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Estimation in the Presence of Noise of a Signal Which is

Flat Except for Jumps - Part I, A Bayesian Study

Abstract
w
Consider the problem of estimating, in a Bayesian
framework arnd in the presence of additive Gaussian ncise,
& gignal which is a random step function. The best lineaxr
estimates, the Bayes estimates and the estimates with known
change points are derived, evaluated and compared
analytically and numerically. A characterization of the
Bayes estimates is presented. This characterization has a
reasonable interpretation and also provides a way to

compute the Bayes estimates with a number of operations of

3

the order of T’ where T 1is the fixed time span. An
approximation to the Bayes estimates is proposed which is
reasonably good and reduces the total number of operations
to the order of T.

Key words: Change points, nonlinear filtering,
ence

AMS 1980 subject classification: Primary 62M20,93El4; Secondary: 62605,

93Ell, 62F15

%ing, Bayesian infer-

-
~1~
1. Introduction

We consider the problem of estimating, in a Bayesian
framework, a signal which is a step function when one
observes the signal plus Gaussian noise. Optimal linear
and nonlinear estimates are derived and compared.

This problem is a simplified version of a more general
one, applications of which appear in many fields where the
unknown underlying structure is a function, of one or
more variak®2s, which is discontinuocus or has discontinuocus
derivatives. Several examples follow.

(A) 1In seismology, the density of the sedimentary
layers of the earth's crust can be locally approximated
by a piecewise constant function.

(B) In tomography, the density of the contents of
the head may have discontinuities due to tumors as well
as those due to the skull.

{C) 1In image processing, the light intensity of a
picture changes from object to object.

(D) 1In econometric modelling, ARMA processes are
commonly used and their parameters may be subjected to
changes due to sudden shifts of governmental policies and
international relationships.

(E) In reqgression analysis, regression curves may be
made up of broken straight lines.

(F) 1In tracking problem, a target may be liable to

make sudden changes in direction.
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In the above cases, it is desired to estimate the
signal processes, i.e. the density functions, the
intensity of light, the parameters of ARMA processes,
the regression curves and the path of the moving target.
They can be measured either directly with measurement
error {in (C), (E)) or indirectly through various trans-
formations (in (A), (BJ, (D), and (F)). There are two
important and relevant problems:

(1) Can one estimate such signals efficiently?

(2) Can one detect whether or when (or where) a

process changes its character?
The second problem is particularly interesting in quality
control, and in the engineering literature it is called
detection. Paradoxically, the first problem is called
smoothing when it is applied to smooth signals. Smoothing
is used in contrast to filtering where the estimate of the
signal at time t is based on the observed process oaly
up to time t and not beyord.

We shall restrict ourselves to the simple case where
the signal processes are flat except for jumps and can be
measured directly. In other words, in discrete time denote
the signal process by Uprbgsedertiy and let Bosr ™ ¥p
except for occasional changes. Let the observations
xn =u, + e nx 1, 2, ..., T where the £, Aare measure-
ment noise, We shall concentrate on estimating the signal

process and pay little attention to detecting change

-3-

points.

If the change points were known, we could estimate
v by the average of the data points between the two
surrounding change points. If jumps are not large, it is
hard to tell when jumps take place and to take appropriate
action. Moreover, if measurement noise has a heavy-
tailed distribution, outliers may be disguised as jumps.

In order to develop insight for estimating the
signal from the observations, we take a Bayesian point of
view and consider a simple model. To be specific, we
will characterize the underlying problem through the
following special assumptions, which form the discrete
time version of a model of Duncan {See Barnard (1959),
p. 255).

(1) The sequence of the change points forms a
discrete renewal process with identically geometrically
distributed interarrival times.

(2) The distinct heights of the singal sre mutually
independent from a common Gaussian distribution.

(3) The measurement noise is Gaussian white noise.

Barnard (1959) and Chernoff and Zacks (1964) studied
a similar model where the number of operations required
to compute the Bayes solution is of the order of ZT.
Here T is the fixed time span. 1In contrast, we will
see that in our case the Bayes solution can be computed

with a number of operations of the order of 13.
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With respect to the above three assumptions, some
basic questions arise:

{Qa) How well can we do if we know the change

points?

(Qb) How well can we do if we use the best linear

estimate?

(Qe) How weil can we do with the best nonlinear

estimate?

(Qd) If the parameters are not known, can we estimate

them from the empirical data?

(Qe) What if the model is not satisfied?

(Qf) What about the analogous continuous time

problem?

The first three of these qQuestions are studied in
great detail here. Results on the others will be
presented in a forthcoming repert. 1In Section 2, the
Bayesian model jis formulated more precisely. In Section
3, the minimum variance linear estimates of the signal
are derived and thel: average mean squared error is
expressed in a closed form, In Section 4, a characteriza-
tion of the Bayes solution is presented which has a
reasonable interpretation. 1In Section 5, a good approxima-
tion to the Bayes solution is proposed. In Section 6, the
estimates based on the additional knowledge of the change
points are considered and their asymptotic average mean
T+ In Section 7, four

squared error as is found.

5=

types of estimates are evaluated and compared. Finally,
there is an appendix where detailed derivations are
presented for some of the less obvious results presented
in the previous five sections.

2. _The Special Bayesian Model

The three assumptions of the mode)l are described
more precisely below.

(1) Let J = (J,,35,...+3p_;) be a Bernoulli
sequence indicating when changes take place. i.e.
(2.1) Jn = 1 if there is a change between n and n+l,

‘= 0 otherwise.
where Pr(J =1) =p, for 1 <n < T-1. For convenience,
define Jo H .'.l’,r z 1.
Define

(2) Let ¥,.¥,,...,%, be i.i.d. N(e, oP).

the signal process {u }

T
recursively as follows.

