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1. Introduction

Estimation in the Presence of Noise of a Signal Which is We consider the problem of estimating, in a Bayesian

Flat Except for Jumps - Part I, A Bayesian Study framework, a signal which is a step function when one

observes the signal plus Gaussian noise. Optimal linear

and nonlinear estimates are derived and compared.

Abstract This problem is a simplified version of a more general

one, applications of which appear in many fields where the

Consider the problem of estimating, in a Bayesian unknown underlying structure is a function, of one or

framework and in the presence of additive Gaussian noise, more varia 
"  
s, which is discontinuous or has discontinuous

a signal which is a random step function. The best linear derivatives. Several examples follow.

estimates, the Bayes estimates and the estimates with known (A) In seismology, the density of the sedimentary

change points are derived, evaluated and compared layers of the earth's crust can be locally approximated

analytically and numerically. A characterization of the by a piecewise constant function.

Bayes estimates is presented. This characterization has a (B) In tomography, the density of the contents of

reasonable interpretation and also provides a way to the head may have discontinuities due to tumors as well

compute the Bayes estimates with a number of operations of as those due to the skull.

the order of T where T is the fixed time span. An (C) In image processing, the light intensity of a

approximation to the Bayes estimates is proposed which is picture changes from object to object.

reasonably good and reduces the total number of operations (D) In econometric modelling, ARMA processes are

to the order of T. commonly used and their parameters may be subjected to

changes due to sudden shifts of governmental policies and

Key words: Change points, nonlinear filtering, smothing, Sayesian infer-
ence. international relationships.

AM 1980 subject classification: Primary 62M0,93E14; Secondary: 62G05, (E) In regression analysis, regression curves may be
93El1, 62915 made up of broken straight lines.

(F) In tracking problem, a target may be liable to

make sudden changes in direction.
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points.
In the above cases, it is desired to estimate the

If the change points were known, we could estimate
signal processes, i.e. the density functions, the

intensity of light, the parameters of ARMA processes, u yteaeaeo h aapit ewe h w
surrounding change points. If jumps are not large, it is

the regression curves and the path of the moving target. hard to tell when jumps take place and to take appropriate
They can be measured either directly with measurement

action. Moreover, if measurement noise has a heavy-

error (in (C), (E)) or indirectly through various trans-

tailed distribution, outliers may be disguised as jumps.
formations (in (A), (BI, (Dl), and (F)). There are two

In order to develop insight for estimating theimportant and relevant problems:

signal from the observations, we take a Bayesian point of(I) Can one estimate such signals efficiently?

view and consider a simple model. To be specific, we(2) Can one detect whether or when (or where) a

will characterize the underlying problem through the
process changes its character?

following special assumptions, which form the discrete

The second problem is particularly interesting in quality tiel rin of asmdlof wunc (ore Barnar(9

control, and in the engineering literature 
it is called

p. 255).
detection. Paradoxically, the first problem is called

(i) The sequence of the change points forms a
smoothing when it is applied to smooth signals. Smoothing

discrete renewal process with identically geometrically

is used in contrast to filtering where 
the estimate of the

distributed interarrival times.
signal at time t is based on the observed process only

(2) The distinct heights of the singal are mutuallyup to time t and not beyond.

independent from a common Gaussian distribution.
We shall restrict ourselves to the simple case where

(3) The measurement noise is Gaussian white noise.
the signal processes are flat except for jumps and can be

Barnard (19S9) and Chernoff and Zacks (1964) studied
measured directly. In other words, in discrete time denote

a similar model where the number of operations required
the signal process by U lu 2, .. and let Un+l ' "n to compute the Bayes solution is of the order of 2

T .

except for occasional changes. Let the observations
Here T is the fixed time span. In contrast, we will

n n + n' ft 1 2,. ,T where the n are measure- see that in our case the Bayes solutior, can be computed

ment noise. We shall concentrate on estimating the signal
with a number of operations of the order of T

3
.

process and pay little attention to detecting change
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With respect to the above three assumptions, some types of estimates are evaluated and compared. Finally,

basic questions arise: there is an appendix where detailed derivations are

(0a) How well can we do if we know the change presented for some of the less obvious results presented

points? in the previous five sections.

(Qb) How well can we do if we use the best -linear 2. The Special Bayesian Model

estimate? The three assumptions of the model are described

(0c) How well can we do with the best nonlinear more precisely below.

estimate? (1) Let 3 = (JJ'2,.JTI) be a Bernoulli

(Cd) If the parameters are not known, can we estimate sequence indicating when changes take place. i.e.

them from the empirical data?

(Ce) What if the model is not satisfied? (2.1) Jn 1 if there is a change between n and n+l,

(Qf) What about the analogous continuous time 0 otherwise.

problem:

The first three of these questions are studied in where Pr(Jn = 1) - p, for 1 < n < T-1. For convenience,

great detail here. Results on the others will be define J0 JTi

presented in a forthcoming report. In Section 2, the (2) Let YVY2 ,. .,T be i.i.d. N[O, a2). Define

Bayesian model is formulated more precisely. In Section the signal process (u recursively as follows.

