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ABSTRACT

"A model of search of an area is developed using the proba-

bilitr' of detection as the measure of effectiveness, The

area is partitioned into two pieces. Two search units, with

different capabilities, atte.mpt to detect one evader. If the

search efforts of the two units do not overlap, the probability

of detection ir the same no matter how the area is partitioned.

An approach based upon Game theory 1s also developed. The

variance of the probability of detection is computed and

used to select strategies for searching.
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I. I NT ROD UCK ION

Throughout histcry, searching', on one fori, or another

has been one of man's constant endeavors. T.h-histor-c man

hunted for his --ood, both plant and animal. The more

successful searchers understood the characteristics of their

quary and search area. They could then elI *inate some z 3as

from consideration and concentrate on others. ,- example.

if certain plants only grew in the shade, open fields would

oe eliminated from the search area.

In searches involving people, this characteristic int r-

mation can be exploited by both the searcher and his quary

(the evadUr). If Cie evad&ar knoxss the tendencies of the

searcher, he can take the appropriate actions to reduce his

chances of being found. The knowledge of an adversary's

action (intelligence in military terms) is alw~y- sought to

give one side an advantage. Certainly the submarine commander

wants to know where the convoy will transit, just. as much as

the convoy commander wants to know where the submarit - will

hunt [Ref. 1'.

We can seeo thal -,o fall into patterns of search:.nq (or

evading) is analogous to prnvidinq the other pw.rty ,th

information that he can exploit. Since a patten or deter.-

minant. stratey einformation to the adversary it, is

ofl, L Logical not u'.o be .Dredi t... Therefore, the s-ercher

and evader should be \SnUT.eWiCC'a L e, C C..t- rafdol, in theCr nhcice

- -. -
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of search actions. Search patterns that are random do not

yield repeatable results from each trial but certain quanti-

ties such as the probability of detection are amenable to

mathematical calculation.

Each time the searcher faces a choice with a known set

of conditions, he should choose his action randomly to avoid

. falling into a pattern. If the search action was repeatable,

the same choice would be repeated each time and hence a

pattern would develo

A prime quantity of interest in a search is the probability

of deteztion (POD). The probability of detection is a measure

of effectiveness (MOE) of the search. The basic problem is

to compute this MOE. The next step is usually to optimize

the probability of detection. Optimize means maximize to

the searcher and minimize to the evader. Occasionally other

pieces of information are required such as the probability of

detection under an extreme, or most probable, set of conditions.

This paper will explore the problem of one or more search-

ing units searching for a single evader. it is assumued that

neither party has tendencies that may be exploited by the

other to predict his actions. The actions of the searcher

and evader are random in that act " on or .hJices -re not.
trs iictair..

A t-border search problem will be deve iepeO initially. The

pr o b.a i I. .f d t.. i o L' S d. (2!fo I me, i nd a. cook ký C, t e r, , 1oic



different capabilities attempting to detect a single evader.

Following this, a more complex problem is addressed. Two

search units of different capabilities attempt to detect a

single evader in an area which is partitioned into two pieces.

The area search problem is then addressed as a two person

zero sun game. Each entry in the payoff matrix is the proba-

• bility of the searcher detecting the evader for the strategies

picked by each player. The optimal probabilities of playing

each strategy are computed. The expected value results of

the game indicate that all. pairs of search strategies yield

the same expected value of the game. The choice of strategies

is made based upon minimum variance. The search area is

then partitioned into three pieces and an example is presented.

The concept of random search is next introduced. The

evader is allowed the latitude of moving within the operating

areas. The prcbIem ½is modeled as a game and the expectation

and variance are computed. In the case of random search, the

pair of stfateqies of the searcher which yield the largest

expected value of the game would be chosen for the search.

4L
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II. THE NATURE OF THE SEARCH PROBIEM

Sea::. units are generally constrained by range, speed,

endurdnce or other restrictions such as hours of daylight

available. The time and speed constraints can be combined

into an effective range of the searching unit. If there are

two units available to search a region, it is logical to want

to find the best way to partition the region to optimize the

search. Two partitioninq problems will be addressed in this

section. The first is the search of a border. The second

problem is that of searching an area. Under certain conditions

and constraints, the area searching problem can be reducedi

to the same mathematical form as the border, or line sea.chinq

problem.

A. BORDER SEARCHING PROBLEM

-We consider the prob]em of insurgents or smugglers attemDt-

inlq to cross a border such as a riv-r or .- intein<.tiori,

bounda ry. The border mist not neces! ir ilv be stcaitgh but

we retuuirýe that'. it does not havy- .ýýxtreine curiv vtu-re or cozrners

We defi-ne the person, or .. , att , 'n ' tI cross 'th. bordcZ,

[i i ,:•• ..... "•o,•. {vade i . i, .• the .,naY : roiLl ?t:.p•=• rw :.< ,- - , or- nuni , bc,.X. ,,; c cl.r~~
as thte,. Irc -. r .L We W L. 1 ;:', t!>)tee b' r rt.,)c-rJ

W .



so that at any 'time the searcher cannot. observe the entire

length of the border.

The objective of the evader is to cross the border with-

out being detected by the searcher. The searcher's objective

is to detect the evader when he attempts to cross the border.

A detection can only occur when the evader appears in the

field of view of the searcher's ,tensor. The sensors could be

acoustic (sonar), electromagnetic (radar) , or optical (infra-

red or image enhancing devices). Of course, the human eye

is the sensor we are all most familiar with.

The searcher and the evader have diametrically opposed[

views of success and failurr;. The searcher considers the

detection of the evader a success while the evader calls it

a failure. If the evader is not detected, he considers that

a success, while the searcher considers it to be a failure.

The searcher and evader can both observe the same set of

events and reach opposite conclusions about success and

failure.

Consider the following model of the border search problem

in Figure 1. This model is applicable while the searcher is

actively on station searching for evaders crossing the bo ler.

rhe. evader is attempting to cross the border into, friendly

Lr1ritory. The probabtiity of detection iss !0 if the evader

w .-iss•s wi thin the sweep 4i,.dth W, otherwise it L _s 0.0,, Jt is

L,![The towers s f o 't te qreat: wall t Ch i n we-re cor Cit 1 ,1- 7L5

ss the te2n r 1r 'len L• t the bt)rdctr could he V.tewed 3 .ms
I. CuR i~us .1 a L v mcmv oi~i( O•S.•t %rye,1 r•Zt



W = Sweepwidth

V = Searcher Speed

"TI Evader Speed

S = Border Length Evader

Speed U

, Border of
i•Speed V length S

Searcher with
sweepwidth W

-igure 1. Model of Border Search

-.4-
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assiucied that- the border length S is much greater than the

s•,eepw•idh W. The searcher travels at speed V along the

border. The evader is equally likely to c'roas anywhere

"along the length of the border. The searcher traverses the

border in one direction for the duxation of his endurance.