(2.2) =Y

L Sl t :/ ‘
|
Ul ™ (I-Jn)un + Jnyn*l , n=1,2,...,T-1 )
-
(3) Let the obgservation process (xn} be given by J
(2.3) Xo=vg*te, » n= 1.2,¢0.,T. aes
or
Jdiat Spuoing
[ 241 ] {
|
cory \ "" !
Y J
—
~——c.
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where the noise (hn) is i.i.a. N(O, atz). The processes

{ Jn) ’ {Yn} and {sn} are mutually independent.
Throughout this paper, the parameters p,e,qz, and

¢ are assumed known and without loss of generality, g

and o: are set equal to 0 and 1, respectively.

3. The Minimum Variance Linear Estimates (MVLE).

The minimum variance linear estimates of the signal
depend only on the first and second moments of the signal
and observation processecs, We have E;n =0, EXn =0,

2 Ji-j 2 ji-j
Covtugmyl = 0%t covixpxg) = gy + o1,

and Cov(ui.xj) _— JL-JI B where p = 1 - p.

The process (un} has the same covariance structure as
an AR(1l) with parameter p. In other words, we may
regard the linear estimation problem as the estimation of
an AR(l) in the presence of white noise,

It is easy to derive that Zn, the MVLE of u,
satisfies
1

(3.1) Jn = ) (1-M7 )X

where e - {0,0,...,1,0,...,0)' is the n~th natural

coordinate vector,

1.

= the TxT identity matrix,

» M

=y + 0% 1l

ELITIPW TS
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X = (X Xy X

Several explicit expressions have been derived in
Snyders (1972) for the asymptotic behavior of the minimum
mean squared errors as T + « in linear filtering,
prediction and interpolation of weakly stationary discrete
time processes corrupted by additive noise under very
general conditions. In contrast, for finite T, explicit
expressions have seldom been found. The following pro-

position presents a closed-form representation for AMSE(ﬁn),

the average of the mean squared errors of ﬁn‘ The proof

can be found in Yao (1981).

Proposition 3.1

amMsE( ) = Tt E B ~u )2
i) = nky kg
= 1 Tl 20 07 e (07D
= 14072 (0" /u,(-0"2) + oL}, (Tee).
vwhere
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£200 =an) (w,0NT + by _anT,

u, A) = [1- o220+ 022 (1022 (1402)) 402021 /2,

at) = ({102 2

- w1/t 2uu), -

b = 1y, - -0 + 021/ (uu_ - u D).

4. The Bayes Solution - the Minimum Variance Nonlinear
Estimates.

The Bayes solution can be computed by brute force with
a number of operations of the order of ZT. In this
section, we present a characterization which has a reason-
able interpretation and also provides a way to compute the
solution with O(Ta) operations.

In the following, we consider the conditional dist-
ributions of Ha based on (1} the past and present data,
L(unqxl,...,xn). (2) the future data, L(”n'xn+1""'xr)'
and (3} all of the data, L{u |%;,%y,.c.,Xp). We will

see that L(u iX;,...,%} and L(u |X veee1Xy) can

n+l

be computed recursively and L(unlxl,xz,...,xT) can be

computed by use of L{u IX;,...,X ) and L(unlxn+1,...,xr).
Here are convenient notations:

M 1] =X k) @)

X {cumulative sums).

9=

(3) L(Y) = the distribution of random variable Y.

(CHINE (zlxg) = the conditional probability density
n

of u at z given xi .

n
(5) "f(x,z)= g(x,2) in z" means that there exists
c{x) such that f£(x,2z) = cix)g(x,z} for all x,z.

4.1 An Expression for L(vnlxi).

Proposition 4.1

n+l

£ (zlx1

- be 8 (X ymn (L-p)E, (2]X] 408, ()]

in z, 1 <n < T1.

where ¢ is the standard normal density and

-1/2

(4.1) £,00 = (2ro?) exp(-x2/20%)

is the density of the prior signal distribution

The proof of Proposition 4.1 appears in Appendix A.l
and it is a simple application of Bayes' theorem. This
proposition is an undating formula for computing

-2 -
La X, = 1,2,...,7 since Lin1X;)) = N(S;(1ea™?) 1

(140°2)"1) | we can demonstrate by use of induction and

Proposition 4.1
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Proposition 4.2
n 5 -8
Ly lxh) - i (n) . N n n-k , 1
nl k=1 A k+q—i k *c-i
where
-py %Y, 2
A{n) . p(l-p) O ksl (sn'sn-k)
Tl 2(kss™2
1+ an 4y !

and qp (n=1,2,...,7 + 1)

¢ =1, and

%ne1 ” § %nekal

k=1

Barnard (1959) noticed that L(un!x?) is a mixture of n

normal distributions.

However, he did not present an

(n=1,2,...,T; k=l,...,n)

are defined recursively by

k-1
pu-p*t,
41+k62

(5,75, )

2(k+0" %)

explicit expressicn for the coefficients A{n).

From Proposition 4.2, we have

Proposition 4.3

Etu Ix]) = gx A

2

-
-11-
Remarks:
1
Sph~S
i s 1xn = . ..2 mg)=N|— Dk 1
(1 since Lo 1X0,3, =10 3 ey m0)=N| D _.__.‘,}
k+a k+o
one may readily see from Proposition 4.2 that
AR wproq3 =l s e =3 = OIXD) s the
conditional probability distribution of the last change
point before time n.
n n
Yy = 5 oA e o -2 _ (n)
(2) Etuixp k£1 Ay (8,08, )/ (k) szal X,
where
n
alM - AP sikes™?).
kan~g+1
Obviously, 0 <a(“)< a(") C.ee <a(“) ., and
1 2 n
n n n - n n
5 aln) o i T A{n)/(k+q 2, . 7 k A{"’( 5 h{n)tl.

g=1 * 221 ken-1+1 k=1 ko~ k=1

Thus, the (one-sided) Bayes solution, E(uh!x:), is a sample
dependent weighted average of the observations X, and the
prior mean 0. There is a "shrinkage" toward the prior mean
of the signal.

