s = ao(xs) + Bo(xs)u, xs(O) =X, (3.3)

with respect to
é [po(xs)+28c',(xs)us+us'R°(xs)us]dt (3.4)

[ &)
[ ]

where
-1
o T 317448

B-AAl'B

»
[ ]

By ® B4Ry
- -’-1 =1
po o] sAzaz-t-aA Q
s = B!A!” (QA_la -—-s)
o 272 2 2 2
-1
- ]
Ro R+BA QAsz (3.5)

We note that xs-o is the desired equilibrix.;m of the slow subsystem (3.3) for
all xsED, since, in view of Assumption I, ao(O) = (0 and the integrand. in (3.4)
is positive definite in xs and g that is
] '
po(xs) + Zso(xs)us + usRo(xs)us >0, xs#O, us#O. (3.6)
Our crucial Assumption II concerns the existence of the optimal

value function L(xs) for the slow subproblem satisfying the optimality principle

Q= %i;n[po(xs) +2s] (xg)u  + u;Ro(xs)us + Lx(ao(xs)+B°(xs)us)] 3.7
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where Lx denotes the derivative of L with respect to its argument X, The
elimination of the minimizing comtrol

2 - -1 -JL !
u, Ro (l°+2 B;Lx) (3.8)

from (3.7) results in the Hamilton-Jacobi equation

- -"'l - -'1 -l "1' ] -
0 = (p, -8 R s,) + Lx(ao BR,"8,) =7 LyB R, Boly» L(0) =0, (3.9)

where, due to (3.6), po";Rglso is positive definite in D.

Assumption II: For all xseD equation (3.9) has a unique differentiable

positive definite solution L(xs) with the property that positive constants

kl, kz, k3, k, exist such that

4
' -1 2 '
lexLx < ano < k2LxLx (3.10)
- = -
k3aoao < ano s k4 SIS (3.11)

Assumption II allows L(xs) to be used as a Lyapunov function
guaranteeing the asymptotic stability of xs='0 for the slow subsystem (3.3)
controlled by (3.8), that is for the feedback system

%, = a -BR (s +3B'L) =3 (x). (3.12)

It also guarantees that D belongs to the region of attraction of xs-'O. For
convenience we will take a level surface L(xs)'-c° to be the boundary of D.
It is pointed oﬁc that Assumption II does not guarantee the exponential
stability. This would be unnecessarily restrictive and would exclude some
common Slow subsystems such as :‘cs --x:.

Conditions (3.10), (3.11) characterize the slow subproblem solution
L by bounding the rate ﬂ-ano at which it decays to zero along the trajectories

of (3.12). These bounds encompass a larger class of nonlinear systems than




"

do some more common conditions based on exponential stability of linearized
models [5,7]. When the solution L of the s .w subproblem is known, conditions
(3.10), (3.11) are readily verifiable. This is how they are used in our two
stage design. We first solve the slow subproblem by one of the existing
methods, taking advantage of the fact that its dimensionality is lower than

that of the full problem. At the end of this stage L is known and (3.10), (3.11)
are checked. If they are satisfied, we proceed to the second stage, that is

we solve the fast subproblem.

4. Fast Subproblem

To motivate the formulation of the fast subproblem we observe that x
being predominantly slow means that only an O(u) error is made by replacing x
with X s or vice versa. Thus, when we subtract (3.1b) from (2.1b) we obtain

the system

u(i-is) - Az(x)(z-zs) + B, (x) (u=u.) - uz_ (4.1)

which can be further simplified by neglecting the r.h.s. O(u) term -uis.

Defining z_= 2=z and Ug = u-u the system (4.1) becomes

£

uif = Az(x)zf + Bz(x)uf, zf(O) = zo*zs(O). (4.2)

Following a similar reasoning we define

Jf = £ (zéQ(x)zfi-uéR(x)uf)dt. (4.3)

Now (4.2) and (4.3) constitute our fast subproblem for each fixed x=D. It has

the familiar linear quadratic form.

Assumption III: For every fixed x€D
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m-1

tank[Bz, AZBZ,...,AZ 32] = n, (4.4)

Alternatively a less demanding stabilizability assumption can be made.
Recalling also that R(x) >0, Q(x) >0 (see Assumption I), we obtain, for each

x€D, the optimal solution of the fast subproblem

uf(zf,x) - -R"]'(::)Bé(x)lt(x)zf (4.59)

where K(x) is the positive definite solution of the x-dependent Riccati equation

- "o '1'
0 KAZ + AZK KBZR BZK + Q. (4.6)

The control (4.5) 1is stabilizing in the sense that the fast feedback system
ui, = (A -B.RIB!K)z, & & (x)z (4.7a)
£ 2727 T27f 2 £ ‘
has the property that

ReA[KZ(x)] <0, vxeD. (4.7H)

5. The Composite Control

Compared to the full problem (2.1)-(2.5), the subproblems are
easier to solve due to the fact that the fast subproblem, although parameter
dependent, is a linear regulator problem and the slow subproblem, although
nonlinear, is of a lower order than the full problem. However, the controls
u, and ug are applicable to the slow and the fast subsystems, respectively,
which do not exist in reality. Our goal is to use ug aad ug to
control the actual full system (2.1). To accomplish this we now form a
'composite' control u, = us+uf, in which Xg is replaced by x, and zf by

z+A21(az+Bzus(x)). Thus the composite control is




u (x,2) = u_(x) - R-lB,",K(z + A;l(a.z-Bzus ))

- ] -l -=1. A
= -Rol(s°+—§' B;Ls) -R ]'BzK(z+A2 az) (5.1)
where
- 1 , - .
az(x) =a,-3 2R (B I. +B ), az(O) 0

' = -(a' R
Vl (s'+ ZaiK + LxAl)AZ

A=a- Bln‘lséx. (5.2)

Note that u, 13 independent of u, which simplifies the design procedure when u
is a small but unknown parameter.

For u, to be a meaningful feedback control of the system (2.1), it
must first of all be a stabilizing control. Furthermore for u, to be a
candidate for the optimization of (2.2), the full system (2.1) controlled by
u, must result in a bOundef:l cost (2.2). As u-+0, the full cost should approach
the cost of the slow subproblem. This would imply that u, is a near-optimal
control and that the regulator problem is well-posad. The boundedness and
near-optimality results in the subsequent sections are new, while the stability

result is essentially the same as [3], but in a new simpler form.

6. Stability

The full system (2.1) controlled by the composite control (3.1) is
x=a + Alz + Bluc = al(x) + Al(x)z, x(0) = X,
ut = a, + A,z + Byu_ = iz(x) + Kz(x)z, 2(0) =z (6.1)

where

i =a éan(sn'«\-s

1 1 1 al(O) = Q, (6.2)

V),
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and has the following stability property.

Theorem 6.1: If Assumptions I-III are satisfied, there exists a u*>0 such
that the equilibrium x=0, z=0 of system (6.1) is asymptotically stable for
all ue (0,n*].