It is necessary to state some further assumptions and

consequences of the model. VWe assume that the searcher has

a much greater sweepwidth than the counterdetection range

of the evader. Therefore, no evasive action may be taken by

the evader, In addition there can be no missed detections

or false alarms. The evader can only be detected when he

falls within the sweeqidth of the searcher's sensors.

The evader approaches the border at speed U, and atl an

angle, 0. The searcher travels at speed V along -the border.

We choose an orthogonal coordinate system, perpendicular

(,) and parallel (//) to the border (see Figgure 2) and resolve

the speed of the searcher ana evader into components in this

coordinate system.

ýýhein the evader crosses the border, he must travel the

di.:tance L - W/cos 0, in which he is subject to detecLtion.

The evader traversý. L in time t, where:

WW

---.'ýe Ln (:ci o n •• 1. /

t u ( -z... . . ...... ...... .... ...

77• !7•0 LI• {: ] l •:•+•' i Dll < ,.1 • Lf •;i . )rl. ,s t l'• v [,::,: {1;• ,.:fm• )t'•.1•

4 1 4 ''7 ", , , ,• : [ ... . .. ! ) " ;( . '2 +



-' * UrU-r '--r, V 'l r-- -'

Coordinate system parallel
and perpendicular to the
searcher's direction of
travel

U11

9vEvader
Speed U

Sweepwidth

Searcher

L= Distance
the evader is
expo 'sed

Figure 2. Evader Attempting to Cross Border
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time to traverse the sweep width band. It. is apparent that

the evader should not be exposed to possible detection any

longer than necessary. The evader does not know the searcher's

direction of travel along S. The speed component U should

be as large as possible to minimize the time to cross the

border. This occurs when the evader crosses perpendicular

to the border. Under these conditions S = 0, Uj U and

0. In all, subsequent developments, the evader will

"cross the border in the most advantageous mannez i.e.,

perpendicular to the border.

The searcher is not allowed to cover a portion of the

border that he has already truversed, and only travels in

one direction. However, he may come to the end of the border

before he has exhausted his search time. We can prevent this

from happening by requiring that the searcher always begin

his sear:ch at least VT + W/2 from either end of the border,

If he moves toward the end oZ the border for time T at speed

17, he is still W/2 away from the end when he finiishes the

search, where W/2 is the ýearch radius.

The measure of effectiveness in this problen has been

chosen to be the probability of detecting the evader. It

may be possible to determine the probability of detection

experimentally. The ini.tial conditions of a search would

be determined for the searc her :And the evader. The evader

would select f r-om a uniform distribt.Otibon, a ooint where to

atteu .. Lu cross the border. The searcher would s-,elect Fru-m

1 6



a uniform distribution, where to start his search within the

interval VT + W/2 from each end of the border. Then with a

flip of a fair coin, he would decide which direction in which

to traverse the border. A series of these trials would be

conducted and the inumber of detections would be recorded.

The probability of detection would be estimated from the

ratio of the number of detections to the number of trials.

The above procedure could be accomplished ioze easily in a

simulation than in a physical experiment. A more appealing

alternative is to compute the probability of detection directly.

For a given evader's speed U, the effectiveness of the

searcher is a function of his speed V, the sensor sweepwidth

W and the bordc-ir length S. The probability of detection is

only defined if the evader is present. The search speed,

sweepwidth and length of border alone are not enough to de-

fine the probability of detection, though some information

is available by taking the ratio of sweepwidth and border

length. This coverage factor, W/S, is one measure of the

searcher's capability.

If the searcher could traverse the entire border during

the increnternt of time that the evader was attempting the

crossing, the evader would surely be detected. If the

searcher were stationary, the evader would certainly not be

detected unless h1,e crossed the border in ihe fiel] of view

of the statioary sensor of the searcher. In thlo• .lfirst case,

the probability of detection is 1.0 and in t-he second -se,

-•:L 7



Jit s equal to the coverage factor, W/S. In the problem

under consideration, some part of the total length of the

border is traversed by the searcher during the time that it

takes the evader to make his crossing. The probability of

detection is defined to be the ratio of the length of the

border searched, R (in the time interval, t, that it takes

the evader to cross the border), to the length of the border,

S. This is the probability of detection given the evader is

crossing the border S, i.e., PODIS. Here,

PODIS R W + V*t W + V*W/U (2)
O - ss

where U > 0, V > 0.

Rearranging terms, the following expression for the proba-

*- bility of detection results:

PODIS= x (1 +), (3)S U

where U > 0, V > 0.

In Equation (3) , W/S is, the coverage factor. Consider

the exampie where the searcher's speed is V = 0, such as

when he occupies a watch tower on the border. If the evader

crosses within his field of view, W, he is detected. Even

with no speed, there -tiLl wuuld be a finite POD. vhe ratio

-E o, speeds in the second term represents the increase in the

probability of detection due to the sneed of the searcher.

1,8
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"This ratio, V/U, may be interpreted as the dynamic enhance-

ment. of the static probability of detection (Ref. 2].

We will now determine the upper bound on the PODIS.

Figure 3 shows the allowable interval in which the Eearchet

may begin his search.

VT+W/2 - Interval to start search -/ v+/2

Border Length S -

Figure 3. Interval co Start Search

During the interval t that the evader is crossing the

border,

S > 2(vt ± W/2). (4)

Rearranging terms yields

1 > 2vt + W

Recall that tI W/U and substitute into b, yieldin,,

S-2-Wi or
>-gt- s',ow v

W.(1 ± 2-)

i19



S W

L Since

POD F +

we have

S> W W + V

:£:,a x, i d

POD S < 1.

If we examine the probability of detectionA (Equations 2

and 3) we may confirm some intuicive ideas about searching.

The POD is greater if the searcher can see farther (greater

sweepwidtb, W) or cover nmre ground in a given time (greater

speed., V) The probability of detectionr is less if the

evader cau . cross the border mere quickly (greater speed, U)

or operate along an expandod 1,-&rder (i.e., incy-cased S).

B. TWO SF.RCHI!,"G UNITS ON THE BORDER

In this sectiox we will a-surne that there are two searchers,

rUnit l and Unit 2 searching F - single evader ci.ossing the

b< cder. E'ach search unit has a differe'nt sweepwidth (W1 and

W 2 ) and speed kVi and .) 2 The .. d thc evader is U.

