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ABSTRACT

The first section of this paper uses the method of stationary
phase in order to derive an asymptotic expression for the cross-
correlation function for two FM signals whose instantaneous frequency
curves intersect at one point in time-frequency space. Assuming slow
variation in the amplitude and frequency modulation functions allows
a simple geometric interpretation for the asymptotic result which is
the square-root of an area measured in time-frequency space. This is
shown in section two. The case for multiple intersections is discussed
and shown, through an example, to depend on the relative phases of the
individual contributions. This intuitive method of evaluating cor-
relation functions explains why V-chirp and SQFM signals have pedestals
in their ambiguity functions.

AR R
W e R AP Nl




o ARSIV NN A N SR ROSEEAR IRV SR S R G
vl

. %

i

ha!
- -2- July 9, 1982
f¥ ELT:cac

K ¥

g2l

ALY

Y TABLE OF CONTENTS

Page No.

» ABSTRACT +.otevvunnenennunssseesennoeeeassnnessesannossens 1

- TABLE OF CONTENTS v evvevencennnensnnenonenseneneesonannns 2

L LIST OF FIGURES ¢ vvrvevnencenenneonencsncenenneensnsenees 3

o] f
J‘.<

=1 I. INTRODUCTION v vevenecnnensoncnnennencenoenaancenss 4

P II. ASYMPTOTIC THEORY «evevvenenennsncnsnsencnnencncnnns 6
% III. GEOMETRIC INTERPRETATION «.vevvneneneneneneneecnenss 19

oy IV. MULTIPLE INTERSECTIONS .cccercecceccccecetssnacccnanns 26

V. CONCLUSTIONS .cucencecercansasoasoscsccsoasoscnnansnosse 29

e

VI. REFERENCES .ccuvcececssvoccorcasensocorsessnosonsoasonns 31

. ~ ¥ [ &
"4 AR
' 3‘.; !:"[: s '_' Y

APPENDIX ..vvececccsooscocsnoossosscsosrecsnnorsnososnocssanness 32

2

A ' * ""é"

s I'MD".D .

-
aa

y
2 15%

ALD

- -4 it
AR AP

f

) yo N 5
o2t et el

-
.,

foT Te e




" ~ N
> it W' Tt AT T T W N . LI - neg e, - BRAT IR A
GO . R O A A I e A T T e I I I I et T Tam s e Tl -

July 9, 1982

ELT:cac
]
LIST OF FIGURES
Figure No. Page No.
1 Instantaneous Frequency Plots for Linear

FM Sweep EXample .c.cveeevreerocacncnennnes 10

2 Real and Imaginary Parts of 128 Point
Linear FM Upsweep Signal ......veceeeeecoes 13

3 Real and Imaginary Parts of 128 Point
Linear M Downsweep Signal .......cc0000enn 14
4 Crosscorrelation Function and Asymptotic

Estimate of Linear FM Up and Downsweep
With 10% Raised Cosine Window. T=0
Corresponds to Time Dealy = 127 ....ceveese 16

5 Crosscorrelation Function and Asymptotic
Estimate of Linear FM Up and Downsweep.
No Window. T=0 Corresponds to Time
Delay = 127 ..veeeensesossssnnanassasananns 17

6 Half of Crosscorrelation Functions and
Asymptotic Estimates for 256 Point Linear
FM Up and Downsweeps, With and Without
10% Raised Cosine Window .....ocevececreacs 18

7 Geometry for Calculating the Area of
Parallelogram Enclosed by Two Sets of
Parallel LINES ..ocetvcvecrocncnscncacanans 20

8 Template for a Typical Linear FM Upsweep
Signal with Amplitude a(t) .....covvevennnes 25

9 Crosscorrelation Function Example with
Several Intersecting Regions ......ce0000e0e

'''''''''''

........
..........
-------



July 9, 1982
ELT:cac

I
ANt

A

aas

I. Introduction.

—_X

Frequency Modulated (FM) signals with large time-bandwidth

ACLaE g

products are used in many) areas, such as Sonar, Radar and Spread
' Q,2
Spectrum Communicationsf In order to take advantage of the pulse

compression properties of these signals, many aof these
.
applications require coherent or matched filter processing as the

L eas
ot

£ &,
£
A

APRENEN

Y ¢

éhpropriate receiver. The recejver response is usually expressed
in terms of the ;mbiguity' functions for the signals involved.
Although there are many types of FM signals which have pulse
compression properties, thg}r ambiquity functions can have quite
different properfies. For example, linear FM signals (chirp)
have a single ridée with no pepeital, whereas V—ch;rp FM signals
have two small ridges near the time-frequency origin and an
additional pedestal. Thus,it is desireabie to have simple and
intuitive methaods for evaluating these ambiguity functions. —

