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ABSTRACT

Let glx) be locally Lipschitzian, f e Lo(R+ ) and let P be a real

locally finite positive definite Borel measure on R . We investigate the

asymptotics of the solutions of the nonlinear scalar Volterra equation

x'(t) + f glx(t - s))dp(s) - f(t), t e R, x(O) x

in the case when f only satisfies lim (r * f)(t) - 0. The function r(t)

is defined as the solution of

r'l(t) + J r(t - s)dU(s) - 0, t e R+.  riO) - 1 ,
[o,t

and we assume r' (L' n NBV)(R+). No sign condition is imposed on g(x).

AMS(MOS) Subject Classifications: 45D05, 45M05, 45GI0

Key Words. Volterra equations, Nonlinear integral equations, Asymptotic
behavior, Frequency domain methods
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SIGNIFICANCE AND EXPLANATION

In the construction of mathematical models of technical and physical
systems one is frequently led to equations in which the current rate of change
(_ dx":
A) of the state of the system (- x(t) at time t) is a function not

only of x(t), but also of x(T) for past times T < t. Specifically, one
obtains Volterra integrodifferential equations, exemplified by

7) + f g(x(t - s))d s) - f(t), x(O) - x0 , t ), 0
0

Here f(t) is the external input, p(t) is the feedback kernel, g(x) is in
general a nonlinear function of x. By letting p(t) have discontinuities we
realize that (E) includes a large class of differential-delay equations.

The key problem concerning (3) is the behavior of x~t) for large values
of t. In particular one is interested in whether the solutions x(t) remain
bounded and in case they do, whether x(t) tends to a limit when t * , or
whether the system continues to oscillate. The present report analyzes these
questions and continues work begun in MRC Technical Summary Report #2224. we
are in particular interested in the case when the variation of the feedback
kernel is large, in the sense that p(t) is not of bounded variation over the
positive half-axis. Such kernels are frequent in applicationsi let for
example dp(s) - b(s)ds with b(s) - (cos ss, 0 < a < 1. The second key
feature of this report is that we do allow large input functions f(t) in
that we only assume f(t) + 0 as t * m.

One main result (Theorem 2) follows from four auxiliary results, all of
which are established in this report. The first shows that a solution of (E)
cannot oscillate arbitrarily muchl in particular there do not exist positive
constants 6,T such that

t
f Ix'(T)IdT ) 6*
t-T

holds for all sufficiently large t. The second is a rather technical result

comparing the size of f g2 (x(r))dc to that of f x2 T()dr, where I is a
i I 0"°

n n
sequence of longer and longer intervals. The thirdnshows that solutions y
of a particular limit equation associated with (E) satisfy

j Ig(y(T))2 dT < -. Finally, in the last auxiliary result we show that a

certain energy function decreases along solutions of (E).

The responsibility for the wording and views expressed in this descriptive
s mmary lies with MRC, and not with the author of this report.
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Ol A VOLTERRA EQUATION WITH A LOCALLY FINITE MEASURE AND L -PERTURBATION

Stig-Olof Londen

1.* INTRODUCTION --

In this report we continue the analysis of the asyptotics of the scalar, real,

nonlinear Volterra equation with a positive definite measure p,

(1.1) xt) + f g(x(t "s))dt(s) f(t), t a X(0) X0
(Olt)3

in the case when both P and f are large in a sense to be made precise below. This

analysis was begun in [21 where the following key result was obtained.

Theorem 1 [2, Theorem 41. Let

(1.2) v be a locally finite, ositive definite measure on +  satisfying

(1.3) Im i(w) - 0 for w e 66ig000, Re p(w) - )

Define r(t), t e R+, as the locally absolutely continuous solution of

(1.4) r'(t) + (r * 1)(t) - 0, a.e. on R, r(0) - 1 ,

and suppoe

(1.5) r' • (e ' n NV)( +) ,

(1.6) f e LjoC(i) A 1Qsion For

(1.7) 11 r(t) - lha (r * f)(t) = 0

Also let ; uounced
.';t £ifcatio

(1.8) g(x) be locally Lipschitsian, x e R

(1.9) lim inf xC"g(x) > 0,
lIl I Distribution/-

(1.10) xg(x) > 0, x * 0 . Av ......... Codes .'.

