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Preface.

The ability to predict the aerodynamic characteristics of a flight

vehicle without actually fabricating and testing the vehicle has always

been a highly sought-after engineering goal. Original predictions

generally involved numerous, simplifying assumptions and were done via hand

calculations. Today, however, the computer has greatly expanded the

horizons of the theoretical aerodynamicist and has enabled him to solve

much more complex and realistic problems. The work discussed herein

combines the basic, time-honored principles of theoretical aerodynamics

with the modern capabilities of a high-speed computing machine in order to

investigate a topic of very current interest. This topic is the ejector

wing; and the goal has been to develop a methodology that can be used to

9calculate the two-dimensional lift per unit span of any ejector wing

configuration. In support of this goal, a FORTRAN computer program has

been created which provides the basic mechanism for making these

calculatons.

It is appropriate at the close of this endeavor to express appreciation

to all the people who aided me throughout its duration. Primary are the

members of n committee, Dr. Harold Wright, Lieutenant Colonel Michael

Smith, and Lieutenant Sal Leone, whose collective encouragement and

suggestions helped me over several potential stumbling points. Especially,

though, I need to thank my girls, Jan, Emily, and Elizabeth, for their

patieoce anJ understanding thoughout this project. I assure thcm thc timc

spent away from them during the past year will be made up many times over

during the upcoming ones.

11 John T. Domalski
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Abstract

The theoretical framework and general solution procedure have been

developed for calculation of the lift per unit span of an ejector wing

model. This model is based on the fundamentals of Potential Flow and Thin

Airfoil Theory and incorporates a point sink, point source, and two bound

vortex sheets. The solution procedure consistently satisfies both the flow

tangency and Kutta conditions, but its usefulness is shown to be highly

dependent on the number of control points used. Numerical examples are

presented for cases involving five control points, and the lift

calculations which result are shown to be inconsistent. A FORTRAN computer

program is included for the five control point case, but it can be modified

to accoimmodate any number of control points..
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THEORETICAL DETERMINATION OF THE
LIFT OF A SIMULATED

EJECTOR WING

I. Introduction

Background.

An ejector wing looks much like a conventional subsonic aircraft wing

except for the presence of one or more slots which run along its span-wise

direction. Figure 1 shows an actual ejector wing that has recently been

tested in the 7' x 10' Army tunnel at the NASA Ames Research Center (7).

The figure shows the underside and leading edge of the wing and the

presence of four distinct slots. These slots occupy what would be the

interior region of a conventional wing, and they exit at the top surface

near the trailing edge. Figure 2 is a cut-away drawing of the wing showing

both its external and internal configurations (7). Figure 3 shows

schematic representations of the cross sections of both conventional and

ejector wings.

The principle upon which the design of an ejector wing is based

involves the injection of high energy air into the slots. This air is

obtained from the aircraft's exhaust, and it is mixed with the air flowing

through the slots. When this mixture reaches the wing's upper surface, it

acts to delay the onset of boundary layer separation. By keeping the flow

attached to the ejector wing's surface over a greater area, an increase in

lift over that of a conventional wing is obtained.

The particular wing design shown in Figures 1 and 2 was first proposed

by the Flight Dynamics Laboratory of the Air Force Wright Aeronautical

Laboratories at Wright-Patterson Alir Force Base, Ohio. It was designed



II
I

Figure 1. Leading Edge and Underside of an Ejector Wing
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using methodologies incorporating three-dimensional vortex-lattice and lifting

line theories and two-dimensional analog techniques which were coupled with

boundary layer prediction methods and empirically-based ejector augmentor

design and performance procedures. The objective of the design was to

produce a wing which would achieve high lift over a range of high angles of

attack in subsonic flight up to Mach numbers of 0.3 (7).

Purpose

As an aide to assessing the data generated by the testing of this wing,

it was requested that a simple theoretical model of an ejector wing be

developed. This model, hopefully, would enable quick and easy

determination of the effects on the lift of the wing that result from

varying its geometric characteristics. These characteristics include, for

example:

" the height of the slot (i.e., the vertical distance
between the upper and lower airfoil sections)

" the horizontal distance between the leading edges of
the two airfoils

* the length of the lower airfoil with respect to the
upper

The development of this model is the objective of this thesis. The

methodology of the development and the results obtained are discussed below.

Geometric Model

A two-dimensional geometric model was constructed as shown in Figure 4.

It was based upon a two-element lifting surface; with a sink and source to

represcnt the ejector inlet and exhaust mass flows, respectively (5, 8, ).

It was decided to simulate the upper and lower airfoil sections as parallel

symmetric airfoils and to represent them by their chord lines. Each chord

line was assumed to be of unit length, and the leading edge of-the lower
line was selected to be 0.55 unit behind the leading edge of the upper line.

5



(Orientation of the two surface elements was arbitrary (8).) This resulted

in an overall chord length for the simulated ejector wing of 1.55 units.

The vertical spacing between the lines was assumed to be about one-tenth of

their .ollective horizontal length (7). Thus, a vertical spacing of 0.15

unit was selected.

The horizontal location of the sink was determined by placing it near

the leading edge of the lower line; at a distance of 0.05 unit in front of

the lower line. The horizontal location of the source was determined by

placing it midway between the trailing edges of the lines. The vertical

locations of both were established by placing them midway between the chord

lines.

Figure 5 shows the complete geometric model of the ejector wing and

identifies all the numerical constants that are involved in defining its

configuration. The configuration is drawn with respect to a universal X-Y

coordinate system, but it should be noted at this time that two other

coordinate systems also are present. They have significance only in the

horizontal direction and they have origins at the leading edges of the

chord lines. They are designated the SI-Y' and S2 -Y" systems and will be

used later to develop the mathematical model of the wing.

6



LIFTI1G SURFACE

FREESTREAM SI14K SOURCE
* 0

LIFTING SURFACE

0 SINK REPRESENTS EJECTOR INLET FLOW

S 5OURCE REPRESENITS EJECTOR EXHAUST FLOW4

Figure 4. Schematic of Ejector Wing Mcoel
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a *1

SINK

X3X

3 .

x 0.5 (horizontal location of sink)
.x2= 1.275 (horizontal location of source)

x= 0.55 (horizontal location of lower leading edge)

X= 1.55 (horizontal location of lower trailing edge)

N1= 0.075 (vertical location of upper line)

"' = -0.075 (vertical location of lower line)
c = 1.0 (length of upper line)

=1.0 (length of lower line)

Figure 5. Geometric Model 'of a Simulated Ejector Wing
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I.

I. Theory

General Equation Development

The mathematical model for an ejector wing was developed from

consideration of the principles of low-speed aerodynamics. Central to this

development was the assumption that the viscous boundary layer surrounding

the wing was thin and, therefore, had a negligible influence on the

inviscid flow field (1). In addition to ignoring the effects of viscosity,

it was also assumed that the flow about the wing was steady,

incompressible, and irrotational. Thus, for this combination of

conditions, the governing equation for the flow field is Laplace's

Equation:

where 4'is the total velocity potential (1).