Proof: Introducing
2, =z + A a 2,00) = z_ + A (x)a,(x) =z (6.3)
£ Ayay % o ¥ Ay (X)ay(x,) =z y
and F(x)= (K;laz)x, we rewrite (6.1) as
x=a + Alzf, (6.4a)
uif - u‘::‘(x)acJ + (A2+uF(x)A1)zf.. (6.4b)
Observing that (6.4a) has the form of the slow subsystem (3.12) with the
additional forcing term Klzf and that (6.4b) is an 0(u) perturbation of the

fast subsystem (4.2) controlled by the fast control ug (4.5), that is of (4.7a), we

use the sum of the slow and the fast Lyapunov functions

v(t.zf.u) = [L(x) + cmzélc(x)zf (6.5)

as a tentative Lyapunov function for (6.4) where a is a positive scalar to be
chogen. Since L(x) >0 and K(x) >0 in D, v is positive definite for all x€D,

2z stm and u>0. The proof consists in showing that the time derivative vV of v
with respect to (6.4) is negative definite, After completing the sciutres

v can be put in the form

Vo= -g(x,u) —%— ag'Q(x)z- etzgu(x,zf.u)zf (6.6)
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----'-l
g ano y'Q “y/2a

-9 ] -
y=- Ale + ZauKFao
-1 (6.7)
£ =2.-Q y/a
-1 [] - et L4
M=Q/2 + KB,R B,K- u(K].-'A1+A1F K) - uK.

Using the fact that x~-dependent quantities in g are bounded for ==D,

that is,
3 = =1 ten1
|A1Q All S ke |A1Q KFl < L 4IF'RQ “KRF < ks, (6.8)
\ - -
and recalling that lexij -ino, k3aoio < -ano, see (3.10),(3.11), we obtain
? ‘l zk - L - -
yQ'y < (k +3auk )L L + (3auk6+a u )a a < -oano (6.9)
where
ol -1 2
olan) = kg (kg + 3aukg) + k3 (Jauk, +a we) . (6.10)
It follows from (6.9) that
g 2 -ano(l-a/2a) (6.11)

and hence, to make g positive definite, it is sufficient to choose a> g/2.
A convenient choice is to take a to be the value of o when au=1l. Since ¢

is a monotonically increasing function of au>0, this choice implies that
g2-%13 >0 Yue (0, 3. (6.12)
= 27xo0 a

To complete the proof we need to show that M is also positive definite.
Noting that the first two terms of M are positive definite we now establish

that they dominate the last two terms, which are small for u sufficiently

small. Using the bounds (6.8) and




s
]
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13
Ikl = |Kxx| < le||a°+A12f| (6.13)
we conclude that thare exist positive constants ¥ and ka such that
1 -1
M 2§ (Q+KB,R™1B)K) (6.14)

holds for all x€D, all z. such that Iz I kg and all ue (O.ull- Thus for all

£ £
W€ O,u*], Wt = miaE, ) (6.15)

the derivative vV of v in (6.5) for system (6.1), or, equivalently, for system

(6.4), is negative definite and hence the equilibrium x=0, z=0, is

asymptotically stable.

From this proof we can readily obtain an estimate of the regiom of
attraction of x=0, z= (0. A well known estimate is the set of points x, 2z
encompassed by the largest closed surface v(x,z,u) M:"‘ for which ¥V 13 negative
definite. To each fixed u€ (0,u*] there corresponds one such set denoted by

Su. All Su sets contain all x€D, but differ in the magnitudes of z, because,

as it can be inferred from the above proof, the larger u is, the smaller 2, is
allowed. Thus the set corresponding to the largest value of u, that is to u*, is
the largest sat and is denoted by S*. Since this set is the intersection of

all Su sets, it can serve as a common estimate for the regions of attraction

for all values of u€ (0O,u™]. A proof of this fact consists of the c;lculations
analogous to those leading to (6.6) through (6.15), but this time for v with u
fixed at u=u*, that is for v(x,z,u*), rather than for v(x,z,n). Omitting

these calculations we state the result in the form useful for our subsequent

analysis.
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Corollary 6.2: Under the assumptions of Theorem 6.1 there exist positive

constants u* and ¢* such that the set I

s*(x,z) = {x,2: v(x,z,u*) < c*} (6.16)

belongs to the region of attraction of x=0, z=0 for all ue€ (0,u*], that is
all trajectories of (6.1) originating in S* at t=0 remain in S* for all t>0

and converge to x=0, 2=0, as t+%,

7. Boundedness of J

Asymptotic stability of an equilibrium at the origin is not

H
h

i
H
!

]

sufficient to guarantee that an integral of the type (2.2) will be finite along
the trajectories asymptotically converging to this equilibrium. TFor example,
when the control u---xz-x5 is applied to the system 1':-x2+u, then the equilibrium
x=0 of :’:--xs is asymptotically stable. However the solutiouns for x(0) -xov‘ 0

are

-4,-1/4
’

) (7.1)

x(t) = sign(xo)(4c+ (xo)

and hence the cost
D

I [ (x*+1/2 u¥)de (7.2)
o
is infinite. Thus it 1s not sufficient that our composite control be only a
stabilizing control. To qualify as a candidate for near-optimality t‘lc nust also
produce a bounded J. To show that this is the case we use the following lemma
from {1], which is implicit in [4,6].
Lemma 7.1: Suppose that system (2.1) controlled by u(x,z) has x=0, z=0 as

its asumptotically stable equilibrium for all xo,zoe S. Let this fact be

established by a positive definite Lyapunov function q(x,z), whose derivative
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q(x,z) is negative definite in S. If there exists a ball 8 centered at

x=0, 2= 0 such that for all x,z2€ 8,
p+s'z+z2'Qzg+u'Ru+4 <0, (7.3)

then the cost (2.2) is finite along all the trajectories which originate in §
and i3 bounded from above by q.

Proof: Let tB be the instant when a trajectory T originating from xo,zoe S

enters the ball 8 through xB, z. for the last time and stays in 8 thereafter.

8
The part of the cost along T over the finite interval [O,tB] is obviously

finite. Denc.ing the remaining part of the cost over (te,w) by J 8 and

integrating (7.3) from tg to = we obtain

Jg + [q(0,0)-q(xe.zs)l <0 (7.4)

which in view of q(0,0) =0 and the fact that q(xB,zB) is finite, proves that JB

is bounded.
To apply this lemma we substitute (5.1) and (6.3) for u, and z,

respectively into W

I, -£ (p+s'z+2'Qz+ulRu )dt = £ £, (x,2)dt (7.5

et

and rewrite the integrand as
® - a - = ' - M
£ (x,2) = -L & -8)z, + z}(Q+KB,R lBZK)zf £(x,2) (7.6)

where

Lyt o3l
B 2I() A2 a,.

- =1 a1 ' -
s s + KBZR (Ble+82v1) + 2(Q+KB,R (7.7)

1 2

It is important to note that the dependence on 2z, in (7.6) is indicated

£

explicitly, that is, the term szo is independent of 2 Furthermore,

f.
£(x, -zf) >0 because f(x,zf) >0 for all x€D and z,€ R®, x$0, szo.
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Theorem 7.2: Under Assumptions I-III, the composite control u, produces a
cost Jc which is bounded from above by 4v for all u€ (0,u*]. o
Proof: From (6.12) and (6.15) we obtain :

From Theorem 6.1 we know that 4v is a Lyapunov function for system (6.4) and

we use it as q in Lemma 7.1, which in view of (7.4) completes the proof.

