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\\< ABSTRACT
A
Equations of Hamilton-Jacobi type arise in many areas of application,

including the calculus of variations, control theory and differenéial games.
The associated initial-value problems almost never have global-time classical
solutions, and one must deal with suitable generalized solutions. The correct
class of generalized solutions has only recently been established by the
authors. This article establishes the convergence of a class of difference
approximations to these solutions by obtaining explicit error estimates.
Analogous results are proved by eimilar means for the method of vanishing

viscosity.

AMS (MOS) Subject Classifications: 65M15, 65M10
Key Words: Hamilton-Jacobi equations, difference approximations, error
estimates, method of vanishing viscosity
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TWO APPROXIMATIONS OF SOLUTIONS OF
HAMILTON-JACOBI EQUATIONS

M, G. Crandnll' and P. L. Lions
Introduction. The main results of this paper concern the approximation of solutions of the
Cauchy problem for first-order partial differential equations of Hamilton-Jacobi type.
Most of the presentation here will be in the context of problems of the form

u

S + H(DW = 0 in & x(0,m ,

(1ve) N
u(x,0) = uo(x) in »° , !

where H € c(l”) (the continuous functions on IF), u, € BUC(IP) (the bounded and
uniformly continuous functions on IF), and Du = (“x1""'“xn) is the spatial gradient
of u. The problem (IVP) is technically simpler than the "general case" in which the

Hamiltonian H may depend on x, t and u as well as Du, and we prefer to keep the

ideas clear and constants simple by dealing primarily with (IVP). (See the comments in
Section 4 regarding more general equations.) Two sorts of approximations of (IVP) will be

. considered here - finite difference schemes and the method of vanishing viscosity. Before

describing these approximations, we briefly review some basic facts concerning (1VP).
Analysis by the method of characteristics shows that if H and u, are smooth and

2

u, is compactly supported, then (IVP) will typically have a unique C° solution u on

some maximal time interval 0 € t < T for which 1lim u(x,t) exists uniformly, but this
limiting function is not continuously diffcrentiabI:T Thus Du “becomes discontinuocus”

at t = T (or “shocks form"). If one insists upon a solution of (IVP) which is defined
for all t > 0, it is therefore necessary to deal with functions which are not smooth. On
the other hand, it is relatively easy, in the above circumstances, to produce Lipschitz
continuous functions u on Y x [0,) which satisfy (IVP) if the equation is understood

in the "almost everywhere"™ sense. However, "generalized"™ solutions in this sense are not

unique.

L
Supported in part by the National Science Poundation under Grant No. MC8-8002946.

sponsored by the United States Army under Contract No. DAAG29-80-C-0041.
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Recently, a way of identifying a uniquely existing solution for a class of problems
which include (IVP) as a special case was given by the authors in [2), [3]) (see also
[1]). The relevant solutions of scalar nonlinear first order equations are called
“viscosity solutions” and they are known to be the solutions of primary interest in many
areas of application (e.g., optimization, control theory, differential games -~ ). See,
e.g., [6), [10], [11]). The term "viscosity solutions” refers to the fact that all
solutions obtained via the method of vanishing viscosity are in this class. The main
properties of viscosity solutions relevant for the current work are recalled, in the
context of (IVP), in Section 1.

In this paper we will approximate the viscosity solution of (IVP) by solutions of the
general class of finite difference schemes introduced below. 1Indeed, explicit error
estimates are given relating the viscosity solution of (IVP) and the solutions of these
finite difference approximations. We also show, under suitable hypotheses, that if
€> 0; u‘ is the solution of the problem

au® N

Fral H(Du®) - cau® =0 in =¥ x (0,® |,

(IVP)t

uc(x,O) = uo(x) in R

and u is the viscosity solution of (IVP), then Iuc(x,t) - ul(x,t)| €c 7€ for xe Y
and t > 0. This is done in Section 5. Estimates like this have also been obtained in
W. H. Fleming (7] and P. L. Lions [10] by indirect arguments involving stochastic
differential games.

We now describe the class of difference approximations to be considered here. For
notational simplicity only, we will assume that N = 2 in most of the presentation. The
corresponding definitions and results for general N will be clear from this special case,
and we will not explicitly formulate them. A generic point in R will be denoted by
(x,y) and we will write Du = (ux.uy). Given mesh sizes Ax,Ay,At > 0, the value of our
numerical approximation at (xj,yk,tn) = (jbx,kdy,ndt) (j,k,n € Z) will be denoted by
Un « Capital letters U, V, *ee¢e will denote functions on the x,y lattice

3.k
4= (('j'yk) : Jok € 3} and their values at (x5,yg) will be written U

3ot Yy,
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represents the state of our numerical approximation at the time level n& and
W stx, We e/,

Thus U"

it is a function on 4 with values U 3,x" The notations
[

x
A*!J:,'k - ujﬂ,k - uj,k' uj,k will be used.

The discrete approximations of (IVP) of interest here are explicit marching schemes of

Y - -
and A+uj,k Uj,kﬂ

the form

nt n n
n L e T M
where p, q, £, s are fixed nonnegative integers and G is a function of (ptqt2)(r+s+2)

variables. (At this stage we are ignoring the dependence of G on &, & and &.) To

simplify notation, (1) will also be written as
(2) o™ - do™ .

We say that (1) has "differenced fora"™ if there exists a function ¢ such that

Ol kot ** Vseqrt, ket

(3)

X X
8 Uyp k-r 4 Usrq kst 5 Uyep,k-r 8 Usegqet, kv
-Mg(— 'l'.,E ? E‘ ,\..,E ) .

