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1. INTRODUCTION

In recent times considerable knowledge has been gathered that relates to
both the methods of processing signals and the performance that results when
an FM/cw system (radar) operates with a point target. The simplest systems
use a single down-conversion receiver (or the envelope detector equivalent
receiver) and sense the resulting Doppler signal. More sophisticated systems
use intermediate frequency (IF) references for a second down-conversion (or
correlation) operation; these references can be either simple sinewaves or
"functional references" designed to maximize system response for an anticipated
specific target range. These correlation operations can even be combined with
other signal processing operations to produce a system sensitive to the direction
of the Doppler (incoming versus outgoing target). Other techniques exist for
controlling system response versus target range and even reducing undesirable
range sidelobes. In most cases the analysis of these advanced systems has
been developed only for point targets.

Many practical applications of FN/cw radars call for the system to
operate above the earth's surface. In fact, the surface may actually be the
radar's target. For example, an FM/cw radar functioning as a fuzing device
may be required to sense when the radar has reached a specific height above
the surface so as to detonate its charge. In this case the surface back-
scatter from directly below the radar contains the most important information.
However, backacattered power froum other directions now becomes Important
because the surface is extended and is not a point target. Analysis of
system performance becomes more difficult with extended targets and the
available knowledge base is not as well developed as for point targets, even
for simple system.

In this report we examine the response of a relatively simple form of
FH/cw radar when moving toward a homogeneous flat extended (earth) surface.
The assumption of homogeneity does not prevent us from considering various
types of surfaces, such as grassy fields, vater, etc.; it only prevents us
from mixing the types.

The system response that is studied is the output (Doppler) signal from
.4 a simple down-conversion system that uses a functional reference. The power

spectrum of the response is found and the form of the reference is specified
that "optimizes" the power spectrum.

Results found herein are considered preliminary in that they represent
only the initial findings of an ongoing study.

In the development of our principal results for the distributed surface
it is helpful to first formulate the single, or point, target problem in
a way that will establish a particular viewpoint.

.4.. 5



- 2. POINT TARGET CASE

Two principal purposes are served by initially formulating the point
target problem: we are able to define the geometry of the problem in a way
that allows relatively easy transition to the extended surface analysis, and
we can formulate analysis procedures to determine the form of the "optimum"
signal processor. These procedures are similar in the extended surface
analysis.

The problem's geometry is defined in figure 1. The FM/cw system is
instantaneously located at an altitude h above a flat surface which is the
xy plane. The system is moving with speed V along a trajectory with an angle
of incidence ev, defined as the angle between the flight path and the vertical
(z axis). At an appropriate later time the system would impact at point I.
The point scatterer, or target, is located at point S in the xy plane. Target
location is defined by its position (ri, 0i, #i) in spherical coordinates
located with origin at the FM/cw system at point R. For the purposes of this
section, i has only the single value unity. However, we use the notation so
that additional scatterers may be introduced in the next section.

We define the complex transmitted signal of the FM/cw system as

/
YR

%Figure 1. Geometry for FM/cw system located at

. point R and a scatterer at point S.
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V T(t) VTeJWOt+Jo(t),()

where

VT peak signal amplitude (2)

j pi,(3)

0= transmitted carrier angular frequency, (4)
A

0(t) D V I m(C)d& , (5)

D _ modulator's constant (rad/s-V), (6)

m(t) modulation message. (7)

We also make the following additional definitions:

GT(Oi, *i) - transmit antenna one-way voltage pattern
in direction (0i, #i), (8)

GR(81, #i) receive antenna one-way voltage pattern
in direction (0i, #i), (9)

a- M cross section of scatterer at point S . (10)

The system of interest is assumed to have the form shown in figure 2
where the indicated waveforms are the complex ones for analysis. The actual
system waveforms are the real parts of the complex signals. The reference
signal that serves as the local oscillator for the receive-path mixer is
assumed to have the arbitrary form

Vref(t) a z(t)eJ °t ,(1)

where Z(t) is an arbitrary complex envelope

Z(t) - A(t)eJ B (t) . (12)

We seek to find A(t) and B(p) so that the response vTF(t) is optimum in an
appropriate sense.

The system IF output can be shown to be
V~TIT(O, GC(O, *) ,g- J2wori/c+JB(t)-jO -( ) 12 A(t)e (13)

V()(t) 2 -ri2

where c is the speed of light in free space.