(3) The number of operations to compute a, given a,, ken,
is 0(n) according to Proposition 4.2. The total number of

operations to compute s(unlx:) for all n is O(Tz).
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4.2  An Expression for L(“n‘x:+1)

As for Proposition 4.1,we can derive
Proposition 4.4

Ty« (1 - T
£un_1(z(xn) (1-p) ¢ (X, z)fun(ztxn+1)

o
+ P, (2) B(xn-z')fu“(z')x'ru)dz' in z,

Since L(uT) - N(O,Gz), we can derive by use of

backward induction and Proposition 4.4

Propositjion 4.5

Ten S -S
T {T-n) n+k n 1
Llu X 41 = B e e > 1
alfn+l kzo k k+o k+o
where
X 2
P(l-p) "8, _ (8_.,.-S.)

(T-n} _ TRk 0 n#k_ A e (1ep)s .
2(k+a" %) o

VI+kost_n

(*-n = 0,1,...,T-1; k=0,...,T=-n)

-
.
-13—
and 8, . (=T, T-1,...,1) are defined recursively by
Bo =1, and
T-n-1 X I AL
8 ] 8 pll-p) n+k+1"¥n
TR e TTIR /L kene” 2(kelvs 2

: T
4.3 Expressions for L(“n|x1) and E(unlxt)

Proposition 4.6

u

T
£, =lxe fun(zlxr;) £,

n"“‘:u’/‘u ) in 2.

This states that the "two-sided" conditional density of the
signal is proportional to the product of the two "one-sided®
conditional densities divided by its prior density., The
idea of using forward and backward recursions has been
introduced in the engineering literature. See Mayne (1966},

Fraser (1967) and Fornmey (1973}, Appendix.

Proof of Proposition 4.6

By Bayes' Theorem

T
£, (210] = x]) = € (xTlug = 2)E (/8 g (XD
n x1 b3Y

- !xT (x§lun = z)f,(2) 4n 3.
1
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From the Markov property of the process (un) ,

T
fxT (xllun=z) = fxn (xglun'Z)' fxT (x:+1|un‘2)
1 1

n+l
n n b T T
£ XD ) 5 (IR gm0 E o (Xpy)
n X n )(m.1
1
=
£ () £,
n_n T T
tun(z{xl xlafun(zixmfxml)
-
£ (2”2' in z.
B
sol

T T n T T
fun(zlxlsxl)sfun(zlx;‘sxl)£un(z(xn+1-xn+l)/£u(2) inz. n

From Propositions 4.2, 4.5, and 4.6, we can derive

Proposition 4.7

$4-S4-1 1
=7

T
Lu X)) = = p=
nl Jag#le 2 " jeitles

—
—
=
-15-
where
'
Cij - cij/D
D= Z cl.
wameier
4= [ ts,-s, 2
Cis = oybrg (1-p) exp | —1—d~1 -
/1+(j-i+1)02 2{3=1+1+0 )
Note: D is independent of n and therefore equal to
u.ru/p. See appendix A.2.

Therefore, we have

Proposition 4.8

T -
E ("nlxl)

. -2
€y (54=5, 1)/ (31414072
1wty BT

Remarks: These remarks are extensions to the two-zided case

of the remarks after Proposition 4.3.

(1) Since

5,-S
T - 0.3 = -1 1
e O R O e A B ﬁ?«'ﬂ?’ RECCS

(i<ncy)

one can see from Proposition 4.7 that

2

’




‘;
=16~
- =115T
Cyy = PriTy  =1,3,=...=35_y=0,3, 1x)).
Thus (c(i+1)j: 0¢i<n<¢<j<T]) represents the conditional

distribution of the two change points surrounding time n,

So, Pr(Jn-I]x{) can be computed by
¢ D=1 T n-1
Pr(3 =1)X;)= xgo Prd, =1, dy ). . om0 _y=0,3 =1|X]) = kgo Ck+l)n
In particular,
T,
Pr(No change in [1,T][X]) = C1p

can be used to test whether changes have ever happened.

2

@ B, 13D = Cy5(84m8; 1)/ (-i41e0™")

ledeng i<

T

- {n)
,?_:1 a4 ¥

where

Ctj/(j-i+1+o.2). 1<k<gT.

o - ‘

1¢i<min(n,k)
max(n,k)<3i<T

-17-

(

(n) (n)
So, 0<q;" <a,"’ < N

(n) (n) n) (n)
<d 1.9 > a .y 20

and

T :
T alt? . Z S SN
k=1 1<isnei<T  3-i+l+o 13

Thus, the Bayes estimate E(unlxz) is a sample dependent
weighted average of the observations xk and the prior mean
0, and the weights d;n)v attain their maximum at k = n
and decrease strictly as k moves away from n on either
side.

(3) The pumber of operations required to compute
un,BT_n.Cij(lgpgx,lg}gjgy) is 0(T%). The number of
operations to compute E(unlxi) is 0(n(T-n)). So the
total number of operations to compute E(unle) for all
n 1s ot

S. An Approximation to the Bayes Solution

Harrison and Stevens (1976) proposed, for the
filtering problem, an approximation technique for computing
the posterior distributions of states in multi-process
models. Their basic idea is to apply the following step
recursively in time. First, the (estimated) posterior
distribution of the state at time ¢ is approximated by a
normal distribution with the same first two moments. Next,

this normal approximation is used together with the
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observation at t + 1 to estimate the posterior distribution

of the state at t + 1.
Applying this idea, we can approximate L(un!x;:) as
follows. Suppose that L(unlx;’) approximately equals

N(en,tﬁ). By use of Proposition 4.1, we are led to ‘the

following recursion with initial conditions 9 = x1(1+c'2)’1

and ri = (1 + c'z)'l.