In order that the scheme (1), (3) be consistent with the egquation U + ﬂ(ux,uy) =0

occurring in (IVP), we must have

(4) gla,coe a3 byeee,b) = H(a,b) for a,benr .
When (3) holds we call g the numerical Hamiltonian of the scheme. Finally, we will say

that (2) (or (3)) is monotone on ([-R,R] if GOy p, ker?*** *Ugaget, kegey) 18 8

T R vt e o e ey el e e

nondecreasing function of each argument as long as 18%, |, |18 . | <R for
+ L,m + L,

Jop € & € j¥q, k=r < m € ktg+1, j-p € L' € jJeq+1, k-r < m' < k+s. Roughly speaking, R

will be a priori bound on |u,l, |\yl for the solution of (IVP).

Oour main result is

Theorem 1s Let H : ‘2 + R be continuous and u, ba bounded and Lipschitz continuous

on R with L as a Lipschitz constant. For A‘, W50 ana fixed, let the scheme (2)

have differenced form, be monotone on [~{(L+1),L+1] and be consistent with (IVP). Assume

the nuserical Hamiltonian g is locally Lipschits continuous. Define o° by

*«Ju
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: Ug X" uo(xj,yk) and then U®, n= 1,2,... by (2). Let u be the viscosity solution of
: ’

(IVP). Then there is a constant c depending only on supluol, L, g and NA such that

(s) lu;"k - ulxy,ynbe)| < ct/8)

for 0<n<N and all 3J,k.

The body of the paper is structured in the following way: Section 1 is devoted to a
raview of the properties of viscosity solutions as needed herein. Examples of difference
schemes satisfying the assumptions of Theorem 1 are presented in Section 2. Theorem 1 is
proved in Sections 3 and 4, with Section 3 consisting of preparatory lemmas on the mapping
i I 4 E(U) while Section 4 contains the proof of (5). Section 4 concludes with remarks on
variations of Theorem !. The approximation of (IVP) by (IVP)C is treasted in Section S.

We bring this long introduction to a close with some remarks: Pirst of all, some
convergence results are given in S. N. Kruzkov [8] for convex Hamiltonians H, using some
estimateg available only in this special cage. Next (see, e.g., P. L. Lions [10]) Chapter

16) problems like (IVP) are closely related to hyperbolic systems satisfied by Du. If

N = 1 this relation is quite simple, since if u solves (IVP), then v = u,
solves a scalar conservation law:

- v . 9
3t + w (H(v)) =0 in R X% (0,%)
i du
v(x,0) = vb(x) = (x) in R .,

In this case the schemes presented here are related to those studied by M. G. Crandall and

A. Majda {4], N. N. Kuznetsov [8] via the corresponding substitution:

n n
n k+1 Uk

We refer the reader interested in other aspects of Hamilton-Jacobi equations to M. G.

Crandall and P. L. Lions (2], P. L. Lions [10]), and M. G. Crandall, L. C. Evans and P. L.

Lions [1). Finally we remark that, in an ongoing investigation, P. Souganidis [11) has




Mm-.m. -~

formulated general approximation results which appear to apply alike to dimensional
splitting, max-min representations, approximation by (IV?)c and numerical schemes.

arguments are related to those given herein.

His




Section 1. Viscosity solutions of (IVP).

As recalled in the Introduction, one cannot solve (IVP) in a classical way on
ly x (0,%) in general, while Lipschitz continuous “generalized solutions®™ in the almost
everywhere sense exist under mild assumptions but are not unique (examples are given, for
instance, in [2)). The resolution of these difficulties is given in [2], the results of
which imply, in a round-about way, the theorem stated below. This theorem is proved

directly in [1]. (We use x to denote points in B below.)

Theorem (Existence and uniqueness). Let H € cny, u, e BUC(RY). Then there is exactly
one function u € BUC(I" x (0,T]) for all T > 0 such that u(x,0) = us(x) and for every

sec' o x (0,%)) ana 7> 0:
It (xo,to) is a local maximum point of u - ¢

(1.1) on ®' x (0,T], then

2
n (xo.to) + H(Do(xo.to)) <0 ;

b4 4 (xo,to) is a local minimum point of

(1.2) u-¢ on B x (0,71, then

2
e (%grto) + HOD#(xy,t))) >0 .

The function u whose existence and uniqueness is asserted by the theorem is called

the viscosity solution of (IVP). A continuous function u on RN x [0,T] which satisfies

(1.1), (1.2) is called a viscosity solution of the equation wu, + H(Du) = 0 on
IP x (0,T]. See {1], [2] for the appropriate notions for more general equations. There
are also useful equivalent ways to formulate the notion of viscosity solutions ({1],

[2]). Among the desirable properties of the notion of viscosity solutions is its

-6




consistency with the classical concept. That is, if u is a classical (i.e., C‘)
solution of u, + H(Du) = 0, then it is a viscosity solution and if u is a viscosity
solution then “t(xO'to) + H(Du(xo,to)) = 0 at any point (x5,tp) where u is
differentiable.

The other information we want to recall consists of various estimates on the behavior
of solutions of (IVP). To record these, for each t > 0 let S(t) : BUC(IP) + puc(w) be
the time t =map associated with (IVP). That is, S{t)uy(x) = ui(x,t) where u 1is the

viscosity solution of (IVP). We also put If1 = suplf(x)| and £* = max({£,0). The next

result follows from (2); see also [1].
Proposition 1.1. Let HE c(e) and S(t) be as above; ug,vg © puc(®®), ana t > 0.
Then
+ +
(1) l(s(t)uo - s(t)vo) 1< l(uo-vo) 1.
(i1) ls(t)uo - s(t)vol < Iuo-vol .

(1i1) inf v, < tH(0) + S(t)uo < sup yy -
s 2
(1v)  18(thuy(xty) = S(thuy(x}] € sup luglzéy) = ugle)|, for yex .
e
{v} If L is a Lipschitz constant for u,;, then it is also a Lipschitz constant for

s(t)uy and I8(t)u, - S(TIu,l < {t=1| sup{isitp)l ¢ {pl < L} .