In the first part of this paper we use the wmsethod of
stationary phase to derive an asymptotic formula for the
crosscorrellation function of two FM signals whose instantaneous
frequency curves cross at only one point in time. For this case,

S simple qQeometric procedure is provided for estimating the
crosscorrelation function, based upon the overlapping area of two
templates generated in time-frequency space. For signals with
more then one crossing in the time-frequency plane, the geometric
procedure provides an approximate upper bound on the

crosscorrealtion function, since the absolute phase shift between

the two signals may not be known. In addition a predictable

....... PP JPEL L
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§ oscillation in time occurs in the crosscorrelation function due
v to the changing phase between the components. Since the ambiguity

function is a croasscorrelation function, we can apply these

results directly to obtain the desired properties.
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e I1. Asymptotic Theory.

{~ In this section we consider the problem of asymptotically
. estimating the crosscorrelation function between two FM signal,
35 based upon the crossings of their instantaneous frequency curves.
;& . A We shall deal with complex analytic signals. In the appendix we
: establish the relationship between the crosscorrelation function
f% of the real parts of the analytic signal and those for the
:% analytic signals themselves.

& We begin by defining instantaneous frequency. Suppose we have an
ﬁ analytic signal of the form

7 .

% 9 )

> $(t) = qutd e . ()

o
¥
LRI

.

s

By analytic we mean that the Fourier transform of #f(t), F(w),

WA

satisfies the condition

Flw)= 0, W<O @)

Thus the signal has a one-sided spectrum. The instantaneous

y:#f‘f,\:pf ' | v'.‘.‘ -_l.-_(.;‘.l'-.l!’t.l'-.: \

frequency for f(t) is the time rate—of-change of its phase, thus

Py

W (¢) = ti‘" : )
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for a typical linear FM signal, then

s
wg (+) = Bt + Wo , ol

We assume that the two signals of interest are of the same form:

/S = aly) e“"&) (6-a)

-jBaa)
‘ qu = bwe ) (6-5)

-

and the crosscorrelation is given by

(- -]
Ryg (¥)= [ sce)g%cs ) de. (2)
- 00

9

Without loss of generality we assume the analytic signals have

unit energy. Thus
=

S“\um‘ dt = g \awd it =1 &)

-

By the Schwarz Inequality, the maximum values of their auto and
crosscorrelation functions are unity. Their instantaneous

frequencies are thus

d et 1)
= AT (9-a)
""é +) e
and
J st
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The two constants , A and B, are assumed to be large.

Substituting equation (&) into equation (7) yields

:vylku,z-)d

RH(‘:‘)= (‘;(*,‘l‘)c +, (10)

(1i-a)
(\1-b)

kit,2)= ald) b (++2) ,
y 4 hie,2)= A <)+ Bpit+?)

If we assume that A > B, without loss of generality, then we have

hit, 2)= () + %—-ﬂli—), G=)

¥R,

(3)

Applying the method of stationary phase to the integral in

equation (4) we have, as an asymptotic expression

af /2

Tz /A

Rgq (DD~ ,J h(t 2)
at*

where the stationary poaint, %, is the unique solution of the

equation

wg ()~ wgl'i-) =0,

It is assumad .hat g(t) is continuous and h(t) is twice

........
.....

..........

...........

T
MERICRR AR I_‘Iq

k(£ ) e«r[:i;cm,t)'«:i%l (13)




° "~ N \ - - - - - - - %™ Lt ~ ~‘.-'~__.‘ N
Lt R O R R M N T R T I R S .t at.

O

. . 2 /aafl ety o Rttt
"y ry w S B I IN T NN T Te T e o e G Tt e e e e -

-9~ July 9, 1982
ELT:cac

continuously differentiable with
+ 3 A
. Jhit,x)
st*

>0 .

Let us do an example of how this procedure can be applied.
We will first consider the case of the crosscorrealation between

two linear FM signals, cne an up chirp and the other a down chirp.

We let 3'_A_._é2
S(H)= alv) e , .
-3A (T-¢)
JH) = bitt) ¢ ~ * .
ale) = l:L-t):;'-;-J ©=2t2T

The intantaneous frequency curves for the two signals are

shown in Figure 1.