2y\1/2 2
147 2
= B <-——-2—-n > (X34170 Xas1
ca 1-p exp -
1to [2(1”“7) 2(1+az)]

-2
9
(5.1) 8 y x\'1#1+""n n . YM»lxn-t»l
* n+

14y, e, 72) (L4y ) (146 )

-2 2
2. 1 aet™ fn} L, 2
n+l v 1+ Tn-z =7

+

2
Tnel [( Xaey ) P! ] - o2
14072 1492 n+l
n=1,2,..., T-1

Similarly, suppose that L(un]x:) approximately equals

N(mn,é;‘:). Since the system {un,xn) is time reversible,

o s e— e

—
—
i
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wn,Gg satisfy the reversed-time version of (5.1).

Now, we extend Harrison-Stevens approximation to the
smoothing case. We need the following variation of
Proposition 4.6, the proof of which is simjlar to that

of Proposition 4.6.

Proposition 5.1

£ (z]xT) = ¢ (X_-2) [{1-p) £
YUn 1 n Vin

llzlx;’-l)'#pfu {z))

' T
x [(1 p)fun*l(zlxn*l)'&ptu(z)]/fu(z) in 2z, 2 <n<¢T=1

5 n=1 T
Since we approximate Llu, 411%™ and L(“n+1l Xpa1) bY
2
Ny ti_l) and N(“’nu’ 5n+1) , respectively, we are
naturally led by use of Proposition 5.1 %o the following

approximation :n to x-:(untx'{). the mean of L(unlx'{).

-2 ~2 -2
- () Xn*Tn~1 ®n-1*fns1 “nel ) *n*Tn-1 %)
(5.2) uy_=nh + h
T I 2 e,
Tn-1*%n+1 = ° n
X + -2 w
n) “n $ir1 “nn1 X
_+h NI 4h:") '_‘-25_"17'1
1 n+l 140

where
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R e g™ a1, 2,5, 4

4
g™ o 1 g(ri!)
i=}

- oy 2 2 2
9 (1=PYF L8, 170l » Yner Sna1
¢ = pa-pre_, ,t2 0, 02,x )
2 P n-1'"n-1'"' % %y
2
g3 = P(l-p)F(0,0%, u

2
n+1'6n+1' X,

3P = p? rro,0%, 0,07, x)

and
F(A,B,C,D,X) = (8D(1-0"%) + B + py~}/?
g -1, ~1,2
x exp [(x+Aa_ +cb )
(1+4B 4D -0
Remarks:

2

-2 -2 -2

ability that 1 + Thel a1 "~

does not converge to 0 as [z| goes to =

-1
£ (z{x?"") and £
Yn-1 1 Yne

corresponding normal approximations. Therefore,

——— e - ——

X )

——————_7_1 2 -1 2 -1
2 1 1 ) f(A B “+C'D

(1) when o0° <1 , it can happen with a very small prob-
o £ 0. When this event

happens, the right side of the formula in Proposition 5.1

where

(zlxnfl) are replaced by the
1 .

(5.2) is

)

-21-

no longer a good approximation. One suggestion is to

X
o 2 n -2 -2 _ -2
replace (5.2} by b = I:;:i when 1 + L 6n+l o “<0.
(2} The number of operations required to compute Gn for

all n is 0(T). Hence, the computational requirements of

un are much smaller than those of the exact Bayes solution.
(3) We will see in Section 7 that the ;“ are close to
E(unle) in the sense of mean squared error. Thus the

Gn are nearly optimal.

(4) It is not clear how one can apply Harrison-Stevens'
idea to approximate efficiently the conditional change

probabilities Pr(J =1]X]) and Pr(No change | X]).

6. Elu !X,3): The Estimates of w Given the Change
Points

In this section, we study E(u,|X,J) which can be
used to see how much additional information for estimating
N is obtained from the knowledge of the change points.

‘Define (zn(g), sn(g)] to be the largest integral
interval containing n which contains no change
(L <r (3 <nc<s (J)<T. Since X and y are
Gaussian conditional on J, the minimum variance estimate

of vy given X and J is the linear estimate

. sn(g) )
(6.1) E(u_IX,J) = /(8 (I3} =2 (J) +1 40
 + R k-{n (J) xk n . n .

}

and

2

(6.2) B((E(u, (X, = u 32[3) = 1/(8,(3) - £,(3) + 1+ 072
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and

4y -1 F -2,-1
(6.3] AMSE(E(u [X.7)) =3 ] E(s,(J) = (J) +1 409

n=1
The following proposition gives an explicit expression for
the asymptotic behavior of AMSE(E(un]x,J)) as T+ w®

The proof can be found in Yao (1981).

Proposition 6.1

MMSE(E (uy [X,3)) 17

T 2
nzl E(E(u, [%,3) - )

- - -2
PRC o

=p - p2c"2(1-p)” [ Fo ox+orl),
0

(T} .

7. Comparison Among Four Types of Estimates.

In this section, the performance of up ﬁn, E(u, %)
and E(un!§,§) is compared in terms of their average mean
squared errors for T = 20 . Sixty cases are considered
where pc {0.05, 0.1, 0.2, 0.4, 0.6, 0.8} and
ce {0.3, 0.5, 1, 2, 3, 4, 5, 7, 10, 15} .

The AMSE of Gn is calculated from Proposition 3.1
while that cf s(un|§,{) is estimated by simulation with
2000 replications for each one of the 60 cases.

since Eiymup)? = E(RG 10 -u 1% + B B 1012,

—— s ——— -
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we have
(7.1} AMSEQ ) = AMSE(Ew [X)) + AMSE(Q -Elu_ |X))

T
where AMSE({ ~ E(u {X)) =T 1 T E(Gn-E(un!X)]‘. The
- n=1 -

AMSE of E(un|§) and ;n-s(un‘{) are estimated by simula-
tion with 400 replications for each one of the 60 cases.
The AMSE of . is estimated by use of (7.1).