The key point here is (i). The estimate (i) implies (ii) upon using (i) with u,
and vo interchanged. Clearly (i) also implies s(t)uo b S(c)vo it 4, > vor which in
turn implies (iii) since v = ¢ - tH(0) is a classical (and so the viscosity)solutlion of
(IVP) with the constant initial datum c. Choosing vy = sup g or inf u; and using the
order preserving property ylelds (iii). Next (iv) follows from (ii) because s(t)uo(°+y)
is the solution of (IVP) for the initial datum uo('ﬁy). Since (iv} shows that a modulus
of continuity for u, is also a modulus for s(t)no('), 'the fir3:. .:tertion of (v) is
clear. The Lipschitz property in the time is easily deduced from tha2 »[.tion

u + H(Du) = 0 in the viscoslty sense (see [2]) or in other ways.

e

i ..
T RS s e
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Section 2. BExamples

We begin with N = 1 and write (IVP) in the form

ut+ﬂ(ux)-0, for t> 0, xeR,

(2.1)
u(x,0) = uo(x), for xe€R ,

in this case. As the first example, we consider the scheme

n n n n n
n+1

. U +
R +1 -1] _ 8 i+
(2.2) t.lj Uj At (H CTY -—xx

where 6 > 0 is given. The relation (2.2) may be rewritten as

x.n n n n
° 3 j Ax A% Ax

making the differenced form clear. The numerical Hamiltonian is given by
g(a,B) = H((a+B)/2) - (8-a)8/X* for a,B € R. Clearly g(a,a) = H(a) and so (2.2) is

consistent. The scheme(2.2) is monotone on [~R,R] if 1 - 20 » 0 (monotonicity in

n
i+’

relations are achieved by first choosing 0 < 6 < 1/2 and then b sufficiently small.

ufj‘), anda 8 - A*|H'(a)|/2 » 0 for |al € R (monotonicity in U u';_‘). These two

This scheme is analogous to the Lax-Friedrichs scheme for conservation laws, see [4].

In a similar way, the schemes

v, -o®
(2.3) S e Jyery s L M B
3 3 ax
or
N iy
(2.4) u;”' - u‘j‘ - Ata -31-*—31 .

have the desired properties if H is nonincreasing (for (2.3)) if H is nondecreasing
(for (2.4)) and 1 » A"|H'(a)| for |al € R. Those are simple "upwind" schemes. Next,
let a, e R and assume ﬂ'(u)ia-ao) 20, so R' changes sign at a= 9 Set e) = 1

it o ¢ %y O(s) =0 if s8> B¢ We consider the scheme




«“
-»
v, - o? u? u?
AR T L ] O LSRG [ Iy VY . L4 B - Hlg) ) +
3 ax ax
(2.5)
un - uﬂ-1 Un - Un-1
+ |1-8 —3—-—1—4‘ H J—J—Ax - Hla)) ) + Hlay) .

The numerical Hamiltonian is now
gla,B) = 0(B){u(B) ~ H(ao)] + (1=8(a))(H(a) - Hla))) + Hlay) 7

and thus (2.5) is consistent. Remarking that g(a,B) may be written as
g{a,B) = H(B A ay) * Hla vV a)) ~ H(a)), where “A" and “v" denote "maximum” and
“minimum”, it is clear the g is locally Lipschitz if H ie locally Lipschitz. Finally
one checks that (2.5) is monotone on (-R,+R} if 1 - X‘lﬂ'(c)l >0 for |al <R.

In fact, all the above examples are merely adaptations to Hamilton-Jacobi equations of
well-known schemes for consarvation laws via the remarks in the Introduction. As explained
in, e.g., M, G. Crandall and A. Majda [4), there is a class of schemes for the conservation

lav v, + (u(v))x = 0 called "monotone, in conservation form™ with the following

nt+1 n X, X n n
structure: V =V, - AA g(V ses,V ) - now the function is called the
3 3 +3V4pr eV ieg s
"numerical flux". Consistency then means, as before, g(a,...,a) = H(a), and monotonicity

nt1 n

means that the map (V" » Vj ) is a non-decreasing function of each Vye Then we may

write the corresponding scheme for the approximation of (1VP),

a*u? Afu?
n+1 n + j-p + jtq
Uj = uj - At g( Bx senny r™ ] ’

which is in differenced form and consistent.
Next if N > 1, the relation between (IVP) and conservation laws disappears. For

N = 2 (to simplify, as always) we mentiom the analogue of the Lax-Friedrichs scheme, i.e.

n n n n
T S fu Iyrae ~ e Yo T Y3k,
3.k Y4,k \ 28x . 28y
(2.6) . . . . !
+ - + -
oo [ Yme Y a1 2"3.\_ [ A I S B

»x 'o

Ax l R Ay




which is consistent, in differenced form. It is also monotone on [-R,R] provided that:

0¢8=~= V- 2u(a,B)] >0, and 0 - W|u'(a,8)] >0 for |al, I8 <R, where i
4 1 2

denotes the derivative of H in its Lch argument.

As a last example, let

n+1 n n
ik ™ G (Vg Vieqer ket )
n X_.n Y, N y,n
n A:v ~p,k=-r A+vj+q,k+s+1 A+vj-1 (k-r A+ j+q+1, kts
=V - At g, ( coe H see )
3.k 1 Ax geeny Ax ™ eeeey by
and
n+t n
Wik T Gyl x—r""'"j+ 1.ktat1’
P qt
x. N n
#l - A*w‘;‘P'k'r xw;lﬂl k+s+1 Afw‘;"Plk'r Azwj*w" (kts
= 3,x At gz( A roaey ™ /] By Ty )

be differenced form, monotone on [-R,R] schemes consistent with vt + % H1(vx,vy) =0

and w_ + L H (w ,wy) = 0 respectively, where ae (0,1). Then the scheme

t 1-a 2" 'x

nt1
coe 1= oo

Y5,k 3pokert "t Ugeqrt xrent) * OG0 Ll 0)

differenced form, is monotone on [-R,R] and is consistent with: %E + H1(u ,u ) +

-aG(U } has

Jrat1 k+s+1

du du
Hz(ux,uy) 0. E.g., we could build schemes in this way for 3t + H‘(ax) + Hz ay) 0

from schemes for + H, ( = 0 and 3w + H (3y) =0.