8. Near Optimality

The question can now be posed whether > being a stabilizing control

which produces a bounded cost, is also near optimal in the sense that as u+0

the cost Jc tends to the optimal cost for n=0, that is the optimal cost L(x)

of the reduced problem. This question is answered by expressing J c 88

Jc(z,x,u) = L(x) + uVi(x)z + uz'R(x)z + uJ, (x,2,u) (8.1)
where the first two u-terms are suggested by the linear~quadratic form of the
fast subproblem. If we prove that J 4 remains bounded as u-~+0, this will
guarantee that Jc(x,z,u)-»L(x). 'J
Theorem 8.1: Under Assumptions I-III, the composite control produces cost ,’Ti
8 (8.1) in which JA remains bounded as u-+0. .

Proof: Cost Jc(x,z,u) of system (2.1) controlled by u, satisfies partial
- differential equation

' ] 1]
p+s'z+z'Qz + ucRuc + (Jc)x(al+A.lz+Bluc)

+ (Jc)z(32+A22+Bzuc)/u =0, (8.2)

JC(O,O,u) =0,

We have shown in {3] that the substitution of (8.1) into (8.2) and the use of

(3.9), (4.6), and (5.2), reduce (8.2) to
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- = 1 - - , , - -
Jéx(al"'Alz) + I J43(32+A22) = -(Vlz+z Kz)x(a1+Alz),
Ja(0,0,u) = 0, (8.3)

This expression, and the fact following from Theorem 7.1 that uJ4 is bounded,

are used in the Appendix to complete the proof.

In addition to the near optimality of the composite control, Theorem 8.1
also shows that the full regulator problem is well posed in the sense that the
same cost results from neglecting u in the system model and then applying the
control u, to (3.3), or first applying the control U, to (2.1) and then

neglecting u.

9. Two Stage Design

The steps of the proposed two stage design will be presented on a

simple example of the system
. 3
x=-7x + z (9.1a)
Uz = -z + u (9.1b)

and the cost functiomal

J= }'m(x6 +% z2+% «®)de. (9.2)
o
Step 1: The slow subproblem
i o= -2x 4 (9.3)
Js - £’(x:4-u§)dt (9.4)

consists in solving the Hamilton-Jacobi equation

L'T'x, L(O) =0
s
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which yields

I - 1.3 A
L % s u, 3 xs, xg 2 %3
Step 2: Testing the conditions (3.10), (3.11)
5 _ 5 _6 6
klxs <% %< kzxs, (9.7)
25 6 5 6 _25 6
16 K3%s S 4 % £ 16 K% (9.8)
we see that they are satisfied by
5 4
kl kz =5 k3 = ka =3 (9.9)
Step 3: The fast subproblem
ug. = -z, + u, (9.10)
®3 2.1 2
\ £ (7 zg+7 updde (9.11)
is in this case independent of x and its solutiom is
K -1 u, = -z uz, = =22z (9.12)
[ £ £’ £ £ )

Step 4: The design is completed by forming the composite control

u, = -x3-z (9.13)

and applying it to the full system (9.1). The final feedback system (6.1) is

X e - % x3 + z (9.14a)
uz = -x3-Zz. (9.14b)

It should be noted that this system could not have been designed by methods
based on linearization, since its linearized model at x=0, z=0 has a zero
eigenvalue. However, Theorem 6.1 guarantees that the equilibrium x=0, z=0

is asymptotically stable for u sufficiently small.

=TT asa
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Step 5: With the help of Theorem 6.1 and Corollary 6.2 we can further
analyze stability properties of the designed system (9.14) which 1is first

transformed by zf-tz‘l»i x3 into (6.4), that is into

2
.. .53
x=-7x + zf (9.17a)
uif - -u%s-xs-(Z-u%xz)zf. (9.17b)

The Lyapunov function (6.5) is
4 4 °f )

and to analyze its derivative (6.6) we evaluate the bounds (6.8),

4
2
RPN

k 7 i

4 413
23, k23773 X

6 : (9.19)

5

They are to be used to find an o guarateeing that g in (6.7) is positive
definite for all xeD. In this example the choice of D is free, since the
slow subsystem is asymptotically stable in the large. Suppose that we are

1
interested in xe [0, fl’ Then k6 2 %, k73€3£ and o is obtained from (6.10)

as a=cg(l), that is

D843 53,3, 881
a=3G+9 + G5 " a0 (9.20)

With this o it can be easily verified that

a5 618 (15,202
g=x (1 Isa (1 T Y > 0 (9.21)
for all xe (0, !2'-] and all ue (0, -i*]. Next we find My such that
M-g+%-u%x2>0 (9.22)
for all xeg (0, %] and all ue (O,ull. Clearly u1<13—0 and hence u*'i"gs;g

e e PR PR PPV oy s o -
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guarantees that ¥V is negative definite for all u€ (0,u*], all xe (o, %’-], and
all z;. We note that in this example there is no bound on ze because k-()

and hence M does not depend on Zg. In general a bound on ze would be required
for positive definiteness of M. It should also be noted that for a different
set of x, a different u* would be obtained. The presented sequence of
conditions for V<0 is convenient when u is a parameter at the designer's
disposal. When u is a fixed physical parameter, an alternative treatment

of (9.20), (9.21), and (9.22) starting with u given, would determine the
allowed x and, in general, Zg.
Conclusion

The proposed composite control circumvents the dimensionality and
conditioning difficulties and takes advantage of the two time scale behavior of
the considered class of nonlinear systems. In spite of the singularly perturbe.
form (2.1), these systems need not be singularly perturbed, that is u need not be
small. Among the results of this paper are the specific bounds on u, which, as
the example shows, can be 0.5 or larger. Estimates of the region of stability are
given which depend on u, but not on the assumption that u—~0. The only result that
remains restricted to u—+0 is near optimality. It is conceiva?le that by a
similar development bounds on the performance loss can be obtained.  Another
improvement is likely in relaxing conditions (3.10), (3.11). There exist
successful applications of the composite control when (3.10), (3.11) are
not satisfied. Nonetheless (3.10), (3.11) are less restrictive chan exponential
stability conditions based on linearization. In the first stage of the two- '
stage design the lower order nonlinear slow subproblem needs to be solved. l

It would be of interest to develop a numerical method whereby along the slow




2l

iy solution also the local values of the fast subproblem matrix K(x) would be
i generated. Finally, the assumption that the fast variables appear linearly
avoids technical complications, but is not crucial for the applicability of the

an two time scale approach. Extensions to broader classes of systems are possible.