"" Te ranges, R, and R,, that represenit the search capab ility of

.4.,

/0



each unit while the evader is crossing the bord'wr c.an be.

easily compuzted. Here:

"I~V 1
R W1(1 + ) and

(E)
V2

R = W (1 + -- )2 2 T

Th.s_ equations are of the same form as the numerator in

Equation (2)

Tt is re a& ble to have some rationale for thie division

of labor between the two searching units. Suppose that we

partition the border length, S, into two pieces of leangths

S 1 and S., where S1 + S 2 = S. We assign Unit 1 to !,he length

of border S. and Unit 2 to length of border S , as shown in

Figure 4.

The probabilities of detection of Unit 1 and Unit 2 (.,n

SI and S 2 respectively) ar,-

POD1 Is s nd

(7)
R,_

S ...POD 12 S .

4 The probability of detectinq the evad=r, P(Det) , iS the

t tat I pz(A"ba Lity, i.

4 P Jt DL1;>,):1)kS.)I ... :

4.



, .",,

Range of Search Unit I Range of Search Unit 2

•"nR1 Rn2

"-•,-.. __ 4..

*-:r Figure 4. Border of Length S Partitioned into Two Pieces

-__.4



• ' where :

P (Si) = Probabilit~y the evader will cross the
1 -- : border in segment S., i 1,2.

S i.nce the evader is assumed to be equally likely to

cross the border anywhere along its length,

S.
P(S ) = (9)

~S

Now, reducing Equation (8) using Equations (7) and (9) gives:

RI S R S RI+R
P(i1= + 2 - R (10)
P(Det) S1 Sl +S2 S2 51+S2  S 1 +S2  S1

where:

R I +R 2 R = the total non-overlapping length of
the border patrolled by the two
search units.

The implicit idea in partitioning the border was to do

it in 3uch a way that the probability of detection was opti-

mized. We see from the form of Equation (10) that the par-

titioning of the border into two individual segments has no

effect on the overal l probabi 1ity ato det.ctlion. This is the

result of the evader Ceing equally li,,cely to cross the border

at any point alonq its len(qth, and t noU it ta . i,.aW " 1f9 ,:ian y . Avl: ;t

'y the search Imi ts



C. TWO SEARCHING UNITS IN AN AREA

The next logical extension of the searching problem is

to search an area instead of a border. We will consider two

search units in an area, searching for an evader who is

operating at a fixed location. if the area swept.by a

searc.h unit's sensor contains the evader, there is a detection.

Otherwise there is not.

The following information describes the capabilities and

constraints of a searching unit:

V Search speed,

T = Searching time,

W = Sweepwidth (POD of the evader .0 within
W, zero otherwise), and

a Area searched = WVT + 4 (in time T).

In Figure 5 we see that the area swept (searched) in a

time interval T by the searcher, consists of displacing the

initial sweepwidth circle a distance VT. If the search time,
W !

T,' is sufficiently large such that WVT " then the area,

a, can be approximated by:

_=

V_ ek 1 oSSi ,. t-. th•at the ev11 ader t- .I-rIt iII a t' i t I

2 (IC.a•t lull, •SU,•:h ,5., ,li liCadvhl t &'rt , \-' 1 1 'n I Inc,. A

He \'Lb I el::LI At. t.yi 111 , C0C t 10L1, I0I <'II'CeL LoYC tOk tVi ;i

t ' t,(; !,. C;• tL ' t: I JX•t t I 2 i.'LX t ) \'W'() fr _ h I '¾ *-' .i' ,i

_,..



randonuiess. This means that the searcher does not Know

where to search for the evader nor does the evaler know where

Vn,

7
b-I

W = 3weepwidth
V Searcher's Speed
.T Time Searching

Figure 5. Total Area Searched

the searching un.its will look for him. Further, we assume

that the evader is equally likely to be anywhere witniin the

area when the search is initiated and the searcher is equally

likely to begin searching at any point within the area. The

searcher then begins the search with the objective of detect-

ing the evader.

The rpeasure of effectivene:3s of the s Ls the proba-

biLity of detection, POD. Phe searcher would like to exhaus-

eL.,eLv cover the whole area and ,he 1. 1 the P(VD wonl d be

S1 .0. Otlbel ;ise t he POD [S the: t:.io oK t,.hte areAý sea -r:hed,

the' t ta]. d 1 A, A t

4 lll..I

V O L.. . . .. . ... . . . . .. . ..



Figure 6 shows a rectangular area, A = hS, which may

contain the evader and the area a covered by a searching unit.

S.

Area of Search: A hS

Swept Area: a = WVT

w

aT Ev-der

7771~ tafl:U 1 art

I



An area searching problem involves two dimensions. Under

some circumscances, we can fix one dimension of the rectangle

and only have the other one variable. For example, if we

were searching for an airplane that flew over water along

a track ten miles from the coast, we may search out to s'ea

as far as twenty miles along some length of coastline. Thus,

we have fixed one side of our search rectangle but the other

dimension, along ttn Coast, would still be chosen to reflect

realistic bounds on the problem. We now substitute the total
search area ho, for A, into Equation (13), wh.ch yields:

aPODJA = .14)

The term i s a constant. Now, if we compare Equation

(14) with Equation (4) , for the one diraensionzl border' search

"problem we see that the rmathematical ftoxm is the same.

Now, we will expand the prob].ew to two searchers. Two

searchers, Unit 1 and 'Unit 2, with different sweepwidths,

speeds and search times will sweep areas a1 and a2 respec-

tively. Here,

T'he two swept areas a, anl an .' a-re not altiowed to overlap,

an3 , of zoucsa must eo with :i n ihc.oer a i.. sea,-. area, A. Ine

.4 ~searcojr _tea %s p;Ir r:.itJiorc.n- euxit wC)o tt orie ctS



A1 se,,rched by Unit 1 and the other of size A2 searched by

Unit 2, so thct

A = A + A (16)
1 2

It is assumed that the evade.r is equally likely to be

at any point in the search area. Therefore, the total proba-

bility of detecting the evader is:

P(Det) A + A (1.7)
1 2

-* where:

Sa1 + a 2 = a, the total area swept out by both
search units.

The conclusion in the area searcfl is analogous to the

border search; the probability of detection is not affected

by the partitioning of the search area.

We :tave found for this problem that there is no waw,• to

partition the search area and improve the pcojability of

detection. The POD can be decradedI but nc4L improved. In

the next section, we shall model the search as a game and

ex 'oit the fact tUit the !3earcher and the evader hiave .sox'

Sflicting goads.

