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‘E‘The layered system is composed of elastic. viscous and acoustic layers
bounded by upper and lower acoustic half-spaces.
be present in the acoustic layers and half-spaces.
stiffness coupiing is used to obtain the system dynamic stiffness matrix which
connects ‘spectral’ displacements and external stresses at the interfaces.

. field sound radiation and the wavenumbers uf free~waves are found from this
Numerical results include wavenumber-frequency plots which
exhibit the characteristics of instabilities.
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LIST OF SYMBOLS

(x.y.2) Cartesian coordinates

(R.8.9v) spherical coordinates

Uye(x.y.2) etc. displacements

uy(a. 8.2) etc. transforms of displacements

a.B Fourier transform wavenumbers

.4 Lamé constants

P density

P pressure in fluid

w radian frequency. =2nf

c sound velocity in fluid

k acoustic wavenumber. =2mf/c
. KL wavenumber of longitudinal waves in elastic solid.

=w/c =wyl(A+24) /]

kr wavenumber of shear waves in elastic solid.
=w/cT=w/Jy(u/p)
Y =y(k2[1-aM/k)2-a2-8% ). Im(¥) 30
7L =y(ki 2-a?-82). Im(y) >0
7 =V(kp2-a2-82). Im(y7) 30
v flow velocity in fluid
: Y Mach number. =V/c
;‘ h thickness of layer
E- Ro =Vl(x-xg) 2+(y-yq) 2+(2-24) 2]
;; : o) Dirac delta function
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INTRODUCTION

Pestell and James (il have described the procedure necessary to caiculate
the far—fieild sound radiation of layered media composed of solids and fiuids
excited by time-harmonic point forces. They use the Lamd’ decomposition of a
vector, viz.

u = grad(yp)+curl(¥) (1.1
together with the gauge cordition
div(y) = 0 (1.2)

to facilitate solution of the differential equations satisfied by the displacements of
the eilastic and viscous-fluid layers. The method of dynamic stiffness coupling is
then used to assemble a system matrix. from finite element matrices. that relates
interface ‘spectral’ stresses and displacements. The far-field pressure in the
upper half-space is simply related to the normal ‘spectral’ displacement of the
uppermost interface. Fortran programs. written in single precision complex
arithmetic. have been used successfully to calculate far-field sound radiation and
free~wave dispersion plots.

The analysis contained herein is based substantially on the work of Pestell
and James. but important differences are present. First, alternative
decompositions of the elastic and viscous displacement fields. viz.

u=grad(F)+(3G/3y-32H/3x3z. -3G/3x-32H/8ydz. 32H/3x2+32H/3y?) (1.3

are used which simplify the programming and effectiveiy halve computation times.
Secondly. because of a recent interest in the effect of fluid flow on wave
propagation in, and sound radiation by. a ‘thin’ plate (2]. it was decided to
include uniform mean subsonic flows in the acoustic layers and haif-spaces.
Finally, because numerical ill-conditioning was expected at the low frequencies of
interest to a stability analysis. it was felt necessary to develop Fortran
subroutines to simuiate double precision compiex arithmetic on a PDP-11/34A
computer. whose arithmetic word length is 32 bits.

The description of the problem is given in Section 2 and the ‘spectral’
dynamic stiffness matrices of the elastic and viscous-fiuid layers are derived in
Sections 3 and 4. The ‘spectral’ dynamic stiffness matrix of an acoustic layer
with a uniform mean subsonic flow is given in Section 5. and the acoustic half-
spaces with a mean flow are considered in Section 6. The Fortran programs.
particularly the subroutines used to simulate double precision complex arithmetic.
are discussed in Section 7. Finally, some numerical results are discussed in
Section 8: these resulits include wavenumber-frequency plots of layered media
with flow. which are expected to exhibit the characteristics of instabilities.

