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Abstract

An analytical study is presented regarding the theoretical

behavior of an airfoil in a pitching airflow. The theoretical develop-

ment includes the momentum-integral equation for boundary layers in

unsteady flow and the von Karman-Pohlhausen integral method for

unsteady flow. A computer program was written to model this and was

applied to a symmetric Joukowski airfoil. The results of this study

show a linear relationship between the increase in the stall angle of

attack and the non-dimensional pitch rate, Co/..

vii

ino



I Introduction

Discussion

Since the earliest days, aerodynamicists have been interested in

the performance of a wing under dynamic angle of attack changes. The

earliest work seems to have been most concerned with these effects as

they pertained to an aircraft experiencing rapid changes in angle of

attack due to the encountering of a gust (Ref. 1). More recent work

seems to be concerned with these effects as they pertain to the motion

of a wing in otherwise still air, and, in particular, this effect as

applied to oscillatory motion as might be experienced with helicopter

blades (Ref. 10).

Both of these dynamic conditions lead to an enhanced maximum

lift effect; this effect, however, can be separated into two regimes.

In the first, the coefficient of lift-vs-angle of attack curve

(Ct-vs-a) is extended up and to the right so that the maximum lift

coefficient (Ctmax) is increased by some amount ACtmax. In both kinds

of dynamic angle of attack change cases, the CUmax seems to be

directly relatable to the non-dimensional angular rate C&/Uoo, where C

is the airfoil chord, i is the pitch rate of the gust or the wing, and

Uoo is the freestream velocity. In the second regime, a large ACtmax

appears as a spike superimposed on the Ct-vs-a curve followed by a

catastrophic decline in Ct. This later effect has been attributed to

the appearance of strong leading edge vortices (Ref. 10), and is beyond

the scope of this effort.

This study is concerned with only the first regime. While the

general trend of the effect in this regime is similar under both motions

b.1



there appears to be a measurable difference in the extent of the effect

even if the restriction to constant angle of attack change rate (a) is

fixed. In the case of a gust, constant a means that he wing is

K stationary, and the flow field is made to change direction at a constant

rate. While in the case of the moving wing, the flow is fixed, and

the wing pitches into it at a constant rate from some pivot location

commonly taken as the half chord (Ref. 9).

Theoretically speaking, these two conditions differ in frame of

reference, the latter being more difficult to analyze. This study

is limited to the theoretical examination of the first condition; that

of a fixed wing encountering a gust.

Since the phenomena of stall is due to separation of the flow from

the upper surface of the wing, it is clear that a study of dynamic

stall must include and, in fact, hinge upon a study of the boundary

layer. The study is limited to laminar flow, but tta techniques should

be applicable to turbulent boundary layer flow.

Problem Statement

To set up the problem, the momentum-integral equation for boun-

dary layer in steady flow is extended to allow for unsteady flow.

Following the theoretical development, a computer program will be

developed to allow one to apply this theory to certain specialized

problems; namely, symmetric airfoils. The application in this study

was to a Joukowski J011, an 11% thick symmetric airfoil, in order to

model the flow about the leading edge of a NACA 0012 airfoil, popular

in helicopter blade use. Finally, the theoretical results are compared

against experimental data available in the literature (Ref. 1 and 9)

2



. -, Assumptions

In order to perform the analysis, a simplifying assumption that

the flow is incompressible is made. In addition, since the point

of flow separation on the airfoil and the relationship to be loss

of lift (aerodynamic stall) is somewhat arbitrary, in this study,

aerodynamic stall is defined as when flow separation (as indicated by

the shape parameter) occurs at the quarter chord point on the airfoil.

4 3



II Background

In canvassing past efforts on the dynamic stall phenomenon, it

becomes apparent that the majority of the work concerns the oscillatory

motion on an airfoil, which is most closely associated with helicopter

blades. Other works included research on airfoils pitching into

airflows. Only a few papers covered work on the gust problem, i.e.

gairflow pitching around an airfoil. The genisis of this work was an

experiment by Max Kramer (Ref. 1).