3, the minimum variance linear estimates of the signal

are derived and thcLx average mean bquared error is (2.2) B1  1

expressed in a closed form. In Section 4, a characteriza-

tion of the Bayes solution is presented which has a 
u
n+l . (l-Jn)Un + Jnyn+l , n-l,2,...,T-I

reasonable interpretation. In Section 5, a good approxima-

tion to the Bayes solution is proposed. In Section 6, the (3) Let the observation p {rocess (XI be given by

estimates based on the additional knowledge of the change

points are considered and their asymptotic average mean (2.3) Xn - Un + En n - 1.2,...,T. es

squared error as T - is found. In Section 7, four *r
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where the noise n is i.i.d. N(0, a ). The processes and

{n
)  

(Y n and en I are mutually independent.

Throughout this paper, the parameters p,e,0
2
, and X = (X1,X2,....T)'

2
at are assumed known and without loss of generality,

and C are set equal to 0 and respectively. Several explicit expressions have been derived in

3. The Minimum Variance Linear Estimates (MVLE). Snyders (1972) for the asymptotic behavior of the minimum

The minimum variance linear estimates of the signal mean squared errors as T - - in linear filtering,

depend only on the first and second moments of the signal prediction and interpolation of weakly stationary discrete

and observation processes. We have Ej n = 0, EMn = 0, time processes corrupted by additive noise under very

Cov(Ji'Vj) = Cov(Xi'X) = dij + a02 i-j1' general conditions. In contrast, for finite T, explicit

and Cov(ui,X) = a2 Oj
i -j l 

, where p - 1 - p. expressions have seldom been found. The following pro-

The process {n } has the same covariance structure as position presents a closed-form representation for AMSE(tn),

an AR() with parameter p. In other words, we may the average of the mean squared errors of gn. The proof

regard the linear estimation problem as the estimation of can be found in Yao (1981).

an AR(l) in the presence of white noise. Proposition 3.1

It is easy to derive that n, the MVLE of 1j.,

satisfies MSE(Drn) T1 n 2n 1E1 
n)  

n T
- )

(3.1) Un . an. (I'-M- - 1 + T-o
2
fT'(-a-

2
)/fT(-O

2
)

where qn - (0,0. ,0,...,0) is the n-th natural - 1 + 0-
2
u. (-a2)/u (-

2) 
+ o(1,(T--).

coordinate vector,

where

I - the T -T identity matrix,

M (Mij)T.T' Mii 
6
ij + 

a 2
2i-_j
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fT(X) a) (u+())T + b()(u (l)T, (3) L(Y) 2the distribution of random variable Y.

(4) fn (z2X}) the conditional probability density

u. (A) -2- A1+ 2)± /{l_021 {1+02))2n 2n2]/,
Of Un at z given X!

a(X) = [(1-_) 2 _)2 - (l-A)u_/(u 
2
_u+u), (5) "f(x,z)} g(x,z) in z" means that there exists

c(x) such that f(x,z) - c(x)g(x,z) for all x,z.

b) - [(l-X)u - (I-X)2 + 02 ]/(u+u - u_2 4.1 An Expression for L(Un !Xn).

Proposition 4.1

4. The Bayes Solution - the Minimum Variance Nonlinear
Estimates.

The Bayes solution can be computed by brute force with fn+l (zIX
1
) (Xnl-z)[(l-P)fun(z1x 1)+Pfu(z)

a number of operations of the order of 
2
T . 

In this
section, we present a characterization which has a reason- in z, 1 < n < T-l.

able interpretation and also provides a way to compute the

solution with 0(T
3
) operations. where 0 is the standard normal density and

In the following, we consider the conditional dist-

ributions of Pn based on (1) the past and present data, (4.1) f Vx) - (2.o2)_1/
2 
exp(-x2 /2a2

L(jnlx I , .... Xn), (2) the future data, L(InIXn-l,..XT),

nnd (3) all of the data, L(1n lX2,XT). we will is the density of the prior signal distribution

se that (nIX1,...,Xn) and L(pnIXn+l,...,XT) can The proof of Proposition 4.1 appears in Appendix A.1

be computed recursively and L(Un'Xl'x2,. ,XT ) can be and it is a simple application of Bayes' theorem. This

computed by use of L(unXl,...,Xn) and L(UnIXn+i,...,XT). proposition is an undating formula for computing

Here are convenient notations: Un . . 1,2,...,T. Since L.ull.. - N(S(I+-

(1) X (Xi,Xi+,. . ,X) (i "(1+02 ), we can demonstrate by use of induction and

n Proposition 4.1
(2) So 0 S n k (cumulative sums).

c=a1



-10- -11-

Proposition 4.2 Remarks:

k= *N Sn nS-Sn-,
" L M .n I X ) 0 . [ k n -

2  ( 1 ) S i n c e L + i ' .. .Jj',J n5)< ,L,_ - k _ , - .

one may readily see from Proposition 4.2 that

where

_____S 2n) - Pr (n-k = i n- " O XI) is the_n______-___-______ F(SnS )
2

p) %-k+a exp _lk2 conditional probability distribution of the last change

an+l 2 1 point before tire r.

Xn) - ()'- )/(ko-
2  

(n
I 2 An (SnSn-k' - t(n-l,2 .... T; k-i .... n) (2) E{),nl I 1 1 n

and an(n-l,2 , ....T + 1) are defined recursively by where

- 1, and

(n) k(k+ 
-

a . PUP)leXp I
(s
n
n - k )2

a n-.

k-7 k .J Obviously, 0 <a Ift < a(n) n< ... <., . an

Sn) n n ' -2 n k (n> n
Barnard (1959) noticed that L(p n 1e) is a mixture of n 

1 (k ) - I - 4 'n)
normal distributions. However, he did not present an1 k+ kl

explicit expression for the coefficients A ian).