Finally sup ose that . . vail an+,o -

satisfies (1.1) a.e. on k+ . Then

(1.12) lim x(t) - 0 .

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041.
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Above ja(m), wi 0, is defined as l1* f e6tdp(t) By (1.5) this is well-

Re S>OR

defined, although possibly infinite (see [21 for details). Dy (r * 10)(t) we mean

f r(t - s)dia(s) and the convolution (f I f2)(t) oftofntos f11f2 eL' ()
[Olt) t

isa defined as f 111(t - s)f2 (a)ds.

The above result shovs that if the solution z(t) x c.r~t) + Cr M )t) of the linear

equation with the same data as (1.1), namely

z'(t + (z * 1)(t) - f(t), t e R Z aO) XO

vanishe. at infinity then so does, under very weak conditions on p1 and f, a bounded

solution of the nonlinear equation (1.1). certain assumptions, namely (1.8)-(1.10), are

.:

however imposed on the nonlinearity g. The first, vhich requires g to be locally

Lipschitzian is essential to the proof. The second assumption is of a more technical

nature. None of these two assmptions is overly restrictive.

The sign condition (1.10) does however impose a certain restriction on the class of

- Snonlinarities to which Theorem 1 applies and obviously the removal of this assumption

would strengthen the result appreciably. As moreover no assumption of this type is needed

if the size of Pz or of f is radically decreased, that is if f dlyI(t) < - or

f e L'( ) is assumed, then one is strongly motivated to try to move (1.10). That this

0I

can in fact be done is shown by the following

Theorem 2. Let (1.2), (1.4)-(1.8) and (1.11) hold. In addition suppose that

(1.13) Re + IW > 0, W 0, inf Re ;() > 0
(eUs, W*0

for any compact set s C R. Define x - (y e Rim 4~ e xi -+), g(y) =0) and assume that
L (R)

X consists of a finite number of points, X - (as on . ad. Finally let

(1.14) lim inf 1g(x) x - a , .

Then

0 (.15) him dist(x(t),X) -0

-2-
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Further generalization as to the size of I is possible. Also note that (1.*14) of

course corresponds to (1.*9).* The reoval of (1.*10) has however forced us to strengthen

(1.3) to (1.13). But this is a minor strengthening compared to the absence of (1.10).

The proof of Theorem 2 is divided into four lema and some final arguments. Leas 1

and 2 build upon and continue estimates of 12, Theorem 21. lIe note that Loma I follows

from Lama 2 if (1.14) is assumed. But (1.14) is neither used to prove Lema 1 nor for the

proof of Loma 2. only for the proof of 1a 3 in this condition needed. Therefore we

prefer to state Loma" I and 2 separately.

Lea 3 is a straightforward consequence of Lemma 2 and of (1.14). The final Loas 4
shows that the energy function G( x) strictly decreases along those nontrivial solutions

y of a certain limit equation which satisfy y(e),y(-a) e X. To prove Lemsa 4 a fairly

elaborate use in made of the differential resolvent* r,,, 1> 0,* which satisfy

r1(t) + M~r p)(t) w 0, r (0) - 1

after which one lae X + 0.

For additional omements and related results we refer the reader to [2).

6 -3-
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2. PROOF OF THEORM 2

Convolve (1.1) by r(t), use (1.4) and define

h(x) - g(x) - x, x a RI a(t) - -rI(t), t e le

This given

t
X(t) + f h(x(t - s))a(s)ds - x0 r(t) + (r * f)(t), t e

a

Let LCx) be the positive limit set of x(t) thus

eL'x) - {Yly e (Ln LAC)CR), ztn 4D such that x(tn + t) +y(t),

as n + m, uniformly on compact sets of R)

As h e C(R), a e L'(R) and as x0 r(-) + (r - f)(-) - o it follow that any y eL+(x)

* satisfies

(2.1) Y(t) + f h(y(t - 9))a(s)ds - 0, t e R
R

and also

(2.2) y'(t) + f h(y(t - s))da(e) - 0, a.*. on I ,

R+h° 4.

where the finite measure a is defined by a([O,t]) = alt).