The Kramer Experiment

In 1932, Max Kramer published a paper regarding his experiment

on the dynamic stall of airfoils in pitching airflows. He got the idea

after listening to several pilots commenting about the behavior of

wings in unsteady airflows. To investigate these observations, he

set up an experiment. In it he fixed an airfoil between a diffuser

and a set of movable guide vanes (see Fig 2). The air flowed from

a source, through the vanes, over the airfoil and was collected in

the diffuser. The insertion of the vanes allowed Kramer to alter the

direction of the airflow while taking data. This allowed him to

simulate a gust encountered by an airfoil in otherwise steady flow.

Kramer conducted his experiment using three different airfoils--two

4 different profiles of the same chord and one airfoil of the same

profile as one of the others but having a different chord. Kramer also

ran the air at two different dynamic pressures, enabling him to obtain

the pertinent characteristics involved in the problem, i.e. effect of

velocity, area, camber, etc. To correlate the data, Kramer used a

-- 4



non-dimensional pitch rate parameter:

c&

where C is the chord of the airfoil, U00 the freestream velocity and a

is the pitch rate of the airflow in radians per second.

Based on his experimental results, Kramer developed an empirical

relationship between the increase in Ctmax in the gust over Cimax in

steady flow and pitch rate

Cmaxdyn Ckmaxst + 0.36 C dt

(Ref. 1)

The results of Kramer's experiment have been reproduced in Figure 3.

The Deekens and Kuebler Experiment

Another experiment of interest is one conducted by two students

at the Air Force Academy. In it, an airfoil (NACA 0015) was emplaced

in a low speed smoke wind tunnel. Once steady flow had been established,

the airfoil was pitched at a constant rate through a servo motor con-

trol (see Fig. 4). As in the Kramer experiment, a direct correlation

was found between the non-dimensional pitch rate and the delay in

stall angle of attack. As stated in the introduction, this is a

different problem than that of the rotating airflow. The results as

shown in Fig. 5 can be expressed as:
.Atstall = 2.1 ( C&/Uo),

where C is the chord, a the angular pitch rate and 1w the freestream

velocity. Applying classical airfoil theory, this translates to:

ACtmax - 6.57 C&/Uco, (Ref. 9:2-15)

a much higher slope than that obtained by Kramer.

45



This is a clear indication that there are different physics

governing the behavior of the airflow in each problem, and both should be

pursued. This study will investigate the behavior of the airflow and

boundary layer of the first case.

*66
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III Theory Development

Introduction

In deriving the theory for the gust problem, use was made of the

procedures used to derive the momentum-integral equation for the boun-

dary layer in steady flow. That derivation is reproduced in

Appendix B.

The momentum-integral equation for the boundary layer is another

form of the boundary layer equations that result from the simplifications

of the Navier-Stokes equations that govern all flows. Thus, a procedure

similar to that used to derive the boundary layer equations in general

will be used here; that is, to develop the continuity equation and

the momentum equation for a fluid element in the boundary layer.

The Continuity Equation

In words, the continuity principle states that the net rate of

mass flow out of a control volume is equal to the time rate of loss

of mass within that control volume (Ref. 2: 10). Referring to Fig. 7,

this gives:

h h h h
f pudy + _ (f udy)dx - fpudy + imotop = -_ fpdydx
0 ax 0 0 at o

Reducing this equation gives:

h h
&mat - f pdydx - 3 (f udy)dx (I)

at o x o

The Momentum Equation
S

The momentum principle states that the sum of the forces acting

on the fluid in a control volume is equal to the net rate of transport

* 7
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of momentum out of the control volume plus the time rate of change of

momentum in the control volume (Ref. 2:11). Referring to Fig. 8, the

x-component (parallel to the wall) of the momentum equation may be

found by finding the sum of the forces in the x-direction:

h h h

EF = -Twdx + fpdy - fpdy - _(fpdy)dx,
0 o ax o

and equating it to the momentum terms

h h h h
fpuudy + a (fpuddy)dx - fpuudy + AJtop Ue + a fpudydx
0 x o o t o

such that

h h h
a f(puu)dydx + % * Ue + a fpudydx = - Twdx - a fpdydx (2)
ax o at o axo

Spbstituting for ;Otop from equation (1), equation (2) becomes:

