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ABSTRACT
Let g(x) be locally Lipschitzian, f e Lioc(nf) and let u be a real :;{
locally finite positive definite Borel measure on R*. we investigate the :ﬁ
asymptotics of the solutions of the nonlinear scalar Volterra equation {?
x'(t) + [ g(x(t - s)aus) = £(t), terR", x(0)=x, =
[°.t] “:
=
in the case when f only satisfies 1lim (r * £)(t) = 0. The function r(t) -]
tre s
is defined as the solution of o
N
r'(t) + [ r(t-s)aus) =0, teRr', r(0)=1, " R
‘ ’
(0,t)
'.?L'a
] and we assume r' e (L' N NBV)(R"). WMo sign condition is imposed on g(x). ﬁ;
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SIGNIFICANCE AND EXPLANATION

In the construction of mathematical models of technical and physical
systems one is frequently led to equations in which the current rate of change v

‘ (= g-5) of the state of the system (= x(t) at time t) is a function not

dt
only of x(t), but also of x(t) for past times T < t. Specifically, one

obtains Volterra integrodifferential equations, exemplified by

t
(B) &, [ gtx(t - s))auts) = £(t), x(0) = xy, t>0.
0

Here f£(t) is the external input, u(t) is the feedback kernel, g(x) is in
general a nonlinear function of x. By letting u(t) have discontinuities we
realize that (E) includes a large class of differential-delay equations.

>
Lt

The key problem concerning (E) is the behavior of x(t) for large values
of t. In particular one is interested in whether the solutions x(t) remain
bounded and in case they do, whether x(t) tends to a limit when t + «, or
whether the system continues to oscillate. The present report analyzes these
questions and continues work begun in MRC Technical Summary Report #2224. We
are in particular interested in the case when the variation of the feedback
i kernel is large, in the sense that u(t) 1is not of bounded variation over the
positive half-axis. Such kernels are frequent in applications; let for
example du(s) = b(s)ds with b(s) = (cos s)s a' 0 < a< 1., The second key
feature of this report is that we do allow large input functions £(t) in
that we only asgsume f(t) + 0 as t + &,
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One main result (Theorem 2) follows from four auxiliary results, all of
' which are established in this report. The first shows that a solution of (E)
cannot oscillate arbitrarily much; in particular there do not exist positive

constants §,T such that
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holds for all sufficiently large t. The second is a rather technical result . !
[ oW
comparing the size of [ gz(x(t))dt to that of f xz(t)dr, where I  is a }Qﬁ
I I e
sequence of longer and lgnger intervals. The third"shows that solutions Yy ;.j
of a particular limit equation associated with (E) satisfy ‘ﬂq
@ 5
f Ig(y(t))lzdt < @, Finally, in the last auxiliary result we show that a ~
. - L
certain energy function decreases along solutions of (E). g
. ?;i
1
The responsibility for the wording and views expressed in this descriptive e
summary lies with MRC, and not with the author of this report. N
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ON A VOLTERRA EQUATION WITH A LOCALLY FINITE MEASURE AND L-?IR'I'URBATION

Stig-Olof Londen

1. INTRODUCTION
In this report we continue the analysis of the asymptotics of the scalar, real,
nonlinear Volterra equation with a positive definite measure i,
(1.1) x'(t) + [ glx(t - s))du(s) = £(t), ter*, x(0)=1x,
(0,¢]
in the case when both u and £ are large in a sense to be made precise below. This
analysis was begun in (2] where the following key result was obtained.

Theorem 1 (2, Theorem 4]. Let

(1.2) ¥ be a locally finite, positive definite measure on n"’. satisfying

(1.3) Im ;(u) =0 for we {wlw*0, Re u(w) = 0} . . :,,_1
Define r(t), t e R*, as the locally absolutely continuous solution of e
(1.4) r'(t) + (r * u)(t) = 0, a.e.on R', r(0)=1,
and suppose
(1.5) ' e (L' NnEeVI(RY) ,
. ST 4 ,'ﬁ
(1.6) fery (&Y, Acaassion For
YIS GRS 3
(1.7) lim r(t) = lim (r * £)(t) = 0 . | :g TGR“'I
e t e ‘ ," A'
Also let i ‘=agounced I
! J;:titication__________
(1.8) g(x) be locally Lipschitzian, x € R, ..
(1.9) lim inf x 'g(x) > 0, By
1x|+0 “p}ltribution/
(1.10) xg(x) >0, x#*0 . T e

"‘~§yg;1ab111ty Codesg
Pinally suppose that ' |Avail apa/op

iDist
(1.11) x e tac NI rY Speeial

satisfies (1.1) a.e. on R'. Then

(1.12) lim x(t) =0 .
toe

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041.
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Above ;(u), @ *0, is defined as 1lim J e *tau(t). By (1.5) this is well-
s*iw R+
Re 8>0
defined, although possibly infinite (see [2] for details). By (r * w(t) we mean
f r{t - s)du(s) and the convolution (f, * f,)(t) of two functions f£,,f, € Lioc(R+)
iioc'i:]tined as It £,(t - s)f,(s)ds.