The model was constructed by the addition of a point sink, a point

source, and two parallel vortex sheets to a uniform stream. The vortex

sheets are needed on the chord lines in order to produce a lift-generating

pressure difference between the upper and lower surfaces of the airfoils

they represent. The vortex sheets are parallel to the uniform stream and

the sink and source are located in the area between them. The procedure

used to develop the model began with determining expressions for the

y-components of velocity (iT) at all points on the sheets. Since the

governing equation is linear, the velocity potential at any point in the

field resulting from this combination of elements is simply the sum of the

velocity potentials for each one (4). Therefore, the velocity at any point

consists of contributions from the individual components. Thus, for the

case involving no angle of attack, two scalar equations for Ir result:

9



9.-

Vupper = si nk + 2source u 7ipper l lowersneer prt i t. vqrt ti ty.tistr bution dstribution (2)

lower -sink source +upper + lowersheet vqr. ti . vgorti city.
oistrioutbon distribution (3)

Considering first the contributions of the.sink and the source, an

expression for the velocity potential at any point (x, y) in the flow field

is:

= sink +  source (4)

where:

'Psink = - In ra and (5)

2Tr

'Psource = Isource ln rb  (6)

27T
For points on the sheets. expressions for ra and rb in terms of x and y can

be written. They are:

ra = (x x1)2 + y2  and (7)

rb = \(x -x 2 )
2 + y2  (8)

Substituting into the expression for4', gives:

'P "-'ksink~ ln )x2-2 XiX +X y+ I source nx2 2xX + x22 +y 2

21r 2Tr (9)

An expression for V'lis obtained by differentiating this expression with

respect to y. Thus:

IT= a (10)

r ,.sink [ + _ ource___
2W x2 - 2xix + +2 3 21T 2 2x2x + X22 +yT (11)

10



Next to be considered are the velocities induced by the vortex sheets

at points on the sheets, themselves. It is known that these velocities are

perpendicular to the sheets (1). Considering an incremental element of the

upper vorticity distribution (djj), the incremental velocity it induces at

a point on the upper sheet; namely at (x, yl)is:

rl(12)

where:

/i( i) = upper vorticity distribution

= x -

Substituting for rI in Equation (12) and integrating over the entire length

of the upper sheet leads to:
C

Likewise for the lower sheet, consider the incremental velocity induced by

df2 at a point, (x, Y2). Integrating over the entire length of the lower

sheet leads to:

V =~ -2~7
(14)

Again' this velocity is perpendicular to the sheet and thus, is in the

y-direction.

Additional complexity is found when considering the velocities induced

by d5l at points on the lower sheet and by d52 at points on the upper

sheet. This complexity is caused by the geometry of the model but Is

easily handled by separating and focusing on the components of the induced

velocities that are normal to the sheets, only.

Consider the velocities induced at points on the lower sheet by d 1

(See Figure 6). For this case, the velocity in question is:

11
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46

dVy21dyI = 61(5I) d51

7Trr (15)

where:

r3 = (x - 11)2 + (yl - Y2)2 ' .(16)

The angle, s, is involved in defining the normal component of this velocity

and this angle is defined as:

-1 fY1- Y2'= tan V )(17)

Thus, the normal component of velocity is:

dVy2/d)l/n , '=.T i d i  cos o (18)

Integrating over the length of the upper sheet gives:

((19)

Likewise, the velocities induced at points on the upper sheet by dj2

are (See Figure 7):

dVyl/dN2 = Y'2 (Y2)d1 2  (20)
2Tr r4

where:

Y'4 - (x - X3 - 2)2 + (y, " y2)2  (21)

The angle is involved in defining the normal component and this angle is

defined as:

tan X3 - 32)

The normal component of the incremental velocity then is seen to be:

dVYl/dY2/n = 12 (12) dS2 cos
21Tr4

Integrating over the length of the lower sheet gives:

12
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(x.

dv

Figure 6. Geometry Associated with DeterminingV llEln

~(X,

Figure 7. Geometry Associated with Determining V1,2,2l
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=

V 2W 1 Y I2 (12){cos tan 1Y1 Y2 }IS
VT -..... x3 _- 2 dS 2

0o (-X- X3 -2)2 + (Y1 + Y2) 2  (22)

In order to find the total y-components of velocity at points on the

vortex sheets, it is necessary to sum the contributions from all the

elements in the model as per Equations (2) and (3). Thus, for the upper

sheet:

a .X+".2T x -XJo rj 7 (A - (23)
And for the lower sheet:

k +1

Equations 23 and 24 are the heart of the ejector wing model , and the

method of their solution is the key to determining the lift per unit span

of such a wing. The method of solution used involved satisfying both a

... boundary condition and an auxiliary condition and assuming algebraic forms

for the two unknown vorticity distributions: I {(sI) and 2 )

First, the boundary condition. In order to make the geometric model

actually representative of the aerodynamic characteristics of an ejector

wing, Thin-Airfoil Theory states that the camber lines (which for the case

of symetric airfoils are coincident with the chord lines) must be

] streamlines of the flow field. In order to make the canter/chord lines

14



streamlines, it is necessary that all velocity components normal to them be

zero (1). This is the flow-tangency condition and its imposition on

Equations (23) and (24) gives:

'o ,_ ,. e. ..

The auxiliary boundary condition is the Kutta condition which demands

that the vorticity distributions at the trailing edges of the airfoils be

zero (1). This condition was, satisfied through specification of the

coefficients of the functional expressions assumed for ' /1( i) and '2( 2).

It was decided to use power series representations for both of these

functions and to expand the series about the trailing edges of the airfoils.

Thus, 1i( l) is:

where c is the length of the upper sheet. Similarly,'g2 (32 ) is:

2(32) = B0 + B1 ( 2 -k) + B2 ( 2 _.)2 + . . + Bn( 2 .')n + . . . (28)

wherel is the length of the lower sheet.

15



By assuming that fi( i) and ,2(.'2) both are able to be represented by power

series, it has further been assumed that all points on the sheets lie within the

convergence sets of two series. The result of these assumptions is that both

1I'O) and' 2(U2 ) are continuous over the lengths of the sheets. As will be

shown later, these two functions are indeed continuous over the lengths of the

sheets thereby justifying the assumptions made.

The Kutta condition demands that :(c) = 0 and L2(J) = O. These conditions

are satisfied by setting both A0 and B0 equal to zero. Thus, the series reduce

to:

/1(fI) = A1(!1 - c) + A2( I . - c) 2 + . . . + An( - c)n + . . . (29)

and

X2(52) = B1 (! 2 -/) + B2 (f2 _)2 + . . . + BR( 2 _j)n + . . . (30)

The next step in the solution of the two major equations of the model,

Equations (25) and (26), involves substitution of Equations (29) and (30) into

them and the subsequent determination of A1 through An and B1 through Bn which

force the vortex sheets to become streamlines of the flow field. These

coefficients are, of course, infinite in number and, therefore, require an

infinite number of equations for their complete determination. Needless to say,

this is an impossibility and truncation of the series representations at some

finite power must be done. It will be shown later that the accuracy and

validity of the lift estimations calculated for the model are highly dependent

on the order of the truncations used and that very high order truncations are

required for believable results. However, for the present discussion, it will

be asu,,id tldt no truncation is used and that an infinite number uf

coefficients will be determined.

From inspection of Equations (25) and (26), it is seen that the terms

associated with the source and the sink take on finite values for any value of X

selected. (It should be remembered that XP, X2, Y1, Y2'
1-source' and- Isink

16
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are all constants of the model and are assigned finite values.) Thus, in order

to determine values for Al through An and B1 through Bn, it is necessary to

evaluate the sink- and source-induced velocities at n different values of X.