2. P E |
a. General

The layered system is composed of an arbitrary number of elastic. viscous
and acoustic layers sandwiched between upper and lower acoustic haif-spaces.
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The elastic. viscous and acoustic media satisfy respectively the exact linearized
aquations of elasto-dynamics., visco-dynamics and acoustics. Uniform one-
dimensional flows may be present in the acoustic layers and half-spaces. The
layered system is excited either by time-harmonic stresses applied at the
interfaces or by a time—harmonic point source iocated in the lower half spacse.
The time factor exp(-iwt) is omitted from all equations and the geometry is
shown in Figure 1. '

b. FEourigr Transforms

It is convenient to represent the variables as Fourier transforms. For
example
+&0
Uy(x.y.2) = (1/47r2)HUx(a.B.z)exp(iax+iﬁy)dadﬂ (2.1

-0
where the ‘spectral’ displacement Ux is given by the inverse transform

+@
Ux(a@.8.2) = {[uy(x.y.2) exp(~iax-iBy) dxdy (2.2

The Fourier transforms facilitate solution of the differential equations by
reducing them to algebraic equations.

c. nami iff

The 'spectral’ dynamic stiffnesses of the layers and haif-spaces are
matrices which relate ‘spectral’ stresses or pressures to 'spectral’ displacements
at the interfaces. These matrices,

(Sta.m 1. (Sy(a.M). . [F(a.8), IFyla.8)] and (Fy(a.8)),
6x6 6x6 2x2 1x1 1x1
for the elastic. viscous and acoustic layers, and upper and lower half-spaces.
are obtained in Sections 3-6.

The assembly of the element matrices to form the system dynamic stiffness
matrix relation

[Z(a.8))IU(a.B)) = [Eta.B)) (2.3)

is a standard finite element procedure that reflects continuity of displacement and
aquilibrium of stresses at the interfaces. Computer implementation is
straightforward. The matrix (U(a.8)] is a column matrix of interface
displacements and [E(a.B8)] is a column vector of externally applied ‘spectral’
stresses which are defined to be positive when acting in the positive direction of
the coordinate axes. With reference to Figure 2. this sign convention requires
changes of sign. before assembly of the elements. to: (i) the last three rows of
the elastic and viscous matrices:. (ii) the first row of the acoustic layer matrix
and (iii) the lower half-space element. An example of an assembled system
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matrix is shown eisewhere (1].
g. Spectral Excitation

A point force F, at a layer interface may be represented as an external
stress

E(x.y) = Fa8(x=xg)8(y-yg) (2.4)
whose ‘spectral’ form is obtained via equation (2.2) as
E(a.8 = Fyexp(-iaxg=iBy,) (2.5)

For the case of a point source, of free-field pressure pyexp(ikRy)/R,.
located at distance H below the lowest interface. the z-direction ‘spectral’
excitation in the absence of flow is stated without proof as

-Ezn(a.ﬁ) = 4mipgexp(-iaxg=iByg+ivIHI) (2.6)

9. Free-Wave P

In the absence of external forces. the system of homogeneous equations
(2.3) has a non-trivial solution only if detiZ(a.8)] vanishes. For a given value
of w. there will be real and imaginary values of a@ and & at which the
determinant vanishes. Real values of (a.B8) are the wavenumbers at which free
waves propagate. Complex values of (a.B8) describe the evanescent waves
whose effect decreases exponentially with distance. Here., the real branches
only are of interest. Plots of real wavenumber a versus frequency for a

selected value of wavenumber 8 are called wavenumber-frequency or dispersion
plots.

f.  Ear-Field Pressure

The Fourier transform representation enables the far-fietd radiated sound in
the upper hali-space to be given explicitly in terms of the ‘spectral’ normal
displacement of the uppermost interface as (2]

Pp(R.8.p) = -pw2lizj(a, 8. h)exp(ikRg) /27R}(1-aM/k) 2/q] 2.7
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where

g=[-M.sin(8) cos(p) +q)/ (1-M2), q2=1-M2[1-sin2(0)cos2(y)] (2.8)

and the stationary phase point is given by

R
1}

ki-M+sin(8) cos(w) /7ql/ (1-M2)
(2.9)

»
[}

k.sin(8)sin(yp) /q

3. IH Ti YER

a. General

Figure 2(a) shows a section through an elastic layer with lower boundary
z=0 and upper boundary z=h. The surfaces are subject to prescribed normal
and tangential ‘spectral’ stresses

(T(a.8) =
[Fox(@. 8.0 . Tpyl@ B.h) . Topl@, B.0) . Tp(a.8.0). Tpy(@.8.0) . T5p(a. 8. 017