Let c,a be defined by

a(-) " f 'LedeC(t), ^(W) - e't.(t)ft
+ +
R R

Straightforward computations using ( 1.4) give

(2.3) Re ;(W) - 02P, ;(W)Iio+ ;(W)1-2 , W * 0

12.4) ; o(W) - ;(,)I iw . ;(W)I"2 + Wi;(W)12 ,ia + (w) 1 2 , N, 0

(2.5) ;C0) - 0

(2.6) a(w) - ;'C)tiw . ia(e)]-, *, o, aC0) -,1
A A

AS P is positive definite we have Re IA ) 0, We R\(0), and so Re ;CW) 0, We R.

Also note that by (1.13), (2.3), (2.5)

Re a(W) - O, W e Z d uf Z U (0)

-4-
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wherwe Iv) - ). 1Note that In ,(wl- 0 for f e z an that

;(u) 1 if and only if W e Z. Thus, as a e L'(R), it follows that Z is compact.

Our first goal is to prove

*LM 1 . There does not exist y e Llx) such that for some positive constants 6,T

t
(2.7) 6 y'(s)ld ) 8, t e R

t-T

Proof of Lamm 1. For t 0, lot

2 d.1 f su hy ) 2
2

7+ L (,t)

Assume that there exists y e L+(x) such that (2.7) holds for some positive 6,T. Take

any such y. Then by (2.2) and as a is finite,

(2.8) 2 < p1h(y(T))
2

2
L (Olt)

for some positive constant p.

Fix o 0 arbitrarily, let w0 
> 0 be such that

(2.9) Il - aWI , w1 o'

then take c sufficiently small and define

(2.10) S1 - {[edist(w,Z1 l C a, II - a(l40) , "I C No I

(2.11) 8 " U o •

Introduce truncated functions utvtfzt as follows:

" 2.12) J ut I m(T) y'l, vt( 1 - y(C), at(r) h(y()), T e [o,tj

(212 t tINt(T) v Mt - zt M 0, 'r < 0, T > t•

A comparison of the present Theorem with [2, Theorem 21 reveals that all the assumptions

made in [2, Theorem 21 are now satisfied except xg(x) ; 0, x e R, which is now absent

from the assumptions. As y satisfies (2.8) - compare with (2, relation (3.2)] - we may

therefore use all those estimates of the proof of 12, Theorem 2] which were obtained

without making use of the sign condition on g. in particular we have, (see (3.30) of

E2]), if T is fixed sufficiently large,

(2.13) f j\sI dw + K 1 (s
' ), t T

R\S

• -5-
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where the constant cI  depends on c, but not on t,t,T and where K1  is a constant

depending on C,T.

(2.14) F(M) d y~r) - f y(- s)a(s)d, T 0 01 F() d2f 0, T < 0
0

We wish to show that there exist intervals I C +  (n s

,li sup IFMr)I - 0. To this end define Ft by
n+- Tein

(2.15) F Ml) - vIT)- f vtCT - s)alsld, T e R
':.t t +

IBI
Then FMr F Mr, T 4 t and F (T) -- f Yr - SWaO)ds, 'r > t. For fixed tt t T-tFt e CL' n )(R) which implies that the Fourier transforms to follow are well defined. A

transformation of (2.15) gives Ft- Vt[1 - a) and so, from (2.9)-(2.11),

2From 2.12) it follows that Cc d l x
L (R

(2.18) ( C2d I c 2cwI 2 d c s

t\ t \ O

"-- Consequently, after squaring both sides of C(2.18), integrating over R\S and recalling

ro (2.13) one gets

L.(R

(2.19) IV v (w) I dw I 4c w0  + 2W0  f \ u S (o)tI 2 dw 4 2ec 1 W 2 f Izt(w) I do+ K2

. where K2  - 4c w0, + 2K, 0 . But by Parseval's relation and by (1.8) we have

(2.20) f I-ti dw 1 If 1, Ii do 4 2 I dvt12dw
S R R

where A is the local (yl 4 c) Lipschitz constant of hy). The relations (2.19),

.1.
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(2.20) imply

(2.21) J t do G;2 f I;I do + X2

S 2?,,here € c1. By (2.16), (2.17) and by (2.21)

S ;t2i-C <t2 + ;2 J - 4 .