The above 2eault shows that if the solution =z(t) = x5r(t) + (r * £)(t) of the linear
equation with the same data as (1.1), namely

zH(t) + (z * We) = £(t), teRr', =z(0)=1x,
vanighes at infinity then so does, under very weak conditions on ¥ and £, a bounded
solution of the nonlinear equation (1.1). Certain assumptions, namely (1.8)-(1.10), are
however imposed on the nonlinearity g. The first, which requires g to be locally
Lipschitzian, is essential to the proof. The second assumption is of a more technical
nature. None of these two assumptions is overly restrictive.

The sign condition (1.10) does however impose a certain restriction on the class of
nonlinearities to which Theorem 1 applies and obviously the removal of this assumption
would strengthen the result appreciably. As moreover no assumption of this type is needed
if the size of U or of f is radically decreased; that is if [ dlul(t) < ® or
£ e L'(R") is assumed, then one is strongly motivated to try to %:nove (1.10). That this

can in fact be done is shown by the following

Theorem 2. Let (1.2), (1.4)-(1.8) and (1.11) hold. In addition suppose that

(1.13) Re u(w) > 0, w*0, inf Re uw(w) > 0 ,
ues, wtd

for any compact set s C R. Define X = {y e Rrlly|l < Ix0 _ _, gly) = 0} and assume that
L

(R)
X consists of a finite number of points, X = (aH,...,an}. Finally let

(1.14) lim inf Jg(x)|]x - a1|-1 >0, WVi.
|x‘°1|’°
Then
(1.15) lim dist(x(t),X) = 0 .
Lt e
-2-
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Further genonl:l.nt.l.on as to the size of X is possible. Also note that (1.14) of
course corresponds to (1.9). The removal of (1.10) has however forced us to strengthen
(1.3) to (1.13). But this is a minor strengthening compared to the absence of (1.10).

The proof of Theorem 2 is divided into four lesmas and some final arguments. Lemmas 1
and 2 build upon and continue estimates of [2, Theorem 2]. We note that Lemma 1 follows
from Lewma 2 if (1.14) is assumed. But (1.14) is neither used to prove Lemma 1 nor for the
proof of Lemma 2. Only.tor the proof of Lemma 3 is this condition needed. Therefore we
prefer to state Lemmas 1 and 2 separately.

Lemma 3 is a straightforward consequence of Lemma 2 and of {1.14). The final Lemma 4
shows that the energy function G(x) strictly decreases along those nontrivial solutions
Yy of a certain limit equation which satisfy y(®),y(-®) € X. To prove Lemma 4 a fairly
elaborate use is mads of the differential resolvents r G A > 0, which satisfy

ri(t) + “'x * p)(e) = 0, :x(o) =1,
after which one lets A + 0.

Por additional comments and related results we refer the reader to (2].
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i 2. PROOF OF THEOREM 2
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" Convolve (1.1) by r(t), use {1.4) and define

)

o h(x) = g(x) = x, x€R a(t) =-r'(t), ter .
Ra
‘f‘ This gives
Y. t .
Pt x(t) + [ h(x(t - s))a(s)ds = xor(t) + (r * £)(t), teRr".
A 0
_-' Let L¥(x) be the positive limit set of x(t), thus
‘ L*(x) = {yly € (L” N LAC)(R), Tt, + @ such that x(t, + t) + y(t),
::-‘ as n + =, uniformly on compact sets of R} .

A

o As hec(R), aerL'(R") and as XoT(®) + (r * £)(®) = 0 it follows that any y € L¥(x)
X satisfies
.

< (2.1) y(t) + [ hiy(t - s))a(s)as =0, teRr,

:;': R+

::;: and also

} (2.2) y'(t) + [ n(y(t - s))da(s) = 0, a.e. on R,

7 R
k¥ where the finite measure a is defined by a([0,t]) = a(t).

.....l' ~ a

X Let a,a be defined by

atw = [ o *aa(e), a(w = f e 1% (erae .