(3.1
which produce ‘spectral’ surface displacements

uCa.m)] =
(Ix(a@. 8.h) . Gy(a. B.h) . Tz(@. B.h) . Ux(@. 8.0).TUy(a. 8.0).Tz(a. 8,017

(3.2)

A matrix (S(a.B8)] is required., which relates the surface ’‘spectral’ stresses
and displacements by the equation

(Sta. A u(a. B) = [T(a. 8)) (3.3)
6x6 6x1 6x1

b. ion Moti
The linear elastic equations of motion (4}

(N+u)gradidiv(w )+uv?u = pd2y/at? (3.4

6
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may be reduced to three wave equations
V2F+k 2F = 0 v2G+k72G = 0 V2H+kT2H = 0 (3.5

by means of the substitutions

. ux = 38F/3dx+3G/3y-32H/Ixaz
X uy = 3F/3y-3G/3x-32H/3y3z (3.6)
1 u = dF/3z+32H/3x2+32H/3y?

Substituting the Fourier transform representations of F,G and H into
equations (3.5) and integrating the resuiting equations gives

Fla.8.2) = Ajla. B)expliv 2) +Ag(a. 8)exp(-iv 2)
G(a.B8.2) = Az(a.B) explivy2) +Agla. B) exp(-ivT2) (3.7
H(a.B8.2) = As(a.B) exp(ivTz) +Agla. 8) exp(-iyT2)

where Ay to Ag are the unknown constants of integration.

The ‘spectral’ displacements are obtained by substituting the Fourier
transform representations of F.G and H into equations (3.6). They are

Uy(a.B.2) = iaF+i8G-iadH/3z
Uy(a. 8.2) = iBF-iaG-iB3H/3z (3.8)
Uy(a@. B8.2) = 3F/3z-a2A-B2H

F.G and H may be sliminated from equations (3.8) by the use of eguations
(3.7) to give
Uy = iaAj(a. B expliv )+ iaAs(a, B) exp(-iv 2)
+ iBA3(a.BexplivT )+ iBA4(a. B) exp(~ivyT2)

+ayTAs(a. B) explivT2) ~ayTAg(a. @) exp(-ivT2)
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Uy = iBAj(a. B expliv 2)+ iBAz(a. ) exp(-iv| 2)

~ iadAz(a. B)explivTz) - iaA4(a. B8) exp(-iyT2) (3.9

+B8yTAs(a. 8)explivyT2) ~ByTAg(a. B8) exp(-ivT2)
- Uz = v Ajta. B expliv )~ iy Ao(a. 8) exp(-iy| 2)
’_.:j:’; - a?Ag(a. B explivTz) - a?Agla.B)exp(~iyT2)
b - B2As(a. B explivyz) - B2Ag(a. B exp(~iyT2)
L
b
& d.  Spectral Stresses
p -
r;

It is straightforward to show that the stresses

=
* Tzx = M(3uz/dx+duy/32)
0 Tzy = 1(3uz/8y+duy/32) (3.10)

T2z =Adiv(u)+2udu,/dz

have the following ’‘spectral’ representations in terms of the unknowns A; to Ag,

Tz = —2uay Ajexpliv| 2) +2uay Agexp(~iy 2)

~ uBYTAzexplivTD) + LBYTA4exp(=ivT2)

+iga(y12-a2-82)AgexplivTa) +ipa(yt2-a2-82) Agexp(-ivT2)

Tzy = —2uBY A expliv 2) +2uBY Agexp(~iv| 2)

) + payTAzexp(ivT2) ~ paytAgzexp(~iyT2) (3.1

E +iuB(yT3~a2-42)AsexpivT) +iuB(yT12-a?-82) Agexp(-ivT2)

Ty
[

Tzz = —(ANkL2+2uy | 2) Aqexpliv ) ~(Nk_2+2uy 2) Agexp (—iv | 2)

N

Ml an ¢

-2iuyT(a?+82) Agexp(ivT2z) +2iuyT(a@2+82) Agexp (-iyT2)
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e.  Matrix Equation

Equations (3.9) and (3.11), evaluated at 2z=h and z=0, give the matrix
equations

R(a.8)lA(a. 8] = [U(a. B)]
6x6 6x1 6x1
(3.12)
Pla. ) A(a. A ] = [T(a.B)]
6x6 6x1 6x1

from which [A(a.8)] may be eliminated to give the required relation between
surface ‘spectral’ stresses and displacements, viz.