'4Ln
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LII. MODELING THE SFARCH AS A GAME

Uji to nWw, tle informat-ion that we have obtained is that

the probability of detecting the evader is (a 1 +a 2 )/A

regardless of how the searcher chooses to allocate the two

searching units. We will now expand the problem to allow the

searcher and the evader alternative courses of action. The

partitioning of A will define a choice for the evader. He must

choose to locate in either A1 or A2 , and thus the evader has

only these two choices, to operate (hide) in A1 or A2 . The

partitioning of the search area also provides the searcher

with alternative courses of action on how he allocates his

resources.

The theory ot games is useful in analyzing conflicts be-

tween opposing parties [Refs. 3,4]. The two players in this

game are the searcher and the evader. The conflict is that

the searcher wsants Lhe probability ot detecting the evader

-to e h.qh while the evader wants it to be low.

A game matrix is constructed ftoin Lh outcomes of all

possit"ie courses of act ion of the two p1iiyers. We have assuaned

that the searcher partitions the search area, A, into two

n.ý ece-s A and A2 We wJiA1. further assume that this parti-

t.ironinq is known to the ev•adrlr This does not impart any

to toth e ...... b..t: t~b saearzhch, & .s course of

Api ,dint7 t•here .. ] u, overA .1:. sea rb a.yreas.

I



action, i.e., the area in which he will search. The only

restriction on the partitioning of A is lthat each of the

two pieces, A1 and A2 , be at least as large as the sum of

the search capabilities:, a1 and a2 ' of the twc searching units.

' Aie searcher has several ways that he can allocate his two

search units to the operating areas. The four alternatives

of the searcher that involve both searching units are pre-

sented in Table 1 below. The entries in the matrix identify

which search units operate in each of the two areas, A1 and

A2.

TABLE 1. POSSIBLE STRATEGIES OF THE SEARCHER

Searcher

Strategy A A2

. 1 Unit 1 Unit 2

S2 Unit 2 Unit I

S3 Units 1 & 2 None

S4 None Udnits 1 & I:&

For completeness, ttie evadetr?:i straLeteies are shown in

Jat)Le 2.

0



TABLE 2. Possible Strategies of the-Evader

2 Evader

Strategy

E Locate in h (Not A2 )

SE2 Locate in A2  (Not A1 )

This situation may be treated as a two-person zero-sum game

characterized by a payoff matrix which specifies the results

of all possible combinations of the strategies of both players.

In our case, the entri.es in the payoff matrix are tLe proba-

bilities of detection of the evader by the searcher. For

example, if the evader hid tn A2 (Strategy 2) and the searcher

chose his strategy S1 (where Unit 2 searches A2 and Unit I

searches in A 1 ), the probability of detecting the evader

would be a2/A1 . If the evader chose his strategy E2 and the

searcher chose his strategy S4e the probability of detection

would be (a 1 +a 2 ) /A 2 . In game theory, it is conventional to

present the payoff matrix with favorable payoff to the row

player. The probability of detection is a rteasure of success

of the searcher. Therefore, the searcher will be the row

player and the evader will be the column player. The payoff

matrix for the game is presented below in Table 3. It is

us ful to establish a hierarchv of the payoff quant-ities.

3- -



TABLE 3. PAYOFF MATRIX FOR TWO SEARCHERS WITH AREA PARTITIONED

EVADERS' STRATEGIES

E E

1 A2

a 2  a1S A A2

Searchers
Strategies

SS3 a *+A2

A1

S a1+a2
o- A-

We will call the more capable search unit, Unit 1. This

means that Unit 1 sweeps more area than Unit 2 during the

search, i.e., aI > a . We will call the larger of the two

search areas A1 , i.e., A1 > A2 . We lose no generality with

these assumptions.
We will. examine the case when a /A > a /A in detail.

a1  1 9 /2 2ndtal

The second case, when a1/A 1 < a 2 /A 2 may be analyzed similarly.

it is convenient to replace the entries in payoff matrix

(Table 3) with the symbols in Table 4 below. This will be

useful Later when we analyze the jamne.

3 2
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TABLE 4. SYMBOLIC PAYOFF MATRIX

E ~ E2

S QE

"S2  y22

A2
S 3  y + y 0

S4 0 + 6•:• $4

aI a 2
Since A-1 -A t > 8.

A1 K2'

Since a > a 2 ; a>y and >S.1 2J

Since A1 > A2; 6 >a and 8 >y.

This yields the following hierarchy, 5 > ot > > y. Also

since S > a and S > y; + S.> x + y.