From Proposition 4.2, we have Thus, the (one-sided) Bayes solution, E(unle), is a sample

dependent weighted average of the observations XL and the

Proposition 4.3 prior mean 0. There is a "shrinkage" toward the prior mean

of the signal.
jn n+-5 (3) The number of operations to compute a., given a ktn,

k-i k. m
'kn

is 0(n) according to Proposition 4.2. The total number of

operations to compute E(VnIXn) for all n is O(T 2).
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r f L(nl and T n (nT, T-I,...,I) are defined recursively by

As for Proposition 4.1,we can derive 10 1, and

Proposition 4.4 T-n-I k (Sn - 1

f (zX. (1-p)i 4 OT-.X k 0 OTn k 4 -l+(k+1)/ L2(k+lI~o J

4.3 Expressions for L(unIx ) and CTnII ,

+ pf (2) fx -z)f (z'lX
T  

)dz' in z,
+ it - ) fl n+I Proposition 4.6

T > n >2 . f (z X),. f,,(z!x, , in

Since L(u T) - N(0,' ), we can derive by use of This states that the 'two-sided" conditional density of the

backward induction and Proposition 4.4 signal is proportional to the product of the two 'one-sided'

Proposition 4.5 conditional densities divided by its prior density. The

idea of using forward and backward recursions has been

n(nS- (-n) . N n , I introduced in the engineering literature. See Mayne (1966).
n ? k k+eT X+,, Fraser (1967) and Forney (1973), Appendix.

Proof of Proposition 4.6

where
By Bayes' Theorem

(Tn) P (lP) k ST-n-k 6 f F(Sn+k-Sfl) 2 4.

f1.S- un I I 'T I - z (f
1

(T-n - 0,1,...,T-l; k-O,...,T-n) f T (x Tju- Z f() in s.
Xl
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where
From the Markov property of 

the process (u.h
n

ii C~/D

f (x" 11n=z) - f (x u z) " f (x Z)" C/
T 1n+1 n

,, 
s<jnsj<T 

1

T xT c. - (1n) - exp 2I f I(z elx) f (X,) fln + )f 
''1n+1

f (z) f (z) ?ote D is independent of n and therefore equal to

U T+1/p. See Appendix A.2.

Therefore, we have

ZT Tf n(zl i x 1 U(nlXnflf )I

n 11 ln'' Proposition 4.9

[f (=))2 in z. E(unX T
) . F CiS -S -2)/(j~i+1.2)I <i~n<J <

so,
Sol Remarks: These remarks are extensions to the two-sided case

f.
(z T xT ) = f n (z Xn' x n)

f U "(ziX+ 1 xT +)/f (2) in z. of the remarks after Proposition 4.3.

From Propositions 4.2, 4.5, and 4.6, we can derive (1) Since

Proposition 4.7 LN IXJ i-l~lJi Ji~l .... JJ-,j .+ -
n-++ j-1+14.

***Un1j,_ T < i C < J)

one can sea from Proposition 4.7 that
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C ij -Pr (Ji L-2 ' ,i -... -Jj --0 ,j -l1X T(n (.
I So, 0 < dn) < .(n) < < d(n) <d n d • . .. > n 0(d 2  d n-l" On nl. .T

Thus {C (i+l)j 0 < i <n < j !T ) represents the conditional and

distribution of the two change points surrounding time n.

So, Pr(J 1X T) can be computed by Td~ 1

k-Ik lci~njT ji)- -2 ij

Pr(l X)= n PrJk=l'Jk+l .... ,jn , n-I k+l)n

Thus, the Bayes estimate E(UnIX1) is a sample dependent

In particular, weighted average of the observations Xk and the prior mean

0, and the weights d(n) attain their maximum at k - n
2, ang in weights k

Pr(No change in [1,1X2 ) =IT and decrease strictly as k moves away from n on either

side.

can be used to test whether changes have ever happened. (3) The number of operations required to compute

nBT-nC i(1<nT,l<i<j.T) is (T 2). The number of

(2) E(U T I -T Ci!(S,=SiI)/(J-i+l+&
2
' T is 0(2' ). So th[2 H l)i<n< T operations to compute E(UnX) is (n(T-n)). h

total number of operations to compute E(UnlX ) for all

n is 0(T3 ).
T (n) S. An Approximation to the Bayes Solutionk Xk

Rarrison and Stevens (1976) proposed, for the

where filtering problem, an approximation technique for computing

the posterior distributions of states in multi-process

dn) - 4 Cl/(j-i+l+o ), (n k <T. models. Their basic idea is to apply the following step
1<i m n(nk) recursively in time. First, the (estimated) posterior

Ax (n, k)jT distribution of the state at time t Is approximated by a

normal distribution with the same first two moments. Next,

this normal approximation is used together with the
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observation at t + I to estimate the posterior distribution 2 the reversed-time version of iSA).
wn S6 satisfythreesdtmvesoof 5,.

of the state at t + 1. Now, we extend Harrison-Stevens approximation to the
Applying this idea, we can approxinate i ! n) as smoothing case. We need the following variation of

follows. Suppose that L((Unix ) approximately equals Proposition 4.6, the proof of which is similar to that

2N(enT2). By use of Proposition 4.1, we are led to'the of Proposition 4.6.

following recursion with initial conditions 91  X1il+cO2 1 Proposition 5.1

and = (1 + -2) 1.