h h h h
B f(puu)dydx - IUe Z fpdydx - Ue " B fpudydx + _ fpudydx
x o t o x o t o

h
- wdx - _ fpdydx

ax o

Thus, for this two dimensional problem, the pressure gradient

in the x-direction is the only pressure gradient, and correspondingly,

the partial derivatives of pressure are taken as total (not substantial)
'6

derivatives. Also, since x and y are independent, the partial deriva-

tive with respect to x can be brought across the integration symbol,

since the integration is in the y direction. The equation becomes

h h h h
f 3 (puu)dydx - Ue D _ fpdydx - Ue . f 3 (pu)dydx + 3 fpudydx
o ax at o o ax at o

h
-TwdX f 4 dydx (3)o dx

8



If we further restrict the flow to incompressible, the density can be

divided through, as can the common dx term, so that

b a (uu)dy a h h hudy h
f - -Ue . j fdy - Ue . f ud + fudy

ax atx at
0 0 0 0

1M. .. b dp dy (4)
p p dx

To this point, the only difference between this equation for

unsteady flow, and the equation for steady flow is the addition of the

time dependent terms. However, the next step is one of the key develop-

ments in the momentum-integral equation for the boundary layer in

unsteady flow. It was at this point in the steady flow equation that

Euler's equation was introduced to substitute for the pressure gradient,

and the same will be done here. As shown in Appendix A:

- p x - + Ue (5) and (A13)
p dx: ax at

The additional aUe/at term introduced here is significant and

will be shown to be a contributing factor in the behavior of the flow

field in gusts.

It is important to note that the potential flow field in incom-

pressible flow can and does respond instantaneously to changes, such

as an angle of attack change. This is, if an airfoil is inserted

in a stream at some angle of attack al, and the airfoil is allowed to

pitch up to an angle of attack a2 , the flow field will be the same as

if the airfoil was placed in a freestream at an angle of attack a2 with

no pitching. This is because, as shown in Appendix A, the velocity

in potential flow is a function of a only and is not a function ofI

time. However, the pressure gradient does not respond in this fashion.

The flow field resists changes due to the inertia of the flow, in

9



addition to the time dependent term introduced here which causes a

different kind of behavior for the pressure gradient.

Continuing on with the derivation, now substitute equation (5)

into equation (4) to obtain:

"-h a (uu)dy h h audy + h

f -- - Ue -L fdy -Ue •f Tx + fudy

h h'dy + fdUe !Ued f e
P ax at

- which, after rearranging, yields

ha(ud h had hS-f uu) y + UeLef .x a a-y fudy
ax at0

h+U e ahy+ e _. (6)+ fMe -xdy + f - dy=P
ax at p

0 0

Looking only at the time dependent terms

h h aUe a h
Ue - fdy + a at dy - - fudy,

0 0 0

note that the first term, h, is an arbitrarily selected constant. When

the integration is carried out and evaluated at the limits and then the

partial derivative with respect to time is taken, the term is zero.

4 In the second term, since the y-coordinate is independent of time, the

partial with respect to time can be taken across the integration sign

so that

haDue ah ahf -t dy - fudy M (e - udy. (7)
at at

o 0 0

Now examine the spatial terms of the left hand side of equation (6):

h h hIa (uu)dy au al 8
ax ax x dy.

0 0 0

* 10



The second term of equation (8) looks like part of

h (uUe) dy
Sax

0

so that expanding this term out yields

h h h au

Tx (uUe)dy = fu -x dy + fUe - dy. (9)

Note that the second term on the right hand side of equation (9) can

be written

h au h DuW h ale
Ue - = y fdy -fu-a dy.

dyx ax ax (10)
0 0 0

Substituting (10) into (8) gives

h h h h
au)a(uUe) alle a

f 2(uu dy + f -- ae dy + Ue - dy fu dy,
axx ax ax

0 o 0 0

* and combining the first two and the second two terms yields

hh Ue

f -x (uUe - uu)dy + f-x (Ue - u)dy. (11)
0 0

Substituting (7) and (11) into equation (6) gives

h u y SUe a h
(uUe - uu)dy + f- (Ue - u)dy + f(Ue - u)dy f p

o 0

The velocity gradient*AUe/3x is independent of y as is the partial

derivative with respect to x; thus, these can be pulled outside the

integration symbol so that

ah M~e h h (2
S- (uUe - uu)dy + -ix (Ue -u)dy + f(Ue - u)dy - (12)
o 0 0

Finally, rearranging the terms, equation (12) becomes

4 h alUe h h

a- f- (1- U) dy + Ue -x $(1- !L) dy Tt Ue (1- Ue p

i e U- axtU Ue0 o 0

4i 11



r
which is the momentum-integral equation for the boundary layer in

unsteady flow.