This is easily done and the values which result are labeled Nupper and Nlower.

Equations (25) and (26) then become:

Fx -i' I ) -- ) (31)

3~ 2- (32)

where:

N/Iuppev, =Jtsk [ .2X7 Xo,X X (33)

/~'/Wev t5~ L ~X, X.7tC XF X~ '~ (34)

Since both Nupper and Nlower can take on an infinite number of values (i.e., one

value for each value of X selected), it is the generation of these constants

that enables an infinite set of algabraic equations to be formed.

Substitution of Equations (29) and (30) into Equation (31) gives:

An -. , +

"' __ .. ..... .. . -(35)

By expanding and simplifying the integral expressions in this equation, the

parent equation for a set of n algebraic equations is arrived at. Namely, this

procedure leads to:

17



+AV, (-r -J x-1, A/,ee

(36)

Similar substitution, expansion, and simplification of equation (32)

produces:

A +AF +Ae !Aj(._ ,),,,J.,_j yc!-Y 3-X-X -d3 "37 )

Wheve~ 6' csUt&c ( i

Equations (36) and (37) are much more easily represented by use of

matrix notation. By designating the integrals contained in these two

equations as Ui~j and by adding the subscript, i, to the Nupper and Nlower

constants, the following matrix equation is arrived at:

U1,1 U1 ,2  . . . U1,n A1  Nupperl

U2 ,1 U2 2  e • • U2 ,n A2  Nupper 2

An Nuppern

• BI Nlowerl

B2  Nlower2

Un,1 Un,2 • * • Un ,n Bn Nlowern (38)

18
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Or, in more compact notation:

[U) [AB] = [N] (39)

The solution of this matrix equation, namely, the determination of the

vector, AB, is accomplished by premultiplying the N vector by the inverted

U matrix. Therefore, the solution is:

CAB] = [U]-1 [N] (40)

As stated earlier, the coefficients, A1 through An and B1 through Bn, which

comprise the AB vector, are the assumed coefficients of the two unknown

vorticity functions.. The values of these coefficients which result from

this method of solution are the ones which cause the two vortex sheets to

be streamlines of the flow field. When these coefficients are substituted

into the vorticity functions, polynominals of degree, n, result. The lift

per unit span of the airfoil section is then calculated from these

vorticity functions according to [4]:

L' = V (Sl)d 1 () (41)

Evaluation of I ntegrals.

The preceding section has provided the general theory needed to

establish the solution framework for the ejctor wing, two-dimensional, lift

calculation problem. The solution of Equation (39) was shown to be a

fairly easy and straight-forward procedure. However, the problem is

complicated by the need to evaluate all of the integrals shown in Equations

(3b) and (3)) and which comprise the U matrix in Equation (39). Basically,

these integrals are of two different types and are handled in two different

ways. The first type is associated with the A1 through An coefficients in

Equation (36) and the B1 through Bn coefficients in Equation (37). It

19



is of the general form:(" f(s)

a " d

and possesses a singularity at the point, = a. In attempting to evaluate

the integrals of this type numerically, the presence of the singularity

created somewhat of a problem.

The second type of integral, although more complex in appearance, does

not contain a singularity and thus, is much more amenable to numerical

methods. This type is associated with the coefficients B1 through Rn in

Equation (36) and the coefficients A1 through An in Equation (37). It is

of the general form:

, f( ) g(E) d .

Regarding the first type, it was decided to evaluate those integrals

analytically. The most complicated of these is, of course, the one of nth

order and its evaluation will be presented as representative of all others.

The nth order integral is of the form:

c)n
Ja -3 d .

Expansion of the numerator, for all values of n, produces polynomials that

have coefficients which are determined according to Paschal's Triangle.

Ignoring these coefficients for the time being, this expansion shows that

the general form of the Integral is actually made up of n+1 individual

integrals as follows:

n-_dS %3n-2dl d
1 + + ...
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From this, it is seen that the original problem of evaluating one integral

containing (S- c)n reduces to evaluation of n+1 integrals; each

containing one term. Fortunately, an analytical expression is available to

aid in evaluating the single integrals. Their general expression is of the

following form:

.5nd's

where:

b = -1

and m =1.

The analytical expression used to evaluate these integrals is [2):

-gnd-' 1 nl(-a)S(a + bl)nm-s+l 1

1(a + bs, b l  (n - s)!s!(n - m - s + 1)

except when n - m - s + 1 = 0. In that case, the corresponding term in the

square brackets is:

n! (-a)n-m+l

(n - m + ) (m - 1)! in a + b I

With the aid of these formulas, an integral containing any power of

can be evaiuated. The expresbions fur the integrals conLaining terms up to

9 are shown in Table I.

The second type of integral was evaluated by way of a numerical
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integration method commonly known as the trapezoidal rule. This method is

used for functions which are continuous over an interval and involves

evaluation of the function at points within the interval. Given the values

of the function at the points selected; namely f0 , fl, f2 , * * * fn-, the

trapezoidal rule gives the value of the integral according to the following

expression [33:

~f(x)dx -1 fo + 2 + 2f 2 + + f n+ 1 + f n 2

where Ax is the spacing between evaluation points.

The two procedures described above provide all the information needed

to evaluate integrals encountered in attempting to solve this problem. All

that remains is to determine how many integrals there will be. The answer

to this question is directly dependent on the order of truncation of the

power series used to represent the vorticity functions and the number of

integrals increases rapidly with increasing truncation order. It turns out

that for truncation at order n, (2n) 2 integrals are required. In order to

generate these integrals, n separate control points need to be selected.

Control points can be any points on the vortex sheets except their

beginning and end points. The use of either of these two points gives rise

to integrals which are undefined at either the upper or lower limits of

integration. These integrals do not have finite values and, therefore, can

not be used in the purely numerical computation procedure used to find the

unknown vorticity function coefficients.
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Il. Numerical Examples

In order to prove the validity of the theory presented in the preceding

section, it was decided to perform an actual lift calculation using five

control points. This required creation of the FORTRAN computer program

contained in Appendix A and the truncation of the assumed power series

representations of the vorticity functions at the fifth power. The control

points were arbitrarily chosen to be .2, .5, .8, 1.1, and 1.4 and were

selected so as to fairly evenly cover the 1.55 unit length of the total

airfoil section.

Before beginning discussion of this procedure, it is necessary to first

specify the values of the numerical constants which are required. The

geometric constants are the same as those discussed earlier and are found

in Figure 5. The density and velocity of the free strcam were determined

according to Mach 0.3 flow at sea level. Thus,

S= .0023769 slug/ft
3

and V0= 334.8 ft/sec

The values of the sink and source strengths were determined by considering

the two-dimensional area rate of flow incident on a line located between

the vortex sheets and perpendicular to the direction of the free stream.