-nﬁiiah_-n_.______u'“.. e e e o~ = = e -
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Appendix
We complete the proof of Theorem 8.1 by first rewriting J as
1 ]
J =L+ uVl(zf+zs) +u(ze+z)) K(zf+zs) +ul, 1)
-t , -
L+ uVlzf + uz Kz, + Wi,
where
2= 2. +2z, z, = -A (x)a (x)
- - (A2)
V., =V + 2Kz _, J, =J +Vliz + 2'Kz .
s s 8

1 1 4 4 1%s

With respect to system (6.4) Jr satisfies the partial differential equation

f(x,z;) + (Jc)x(;°+§1zf) + (Jc)z(uﬁo+ (324— uril)zf) =0 (A3)

where £ is given in (7.6). Taking the partials of Jc in (Al) and substituting

into (A3), we obtain

(Ja)xx + (Jé)zz = -(zf 1x 4-V1F4'Zz KF)(a 4-A ) z Kzf = -fl. (A4)

A further substitution

==l R B
v, (Az) (51+A1Lx) (aS5)

. where s; 1is as in (7.7), makes it possible to complete the squares like in

(6.6). We thus establish that

- -1 )
fl-(zéJ +L AlA F+Zz F)(a +A12 ) + 2 (J (a +a zf))z (A6)

is bounded from above by
- by '
[(1+c3)/k1+ (<:1+<:2)/l<:,‘]l.xao + (2+c,)z.2,
and from below by

3 L@ +ey)/ig+ (e ) /i, L 3 = (2+e,)zfz,




i T

where , SIS |
¢y 2 MH i, H = A4 F
' - (7 . =
¢y 2 IH2H2| , Hz ('lx+ AK!')ao
. S (A9)
c3 2 IH3H3I . d3 - A1A2 FAl
el @ A+ LR@E +2r
c, 2 Il<+2 (v1x+ 21(1‘)A1 + 3 Al(le-l- 2F'K)N

From (6.13) we know that ﬁ, and hence s remain bounded as u-+0. Furthermore,

rewriting f(x,zf) >0 in (7.6) as

) R.lBé)zf, (A10)

- ]
2 -ano + zf(Q~+-KB2

?
1%f
and using the fact that the right hand side quantity is positive definite for

14 m 5’y --l - e
all xeD, zfeR , We obtain by substituting i’.Az (a°+Alzf) for Zg,

!—“l - - - '
- %¢ /
ﬂslA2 (ao-f-Alzf)II < (l+..cs,k:‘l)f..}':a‘_-‘+2c6zfzf (A1l)
where -1, RIS

CS 2 N -ll(_Az ) (Q+KBZR BZK)A2 I

(A12)
- -
e 2 llAlNAllI .

Combining (A6) and (All) we conclude that there exists y >0 such that fl is

bounded by [y¥|, which, by Lemma 7.1, proves that

I, = £ fldt: . (A13)

is bounded.
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A. Bensoussan
University Paris Dauphine and INRIA, Versaille
Visiting at Coordinated Science Laboratory
University of Illinois
Urbana, Illinois 61801, USA

Abstract
Composite control orginally proposed in a deterministic context
is generalized to the problem wich white noise inputs. However, the
approach used here is radically different from the deterministic approach.
Presence of noise smoothed the system behavior and allowed a more complete

solution than in the deterministic case.
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INTRODUCTION

We study in this paper a stochastic version of the problem considered
by J. H. Chow and P. Kokotovic [2]. Namely, we consider
dx = (c(x)z +d(x) +2p(x)V(t))dt +2 dw,
1
dz = Z(a(x)z +b(x) +2a(x)v(t))dt +/2 dw,

x(0) = x, z(0) =2

J;’z(v(-)) aE Ioe.Yt[(f(x) +h(x)z)2 +v(t)2]dt.

Chow and Kokotovic have considered this problem without driving white noises.
It turns out that the introduction of the noises smoothes the system, and
allows to obtain a fairly complete solution of the singular perturbation pro-
blem, without the assumptions made in the deterministic case. We however ‘ {
assume all function of x sufficiently smooth and bounded, and the discount Y
large enough (but fixed).

We write formally the equation of dynamic programming and study its
asymptotic expansion., We prove that all the terms of the expansion are uniquely
defined and smooth (depending on the smoothness assumptions on the coefficients).

Then as in Chow and Kokotovic we consider a composite control and

prove that it maintains the pay off bounded by a constant independent of .

From that it follows thatinf J;’z(v(-)) remains bounded as €=0. It is possible
from this estimate to show that the initial equation of dynamic programming

has a maximum solution in some Sobolev space with weights (as in Bennoussan-

Lions [l1]). However we cannot prove a convergence result for the inf. What i

we prove is that
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¢ Q
taf 3, L (v()) =

where V is a more restrictive class of controls (namely those for which
E J:JYtlz-(t) lzdt <M, where M is a constant independent of s). Moreover
uz(x) is the lst term of the expansion.

I would like to thank P. Kokotovic for many fruitful discussions
and suggesfions, and first of all, for having introduced me to the problem

and organized my stay at C.S.L. (Coordinatad Science Laboratory) where this

research has taken placa.
Contents
1. Setting of the model i
2. Formal expansions
3. Study of functions u];‘
3.1. A priori estimates

3.2. Existence and uniqueness rasult

4. Interpretation of the limit problaem

* 5. Stabilization property

L. Setting of the Model
Let us consider functions a(x), b(x), e(x), d(x), a(x), 3(x) satisfy-

ing
! a, b, ¢, d, @ 3 smooth and bounded, a#0, a %0, (1.1)

s Let wl(c), wz(t:) be two Wiener processes, scalar, standard and independent ocne

from each other.

We consider the stochastic system of the equations
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dx = (c(x)z+d(x) +2p(x)v(t))dt +v2 dw ]
dz = -]"(a(x)z +b(x) +2a(x)v(t))dt +.,/2 dwz (1.2) I ‘
x(0) = x z2(0) = z,

xQ
The control v(-) is a non anticipative process such that E Joe'Ytlv(t) lzdt <@,

We consider the payoff

Ig L)) = E J':e'“uf(x) +h(2)? + v(e) e (1.3)

where
Y >0 constant (1.4)
f, h bounded smooth functions (1.5)

we are interested in the behavior as ¢—~0, of the Bellman function

u(x,2) = dnf J2 (v(-)) (1.6)
v(-) 77
Formally we can write the Bellman equation which is satisfied by y . Namely
¢
s ¢ s u
~bu YU = (£(x) +h(x)z)2+i.3f[v2+ux 28v +—F 2av] +

] “:
+ux(cz +d) +gtaz+b)

or
au‘ l.l.c
~au4vus oS+ B2 - ez +4) - £ (az+b) = (£ +h2)” 1.7
The optimal feedback is given by
[
a(x)u_(x,2z)
vi(x,2) = -B(x)uf(x,2) - ——f—— (1.8)

we will refer to x as the slow system and to z as the fast system. The slow
system is strongly nonlinear, the fast system is linear with coefficients

depending nonlinearly on x.




We will not study equation (1.7) for general ¢, it will be used to

e I

derive the expansion. Rather we will be interested in considering (1.6)
(taking it as a definition of u®) for ¢ small. We will define a limit problem
which will be the stochastic control problem for a reduced system (obtained
formally after multiplication by s and setting ¢ =0 in the equation of the
fast system). The stochastic control problem for the reduced system will be
solved completely using Bellman equation. Now considering

vix,y) = nf 37 (v(+))

v(-)ey ™

where V is a restricted class of control (see (5.6)), namely the class of
controls for which the system (slow and fast) respect a growth condition, then

w° will be approximated, up to ¢ by the value function of the reduced system,

2. Formal Expansion
We look for an asymptotics of the following form

. 5 2P 4 op
ui(x,z) = I 6" I, 27 u(x) (2.1)
where ui are functions to be identified.