3u
It

-10-
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Section 3. Stability Properties of th¢ Schemes

The notation in this Section assulies two space dimensions, but everything herein

sasily generalizes to arbitrary dimensions. By capital letters U, V, etc., we denote

bounded biinfinite double sequences (U j k} , i.e. bounded functions on :2, the
’

(i.x)ex

set of all such being l..(lz) which we equip with the norm

flob_ = sup U, .| .
j.xex ¥

Let & be the self-map of 1 (3°) defined by (3), i.e.

y
(3.1) &,  =u, . - &t (A:'(u:""'k'lr B0 va01 HVip ks . Ai’uf""‘”‘k")
. 3.k 3.k g Ax XXXy} ™ ’ By XXy} by .

We now investigate the properties of a. By definition (2), (3) is monotone on
(-R,R] 1if the restriction of & to C = {U e 2™(%?) : |80, o1 < Réx, 8y, | <Ry,
for ft,m € 3} preserves the natural ordering of !.-(lz). We identify A e R with the
constant function A on S°. From the form of G, it is clear that

we+a)=8w)+ A foranl ve 1"s?) ana renr,
that is G commutes with the addition of constants. Now, it is a simple fact that order-
preserving mappings commuting with the addition of constante are non-expangive in !..(12)
(M. G. Crandall and L. Tartar (5]). 1Indeed, if U, V€ C then U €V + A with
A= I(U-V)+l_. But V + A e C and thus {(using monotonicity) we deduce:

) <&tv+ n=&v) + 1, so

(3.2) . . . .
He(u) = G(VIH a < u-v) 1

which implies in particular, the non-expansiveness on C.
Another simple property of 5 is that it commutes with translations, i.e. if
) £i =
m € E are fixed and 'r"" is the linear mapping defined by: (tz,mmj,k Uj+l,k+n

then ve have T, (u) = &(t, u) for all v e £7(s’). Using this property in conjunction
’ i

with (3.2) we can deduce

-1t-
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X * X
) S, < 18y ute

(3.3)
y >
1Y G < el o,

for all U € C. For exampls,

x . + * »
a, G, = "1,06“” - G(ul, IG(T1'°U) - Gt

x
< IT1'OU-U|- - IA*UI. ’

since Ym leaves invariant C for any £,m € Z. An immediate consequence of (3.3) is
’
that ¢ leaves C invariant (é(c) < C).

The last property we observe ig the following: If n,j >0 and U e C, then

1w - &g < 18w - urg

j=1 - -
<3 @t - E MV <y B - o
2=0

and from the explicit form (3), we finally obtain:
(3.4) 1) - w1 <3 8K for n,3 20, vec

where K is given by:

(3.5) K = sup{lq(ﬁllm)li 0 < L < ptgtl, 0 < m < rtstl, |e"-| <R} .

We record all these properties in

Proposition 3.1: Let R > 0 and C be defined as above. lLet the scheme be monotone on
(-R,R] and E : C+ l.(lz) be given by (3) with g bounded on bounded sets. Then we
have:

+» b d

(i) G(U) € G(V) for UV EeC, ULV,

> »
(ii) G(u+d) = G(U) + A for UecC, A€ R
(111) 1&w) - &VII_ < W-vi_ for UV EC

x * x y * y

(iv) IA’ G(U)I_ < lA+ ul_, IA+ G(u)l_ < IA* Ul. for vuec,

(v) &eryec s

-12-
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(vi) 18w - i < 38t K for vec, n 20

where K 1is given by (3.5):
(vit) 1E™(U)I_ € Ul + n At A, for UEC

where A = |g(0,...,0)| = |H(0,0)}.

The only new property is (vii) which is easily proved observing first that
G"(0) = -n At g(0,0,...0) and so
1", < 167w - Mo, + Ko,

‘lUl.+nAtA .

~13=
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Section 4. Proof of Theorem 1

The proof of Theorem 1 given here is related to the proof of unigueness of vigcosity
solutions of (IVP) presented in [1)and it also involves estimates introduced in {2].
Throughout this section we will assume the hypotheses and notation of Theorem 1. In

addition, we will at first assume that

u(x,y,t) *+ 0 as |x| + |yl + » ana
(4.1) n

Ui * O as |jl + Ix] » =

hold uniformly for bounded t, nit » 0. This assumption allows a simplified presentation

and is easily relaxed later. Moreover, (4.1) holds if u, + 0 as Ix| + lyl + =

It will be convenient to define

(4.2) Q=2 x [0,%), oy = &% x [0,

and the discrete analogues
d +
Q= A x (Atx') = {(xj,yk,nAt) t 3k =0, £ 1,007 n=0,1,004,1}
(4.3)
d (]
Q" ((xj,yk.nAt) egQ” s n<nN} .

Hereafter T > 0 and N e zZ° satisfying

(4.4) (N-1)At < T < NAt
are fixed. We geek to estimate u(xj,yk,nAt) - u; X To this end, we will assume
L4
(4.5) sup (u(xj,yk,nAt) -u° k) =g>0
j ks 3
0<n¢N

and then produce an upper bound on 0. In exactly the same way, if

1nf(u(xj,yk,nAt) - U; k) = =g < 0, we could estimate o0 and the conjunction of these
4

estimates bounds (u(xj.yk.nAt) - U;,k

We are going to define a function ¢ : Q x Qd + R which is a principal ingredient in

).

the proof. This function depends on ¢ and T above as well as

(4.6) M= sup (luo(E)i + TIH(0,0)]) + 1,
161en?

a positive parameter €, and a function B : Rz xR+ R as follows: For (§,t) € Q and

-14~




(n,s) € Qd

V(E,t,n,8) = ul(E,t) - u‘;'k - = (tem) + (SM + JIB (&N, tms)

(4.7)
vhere (n,s) = (xj,yk,nAt) and Be(E.t) = B(E/e,t/€) .