This area rate of flow is:

A (Y1 - Y2) V. (44)

and carries the units of ft2/sec. The sink strength was arbitrarily set

at O.7A. For the source. it was decided that its strenqth should be six

times greater than that of the sink. The value of the source strength also

included the mass which was "lost" into the sink and was determined

according to the following formula:

-source " "sink + 6 .- sink (45)
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The reason for adding the sink strength to that of the source was caused by

the need to "regain" the flow which was absorbed by the sink. In reality,

this flow is associated with the free stream and represents the air which

passes through the wing slots. The reason for using the factor of six in

the other source term was to account for the substantial mass addition to

the slot flow caused by the ejector. The results of these calculations

are:

Isink = 35.1540 ft 2/sec

I source = 246.078 ft2/sec

In order to generate the system of equations needed to solve the

problem as posed, Equations (36) and (37) with fifth order truncations are

used. These equations become:

C C

,A, . Af-)d, ,, s,<'= +__ A, __ r. -I<s,+ .. .l, +L-

f4

BI ,J)(3+ , -JY'd.O., + j33 (.1)A 1) A I -x-.p (

6 CI = A1-

(47)

In order to determine unique values for A1 through A5 and B1 through

B5, each of these equations was evaluated for the five different values of

X corresponding to the control points, selected. For example, for the first

control point, X-* 0.2, the two equations became:
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" -

+3; .. , -A A, : + ,'

(3e)3

= PCV (48)

A, I ---) -'e ) c *A

(x,- e )N

Similar equations were generated for the four other control points by

.replacing the constant 0.2 by, successively, 0.5, 0.8, 1.1, and 1.4. From

these 10 equations, 100 different integrals result. For example, for the

A1 coeffi ci ent, the integral s are:

= '' (50)

U2,1 as (51)

- . (52)

U4, (53)

U5, 1 - _.__ (54)

U6, 1  - (. " c ,s (55)

26



iq' :

rc (.~-~) eo(.,_, -' j 1 )u7, 1 * -, ,-(56)

U8,1 -j .....- ,(T

_C (-<,-C}cos (+-' ,y

C
U 0 o 7. (59)

The values of these integrals comprise the first column of the U matrix.

Similarly, the integrals associated with the B5 coefficient make up the

tenth column of the matrix. They are:

U 1 01 0  
-, X__(o

U2 ,10 j' (. ,) ( +X 3 , (60),) .

.(60
u (.~o X 3 - , .} )

(61)

J " ( . - )Cos (4, ' .,-
j(40.-x,- )'. (,_y,)Z - (62)

* (,,X 3  )2 1:' -,y4

(53)
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I-

-(A -)CoshW ,4 - X- X

(64)

U6,10 = ..- X,-3

(65)

U7,10 =j1 2

U8,10 = ~(66)

U 9 1 0  = I7 
)j (67)

(68)

U10 ,10  J. - X3 - -

(69)

The other 80 integrals are defined in similar fashion for the other

coefficients, but they will not be listed here. It is sufficient to say

that the U matrix which results from these integrals is 10 by 10 in size

and can easily be inverted by existing routines (3).

The values of Nupper and Nlower were calculated for the five different

control points from Equations (33) and (34). These constants comprise the

N vector In Equation (39). From Equation (40), values for the unknown

coefficients were determined to be:

Ai = -130782.2

A2  -'4213634.4

A3 = -20230426.5

A4 = -32400910.7

A5 - -16521998.5
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B1 - -45936.3

B2 = 545461.9

83 = 4372389.1

B4 = 8572411.4

B5 = 4925628.4

These coefficients give rise to vorticity functions that cause the

y-components of velocity at the control points to be zero. The lift per

unit span is calculated from these functions according to Equation (41) and

is:

L' -2230.5 lbf/ft.

The negative sign associated with this value, needless to say, looks bad

and casts doubt on the validity of the procedure used. However, inspection

of Figures 8 through 11 shows that the boundary and auxiliary conditions

have been satisfied. Namely, the y-components of velocity are zero at the

control points and both 1 ( I) and /2(K2) are zero at the trailing edges of

the vortex sheets. Thus, in spite of the seemingly wrong answer for L', it

appears that the model and theory are correct and that the computer program

performs as expected. As a step toward investigating potential reasons why

negative lift was obtained, the calculations were repeated for different

selections of control points. The results obtained are summarized in Table

I29
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TABLE I I

Lift Calculations Resulting from Four Different Control
Point Selections for Fifth Order Truncations

Control Points. Lift per Unit Span

%2, .5, .8, 1.1, 1.4 -2230.5 lbf/ft

.1, .45, .80, 1.15, 1.50 3690.1 lbf/ft

.05, .40, .75, 1.10, 1.45 -289.3 lbf/ft

.1, .3, .5, .7, .9 343.8 lbf/ft

From Table I, it is apparent that the lift is directly related to the

control points used. Of course, there are an infinite number of possible

control point selections and the criterion by which the "correct" ones

could be determined is unknown. Further, since the choice of control

points was arbitrary, their selection should not have an impact on the

final answer. However, the consistency with which the boundary and

auxiliary conditions were satisfied does appear to indicate that the

solution method, itself, is valid (See Figures 12 through 23).
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IV. Conclusions

A conclusion that can be drawn from consideration of the numerical

examples is that more than five control points are needed for determination

of the lift. It has been shown that the flow tangency boundary condition

is satisfied at the control points, but it is not satisfied at other points

on the sheets. It is believed the validity of the lift calculated from the

model is directly dependent on how well the sheets are made to coincide

with streamlines of the flow field. From inspection of the plots of the

y-components of velocity over the sheets, it is apparent that for the

five-control-point case, the sheets do not closely resemble streamlines.

By using more control points, the flow tangency requirement would be

satisfied at more points on the sheets and, as a result, they would more

o closely resemble the streamlines. Use of more control points will

entail much more work, however. This work will not be theoretical in

nature, but rather, will involve the fairly tedious procedure of

determining values for the definite integral s,

where n takes on values from zero to a very high integer.
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V. Recormmendations

Inspection of Table I shows that the series which result from the

integrals of concern are not built one upon the other -- i.e., by simply

adding a new term to a previous string of terms. It is seen that the

coefficients for any term containing (a + b' ) to any power change as nL
changes. This lack of simplicity in the generation of these series

complicates the manner in which they could be developed by a computer. If

these series and the associated integrals are worked out by hand, the large

number of terms involved can soon become overwhelming. For example, an

integral containing only a fifth order polynomial gives rise to six

individual integrals containing the following terms: x5 , x4 .x3 , x2, x1,

and x0. These integrals contain, respectively, six, five, four, three,

two, and one termi and, the original integral requires Lhse sunllnation of

these terms -- i.e., 21 -- for its evaluation. Clearly, it can be seen

that to do this procedure by hand would be very laborious.

The most promising method for solution of this problem appears to

involve creation of a computer routine based on Equation (42) which would

generate the series representations of the integrals for any value of n.

If such a routine were available, many more than five control points could

be used and thus, the vortex sheets could be brought more into line with

the flow field streamlines. Then, the calculated values of L probably

would not display the same erratic behavior as they have done for the cases

where only five control points were used.
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APPENDIX A

Listed on the following 11 pages is the computer program that was used

to make the lift calculation. The inputs to the program are contained in

lines 17 through 39 and consist of the required geometric values and

aerodynamic constants. Evaluation of integrals is done in lines 44 through

252, and the sink- and source-related constants are generated in lines 260

through 273. Following these calculations, the U matrix is inverted by

means of the subroutine labeled INVDET.