R R

But dot l c 2 t and so, as €,9 were arbitrary
R

t it 2t 2 *I IFrM)l2  I t M I t 1rt (012 d aft), t +
0 0 R

Therefore, as also F' e L(R), we have that there exist intervals in C le, ma) o.

euch that

(2.22) lim sup Ir( r)I - 0

From (2.14), (2.22), the uniform continuity of y and from the fact that a e L(e)

it follows that ther exists a ubsoqaence } C (n) and intervals ' - ItC t I C I
n. n.~ u. n,

such that a(!x ) as n.. and such that for sm.* satisfying

* , (2.23) W(M)- f v(ro s)a(s)ds - 0, T 6 R

we have

- ,,+ , +, t + ),, n. +,

where the convergence is uniform on compact sets. But y (and hence any translate of

y) satisfies (2.1) and consequently

(2.24) ) + h(w(T - s))a(s)ds - 0, Te R

Fram (2.23), (2.24) one obtains

f (h(w(T - a)) + v(r - s)]a(s)du - 0, T e R
+

"t. ,+ +.,,+, ... . * ".:' .+ , " . . . " " . - ' + . . - - - . ". ' . •. . - "• + * - M "-"." -"•+ "



and so [1, p. 2971,

a(h(v) + v) C -wa(w) - 0)

But by (1.13) and (2.6) am) 0, w e R, and hence w(t) + h(w(t)) S 0, t e R. Thus

g(w(t)) S 0, t e R, which implies v(t) E a, for some i and

(2.25) y( +i ( +t + )) ,, as n,,-+

.* uniformly for T in compact sets. A combination of (2.2), (2.25) and the fact that

-* (CR ) - 0 does however violate (2.7). This contradiction completes the proof of Lemma 1.

in the next lema we show that the size of g(y(t)) is small compared to that of

y(t).

'~2 LEA 2. Let {yn} C L(x) satisfy h(yn(t)) 0 L2 (R), let tn * " and suppose

- ,, that for every n and some P > 0 independent of n we have

-. t
(2.26) sup Ih(yn(r)) 12 4 - P n l2

-.(<m5 t 8-2t -t

Then for any 0 > 0, if n ts suffiiently larg,

t t;,-n n2  2 1 ihlyn([))1 2dr

!t -qy )Id t mhyn f
n nl

Proof of Lema 2. Define vnzat n by

v (T) y Cn(T), z n() - hYn ()), [i t I v n(T) z Cn(T) - 0, ITI > tnI

r() vn T) + n (T), T e R

Then, from (2.1)

(2.27) f n - s)als)ds f f vnlt - )als)ds vnlt) + Pn(t)I t R,
R R

where

-9
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Fn( t) - -J h(yn(t -s))a(s)ds, Iti .9 tn
t.tn
t+tt~tn

J h(yn(t- a))als)da, t ) tnJ .: t-t

and n • L' n L (R).

multiply (2.27) by On' integrate over R and apply Parseval's relation. This given

(2.28) -'(W R, ad -nwv(wja 1dw +. r n(t) (W)dW

R R R

Our purpose is now to estimate the right side of (2.28). As in the proof of Loma I at

first fix 2 1 0 arbitrarily, take 0 such that (2.9) holds, then choose any C > 0 and

let S11S be defined as in (2.10), (2.11). For the first term 1, on the right side of

(2.28) we have (co  as in (2.17))

11, 1C (I I;nI 2dwi: 1/2 (j 1; n 2j _ lj2da) 1/2
R R

(2.29)

2 1/ ( f 1;12 1
" c 0 1( IBnl

2dI 1/2 [f Inld) 1/2 + Cf IVn 2n18 11 d) -/23
Ro R\8 S

P's Vnlt) + f Zn(t - T)a(l)dT - F (t), t e R, then

(23) R ^ 2 2
( 2.30) 1;n12  2c1 IsnI + 21I ,

where 1 --f $up la(W)1 2 " Because of (2.26) the same conments which were made before the€ W8R

relation (2.13) concerning the use of the proof of (2, Theorem 2] are still valid.