7
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Next we assume that, over the signal processing time of interest, ri
can be approximated by the first two terms in its series expansion:

rt(t) z r0 i - ijt , (14)

where

roi = constant (value of ri at t = 0) (15)

and

A dri(t) (

rj dt two (16)

Thus,

2wori/c (2worol/c) - (2woii/e)t (17)

SWOToi- wdit , (18)

where

T oi 2r0j/c (19)

-~ 2woiij/a (20)

If we now assume that target motion affects mainly the return signal's
phase but has little affect on the complex envelope (low-frequency modulations),
then (13) becomes *

• l~t=VTXGT(Ot, #i)C R(ei, #i) Vr0i A~ Jw0xoi-Jwdtt+JB(t)-JlO(t-to)

VIF(t) - TtTO.,)Re,~A(t)e
(4) 3/2ri2 (21)

The principal purpose of our analysis shall be to find the power spectrum
of the IF output. In an ideal case this spectrum should contain a single pair
of impulses at the Doppler angular frequencies ± wdi. The power spectrum is
computed by Fourier transforming the time-average of the IF signal's auto-
correlation function. The autocorrelation function of the real part of (21)
is

2 2 2 2
VTGT(ei, *ti . *i)m c2i

RIF(t, t + 200 34 A(t)A(t +~2 (4) Sri

cos [-wdic + B(t + e) - B(t) - 0(t + e - TOi) + $(t - roi)]

+ cos [2woToi - 2wdit - wdi + B(t) + B(t + e) (22)

0(t TOO 0(t + e TOi]

9
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In writing (22) the antenna patterns have been assumed to be real functions
No generality is lost in this assumption because the only change in (22)
for the general case is the subtraction of twice the phase angle of
CT(ei, *i)GR(ei, *i) from the argument of the second cosine term, and, as will

J result, the second term is nearly zero when the time average is formed and the
optimum reference is found.

We form the time average of (22) for periodic modulations and note that
the second term will nearly always be small because of rapid cycling of the
cosine factor due to the term 2wdit in its argument. We therefore get:

AAIRt t + VT 2GT2(), +i)GR2(ei, ei),2yi Rt: I(€ -(IF'~ 34 )I"R

2 / (41)3 ri4

(23)
T/2 + )eJB(t+)-J(tC-Toi)-JB(t)+J(t-Ti)dte-wdE:

.1* -T/2

Now for a given Tai and prescribed O(t), the Fourier transform of (23) will
possess impulses at + wdi only if the integral is independent of e. Furthermore,
the "strength" of the impulses will be largest if the integral is maximized.
Since

b b
I f(x)dx < f If(x)Idx , (24)
a a

the integral (23) is maximized by first selecting B(t) so that the exponent
is zero for all e:

B(t) - O(t - T01) • (25)

' : The integral is then further maximized by choosing

A(t) - constant . (26)

The "optimum" reference for the system to use for a point target at range
delay oi is therefore

Z(t) - A(t)eJB(t) . eJO(t-TOi) (27)

where we select A(t) = constant - 1 for convenience.

10
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With the optimum Z(t) we have

VT2GT 2 (Oi, ¢i)GR2 (ei, *i) 2 ai
RIF() T cos (Wdic) (28)2 (4w) 3ri4

VT2GT2(ei, #i)GR2(ei, *i)120iw
SIF(') T 3  [ ( - wdi) + 6 (w + wdi) * (29)200. 3ri

Thus, the power spectrum possesses the desired impulses at the Doppler angular
frequency.

3* DISTRIBUTED FLAT-SURFACE TARGET

To develop the distributed target problem we shall first represent the
surface as a finite collection of discrete scatterers having random, statistically
independent phase angles, uniformly distributed on (0, 2w). The number of
scatterers is then allowed to become infinite to form a continuous surface.
Summations present in the autocorrelation function of the IF output signal
become integrals.

For a finite number of scatterers the IF signal now becomes a sum of terms
like (21) provided scatterer cross sections are properly interpreted. To make
the subsequent transition to a continuum of scatterers direct, we make the
following substitution:

-c ri e , (30)

where doi is the cross section of the small (differential) scatterer i that has
- the random phase angle Yi. Cross section di will equal the product of 0o0 , the

cross section per unit area that is typical of the surface type, and the
scatterer's differential scattering area, dAi, in the xy plane:

doi - cdAi - aori2 tan 8i deid~i • (31)

In general, do is a function of the angle of the incident wave that causes
scattering. Thus,

do - ao(oj) , (32)

a function of 0i.