Output from the program begins with line 315 which prints out values of

-the upper vorticity distribution. Similarly, line 344 prints out values of

the lower vorticity distribution. The overall lift per unit span is output

via line 364.

The program al so contai ns a large section which verifies Lhat the flow

tangency condition is, indeed, satisfied. Velocities and pressures at

points along the upper sheet are output via line 459 and similar values for

the lower sheet are output via line 538.

The plots included in this report were not generated by this program,

but were made via a separate plotting program. Potential users of this

program are advised to procure similar independent plotting routines if

graphical output is desired.
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UN~'CLI.ASS I F IED

'D-SONWOWORK 1) oF INAL
I PROGRAM THMnD3

2 REAL U(0lO13N(lr1,AB(1O)
3 REAL LIFT.L! ,LZ~fILIFT. INCH * INCL2
'4 REAL LBROT*INCBOT

s REAL LBTOP,INCTOP
6 REAL P1120) .P21 2O P3(203 .P'120) ,VTOPI2O)
7 REAL PSiza) .P6(20) ,P7(20) .PB(20) ,VBOT(20)
0 REAL P9(20),P1O(2C) .PlI(20),UTOP(20)
9 REAL P12(20) ,P13(20) ,PIN(20) .UBOT(2O)
10 REAL PTOP(20)%PBOT(ZO)
1.3 INTEGER STEPL
12 C
13 C
I'4 C
is THESE ARE THE GEOMETRIC PARAMETERS OF THE MODEL
16 C
17 C aI o

19X X3- * S
20 SL=l.O
21 x'43*3IL
22 X22(C+Xq)/2o
23 y I aa07

2#4Y2=(-1.) *Y I
2SN. I y-Y2

26 WRITE(60101

29 CI! 10 THESE ARI4 THE AER PARAMETERS OF TARE:O,)
32 PIu3.t'4159
33 H=0279
34 E33o

36 71*.7
37 SINKuHOVELOFI
36 F246o
39 SOURCE=SINK..(F2*S!NK)
40 WRITE(6aZOJ
'41 20 FORMATI/' VALUES OF F1.F2,SINK AND SOURCE STRENGTHS ARE:$,)
'42 WRITE(6s' IIX,4F16.'4)' IFIFZ.SINKSOURCE
43 C
44 Anop
45 00 10 lulls

47 C C*(ALOGfASA'C) 3-ALOGIABS(A))
48 AsA..3
49 30 CONTINUE
so c
13 Awo?
12 DO 010 1 a I *
S 3 UII .2)ue*SOA-C)se242eOAIA'C)-Aes2eALOIG(ARS(A-C1)

S4 c *.SOA*92 - 2#*A*62 + AO@2*ALOGIABSIA))#
1s. c 200CO(C.AOALOG(ABSIA-C)).AOALOGIABS(Al)-

* 6 C C*02.IALorn(ASS(A-C))-ALOG(A'4S(AI
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UNCLASSIFIED

57 AuA**3
so g*0 CONTINUE
59 C
do An*2

&1 00 so 1=1f..
A2 UI I,31=(1./3.)*C93-A@*3*ALOG(ABS(ACl) A*(95*C*2

F.63 C *A*C 3.iA*3ALOG(ABS(A)) -oC

4604 C g-.S*AC).022,2.A(ACI-AOOZALOG(A8S(AC))*eS*A**

- AS C 2**A*2 + A**2*ALOG(AAS4A)3I- 3**C*020

Al, (C*A*ALOC,(ABS!A-CIR - A*ALOCG(ABS(A)3*

47 C Coe3.(ALOG(ABSSA-C) 2-ALOCG(AAS(A ) )

68 AmA^..3
A#9 SO CONTINUE
7 0 C
73 A=02
72 DO 51 tales
73 UI~~(1)(*4'.*(A*C*03)/3.

74 C + (A*92*C*02)/29 4 A0*30C

7S C . £..4ALOG(ABS(A-C))-A0**.ALOG(A8S(A)))
7A C o**C* iC*3/3.. IA*CO*2 /2..A**C

77 C *.3.ALOG(ABS(AC)IA3ALOG(ABS(A3))
78 C *6.*c** 2. (-.6.1 A-C)**Z42*A* (A-C)

79 C -Aee2 @ALOG(ABS(A-C))*S*AOO2-2sOAOO2
an C +*..,ALOG(ABS(A)H)+4#*C*3*(C.

A I C A*ALO)G(ABS(A-C)IAALOG(ARS(A)))

62 C -C*C04(ALOG(AS(A-C))-ALOG(ABS(A)))

83 AaA*.3
94 Sq CONTINUE
as c
86 As*?
87 00 %2 jai S

as U( j.5)=I-1 * OC*e5/5..(A.Cbo')/'*.(A*2C@3)/3.+

89 C (A*03*CO*2)/2o*A'@'4@C*

goC A**S*ALOG(ASS( (A-C)/AI IS*C

93 C (C..4/'*.(ACO3)/3.(A02C@02)/2.*

92 C A@.3*C.A*qALOGIABS((A-CI/Al))3

93 C 1O.Oc*.20(cO*3/3e*(AOC*eZ) /2..A.@2@C+
94 C A003.ALOGIAS((ACI/Al)3)4leC@*30
9r, C (eoS(AC)022eA(A-C)*(30*A@2)/2'*

96 C A'O2eALOG(AS((AC/A)336.*C@"4
97 C (CA*ALOG(ARS((A-CI/AIIR*
90 C CO*SALOC,(ABS((A-C/A')

.99 A=A+*3
too S2 CONTINUE

lot C
102 Aw*7
1 03 STBOTmIOO*

1014 NBOT8101
105 LM8OTmO0

104 URSOT8BL
107 INCmoTu(uIpR0T-LPIOT)/ST5OT

100 DO 0 1060.0

233 S11"8O40
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UN~CLASSIFIED~

314 NUMBRwO
its X12wLR80T
116 On 80 KoloNROT

117 IF fl*EO*6) THEN
Its TOPU(X17-BL)O(COS(ATAN(H/(A-X3-X123 31)
119 ELSE IF 1I*EQo7 ) THEN
120 TOP=(XI2-BL)'.2'(COS(ATAN1H/(A-X3-Xl2) )))

121 ELSE IF (IIEQ..81 THEN
122 TOPu(XI7-BLI'O3OfCOS(ATAN(H/(A-X3-X12) ))
123 ELSE IF(I.E~o9) THEN
1214 TOP.1E12-BL)0.4*(COS(ATANIH/IA-X3-X12) ) )
125 ELSE IFU.*EQ*IC) THEN
126 TOPU(XI7-8L3*eS.ICOSIATANLH/IA-X3-X12) I I
127 ENO IF
126 BOT*SQRTIIA-X3-XI160'2 + H**2)
129 DIVzTOP/BoT
130 NUMBR=NUMBR.1
131 IF I(NUMBR*EQ*1)eOR.IUB.QNBT)TE
132 SUMuSUM+DIV
133 ELSE
1314 TEMP=oIV*290
13S SIJNUSUM+TEHP
13 FND IF
137 XI2uXI2+INC8OT
138 so CnNTINUF
139 U(Je33USUM*IINCSOT/2*.3