R + +

- R R
(e
.}‘:‘:.. Straightforward computations using (1.4) give

.t -~ - a -
N (2.3) Re a{w) = uznn ww |iw + u(w| 2, w#*0,

- (2.4) In a(w) = wlIm w(w)ie + ww|2 + ol 210+ w2, w#o .
(2.5) at0) = 0 ,
x5 (2.6) alw) = weiv + W™, wro; a(0) =1,
“ As ¥ is positive definite we have Re u > 0, we R\{0}, and so Re ;(w) >0, weR,

Also note that by (1.13), (2.3), (2.5)

T,
TR

m;(u)-o, wesz % g v {0},

1
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A vhere 2, det {wlw # 0, |u(w)] = =»}. NKote that Im a(w) = w #0 for we z, and that

a(w) = 1 4if andonly if we 2. Thus, as a @ L' (R*), it follows that 2z 1is compact.

& A,
Y
-

o

Our first goal is to prove

LEMMA 1. There does not exist y @ t¥(x) such that for some positive constants §,T

% Txets et

(2.7) J ly'(s)|]as » 8, teRr.

Proof of Lemma 1. For ¢t > 0, 1let
w2 % ep My} .
m+(x) L (0,t)
Assume that there exists y € t¥(x) such that (2.7) holds for some positive §,T. Take
any such y. Then by (2.2) and as o is finite,
(2.8) a2 < pin(y()¥,
L°(0,t)

for some positive constant p.

Pix ¢ > 0 arbitrarily, let w, > 0 be such that

(]
(2.9) H-a@l<e ol <a,
¥ then take € sufficiently small and define
(2.10) 8, = {vlaist(w,z,) € ¢, |1~ atw| < ¢, w < lel},
] (2.11) 8 =8, U [~up,ul .

Introduce truncated functions U sVesZy a8 followa:
u (1) = y' (1), "t(t) = y(1), :t(t) = hiy(t)), v e [0,t)
(2.12) ¢
“t(ﬂ - vt“) - zt(t) =0, T<0, T> ¢t .,
A comparison of the present Theorem with [2, Theorem 2] reveals that all the assumptions
made in [2, Theorem 2] are now satisfied except xg(x) > 0, x @ R, which is now absent
e from the assumptions. As y satisfiea (2.8) - compare with (2, relation (3.2)] - we may

therefore use all those estimates of the proof of [2, Theorem 2] which were obtained

i without making use of the sign condition on g. 1In particular we have, (see (3.30) of

(2]), if T is fixed sufficiently large,
- (2.13) | el < ec, [z 1%au+ kK (e,m), toT,
e WAL 1
e R\S S
.
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where the constant ¢:1 depends on €, but not on ¢,t,T and where K, is a constant
depending on ¢€,T.
Let
det t def
(2.14) F(t) =" y(1) - [ y(r- sla(e)ds, t20; r(1) € 0, v<o.
0
We wish to show that there exist intervals I, €< n", n(In) + ®», guch that

lim sup |F(T)) = 0. To this end define F. by

nde ‘l’eIn
(2.15) F (1) = v (1) - f+ v (T~ sla(s)as, TeRr.
R

T
Then F(t) = rt(‘r), T<t and rt(t) == [ y(t-sla(s)ds, T> t. For fixed ¢t
=t
F. € (L' N L.)(R) which implies that the Fourier transforms to follow are well defined. A

transformation of (2.15) gives P, = vt“ ~ a] and so, from (2.9)-(2.11),

t
(2.16) [ ir 12a0 < € [ v (012w < & [ v (2)]%aw ,
t t t
8 8 R

(2.17) / I!t(u)lzdm < c: J Ivt(m)lzdun S 9t sup |1 - alw)] .

R\S R\S weRr
From (2.12) it follows that (c %8F mr _ )

L")

(2.18) lvt(u)l €2cluwl  + |w ut(m)l .

Consequently, after squaring both sides of (2.18), integrating over R\S and recalling

(2.13) one gets

(2.19) [ ivito ) %aw < ac?e! + 2072 [ lutw)|?de < 2ec,u2 [z (0 )%au+ x
t 0 0 t 10 t 2
R\S R\S s
def , 2 -1 -2 .
where K, =" 4c @, + 21(1@0 . But by Parseval's relation and by (1.8) we have
(2.20) [1z1% < [ 12 %80 < 2 [ |v |%ae
s °t R ° R °©

where A is the local (|y| < ¢) Lipschitz constant of h(y). The relations (2.19),

-6~
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(2.20) imply

-~ 2 -~ -~ 2
(2.21) J v |aw < ec, [ Iv_|“au +
ms °© 2t 2

vhere ¢, = zuozx";1. By (2.16), (2.17) and by (2.21)

2
‘{ |re|2d- < (e + cczc:l ‘{ lvtlzdu-o' 2x, .

put [ lvtlzdu < 28c®t and s0, as €,¢ were arbitrary
R .