We remark that (4.6) guarantees
(4.8) lul M on @ anda W'I_ <M for 0 <n<W
see Proposition 1.1 (iii) and Proposition 3.1 (vii). The function B of (4.7) will

satisfy

B is smooth on R® xR, 0 < B € 1, 8(0,0) = 1
(4.9)

and B(&,t) = 0 if |£|2+t2>1 ’

as well as other conditions imposed later. The next step is to maximize ¥ over

%,n " % * O

lLemma 4.1. Under the above assumptions there is a point (£ ,t '"b" ) e QT such that
. _BLIRR 0°"0 0 N

(1) *(antoo'\ol.o) > 9(E,t,n,8) for (E,t,n,e) € QI‘,N

and

(1) B‘(Eo = fgr & - lo) > 3/5 .

Proof. The existence of (Eo, o,no.lo) follows from the fact that if

(E‘ltll“ll.l) e %'“ and

(4.10) y(el.tl,nl,lt) +sup ¢ ,
2,5
| N T S
then (£ ,t ,n ,s) remains bounded. Indeed, from (4.5), (4.7), (4.9) one sees that

(4.11) sup ¥ > sup (u(x,,y.,ndt) - 00 )} + 5M =g+ 5 ,
bl 8 ok
Qr N j. kex
' 0<n<N

while (4.7), (4.8) imply

Y(E,t,n,s) € 24 if Bt(Eﬂht‘l) -0 .

Hence (4.10) implies ﬂ‘(££~n‘.t‘-s‘) > 0 for large 2 and so (E‘-n")2 + (:"-s")2 < ez.

Prom this, (4.1) and (4.7) we see that if |£%] + |n%| + =, then

1im sup ¥(€%,e%,nt,8Y) < M + 0/2. This contradicts (4.10), (4.11).

Lo
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To prove (ii), observe that

2M + (5M + a/2)88(50~n0.t°--0) > "‘Eo'to"‘o"o)

>sup ¥ > 5M+0 ,

80 Be(Eo-no,to-lo) > (6M + 20)/(10M + o) > 3/5.

In what follows we will put

(4.12) €= (ax + 8y + )4 e (X4 A )40yt

’

although we will not use this relation except at certain points in the argument.

e A e o P T 0 RIS SRS PO 2P 7 L a1

There are now several cases to be considered. These are: t;,s; > 0; ty5 >0, s =

0; and ty =0, 85 > 0. We begin with the case tormgy > 0.

1st case: to > 0, s, > 0.

It follows from Lemma 4.1 (i) that (Eo,to) is a maximum point on Q. of

(E,t) + ulk,t) - % t + (5M + g)Bc(E-no.t-ao). By the definition of viscosity solutions and

the equation solved by u, we therefore have

'] g
i (SM + 2)D:Be(€'"o"'o"o) +

4
RB(=-(5M + E)Deﬂe(ﬁo-no,to-so)) <0 .

(Here and below D, Be' DEBe stand for the indicated derivatives of Be(E,t) which are

then evaluated at the point shown.)

The analogous estimate on the discrete side requires more work. Let

i -
! (4.14) (no,so) ((xj Yy )y noAt) H
0 0
n [ g
] then (jo,ko,no) minimizes (j,k,n) * Uj,k + 4(nAt) - (5M + E)Bs(io - (xj’yk)' to - nAt)
d
1 over (xj,yk, nit) e QN' Thus
!
4
! ) 0
B > — -
: U;,x U’o'*o + 3 (ng=n)ae

(4.15)

- (5M + %)(Bc(Eo'"o'to"o) - 8,(E - (3hx,kAy), t, - nAt))

0
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for 0 < n <N and all j,k. We next use the monotonicity of G and (4.15) with

n = n, -1 to conclude that

0 g g
> Ujo"‘o +3 At - (SM + 2)(Be(Eo-no.t°-so) - Be(so"‘o' ty=s, + At))

(4.16)

5M+a/2
- ot o(IL2) pXg (g - ((3-p)ix, (xy-r)ey), €, = s, + B) .

(SM+a/2) .y - - - -
A+Be(E° ((jo p)ax, (ko r)4ay)), £ty + At),...) &

cess By 8,
To guarantee the validity of this step we must show that the arguments of g above lie

in ({-(L#+1),L+1], since the monotonicity is only assumed in this case. Consider a typical
argument of g above; e.g., any of the x-differences has the form

(4.17)§!§§£3[Bc(£0-n° = ((2+1)Ax,mAy), ty-8y * At) - ac(Eo'“b -(le,nAy),to-lo + At)]

where £, m are bounded integers,

(4.18) 1+ {2}, |m| € max(p,r,qtt,s+t) + 1 =K

Clearly, the difference between (4.17) and -(5n+c/2)D1Bt(Eo-nb,to-lo), vhere D, denotes
differentiation in the first spatial argument, is estimated in the form

cons. e-z(Ax#Ay+At), where the constant involves bounds on the second derivative of 8
but is independent of €. 1Invoking (4.12) we find these errors to Le at most

(4.19) cons. (At)1/2

so (4.17) differs from ~(5M + 0/2)D1Be(co-n°, to-so) by at most 1 if At |is
sufficiently small. Using the next lemma and these remarks, we gsee that the arguments of

g in (4.16) 1lie in [=(L+1),L+1]) if At is sufficiently small. (Parts (ii) and (iii) of
the lemma are used later.)