140 AaA,.3
141 70 CONTINUE

143 60 CONTINUE

145 Am*2
146 STTopajoo,
1 47 NTOPmuI
146 LeTOP=0O
149 UsTOPeC

ISO INCTCPnIUSTOP-LRTOP)/STTOP

352 DO 90 101.5
153 SUMS0.0

154 NUMPRUMO
XIIwLRTOP

IS& Do 100 iA1
.,.is, SUMS000
IS$ NUMR~u
159 XI IaSTOP
340 00 110 Kw1,NTflP

142 TOPu(XII-C)OICOS(ATANIe4/(A.1113))
363 ELSE IF (I*EQ*21 THEN
144 TOPU(Xli-CleO20(COS(ATAN(H/IA-Xi ))
I45 ELSE IF I1.FQ.3) THEN
344 TOPR(X3 t-C).e3O(COSIATAN(w/(A-XII 3))
167 ELSE tPII*EQ*4) THEN
146 TOPs(XI 1-C3*4(COS(ATANIHiIA-X3 1))1
169 ELSE IFPIIEQ*5) THEN
170 TOPu113 l-C)*Se*COSIATANIH/iA-X13 3)))
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171 END IF
172 SOT=SQRT((A-XI13002 + H14,21
173 DIV=TOPj'BOT

17'I NUMRR=N(IMBR~I
17S IFU(NUMAReEQ.1).OR.(NUMBR.EQ.NTOP,)THEN

174 SUuSUM+DIV
177 ELSE
178 TEHPODIV*2*0
179 SUM=SUM*TEMP
ISO END IF
131 XIIuXll + INCTOP
132 110 CONTINUF
1 33 U(J.I)u SUJ4.(INCTOP/2.)
164 AaA~o3
365 1a0 CONTINUE
186 As.Z
137 90 CONTINUE
1898 C-
189 Aw*2
390 Do 120 Im6tto
191 UI.A.-..L-(A-X3JeALoG(A8S(A-X3-8L3))
192 C (A-X33'ALOG(ABS(A-X311 - BL'((-1el
193 C ALOG(ASCA-X3-8L~l + ALOG(ARS(A-X31)))
194 AwA+93
19S 120 CONTINUE

196 C
197 Am*2

19 On 130 1=6910
199 U(I.73a-CS*IA-x3-BL)**2 + ?..1A-X31.(A-X3-BLI
200 C - (A-X3)**2*ALOG'AS(A-X3-BL)) + @S*(A-XA)**2
201 C -. 2**(A-X3)0*2 + (A-X3)*OO2*ALOGIABS(A-X3)) +

202 C 2..SLO(BL4(A-X3)*ALOG(ABSCA-X3-RLI
203 C -(A-X3)*ALOG(ABS(A-X3))) - BL*0ZO
204 C (ALOG(ABS(A-X3-SL)) -ALOG(ABS(A-X3)))
206 AwA+.3
2f6 - 130 CONTINUE
207 C
208 A=92
209 Do 1'40 IsA,10
210 U(1*8)u(-I*39)*BL*03 (A-X3)9*3*ALOG(ABS(A-X3-RL) I
211 C -(A-X31*(oS*L*02 # (A-X3)*BL)
212 C (A-X3104,34ALOGIAS5IA-X31? - 3.oBL*
213 C (-oS*(A-X3-RL)**2 + 2**(A-X3)*(4-X3mSL) -

-214C IA-X3)**2*ALOGIABSSA-X3-RL)) + #SO(A-X3)*02-
21S C 29.IA-X3'.@.2 + (A-X3)**2*kL0G4ARS(A-X3M)
216 C 3006t.0*20(BL*(A-X3)oALOG(ABS(A-X3-BL))
217 C " (AaX3IOALOGfA8StA-X3Ml + 8L*030IALOGIABS(
218 C A-13wBLII - ALOG(ARS(A-X3111
219 AmA .3
220 140O CONTINUE
22i C
222 Aso?

223 Doi~ 14 l6O1
224 UlII9)sI-t.!*"(BL**q/4.* + UA-X3)*810031/3o
27 C + I(A-31400RL902l/2o + tA=X3)0036P1.IA-X3le*q

26C *ALOGIABSIA-X3-8L1 )..IAX33004.ALOG(ABS(A-XiI1)
227 C *'I.*3L@(RL*3/3.9I IA-X3)OSLe.2)/2.,(A-x3)*2
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22R C *SL.IA-X31,3ALOGASA-X3-BLf-A-X3.03
229 C 0ALOG(ABS(A-X3)1) 460oCe'2e(-.15e1A-X3-8LIee2.2..(A-X3)
230 C *1A-X3-8L)-cA-X3)ee20ALOG(ARSIA-X3-aL)I
231 C +s5*(A-X3)e02 - 2@*(A-X3)*02
232 C *IA-X3)eO2eALOGIABS(A-X3fl).4eePLoe3.(RL*
233 C IA-X1).ALOG(AqS(A-X3-6L))-fA-X31sALOG(A6S(A-X33 I)

234 C SBL@*0(ALOG(ARSIA-X3-SL)U-ALOG(ABS(A-X33)) I
235 AnA#-3
236 141 CONTINUE
237 C
23R A=*2
239 00 142 106io 

2041 C U(A-X3)e.3OBL*02)/2.*(A-X31o.4ORL+
2q2 C (A-X33..S.ALOG(ABS( IIA-X3)-RLl/tA-X3)) ).5..BL9
243 C IBL*Q/4.*I (A-X3)'BLO@3)/3..( (A-X3)**208LO*2)/2..
244 C (A-X3)e@3*KL*(A-X3)'O4OALOG(ABSI I(A-X3)-tBL)/(A-X3) ) )-
2iss C 10.@RL*@2OIBL.03/3..( (A-X3)eRL..23/2..(A-X3)0*2OBL+
246 C IA-X3)003.ALOG(ABSI(IAX3)PRL)/tA..X3)),).10..8L..3o
247 C .*.SeUA-X3)-BL)*.2-?.*IA-X30( (A-X3)-BL),I3e.IA-X3)0.2)/:
246 C (A-X3le@2'ALOGIABSLI IA-X3)-RL)/IA-X3) I I)-So*BLee40
249 C (BL4(A-X3).ALOG(ABS((A-X3)-RL)/(A-X3)))3.
2 S 0 C SL*SALOG ABS(((A-X3[.SL,/(A-X3mnI
251 A=A*.3
2S2 142 CONTINUE
2S3 C
2S4 WRITE(6o15o1
255 15O FORMAT(* THF U MATRIX Is:o/)
256 DO 160 1 w It1
2S7 WRITE1690) (U(1.JhlJuIq1O)
2S8 160 CONTINUE
259 c
26f C ASSIGN THE CONSTANTS ASSOC WITH SINK AND SOURCE
261 C
262 Aa*2
263 Do 170 I*1.s
264 N(I)u(-l.)OISOURCEO(Y1/(A..2-2.eX2oA.X2..2.Ylee2) I-
265 C SINK*(yl/(Ae'2-2.eXl@A*X02.Y1021) I
266 AaA*.3
267 170 CONTINUE '
260 Ane?
269 D0 ISO Ju6f10
270~ N(j)aI-I .)e(SOURCEeIY2/(Ae.2-260X2oA.X2esz+Y2002) I-
271 C SINKe(Y2/(Ae@2-2e'XloA*Xlee2.Y2..23))
272 AuA,.3
273 1S0 CONTINUE
274 IVR I T V( 119 C
27S 190 FORMATI' THE N ARRAY IS:*/)
276 D0 200 Illi0
277 0RlTEfi6,' I X,12,3X*F20.e)') 1*NI I)
278 200 CONTINUE
279 c
260 C
241 CALL INV0FTfU9lfl.0TNRMv0ETM)
262 WRITEI6*2101
243 210 FORMAT#* THE INVERTED U MATRIX IS:0)
244 00 220 IststO
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285 WRITIE46,O) (UlI.J)t J=1910)
234 220 CONTINUE
207 C

20ARE )uU Ol!N(1)4UI 1,2)'N(2)+u( ,3)*N(3).