(Pla. MRa. 1™ i(a. ) = (T(a. M) (3.13)
6x6 6x6 6x1 6x1

The elements of the matrices [(P(a.B8)] and (R(a.8)] are listed in Appendix A,
f. Special Case

in the special case a=8=0. the matrix [R(a,.8)] is singular. so the matrix
inversion is not possible. However., it is not difficult to show that the required
‘spectral’ stress—-displacement relation is

w2p/k | costk h) -1 U,(0.0, h) T22(0.0.h)

sinCk h) 1 -cos(k h) u,(0.0,0) T72(0.0.0)

(3.14)

which as expected is independent of the shear wave speed. ct. The ’'spectral’
displacements Uy. Uy are identically zero.

4. THE VISCOUS FLUID LAYER
a. General

Figure 2(a) shows a section through a viscous fluid layer with lower
boundary 2=0 and upper boundai' 2z=h The surfaces are subject to




prescribed normal and tangential 'spectral’ stresses [T(a.8)] which produce
'spectral’ surface displacements (u(a.8)]. A matrix (Sy(a.8)] is required which
relates the surface 'spectral’ stresses and displacements by t“e equation

(Sy(a.®)u(a.8)] = (T(a. ] 4.1
6x6 6x1 6x1

b. Equations
The linearized Navier-Stokes equations of a viscous fluid (4]

-grad(p) +uv2u+(u/3) gradldiv(d)] = padu/at
3p/adt+pdiv(u) = 0 (4.2)

dp/3t = c?3p/at
may be reduced to the equations

V2F+{w2/(c2-4iwu/3p)IF = 0

VIG+(iwp /) G 0
' (4. 3)

o

VZH+(iwp/ ) H

p = iwpF+(4u/3)V2F
bv means of the substitutions

uy = 3F/3x+3G/3y-32H/3x3z
uy = 3F/3y-3G/dx-32H/dyaz (4.4)

u, = 9F/32z+32H/3x2+32H/3y?

Equations (4.3) and (4.4) together with the stress-velocity relations

]

Tox = W(3Uy/3x+3Uy/32)

i

Tzy = W(3Uz/dy+adly/32) (4.5)

Tzz2 —p—(2u/3)div(g)+2,u.aﬁz/az

enable the analysis to proceed as in Section 3. to give the matrix relation

10
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[Pla. ) )A(a. ) [T(a. ]

66 61 6x1
(4.6)
(R(a. D IA(a. 8] = [G(a. B)]
6x6 6x1 6x1

from which [A(a.A8)] may be eliminated to give the required relation between
‘spectral’ stresses and displacements, viz.

-iwiP(a. M R(a. &)1 i(a. 8)] = [T(a.B)) (4.7
6x6 6x6 6x1 6x 1

The elements of [P(a.8)] and [R(a.B)] are the same as for the elastic layer.
except that

v 2 = [w2/(c?-4iwp/3u))-a2-82
Y72 = (iwp/w) -a?-82
(4.8)
A = (ipc?/w)-2u/3
" = L

The special case of the singular matrix @=8=0 is also treated in the
same way as in Section 3. except that ki 2 = w2/(c?2-4iwu/3p).

5. TH ELUI Y
a. General

Figure 2{b) shows a section through a fluid layer with lower boundary 2z=0
and upper boundary 2z=h. The fluid flows with constant subsonic velocity V,

parallel to the x-axis. The surfaces are subject to prescribed normal ‘spectral’
pressures

(pla.B) = [p(a.B.h) . pla.8.01T (5.1
which produce. normal to the surface, the ‘spectral’ disptacements

([Uy(a. 8] = [Uy(a.B.h) . Up(a. 8,007 (5.2)

M
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A matrix [F(a.8)] is required. which reiates the ‘spectral’ pressures and
displacements by the equation