For convenience we define
ul;-O for 42p+2, and £<0. (2.2)

The following formulas which are easily verified

o AP MAIR T 41 TR Gt~ s
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1
@« I,P‘" L p
e * pE0* F0? Vg
u‘ p+l
e ? P ) p+1
< -p}:—l ¢ ‘Eo(£+1)z ity
p+2
€ u T o Lp
zu, p§0‘ !?-:-l.z “L-l,x 2.3)
zZu ® P2
—2 . P 4 p+l
< p--l.‘ £§1 Lz uy
1
¢ _ @ pP+ 4P
Yx p§0‘ LEOZ Y e
< p-l
u., le 0(1+1)(£+2)z u‘e_"2
¢
1
.10 & pPt p+l
Bu;-l-a-—:--ag u1+p§00ppoz (pup + 4+ Pt iy 2.4)
¢
u p+l
0,2 o - ) 1
(i +a)? = o?ePh? +2ula £ P ) puf ratsr 1ol
2 ‘ppEZ ’ l/\(n+1)
*+050 ® £0 % ndo 3 0v(,z-p+n 1)("“jx+°‘(j"'1)“j+1) (puz_j x 2.5)
-a+l
+a(e- 3+ D I
and are used in equating powers of ‘p 4 in (1.7). We remark immediate-
ly that
ug =0 (2.6)

We then organize the calculations as follows. Assume that at some stage

px1l we know

|4 P P P
up+1 up ey Up, but not uy
and
u’; for DSrsp-l 4=r+l,...,0
e - _ I

Precrmar o
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Frewpa—
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then we will successively compute

ot Pl P P
p+2’ S LRRRE A BRI

L o B ooy

The case p=1 is slightly particular. We start with it., So we compute

successively u;' s ui, ug. Taking advantage of convention (2.2) and (2.6) we
consider the sums in (2.3) with r running from 0 to « and 4 from O to p+2.

Therefore we can write the (p,4) problem (p20,0= {<p+2) as follows |

p N(otl)
~u m-(ul)(uz)u +Yu +Z, (Bu jx+a(j+1)uj+1)(p 4-; .

+ oty Ty L pef | +ad® +b(.¢+1)u +alvup+l]-(!, 1m0 +26% )

4=j+1
2.7
2
+ h°% z,-z)xp-o
\Y
I we apply (2.7) with p=0, ¢=2, which will permit us to compute uy. We obtain
42 (u;')2 - zau;' = h? (2.8)
’
3 and take v
i
' 1 a++ a2+4ot2h2
: uy = A 2.9)
4
We next compute ui by writing (2.7) with p=0, (=1, We get
o 1,0 1 0 1 1
4oru2(puox+otu1) (c:uox+2bu2 +au1) =2fh (2.10)
from which we deduce ull. as an affine function of ug, namely (noting
Aazu -a =va +4a2h2 =4)
W (c-dabuly + 26 +2but
1 0x 2 2
uy = . (2.11)

1 a




P00, i 1 4 AL 8 o - - s . ' il Sl

E ]

- 32

[T [T -
. .

We next obtain the equation for ug. It comes from (2.7) with p=0, =0, We

obtain |
0 0 0 1,2 0 1
- +Yud+ (o) +auby? - [aud +bul £ 2.12)
But from (2.10) and (2.11) we deduce

3 o . ugx(ac-ﬁa) +Of(2bu;' +2£h)
Bug, +au; = = (2.13) |

therefore from (2.12)

; 2 1 2
0 o @i)le-ga)? Fewul+zm? , o o
) U0 +Yu0 + 2 + Aé +F(2bu2 +2fh) (t:vc--Ba)uox - duox
| 0 1 1
4 ) buox(c-l&aﬁuz) _ b(2fh+2bu2) .2

A &

-u +Yug+ugx[a(cb-ad)+4ha(f(ac-pa)+h(Bb-da))! > A >

0
Oxx a +4azh

2 2
+ (“gx)z 3= ga-bhz 3
a +4a’h” a +4a'h

(2.14)

{ Then ug is solution of a nonlinear elliptic equation which will be studied in

i the next section. We can now assume p=21l, we know ui for 0S$r=p-1, and

We compute successively

-
-’
. . - . . i . Y . .
R A T T B e P =t -w~0‘-ww-mw—vmm -

3
-
o

[pe——

p+l  pt+l

UP+2 Up_'_l... ul uo. n‘

{

i

We compute u:_:;' by considering (2.7) with p=p, g=p+2, we obtain i ,E
¥
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> n p-n+ly . P p+l,
ngo(aun-#- 1,x +a(n+2)u +2)(Bup n+1 x+a(p-n+2)up_n+2) [cup+1’x+a(p+2)up+2] 0

i.e.

p-l
(P+2) (4a?uy -a)u"*‘1+ (Aaeuz DL N C +°f(n+2)“23)(5“

-t et

n+l,x p-n+l,x
+a-n2)P ™y 2o
. p-n+2

hence

WP Lo P o (cdapul - p-l(a +a(ai2)™ ) (gu

p+2 p+l,x 27 n=al n+1 X n+2 p-n+1 x

p-1 (2.15)
p-n+l 1

+ a(p-n+2)u p2 1(n§1 =0 if p=1)

p-n+2)] Fr2)e
Suppose now that we have computed

' ukp+1 for P2 2k a4+l

with 422, and we want to compute uTl, 422, We consider equation (2.7),

which we write as follows

p -1 JA (n+1)

- u - (M-l.)(lrl-Z)u +Yu" ntl j-Ov(l:-p-i-n ].)(Bt.x.,j +a(j+l)uj+1) (auz_J x

' i + a(t-j+1)ui:31:i) +2(puix+a(.l+l)ui+‘_i)(pu +otu1) +bqul 2aud ) x+am§+1)
- [cuz_l +du‘ +b(j+1)up+1+a£up+1] =
’ . from which we deduce
' (Aazu;'-a)l.url - (c-loaBu;)uS_l’ +up+1(l;+1) (b- 2a(ﬁu0x+o{u1))
. 0
ui,x(d-Zp(Buox+a{ui)) +u;x+ (z+1)(£+2)u§+2 -Yui (2.16)
p-1 M (n+l) (ﬁu n+l p-n+l

ix +a(j+1)uj+1) (ﬁul.j x+oz(.¢-j+l.)u

-1+

" nal j=0v(4-pin-1)

- ——
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1
It remains to compute uT’ and ug.