12



IV von Karman-Pohlhausen Integration

In the preceeding chapter, the theory for the unsteady flow

boundary layer was applied to develop the momentum-integral boundary

layer equation for unsteady flow. The steady flow version was.first

integrated and applied by K. Pohlhausen in 1921. The method as used

in modern texts, and that is used here, is a more modern development

done in 1967 by H. Holstein and T. Bohlen (Ref. 3:206). However, the

unsteady flow application has not been integrated because the addition

of the transient term requires another independent equation for closure

as will be evident in the analysis that follows. The closure equation

can, however, be constructed, and the success with this closure

equation is directly responsible for the success of this study. Since

the unsteady flow method closely parallels the method for steady

flow, the steady flow development of the von Karman-Pohlhausen approxi-

mate method has been reproduced in Appendix C.

The von Karman-Pohlhausen Approximate Method for Unsteady Flow

The momentum-integral equation for unsteady flow is

a h aule h u a h (13)
-Ue 2 f (1- -)dy + Ue ax(1- e)dy + -t Ue f(1- !-)dy- !

Two parameters relating to the boundary layer thickness are now

introduced:

h
61 = f(1- !-) dy (14)

0

h u

6 e (1- U--) dy (15)
0

13
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Equation (14) represents the displacement thickness, and equation (15)

represents the momentum thickness (see Fig 6). Substituting these

into equation (13):

3 Ue2 62 + Ue aUe 61 + _(Ue 61) fw
a x ax at P

or by expanding the first term

2 Ue 62 aUe + Ue2 62 + Ue alUe 61 + a(Ue 61) Tw,
ax ax ax at P

and finally rearranging yields

(262 + 61) Ue Ue +Ue 2 a62 + Ue 361 + 61 aUe = _w (16)
ax ax at at P

As it stands, equation (16) may not be integrated in the manner

of the von Karman-Pohlhausen method. In order to proceed, a closure

equation must be introduced which relates the change in 61 with time to

the change in Ue with time. To find the equation of closure, first

assume that 61 is directly related to the boundary layer thickness:

61 = C16 (17)

which is generally true in the time domain. Then

361 = Cl 36
at at

As long as the flow is laminar, it can be shown that the boundary

layer thickness, 6, can be related to the velocity of the potential

flow, Ue, by

6C~
/ rUex

so that

361 = CIC2f j (Ue)ri/2
at Yx at

= ClC2 .. (Ue- 3 /2 aUe

7yx 2 at

14
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v- _ -4U' U ~

rn(1 ee:12 CIC2

(18)

2Ue at

as long as the time dependence of C1 and C2 are small as compared to

that of Ue, which is somewhat restrictive. Equation (18) thus forms

the closure equation necessary to put the unsteady integral equation

in manageable form. Substituting equation (18) into equation (16)

yields

'2+Ue ~U 2 a2 + Ue .1 2Ue(22 + ax1) He ax ax 1 at 2 1 at (19)

Equation (19) is then multiplied through by 62/v:

) 2  u a62 +7 i. § 2  ue I_62• 2 + Ue !Ue+ Ue2  _I AL- _=
\ 62V ax V 6X 2 62 /v at Pi

and divided through by Ue:
2 2( ~ 9)- 2ue + Aol r 0

2 j + , -L +le §1 -aa + I ". le j& (20)
62 v a V ax 2 62f a - =  e

Finally:

2 1 j _62 1 aule
2 + 6 2 ) Ue at

is added and subtracted to get

)6 Ue6267' A'2 U e (1
82  v Ue at) V 2 v Ue at iiUe

To make a boundary layer computation, some information must

first be determined concerning 61 and 62; however, these parameters

are in terms of an as yet undetermined velocity profile within the

boundary layer. The velocity profile must satisfy two constraints:

a. The order of the velocity equation must be of an order

compatible with the number of boundary conditions.