By substituting (30, (31) and (32) into (21) the IF output becomes

vIF(t) = 1 TT i' 1)(Oei, #i)v/? i At)eJwiJdit+JB(t) 8( .Toi)
all 1 (41) 3/2 rt2 (33)

11



The autocorrelation function of the real part of (33) is found to be

RIF(t, t + e) - ERe {VIF(t)) Re {vIp(t + S))J

S, 2(4)Re E ri)G(i, A(t)A(t + e)dot  (34)2003, all i r

e-JBI(t)+JB(t+c)-Jwdic-JO(t+C-Toi)+J$(t-Toi)

where E] stands for the statistical expectation operation. Next, we drop
subscripts i and allow the sun to become an integral using (31). The integral
involves only angles e and f, however, because scattering patch distance r
must be restricted such that the scatterer lies in the xy plane. This location
is preserved by substituting

r - h/cos 8 (35)

. 2r 2h (36)
c C coo e

We get
2 2

RIF(t, t + e) V Re (t)A(t + e)e-JB(t)+JB(t+C)

2(4w) 3h 2

12 2w 2
f • I 0(e) sin e cos e f 2(2, ))GR(, 4 w sincOsd (37)

em 0 #=0

e jOdhCcOs-J(t+C-O)+Ji(tT0) d9}

where the radial Doppler angular frequency, wd, of any differential scattering
patch is related to its components, wdh and wdx, in the h and x directions,
respectively (see figure 1), by

Wd - wdh Cos 0 + wdx sin 0 COO , (38)

with

wdh - (2w0V/c) cos OV  
(39)

wd (2w0V/c) sin Ov . (40)

12
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3.1 Selection of Reference Signal for Periodic Modulations

Our ultimate goal is to find the power spectrum of the IF output signal;
it is the Fourier transform of the time average of the autocorrelation function
(37). As in the point target case we seek to make this time average as indepen-

* ,dent of e and as large as potsible. The only factor of (37) involved in the
time average is

A{A(t)A(t + E)e -jB(t)+i8(t-To)+-B(t+ )-jO(t+ -TO) (41)

AT 1 A(t)A(t + £)e-B(t)+i(t-To)+JB(t+c)-JO(t+e-)dt

_T/2

This integral will be independent of e and maximum when

B(t) = B(t - TO) (42)

A(t) = constant. (43)

We see that the optimum holds for only one value of T0 [from (36) this means
only one value of 0). With the optimum A(t) and B(t) (41) becomes

I T/2 -J ; co 6. 3 io- -Cs
Time Average= T / I (ee~+i(ce

-T/2 (44)

I 2h I 2h\

e 0) dt

where O0 is the angle at which optimization occurs.

To reduce (44) further we consider periodic modulations with fundamental
angular frequency wT. Now because the modulation m(t) is periodic by assumption,
the quantity exp{j$(t + e) - JO(t)} is also periodic with the same period and

'4 will have a Fourier series defined by

ei(tC)j81(t)= Cn(:)eJnwTt , (45)
r.! 1n

-  
co

where

1n ( T/ . (46)

-T/2

13"" I- e - - (t+ ).----. .t)*--Jn--tdt1 .*(46)



On substitution of (46) into (44) a simplified for& is found for the
required time average, which, when used in (37), allows the time-averaged
autocorrelation function, denoted by Rly(e), to be written in the form

2I 2VTXk 2 7r"/2 2W 2 2

RIF(C) - E ICn()l f o0(e) cos e sine f Gr(e, *)GR(e, *)
2(4w) h n-- -0 eo 0

* COS dhC coo 8 + wdxe sin e cos - [ ch  o e co ddO

(47)

It appears unlikely that (47) can be solved analytically for arbitrary
patterns and arbitrary surface scattering function aO(O). Therefore, in the
remainder of this report we seek to simplify (47) in order to obtain tract-
able results.

3.2 Constant Antenna Patterns

The two integrals in (47) are intimately coupled through the transmit and
receive pattern functions. We may decouple the integrals to a great extent by
assuming the patterns are constants over the angles of interest. Thus,

G-r(e, ) G 0 (48)

GR(e, *) .

For many FM/cw systems these assumptions are reasonable.