The unit energy condition reveals that

_ ‘
jra"t-t—)&-t = f ) d+ =1 .,
° o

w's'l'. ‘\
Solving for the stationary point,AX = A, we have that

< I 3 -tf?-‘f)z
\\H:,‘t)- = ¥ _‘_ = )

and differentiating yields

&_h_"f—'-?-): + 4 (t+2-T),
ét

-
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e

Figure 1. Instantaneous Frequency Plots for Linear FM
Sweep Example.
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~
Setting the derivative of h(t) equal to zero and solving for t, we

obtain

A T-7
t= = °

The second derivative condition is satisfied since

k 3
d Ht,t)= 2 >0
Att J

A A
Solving for k(t,T) and h(t,T) we have

k&0 2 a(TR)(TE).

. yk(%?hf—(tﬂ‘)" .

Thus we have as an asymptotic estimate of the crosscorrelation

Rygeedm a(Tp2)b(Ts%) [F] exe [if(z-mTv 3],

§
S 1f we further assume that the amplitudes have the form
§
i |
: - - —— 0 = < T,
.
H
- Thus the signals have rectangular envelopes. Then in the

overlapping region (=T < T < T) we have
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We observe that the total frequency deviation is AT
radians/secaond or 2¥F radians/second, then we obtain that

Ve
YT ~
\Rs-ﬂtt)\ N#Y_z‘\*#] - yzFT

We see that, as the time-bandwidth product gets large, the
crosscorrelation function diminishes as the reciprocal square-

root of the time—-bandwidth product.

In order to check the asymptotic results, several computer

examples were run. The signals were of the fornm
2
F(I) = A(I) EXP(BI + WI), I = 1,..,N.

The ampitudes were rectangular except for a 107 raised cosine at
the ends of the signals. Figures 2. and 3. show the two signals
for N = 128. The real and imaginary parts of the complex signals

are plotted consecutively on each graph. The parameter are

a) Upsweep B= 0.003, W= 0.3
b) Downsweep B = -0.003, W= 1.068

Calculating the time duration and bandwidth we have

Time duration = (0.9)(128) = 113.2

Bandwidth = (0.9)(0.768/2 ) = 0.110
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Figure 2. Real and Imaginary parts of 128 point
Linzar FM Upsweep signal.
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Figure 3. Real and Imaginary parts of 128 point
Linear FM Downsweep signal
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Thus the crosscorrelation estimate is

= 0.1986

|
\ R”?S \ ~ VZz e+

Figure 4. shows the computed crosscorrelation function overlayed
with the asymptotic estisate, shown as a staight line.

Suppose the 10% raised cosine window is not included then

Time duration = 128

Bandwidth = 0.768/2

and the crosscorrelation estimate is 0.179. The results of this
case are shown in Figure 5., where the computed crosscorrelation
function and the estimate or overlayed.

A seconds example with larger time-bandwidth product is given

below. Here the parameters are

N = 234
a) Upswaeep B = 0.003, W = 0.3

b) Downsweep B = -0.003, W = 1.836

Figure 6. shows the first half of the crosscorrelation functions
of the signals overlayed with the asymptotic estimates. The
results shown are for signals with and without the 107 raised

cosine window.
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Crosscorrelation function and Asvmptotic
Estimate of Linear FM Up and Cownsweep
with 10% raised ccsine window. t=0
corresponds to Time Delay = 127.
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figurs 3. C(Crosscorrelation function and Asvmptosic
Estimate of Linear FM Up and Downsween; NO
window, =0 corresponds to Time Delay = 127.
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Figure 6. Half of crosscorrelation functions and Asvmptotic

’\/\\

estimates for 256 point Linear FM Up and Down-
sweeps, with and without 10% Raised cosine
window.
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I11. Geometric Interpretation.

In this section we establish that a simple and intuitive
geometric interpretation can be applied to the asymptotic results
for the magnitude of the crosscorrelation function in equation
{(13). In particular we show that the magnitude of the right side
of equation (13), the asymptotic estimate of the crosscorrelation
function, is aobtained directly from the area of a parallelogram
in the time—frequency plane.

We beqin by defining a parallelogram in terms of two sets of
parallel lines in the time—frequency plane. Figure 7. shows the 4
lines. The area of the parallelogram is

s)

Area = xy sin{(@ .

We must calculate the three quantities separately. To obtain

sin( ) we observe that
tanX = A, tan@ = B.

Note that w is defined with a negative slope. Thus we have that
tan(90 -«) = 1/A, tan(90 -£) = 1/B.