15



b. The velocity profile must allow for an inflexion point

since the flow will be with a pressure gradient (Ref. 8).

y 0 u = 0 (22a)

V82u/3y 2 = - Ue BUe/ax + 3Ue/at (22b)

y 6 u = Ue (22c)

Way = 0 (22d)

a 2u//y 2 = 0 (22e)

Note that except for the second boundary condition, these are all

identical to the steady flow boundary conditions. The second boundary

condition is altered only to account for the unsteady pressure term from

Euler's equation as developed in the Appendix.

The existence of five boundary conditions allows for a fourth

degree polynomial expression for the velocity profile:

u A + Bn + Cn2 + Dn3 + En4 ,  
(23)Ue

where n = Y/6.

Applying (22a) gives

A = 0, (24a)

and (22c) yields

I = B + C + D + E. (24b)

Now, applying (22d)

0 = B + 2C + 3D + 4E (24c)

and applying (22e)

0 = 2C + 6D + 12E. (24d)

Finally, equation (22b) is applied to get

Ue a(u/Ue) = B + 2Cn + 3Dn2 + 4En3

6 D(y/6)
U,,e a2(u/Ue) 2r.

Ue a(u/e)= 2C + 6Dn + 12En2

* 16



-62 (Ue +1 Ue. •2C L_. (24e)

V ax Ue at

At this point, a dimension less parameter, A, is introduced and

defined as:

A = 6(Ue + (25)V ax Ue 9t)

Notice that A here is different from that defined for steady flow.

Substituting (25) into equation (24d) and solving the equations (24a-d)

yields

A=0

B = 2 + A/6

C= -A/2

D = -2 + A/2

E = I - A/6

These are exactly the results obtained for the steady flow

boundary layer velocity profile. This should not be surprising in

that one should expect to recover the steady flow solution from the

unsteady flow solution if, in fact, the unsteady flow terms are dropped.

This is what happens if the unsteady term is dropped from the definition

of A.

4 The details of how to solve for the constants are in Appendix D.

The velocity profile becomes:

= (2, - 2n3 + )/+ A/6 (n 3 + 3n3  n ~t-,e
and 61 and 62 can now be solved:

I -U
(_ T-) dy.

0

For y>6, u=Ue by the definition of boundary layer, and integration

beyond that point gains no additional information. Thus, the integration

17



to h>6 gives a result identical to an integration only to h=6. Thus,

1
-ifI1 j)dy,

Substituting n into the momentum thickness and adjusting the integration

limits accordingly yields

6 Ue

and substituting for u/Ue gives

2- 2n 3 + 4) (n -3 + 33  - dn;6 06

61= 3 _A

6 10 120 (26)

and similarly,

6. 3= + A 2 3 [+4) A
.r2-r3n4+ -03+3 -n4 l 22 - -!(n-3n2+nl4

6 _= 37 _ A A2  (27)
6 315 945 9072

The details of the integration are presented in Appendix D. The shear

stress at the wall is defined as:

TW = Pau ,

or

a(u/ue) ] = 2 +A (28)
pUe a(y/6)n=O 6

The separation criteria can now be determined, as separation is defined
4

as the point where the shear stress as measured at the wall is zero so

that

2 + A/6 = 0

i.e.,

A - -12 (29)
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The momentum-integral equation in its last form was:

(2+ .2aue+ 1 alUe + Ue6262 2+1 61 62 1 aUe= Tw62 (21)
2)v ( x Ue at v \2 2 v Ue at jUe

By introducing another dimensionless parameter, K, defined by

K =_ z alUe + 1 adUe (30a)

~ax Ue at-)

or

K: 2 (Ue+ 1 3ue\ (30b)
v (ax Ue at)

the right hand side of equation (21) becomes

Tw6 2 =Tw6 . 62
iUe _VUe 6

= (2 + A\(37- A - A2  E f2 (K) (31)

\ 3 1/-5 945 90721

and similarly,

K 62  e + 1 leU)_( \2;
v \ ax Ue 9t \ 6)

K =(37 - A- A2 2 A (32)
~315 9445 90721

Finally,

61 .6 2- A)(17 A-- ^  - (33a)
62 6 62 I-0 120 ,315 945 9072

61 fl(K) (33b)
62

4 Substituting into equation (21) yields

[2+fl(K K + Ur 6__ - [2+Ifl(K) Z alUe f2 (K) (34)

v L2 Ue 3t

Now,

Ue26 = I Ue d(62 2 )

v 2 v dx

or

Ue6261 fI i Ue (dz/dx) (35)

v 2
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K- Substituting (35) into (34) gives