t 2 £ 2 2
[ Ixto|“ar= | e (ni%ar < [ |r (D) ar = ale), t+=,
0 0 R

Therefore, as also r' e L.(R), we have that there exist intervals 1, < n*, n(I“) + e
such that
(2.22) lim sup |P(T)| =0 .
n+e €1
n
From (2.14), (2.22), the uniform continuity of y and from the fact that a e L'(r%)
it follows that there exists a subsequence (n‘} C {n} and intervals fn‘ = [G'n‘.t ]1cC In‘

™

such that I(‘f%) +® as ny + o, and such that for some v satisfying

(2.23) wit) - [ wit=-s)a(s)as=0, teRr,
R’
we have
y(t+-;-(i' +e ) i), n s,

b T

where the convergence is uniform on compact sets. But y (and hence any translate of
y) satisfies (2.1) and consequently

(2.24) wit) + [ h(w(t ~ s))a(s)ds = 0, TER.

+
R

Prom (2.23), (2.24) one obtains

[ (h(w(t -~ 8)} + wit - 8)lals)ds = 0, TeR,

R#




and so [1, p. 297),
alhiv) + w) C {wla(w) = 0} .
But by (1.13) and (2.6) ;(u) #0, e R, and hence w(t) + h(w(t)) 20, t € R. Thus
g{w(t)) S0, t € R, which implies w(t) = o for some i and
(2.25) y(t+-;-(zn‘4-t )) * o, as N + =,

n‘ i
uniformly for T in compact sets. A combinatiocn of (2.2), (2.25) and the fact that
q(R") = 0 does however violate (2.7). This contradiction completes the proof of Lemma 1.
In the next lemma we show that the size of g(y(t)) is small compared to that of
y(t).

-
Lo 2. pet {y } . C L¥(x) satisty h(y,(t)) € L%(R), let t, + = and suppose
that for every n and some p > 0 independent of n we have

t

8 n
(2.26) sup [ Ity ontfar e [ Inty (mifar .
-(I‘tn l-2tn -tn

Then for any € > 0, if n is sufficiently largs,

t t
n

2 2 " 2
/ lgty (17T < o I Ihty ()| %at .
-t -t w
n n
Proof of Lemma 2. Define vn,:n,Bn by
vn(t) = yn(‘l’), zn(t) - h(yn(t)), Itl € tna vn(t) = zn(t) =0, {1] > tnr
Bn(t) = vn(t) + zn(t), TER.

Then, from (2.1)

(2.27) ] 8,(t - s)a(s)as = [ v, (t - s)a(s)ds - v (t) + P(t), ter,
R R

I_
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. [ o, t<-t, ,
(’ o
Fatt) = { - ] nlyy(t - s))als)ds, lel <ty .
t+t
n
t+tn
J h{y,(t - s))a(s)ds, t>t, .,
\ h'tn

and F, e (L' N L )(R).

uultipiy (2.27) by Bn, integrate over R and apply Parseval'’s relation. This gives

.
IS

el
Lo TR R I

(2.28) ] 18, (@)1 %Re atwan = | B (6)v_(wlalw) - 1aw+ [ F_(0)B (0)dw .
R . R R

LINTR Y

Our purpose is now to estimate the right side of (2.28). As in the proof of Lemma 1 at
firat fix € > 0 arbitrarily, take @ such that (2.9) holds, then choose any € > 0 and

let 54,8 be defined as in (2.10), (2.11). For the first term I, on the right side of

(2.28) we have (¢, as in (2.17))

- 1 - - 1

iTgl < of 18 1% 2 (f 1v)%1a - 1)%aw 72
R R
(2.29)
a 1 - 1 - -~ 1
<cotf 1B 12am 2 ((f v 1%aw 2+ (f 1v 1P1a - 11%aw 72y .

R R\S s
As v (t) + i z, (t - T)a(t)dr = F, (t), £t € R, then
(2.30) Ivnl < 2c1|zn| + 2lrn| R
where c, det sup Ia(u)lz' Because of (2.26) the same comments which were made before the

WeR

relation (2.13) concerning the use of the proof of (2, Theorem 2] are still valiad.