The simulation results are summarized in Table 7.1
and Figure 7.1 where either P oOr 02 is fixed.

It is also interesting to compare ﬁn with
E(un|¥) for small p. We consider six cases where T = 100,
pe{0.01, 0.03, 0.05} and oe{1,3} . only
E( Gloo-z(ulooxy)lz and E[E(, 401 %) = “10012 are estimated.
The simulation is done with 900 replications for each one
of the 6 cases. The results are presented in Table 7.2.
Remarks:
(1) It can be shown that the AMSE of U  and E(u iX,J)
are increasing as p or oz increases, Sc 13 the AMSE of
E(‘h|§! as p increases. (See Appendix A.3l). However,
from the simulation results, it appears that as o2
increases, AHSB(E(unxf)) first increases and then decreases
and eventually approaches AMSE(B(Lh!qu)). One explanation
is that when uz is large enough J can be well estimated

from X, and this information can offset the loss of the

relatively small prior information about Vpe
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(2)

is only slightly worse than E(uni§.
2

From the simulation results, it appears that E(un|§)
J) in every case.

However, ﬁn is very poor when ¢° is moderately large and p
is small. Actually, if we allow T + = and fix 02, it is not

difficult to show that

AMSE(u ) = /2 N

AMSE(E(u_[X,J)) = p + olp)

(p + ot
(p + oh .

In other words, ;n is very inefficient compared with
E(u,[X,J) when p is small. The asymptotic behavior of
AMSE(E(u |X)) as p + 0% is not known.

It 2

Since ¢° can be regarded as the signal to noise ratio,
it is interesting to consider relative mean squared error,
i.e. mean squared error divided by the energy of the signal.

In other words, o 2AMSE is used to replace AMSE,
2

As a
matter of fact, the o ° AMSE for the case that L(un) =

N(0,6%) and L(c,) = N{0,1) is the same as the AMSE for the
case that Llu) = N(0,1) and Liey) = N(o,c'z). Therefore,

it is not hard to show that the ¢~2

AMSE of u_ and E(u_|X)
and !(unlg,{) are decreasing as the signal to noise ratio
°2 increases. (See Appendix A.3)

(4) It appears that AHSE(GH-E(un|§)) is decreasing as p

r— o —— e

—
-
i
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increases. Equivalently, the larger p is, the better

Harrison-Stevens' approximation is. AMSE(Cn - Bl X)) is
at most about 10 % of AMSE(E(unEx)) in our simulation cases.
Since the cost of computing Gn is much less than that of

X}

E(y,;X), it may be desirable to substitute Cn for E(. X

when p > 0.05.
{5) According to Tables 7.2, when p is very small, say
about 0.01 or less, ﬁn is no longer close to optimal. 1In
other words, the more complicated approximation is prefer-~

able for small p.
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APPENDIX

A.l Proof of Proposition 4.1

(1)

(2)

£
u

£
R

(“n41'xntl)

n+l

n+l

(z;x§=x;) =/ f (z')x:txn)tu (zlxz-x"
n+l

v, 1 1

=€ (z(x%=xTy g (z]y =2°
By 1 e n

= - LS LT}
(1 p)fun(z X1 xl) - pfu(n

1y, N

((z.xn‘lb lxl xl)

- f {tz,x_ -z}
Cnerefpn) 0t

- f (z)x%=x") ¢(x  -2z)
LI 171 nel

(z[x“‘l-x“+1) -t
1 i LLVERE ey

£ (x_, . (xP=xD)
xn+1 n+l' "1 71

« £ ((z,x__ ) |x"=xM)
Wy eXaey) e 1™

= ¢(x _~z2) £
nel un#l

yu_=z')dz’
n

yaz*

£ o Ny Tt - . ’
{ un(z |xl P [(1-p) 8(2"=2) +pf (2)}dz

n_ N
lxl xl)

Ngo N
(("”n+1)lx1 xl)/

(z[x"=x™)  (from (2})
11

s ox  ~e)l(-pit) (:]x?—x?) + pf, (2]}
(from (1))
(n]
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A.2 Proof of D Being Incdependent of n_in Proposition 4.7

From the recursive definitions of the ¢ and B, for

lsn<ntl s T

2
n i1 O s (s -8 __.) .
i=1 A+io 2{i+¢™%)
T-n-1 j Sron-1-3 Syane1 = S )2
= o _E (l-p)] ) exp b] - =~
j=0 ,4#(j*1)02 2(j+1+c
i.e.
n n-t _ %frp 8y - 5;.p)°
L (1-p) ex - N i
im1 16+(n-i+1)ui 2(n~i+l+0 °)

2
= g t1-py 32 “ar1fr-j exp{(sj sf; ]
3ol ViGma? 2]
i.e.
n
!t - »
o1 Sin " g 1
so,

Cl, = c
lsisgsjsr i3 lstanszsT 11
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A.3 Proof of Monotonicity of the AMSE of %

. . 2
in p and/or in ¢ .

ar Etun X} and

Elu,| X,9)
Proposition A3.1

E(;n-un)z is increasing as p increases for all n.

Proof of Proposition A3.1

Throughout the proof, 2, p and g {0cp<9<l) are fixed.
Without loss of generality, let the time index run from -T°
to T" (T', T" 2 0) and n = 0. Denote by V{(p) (or v(ql}
the MSE of the minimum variance linear estimate at time 0
when the rate of change is p (or gq, respectively). We
want to show V{(p) < V(q].

Let (€ ; =T' < i < T"} be a stationary Gaussian AR(l)
2

process with parameter 1l-p and mean 0 and variance s°. Llet
(E; 1321} and (E; ;12 1) be two stationary Gaussian
AR(1l) pr with parameter 1-q and common mean

0 and common variance oz. Let ¢ and g be i.i.d. with
Pra=i) = r(1-n)%"l, 4=1,2,... where r=(g-p)/(1-p). Let
{eg7 -1 1<) 4 le; s 421) and fes 4 21) be
three independent Gaussian white noises with common variance
1. ALl the processes (i} ,((1) ,(E;) @ By leg)
(t;) and (c;) are mutually independent.