22.. ) 1/2 ex (n+l en2 2 fn~zX) 1 (nz[(_~ (.xl I )*-p~z
p ex+p -n-1

I. 2(1+ n 2 2(1+a )]

a[il'-p)f nl( 1T+ )+pf,(z)l/f (z) in z, 2 < n < T-1

X n+
n - 2 n  

+ nnXnx+l 1
(5-1) en+l (l+ I ) il+tn-2 Cl yn ) (l+ I Since we approximate L(un-, I x -

I and L(un+l X b

N(On-1 , Tnl2 and N(wn+ I , 62+ 1 , respectively, we are

-2 2 naturally led by use of Proposition 5.1 to the following

ILXn+l n 
6
n 1 approximation - to E(nj0  the mean of LunXIX-

2 +15.2

^nl x hn nn-I n-i 6n~l n+L (ni - -

+' A~ / ~jn+l r4T 1' 1itn+l X: 1 -.,2 -2 -2 o-2 '"--

+ 7T-n 1 1la- D ) ~ l+dl+ni - hn ~ -im=

n+1 
1+0

-2 -

Xn+ +2X
n 1 ,2 , ..., T + h h n ) +1 n~ lX

Similarly, suppose that L(unIX
T )  

approximately equals

(wn,2 Since the system (VnXn1 is time reversible, where

n n'Xnl is tim rvs i



-20- -21-

b gc9
G
0

n
m , i-, 1, 2, 3, 4

no longer a good approximation. One suggestion is to
(n) ) replace (5.2) by n = when I I Tn 

2  
. 6-21 -- 2<0.

(n) +n = -;iy<n
S1+0ni l3=l (2) The number of operations required to compute un for

9(n) = 2 26F(en 2 n 2 all n is 0(T). Hence, the computational requirements of
1" -1 -' ' n 1' X n  are much smaller than those of the exact Bayes solution.

() 2 p ~l~p)F(%~1  2l0 02,Xn) (3) We will see in Section 7 that the i are close to
E(,nIXT) in the sense of mean squared error. Thus the

9 n) - p(l-p)F(O,C
2
, 2 Xn) Un are nearly optimal.

(4) It is not clear how one can apply Harrison-Stevens'

(n) = p2 F{0,a2, 0,02, Xn idea to approximate efficiently the conditional change
probabilities Pr(Jn"lLXT) and Pr(No change IX).

and 6. E(un X,Q): The Estimates of u. Given the Change

Points

F(AflCDX) - (BI2(lo2 ) + B + D)-1/2 In this section, we study E(unXj,q ) which can be

used to see how much additional information for estimating

Un is obtained from the knowledge of the change points.

x exp .
(X + A B- 1

+C
D -

) 2 2 "Define [rn(J), sn(J)l to be the largest integral

I2(1+B-I+D-o') -0-2 +CD') interval cmntaining n which contains no change

(1 l rn(J) i n I Sn(-) < T). Since X and 0 are

Remarks: Gaussian conditional on J, the minimum variance estimate

(1) When a2 1 , it can happen with a very small prob- of un  given X and J is the linear estimate

ability that 1 + r-21 +6- _ - o. When this event
n-i n+l an(3)happens, the right side of the formula in Proposition 5.1 (6.1) E(UnIXJ) - k r k/() n

happens t. rih (U(.( ' I/C (.3) - r n(J) + 1 +0-2

does not converge to 0 ar 5z! goes to - where n -

Csn- - ) and fun+l5  Z *XniT) are replaced by the and

corresponding normal approximations. Therefore, (5.2) is
(6.2) E((E(un!X,J) - Un)21J) - /(s(J) - rn() + 1 + a
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we have
and

(6.3) A4SE(E(un1X-i) ! T -2 -1 (7.1) A4SE~n) M4SE(Etn( ns (i-E (Unx))
n! T

where * 1SE( in - E(inlXfl r T
-  

[nEufl
2  

h

The following proposition gives an explicit expression for wnl E[n-Vin!Xfl The

the asymptotic behavior of AMSE(E('OnX,J)) as T - . AMSE of E(un X) and un-E(LnlX) are estimated by simula-

The proof can be found in Yao (1981). tion with 400 replications for each one of the 60 cases.

The AMSE of is estimated by use of (7.1).
Proposition 6.1

AMlSE(Et~iX I) iT
1  

T E - - 2 The simulation results are summarized in Table 7.1

nA1 and Figure 7.1 where either p or a is fixed.

It is also interesting to compare ,n with

2-2( -2_ 1-p [ cI 
2  

E(u nIX) for small p. We consider six cases where T - 100,"P - p IP-,I- x+o(1),n
-0 x(O.01, 0.03, 0.05) and cc(1,3 } . Only

(T-). E( u 1 0 0 -E(uI0 0 lX)]
2  

and E[E(iuI 0 0 1x - U1 0 0 12 are estimated.