Therefore, if T is fixed sufficiently large, see [2, relation (3.25)],

(2.31) J1rPaw < £(T) [ 1z |Pae+ £(7), ¢t >T,
n 1 n 2 n
R R
Ioc(n+). Integrate (2.30) over S and use (2.31). The result

where 1lim t,(T) =0, f, €L
Tre

is

22 > 2
(2.32) £ lv 1%aw € 2[cy + £,(1)] 1{ l2, | ‘a0 + 2£,(T) ©

-9-
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~ -~ 1 - - 1
f 1v 121 - 11240 2 < ef Iv 120 2 <
n n
- 8
{2.33)

- 1 - 1
el2c, + 2f,1 /2([ iz |2du) 2 4 (2f )1/2 .
1 1 R n 2

Now use (2.19) - with t replaced by n - and (2.33) to estimate the right side of (2.29)

upwards. This gives, for sufficiently large n, (assuming lim ] lznlzdu = =)
ns R

- 1 -~ ~ 1 - 1
1141 € c,lege 2 + el J 18, 1 28w ’2('{ Iz | 2am 2,

where the constant c, is independent of ¢€,¢ and vhere °3

Por the second term I, on the right side of (2.28) we have, by (2.31)

is independent of &.

a 1 - 2 1
11,1 € (£,(™) 1{ Iznlzdm+ tz('r)) 72 (1{ Ianl dw) /1’.

Thus, if T is fixed sufficiently large,

~ ’/ - - a
(2.34) I74] + 1151 € 2¢,[c,e 2 + €} 18 ) = |
23 " " liw

for n such that t, > T

Having the estimate (2.34) for the right side of (2.28) our next goal is to obtain

a 2 ~ 2 A 2 3 R A
(2.39). Recall that Bn Vp * 2,, hence Isnl lznl Ivnl vV +Ev.

Therefore, by (2.19)

a - -~ a 1 -
(2.35) I/ (e artlz |? - (8 1%1d0l <c e [ 1z j2a0
R\S n R

where the constant . depends on ¢ but not on ¢. By (2, relation (3.43)]

~ ) Y 1 -~
(2.36) (re a)lz 120l ¢ c e 2 [z 12w,
R\S R

if n is sufficiently large, and so from (2.35), (2.36)

a a -~ 1 'S
(2.37) (Re a)18_| a0l < c e 2 [z 1% .

1/
R\S R
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The relations (2.28), (2.34), (2.37) and the fact that Re a > 14, .w € 8, does however
yield
iz 1 .

2 2

-1 S 2 a 1/2 a 2 - 1/2 - -
(2.38) 271 [ 18 1w < c e 212 8 + 2c,[c,e /2 + €)1 1
s B n 2°73 n,2 "y (R)

6 L3 (r)
Again recall that ‘n =V, + 2, and use (2.19), (2.32), to estimate the right side of
(2.38) upwards. The result is

2
'2 v

~ 2 a 1/2 - &
(2.39) J 18 1%aw € c lc.e 2 + ¢
s ° 3% Al T Y)

where c, is independent of ¢,¢ and < is independent of ¢.
In view of (2.39) it is obvious that Lesma 2 holds provided we succeed in showing that
(2.40) [ 18126 < e} [ 1z 1%, '
R\S R
for any € >0 if n is sufficiently large. As Bn = Vv, + z, then one realizes after
recalling (2.19) that (2.40) holds if
-~ z 2 ~ 2
(2.41) | 1z 1%aw < o l{ Iz, | %du .

R\S

By assumption Re a(w) > 0, w € R\S. Therefore, for >0 arbitrary, by (2,

‘relations (3.5), (3.6)]

(2.42) J oo M tPae < E 0D [ 12 1700
(R\SIN[=A,A) R
where for fixed 1 the function ‘E‘ can be made arbitrarily small by taking T
sufficiently large. Also, by (2, relations (3.20), (3.25), (3.27)]
-2

f |z Izdm < c:['im2 f |z Izdm+ T‘] B
L n R P

-
(2.43) [+
X

vhere c is an a priori constant. PFix co > 0. Then take 1 sufficiently large to make
the right side of (2.43) small enough. With X fixed choose T sufficiently laxge to
make the right side of (2.42) small. The relation (2.41) follows and the proof of Lemma 2

is complete.
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J LEMMA 3. Define, for i, = 1,...,n,

Yy = rert’tly(m = o, y==) = a} .

L'. Then, for y € Yij'

(2.44) y(t) - a, e L3(R")

= (2.45) y(t) - a € t?(r")
(2.46) gly(t)) e L3(m) .

Proof of Lemma 3. Choose any pair (i,3) ,uch that Yu is not empty (by Lemma 1 such

a Yij exists) and take any y € Yij for which

(2.47) nty(t)) + o € L3(R7) .

Define =z(t) = y(t) - @, 3(z) = g(z + a,), h(s) = g(z) - z and rewrite (2.1) as (also use

[ a(s)as = 1)

+
R

z(t) + [ h(z(t - s))a(s)as = 0 .

+
R

Note that as q(ai) = 0 then ;(0) = h(0) = 0. In addition it is clear that

(2.48) 9(z) is locally Lipschitzian, lim inf |33§-| >0.
|z|*0

»

Thus we may without loss of generality take ¢l1 = 0.