We write (2.7) for p and fi=l. We obtain

n -n+1 o+l
- ug’xx-Gu +Yu + 21[(pu +oeu1 )(pup +2au; p )+(au1 K+2c.1eu2 )(ﬁu
§ | + auf” "+1y) + dauy (pub rauP*hy 42¢pf +2aup"'l)(augx+aui) (2.17)
- [eu?_+du?_+2buBtt 1 auft] = 0
Ox 1x 2 1
We set
fl p P p+l p-l n+l p-n p-n+l
g -du 2(su +2au )(au +ou ) [(pu +ouy )(pu +2au )
i p Ox 1/ n= 1
}{‘ (2 18)
n+l p-n p-n+l P P_vy, P
) + (au +2au2 ) (Bug, +ouy )]+u1’xx+6u3 Yuy
S hence (2.17) yields
b
3 1
P L, L P prl P+l
g 4m12(ﬁu0x+0l11 ) (°u0x+2b“2 +au; Y=g
' and by analogy with (2.10) where 2fh is replaced by g,
b 1 p+l
u._(c-bapu,) +g_+2bu
ull).-e-l_ ox 2A D 2 (2.19)

We finally obtain the equation for ug. We write (2.7) for p, and £4=0 and

use (2.19). We obtain

p-1
| +1 +1 pHL, o 0
h P +vub 20l 4 21(5u0x+out; ) pub ™+ aud ™) 42 (puf +au]") (B

Yoxx

) SO p p+l
+ o:ul) (t;luox+bu1 ) =0

But by analogy with (2.13)




1
il Upgloc-pa) +a@bul +g)

p -
Bugy +ou1 i

therefore uP as solution of
0

0 1
2 (Bu,_ +au.) (ac-Ba)
ox L - a] =20f +buf™ - 2¢pud

- upu +Y“8+“gx[ uy 2.20
a(2bu -
1 2 T8 n n+l, . p~n, p-n+l
+ ozul) A - §l(Buox+au1 )(BuOx +au1 )

3. Study of Function ulz

The only problem concerns function ug which is solution of a non-

linear problem. Set u -ug then we can write (2.14) as follows

- W +Yu+uPRl ppu =y (3.1)

where A(x), w(x), V(x) are given functions which are bounded and that we may
assume as many times differentiable as we want, and Y 20 constant. We can

connect to (3.1) a stochastic control problem as follows
dy = (w(y) +2X(y)v(t))dt ++2 dw y(0) =x (3.2)
3w =E e T +v(e)1ae

u(x) = inf Jx(v(-)). a3.3)
v(+)

3.1. A prioriEstimates

Lemma 3.1: Assume we have a solution u of (3.1) sufficiently smooth, then

livll, =
HuHL‘, < TL (3.4)

Proof; Follows from the maximum principle.

Lemma 3.2: Same assumption as _in Lemma 3.1 then
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L
Proof: We follow Ladyzhenakaya Uralt'seva [1]. Define
B,(x) = exp- () x |2 4+1)t/2
PR x
B = 7 172 -
Podxlf+1)
Let k21, Set
u=@(v), P function defined later.
We get from (3.1) and
ul aPlyt  gn o gyt + Pty - (‘i""v'2 + Ptvi) +a(x,u,ux) =0
where
.2 2 .
a(x,0,p) = A ()P +H(X)p+Y6 - V(x) (3.5)
hence
-V '% V'z %l =0 (3.6)
The function ? will be chosen such that
¢ >o0. (3.7)
We next set
w = il (3.8) -
= (it
Ay = ixlwex) > K},

1f Ak is of Lebesgue measure 0, then the result is proved. Let us assume that




it is of Lebesgue measure>0. We multiply (3.7) by (ZV'T‘;)'ai other the set

Ak’ hence
™ 2 a 2
IAk[-v" “H VUGl dx = 0. (3.9)
Since T is 0 on the boundary of A, Ve can integrate by parts
2
2Pxp
20 .2 ' a2 -
- fAkpp[-v' -% v! +‘$-1'2""""‘+~{'Ak (1+|x|2)1 5 [-v -% v +%,]2vv.,-0
3.10)
We use
2
J'A pﬁv"'ZV'T‘ dx= -f p%v"(ZV'Tl)'dx+f %vv' (2v')dx (3.11)
k Ay A a+lxl%)
hence
.2 - 2 P 42 20 '
o--fAkppw(zv'.o'dx«» Akppzv".ti?.v‘ -%v)"'-m(' g2 42 lax
(3.12)
0 -J’Akpﬁ{-w'z ree-2v? w2 gyt a2 St 2v @y
2Px P a
+ S e v ) Jidx
(L+le2)l 2 ¢ ¢
2
or using 2v"2 -%;
2
2 2 ! ' ' '
fAkap[w' +(w-k)-w?w— - 2(w-k) (-::L, 'wzldx-IAk',ai(w-k) [2 %, viw' =2 %,% ,
(3.13)
P 2Px P a
+ 2aw °P'2+ m(- GV Gi)ldx

We have

a(x) -kz (x)cp'zw +p @' v +Yu -V

:—; = 2}.klv'2w+k22¢l¢nv'w +}‘2‘P12w' +ple'v! +F-‘P"W+H-‘9'V" +Y(9'V' - !
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1
%: a—‘:--zu'cp'v'w +2k2¢"w2 +k2<P'v'w' +R'W g.' viw+ ;—w' +Yw --;-:,v'

In the right hand side ox (3.13) we have terms involving w', namely

2 2
(w-k)[2 g,' +7chpl] v'w! £C[§(w-k) 5' + %-(w-k)wz (ip'_ 2 +<P-2)]
cpl

' 2
(w-k) gw' SC(w-k)[6 %' +%w]

Since w21 on Ak’ we majorize the other terms by

cow=k) [ 1o W] + C:P(w-k)w3 /2

Going back to (3.13) we obtain choosing & small

: 2
y Aksﬁtw'z - 2(w-k) () ') 5[ AL tcwzf'z sol 4oy regtlax (3.14)

The constant Cq, depending on the bounds on 9, ¥', ¥, c-];.v but not constant C.

Let M such that HullSM. We choose
t _ 4
, cp(c)--2u+5m,foe $ds , qal
ii define €y, t, such that ;
' t t P
: 1 4q 2 q :
o “8ds = "8'4s = L :
foe ds r fod ds e ’
<P(t:1) = <M ?(tz) =M i
i
-M £ P(t) £ o for tl £ts tz. '
3
We have ¢ >-—1— and ¢, < L since
1 6e 2 2e
/2 _a 1
J‘ e % ds > =~ .
o 2e

so for a choice of 4 to be made later, we have |




sl DN PN et e e

4
i

< (@) <t <ty <%-e-
1f -M<P(t) <M. Now
P = 6Me e-tq P "6Meqtq'le-tq
%.' - -qtq-l %.')' - ~q(a-1)e372.

We have 9'>0 ¢, ¢, 9, %, bounded -(g:)' »#0. Let us now choose q such that

o2
-G > C(- 2+ o 4+ levl) (3.15)
or
-1 -8
a(a-1y 32 >c[?e292 4 36e2e 25 4 ceqed et ]

which is satisfied for q large enough. Therefore we deduce from (3.14)

2 2 3/2
J’Aks w2 - (w- k)((P,)' ]clxa:,jAk F,(w-k)c wo!“dx (3.16)
hence since wak and -(f,')' zC$>O
c
2 < -C-rq’ .
¢
172 % Co
Therefore if k ->F, the set Ak is of measure 0. This proves that 3 is
? ®

a bound for w.