(Fla.1u(a. ) = [pla. /] (5.3
2x2 2x1 2x1

b. Equations of Motion

The linearized convected form of the wave equation

V2p = (1/¢c?)[3/3t+V3/3xl2¢ (5. 4)

may be put into its ‘spectral’ form by substituting the Fourier transform
representation of v into equation (5.4) and then integrating the resulting equation

to give
ola.8.2) = Ajla.B)explivz) +Ax(a. B) exp(-ivz) (5.5
where
v = Vik2(1-aM/k) 2-a2-82]
c ral Displ ment

The condition of continuity of normal displacement between the fluid and a
fixed point on the boundary is

dp/3z = Buy/dt+Vauy/ax (5.6)

from which, using equation (5.5). the displacement can be shown to have the
following ‘spectral’ representation

Uz(a. B8.2) = ~[y/w(1-aM/Kk))Aj(a. B) exp(iy2)

+y/w(l-aM/k) Ao (a. B) exp(~ivZ) (5.7

d.  Spectral Pressures

it is straightforward to show that the pressure

12




p = —p(3p/3t+Vap/Ix) (5.8)

has the following ’‘spectral’ representation in terms of the unknowns Aj and Ao

pla.B8.2) = iwp(l-aM/k)Aqj(a. B)explivz)

+iwp (1-aM/k) Ao (a. B) exp(-iv2) (5.9

Equations (5.7) and (5.9). evaluated at 2z=h and 2z=0. give the maltrix
equations

(Rla. ) A(a,. 8] = [Uz(a.8)]
2x2 2x1 2x1
(5.1
(P(a. A ]A(a. 8] = (p(a.B)]
2x2 2x1 2x1

from which [A(a.8)] may be eliminated to give the required relation between
surface ‘spectral’ pressure and normal displacement. viz.

-
-w2p(1-aM/k) 2 |cos(yh) -1 uz(a.B.h) pla.B8.n
= (5.1
ysin(yh) l_l -cos('yh)J uz(a. B8.0) pla. 8.0
6. IHE A IC INFINITE HALF-SPA

Figure 2(c) shows a section through the upper acoustic half-space with
boundary 2=0. The fluid flows with constant subsonic velocity V., parallel to
the x-axis. A relation is required between the prescribed ‘spectral’ pressure.
p(a.B8.0). and the normai displacement., U (a.B8.0).

The mathematical analysis is similar to that used in Section 5. except that Ao

is identically zero because outgoing waves only are allowed. The boundary
condition equation (5.6) and the pressure-potential relation, equation (5.8).

13
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give the required relation as

IFyla.®lluz(a. ] = [p(a.s] (6.1)
1x1 1x1 1x1

where

Fula.8 = -ipw2(1-aM/k) 2/y

b. Lower Half-Space

Figure 2(¢c) shows a section through the lower acoustic half-space with
boundary 2z=0. The fluid flows with constant subsonic veiocity V. paraliel to
the x—axis. In this case. Ay is identically zero because outgoing waves only
are allowed. Thus the required relation is

(FL(a.®]luzta.M] = [pla. ] (6.2)
1x1 1x1 1x1
where
FL(a.8) = +ipw2(1-aM/k) 2/v
7. FORTR e ROGRAM

Fortran computer programs have been written for a PDP-11/34A computer
running under the RT-11 operating system. The programs caliculate the far-fieid
sound radiation due to point-source or point-force excitation. and also the real
branches of the wavenumber a versus frequency plots for a selected value of 8.
A wavenumber is found by stepping through a range of a~values until a sign
change occurs in detlZ(a,.8)): it is refined to a selected accuracy by repeated
interval halving.

Programs have been written, using complex arithmetic. in both singie
precision (32 bit accuracy) and double precision (64 bit accuracy). The double
precision version was necessary because the singie precision arithmetic gave
numaerical problems of ill-conditioning at the low frequencies which were of
special interaest in the wavenumber versus frequency plots. Because double
precision complex arithmetic is not a standard feature of RT-11 Fortran. it was
necessary to write a series of subroutines that simulated double precision
complex arithmetic by operating on double precision real arrays of ieading
dimension two. Details of these subroutines together with some equivailent
assembler level routines are to be published eisewhere [5].