Let t, * % Ve claim that thexe exists p > 0 such that

[] 0
(2.49) sup | Intz(m)Par<p [ Ints(m)l3ar.
~=< €0 l"Ztn -2\:“

Suppose not. Then there exists T, + = for which

-p

B8 n
(2.50) sup | Intz(t)i%at < 2 Ih(z(T)) ] %ax ,
~nlg<0 -2t -p =2t
n n n
and so
-7
s 2 n 2
(2.51) sup [ In(z(t))|“ar < 2 [ In(z())|“ar .
-'(l"‘!n s=2t n -Tn"ztn

-]2=
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Define Z (t) = z(t = ¢, = T,), t €R. Then (2.51) is equivalent to

s - 2 n - 2
(2.52) sup J ‘a(z (1))]%av < 2 I Intz_(1))|%ax .
*(l‘tn l-2tn -tn
From Lesma 2, (2.47) and (2.52) follows
tll tn
~ 2 2 ~ 2
(2.53) [ gzttt ¢ ¢; [ n(z_ (1)),
-t n 0 - n
n n

for co

In(y)12 < 21g(y) 12 + 21y12 < 2(2% + 11(yl? and so by (2.53)

> 0 arbitrary if n is sufficiently large. But

LI 2 2,..2 . 2
(2.54) [ letz (e lar < e5(22“ + 21 [ |z (D|“ar.
-t n 0 -t n
n n

Also, as £ (t ) = g(-T,) and as &(-®) = 0 then lim z (T) = 0, uniformly on
n n n noe n

[-tn,tn]. This fact, together with (1.14) clearly gives
ta ~ 2 € - 2
(2.55) p [ Iz (v)far < [ lglz (1))|“at
n n
-t -t
n
tl‘l
for some constant p > 0. Form (2.54), (2.55) follows sup f |;;(T)|2dt < =,
LI

Consequently the right side of (2.52) is uniformly bounded in "n, hence the same is true
for the right side of (2.50) and so the left side of (2.50) is uniformly bounded in n.
But this violates (2.47) and thus (2.49) must hold.

tet s (1) % s(r- ). Then, by (2.49)

t

o 2 n 2
sup [ Intz (N 1“ar < p [ |nts (1)) %ax

-<l<tn |-2tn -tn
t t

n n

and so, by (2.47), we may apply Lesma 2. Thus I Iq(:n(t))lzdt < cg ] Ih(zn(t))lzdt
-t -t
n n

or aquivalently,

-13-
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0 0

[ lgeemiPar < € [ mizcmiar .
-2t -2t

n n (/‘
But again, as z(-®) = 0 and by the second part of (2.48) and as |h(z)| < K|z|, this
0
gives sup |  |z(1)}%ar < = we conclude that (2.44) is satisfied.
n L
To get (2745) (and (2.46)) one proceeds as follows. For simplicity let

a, =0, a, # 0, Define =z(t) = y(t) -~ a,, ;(z) = g(z + a ), hiz) = ;(z) -g. The equation

i 3 3 b
(2.1) considered on . R* can be written
t .
(2.56) z(t) + [ hiz(t - s))a(s)as = P(t), ¢teRr ,
0
[ 4 «»
where PF(t) = = [ h(y(t - s))a(s)as - 5 | a(s)as. a Aifferentiation of (2.56) gives
t t
2'(t) + [ h(z(t - s))da(s) = P*(t), a.e. on R',
[o,t]
with F'(t) = - f hi(y(t - s))da(s) + aja(t). By (2.44), as a is finite and as
(t,®)
ae Lz(n+) one has
(2.57) r e 12" .

By essentially repeating the estimates of (2, Theorem 2] and those of Lemma 2 above but
replacing (2.8) and (2.26) by the much stronger assumption (2.57) one cbtains, for any
l:o >0, if ¢t is sufficiently large,

¢~ 2 2 f oo 2
(2.58) J Vatzteni®ar < ¢ [ [htz(rn)%ar .
0 0

But (2.58) combined with (1.8) and (1,14) immediately gives (2.45).
. x
LEWMA 4. Let y € Y,y for somwe 1,3 gly(t)) £0, and define G(x) = [ gtway,
0

x € R Then
Proof of Lemma 4. Let T, e LAC(R’). A> 0, be the solution of

(2.60) rj(t) + Ar, * u)(t) = 0 a.e. on R, r,(0) =1 .