By substituting (48) and (49) into (47) and making use of a known
integral1 we may obtain

V' 2 2 2 2
a T 0GOGR0" 2 W/2

RIF() T 3 2 E ICn(c)j f o0(O) cos 8 sin 0
(40) no- D emo

* Jo(wdxe sin e) cos )wdhc cos e - nr .2h [ 1 c de

':;7 '& os e 0o de
: ... cos (50)

The computation of (50) and the subsequent Fourier transformation to obtain
the IF power spectrum can be done by computer. However, even for relatively
simple functions that represent a0(O), (50) is difficult to solve analytically

M. Abramowitz and I. A. Stegun (editors), Handbook of Mathematical Functions
with Formulae, Graphs. and Mathematical Tables (p 360, #9.1.21).
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in a manner that leads to readily interpreted expressions.t In order to obtain
at least one analytical solution to (50) we shall make one additional simpli-
fying assumption.

4. VERTICAL INCIDENCE

If the FH/cw system is vertically incident on the flat surface, OV = 0,
and therefore w"dx - 0. The autocorrelation function (50) can now be reduced
further. If we define functions SCn(w) and In(w) by

Scn( ) Fc{fCn(e)12 ) (51)

In(,.,) - PC 0r 0o(6) cos 6 sin 6 cos wdhc cos (

' 2h 152

- nr cos e cos de>,

where P,(.) represents taking the Fourier transform with respect to e, the power
spectrum, denoted by SIF(w), which is the Fourier transform of (50), becomes

SIF(W) = Pe({RIF(C)} - 1b&TG2 =£_ .2 f Sn()In(w - )dE . (53)

(4w) h n- t _ - . C

In obtaining (53) use is made of the fact that the transform of the product
d of two "time" functions is 1/2w times the convolution of their two spectra

2 .

For our assumed problem where m(t) is periodic we have ICn(6)j2 periodic in
e so that it has a Fourier series defined by

* .ICn(C)1 2 " z Eke Jk , (54)

where
T/2".. T f ICn()i •jEd (55)

Peyton Z. Peebles, Jr., Probability. Random Variables .and Random Signal
Principles, McGraw-Hill, 1980 (p 249).
Solutions in terms of multiple infinite series expansions can be obtained but

interpretation of results is difficult.

15



The Fourier transform, or spectrum, of Cn(6)12 becomes

Scn(W) Fpe{Cn(C)I 2 } - 2w I Ekn8(w - kwT) . (56)

On substituting (56) into (53) we have

22 2 2
VTG G Go

MIF() = T ToR0 I I EknIn( kwT) . (57)
(4w) 3h2  n-- k-

Clearly, SIF( ) is made up of shifted replicas of In(w) centered at multiples
of T- If we assume

IwdhI 5 w/2 , (58)

these replicas do not overlap in frequency. Furthermore, we are mainly in-
terested in the frequency region jwjI wT/2 so that only the term for k - 0
in (57) is most important; if we denote by S (w) the (Doppler region) part
of Si(M) in the region Iwl 5 wT/2, then for [wi s wdh, it becomes

2 2 2 2
V XG G

S -)S-d T T E0 010() + n[E ( ) + E. (59)
Sw*w = 'S 4ih 2  EI( W n-i n (-)-

Now from (46',

C -n(e) - e-JnoTeCn(-E) . (60)

so

IC-n(c)I2 -ICn(-6)1 2  (61)

and

Ibo(_n) 12 IEonl2  (62)

from (55). It only remains to evaluate In(i) and I-n(w) to reduce (59)
to a final form.

It is shown in the appendix that (52) will reduce to

2
Peyton Z. Peebles, Jr., Probability. Random Variables, and Random Signal
Principles, McGraw-Hill, 1980 (p 256).
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'i

i ao0 (e) cos e sin e e o Cos 0 6(w - wdh cos e)

,..JnwTr 
_cos It ] 60 (w + wdh cos 0)d

~(w) - ir /2 sin etirein TW~c 8cs8] -"d COB 0)
2hrl 

1
-k-

20 os- wcos OoI
WIW l d o -rwdh< w < 0

I - . - -w h 2w h ] 0 , w d h I W I

Finally, we may use (63) and (62) in (59) to obtain the IF output
signal's power spectrum in the Doppler region:

22 2 22"'T GT"G")" 14),0-I0 Cos -

Slw': (4w 3 h 2 2 (o f c s0 d<hh
3 2 II

(64)

where

E 1 T/2 .(5
Eon T ICn(C)I 2 dc (65)

-T/2

- Several observations can be made relative to (64). First, the factor
jI, will be maximum for jIj - wdh because Swd(w) must be zero for jII > Wdh.
Second, it is typical that the scattering function o() is largest for
vertical incidence when its argument is zero, the case here where Mwo - = dh.