Therefore, if T is fixed sufficiently large, see [2, relation (3.25)],

(2.31) f I 12dw -C If(2T) d + f> T T
R n I RT n f2(, t

where lim f1CT) Or0 f2 e Lcc(e). Integrate (2.30) over S and use (2.31). The result

is

Ii12.32) ni ( 2[c, + f111I finl dw + 2f2 (T)

r,..-:.•'--2.i.",2----2,-. .-. ",' " .. ,. .-. .. '.. '- " .. -.,. . - . . .. . ... . . . . . .

., - .
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By (2.9)-(2.11) and by (2.32)
( 1; Al12: ,0w)'/ f I1nI do.) 2 <
8 S

(2.33)

;[2, 1+ 2f '211 ,2d-) 1/2 . (2f2) 1/2

Now use (2.19) - with t replaced by n - and (2.33) to estimate the right side of (2.29)

upwards. This give.s, for sufficiently large n, (assuming ii- f Iz n 2 d- )
n4W R

R R

where the constant c2 in independent of :,s and where c3  is independent of e.

For the second term 12 on the right side of (2.26) we have, by (2.31)

1121 4 (f1 (T) f .nI do+ f 2 1))' n I d) .

R R

Thus, if T is fixed sufficiently large,

(2.34) I'll + 121 4C 2cc 12 + el18 I sl I
2 2 23' L2 ') 2 R

for n such that tn > T.

Having the estimate (2.34) for the right side of (2.28) our next goal is to obtain

(2.39). Recall that n - Vn + Zn, hence I2 Is 2, n2 + n Vn + anVn

Therefore, by (2.19)

(2.35) if (Re a)(IsnI - 181'du -C 2dwl2
RN S R

where the constant c4  depends on C but not on c. By [2, relation (3.43)]

(2.36) If (Re a)Iz I dwl ' j Ig C2f 2 db1
R\S R

if n is sufficiently large, and so from (2.35), (2.36)

(2.37) If (Re )l;n,2dl g ( f 'an , l

R\S R

-10-
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The relations (2.28), (2.34), (2.37) and the fact that Re a > 1/2, .w e B, does however

yield

(2.38) 2-1 f 2do C /2' 1 ^ * 2c 2 1/2 + e]' 1
S i CG nL2(R) + '3 2R)'n2 L(R)

Again recall that 5 - v. . and use (2.19), (2.32), to estimate the right side of

(2.38) upwards. The result is
(2.39) f 2d4 c , '/2 Is 1 2

8 nL R)

where c3 is independent of a,€ and 7  is independent of €.

In view of (2.39) it is obvious that Latona 2 holds provided we succeed in showing that

(2.40) I 2 C 4 f I I nd

for any '0 > 0 if n is sufficiently large. As n = vn + an  then one realizes after

recalling (2.19) that (2.40) holds if

( 2.41) \8 ,; ,,. d o2 IC 60 f ,2.. d
R~3 R

By assumption Re U(N) > 0, 'A e RS. Therefore, for A 0 arbitrary, by E2,

relations (3.5), (3.6)]
" (2.42) S ~~i~ni2d4 f 1'(T,) f"In 1 d

(2.42) fRs n- ] R n do

where for fixed the function can be made arbitrarily small by taking T

sufficiently large. Also, by [2, relations (3.20), (3.25), (3.27)]

(2.43) f +  2 d. + f I In 4 2 do+ I

-M R

where c is an a priori constant. Fix i > 0. Then take I sufficiently large to aake

the right side of (2.43) small enough. With 1 fixed choose T sufficiently large to

:3 make the right side of (2.42) small. The relation (2.41) follows and the proof of Lama 2

is complete.

N -11-
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Yi f y e e.(x)Iy(-) ajo, y(--) - jz)

(2.44) YMt a e L (R)

(2.45) y(t) - 43eLae

(2.46) g(y(t)) e L2(R).
*Proof of Lamma 3. Choose any pair (i,J) such that jisntepy(yLmsIuc

a Yjj exists) and take any y 6 Yij for which

(2.47) hMy(t)) + Gi 0 L2(R-)

Define zMt - yMt a., ;(z) - (z + Q) 9~(s) - () zadrmt (.)a as s

f awmds 1)

R

zMt +. f 9(z(t - ))a(s)do 0

Note that am g -e 0 then ;(0) - M(0) - 0. In addition it is clear that

(2.48) ;(z) in locally Lipachitzian, Lii f I s ) 0
lalb+0

Thus we may without loss of generality take 6, 0.