-14~
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By (1.5), (1.7) and by (2, Lemmas 2 and 3]

(2.61) rj e (L' n wev) (RY), A>0,
(2.62) lim r,(t) = lim (r, * £)(t) = 0, A>0 .
e tow

Convolve (1.1) by r, and use (2.60)-(2.62). This yields that any y € tH(x)

satisfies

-
(2.63) yie) + [ [ﬂ-ﬂ%)—)- -yt -s)]a(s)as =0, ter,
0

vhere a,(t) “8¥ _ri(t). Differentiate (2.63) to obtain

-«
(2.54) y'(e) + f [ﬂﬂ%uu- yit = 8) ]dcx(l) =0, a.e. on R
o .

where “A‘ [(o,t]) = nx(t).

Pix 41, and take any y € '13' gly(t)) 20. Let €)> 0 be arbitrary and cbserve
that as y(®) = y,, glyy) = 0, a, € L' (r*) then given 1> 0 there exists 0 ¢T, < ®
such that if y‘(l) daf yis + rx). s @€ R, then

9y, (s)) c
(2.65) Y * lyy - y (o)) Jasisras < = .

+
R

Por each A > 0 choose 'l.'x ® 0 such that (2.65) holds. Then define

Nlgty,(e) - yy(e) 4y, sco,
(2.66) !l(.) -
l"q(yx(-)) ~yy(8) +y, €>0,

o, s <0,

hx(l) -{
(yj - y!.]'l(')' >0,

These definitions, (2.64) and ax(n’) =0 yield
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(2.67) yy(e) + / £,(t - s)da,(s) = h,(t), ae. tEeR, A>0.
0

Note that by Lemma 3 £, € L?(R) and 0, by (2.61), (2.67) and as h, € L3(R) one has
v} € L2(R). Thus the integrals below are well defined.
Multiply (2.67) by tl' integrate over R and apply Parseval's relation. This gives
(2.68) [ oy mar + o™ ! I£,1%Re a,au - [ fyomynar .
R

Simple calculations result in

-1 -
(2.69) { Yi(‘)tx(t)df = A [G(yj) - G(yi)] + 2 1[Y§ - Yf] - Yx(o)[Yj - y*] .

By (2.65), (2.68), (2.69)

(2.70) l6tyy) = Gly,) + M2n™' [ 1£,1%Re a0 < ¢
R

provided 1A is taken amall enough so that
-1, 2 -1
M27 ) = v]) - v,y - ygd) <2 e
The relation (2.70) does however imply that (2.59) is a consequence of
(2.71) 11m tnf M207" [ 1£,1%Re a,a0> 0,
At0 R
which we intend to prove.
Note at first that
Re o, (w) = A (Re u(w))lte + A2, weo,
cA(O) =0
and 80 Re CA(U) >0, W@ R, By (1.13) Re “A(m) = 0 if and only if
we {0} U {[wliu(w)| = »}. 1In addition one has m({w|lu(w)| = =}) = 0, see (3, p. 230],
and so Re ax(u) >0 a.e. on R. Let =, be defined by
yl - YA(.)' s < °l

(2.72) SA(I) - A>0,
yj - ’A"" s>0,




thus f£,(s) = qu(yx(l)) + z,(s), s € R. Also let
Yi - Y(.)o s €0,

u(s) %° u(e 2 e, ser. |
¥y = y(s), s> 0, f

Then

0 l<-‘.|.‘x

|

IA(I)"\!A(I)' ¥y Yj 'l'x<|<o :
0 s>0,

. /" \ |

- - - 2 -
12,0012 < 205, @17 + 21(F, - Sp@1? < 200@1? + slal "1y, - v )2
which implies

(2.73) A [ 12,(0)1%Re ay(w)am < 2) [ Jotw)1%Re o,(wde + aAly, - y41% [ &7Re ay(waw .
R R R

Observe that u is independent of .

By (2.6) and as a € L'(R") we have

um —lB@L .,

lwl+e ji0 + u(w)|

and therefore there exist constants 01 .11 such that provided |uw] > o, then
(2.74) l;(u)l < x1|«»| .

But by (2.3), (2.74) and as I;l € Ky, for some K,, w€R,

(2.75) 0 < Re utw) < Ky 2 liu+ w2 <Kyiky + DF < @

for |w| > w By (2.4), for w> 0,

10
+ ulu(u)lzliu* ln(m)l.2 ¢

uaz]x- MONFUR. l‘l(m)l"z <K,

and 80, ulinq (207‘)' (2075)

(2.76) |Im plw)| < ‘3 + u-ilx- u(u)lz, |wl > w

for some constant K,. Let w - be such that |Im u(wn)l + », then, by (2.76),

~ L) 2
® |In )l < 2|Im e )|
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and consequently

i -1
(2.77) [Im u(un)l > 2 w .
But if (2.75), (2.77) are used in (2.6) then 1lim inf la(mn)l > 0 follows. This however