.4 Therefore, the factor o[cos-1(ilW/dh) also helps maintain Swd(w) maximum
at M - .h. Furthermore, o[] is a dominant term in controlling the shape
of Swd(w). The faster oo(s) decreases with its argument, the faster SIF(W)
decreases from its maximum for Ijw smaller than wdh. Third, we note that all
Eon 1 0 so that all the cosine terms in (64) add in phase, producing a
maximum value, when lat - wdh if we select cos e0 - 1, or eo - 0. Be-

* havior of the sum of cosines will depend on the choice of modulation function
4 through Cn(g) and the sum's value is difficult to estimate. However, as !101

17
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decreases below wdh the terms involving higher values of n begin to cycle
rapidly so that Swd(w) is expected to have rapid ripples in its amplitude
as I l approaches zero.

4.1 Exponential Scattering Surfaces

As an example to illustrate the behavior of (64) assume o0(O) is given by

00(e) = ae-b tan 0 (66)

where a > 0 and b > 0 are constants. This function is not too unrealistic
because it is a reasonable fit to published data. For b 2 1.4 it fits data for
terrain forested by trees about 50-ft high when measured at X band.3 Other
data,4 for sea surfaces with winds from 10 to 20 knots when measured at fre-
quencies near L band, are approximated by (66) when b 8.2.

With o0 - 0, (66) becomes

-b -1
ao cos-l[(Iwl/wdh)] - ae (67)

while (64) reduces to

;Z 2 2 2 b

S VTA GTOGROw a e 00
(4w) 3h2 wdh 2  

to

. + 2 Eon cos [ 2h-T - , < wdh , (68)n-.III
.0=1

'; - , I w I > -w •

The precise values of (68) depend on the coefficients Eon which, in turn,
depend on the modulation employed. Because of this fact, only the general
behavior of Sw (i) can be estimated. Based on earlier comments pertaining
to (64)'a rouge sketch of how (68) might behave is shown in figure 3.

4.2 Sawtooth Modulation

Additional evaluation of (68) requires the modulation be specified. For
a sawtooth FM that sweeps a band B(Hz) in T seconds and instantaneously repeats
weeps repetitively, it can be shown that

3 M.1. Skolnik,,Introduction to Radar Syst McGraw-Hill, 1962 (p 525).
M. I. Skolnik, Introduction to Radar Systems, McGraw-Hill, 2d Edition,

1980 (p 475).
18
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Figure 3. Rough Plot Of Std(w) when the FM/cw system
has constant antenna patterns and vertical
incidence over a flat surface with expon-
ential scattering characteristic.
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- - n - 0 e S T

Sa g .1 Jw1sn()7I1T)-n)

Cn(B) 2 Sa (- -n) B
/(69)

+ ( C/BT)Sa2( - n - BT)E/BT)eJW BT)0BT

where

E _ABe, (70)

w .) and we define the sampling function Sa(.) by

:;Sa( ) -_ - sin (() .(71)

Thus,

~ BT-~ 2  
-\T -2

(- n - BT)'BT)

+ 2 nT ()(iL.Sall(F - n)( B; Sa)W n BT)F/BT1

* cos [w(BT - n)] s 0_ Sc S<T

The first term in (72) has its largest amplitudes when i is small; it peaks
to largest values when I - n. If BT is reasonably large (say 20 or more) then
the first term will be fairly small for E near BT. The second term has its
largest amplitude coefficient (!/BT)2 when e is near BT. However, since the
argument of the sampling function is always negative (zero only for E - BT and
n - 0) for n 1 1, the second term's total amplitude will tend to be small for
all I when n k 1. This fact also means the third term in (72) is small.
Thus, for large BT,

. (61 AT- \ Sa2 w(F - n)IT a L I

;" (73)

(T 2 SajW( - n) T , 0 < I < BT.

On substitution of (73) Into (65) we have

20
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("..": BT - (BT-n)2 /BT -
B on = r(BT)2 f Sa2 (x)dXz xBT) 2 ' n nSBT-1

--n(BT-n) /AT (74)

- 0 BT- 1 < n.