Let ta * .We claim that there exists p > 0 much that

(2.49) *up J lh(z(?3)12d? 4 p f Ih(z(TM 124

Suppose not. Then there exist* Tn +- for which

-Tn

(2.50) $up f Ih(z(?) )12? d-C 2 l h(z(?))I 2 4?
-0<840 gr-2t -T -2tn

and so

-T
(2.51)2 fu f h12r)1
(251 up f hs( I T4 2 1 h(z(T)I dr

-<~sC-T m-2t -Tn-2tn
nt flft

-12-
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Define (t) - Mit - T )- t e R. Then (2.51) in equivalent to

t

(2.52) sup f :h(z (T) dr 4 2 f Ih(z0(i))1 dT
-*(s~t s-2t0  -t

n,,"n n n

From Lesma 2, (2.47) and (2.52) follows

tn tnIg;()1 2 I(())2d
(2.53) f I nl T C co ,h(zn(i))I 4T

n n

for C > 0 arbitrary if n in sufficiently large. But

Ih(y)1 2 4 219(y)12 + 21y12 4 2(A 2 + 111y12  and so by (2.53)

t t

flg;T) 4 2 2X21
(2.54) J Ig(+ ())1d (21 ;(I

-tn -tn

Also, as ;(t)- - n ) andas a(--)- 0 then in ;n(T)- 0, uniformly on

[-ttn]. This fact, together with (1.14) clearly given

t t
2 nIg( (T))12d(2.55) p 1 I;nldT • f a 2dT• "-t -t

t
* 2for some constant p ) 0. Form (2.54), (2.55) follows sup f Iz0 (T)I dT <".

n-t
Consequently the right side of (2.52) is uniforuly bounded in nn, hence the same is true

, for the right side of (2.50) and so the left side of (2.50) in uniformly bounded in n.

' But this violates (2.47) and thus (2.49) must hold.

Let "() d - tn). Then, by (2.49)

t."t

2 22

s: up .fa lhlslTl)l ft • P IhS lh (M)lI dT
.:. -< 8t s-2t -t.n n n

n 2 2 f ln (1) 12d
and so, by (2.47), we may apply Lama 2. Thus J (n (  d 4 c ) ) d

or equivalently.

13
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f Ig(z(T))I2 dr 4 f 0 Ih(z(T)) 
2d 'r

-2t -2t
n n

But again, as z(-) - 0 and by the second part of (2.48) and as jh(z)I Kijzi, this

gives sup f I(t) 2dT < -. We conclude that (2.44) is satisfied.
n -2t

To got (245) (and (2.46)) one proceeds as follows. For simplicity let

.. 1 0. a* 0. Define zMt) - ylt) - G ;(z) - g(z + aj), h(s) - g(z) -z. The equation

* '-" (2.1) considered on 3 can be written

t
(2.56) Zlt) + f hWslt - s))a(s)ds = r(t), t e ,

0

where Ft) - - h(y(t - s))a(slds - J slds. A differentiation of (2.56) gives
t it
s't) + f hls(t" sldals} - P'lt), a.e. an n +

[0t]

with rIt) - I h(y(t - s))da(s) + a a(t). By (2.44), as a is finite and as
(t,-)

a e L2 () one has

(2.57) V' e L2 (R )

By essentially repeating the estimates of (2, Theorem 21 and those of Lemma 2 sbove but

replacing (2.8) and (2.26) by the much stronger assumption (2.57) one obtains, for any

0 > 0, if t is sufficiently large,

(2.58) 2 CO o 1h(s(T))1 2 d"

,',0 0

But (2.58) combined with (1.8) and (1.14) immediately gives (2.45).
. x

LEI-IA 4. Let y e Yij for some i,jj g(y(t)) i 0, and define G(x) - f g(u)dy,
0

x e R. Then

(2.59) G(y 1 ) < G(y:)

Proof of Lemma 4. Let rA e LAC(R+), A > 0, be the solution of

(2.60) rl(t) + ArA 0 u)(t) - 0 s.o. on k+ , r (O) - 1

-14-
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Dy (1.5), (1.7) and by (2, Lomas 2 and 31

I (2.61) r, (LeW n NW) (R), k> 0 ,

(2.62) i rM(t) - lir (r * f)(t) - 0 k > 0
tow t+"

Convolve (1.1) by r and use (2.60)-(2.62). This yields that any y e L+(x)

A-satisfies 
'''

(2.63) Y(M) +-- [f t(- . y(all),(.) . 0, t e ,

hre a (t) d~mf -riflt). Di~fferetitate (2.6:3) to obtain
0

12.41)y'l) +r ,(yt )).y- - )] -j()=0, a~e. onR

vhere a ([1Ot) - at)."