Lemma 4.2. Let (io,to,no,lo) be as in Lemma 4.1 and L be the Lipschitz constant of

uge Then

(1) ("""""/2’"’g'c“o'“o"o"o“ <L .

17
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: Let L, = max()H(p)] : Jp] € L) and ty > 0. Then
i g
(i1) - (5N+G/Z)Dtﬂe(€o-no.to-eo) < L= %
If also T > ‘0' then
(ii1) (5'“"’/2"Dcec(;o'"o"‘o"o" < L, + a/4T .

Proof: By assumption, the mapping § + u(E,to) + (SH+0/2)BG(E-no,to-lo) is maximized at

E'Eo. Thus for 6882

(5H+0/2)(B(E-no,t°-so) - B(Eo-no,to-so)) < u(EO,to) - u(E,to)
< I"EO-EI [
where the last inequality is from Proposition 1.1 (v). The inequality (i) follows at

once. Similarly, t * u(Eo,t) - % t + (5n+a/2)Bc(Eo-no,t-so) is maximized over [(0,T]

at e°>o, 8o for small h > 0

(Smolz)lae(Eo-no.to-h-ao) - Be"o'"o'“o"o”

oh
< (u(Co,to) - u(EO,to-h)) <
g
< L1h -7 h

where the last inequality is from Proposition 1.1 (v). The inequality (ii) follows at
once. If also T > t,, then one makes the two-sided estimate in the obvious way.

Now we return to (4.16). In this expression we replace each difference in the
argquments of g by the corresponding derivative of -(5n+a/2)8£( E-%' to-so) at § = Eo,
thereby creating errors we can estimate - using the locally Lipschitz property of g - by

multiples of (Ax+Ay+At)c-2. Then we ugse the consistency of the numerical Hamiltonian g

with H to conclude that

Bc(Eo‘nolto‘.o) - Bt( Eo-ﬂo vto'(lo"At) )

2 < (smra/2) M

4

+ H(-(5M+0/2)D

+ e Ax+Auz At)

Ese( Eo- orto“'o )]

-18~




where C is a constant one could easily estimate. Making similar arguments on the t-

difference above, we further deduce that

(4.20) + u(-(sma/z)beac(io-no,eo--o))

+ c(-‘-.""'_ezL“)

< -(smc/z)nte‘(to-no,to--o)

Taken together, (4.13) and (4.20) yield

{with a new constant C). We again invoke (4.12) so that this becomes
1 1 1
0 ¢ Cloxsdysdt) 2= c3® + AY + 1)72 (ae)”2
which establishes the desired estimate,

We turn to the cases in which one of to or s, is O. In these cases we 30 not

need to use the information that u is a solution or the detailed properties of G. We

rely 5n (4.11) and simple considerations of continuity. However, we will restrict § to

satisfy

BlEe) =1 - B2+ e?) tor 16124 e2 ¢
(4.21) and

8(E,t) <% tor €12+ 2> % .

In the event (4.21) holds we know from Lesma 4.1 (ii) that |€“-n(,|z + te-e? < % .

Hence
2
DEB‘(C(,'no,to--o) - - ? (:o-no)

2

"e‘c“o"‘o"o"o’ - - 3 (ty-sy)
and then from Lesma 4.2 we conclude that:
(4.22) 18- | ¢ & wiroma)
(4.23) 12 ¢, =7, then lty-agl < iz, ~ Lo

-19-




3 []
t (4.24) If T "o > 0, then lto--ol <€ (x.1 + 4'1')/“0'"") .

2nd case: to >0, T 0.

By (4.11), Proposition 1.1 (v) and the choice of u?

S0 < WEG,t N ,0) € fulf,tg) - “"b"o" + lu(%.to) - u(qo.O)I

£ roy DRMTmImer 3

+ (smolz)ae( Co'"o"'o"o)

t + (5M+0/2)

< x.lEo-nol + L o

e T

The estimate (4.22) holds and either ty = 0 or one of (4.23), (4.24) holds. The above
thus yields ¢ < const. t2, and again we are done.
3rd case: t, = 0, 8y > 0.
In a manner similar to the above we find (using also Proposition 3.1 (v)) that
(SM+a) < W(Eo,o,no,-o) < Llco-rbl + ks + (SM+0/2)
and so
g < 2x.|£°-n°| + s, .
We now need to estimate s, suitably and invoke (4.22) once more to complete the proof.
From
W(Eo.to,’\onso) = W(Eocor%p'o) H “Enloo’blso'At)

we conclude that

TR e (Y P e ey

0 ]
- Ujo'ko “ar % * (Sm-u/Z)Be(Eo-lb,-no) > ;
:
no-‘l g :
> - Ujo'ko i (so-At) + (Smolz)ﬁe(ﬁo-'b.-soﬂlt) !

where the notation (4.14) is being used. Since B (£ -n,t ~s ) = at(cﬂ-'\)'-'o) 23/5 by
Lemma 4.1 and (4.12), (4.21) hold, we can assume that Be has the quadratic form (4.12)
by taking At small. The above then becomes

n.-1 n
jﬁf‘,’m—(-z-(-‘,-m’)<uj°k ~ul L - maxa .
€ 0'%o  Jorko 4T
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Analyzing this inequality, we conclude that % < conlt.(cz + At). Using this in the
1
estimate on o above yields o < const, (a2 + At) and again ¢ = (Ax+Ay+M:)/4 yields
1
g € const. (A)wAy*l*At:)/2 .