The simulation is done with 900 replications for each one

of the 6 cases. The results are presented in Table 7.2.
7. Comparison Among Four Types of Estimates. Remarks:

In this section, the performance of n' un, E(injI) (1) It can be shown that the A14SE of un and E(ulnX,3 }
ann

and E(UnlXJ)-- is compared in terms of their average mean are increasing as p or a
2  

increases. Se is the AME of

squared errors for T = 20 . Sixty cases are considered E( 4 1 1X) as p increases. (See Appendix A.3). However#
wher pp (0.05,es 0.1, 0.2,di 0.4, 0.6,0.81 and

where ps [0.05, 0.1, 0.2, 0.4, 0.6, 0.8) and from the simulation results, it appears that am a
2

Oc (0.3, 0.5, 1, 2, 3, 4, 5, 7, 10, 151 increases, AMSE(E(niXI) first increases and then decreases

The AMSE of n is calculated from Proposition 3.1 and eventually approaches AMSE(E(Li!XJ)). One explanation

while that of E(UnIXJ )  is estimated by simulation with is that when a2 is large enough J can be well estimated

2000 replications for each one of the 60 cases, from X, and this information can offset the loss of the

Since Eli (-n2 E[E(n!X)-in
2 
+ EIn-E(iniX,)

2
, rSic E(nn E [(nX-nl E,-n. relatively small prior information about Un
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(2) From the simulation results, it appears that E(anlX) increases. Equivalently, the larger p is, the better
is only slightly worse than E(0 X,J) in every case. Harrison-Stevens' approximation is. AMSE(, n - E( n X)) is

- 2
However, v. is very poor when a is moderately large and p at most about 10 % of AMSE(E(un iX)) in our simulation cases.

is small. Actually, if we allow T - and fix o2, it is not Since the cost of computing n is much less than that of

difficult to show that E(in!X), it may be desirable to substitute n or E(for )

when p 2 0.05.

AMSE(Cn) - pl/2 + o(pl/
2
) (p - 0+)

(5) According to Tables 7.2, when p is very small, say

AMSE(E(PnIX,J)) - p + o(p) (p - 0
+
) . about 0.01 or less, an is no longer close to optimal. In

other words, the more complicated approximation is prefer-

In other words, ;n is very inefficient compared with able for small p.

E(unlX,) when p is small. The asymptotic behavior of

AMSE(E(unIX)) as p * 0 is not known.

(3) Since 02 can be regarded as the signal to noise ratio,

it is interesting to consider relative mean squared error,

i.e. mean squared error divided by the energy of the signal.

In other words, o
2
ASE is used to replace AMSE. As a

matter of fact, the a
"
2 ANSE for the case that L (n) -

N(0,a 
2
) and L(rn) = N(Ol) is the same as the A2MSE for the

case that i(un) - M(0,1) and L(cn) - N(0,o ). Therefore,

it is not hard to show that the a-2 ANSE of an end E(unIX)

and E( UX,J) are decreasing as th* signal to noise ratio

o2 increases. (See Appendix A.3)

(4) It appears that AMSE£ n-E(unIX)) is decreasing as p
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A.2 Proof of D Being Independent of n in Proposition 4.7 A.3 Proof of Monotonicity of the AZSE of n' E(,4}j) and

XJ) in P and/or in 2.

From the recursive definitions of the a and B, for

1 a n < n+l s T Proposition A3.1

n (- nil ISn - Sn-i) 22
T n i 1  n-p)-' el n i E(

5
i- 

)
2 is increasing as p increases for all n.

ii2(i 0-)

-n T-n-1 p 2 .n - S)
2
] Proof of Proposition A3.l

O n4-1 E 1-P)i --- exp (S. +1 2

j=0 / +T(j+,)72 2(j+l+a- ) j Throughout the proof, .
2 , 

p and q (Op<q<l) are fixed.

i.e. Without loss of generality, let the time index run from -T'

to T" (TW, T" , 0) and n - 0. Denote by V(p) (or V(q))

n ( p)n iTn f T(S - S-
2  

the MSE of the minimum variance linear estimate at time 0

i-i ;
4
+(n-i1)c

2  
/2(n-i+l+o 2) when the rate of change is p (or q, respectively). We

T ( ) aSj _Sn)
21 want to show V(p) < V(q).

pE Let (C. -T i i T"I be a stationary Gaussian nil)
j-n+l -l 2j-n-a a

process with parameter 1-p and mean 0 and variance z2. Let

i.e. {C; i 1) and (. ; i > 1} be two stationary Gaussian

T AR(l) processes with common parameter l-q and common mean

Cin , n+lj 0 and common variance a . Let a and B be i.i.d. with

Pr(-i) ,r(l-r) i-i,2,... where r-(q-p)/(l-p). Let

so, (cy -T < ± < T}) (ci ; i> 1) and (ri; i > 1) be

three independent Gaussian white noises with comon variance
LiSnajT j I.,. n+ cjs ! 1. All the processes (&i) ( *(C1  *a B. (tj)

(ti} and {(1 are mutually independent.

For i between -T and T ,define
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Xi -i 
+  

C " 
T
' < i T' estimate of 0 based on (X i is E(0 fXV,-T' < i 

< 
T').

Also note 0 1 no. So,

V(p) - EE(OIxT' 2 - o
x, s [ + C' >

a ia

IlL ' -- It is not hard to see that V(p) < Vfq) except for

iT< T T2 T .