Fix ij and take any y 6 TiL, g(y(t)) 0 0. Let C > 0 be arbitrary and observe

that as y() - y, g(yj) a O, aX 6 L' ( + ) then given k > 0 there exists 0 4 T

such that if y1 ls) (a y(i + T1 ), a 6 R. then

(2.65) f + (Y " y)(8))]a(s)ds < "

R 

.

For each I > 0 choose T1 ) 0 such that (2.65) holds. Then define

{ 'lg(y'(s)) - y.X(S) + yie a 4 0

(2.66) fl(s)

-l1 g(yA(s)) - yX(s) + yj, a > 0

0 40,
(yh1  j sL)S (), a > 0•

These definitions, (2.64) and Q,(R +  0 yield

F"



.-.

(2.67) yI(t) + fX(t - )da lA() - h (t), a.e. t e R, A > 0 .
0

Note that by Leamm 3 A * L2 (R) and so, by (2.61), (2.67) and as h A L2(R) one has

y 6 L2(R). Thus the integrals below are well defined.

multiply (2.67) by f,# integrate over R and apply Parseval's relation. This gives

(2.66) f y I:)fxl?)d1 + 1)1 J Ifxl2Re ;edW- f f (l)hL(T)d-
R R +

Simple calculations result in

(2.69) f y T)fl()di - 1 [G(y3) - G(yi)] + 2 1Cy - y2 1 - y - y]
1I

By (2.65), (2.68), (2.69)

(2.70) IG(y:) - G(y) + X(2v)- 1 j i,, 2R aeel C €
R

provided X is taken small enough so that

X)24 17 -i - yAjO~jyj'J (2) C

The relation (2.70) does however imply that (2.59) is a consequence of

(2.71) tim inf A(2w) " 1 j IifI te ada > 0
0+0 R

which we intend to prove.

Note at first that

Re G() - XOF(Re ;(m))Iis + %;(0)1- 2 , a o 0

:1 OA(O) - 0

and so Re (a) A 0, w e R. By (1.13) Re Ga(w) - 0 if and only if

a a (0) U {[wlIi(w)I " 0}. n addition one has m((eia( )I - })- 0o See (3. p. 230],

and so Re ex ) >0 a.e. on R. Let z be defined by

y - yA 0,), s 4 O,

(2.72) z () A > 0o,
Yj y A1s1, a ) 0,

-16-
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thus f (a) = -lg(y)(s)) + Z a(), 8 e R. Also let

SYi y(s), a 4 0,

u() u (s) d We U(U+T) s e R
,,yj y(s), 2 > 0,

2!i., " <  " 0,z (a) u (al) = y£ - y: -TJr),

0 S 10 0

ad2I() 2  2 2 12 6-212

21()2M + ( - u)(W)I 4 21u(*)I + 41.1"1yi - y1 2

which implies

(2.73) A Is (W)I Re .e 4 2A f Iu(u)Ise (u)dm + 4Aiy - y ~l' w- 5,X(w)du.
R R R

Observe that a L independent of X.

By (2.6) and as a e L'W + ) we have

""u 1 . L.IL.. - 0 ,

0' Jim Ii+ ;(,)l

and therefore there exist constanta Wl,K 1 such that provided 101) 0, then

But by (2.3), (2.74) and as 1;1 C K2, for some K2, a e R,

(-2.75) 0 < Re (W) C W2- libi + p(W)1 2 C K2 !(K1 + 1)2 <

for I1l • 01 . By (2.4), for w > 0,

2 + ()-2 ;()21, + ;( -2
0I Jim )Iu v)IC (K + WI1() ib+i~)

and so, using (2.74), (2.75)