Therefcre,

i-a 1  a1  a2  a
i., A2

A, A

- ~~~~~~~ .. •A -- - - - ~ .



and

a 1.+2 al14a.

A"! A

This still. leaves the relationship between a 1 /A 1 and

(al+a2 )/A 2 unknown, but as we will see later that it does

not affect the outcome of the evaluation of the game.

We will now consider two examples. The dimensions would

be chosen to be the same (e.g., sq. kilometers). They will

cancel out of the equations for the probabiblty of detection.

The important point in the examples that follow are the rela-

tive sizes of th3 area to be searched and the available

ability to search.

Ex•aple 1. Two search units searching for one evader where,

A = 100, A1  60, and A2  = 40;

a = 20, aI = 15, and a2 =

Note that

' a 2

a,1  a 2 , A1  A2,) and --. :.

Substituting these .'-alues into the paytff matrix vielcs,

V ' ••. ,: : •



* mz .~ - ~

E~ E2

15 5

t .° • 515

"S 5+15<.:S3 -TT 0

0 5+15

Note that 6 > a+y in the matrix, I.e., 13 > It is more

convenient to deal with a matrix of integers t:,a:i 'i:-r•ctions.

* -Therefore we multiply each entry by 24, This scales the

value of the game by a factor of 24 and the ±ý1Ilcwing gane

.aLrix results.

E, E

3 6 3

2

4 m*-, (
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i•'.![[Examining2. Two search units searching for one evader

:•.,<: 'where,

"A 270, A 150, and A 2 120;

Sa 1 00, a l 60,• and a 2 =40.°

!:'ii Again, note that aI > a2, A1 > A• andAI>A"-"

ExamlSub2stituting into the payoff matrix yields

I2 E 2

60 40

40

-- ,"S I TO

S2  R

40-60S, 0

- 44 -60
.20

60 1 .100
We see here that I < •+.y, e -O <.- The hierarchy

of 6 &nd a,'-f are reversed in these two examples. When we

(D soLve the a i~ues, we will see that irt does not affect the

'a outcowe s Lnce the order of all of the othser ;arameters has

1 bee es iii I x •3hrd

We ,utipl.y al. of t.Ie etr •es i r" m- t ixox .W) to

Lit Ai n tie• followinq pa',-m ,I" mat-:,

a.L ~ a. a. A~..4. .. ~ Z t a . ....



E E

S 1  12 10

S 2  8 15

S 20 G"3

S4 ( 0 25

We will evaluate the game acc,-rdi.ng to the minimax

-.:heorem. This dictates the iranner in which both the searcher

and thle evader must choose their strategies and the value of

the game that results from these choices. The details of

evaluating a gamre subject to~ the conditions of the minimax

theorem are presented in Appendix A.

At this point, we may solve the 4x2 game in Tables 3 and

4. An analytic solution is prefer. ed but is not poss-ible in

an Mx2 game (where M - 2). We can solve the underlying 2x2

,games analytically. For the ýKx2 game, we would resort to a

grraphical solution. This requires -hmath. the entries in the

I ayoff matrix atre specified numerically or at i-eaasc tho

hierarchy oF the eTe'ents is established. The exampies a.re

Oýctt~ed _n i~~ FIu reý As a' Icct io or t eade r Ss' L rd eLOQ L;

r e £ t•- et~ cjame . we . c• i ~ee- i Fs e •q e 7 that t.-i c f .ci r :3:V -

a •.i h cachr a.' ctcy:ee' i ii c
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"general 4x2 gane would have six intersections of the strate-

gies (4 things taken 2 at a time). There are only two inde-

pendeJnt strategies, defined by a, 6, y and 6. The other two

strategies can be constructed from the tirst two by elementary

matrix operations. This is shown in Appendix C.

The intersection of all four strategies of the searcher

are at the same point. This is the value of the game which

is (a 1 +a 2 )/(A 1 +A2 ), as expected.

The probability of detection computed as the value of

the game is the same as computed previously by taking the

ratio of areas. The searcher could choose any of his four

pairs of strategies 1-2, 1-4, 2-3 and 3-4. If he plays the

strategies optimally, he would achieve a probability of
detection equal to (a +a 2 )!(AI+A2)

All six .iubgames are analyzed in Appendix B. Two of the

games have saddcepoints. The optimal strategies of the

se;ircher a , :\r<er are computed for the remaining four games.

Any- sir<> ,c.Ž I is a Bernoulli. trial which results in either

a ;uc~css oir a lt:ý Lure. When both players choose their

3t - )r't y.. *y, th exoeiot~ed va] ..ie of the pr ),bcbiiity

'a t-v :'' ~ . n value O~t th(. *i ITme

X. ppf,n ix B that Lrie valu of the gaAes

, 1 k2 e - n" an ee t rom che (j! a1t i caI disp lay of th I•

[' •j0 '- o • .• /.• } , tlh ±t iSO()lt [dirs of S r2 t.•, oq :.-Ža rono •[ SVO ( r 1ioi riO

a't r '.]" va os thOi ot her .s t 1, th pl t ro f Ct C, 1 10

I Mi V AI a. lt-1 3 hi 4 11 t :i a I ho --III
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"-fluctuation of the results in 3 and 4 where the values may

possibly range fromr zero to ý+'.. The game with Strategies

I and 2; on the other hand, has a smaller range of possible

values, from y to 6.

We have foulr 2x2 games with the s,)me value. In accordance

with the expectdt..on-variance priLrnciple of choice fcr deci-

sions, the choice of which set of strategies to use for

searching should be based on the minimum variance. By choos-

ing the alternatives providinri roinimiu payoff variance, the

risk of achieving a probaiiili-cy of detectJ-•n substantially

less than the value of th'e game :. mininizecz. A similar

argument has been advanced ahout investment portfolios [Ref.

51. If all portfolios have the same expected return on invest-

ment, the portfolio with the largest variance is tche one with

the greatest risk. Conversely the portfolio with• the least

variance has the least risk.

If we look at the combinations of strategies in Figure 7,

we can see that searchers' Strategies I and 2 vary th<. least

with respect to the expected vareuý... Therefore, we may select

the alternative with minimum var iance by inspectioa:. The

computa-ions presented in .a,]c 5 t' o• .... this.

One result of modeling tAhe seaarc! as a game is t-at t

allows us to comp 'ute the variance as well r-ýs the expecz ýd

value of the search strateqi-es. Thp a-.iiance (co.put.tfice c t

a 2x2 gvame Is des"r:Abed in 4 pendix . The var lanlce arij

s 2 2andar e itv-e..ation for- each ,•. ......

exampiEs is shown In Tab -

4



TABLE 5, VARIANCE AND STANDARD DEVIATION FOR EACH flTERAU2GY ."AIR

Example 1 Example 2

Strategy Pa 4 r Variance Std. Dev. Var:.ance Std. Dev.

1-2 '00875 .094 .003841 .062