~ n e
violates a € L'(R*). Hence 1lim sup |Im ¥{w}| < ® and so, for some Yqo Yy
lw]|+w
luta)| < v, lal € v,

Without loss of generality take 71 such that
(2.78) i + o)™ 2271, jul > v, -

As @) {iw + x(wl1”' e L"(R) and by (1.13) we have

(2.79) ARe o, (w) < w'irRe ww) ™V ¢,  Jul « v,
(2.80) A0 2Re a,(®) < [Re oV cw, o < Y, -
In addition note that a, = (1 - “;'A + Aa and so

(2.81) Iaxl < °1"x' + Acz, weR, A>0,

for some constants CqsCp. But
- -1

(2.82) a,(e) = [_AIL(f) "'.'.’ + ——xﬂf)—] WeR,
io+ u(w) io+ e ie+ wae)
and clearly
(2.83) lim )] [0 + W]~ = 0, uniformly for weRr .
A+0
From (2.78), (2.81)-(2.83) follows
(2.84) lim cx(u) = 0, uniformly on |w| > Yy .

A0

Algo, if w# 0, w¢ {w/|u(w)| = ®} then [ie]jiw+ u(w|~' #0 and hence by (2.81),

{2.82)
(2.85) lim Re ;A(") =0 a.e. o0n l-v,,y ]l .
240 1
Now write
.y sy - oL, .
X!Iulnoaxd»-lf +2 [ +2af {lulltoclldu,
R Y, Y, ==

and let A + 0. By (2.79), (2.85), as u e Lz(R) and by the dominated convergence theorem

{8~

ol

*)




- —— ".‘

the first integral on the right tends to zero. PFrom (2.84) and again using u € Lz(lt) it
follows that the two remaining integrals vanish as A + 0. Thus
(2.86) 1im A [ lulRre a,du = 0 .

A0 R
By (2.80), (2.84), (2.85) and by the dominated convergence theorem
(2.87) lim A [ &2pe o (waw=0 .

A+0 R
Thus, from (2073)0 (2.86), (2.87)
(2.88) lm A [ Is,(w)1%re a,(e)du =0 .

AY0 R

Write 9‘\(u) = @(u), g(w) = J(y(s))(w) and consider the expression

gym,? .
: A | . | Re a,(w)dw
R
. which, as lg,(@)| = Ig(w)|, equals A [ |a(w)|“Re a,(wdw. If ]
- R
- g {0} U{wllu(w)| ==} then a
; (2.89) 1im 2" 're ;x(u) = 1im (6®Re u(w)]]iw + An(w)|~2 = Re W(w) .
A0 a0 4

= F-1

Take any finite interval ([-T,T]1 C R such that for some € > 0

T a 2
[ lg(w)|“aw > 3¢
-

and then any &8 > 0 such that it 8 C (-7,T], m(8) < §, then

I lgte) ] 2aw < ¢ .
s

“ v o T AEEIELE E . BATNLY

By Egoroff's theorem and by (2.89) there exists E C (-T,T], m(E) < §, for which the

convergence in (2.89) is uniform on [-T7,TI\E. Then, as Re cx(w) >0, we R,




T R S T T T T T o N b s e s e e e e e e
-1,% 0002 2 =102 o :
! [ A 1g(w)| “Re @, (wdw » f A lgtw) | “Re a,(waw
. R {-7,T)I\E
b -1 -2 K
£ 2027 [ lgt@)|“aw > ep > 0 ,
?' : (-7,TI\E
provided A is taken sufficiently small and where p = inf Re u(w).
jw] €T
From (2.66), (2.72), (2.88), (2.90) we get (2.71) after straightforward estimates.
Thus (2.59) holds and Lemma 4 is proved.
With (2.59) at our disposal we are ready to prove the theorem.
Suppose (1.15) does not hold and define
X agf {“1 exja e ) .
T By Lemma | X, is not empty. Let a € X, be such that
-' (2.91) G(a) = min G(a)) .
c1ex°
Take any sequence t, * ® satisfying x(t + t ) + & uniformly on compact sets and
define x,(t) = x(t + t,), t € R. let 4= dist(a,X\a) > 0. Take S e (0,27'a) such
thae 7, %F tne{tit 2 0, Ix (1) - al = §} is well-defined for all n. tat
*(t) %2 x (e e )
Te n Xn n’*
‘ As a consequence of Lemma 1 there exists 3 subsequence (;nk) of (;n} and y(t)
x such that
;%(t) + y(t), uniformly on compact sets,
and for which y(-®) = a, y(®) exists and € X,. But by (2.59) Gt(y(=)) - Gl(y(a)) < 0.
This however violates (2.91) and completes the proof of the theorem.
=20= -
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