(2.76) Jim I. l4K ar'1Zm ;(0)12, 10 A

for some constant K3. Let ii + - be such that Ilta P(w )I + *. Then, by (2.76),, n

A a' ;( )12
II., '(u )t -C 211m au )

-17-
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and consequently
(2.77) ;(N A 2-"w

But if (2.75), (2.77) are used in (2.6) then ha linf Jl )1 0 follov. This however

violate@ a L(R). Hence lin sup Ila ;(N)I < and so, for ame Y1 '7

':" ul~,Y2' Iw YT
.I!-(

Without lose of generality take y such that

(2.78) +i111i1 * N(s)i ) 2I' , IN ) YI

NAs ;(,)[i, + (S))-1 e XL(R) and by (.13) we have

2"-I(27)ARe A(0) f, 2 [Re Juls) -C si~T

'-eX) A- 2 Re a)(a) ( [Re (N) "  , I<Jl Y1

". ZIn addition note that a m (1 -- a)a + A; and so

(2.81) 1; 1 4 0 Ia I + A2 0e R, A > 0

for 3cme constants ctc2. But

.44)___ is AuIS)(2.82) a(o)-[ A a 4 a ] (o +eR
is + j(s) is + 1() 1 + 1()

and clearly

(2.83) .S Cxi( )J (is + ,(s)- - 0, uniformly for - e R
.0

From (2.78), (2.81)-(2.83) tollows

(2.84) hi a (0) = 0, unifozaly on 11 %Y I
1+0

Also, if am $ 0, W 0 (llaW(-)l - "} then liillis+ u(*)I-' * 0 and hence by (2.81),

(2.82)

(2.85) him Re Ga(S) , 0 a.0. on [-ylY 1 ]
X+O

NOW write

1,12 R I 12 " f + A f + A f (I'i RO S ,)doR "Y1  Y1 .

,a and let A + 0. By (2.79), (2.85), as u e L2 (R) and by th dominated convergence theorem

S-
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the first integral on the right tends to zero. From (2.84) and again using u 6 L2(R) it

follows that the two remaining integrals vanish as A + 0. Thus

(2.86) lim - 0lul2 ead-0

140 R

By (2.80), (2.84), (2.85) and by the dominated convergence theorem

(2.87) im I f 12 R* G(W)d" - 0 .
10 R

Thus, from (2.73), (2.66), (2.87)

(2.88) .n Af If (W)12Re eW(eldo- 0
0+0 R

Write (a) - ()l ;(W) -(()) and consider the expression

f Re { { ()du

which, as IV1(n)I - l()-, equals 1 c h,(t)l Re sX (Wdo. if

-T

and then any 0 u h that if 8 C t-TT], fSo) < thn

f Ig(*)12N < 4w

S

By Sgoroff's theorem and by (2.89) there exists Z C (-T,T], U(S) < 8, for which the

convergence in (2.89) is uniform on (-?,TJ\X. Then, as Re X (w) ) 0, NO R,

* - 9-
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r X,1";(.)2RO () d-P f I ;10)12, A (w1dw
Rt I-TTl \

(2.90)

1121 ;g(W)12dw cp > ,

provided I is taken sufficiently emall and where p - inf Re ;1 w)•

From (2.66), (2.72), (2.88), (2.90) we get (2.71) after straightforward estimates.

Thus (2.59) holds and Lema 4 is proved.

With (2.59) at our disposal we are ready to prove the theorem.

Suppose (1.15) does not hold and define

tr ( a el I A  (x)).

By L40a I X0  is not empty. Let ae Z0 be such that

(2.91) G(a) - min G(ei)
Giex

0

Take any sequence t satisfying x(t + t5 ) + a uniformly on compact sets and

define xn(t) - x(t + tn)# t 8 R. Let d - dist(s,%0\a) > 0. Take 6 e (0,2-1 d] such

that ?a df inf{rI ) 0, Ixn(T) - .1 - 6)is well-defined for all a. Let

;n(t) xn(t + Tn).

As a consequence of Lemma I there exists a subsequence } of G) and y(t)

such that

nk (t) + y(t), uniformly on compact sets,

and for which y(-) . a, y(m) exists and a %. But by (2.59) G(y()) - (y(u)) < 0.

This however violates (2.91) and completes the proof of the theorem.

-20-
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