291 C U (I, 4 'N C '+U (I 5)eN (5 *U I I 6) 'NC&)
292 C +UCj,7)eN(7)+UCI.S)eN(BR
293 C +U(IT9)oN(9)+U(IsjO)0N(lO)
294 230 CONTINUE
29S URITEI4.240)
294 240 FORMAT(' THE COEFFSAI.A2.A31 A4,ASsBl,R2.63,BqRS ARE:'/)
297 Do 75a Jmi.10
29 a WRITE(.,'IlX9FZO*33') ABMl
299 250 CONTINUE
30Q C
301 C NOW FOR THE LIFT CALCULATION
3n2 C
303 NLIFTaIOO.O
304G STEPL=lOC
305 SUMB0OO
304 TEmPuogo
307 NUMRRU
308 X=090
309 I NCL I=a(C-Deo0)/NLI1FT
310 DO 740 Iu1,sTEPL+I
311 GAMMAIuABI I )'X.C),AB(2).( CX-CI"*2).AB(310( (X-C)'.3)
31? C *AR(4)'((X-C)*e')1A()'((X..C)005)
313 C
3124 C
31s WRITE(3,2701 XsGAt4MAJ
314 270 FORMAT(1X,2FI6.e)
317 C
310 C
319 NUMRRaNUKBRI
320 IF U(NUP4R sEge 1) *OR@ (NUMOR *Ego STEeL+!)) THEN
321 SUMOSUM+GAMMAJ
322 ELSF
323 TEMPuGAMMA*2e0
374 SUMwSUM+TEMv
32S END IF
326 XUX*INCLI
327 240 CONTINUE

.-.328 LtwSUMofINCLI/2e)
329 WRITE(6*280)
33nl 280 FORMAT(@ THE VORTICITY OF THE TOP PLATE IS:#/)
331 WRITEI&.'I/lXvF20.ol)s) LI-
332 sUunnO
333 TrMpsO.0o
334 NUMPRuo
33S C
334 Xwo.o
337 INCL2a X4-X3)/NLIFT

338 DO 290 IwISTEPL+I
339 6AMMA~uARI6)'g X-SBL)AB(7) .(X-BL)"02.AB(8).i(X-BLIe.3
34ft C *AB(9)elx-AL)e'4.AB( 1O)'(X-RLI.'S
341 C
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342 C
3443 C
3'444 NRITEIt,300) X.GAMMA2
34S5 300 FORMAThIX.2FI608)
3146 C
3447 C
3148 NUMARNUM9R,1
3149 IF [INUP4BR *EQ* 1) eaR. (NUMRR eEQ. STEPL+.1)) THEN.
350 SUM=SUM*GAMMA2
35) ELSr
3S2 TiEMPNGAMMAZ22O
3S3 SUt4SSUm+TEMP

3S44 END IF
355 X=X*INCL2
35& 290 CONTINUE
3%7 L2nSumo(INCL2/2.)
358 WRITE (60310)
3S9 310 FORM.AT(' THF VORTICITY OF THE BOTTOM PLATE 15:9/)
360 WRITE(6%,'(/IjXsF20eIO)*) L2
361 LIFTa(RHOoVEL)w(LI+L2)
346? WRITE(6#320)

343 320 FORmATC' THF VALUE OF THE LIFT IS:@/)
3444 WRITE(*sf(1xF1A.8)*) LIFT
3&5 C
366 C THIS IS THE CHECK PORTION OF THE PROGRAM
367 C

369 C~9(4 5.~B5

37L% C304R(3)-4..CeAB( 1)IC#OC..z.AB(5)

371 ~ 10)()3o~A()6**0*B9-0$C**B

372 C FR H O PLA()-9CATE WE HAVE: A(3)
371 66*3A(1S*C$*BS

392 C o50AS

379 PI!)mI8s)3oSIN*A(yI/IX.B02*AX(9X.X0e.2.y1.e2 )I)

386

389 C FRTETPPAEW AE

368 SO FORMA(* VgUAND PRSSWRECLONGI THE TPPA)



399 P3(t )mCl(COS/5.*(X'Coo4)/4.(X*e2oCe3)/3.u(Xee3eCo.21/2..
400 C Xo4CX6.50AL0G(ABS((X-C)/X))1-
401 C C2*(C'*04/'4*#X'C003)/3..(XOe2'Ce.2)/2..
407 C Xo03oC+xee4.AL0CuI£BS(1X-C)/X)))-
403 C C3*'Co*3/3o*,X*C*02 /2e*Xo*2*C.

'44c X0O3oALOGASIX-C)/Xf-C4(C..2/2e+
'40 C XeC.X.02*ALOG(A'RS((X-C)/X)))-C5*tX.
1404 C ALOG (LBS I X-C) /X))oCR *C6*ALOG (ABS 1(X-C 3))
'407 C
'408 SUMMOOD
'4fl9 TEMPUD.0
410 X 12.a0.s0
04131 C
f~t? 1)0 322 Km1Is0I
413 TOP. (AS (6) * XI 2.BL ) AB (7). (XI 2-BL) .. 2+

46 t4 C AS(S) *(Xi 2-BL) *3*AB (9)0111 2-BL ) 'e'4
415, £ A(10)*(X) 2-8L ) oo5)O(COS(IATAN (H4/(X-X3-XI12))))

416 BOTuSQRTI IX-(XI2+X3) *s2H902)
1417 DIV=TOP,#BOT

'419 IFI(K OFQ. 1) *OR* (K *EQ* 101)) THEN
420 SLJMaSUM+DIV

q 2 1 E.LSE
422 TEMP.0IV02o
'423 sum=Sum*TEMP
42'4 END IF
425 C
#4 2 X12=X!2e..0
'42?7 322 CONTINUE
'428 C
429 P461)NSUM*( .01/2.)
4 30 C
431 SUumo.o
432 TrMfl=OoO
'433 112.0.0
.434 C
435 DO 32'4 K019I1
434 TOP I AS (6). XIl2-BL ) AB (7)0111 2-8L) ..2.
437 C ASBle)(X12-BL)003+ABIY90 (XI 2-L) .'q+
043PI C ABU0O)o(XJ2-gL)o5OINI£TAN(H/(X-X3-XJ2) ) 3
43 9 B0TwSQRT((X-(X12+X3))0&2+H*02)
440 OIVaT0P/BOT
44 C