3.2. Existence and Uniquemness
Theorem 3.1: Assume that the function A, w, v in (3.1) are Cl, bounded with

bounded derivatives. Then there exists one and only one solution of (3.1)
which is c3 bounded as well at its derivatives.

Proof: Let 6(z) be a smooth function such that

D e TPUE] PPN NP e W T e e T e
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L.

89(z) =z if (z) sk E

CHES! L

8 bounded |9(z) | =min(lzl,c)

We consider the equation
1124 2
“u"+Yu+8(u) A" +pul =y 3.17)

The nonlinear term
2.2
H(x,p) =8(p) A (x)
is Lipschitz in p, since

B =200 22 (x).
Therefore there is existence and uniqueness of the solution of (3.17)
(although since t:)(p)2 is not convex equation (3.17) does not correspond a
priori to a control problem).
The solution of (3.17) is Cg.]' Now redoing the calculation of
Lemma 3.2,byvirtue of the assumptions of 6, once easily checks that the same
estimates remain valid. Now if k is the bound on |u'l| obtained in Lemma 3.2,

we see that 8(u') =u', Hence the existence. Uniqueness is the consequence of

the maximum principle. Indeed {f u, u are two solutions them setting

we have by difference i

1 .
C: = space of functions with n derivatives coantinuous and bounded. [
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W AYV+RE V(U +0') ! =0

and since u', u' are bounded the maximum principle shows that v=0. -
Theorem 3.2. Under the assumptions of Theorem 3.1, (3.3) holds and there

exists an optimal control. i
Proof: More precisely, we prove that (3.3) holds for the following class of

ol PEN OEN O

admissible controls.: v(t) is non anticipative,
Then the solution of (3.2) is defined in the space K = {y|E sup ly(t:)l2 <=}, ! ;
0<t=<T i
YT finite. ,
i BY virtueof the regularity properties of the solution of (3.1), 4
the standard theory of Stochastic Control (see Fleming-Rishel [4]) ylelds the

| desired result. The optimal control is defined by the following feedback rule

T(t) = -A(F(E))u' (F(L)) (3.18)

——rt - i

where y(t) is the optimal state. a

- .
PR

Turning back to function u‘; we have

i Theorem 3.4. Assuming all functions of x entering in (1.2), (1.3) Ct];’ then

| ug is uniquely defined by (2.14) in Cg, and u;' R u:'. are uniquely defined and

C:. 1f the coefficients are Clz, then u§, uz, ui, u; are well defined and Cg.

Dlunngany
4 .

If the coefficients are sufficiently smooth, we can define in a unique way

the functions uz up to a given index p.

Proof: Assume the coefficients to be clz, (for instance), ug is then in C: ’

I and u;‘ Ec:, ui Gczb. From (2.15) with r=1, one obtains ug Ect];, from (2.16)
I with £=1, L=2 one obtains ug EC:, from (2.19) one obtains ui ecg and from

(2.20) ué €C§. Clearly we can make an induction argument. e




o
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4. Interpretation of the Limit Problem

We now give the interpretation of u: =u with respect to the original

control problem (1.2), (1.3). This is the reduced control problem. The

reduced control problem consists in setting ¢ =0, after multiplication by ¢,

i.e.,

ax + b + 2av = 0
hence

z = - D20V

! a

and using this in the slow system equation, we obtain

" dx = (- f(b +2qv) +d +2Bv)dt +42 dw (4.1)
E x(0) = x

i

’ 1200 =, e VEL(£ -2b +20v))% + 7]t

To see the connection with (2.14) and (3.2) under a suitable choice of i,

p, v we make the following change of control variable

. vevda2 fa'Ag“h (4.2)

then after easy calculations, one can rewrite problem (4.1) as follows

da - bc 4@;

dx = ( ) (fa - bh)ah +2 3 (ﬂa-ac))duﬁ'dw

’

or ag it is easily verified

. a(da - be) +4ha(£ﬂa - arc) +h(da - Bb)) fa - ac
dt +2 -Lr—-%—f 4.3
a? + 4a®n? +4a"h .3 |

with a payoff functional
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- 1x(-) =€ foe Yoo’ +-@—-99—1dt s
I; This is exactly the form (3.2), (3.3) with the choices
I - (fa - bh)
ve"7 22
a“ +4a'h
. a(da - be) +4ho(£(Pa - ac) +h(da - Pb))
a2 440’02 (4.5)
. _Ba-ac
A 2
a” +4a"h

Therefore we may state.

Lemma 4.1: The function u=-ug is the Bellman function of a stochastic control

problem, which is obtained from (1.2) as follows

dx = (cz+d+2Bv)dt +v2 dw,

st e

0 = az+b+2av (4.6)
x(0) = x
J:(v(-)) =g I:e'Y‘[(f+hz)2 +v2]dt. “%.7n

R -

The optimal control of this reduced problem is obtained by the following

feadback

. .

: v, (x) = -f——-—)-—a“‘ Pa) ou0 42 {fa-bligh “.8
2 4 4atnl a? +4a"n .

We define z (x) as the value of z defined by (4.6) when we apply

the feedback control (4.8) vs(x), namely

T ey ey e T

ls stands for slow.

———
. f

TIN
¥ “ L i T
4 Bacn
0 T T i

A Y T e s ey



-
b +2av |
u s __b_2a(ac-Pa) o (fa - bh)ogh, _2a ) L.
z (%) = ——3 a &l a2 au 12 A2 ] Az(s" -ae)u .
2 |
-2 % (ta-bh)h ‘
ald
i.e.,
i z_(x) = B————(Ba - ac)u® -ﬁ .2
s a2 +4a?n? ox 2 42 (4.9)

We now introduce the composite control as in Chow-Kokotovic [2], [3].
Going back to the optimal feedbaeck (1.8), we conaider the first term of its

! expansion obtained from (2.4), namely
i v_(x,2) = -(Bu® +Otu1) - 20zul (4.10)
et ox 1 2 .

and using (2.13) we obtain

u°x(ﬂa -oc) - Ol(Zbu;' +2£h)

1
e (x,2) == 2 - 20'21.12 (4.11)

Then we have

Lemma 4.2: The composite control vc(x,z) can be written as follows

- v (x,2) = v (x) - 2au21(z-zs). 4.12)

Proof: We compute from (4.l1ll) and (4.8)

e b A

1 o -
v (%,2) = vy (x) = (Fa -ac)(x-l-;:f) - 200z --A-(Zbu;'_+2fh) +2 ;‘?;.L‘f?g_ﬂ&).

L Mzu;'(ﬁa -ac)u’  2afh 4oty g 2
= -20u,z + 2 T2 + 20b(- = + A—z) (4.13)

But




o “amranie

bomt ey

oy

45
“; h2 a+d h2 a 1 h2 a
20b(- F +5) = 2ab (- —2—+—2-) = 2ab(- - - —2-+—2) =2ab (- 2
)\ 4”8 & 4a”a  4a” A 4a”A
1
a2 . 4o®n? a a’ 20ba , . a 2abau,
TS )t A s g e S A
4atA 4”4 4ad 4o A
Taking into account (4.9) we obtain (4.12). a

As in Chow-Kokotovic one ¢/ n interpret the 2nd term in (4.12) as

the optimal control for the following control problem.