1-4 ,015 .1.22 .01-372 .117

2-3 .02333 .LA3 .03841 .196

3-4 .0400 .200 .13717 .370

Value
of .20 .370

Game

A. EXTENSION TO MORE SlARCH AREAS

The game approach to searching can be applied to problems

involving three or more search areas and searcchinq units.

At this point the combinations of ways to search become very

large. For example, if there are t;wo search units and three

areas to search, we can c-ount nine ways to put the two

sea-rchers in th•e three a• :eas and ,thus nine pure strategies

for the searcher. This would lead to )9 4 333 gimas to

ana iv ze..

one simple exaaaplie is where one sc, rching unit looks for

one evader in one of thtee different reaiors, This is sila

Lso.) ry inc; to p1ok the '. a lnut she thdat ha-; t p a hidden

under its, O•f course if you pitck, tin rihwm SU1ar)

714 ur er it o o r e y u i-,k t t.ri h , -a%ýi . SE,ý " r a



the p;'obability of detection is 1.0. The payoff matrix for

this search model is shown below.

SE E2 E3

2 E3

S1 P 11 0 0

S 2  02 0

3 0p33

Using the method in Epstein Pe~f. 6] for finding optimal

strategies of NxN games, we find

P(E P(SI) = - 22 P_3
P1 1 P 22 + P22 P33 + P3 1 1

P =1 P(S) =2i 2 2P'l P2 2 33 + T3 p1 1

____ . P, 22
P(E2) P(S2) pll P2 2 +22 F33 +33 PI

, P p3 3 2 l 22 33 h1

If =22 P33 =1 '2

1. "1

4 2



• 'i-¸:: •" ,• • • :'. '. "' " "* r . .- " U. . - - .- U - . -' "* *. . . '" .i o . • " . , . .. , - •

2then the value of the gamr~e - P/3, t:he variance P /3,

and the standard deviation = P/IVI

The searcher and evader would play each of their strate-

gies with probability 1/3 and achieve a probabil ,.ty of detec-

tion (payoff) equal to 1/3 of what it would be .a any of the

three areas.

If P - 1 (the shel. game) then

Probability of Finding Pea = 1/3

Variance of Probability = 1/3 ,

Standard Deviation i and

Value of Game ± Standard Deviat:'on = 1/3 -± i/3.

We have analyzed search problems involving stationary evaders

using game theory. It is possibLe to expand beyond 2x2 games

out the portential combinatio::is of strategies grow very quickly.

Next we will aJirress searching for a iroving target which we

will. model wi.t.h random e... We vit i continue to usE

cgarne thmryou thalyze It, , ptoc 'm.
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IV. RANDOM SEARCH

The concept of random search was introduced by B. Koopmnan

in 1946 [Ref. l]. In random search, the evader may move into

an area already covered by the searcher. Therefore., even if

the searcher covers the area exhaustively, he may not find

the evader. By repeatedly covering the area, the POD then

goes asymptotically to 1.0. This model for the POD is the

exponential

POD = 1 - e-a/A

where:

a = Area swept by search unit, and

A = Area in which evader is operating.

The POD always increases with increasing coverage in the

random search model. Random search always gives a smaller

value for the probability of detection than the ratio of areas

=odel, as shown in Table 6.

The next step in the development oi the search problem is

to allow random search in our previously deve.loped examples.

The evader is now free to ;xove within the partitioned area

that he has chosen but is not allowed to cross the partition

between A1 and A2' We conetinue to aicdel the w:•ob.] em with the

four searcher sItrateq i es previous]y described. T'h: entries

.4 .1



TABLE 6. DETEC'TION PROBABILITY CONPXRISON

a/A Random Search Ratio of Areas

.25 .2212 .2500

.5 .3935 .5000

1.0 .6321 1.0000

2.01 .8647 1.000G

in the payoff matrix are now the probabilities of detection

using random zearch, The arguments of the PO are the a. and
1

A shown previously. The general form of the 4x2 game matrix

is shown below.

E1 E2

-aI -a..

Sl 1.-e 1A 1-e 2/A 2

-a 2  .a
S2 1-ea /A I1- I /A 2

S3 l-e a1+a2)/Al 0

- (al +a2
S4 0 1-e /A2

t In the ratio of areas model, once the area is covered,
the POD 1.0- Additional. coverage is redundant.

45



Examp•e 1. When we use the previous values, a1  15, a 2  5,

N A1  60 and A 2 40, we obtain:

1 £2

S-C 1 S1 - S1 .22120 .11750

S2 1-e 1e- 2  .07996 .31271

S 3  1-e 1 / 3  0 s3 .28347 0

S4 0 1-e 1 /2 s 4  0 .39347

Examle_2. Similarly, we use the values a1 = 60, a 2 = 40,

A= 150, and A2 = 120 to obtain:

E E£2 EI E2

S l-e -e/ S .32968 .2834711

-4/15 1/S 1-e 1-e-1/2 S2 .23407 .39347

2-22

S3 1-e-2/3 0 S 3 .48658 0

S-5/ 0 .56540
4 4

4G



It is useful to consider some other examples using random

search where the coverage factor is greater than 1.0. The

same four searcher strategies will still Le used while the

parameters al, a2, A1 and A2 will be chosen to give covnýrage

factors greater than 1.0.

Exampleý3. A 500; A1  400; A2 = 100

a = 300; a1 = 200; a 2 = 100

1 1 1 a2 a2 1 al

1T2 1 2

E1  E 2  E1 E2

S 1  !-e 1 2  I-e S .39347 .63212

1/ -2
S 2 le 1 14 1-e S2 .22120 .86466

S 1-e-3/4 0 S .52763 03 3

-3

S4 0 l-e S34 0 .95021

Note here the strong coverage of A2 .

Exampje4. A = 500; A = 350; A, 150

a 200; aI = 150; a3  50

47



a3 .2 a2 a
W-°,.: 1 7 2 3 A1 7 A2 "

1 2 1 2

SS1 1-e-3/7 1-e-1/3 S1 .34856 .28347

S2 1-e 1-e S2 .13312 .63212

S3 1-e 4 /7  0 S3 .43528 0

S4  0 1-e 4 /3  S4 0 .73640

We next address all the 2x2 subgames in each example and

compute the value of the game, the variance and the standard

deviation. In Example 3, the Sj S4 game now has a saddle-

point since the hierarchy of the elements within the payoff

matrix have changed. The data is presented in Table 7.

We see that the random search reults are different ti',an

the area search results, The expected value of the pra itv

of detection in Examples I and 2 is lower as expected.

According tio game theory, we would choose tle pair of search

strategies which yield the largest expected value. In all

cases this is the S.-S2 pair, Further, we can see that this

pair of strategies has the smallest variance. We also sez

that t.he dimninlshing returns effect of random searer r.•rt acPe

lowA er expected payoff in the more extreme sea rc'' :patterens.
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TABLE 7: EXPECTED VALUE &ND STAUNDARD
DEVIATION FOR RAINDOM 47EARCH EXAMPLES

A= 100; a=2C A-270; a=.100 A= 500; a= 300 A= 500; a= 200

A= 60; a=15 A=150; a= 60 A=400; a= 200 A=350; a=150

A= 40; a= 5 A=120; a= 40 A=100; a= 100 A=150; a= 50