... 4'4 3((K oFQ. 11 @OR* (K 9EQ* 101)) THEN
'4'3 SUMwSUM+D1V
'4'44 ELSE
Vis4 TEmPwoIV*2#
'446 Sul4uSUm*TEMP
447 END IF

qqp4 C
4'49 X128X12+01

450 32'4 CONTINUE
451 C
11S2 P 111)31 i./I2.'PI) )OSUM.( 'O1/2')
q453 C
'654 Vrop It) upljT) +P2 t) 4P3 II) P4(l)
'655; UTOPI !)OVFL+P9(flP10(Il+PI 3(j)
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4S6 C
'457 PTOPII)a(.seRI4oeVEL6.2)e( 1.-((UTOP( II@'2*VTOP(1)002)/

C IVEL*92f)')PRES
4S9 WRITE(6.373) XeVTOP( 1) UTOP( 1) PTOP() p)
'460 XsX..Os
463 321 CONTINUE
'442 C
4A3 C FOR THE BOTTOM PLATE *c HAVE:

444 C
445 'RITE(69600)
444 600 F'ORMAT($ VU AND PRESSURE ALONG THE BOTTOM PLATE9/)
447 X80.6
'41, D0 330 1=192O
46 PSI)mSnURCFe(y2/gXe.2-2*.X2.X.X2..2,Y2.ez))

470 C
471 P12(1 i*(SOURCE/(2,'PI) )*( (X-X2)/(X*2-2..X2.XXx2*e2.y2..2 )
472 C
'473 - PII j)u(-1.).(SINKO(Y?/(X@02-2.'XI@X*XI'@ZY202) 

047'4 C
475 P13(flu((-l.OSINK)/(2,ePfle)((X-Xl)/(X002-2.eXl.X.Xl~ezeY2..Z))
474 C
477 P8(1 )uC7*(BL.'S/S..( (X-X3).BL..q/4.4((X-X3)002'BL*03)/3.
478 C ,U(X-X33..3*BL&.2)/2@4

#49C (X-x3)*4.4L4X-X3)*SALOG(A8S((X-X3-BL)/(X-X3))))-
440 C CSI(BL'04/4.((x-3)*L'3)/3e+((X-X3)002BL2)/2..

'4aI C (X-X3)*3.8L(X-X3)ALOGAOGS((X-X3-BL)/(X-X3lfl-
417 C C9*(BL'e3/39.((X-X3)'BLe*2)/?..(X-X3)..2'BL+
403 C (X X 1* * L G A S ( - 3 S I/ X X ? ) - i- t o&/ .
qAR4 C (X-X310BL.(X-X3IeeZOALOG(ASUX-V3-BL)/(X-X3)lfl
04gs C -CIi'I( X-g3)*ALOG(ABS( (X-X3-sL)/(x-x3) 1)
'ISA C *RL)*C120ALOG(ARS( (X-X3-BL)/(X-X3))

4A? C
48a8 Summ.0
459 TEMPwOeO
'490 XII.O.o
'491 C
'492 DO 331 KuIl101
'493 TOP. (AS I oi (XI I C ) AB (2) *IX! -C)..?.
149'4 C AB(310(XI 1-C)0*3.AB('$I*(XI l-C**'4+
49S C AB(Sje(XI t-C)*05)*(COS(ATAN(H/(X-XtII))))
'494 BOTmSQRT1(X-XIIl'02+H002)
497 OIVwTOP;BOT
499 C
'499 IWIK sFQ. 1) eORs (K *Ego 101)) THEN
S00 SUMuSIJM,0IV
Sol ELSE
102 TEMP8DIV02a
503 SUM=SUM+TEMP
104 END IF
SOS C
sob XI)*XII*.Ot
1fl7 331 CONTINUE

Soo C
109 P7(j ).SUNOI.0I/2.)
sic C
siI SUME040
112 TfMPUmOs
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S13 x I Iuo.0
114 C

115 00 332 cuIsjOj
524 TOPuLAB8l11Al(I-C)*AB12)OIXI1-C)OO2.-
S17 C AB(3)o(II -C)'.3.AB(q)*(xl 1-C)*'4#
Sts C ABISI.(XI 1-C)'05)OCSIN(ATAN(14/(X-XI1)) I
519 BOT=SQRT(KX-X[1)..Z.4.'21
s2fl OzVmTOP/BOT
S1 C
S22 IF((K @FQ* 1) *OR* (K *EQ. 101)) TH4EN

573 SUMuSUMDIV
S24 ELSE
S2S TEMPmOIV$2o
524 SLJMuSUM+TEMP
S27 IEND IF
S28 C
S29 XIIuXII..cI
S301 332 CONTINUE

S31 C

S 32 P I qIl(Ie(/(2*6P!))*SUM*I.O1/20)
S33 C
6 34 VgOT(f )zP5(j )+PAlI7)+P7( Ii PB EI
S31; UBOT (I UVPL.P 12 ( 1') P 3(1 +P 14(1)

S3& PROTII)U(,SRHO*VELOOZI*( j.-( (UBOT(1).O*VBOT(I *.2)/
S37 c - (VEI*O21114PRES
538 WRJTPI4.3?3) xvsoT( I) UBOT(1) ,PBOT( 1)

539 XUX. *05
540) 330 CONTINUE

sql C
S42 323 FORMATl1X#4P'14.5)

S43 END
5.44 SUBROUTINE jNVDET(CNOTflR4,OETII
5.45 DIMFNSION C(NeN), J(100)
5146 POM I.

Do 12 g. o

5149 00 123 Kn3.N
5r.0 123 DnooDDC(L,K)oC(L,K)
55! DSQRT(00)
552 12*4 PDxP0.DD] 53 DETmal,

555 12S J(L*?0i=L

SS60 DO244 L419N

Sgq DO 213S KaL.N
140 IF. ((ARS(CCl-ASS(CILsK))).GC.Oel GO TO 23S

s41 124 MaK
S42 CCwC(L9K)
S43 13S CONTINUE
shl 127 IF tL*EQ*MI 60 TO 139
sh!, 128 KaJIM#201
144 J(H*2010J(L*ZO)
S107 J(L*?0)uK

146 0fl 237 K810%

S69 SuCuic,L)
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570 CIK:L)OC(K*M1)
S71 137 C(K,143uS

972 138 CIL.L)wle
S73 OETMwOETM*CC

S7#39 00 139 M-I,N

67S 3 C(L M)=C(Lom)/CC

S76 00 i'42 # UI.N

S77IF (L-E~sM) GO TO 1$

S79 129 CCEC(M,L)

579 IF (CC*EQ*O.) Go TO 142

Sac) 130 C(M.L)uOo
SRI DO 1141 K=I,N

5R2 1141 CiM.K)=CfMtKICCOC(L#K)
SA3 14O2 CONTINUE

Sag 1144 CONTINUE

se89 D0 143 LmIN

586 IF (J1L*201.EQ*Ll GO TO 1143

S87 131 Met.

Sag 132 MsM,!

989 IF (J(M4 20)-EQ.L) GO TO 133

990 13*6 IF (N@GTbM) GO TO 132

591 133 JCM+,20)sJ(L+2O)

592 00 163 K1.oN

S93 CCuC(L,()

5911 C(LIK~uC(M,Kl
995 163 C(M*KI=CC
S96 J(L*20)cL

697 1113 CoN~TrNUE

598 DFTMuABS(DETM)

599 OTNRMaDETM/PD

600 RETURN 
j

601 END
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