[2+fl(K)]K +Ue dz -t +f (K)] _Z jUe f f2(K)
2 dx 2 J Ue at

Ue dz - [4+fl(K)] Z DUe = 2f2K- 4K- 2fl(K) K (36)
dx Ueat

The right hand side of equation (36) can be defined as:

2f2K - 4K - 2KfI(K) - F(K) (37)

which again is identical in form to the steady flow solution. Indeed

the steady flow solution can be recovered if the unsteady terms are

dropped. So that substitution of equation (37) into equation (36)

finally gives

dz = F(K) + [4+fI(K)i]Z aUe 1 (38a)

T L Ue atJ Ue
Z fKa ae +1 aUe (38b)( ax Ue at)

which are the modified equations to be used to solve the boundary layer

using the method of von Karman-Pohlhausen. Again, it is interesting

to note how the steady flow solution is recovered if only the unsteady

terms are dropped from the equations.

As in the steady flow solution method, the integration procedure

begins at the stagnation point, where Ue=O. In this study, the stag-

4 nation point conditions are computed in the absence of unsteady flow

so that as in the steady flow case F(K) must be zero so that dz/dx

at the stagnation point is finite. Solving (67) for F(K)=O, and for

4 |steady flow gives

Ao  7.052 (39a)

Ko = 0.077 (39b)

Then, Zo = 0.077, and dz 0 0. Using the limit (Ref. 3:211):
Ue 0 0

'I 20
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dz - 0.0652 U

Now, to complete the discussion on the Pohlhausen integration, the

steps to integrate the boundary layer are:

1. Compute the velocity, Ue, velocity gradient, 3Ue/Dx and

aUe/Dt using the potential flow solution about an airfoil. See Appendix

A for details.

2. Knowing zo and dz/dx, find z

zl =zo + J. dx,

where dx is an increment of arc length along the airfoil.

3. Compute a new value of K from equation (38b). At this point,

the value of A can be backed out from equation to determine flow

attachment or separation (32). However, since A for separation is known,

as is K = K(A), then K for separation can be determined and thus allow

the elimination of one step in the integration process. This is done

for this study; K f - 0.1567 (Ref. 3:212).
sep

4. F(K) is determined by:

a) Knowing A and solving equation (32), (33), (34)

and finally (37), or,

4 b) Approximating F(K) vs K by a linear approximation:

F(K) = a - bK

where a f .47

4 b 6 (Ref. 3:213)

Method (b) was chosen for this study.

5. Knowing F(K) from the linear approximation and Ue and aUe/at

from the potential flow solution, f(K) by equation (33), and the current

value of z, a new dz/dx is computed.
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6. Knowing zi and having computed dz/dxji; z1~l is computed by

zjl- zi + dz/dxJ i . dx

*" 7. Repeat steps 3 - 6 with steady flow only until the boundary

layer develops numerically approximately a 1-degree arc along the

airfoil. Then, repeat steps 3 - 6 using the unsteady methods until

the 1/4-chord is reached. Check K for separation. If the flow is

attached, increment the angle of attack and repeat until separation

occurs. Then choose a different pitch rate and repeat again until

separation occurs. As separation is reached each time, record velocity,

pitch parameter, and angle of attack at flow separation.

22
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Results

Discussion

No theoretical investigation would be complete without a demon-

stration of how well that theory performed against measured results.

As discussed in Chapter II, there are two experiments on record that

concern a pitching airfoil and pitching airflow, and each one shows

a positive correlation between this pitching and either the delay in

stall angle of attack or the enhancement of maximum lift coefficient.

To demonstrate the validity of the theory developed in this

study, the modified von Karman-Pohlhausen integral method was programmed

on the AFIT/Harris 500 computer (see Appendix E). In the unsteady flow

Pohlhausen method, the velocity Ue, the time dependent velocity variation

aUe/at, and velocity gradient, aUe/Dx are required. However, to deter-

mine these, a specific geometry must be defined. To do this, an 11%

thick symmetric Joukowski airfoil (J011) was chosen as a model for

application. A Joukowski airfoil was chosen because it has its origins

in complex potential flow theory, and the necessary information (i.e.