Taking inverse tangents and adding we have

- -
tan! (1/A) + tan ' (1/B) = 180 -« -8 = O ,

A P PR Tt AN W S S UL ISP S .L_..J_“_.J
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—

Figure 7. Geometry for Calculating the Area of Parallelogram
Enclosed by Two Sets of Parallel Lines.
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Thus

1 .

tan t ‘:t - (1/A) t ~ (1/8)] T* 8

an = an an + tan =

dee
l-(*ﬁ(e)
A+B
YY) )

and from this we obtain

A+8 _ A+B
Y.(“"'ﬂt"' (AB-1*] o (_(A"....\( 8%+ 13‘] Ve

sin @ =

To obtain % and y we recall that the diameter of the
inscribed circle for a triangle is calculated as the ratioc of any

side to the sin of the opposite angle. Thus

C o x o _ Y
sin® _sink 7 siné sSing

or
sIin & _ b s:n P k%))
x= Cs:n o J y= sme
but
A B
- Sin z —, (%)
s‘ni - CA’..-])V; ) P (8""')'1‘

Thus combining (16), (17), (18) and substituting into equation

(15), we obtain that

....................................
..............................
........

. (16)




.........
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Area = CD(ABY/(A + B), (‘ 1)
Finally we observe that
tan®k = A =C"/C, tan@ =B = D’/D,
and substituiting we have for the area that
Area = C’D’/(A + B), Qz°)

Here C’ and D’ are the respective vertical lengths between
the two sets of parallel lines, and A and B are the tangents of
the lines (one positive and one negative).

Consider now the squared magnitude of equation (13). We

obtain '
2 3r d(d 2) (=1)
\Rs-s‘ﬂ\ ~ o dTh(E,7) C<,
X —=
dt
which is
2 i 12 \bei 1) . (22
~ o q‘t, 't) O . )
\Reg 21~ T D) dwgid,
it I
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If we now assume that the the two amplitude functions, a(t) and
b(t), are slowly varying, and that the two instantaneous frequency
functions are slowly varying, then we can associate the quantities
in equation (20) with those in the asymptotic equation (22). Here
the amplitudes are assumed to be constant, whereas the the
frequency functions, w* and w,, are replaced by the first two

A
terms of their Taylor series expansions about the point t, for

fixed T . Then we may observe that

A
c' = ct.z("t\, z) ) o'= bT(%,7)
and A
A“’{-a’a?) gz - - dwgit, 2) .
A =3y At J - 2% d t

Then we have finally that
2 Yz
Req (0 ~ [area]™.
\ $9 & ¢ [Area

and thus the crosscorrelation function can be obtained simply be
taking the square—-root of the parallelogram described above.

The results are true for the two linearly frequency modulated signa
provided in the example, since all the assumptions, requiring slow
variations, are true. Although we have not established these
results when the slow variation assumptions are loosened, Several
computer examples indicate that the results are still approximatly

' true, in those regions of T for which the assumptions are not
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true.

We can now see that, in order to obtain the asymptotic
estimate of the crosscorrelation function, one need only construct
a template for each signal, such as seen in Figure 2., and overlay
the two templates for a fixed value 3f , and take the square-root
of the reulting common area. Moving one template horizontally with
respect to the other would yield a new value of crosscorrelation.
Moving the same template vertically, simulating a narrowband
Doppler shift, would provide a value of the narrowband cross-
ambiguity function for the two signals. The time and frequency
coordinates at which we are evaluating the crossambiguity function
is the horizontal and vertical shifts respectively.

Although it may seem confusing as to why we plot the
ampl i tude-squared along the frequency axis, i.#., L = a‘(%,t),
observe that for the rectangulare amplitude case, as in the
examples shown in the previous section, a'(t,t) = 1/T, which has
the units of frequency, so that the reults are, at least,

consistent.

. . L RN . R I ~
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Figure 8. Template for a Typical Linear FM Upsweep Signal
with Amplitude a(t).
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IV. Multiple Intersections.