The power spectrum now becomes

V 2 22 a 2 2

Swd(w) : 3 2 RO Iwle
(4r) h 2wdh BT

(75)
BT-! 2h/ (dh(I" • +2nT -) cog c . T I- _  ,I1 < wd
n-~1 1wco

S0, M I

It can be shown that

N n s"in (.x/2)2
'2 E (1- cos (n)+. (76)

and (75) reduces to

22 2 22 -b
S Wd(V) VTA G Tooir a ' e

(4r)3h 2 wdh wdh

2 r hW(77)

sn w, h i dhi rec -
'(BT)2 sin2 - 1)] c(wd)

9 where we define

. rect 1, IWI < W (78)

"0, I > W

as usual. Now in general, if we define

Th A 2h/c, (3)

21
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then for most systems Th < < T and the argument of the denominator sine term
in (77) is small for all IwI near wdh. Finally, we have the approximation

2 2 2 2 2 N -1
S-d(').- ~jw v %% e rect ---)

.td'w (4w) 3 h2Ud tOdh
(80)

{Sa 2  wBThk -F

The normalized value of (80) is plotted in figure 4 for BTh 2. The
constant terrain curve presumes b - 0 while the other curve presumes b - 1.4.
For comparison, figure 5 shows similar plots for BTh - 4. Clearly, the power
spectrum tends to spread as the system becomes closer to the scattering
surface, for a given bandwidth B.

22
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Figure 4. Normalized IF power spectrum SmdWm/Swo,(wOdh )
as a function Of. frequency normalized to the
vertical Doppler odh for BTh - 2.
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Figure 5. ,Normalized IF power spectrum Swd(W) /SWd(Wd)
as a function of frequency normalized to the

* :vertical Doppler wdh for 1~h - 4.
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APPENDIX

The steps leading from (52) to (63) are outlined in this appendix.

From well-known transforms2 we first write (52) in the form

1T/2• . 2h[1 1-j n oy 'c o O ae -o w0J cos e)de
in(w) - o0 (e) cos e sin eC -dh

:/2 "n -- -' 1 1 ]

+ I ro(e) cos e sin owe ] '-TcLos ZCOSo 0 8 (w + wdh cos e)de
0

Since 8 can have values only from 0 to w/2 the impulse function in the first

integral above will "occur" only for 0 < w < wdh. More precisely, it occurs
when

e - el - cos-l (W/Wdh).

For the values of w for which the first term's impulse can occur, the second
term's impulse cannot "occur" leading to the second integral above being zero
for 0 < w < odh. Similarly, the second term is nonzero for -odh < w < 0 while
the first integral term is zero. When loal dh neither impulses "occur" for
any 0 < B < w/2 and both integrals are zero. Hence Tn(w) - 0 for IWi > wdh-

Consider the evaluation of the first integral above, which .is nonzero only
for 0 < w wdh. Define

f(e) w - todh cos e
Ss o f G wIf'(e) - O - h sin e

If'(O)l - I(hllsin el - NO sin 0

for 0 < 0 < v12. We apply a theorem of Friedman:
5

2
Pedbles, Peyton Z, Jr., Probability, Random Variables, and Randow Signal
Principles, McGrav-Hill, 1980 (p. 256).

Friedman, B., Principles and Techniques of Applied Mathematics, John Wiley,
1956 (Fifth printing, 1962) pp. 136-137.

25
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Theorem If #(x) is continuous at x x0
and f(x) is a monotonic function of x
that vanishes at x - xO , then

f ((x)8[f(x)]dx - *(xO)
00 If'(zo)l

We identify 8 with x, el with Xo, and apply the theorem to the first integral
term in In(W) by letting

::: I -j. 2h(e a0(e)oe ee -cos 6 cos e0

Thus, r nt -h [!wd I~
i Wdh CFO [O2dh)l

for 0 < w < Wdh.

By repeating the above procedure by letting w " -Iwl for -wdh < w < 0
and identifying

*(6)-o0)() cos O sin e we owiewesZ-

f(o) "--Iw + w co 6, 0 I O

01 - Cos-'(IwI/wdh)

f'(el) - -wdh sin 01 ,

we develop the second integral for In(w) as

In(w) - 2 os o,- h e

for -dh < w < 0.

By combining the above two results for In(w) we obtain (63).

26
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