Ue, aUe/Dx, and 3Ue/at) is easily computed without requiring some of

the other laborious techniques required to model the flow over (real)

airfoils. Besides, one of the goals is to apply the theory to a

representative problem (and not necessarily an exact problem) to deter-

mine how the theory works. For the section of the airfoil being used

in the analysis, it is for all intents and purposes an exact problem

without having to be concerned with the trailing edge cusp.

d To approximate the required derivatives, several methods can be

used; namely, forward difference, backward difference, and central
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difference. It has been noted that the variation in accuracy of

either of these differences when applied in the Pohlhausen integration,

is insignificant (Ref. 4). Thus, a central difference was chosen for

au/ax:

au O+l - uj-1
ax dSi+1 - d6i I

and a backward difference scheme was chosen for the time variation

•au ui - ui-1 ~ -a- A where At =

la tt Uil

Results

The program was run at three different velocities, and at each

velocity, four different pitch rates were chosen. These were input

semi-interactively into the program. The output consisted of several

columns of data, such as velocity, velocity gradient, etc. Of special

importance was the column of values of K. The computation ceased at

the quarter chord, at which point K was checked. If K was within a

few precent of the stall indication (K f - .1567), the angle and pitch

parameter were recorded and plotted (see Fig. 9). The 16 runs that

resulted in separation at the quarter chord are plotted in Fig. 9.

The figure points out a few very Important details:

1. The relationship between the delayed stall angle

and pitch rate is linear, as shown experimentally.

2. There is no change in the effect with respect to

velocity of the freestream, when the pitch rate is

non-dimensionalized.

These results, while seemingly subtle, are indeed profound in

that they allow us to say that a theoretical tool for prediction of
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this phenomena; namely, gust response of an airfoil, does exist.

Another result, shown in Fig. 10, is the contribution the

transient term Ue/9t in the Euler equation of motion makes to the

behavior of the flow. In Fig. 10, the shape factor for both steady and

unsteady flow are plotted against chord location for a typical run. Now,

in steady flow, only 3Ue/3x contributes to the shape factor, K. whereas,

in unsteady flow, both aUe/Dx and (lI/Ue" aUe/9t contribute. Since at

stagnation, K = 0.0770, and at separation K f - 0.1567, it is obvious

that a less negative value of K results in better behaved (attached)

boundary layer flow. As seen in Fig. 10, this is exactly the effect

of I/Ue ' DUe/at--to make the shape factor less negative. Thus, a

third observation can be made:

3. The transient term (I/Ue) "Ue/Dt, in the unsteady

Euler equation of motion, has a positive effect in

maintaining an attached boundary layer resulting in a

delay in the stall angle of attack.

Comparison with Experiment

As discussed in Chapter II, Kramer formulated a relationship to

relate gust pitch rate to the delay in stall angle. This was given as:

C~maxdyn m Clmax + 0.36 C.

where & is in radians/second. Referring to Fig. 9, the results of the

4theoretical study show that

c&
astalldyn - astallst + 16.00 UM

If this is converted to radians:

asdynm aSst + 0.28 -- a.
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To compare this to the Kramer experiment, the relationship must

reflect not the difference in stall angle of attack, but rather the

maximum lift coefficient. To get the results obtained in this study

into the form that Kramer had, let it be assumed that the slope CZQ

in the linear region of the CZ-vs-a curve be continued upward and to

the right at the same slope so as to relate Aastall and AC-max. ' If

this is assumed, and classic airfoil theory is applied (i.e. Ct i

2w/radian), then the results of this study can be expressed as:

ACtmax = 0.878 Ca'
Uo

where the factor of has been included in the slope as was done in

Kramer's experiment (Ref. 1).

The slope is considerably greater as determined by the theory.

However, it must be noted that Kramer did his experiments on actual

wing surfaces and not true airfoils. These wings had aspect ratios

on the order of 1.5. Thus, if three dimensional flow corrections

(Ref. 11:2-6 and 2-7) are made to the results of this study, a compari-

tive result is:

ACtmax f 0.343 C&
U06

4 This gives a remarkably close result when compared to Kramer's

experiment. However, the actual aspect ratio of Kramer's test wings

was eyeballed, and the actual values are not specified in his report.