The only thin left is to show that for ± < J

and E -ij  . U2 (l-q) 
-
i

X, a zRi~z a 0
2 
(1qJi

S -X 
l  

,otherwise and

Obviously, (Eij Xi) has the same covariance structure RXi.X . a j + 02(I-q) 'i

as the special Bayesian model with the rate of change equal

to p. Suppose that {n, Xi) has the sane covariance The last two equations can be easily deriyed from the first

structure as the model with the rate of change equal to q. one.

Since {&i, Xj) is Gaussian, the minimum variance linear Now consider the following casest
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(1) 0 < i < j, Proposition A3.2

EXI)- 2 EE(UnlX)-)n1 is increasing as p increases for all n.

+ E(ninIjj<a)Pr(j<a)

Proof of Proposition A3.2

. 0
2 (1-q) J-i (i_ (l-r) i ) 0+ 2 (1-p)3-i (1-r} 

J

Throughout the proof ,o
2

, p and q (O< p< q< ) are

A .2(lq)J-i fixed, Without loss of generality, let the tine index run

fro -T' to T" and n - 0. Also, denote by V(p) (or

(2) i < 0, the same as (1). V(q)) the HSE of the Bayes estimate at time 0 when the

rate of change is p ( or q, respectively). We went to

(3) i <0 <J show V(p) < V(q).

L (C3< C2< C3 < .. and {fl< iz i .r.1

-. E(Vifl I<)pr<4) +xtnnla~,. 8s) , be two independent discrete time Poisson processes with

parameter p. In other words, E1 '"2 1" . ' )1'n2 -nl....

are i.i.d. with Pr( 1i) - p(l-p) i '
, 1-1,2,... Let

Pr(aj,-<i) + (ni ,I a I,)Pr(a )r-'_l ... , Y ..1 Yo. 1 .... be i.i.d. U(O,02) Define

- 0 p+ (1P)F±(..r)J(1-r).
1 . C j - 0 < U <a

-0c c1-q)i' '- I "k+1 ' "k

0

Lot X I + r+ where (c) iis Gaussian white noise with

VC - 1. The processes (C.) , (i) ,(YiQ and tc1) are
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mutually independent. Thus {Wi, Xi; -T'<i<_T1} satisfies

all the assumptions of the special Bayesian model with the

rate of change equal to p. Bu1 < i <Ct1

NOW, we will generate a system independent of the ui otherwise
previous one. Let aI V 2 -a,, a 3 -a2 '''' B1'8 2"1-1'B 3 "82-'

be mutually independent where and

Pr(a1 0i) - pr(B 1=i)=r(l-r) i,2,... - 1 4 1 <a 1

i- - Xi • otherwise
Pr (a kl-akei)-Pr ('k~l-Ok"i)=q (l-q) i-1 ,k-1,2 2,... ; i-1,2,., .

and
Suppose that {U. , X; -T < i < T'} satisfies all the

assumptions of the model with the rate of change equal to
r " (q-P)/(l-p).

q. Since U; " POLet ... , Z-1 , z, ... be i.i.d. R(O,o 2). Define

E[z(uoIX*)-UO] 2 - V(q)

, -l Using the independence of the first two systems
I 0 1 • 

i <aI

Z I -Ok+l • i' I-Bk Vtp) - ZIS(Vo0 X)-O
j 2

L't X! u+ C i where ('u) is Gaussian white noise - ECE(uoIX,, 1 , x)- 2

with EC 
2 

- I. The processes {aj) 1 (01 (Zil , and

(Ei) are mutually independent. ZCE[u0 IX)-5 0
| 2

Now we define the third system in terms of the previous

two. Define - V(q)
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It is easy to see that V(p) V(q) except for ' T" 0. -Pr(min( l'")>i)

Now, the only thing left is to show ({j , X71 satisfies . (-P)il(l-r)i-I

all the assumptions of the model with the rate of change equal = (l-q) i-l

to q. Actually we need only show that Cl'C2 "€''"" are So,
iS-,

i.i.d. with Pr(Cl-i)=q(l-q)
-

, i1=1,2,... where

Pr(( kl- {-i C I " 
'ri k) = q(l-q) i-. C3

u = sup {k; Ck < 0,i f U {0}

Proposition A3.3

and

t(E( nIX,J)-u n12 is increasing as p or a2

if 1 < i < increases for all n.

i-u for i >u Proof of Proposition A3.3

Throughout the proof a1
2, 

22, pl and P2

Let to =O. For every k >_ 0, (al2 <a22, 0<Pl<p2<1) are fixed. Denote by V(p,o 2) the

MSE of the estimate at time n with known change points

Pr(Ck~l-Ck!im1'0-<< ) -< when the rate of change is p and the variance of the signal

is a
2
. We want to show

(1"q ' V(pl' 2 ) V(P212) and V(P 2  ) <V(P2 02).

Let i i T-1) and tJ I < i < T-1) be
3T (k+- kli € C-m,0<&<k,u~k-Pr (€ k'l¢ , kal > k)  

two independent Bernoulli sequences with Pr(J -- Pr(J-0)
wihP(1 -1)'P 2 -lP( 1 0

and Pr(Jj-l)-P 1/P2'l-Pr(3J-0). Let yl .... yT be i.i.d. N(0,1).