55 The case of multipe intersections of the instantaneous
~§S frequency curves for the two signals is considerably more
. complicated. The reason for this complexity becomes clear when
é; we consider a simplified case. Suppose that for a particular
E@ delay, the instantaneous frequency curves have two intersections.
!

f*' Then we may calculate the crosscorrelation contribution from each
2@ intersection. Now the crosscorrelation function has two
-? stationary points and, hence, has two complex terms which must be
-2 summed to obtain the complete result. In principle we have the
tﬁ asymptotic expression for the phase in equation (13) and could,
i. thus, calculate the complex sum of the two contributions. This
2 would only be possible if the two signals were specified
fi analytically. However, if the signals were specified by their
g instantaneous frequency plots and amplitudes, then we do not have
'# any knowledge of the absolute phase relationship between the two

contributions. Since the addition of the contributions is
complex, the resulting magnitude could have any value between the

- sum and difference of the individual contributions, depending upon
i; their phase relationship.

ég An even further complication is that, the phase of each
;3 contibution is time-dependant. Thus the complex addition can
fﬁ change for each crosscorrelation estimate. This would be
%ﬁ evidenced by an oscillation in the crosscorrelation function
?i between the largest and smallest values of the complex addition.
f; In order to demonstrate this effect, Figure 9. shows the
3

Tyt
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crosscorrelation function for two signal with several intersecting

regions. The signals are 128 points in duration with maximum

frequency of 2% . Both signal have 107 raised cosine windows on

each end. The first signal is the sum of two linear FM signals

with frequency ranges (.5,1.5) and (2,3), while the second
signal is a single linear FM sweep with range (3,1.235). I+ one
constructs the two templates and passes them over one another
horizontally then we observe that first there is no overlap, then
a small region of one intersection, a region of two intersections,
and finally a region of one intersection. The region of two
intersections shows a rapid oscillation due to the relative

phase, which is changing in time.
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" CORR Crosscorrelation Function Example
254 with Several Intersecting Regions
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Figure 9. Crosscorrelation Function Example with
Several Intersecting Regions.
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V. Conclusions.

We have shown that a simple and intuitive geometric
procedure can be used to obtain an asymptotic estimate of
crosscorrelation functions for FM signals whose instantanecus
frequency curves cross at only one point. In other cases this
procedure provides an approximate upper bound on the behavior of
the crosscorrelation function, in regions of more than one
intersecting region. The procedure can be applied directly to
narrowband ambiguity functions since the a Doppler shift is
simpley a vertical shifting of the overlapping template. We can
easily see reason why the autocambiguity function for a Vchirp or
SQFM signal has a pronouced pedestal. Both of these signal pass
through the same range of frequencies twice. Hence, for any
shift, there will always be one intersection of the instantaneous
frequency curves. For the Vchirp signal the pedestal is completly
flat, since the parallelogram is the same area for all shifts.
In the case of the SGFM signal the parallelogram reduces area as
you move from the origin.

Perhaps the most useful aspect of this geometric procedure
is the intuitive ability for quickly evaluating the properties of
crosscorrelation and ambiguity functions of FM signals. Further,
if one must evaluate the properties of many FM signals, a template
need only be constructed for each one. Thus, one can evaluate
these functions rather quickly.

Finally, as new e@lectronic signal proccessing devices, which

can represent signals in time-frequency space, become available,

v
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the area concept may prove useful as a signal identifier or

N matched filter processor.
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Appendix.

In this appendix we establish that if we have two analytic
signals, k(t) and h(t), then the crosscorrelation of their real
pafts is equal to the real part of their crosscorrelation
function. Further that the magnitude of the complex
crosscorrelation function is the envelope of the real
crosscorrelation.

To beqin, we assume that f((t) and f,(t) are real, unit
energy signals, and the transform

-}
:(t) = H[f(tg =1-:-’-5f(t)dt/(t—t) (A-1)

is the Hilbert transform. Then we form the analytic signals

k(t)

A
[f'(t) + jf|(t)] Nz (A-2-a)

h(t)

A
[ft(t) + sz(t)]/v'i' (A-2-b)
Denoting the inner product as

(k,h) = f k()R (t)dt (A-3)

and using the properties of Hilbert transforms and their spectra,

it can be shown that if

3 6,(v
F'(w) = A‘(w) e (A—-4-a)

...............

.......................................
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o 9 6, (W)

Fo (W) Agnw) @ (A—-4-b)

then

(kyh) = (f ,6p) + jEL’

r= I A.(N)Asz)sxn(&(u))dﬂ} (A-S)
[

where

o (w) Eh(u) - 6y w.

that if

Recognizing

fLt)

£,(0)

4 (L) gt +¢)

Then the inner product is a crosscorrelation function and

Re§ Reh (20} = Reo(t)

Further since has a one sided spectrum then its real and
imaginary parts are themselves Hilbert transforms and hence

IR“‘(‘gjl is the envelope of R53(1>.
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