mwpxale I Exmple 2 Exmjiape 3 Example 4

Strateqy
Pair Val. Std. Lev. Val. Sld. Dev. Val. Std. Dev. Val. Std. Dev.

s S .11767 .07667 .308.19 .04281 .43525 .13486 .32370 .08756

S1-S 4  .77506 .10038 .30477 .08037 .32025 .10853

s 2--33 .17172 o12552 .29638 .13839 .389")7 .25611 .29450 .218J1

$-S 4  .16477 .15477 ,26152 .26152 .32925 .33925 .27357 .27357
i3 4

IN



V. SUMMARY

The gamne theory approach to modeling search is useful

when one wants to gain more information about the problem

than the probalbility of detection. If each alternative

yields the sari. expected value, the choice among alternatives

would be based upon minimum variance, tie alternative that

yields the largest expected values ý!;(uld be chosen by the

searcher, if tJhe expected values were all different. In some

particular apF,liv-:ations it may even be desirable to select

the alternative wit', the largest variance or some function

of the expected va,'-ue and variance. The user can learn more

about the potez'tial outcomes of his problem by examining the

results of the ganie nmodel. He now has the variance available

to further describe the outcome. He would use the area ratio

or random search model (whichever was applicabJ•e) for the

probability of detection.

Aun interest: .ng acea for future work is relating the ex-

pected value piedicted by game theory to the probability

of detection determined by experiment, since experiments

that are expensive ir physical situations that occur infre-

cquencly don't allow for many repetitions.

In a aame situation the outcome is determined by trxe

stra tgies chosen by each player. lt would be interestiinxv

to know the re!atic aship between tmhe out-ccme ort the caine and

the vcariance a-id the pr babI Itc i aistr ibut ions of each'_ 1 *-v t:.

5 ii
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and their variances, and the number of times that the game

is played.

It is hoped that this approach to search using game

theory is useful to those in the operations research com-

munity and that it may stimulate further work in the area.

- -R:-
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APPENDIX A

GAME THEORY CALCULATIONS

In this appendix, we will develop the optimal probabili-

ties for the searcher and evader when they play the game

according to the minimax theorem. We will also compute the

value of the came whe: each player uses these optimal

probabilities to select his strategy.

The payoff matrix by convention is the payoff of the

column player to the row player. Since the probability of

detection is a positive payoff to the searc.her.. we will make

the searcher the row player and the evader the colunm player.

Another common convention is to call the row player Blue and

the column player Red. We will use the ter-minology of the

problem, searcher and evader.

A zero sum game represents an exchange between two players.

Whatever the colLunn player considers to be detrimental, the

row player considers to be beneficial and vice versa. If the

p'ayoff matrix represents a physical exchange (of noney, for

example) the term zero-sum is clear. in our case the proba-

bility of detection of the evader may be considered a loss

to the evader and a gain to the :•earcher,

The searcher and evader play the game according to the

mrnirm•-x T"heorem. This says th-fat the row pa:prp, the: se.,arche,••

se .ects i ýis st raLeqgies to max:Limize the miimum expecte-d nay-

a f . The co.LtnMTn 'Layer.' the evad.r, s lectshin Strat cqx en



to minaimize the maximum expected loss. These two expected

values axe called the lower and upper value of the game.

The mix of strategies that maximizes the minimum expected

gain for the row player is called the optimal mix of strate-

gies. This assures that he will gain at least the lower value

of the game. A si,,i.lar argument for the colamn player says

that his optimal mix strategies, would assure him of a loss no

greater than the upper value of the game. One of the elegant

features of game theory is that when both players select

their strategies optimally that the upper and lower value of

the game are equal. This is then simply called the value of

the game. The value of the game is the expected value of

the probability of detection when the searcher and the evader

randomly select from their optimal strategies.

A game with a saddlepoint occurs when the minimuan of the

column maximums is -qual to the maximum of the row minimuns.

Games with saddIenoints, a:ce piayed in only one way. The row

player and column, player each select the same strateqy for

every piay of the qarne. The payoff will be the same after

4 every play. A ga.,e shoould be cheuked for i '-add].epoint. since

lthe optimal strateqies; and the valne of the g:-ime formulas

(that we w L Il devel,ýon next) do not, aqpply ifl: a .;addlepoinlt

exists. Thu ootirnal si at.:i s of the seahe n. . nd evader

are uewv(Žl(oped as fo! L ows., Cons Lier t,1¼ 2(x2 qam s Eq. A-L1

be Low:

I° A -



Evader

E E

1 12

Searcher (A-1)

:2 22

where:

E and E are the evadars' ctrategies;1 2

A S1 and S. are the searchers' strategies; and

P.. is the payoff by the evader to the searcher when
13 the searcher chooses strategy i and the evader

chooses strategy j.

If no saddlepoint exists, the two largest elInents in a

2x2 game w,1l be a diagonal of tha palroff matrix.

Let P > P > P > P 2 The11 - p 2 2  12 - 21 he ayoff may .E graphed

(Figure 8) as a function cf the mix ofE strategies. The

maximum expected loss by the evader i s shown by the darkened
upper line segments, Since the evader plays to minimize the

maximum expected payoi'f, he would pl.y at the point whece Uhe

"two up[.•er lines intersect. This means chat be would play

strategies CE1 and E2 with probabi.wities !-,Y and Y as slhown

in Fiquxe 8.

To sot vr2 fu.r c wt '-uate both line mci; at the -: t. r5 : ..

4 a(,:t tile t~wo t' qt 103.hICAVi viedsý

bLi



P 1 1
'22

S-i 
I

12

Y 1 -

qL

0- Pr (E

Figure 8. Graphically Solving for
the Evader's Strategies

SP21 + (P2 2 - P 2 1 )y = P1 1 - (P 1 1 - P1 2 )Y (A-2)

Solving for Y and I-Y yields:

1 -P
- 11 21

Pi i?12 P21 P22

A- 3)
K2 K2 -P

1-Y 22 2-
Pl P,2 P21 + P ,)22

Phe evader will now select his strafetjy 1an1dow'JI from fA0 ,