Define ( 1)1 . (2 } . and (3) by-r andr ( k - -
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y( E 1Y((EW 3)ix(3)oJ )U(3)121jj, )<.zE(un1l()q

1) -
) 
]+*a)

n+l (lJn)U) + lYn+ n-i,2,...,T-n

U(2) ) E((E(n( M X(),J)- (1) 2, J<E(((n(2) x(2),J|-Un(2) 2 j)

n i , n-i,2,...,T

(3) y Therefore,

(3) ' (3) + 
1 2 V(P 2 ,2

-n+ (-iJnJn)n + nn lyn+l,n-1,2,..T-I

V(P2 , 1 12  < V(p 2 ,a 2 )

Let Xn  rn n a=-1,2,3; n=1,2,...,T where ten' It is easy to see that V(p < V(P 2, unless the

is Gaussian white noise with Ec1  - 1. From the construction time span T - i. a

of these processes, we have Proposition A3.4

The ASME of is increasing as a
2  

increases.
E(E(u a)ix(a) (,A) 22

' )-Pn 1 V(P2 ,0a ), a - 1,2 This proposition can be easily proved by use of the results

in Yao (1981).

E(E(u (
3
)lx (

3
), JJ')u

13
)
2  

vpa2
n n ,o ial" p 

)
Proposition A3.S

The 0-2 AMSE of Un' E(I X) and E(U lx,J) are

where iJ' is the componentwise product of , and * decreasing as a
2  

increases.

From (6.2) From the remark (3) in Section 7 one can readily

2 - -2 -l see that Proposition A3.5 is a consequence of the following

Z((E(n1!,V )-InI ) (sn()rn(J)+la l aemma.

we can easily see that
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Table 7.1 The AMSE of Four 5pes of Estijnates as Functions

L 1 p and o for T - 20,
Lemma A3.1.

Let. "Y 1 < n < T) be a stochastic signal sequence

with finite second moments. Let the observations (a) o - .3
Xn= un + 1n' 1 < n < T, where !- n }  is i.i.d. .N(0,a

2

and is independent of (Un . Then EIE(pnIX -n
2  

is ..2 --n 3 i . 5 ! . 1 . 2 .4. , ,
2

increasing as a. increases.
Linear .0494 .0584 .0682 .0768 .0804 .0821

Proof of Lemma A3.1 BAyes .0463 .0577 .0648 .0761 .0801 .0819
(.0027) (.C227) (.0025) (.0027) (,diV) (.OO1V

Denote by V (a 2) the MSE of the Bayes estimate 
of

2 n 2 1Rown .0415 .0481 .0581 .0694 .0756 .0798
un when En

2 =  2
. <ewanttoshowthat V (a Change

._ wnts (.0002) (.0002) (.0002) (.0001) (.0001) (.0 "or

for 0 
2  'a 2 < . (I!-S)- .0002 .0001 .0000 .0000 .0000 .0000

Let nt
- 

and C n }" be two mutually independent _ Baes (.0301) (.0000) (.0000) (.000) (.0000) (.COO)

i.i.d. Gaussian sequences with common mean 0 and variances

2 2 2
o1I and 02 - a1 

, 
respectively. {Vn) , fen) and

{c,) are mutually independent. Let Xn  Un + en' (b) a . .5

X "n + Cn 
+ 
Cn' 1 < n < T. Thus,

.05 .1 .2 .4 .6 .8

-(
2  

" IE(unIXT) 2 Linear .0880 .1119 .1415 .1732 .1894 .1975
Bayes .0601 .1125 .1410 .1741 .1853 .1957

S T(Z Tn X,(t)iUn }2 (.0041) (.0050) (.0047) (.0044) (.0039) (.0034)

2 r'n .0622 .0793 .1062 .1425 .1669 .1858

< Z(Z,(V (X')('
2

-Un) ) V,(0 Points (.0004) (.0005) (.0005) (.0004) (.0003) (.0002)

(H-S) - .0017 .0012 .0007 .0001 .0000 .0000

Bayes (.0002) (.0001) (.0001) (.0000) (.0000) (.0000)

T e N' of (H-S)-Bayes the ARE of w, E(unX)

--mm



-43-
-42-

() e -(. Ce) o 3.

.0 .1 . .4 .6 .8 .05 .11 .2[ .4 .6 .
Linear .1733 .2320 .3100 .4053 *46C3 .49004 824 8 .8937

Bayes 1305 .2053 .2623 .3780 .450 .4959 Bayes .1553 .2331 .3891 .6002 .7637 .8435

(10068) (10085) (.0077) (.0086) (.0088) (.0079) (.0092) (.0103) (.0134) (.0138) (.0155) (.0142)

K-on .0231 .1159 .1734 .2714 .3573 .4340 Know .0947 .1423 .2298 .4072 .5685 .7366
0=19Ce Cqe
Points (.0008) (.0010) (.0011) (.0012) (.l13) (.0007) Points (.0010) (.0014) (.0018) (.0022) (.0021) (.0017)

(HS)- .0090 .0071 .0034 .0007 .0001 .0000 (H-S)- .0160 .0144 .0091 .0023 .0005 .0001

Bayes (.0005) (.0004) (.0003) (.0001) (.0000) (.0000) Bayes (.0009) (.0006) (.005) .0 (.0000)

(d) o 2.