Proof of the General Case

The remaining atep is to remove the restriction (4.1). There are two possible ways to

do this. We may, for example, follow the unigueness proof in (1] and replace ¢ by
¢ = ¢+ 28C(E,t,n,8)
where §> 0, § = T(E+E,, ot ,y+y, ove)) ana T e c;(l.zn «xB5®), 0 € T €1, §0) = 1
and (Eo’to'"o"o) is a point such that
W(Egat Ny i8y) > mup ¥~ 8 .
Then adapting the above proof, one reaches the desired conclusion. (Ses also {11]}).
Another argument makes use of the hyparbolic nature of the problem, namely the finite speed
of propagation. Observe that, without loss of generality, we may assume H(0) ~ 0
(replace u(x,t) by u(x,t) + tH(0), H by H - B(0), g by g - H(0), U® by U™+ nit).
In the statement of the next result, which was proved in [2], we use the notation B(x,R)
for the closed ball in ®' with center x and radius R and put Bp = B(O,R).
Theorem: Let ug, v, © H‘ 4 .(lu). let HE wl;: (l“) and denote the semigroup solving
(IvP) by 8(t). Then, if Yo € R ana uo(y) = vo(y) on B{yp,R) we have
(8(t)uy)(x) = (8(t)vy)(x) on B(y,,R-vt)
where v = IH'1 _ and r = m(lDuol ’ leol N
L (Br) L L

On the other hand, it is clear from the definitions that if tJj'k = vj.k for
13=35] € R, 13-l € R (R €W then u';'k - v‘;'k for [3-3,1 € R-Kn, Ik=k;| < R-Kn
with X = max{p,r,q*1,s+1). Thus if u, Ev, in B(CO.R) and Eo - (xo,yo), and {f
v® are the dlscrate approximations generated by our scheme, we see that “?,k - v;"k

for j, k satisfying:




x Y
0 R 0 R

i.e. Iij—xol < (R-28x) - E (nAt), |kdy-y.| € (R-24y) - E (nae).
AX ] xy

It is then easy to conclude the argument by remarking that, uniformly in zp € Rz, we
may find R large enough and a Lipschitz continuous Vo with compact support such that:
uy = vo ©or B(zy,R); (S(tluy)(z) = (S(t)vy)(z) for |z-z,| <1, 0 <t <T; and
U;A.k - vl;,k for |(3jAx, kdy) - zol €1, 0<n <N, Applying the result already proved {(as
we may since VO, 8(t)vy also have compact support, Theorem 1 is proved.

We pause to comment on a few of the possible extensions of the preceding results.
Pirst of all, it is straightforward to treat more general Hamiltonians H(x,t,u,Du). Por

example, in one space dimension, let H(x,t,r) be Lipshitz continuous in

R x [0,T) x [-R,R] for each T,R > 0. Then an approximation

IRA AU"
R Atg(xj,tn, * e -t dtd)

3 3 ax Ax

n
- G(xj'tn'vj-p' . .,Uj+q+1)

is congistent if gix,t,a,...,a) = H(x,t,a) and monotone if !.!"""I is a nondecreasing

3

function of U ,...,U" « If the numerical Hamiltonian is also Lipschitz continuous on

3-p gt
bounded sets of R x [0,T) x 'pi-qﬂ' we can again estimate o - uix .tn) by a multiple

b b
/2 if u,; is Lipschitz continuous. (The simple Propositions 1.1 and 3.1 need to

of (At)‘|
be appropriately generalized. See [l11].)
Next, we could discuss the corresponding stationary problem u + H(Du) = f(x) in
2 as well as boundary value problems (see (9]), but we will not formulate any precise
results here. It is also clear that implicit approximations can be handled equally well.
We conclude this section with some final remarks in the context of the equation

u, + H(Du) = 0 (which apply to its generalizations as well). If one reexamincs the above

proofs under the assumption that H and g are qglobally Lipschitsz continuous, one sees




that the estimate on U’; k" u{x j,yk,nAt) depends on u,; through its Lipschitz constant
e,

L = L(uy) (provided that u; is kept bounded) in the form

/2

- ulx, .y ntt)| € clianr'/?)

n
'“3,k

(vhere we assume L is not small and (At) is not large). Using this fact and the

nonexpansive nature of S(t) (Proposition 1.1 (1i)) and é (Proposition 3.1 ({ii)) we
conclude that if U; k' 9 V; g’ vV are the discrete and exact solutions for initial data
’ ’

ug (possibly not Lipschitz) and v, (Lipschitz), then

n n n n
10y = Blxgedyoed ] € HUg = Vg + IV = Vit

+ |v(xj,yk.tn) - u(xj,yk,tn)l

/2

2 1
<2 -vol + c(L(vo)) (4c) .

0

This allows us to conclude the convergence of the numerical scheme for general
uy e BUC(I“) and the appropriate rate. For example, if ug is HBlder continuoua with

exponent G, we can choose v, above so that the error is at most cons. (4t)

-23-
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Section 5. Convergence of the vanishing viscosity method.

It has long been standard to attempt to approximate (IVP) by the problem

-

€
g—:— + HDuS) - edu® =0 in RY x (0,
(IV‘P)e

ue(x,O) - uo(x) in RN .
By analogy with fluid mechanics, this method is referred to as the method of “"vanishing

1,

viscosity". If H € H; :(IF) and u, e w “(RN), standard results and methods for quasi-

’

o 0
linear partial differential equations yield the existence and uniqueness of a solution ue
of (IVP)e in the class BUC(IN x [0,T]) N 02'1(IF x (0,T)) (i.e., continuous second

order spatial and first order time derivatives) for all T < %, Our main result is

Theorem 5.1: Assume H 1is locally Lipschitz continuous on RN, v, is bounded and
Lipschitz continuous on ® ana T 0. Then, if ue denotes the solution of (IVP)e
and u denotes the viscosity solution of (IVP), we have:

(5.1) sup sup Iue(x,t) - ulx,t)| € c /¢

<t< N
OtheR

where c¢ depends only on the Lipschitz constants of ug, H and T.