For i between -T' and T- ,define
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S
~30- -31-
X TE 4 € . -7 <ic . estimate of £, based on (xi) fs E(5yIX,-T" <1 <717
Also note Eo =" So,
¢, i=0
Vip) = EIE(5y1XTq,) - £4)°
1] - 1] * ‘o ‘-T' o
X, = By + &5 i>1 . .
" 4o 2
Gy el ig-1 = EIB(Ey !X oai B (X") 1} =Eg)
< ElRlgy Iy -g?
g - <i <a -
1 = ElEngi xT0) =ngi? < e
L
ny H Ei R i>ea
It is not hard to see that V(p) < Vv{g) except for
e e i< -8 T =T =0,
-1
The only thing left is to show that for i < j
and Engny  * o (1-q 3t
X <1 <a - Emgzym = et
Xi H
.
x1 , otherwise and
Obviously, {€,, X;,} has the same covariance structure =, %, - 8y * qzu.q)j'l
as the special Bayesian model with the rate of change equal
»
to p. Suppose that {n,, X;} has the same covariance The last two equations can be easily derived from the first

structure as the model with the rate of change equal to q. one.

Since {g;, X;} is Gaussian, the minimum variance linear Now consider the following cases:
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‘ {
I )
.‘
|
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(1) 0 <i <73,
Enn - E(qlnj}aii)rr(aii)m(ninj|‘<ag_j)Pr(i<o,5_j)
+ E(ninjijqol’r(im) .
- 0?3 i a-a-n sl a-p i aen?
* . 02(1-q)3-t
(2) 1 <3 ¢ 0, the same as (1).
(3) 4<0 <3

'("1"1’ - 5('&"3 |“:5)Pr(u:j)+g(ninjlu>j,-a<i) %

Pr(a>j,~Bci) + “"1"3' @ >3,-824)Pr(a »3,-8>1)

=0+ u-p eIt 4

- J (1-q) 3-1

e
e

=33~

Proposition A3.2

E(E(unl)_s)-un]z ig increasing as p increases for all n.

Proof of Proposition A3.2

Throughout the proof,oz, p and g (0<¢p<cqg<l) are

fixed, Wwithout loss of generality, let the time index run

from -T' to T" and n = 0. Also, denote by V(p) (or

v{q)) the MSE of the Bayes estimate at time 0 when the

rate of change is p ( or q, respectively). We want to

show V(p) < V(q).

Let (El< £g¢ &4 <uuu} and  {n;< n,< oy <L)

be two independent discrete time Poisson processes with

In other words,

parameter p. E.\'EZ - El""' NyeNg =Myrees

i-1

are i.i.d., with Prl&l-i) = p(l-p) s i=1,2,... . let
eer Yu%.%p.... be iid. N(0,0%). Define
Yj ’ Ej ¢4« E,¢1
Y1 Y% ¢ mpeich
Tk ¢ M S beTmy
i
lat X, =y, + €y where hi) is Gaussian white noise with

2

Ee,® = 1. and (c‘) are

The processes {e,} , {n;} (¥}




e
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mutually independent. Thus (ui'xi’ -'r'<_15_'r') satisfies

all the assumptions of the special Bayesian model with the

rate of change equal to p.

Now, we will generate a system independent of the

previous one. fLet a,, a, =a,, Gy =Gy yeees 31,32-81,63 =Boye..

be mutually independent where

i-1

Pr{a,=i) = Px(81=i)=r(1-r) i=1,2,...

Pr(oy, ;-0 =i =Pr (8, ~B=i)=a(1-q) P72 k=1,2,.0 5i01, 2,0,

r = (g-p)/(1-p).
Let ..., Z_y, %y, Z;,... be i.i.d. N(0,0%). Define

R R

u' oz -

1 )% By < <oy
Tk 0 By <3<y

.
Let x; - u; +e, is Gaussian white noise

with zciz = 1. The processes {a;} , (Bi) » (2;} , ana

where (:;}

(:{} are mutually independent.
Now we define the third system in terms of the previocus

two. Define

[}
-
~3%5-
. uy ’ -81 < 1 <ul
u, =
uj'_ ’ otherwise
and
xi ’ ’Bl < i <ay
L] . N
xi “ix , otherwise

Suppose that {u? satisfies all the

i
assumptions of the model with the rate of change equal to

Xy: ~T' £ i< T"}
q. Since u" = ¥p ¢
0
E[E(ug| XM ug)? = Vig)
ol< 0
Using the independence of the first two systems

vip) = EIB(ng)X)-ug)?

E(E(ugiXiay,8,, X1 =ugl?
olXro1 Byr X')-ug

[T

ElE(ug(x")~ugl?

= Vviq)
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It is easy to see that V(p) <V(q) except for T' = T" = 0,

Now, the only thing left is to show {(yu} . x;) satisfies

all the assumptions of the model with the rate of change equal

to q. Actually we need only show that Byrky =Cyeeer are

i.4.d. with Prigy=iy=q(l-a)’”l, is1,2,... where -

u I sup (k:gk <oyt u {0}

and
&y ’ if 1 <¢ig¢wm
gy =
Qe for 4i>u
Let ¢, = 0. For every k > 0,

Pr(ck’l-:kzi|&-ml.05zgk,u.j<k)-Pr(ak+1_j-uk_j;1t;ml,oglgk,u-j<k)

- (1-q it

P‘(tkox"ki}'c1'“L'°5’5k'“3¥)'p’(‘k¢1"x11|EL'“1'°$‘5F'°1’ER)

=PrimintEy,,,0))~E 2418, ™™ Octck, 0,55}

-—
=9
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=Pr(min(£1,al)3;)
- (-pyila-ni-l
- (-qit
So,
Pz, =5, L1 £,) = qi-q 371 a
T 0 Y [ STRPRY I 7t

Proposition A3.3

E[E(uHIK,{)-unlz is increasing as p or o2

increases for all n.