(f) e - 4.

.ie ,105 .31" . 32 -6.4 i ".6.77 .890--

• 1 .05 .1 .2 .4 .6 .3
Linoor .3231 .4301 . S53 .6914 .7575 .7901

- Linear .5550 .6866 .8039 .80 .9229 .9371
3ayes .1561 .2484 .3683 .5639 .7033 .7648 - _ _ -

I Bayes .1462 .2302 .3852 .6016 .7796 .8765
_____ (.0088) )0008) (.0115) L(.0133) (.0137) (.0116)(.088 018) 1 (015) (.033 (.13) (016)(.009) (.0105) (.0143) (.0144) (.0161) (.0148)

.0930 .1345 .2161 .3741 .5183 .6625
BO Knw .0967 .1411 .2331 .4113 .5890 .7659

Points (.0010) (.0013) (.0016) (.0020) (.0013) (.0015) 0-nePont (.0010) (.0014) (.0019) (.0022) (.0022) f.0018)

(H-S)- .0158 .0131 .00n .0016 .0003 .0000

Es (.0007) (.0005) (.0003) (.0001) (.0000) (.0000).0 01 .009 .002 .000) (.000)

Sae . .0f 00
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(g) a 5

(1) 0 = 10.

- *- * 12 .4 .6 .8 .05 .1 .2 .4 .6 .8

Linear .6387 .7623 .8606 .9257 .9489 .9587 Linear .8547 .9200 .959 .9799 .9R66 .9893

Bayes .1492 .2316 .3521 .6191 .7771 .8931 Sayes .1270 .2011 .3282 .5374 .7610 .8965

(.0094) (.0105) (.0125) (.0143) (.0152) (.0156) (.0079) (.C09) (.C131) .q1'4) (.7163) (.3157)

nmown .0957 .1440 .2370 .4180 .6062 .7637 Icngem .0973 .1466 .2373 .4266 .6145 .8039
Change dCange
Point (.0010) (.0014) (.0019) (.0023) (.0023) (.019) Points (.0011) (.0014) (.0019) (.0024) (.03241 (.0020)

A(H-5) - .0155 .0140 .0086 .0028 .0006 .0001 (H-5) - .0113 .0120 ;.X071 .0030 .3009 .00311
Bayes (.0011) (.0005) (.0001) (.0000) 1.700) Byes (.0008) 1(.000) 1(.0038) (.0002) (.n031) (.0100)

(h) a 7. (j) .15.

.04 .1 2 . .6 .8 .5.

'Line .7563 .8546 .9211 .9601 .9731 .9785 Linear .9266 .9619 .9811 .9909 .9940 .9952

Bayes .1333 .2006 .3385 .5326 .7800 .9067 Bayes .1206 .1768 .3017 .5350 .7344 .8971

(.0085) (.0102) (.0129) (.3145) (.0161) (.0153) (.0075) (.0084) (.0114) (.0142) (.0159) (.0154)

MOM .0968 .1449 .2390 .4220 .6078 .7977 K .0966 .1460 .2390 .4263 .6190 .8086
CdM Ie I
Points .0010 (.0015) (.0019) (.0024) (.0023) (.0019) Points (.0011) (.0015) (.0019) (.0024)1 (.0024) (.0019)

(H-S)- .0136 .0125 .0086 .0029 .0008 .0001 (H-S)- .0099 .0099 .0068 .0030 .0009 .0001

Bayes (.0010) (.0007) (.0004) (.0001) (.0000) 0000) Ba (.0010) (.0007) (.0005) (.0002) (.0001) (.0000)
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Figure 7.1 AMSE as a functiqn of p and a

Tables 7.2 The WE of Four Types of Estiaates of u100 as Functions (a) o 4

of p and a for T= 100.

AMSE

(a) o - .

p~~I .01 }.3 0

Linear .1236 .1956 .2380
E -p- + Bet Lnea rtimte

B33- .0731 .1399 I .1845

(.0082) (.0125) (.0144) x: P tisu tes

.0366 .0829 .1139 C
Cange .
Points (.0022) (.0035) (.0040)

(HI) 0248 03175 .0120
Hayes (. 0022) (.0011) (.0009) 0 .40 , # 6

(b) p 0.1

(b) 3. AMSE

.01 .03 .05

Lnear .3379 .5009 .5841

BOaes 0982 .2054 .2489 6T B: Est mnates

(.0187) (.0215) (.0265)

.0497 .1049 .1472
COinte (0040) (.0081) (.0067) .3

(I-S)- .0279 .0314 .0254

W.I;es (.001p) (.0016)

, I . , 1 . 1 . , 1
3.& 6. 9. 12. me.
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ABSTRACT

Consider the problem of estimating, in a Bayesian framework and in the

presence of additive Gaussian noise, a signal which is a random step function.

The best line .r estimates, the Bayes estimates and the estimates with known

change points are derived, evaluated and compared analytically and numeri-

cally. A characterization of the Bayes estimates is presented. This charac-

terization has a reasonable interpretation and also provides a wa, to compute

the Bayes estimates with a number of operations of the order of T
3 

where I is

the fixed time span. An approximation to the Bayes estimates is proposed

which is reasonably good and reduces the total number of operations to the

order of T.
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