Proof: To simplify the presentation we will only consider the case when H(0) = 0 and u,

W o0 as |x| * ® uniformly in t € (0,TJ(T < @), The general case is easily obtained
by (now) routine adaptations of this simpler case ([1}, (2]).
Assume

(5.2) o= sup sup (u(x,t) - ue(x,t)) >0
0<L<T xel“

+ +
and let ¥ : RN xR X ny x R * R be given by

(5.3) Yo t,yim) = utx,t) = ul(y,e) - = (tre) + (5M + DB (xy,t-s)
where M = Iuol, a >0 and Ba' B are as in (4.7), (4.9), (4.21). (We now use x, y to
denote points in 2Y.) Just as in the previous case, we conclude that there is a point

(%,,tn:YarBq) which maximizes ¢ over (RN x [O,T])z. Moreover
0¢C0s¥os8
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.
{5.4) V(xu.to,yo.lo) ? 5M+g  and Bu(xo-yo,to- 0) >3/5 ,
80 that
2 2 2
(5.5) !xo-yol + (to-so) < a’/2 .

As before we will conaider the cases tye 8 > 0 ty = 0, 8 > 0; and to >0, 8, = 0
separately. Before doing so, we review a few properties of uc. We have the elementary
estimates

(5.6) ju€l < M, IDu®} < 1Du in &Y x (0,

'
0 L")

(see, e.g., [2], {10]). Therefore H(Duel is bounded independently of €. The following
lemma will then allow us to estimate the modulus of continuity in time of ue in the fom
(5.7) It &) - uStx,8)] <K /€ Jt-sl’2+ Klt-s| .

Lewna 5.2. tet vec> (® x (0,#) A w7 x (0,#) satisfy lv, - eavi <K in

RN x (0,%), Then there is a constant K depending only on K; and sup ovi N such
that  |v(x,t) - v(x,s)| € K({E |t--|"2+ it-sl) for xe R, t,s > o‘oo el
Proof. Let p € C (R} be a standard mollifier supported in the unit ball and satisfying

- - -
[otxiax = 1. put v, = p tv. Clearly |v - €tv | <K, in . Thus

v 1 €K, + ¢ lAv 1
ot M ¢ L)
CE
<Kk +5€ v i
0 a AT
cE
<k + SE 1pvi for t >0 ,
0 o L)

where ¢ depends only on p. Therefore

(vix,t) = v(x,8)] € |v(x,t) = v (x,8)] + |vix,8) ~ v (x,8)] + (K; + i—s)le-al

< K(a + |t~s) +§ |t-s}) ,

1 1
where K denotes several constants with allowed dependencies. Setting a = 5/2 lt--l’z

yields the result.

¥We now turn to the cases t, > 0, 8" 0 and tg = 6, sy > 0. Here only continuity

considerations are involved, as before. If ta >0 and 8 = 0 we have




iaem -

g
SM + G € Yix ,t .y, ,0) S 5M+ 7+ lutygetg) = u(xo.to)l

+ lulxg.0) = ulx .t

o
= - + .
< SM + 3 ¢ c(Ixo yol to)

Now, in a manner similar to (but simpler than) the 3rd case in Section 4, we can conclude

that |x0-y0| and t, are bounded by multiples of 02 and so 0 € ca2 in this case. If
1

a= 6/4 + we have the desired estimate. The case ty = 8 = 0 is subsumed under the one

just treated. If t, = 0 and s; > 0, we have
wly ,8,) = (5M+0/2)8 (x -y ,~8 ) + = g <
Yo% a M0 Yo' % aT %0

u‘(yo.O) - (5M+0/2)B (x,=¥(/0) .

From this and (5.5), (5.7) we deduce an estimate

5
—<x(fe Va_+ s)
2 0 ]
a
1/3 4/3 2
where K is independent of a. This implies that 8, < K(e a + a’)., Now 5M+0 <
V(x),0,y,,8)) € SM + % + xa? + x/E f.; + Xs;. Using the previous est.mate and letting

1 1
a = ¢4 we conclude that o < Ke’2.

The final case, 8y > 0, tg > 0, use: the equations. From the fact that u is
Lipschitz continuous in x and t we deduce that IDxBa(xo-yo,to-so)l,

"k“a"‘o"o"o"o” are bounded where D,, D, refer to the derivatives of Bu(x,t). This

implies
2
(5.8) Ixo yol, Ito sol < Ra®
Using that u is a viscosity solution we have
g
o7 ~ (5M+0/2)(D B ) (x,-y,,t -8,) +

(5.9)
H('(5H+G/2)(Dxﬁa)(xo-yo,to-so)) <0 .

2,1

On the other hand using uc ecC and that (yo,so) minimizes (y,s) + w(xo,to,y,-)

over l“ x (0,7] we also have

-26-
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(5.10) ut(yo.so) + 3t (5n+c/2)(D‘Ba)(xo-yo,to-lo)) <0 ,
(5.11) nu‘(yo,-o) + (5H+0/2)(D_B ) (x)=y ., t,=8y) = 0
and
. [
(5.12) Bufly .e)) = (SMH0/2) (BB ) %oy, to=8,) > O .

Now proceed by using u: + H(DW®) ~ eAu® = 0, and (5.10), (5.12) to deduce that

€(5M+0/2) (ABG) (xo-yo,to-lo )) = H(=(5M+c/2) (Dxﬂu) (xo-yo,to-lo) )

g
+ 37 + (Smolz)(Dtﬁa)(xo-yo,to-lo)) <0 .
Now, using (5.9), we conclude that

L
2T

1
and this yields o < Kc/cz' Again if a = c/‘ we have the desired estimate.

€ e(5M+0/2) (ABG) ("0'70 .to--o)

Remark. By contrast with the analysis in Section 4, the Lipschitz continuity of H was !

used only to assert that (IVP) € has a smooth solution. If H is merely continuous one ‘

still has u, and 4u® in Lioc(l“ x (0,#)) for 1 < p < = and the estimate (5.1) can

still be proved.
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