Proof of Proposition A3.3

Throughout the proof 012. czz, Py and )
(012 <ozz, 0<p1<pz<1) are fixed. Denote by V(p.uz) the
MSE of the estimate at time n with known change points
when the rate of change is p and the variance of the signal
is o2, We want to show
V(P01 € Vipa,0, Y and V(Ry.0,0) ¢ V(Ry.0,0.
let (J, ;1 <icT-1) and (J; 11 ¢cig¢T1) be
two independent Bernculli sequences with Pt(Jl-l)-pz-i-Pr(Jl-O)
be i.i.d4. N(O,1).

and Pr(Ji-l)-pl/pz-l-Pr(Ji-O). Let vl,...,y

T
vetine (u{*) , (") , ana () by




-38-
L
¥yOE 0N
(60 -
3 = (1=3 )u(l)
n+l R U SR R SUPRIIE U I JOPRE
2y o yull) )
un tog/9 vy ,  n=l,2,...,7
(3 _
¥y a¥
3) o yeg 3ty (D .
Yned a Jan)“n * JanulYnd.n-l,z,...,T-l
Let x;“’ - u;a) +eq a=1,2,3; n=1,2,...,T where (en}

is Gaussian white noise with Eslz = 1. From the construction

of these processes, we have

2

(a) 1

n

(€3]

eeeix® 0w 2 = vipyu0. ), a = 1,2

etew M%), g0n3)?

- 2
N Vip .07

where JJ' is the componentwise product of § and '

From (6.2)

BB, 1% -ug1 2 3) = (8 (D -r (@) 41407y T,

we can easily see that

-39-

e 1x® ag -, P12 asn e, Mg

(1)
“n 133

ectem, D ix® ,g-u P12 cecen, P 1x -, P20

Thereiore,

Ve < Vig.))

Vipyh0,Y) < Vipp.0,0)
It is easy to see that V(Pl'clz) < V(Pz' 012) unless the

time span T = 1.

Proposition A3.4
The ASME of

o

U is increasing as qz increases.

This proposition can be easily proved by use of the results
in Yao (1981).

The o™ AMSE of i, E(u,lX) and E(uIX,3) are
increases.

(3)

decreasing as oz

From the remark in Section 7 one can readily
see that Proposition Al.5 is a consequence of the following

lemma.
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Lerma A3.1

let {u,s 1<n< T} be a stochastic signal sequance

with finite second moments. Let the observations

+ < < LY
Xy = up +eq, 1 ¢<n<7T, where n}

and is independent of {u } . Ihen E{E(unlx}:)'un)z is

s s 2
increasing as o, increases.

Proof of Lemma A3.1

2

is i.i.d. N(0,0%)

Denote by vn(ae } the MSE of the Bayes estimate of

2 _ 2 2 2
u, when Be " = 9", We want to show that V (g, RS \l“(c!2 )

€

for 0 < 012 <oyt <

Let (en) and {c;} be two mutually independent

i.i.d. Gaussian sequences with common mean 0 and variances

alz and 022 - 012, respectively.

tugd fe,} and

{s;) are mutually independent. Let X = u, + €.,

A, =y te,+e, 1<ng T. Thus,

2 T 12
Vplo;y = E(B(u, | X)) -up)

- et (13, e Ti-u, 1

n n

2
< E(BLu [ (x])-u b = ¥, (0y7) (w]

41~

Table 7.1 The AMSE of Four Types of Estimates as Functions

of p and g for T = 20,

5 -
e PR N R P
| Linear .0494 .0584 .0682 .0768 .0804 .0821
Bayes .0463 .0577 .0648 L0761 .0801 .0819
(.0027) (.C027) (.0025} .oo2m | a1 | Lome

Rhown .0415 .0481 .0581 0694 .07% .
- 6 0798

Fﬂo'mts (.0002) {.0002) {.0002} (.0091) (.000)1) (.0r°1)

(H-8) - .0002 .Coo1 .00C0 .0000 .0000 . 000

.
Baves {.00C1) {.0000) {. 0000} (.0209) (.0000) (.£300)

(b) g = .5

4 .05 1 .2 .4 .6 .8
.0e80 | .1119 1418 1732 | 1894 L1975
0801 | .1125 L1410 L1741 ) L1853 | L1987

(.0041) | (.0050) (.0047) (.0044) [(.0039) |(.0034)

.0622 .0793 .1062 -1425 .1669 .1858
(.0004) [ (.0005) (.0005} (.0004) {(.0003) {{.0002)

.0017 .0012 .0007 .0001 .0000 .0000

HEE

{.0002) { (.0001) (.0001) (.0000) (.0000) |{.0000)