14
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a. Constants

The material and geometric constants. in St units. used in the
computations are as follows:

steel plate: A=10.44E10. u=7.56E10. p=7700.0, h=0.01
water: p=1000.0. ¢=1500.0

Damping was included in the sound radiation computations by setting
A=X(1-imy) and u.=u.(1-1;u_), where the hysteretic loss factors were chosen as
0.02.

b. Wavenumber-Frequency. Single Layer

Figures 3 and 4 are wavenumber versus frequency plots of a steel plate
loaded on one side only with water which moves in the positive x-direction with
velocities 7.5 and 22. 5m/s. respectively. For comparison purposes.
wavenumber versus frequency plots without flow are aiso given. In Figure 3,
there are no numerical results below 0.25Hz., due to ill-conditioning despite
double precision arithmetic being used for the cailculations.

The piots with flow show the characteristics of instabilities. viz.. infinite
group velocity (da/dw) "1 in Figure 4. and a multivalued wavenumber branch in
Figure 3 The plots are in agreement with those obtained by Atkins {2] who has
used ‘thin-plate’ theory in his analysis which shows that the instabilities are of
the type convective (growth downstream) and absolute (growth at a point).
respectively.

c. Wavenumber-Frequency: Three lLayers

Figure 5 contains wavenumber versus frequency plots of a system
comprising a Scm layer of water which is sandwiched between two steel plates.
Omitted from the plots is a wavenumber branch that is close to a fluid wave of
wavenumber k. The plot with a flow speed of 22. 5m/s contains a multivalued
wavenumber branch, but further work using a root-locus technique (2] would be
necessary to confirm the presence of the instability and to determine its nature.

d. Souynd Radiation

Figures 6(a) and 6(b) show the far-field sound radiation due to point torce
excitation of the lower facing of a system composed of a Scm layer of water
sandwiched between two lcm steel plates: the upper and lower half-spaces are
water and vacuum respectively. The sound leveis are expressed in dB reference
1 micropascal at 1m for 1kN rms force.

15
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Figure 6(a) shows the sound level variation with frequency at 8=0" the first
resonant peak is caused by a coupled plate~fluid resonance. while subsequent
peaks are close to the frequencies at which ‘haif-wavelength’ transmission is
possible by plane waves at ‘normal’ incidence. Figure 6(b) shows the angular
variation of the radiated sound at a frequency of 40kHz: the broad lobes centred
at 8=62° are the welil-known coincidence lobes (3] of a 1cm plate: the small
peaks at 8=17° are caused by longitudinal waves in the plates. other peaks are
caused by coupled layer/piate resonances corresponding to oblique incidence of
plane waves - their physical interpretation via wavenumber-frequency plots is to
be discussed elsewhere.
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APPENIDIX A

The Elastic Layer Matrices (P(a.8)] and [R(a.8)]

= =2uay| expliv h)

-wuByTexpliyTh)

= ina(yr2-a?-82)expliyTh)

=2uBvy exp iy h)
uayTexpliyth)

inB(yr2-a2-g2)explivth)

= [-\kg2-2uy | 2)exp (iv h)

0

-2iuyr(a?+B2)expivth)

Rows 4. 5 and 6 are obtained by setting

iaexp iy h)

= iBexp(ivyTh)

= ayTexp(ivTh)

iBexpCiv_h)
-iaexp(iyTh)
ByTtexp(ivTh)
iv_expCiv h)
0

(-a2-82)exp(iyTh)

6x6

6x6

2uay exp(=iv h)

= uBytexp(-ivTh)

ina(yr2-a?2-2)exp(-ivyth)

= 2MB'V|_ex§(-i'y|_h)

= ~uayTexp(-iyTh)

= iuB(y72-a?2-82)exp(-ivTh)
= [=Ak 2-2uv 2lexp( =iy h)
=0

= 2iuyr(a2+82)exp(—ivyTh)

h=0 in rows 1. 2 and 3.

iaexp (=iv h)
iBexp (=iyTh)
-ayTexp(-ivyTh)
iBexp(-iy h)

-iaexp(-ivyTh)

= -ByTexp(-ivyTh)

= =iy exp(=iv

0

=z (~a2-B2)exp(-ivTh)

Rows 4, 5 and 6 are obtained by setting h=0 in rows 1, 2 and 3.
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