[ -]
Min fo(hzzi +viyae

dz

—a-t- = azf+2avf

2.(0) = 0

provided that we interpret z -z, as z. (x being frozen).

5. Stabilization Property

Let us prove now tha. the composite control maintains the initial
payoff bounded as ¢ =0, provided the coefficients are sufficiently smooth and
Y is large enough, but fixed.

Theorem 5.1: Assume the data sufficiently smooth and bounded and Y sufficiently

large but fixed. Choose in (1.2) the control to be defined by feedback (4.12).
Then the functional (1.3) remains bounded as ¢ =0,

Proof: Since the coefficients are smooth enough, we may assume that the
functions vs(x), zs(x) are sufficiently smooth with bounded derivatives.

Using feedback (4.12), we consider the system




e e

Sy

i Nl i e s <1 Lo

dx = cz «&-d+25\rs -Mﬁu;(z -z.) +«/{dw1
dz = % [az +b +2a(v, - Zw;'(z -z))]dt +v2Z dw,

x(0) =0, 2(0) =z,

Setting z - z =z;, Ve obtain a pair of stochastic processes x(t), zf(t)

solutions of

dx = (ca_+d+2Bv_+ (c - babuy)z )dt +vT dw,

1a -
d‘f = -2 zfdt -zsxdx zsxxdt +~/2-dw2.

In deriving the 2nd equation we have used the fact that

az_+b+2av_=0
] ]

and

and by Ito's formula

clzs = +zsxdx + zsxxdt

where Z,0 Zaxx stand for the derivatives of z, with argument x(t).

We thus have simplifying notation
dx = (4(x) +A(x)z.)dt +42 dw,
1
dz, = - £ Azfdt+(m(x) +8(x)z.)de

-Ji'zsxdwlw/i‘dwz

where L(x), Y(x), m(x), 8(x) are bounded functions.

v AP | Pt 1 TR RO o ot 3 -
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From Ito’s formula we have
t
e'Yt( lx(ey |12 + sz(t) lz) - lxl?+1z- 2, (x) |2 +f°e'Ys[-Y( Ix(s) 12 + sz(s) 12y

2 € -Ys
+ @+2,")ds] +J'°e (2x(s)dx(s) +22(s)dz(5))

Set P(t) = |x(t) |2 + sz(t) !2’ we obtain by taking expectations

pt

J e.Ys‘P(s)ds +C+ x|+ 122
o

t t
e-YtEq’(t) +YE J'oe'quv(s)ds + % E[ Azi(s)ds £CE
o

where C 1s & constant depending only on the bounds of m, §, 4, A and z .

Therefore if Y is large enough but fixed, it follows that

-]
E J'oe'”'(lx(c)l2+ sz(c) |%yat < independent of s,
from which it follows that

E ,r:e-Yt( [xce) 12 + [z(e) 12)dt <=,
Therefore

inf J° (v(-)) *C independent of . (5.2)
v(+) x,z

The constant of course depends on the initial condition x,z. In fact we

have

oftne 35 _(v(-)ysc+ [xl?+ 2l (5.3)

v(+)

Lemma 5.1: When we apply the composite control, the corresponding states

x, z satisfy

e " S(lx(e)1*+ l2(e)1*)ae Sc  (independent of ©). (5.4)
o
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Proof: Similar to tha. of Theorem 5.1, we apply Ito's formula to

e-Yt(ix(t) |4+ |z(t) '4) and use the estimate already obtained

EJ e-Yt(lx(t)|2+ lz(e) 12)de <. .
[o]

Let us now introduce

w(x,2) = inf Jo (v(-)) (5.5)
v(e ©

where

v = {v(t) ‘E‘foe'Ytlv(t) 12ae <M, E foe-Yt( x(t) |4
(5.6)
+ lz(ey [%yae scj

The constants being chosen such that the control vc(t) obtained from the

‘t\ composite feedback (4.12) belongs to (5.6) for any ¢. This is possible by
? virtue of Theorem 5.1 and Lemma 5.1. Then we can state
g Theorem 5.2: We make the assumptions of Theorem 5.1, then

w‘(x,z) - ug(x) pointwise as ¢ ~0,

Proof: Consider

(Pe(x,z) = ug(x) + e(ué(x) +zui(x) + ?zu;'(x)) .

Let v(t) be a control belonging to V and let x(t), z(t) be the corresponding

solution of (1.2) (depending of course on ¢). By Ito's formula

E‘?‘(x(c),z(t))e.Yt - ‘Pe(x,z)+E f:e.Ys[-Y‘P‘(x(s), z(s))

€ L
+ ég—x .(cz+d+28v) +9%P-z- . -:-'(az+b+20!v) +4‘Pe(x(s), z(s))]ds.

We can let t =4, and deduce
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¢ ® Yt 1 1,21 o 1 1
¥ (x,2) =E fioe Y [Yug+e(u0+zul+z u2) - (cz+d+25v)(u°x+c(u0x+ zup.
.7
+ zzul )) - (az+b+2av)(u +2zu21) -“(O)x.x' e(uém:*'zu]l.xx 2 1 ) Zezuzldt
o 1 1
and using the equations for ug» U, Uy, We can write (5.7) as
o
‘P‘(x,z) =E J‘. e‘Y':[(f-l-hz)2 - (%gx+aui+2azu;'+v)2 +v2 +¢(u(])'+zu]1.+zzu;')
o
(5.8)
1 1 1 2 l
- e(cz+d)(uox+zu1 +z u )-u(u +zul.xx+ ) Zezu ]dt
!
and since the control belongs to V,
€ € i
P (x,2) < Jx,z(v(')) +c ¢ 1
therefore letting ¢ -0
0 €
up(x) £ Lim v (x,2) (5.9)

we now consider (5.8) with v equal to the composite control. We deduce from

(5.8)
¢ <
9 (x,2) =37 _(v%) +0(e) 29" (x,2) +0(¢c)
hence
— &
ug(x) 2 lim w (x,2)
- from which and (5.9) we obtain the derived result. .
3 T W
3 T Conclusion
b v
‘ T In the deterministic problem considered by Chow and Kokotovic, there

was no discount, and of course no noise. They had to assume that the reduced

l, control problem has a solution. Using the composite control they derive
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under suitable assumptions results similar to those of Theorem 5.1 and 5.2
(stabilization results). We have shown here that in the stochastic case

(with perfect information), the discounted problem is well posed. This allows
us to prove stabilization results, with the only assumptions that there is
sufficient smoothness on the data, and that the discount factor is sufficiently
large (but fixed). Our proof is completely different from that of Chow-

Kokotovic.

Extensious of this work.can be done in the following directions.
We can use a different scaling between noises and the dynamics of the system,

2 dwz
It seems reasonable to take N instead of va-dwz in the fast system
equation. One can consider the vector case, i.e. x, z are vectors as in

Chow-Kokotovic. It would be nice to remove the assumption that Y i{s sufficient-

ly large.
It would be also interesting to study the Bellman equation for the

€ problem,
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