-
! The AMSE of (H-S)-Bayes = the AMSE of ¥ = B 1%
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© o=1. &) o=3,
T
AR .05 .1 -2 .4 .6 .3 P .
o .05 1 .2 4 .6 8
Lincar = .1733 | .2320 | .3109 | .4050 | .4603 | .4904 Linear | .4504 | .5793 | .716 | .85 | .s721 .8937
Bayes -1305 .2053 .2623 -37%0 4580 | .4839 Bayes .1553 .2331 .3891 .6002 7337 .8435
(.0068) | (.0085) | (.0077) | (.0086) | (.0088) | (.0079) {.0092) | (.0103) | (.013¢) | (.0138) | (.0155) [(.0142)
Ko -0831 -1153 21734 -2734 -3573 -4340 Known 0947 .1423 .2298 L4072 .5685 .7366
Change
Points (.0008) | (.0010) | (.0011) | (.0012) | (.091% | (.0007) Points | (,0010) | (.0014) | (.0018) | (.0022) | (.0021) ](.0017)
(H-5)~- -0090 -0071 -0034 -0007 <0001 -0200 (H-S)~ L0160 L0144 L0091 .0023 .0005 .0001
Bayes (-0005) | (.0004) [ {.0003) | (.0001) | (.0000) | (.0000) Bayes (.0003) | (.0006) | (.9005) { (.0001) | (.0000) |(.9090)
: f
@ o=2. - .
(£} o = 4.
.05 .1 2 4 .6 .8
J;‘ P .05 .2 .2 .4 .6 B
Lincar .3231 | L4301 5583 | .go14 7575 | .7901
' Linear | .5550 .6866 | .8039 L8901 | .9229 | .9am
Bayes L1561 | .2484 .3683 .5639 7033 | .7648
Bayes .1462 .2302 [ .3852 .6016 | .779 | .8765
(,0038) _[{ 0108) (-0115) | (.0133 .0137) { (.0116)
L (.0090) | (.0105)| (.0143) | (.0144)| (.0161) | (.0148)
,0930 | .1345 210 | ara .5183 | .6625
Rnown .0967 g4 | .23 Au3 | .ss, | .76%8
Points (.0010) |(.0013) (-0016) | (.0020 .0013) | (.0015) (Change
Lt Points | (.0010) | (.0024){ (.0019) | (.0022)] (.0022) | (.0018)
{H-5)- L0158 | .01n .0077 .0016 L0003 | .0000
) ¥ H-5)- | .0153 0141  .0093 0027 | .0006 | .0001
s (.0007)__ | (.0005) (.0003) | (.0001) +0000) | {.0000)
2 L Bayes (.0008) | (.0006)] {.0004) | (.0001)| (.0000) | (.0000)
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X N
-44- -45-
@ o =5,
(i) o = 10.
P 05 1 2 4 6 8 05 1 2 4 6 )
i . . . . . . e . . . R . .
Linear .6387 . 7623 .8606 L9257 .9489 .9587 Linear .8347 .9200 ,9589 9799 .9866 .9893
Bayes J1am L2316 | .3521 L6191 V7771 .8931 Bayes 1270 L2011 | .3282 5874 L7610 8965
(.0094) (.0105) |[(.0125) |(.0143) (,0132) (.0136) (.0079) (.€099) ;(.C131) {({.7M174) (.0163) (2157
Known 0957 21440 | .2370 4180 6062 .1837 Known L0973 .1466 2373 .4266 6145 8039
Change Change
Points | (.0010) (.0014) {(.9019) | (.0023) (.0023) (.5019) Points | (.0011) (.0014) {(,0019) {(.0924) (.0024) (.0020)
(H-5)- | .0155 .0140 | .0086 .0028 .0006 .0001 (H-5) - L0113 L0120 | .CO71 | .0030 .9602 L3001
Bayes | (.0011) (.0007) {(.0005) | (.0001) (.0000) {.n000) Bayes (.0008) (.0008) |{(.00M6) {(.0002} (.N01) (0000}
h)o =7. (3) o = 15.
P
.05 .1 .2 .4 .6 .8 P, .05 B .2 4 .6 .8
Linear .7563 .8546 .9211 L9691 9731 .9785% Linear .9266 ,9619 .9811 ,9909 9940 .9952
Bayes 1333 .2006 | .3385 .5326 .7800 .9067 Bayes 1206 L1768 | .3017 .5350 | L7344 L8971
(.0085) (.0102) | (.0129) (.0145) | (.0161) | (.0153) (.0075) (.0084) | (.0114)} (.01a2)| (.0157) (.0154)
Known +0968 J1448 | .2390 4220 6078 <7977 Ko 0966 .1460 | .2390 4263 | .6190 8086
Change Change
Foints | (.0010) (.0015) | (.0019) (,0024) | (.0023) | (.0019) Points | (.0011) (.0015){ (.0019)( (.0024)] {.0024) (.0019)
(H-s)- | .0136 L0125 | .0086 .0029 .0008 0001 (H-5)- .0099 .0099 | .0068 .0030 | .0009 ,0001
Bayes | (.0010) (.0007) | (.0004) (.0001) { (.0000) | (.0000) Bayes (.0010) (.0007)| (.0005)| (.0002) | (.0001) (.0000)
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Tables 7.2 The MSE of Four Types of Estimates of Yig0 28 Ametions
of p ad ¢ for T=100.

(a} o=1. .
ot .01 .03 .05
Linear 1236 .1956 .2380
Bayes L0731 .1399 .1845

(.0082) {.0125) o (.0144)
Known .0366 .0829 i L1139
Change |
TPoints (.0022) (.0035) . {.0040)
(E-8)- .0248 L0175 ¢ ,0120
Bayes (.0022) 1.0011) (.0009)

() o =3.

3 .01 .03 .05
Lanear .3378 .5008 .5841
Bayes .0982 .2054 .2489

(.0187) {.0215) (.0265)
Rnown .0497 .1049 L1472
Change
Point 3 (.0040) (.0061) (.0067)
(H-5)- .0279 .0314 .0254 !
Bayes {.0016} {.0018) (.0016)

——
-
——
-4 7=
Figure 7.1 AMSE as a function of p and o .
(a) o =4
AMSE
i.
L 4 +-
-
61
L +: Best Linear ©stimates
©: Apprecximate Bayes
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x: Baves Estirates
35 <): Estimates for Knowing
- Change Points
Y . l I SR S l I i A L Al A L R A n
0 .2 .4 .6 8 g
(by p=0.1
AMSE
I
.
] +: Best Linear Estimates|
o O: Approximate Bayes
Estimates
Kidm x: Bayes Estimates
= ©: Estimates for Rhowing
| Change Points
L
331
=
- o O e O
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4 1. Voo L
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