Aa

alnd 13,• with ftze probxDi[ ti ies 1-Y1 mad 7 ra socutivety

I~ a~ g A ~ .. t ~ ~-~ -- -



.4of"- 22

p I 21,

W4 rn. X X'~
4

w~.s- .K -- -

'i( orae 9. @raphi e"-ý, I .1 rrSý:ing for

the Sear-tier's S~ae'e

The ;ol uft..on for ~the sc",archers' r'robabilitiias&srluii

i s anal.OCOUS~ Thta yeLis piobted as a fuAXAItion of then

pece r hessr~i~~;'s, :dt-l.S -1 7- i qce 9 abc, -v(: 3JI~ce

%~searcpler sý p)Lý.lxin-j t1-c TaMIAmthe mnninurni payoof, i-te

A 3 ro2"Yý 2 the 9rtaphl from t~h- tctb-tu~v 5$ ~ EtSt

down - The 34Žnrct:ei- operates -'t trle tt et:ofl cthe 1$?w

Skl T'ha -_ ; JIý tixmu c±. f: prcvpcvc f '~i

e sal-(.ý ffc 'tie pr >\ces (' ' s&asK`_ s tr--cy Ž

by twoaL v'g's Iu h K 2 W & - k'L

t %I b s:



i.

P -

X '11 124. X = '-P '"P2 P2

"11 1.2 21 22
"(A- 4)

-X P 22 - P21

- 2 P 2 1 + P 2 2

where:

1-X = Probability of playing S and

= Probability of playin9 S,.

The value of the qame, V, is the expected value which is

determined from the following equation.

V = (1-X) (I-Y)P 1 1 + (-.X)YPI 1 2 + X(I-Y) P 2 1 + XYP2 2  (A-5)

This reduces to:

P P -p pPl1 22 12P21,
P1 1 - P!2 - P + (22

Thi payoff matrix fully desctti:bes a gawve.. Th.e. valxe of the

gave a 'tr the probabilities -f each stratcqy are a function

ao. tUe ý.tvoff matrix.

Varn.ance of a Gamie

or' v,,-n imt: , nput. atc . t, on r.ý Dtc r t:'Ae variaCe c( . a

quanitity X is

Ja r: ( N ) 1•i2: ( K:• 2 - 2"( X)



We simply computt each of the quantities on the right

hand side of the equation and subtract. The game G is des-

cribed by the payoff matrix P where:

E E2

Sl P1 1  P1 2

S 2 P21 P 22

and S 1  S2, E£1 and E2 are dhe optimal strategies of the

searcher and evader.

S2 + S E2 2  + 2E(G2) SINIPII + S,lE2 P1 2 + 21I21 +S 2 E2 P 2 2

2 = + + 2E(G) = (S 1 E1 P1 1 A S 1 E2P 1 2 + S 2 EJP 2J + S 2 E2 P2 2 )

The variance then is the difference between these two

quantities, iLe.,

Var(G) - E(G) 2

A
tttl & N~:N - ~ .. ~X aa .~.a a. .e. . - ---



APPENDIX B

EVALUATION OF GAMES

The 4x2 game under consideration is described by the

following payoff matrix:

A EA
*.22

* A 1  A2

a A1 2a

S3 A A

1ý 2

34 A 2

We impose the following conditions:

a Ad A>A- and _I1 ý 2
1 20' 1 A 1  A 2

and make the following substitutions;

a1 a a2

S - 2' y - and 5

ce,-;iiting in the hieraroh , m payo-Cf4 mat t±x.

4



cx+y

S st

22

Ea

S 1S

S 3
3y

* ~S

S 4

It .s iiore conven~ient to work with this general matrix.

We nc -arbitraril1y chc cse -i, ( , yand . .icc~ordincl to the

hiýe-arch-v and p.Lo-t the go-me as a 1i-uncziajon of the-- evader'ý

s tra t 1 w--S

6 0



•[. We see in Figure !0 that there, are six inter~sections of the

•'i' four s•'trategies. This is the general form of the 4x2 game.
S~This would indicate that the evader would solve the game from

Z'"the top down and choose stra:.tegies S 1 ax'-d S 4. But, because

i of the partitioning of the search area anld searching effor-t

.• and the definition of a, 6, y and 6, this is riot strictly

•i correct. We will. not solve all possible 2x2 games and show

i that the lines all intersect at a common point because of the

definition of at, B, and, 6.i we will use the paired notation ij to indicate which pair

of the s-earcher's strategies we are considering. All possible

2x2 games are shown below. We find the row minimum and coliunn
I! maximum and check for saddlepcints-

1.i E 2 E 1 E 2

1.2 13

S 2 6 'Y S 3 •° + Y 0 0

Es1 E 2 E I E 2

]7 4 0-



y 2 6* S2 ) a,+y 0 G

24 34

S4  0 a+6 0 3+6 0
'-4

Y 8+6 a-,' +

We see that games 13 and 24 have saddlepoiats. Next, all

six games are plotted in Figi re 11 as a function of the

searchers strategies. The operating points (or solutions)

for the searcher are shown by the heavy dots. The individua'

games for the evader may be cull-•d from Figure 1 by taking

all six possible pairs of searrter's strategiet,,. For the

case where a = a!/Al, r 3 - a 2 /A 2, etc,,, we will Show that the

lines all intersect at the same point.

We will solve all six games for the optiv;al strategies of

the searcher and the evader an([ the resulting value of the

game. We will use the followinig notation:

V.1 V.xiue of the .ame using se:archers strategies
i and j, an'id

E Fraction oi eE,,aders strategy K played
against searciers strategies I. and J,

where:

2: ' to ,4, t

&lfl -
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* 
.Y

&s

Sds

I. I +

Yt

'l

,i PL,1

'2 

'

'3*

! ,S 2 4 
4

.• ~F i ~ r c. ! ! . A l P o s sb i hb e "2 X 2 a ,! s

t., ,



m Evader or Searcher,

K 1, 2.

We, will solve the value of the game for both the searcher

and the evader against S S
f.2

c.- ~ -Y + 2

"= c -- 8 -y.+TE2  
- +~ 12

i. 2

V ,E =ý v6

12 2 i

Against ':IS3 o there is a saddlepoint game with value t.

Against :;IS 4 ,

S4  + S _L 6

14 A --4
I ( 5 + 2 )

V _'14 14 14

Ag, inst S2

[--

__J..,4L ~ ~ ---------------. . .



3 •2 23 -

v'--' VS( -j)A
21 23 -- 23 a+

SAgainst S S there is a saddlepoint game with value y.

Against S3 S4
3.

S = arent+h6sm fe

S 4 7 7rTT3 53+

E34, + 6 E 34+

V34 3 -4 'V 34 a+ i- +~ T

In general, the evadertv strategies EiK are not the same foriý

arbitrary a, 8, y .nd 6 obeying tne hierarchy. But when

-, , y and 6 are defined as a/ 1/.A 1 , etc., we see that

E1 2 .]4 23 34

-Simnnlarly if we substitute the value of the game we see

that V 2 = V V23 ,3 4 i....s n*tans that the qame

st ratE•tqes all. intersect at 'the same pci nt, as in Figure 6.

Therefore, the valJue of the game is (a-+a.)i /(A 1 +A2 ) as

expected.

-•=__½



"APPENDIX C

CONSTRUCTING STAATEGIES

There are four independent quantities that describe the

search problem with two searching units and an operating area

partitioned into two pieces. They are:

a 1  aI a 2  a 1
A = A = -_ and 6 =
A1' 2 A1 2

The searcher's ,,;trategies S and S2 played against the

evaders strategies E1 and E2 yield the following payoff matrix:

22
• E1 E2

SS 2 Y2.

Y

The searcher's strategies S3 and 1 played against the evader's

3tra.eqjies E1 and E, yield the follow;nqc payoff matrix:

E ~E)
1 2

S 3 , • •



Strategies S 3 and S 4 may be expressed as a linear suw of

strategies S1 and S as follows:

11
-(C+E) -x (S+Y) 0 6 0

•.-y(B+6) a0(+6) y 0 +6
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