Thus, the corrected slope for the results of this study could fall

within a range of 0.263 to 0.405, depending on the value of the

aspect ratio chosen.
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VI Conclusions and Recommendations

Conclusions

1. There exists a positive correlation between gust pitch

rate and the delay in the stall angle of attack--the so-called

dynamic stall angle of attack.

2. Existing steady flow theory can be successfully modified

to mathematically explain this phenomena. In conjunction with this,

existing integral methods can also be modified to model this phenomena.

3. For the von Karman-Pohlhausen integral method used in this

study, the equation of closure exists to successfully complete the

transient flow modification, without introducing significant approxi-

mations as to the relative dominance of some terms vs others.

4. With only a slight variation in slope of the respective curves

U there now exists both an experimental demonstration and a numerically

proven analytical explanation of the physics of gust flow response

of an airfoil that heretofore did not exist.

5. Since the potential flow acts in a linear fashion, the

pitching airflow really does not change the dynamics. Therefore, it

must be the pressure gradient in unsteady flow as determined from

Euler's equation that controls the behavior of the stall dynamics in

this environment.

* Recommendations

As in any study, the end of this effort does not also mean the

end of the investigation. The end of this study should be the founda-

tion for many future efforts. Some of those efforts particularly high-

lighted by this study are:
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1. In developing the equation of closure, it was assued that

the time dependence of the constants C1 and C2 was small compared to

the time dependence of Ue. This approximation needs to be studied

further and reported on.

2. In the execution of the von Karman-Pohlhausen method for

unsteady flow, it was assumed that the behavior of 61/62 was not

affected by the time dependent nature of the flow. This may or may

not be true, and must be examined further.

3. It would be interesting to execute the same problem using

a modern computational numerical method and to compare the complexity

of development of each, compare the efficiency of the computer program

for the numerical method to the computer program developed for this

study, and to comment on regimes of applicability.

4. The Deekens and Kuebler experimental investigation, the

pitching airfoil, has yet to be mathematically modelled. The two

major problem areas that need to be investigated before the total

physics can be understood are:

a) derivation of a suitable governing equation that

adequately describes the boundary layer when the

airfoil is pitched; and

b) the determination of the appropriate boundary

condition or conditions as applied to this

*governing equation.

5. In trying to relate the results of this study to those of

Kramer, it was assumed that the slope of C9 vs. a between Cmaxdyn and

Cmaxst is the same as it is for CR, in the steady flow regime. This

may or may not be true, and this relationship must be studied, either

analytically or experimentally, and reported on.
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6. In modeling the airflow, the trailing edge (starting) vortex

that is shed when the airflow pattern changes about the airfoil (as is the

case in this study) was not included. These starting vortices are neces-

sary to satisfy Helmholtz' Vortex Theorems and are physically observed

(Ref. 12:53-55). In this study, the effect of these was assumed to be

small, but this assumption may need further study (Ref. 13:379,390 and

Ref. 14:376-378).
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Appendix A

Throughout this study, many references are made to the inviscid

* iflow velocity, or the velocity of the potential flow, and so on. In

this appendix, it is shown how to derive that velocity by using complex

potential flow theory.

Complex Flow Velocity

The complex velocity about a body is the first derivative of the

complex flow potential that describes the flow:

w(z) = dF(z)/dz (Ref. 5) (Al)

where w(z) = the complex velocity and

FW) = the complex flow potential

Now, to obtain the expression for the complex flow velocity for

the problem of this study, i.e. flow about an airfoil, it is necessary

to first find the velocity about a cylinder (that will transform

into the desired airfoil), and then transform that velocity via the

Joukowski transformation into the corresponding velocity about the

airfoil. The describing equation for the complex potential flow about a

cylinder is a uniform stream at angle of attack is:

F(z) = Uco (z + R2/z) + i (1r ln z)/2r (A2)

Then, the corresponding velocity is:

w(z) = UCO (1 - R2/z2) + i r/2wz (A3)

The Kutta condition that air flows smoothly off the trailing

edge (Ref. 6:34) dictates the amount of circulation required:

r = 4 Uo R sin a (A4)

for symmetric airfoils (Ref. 5). Substituting (A4) into (A3):

w(z) - U0 (1 - R2/z2) + i (2 UCO R sin a)/z (AS)
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which described the velocity w at any point z(x,iy) on a cylinder of

radius R, with its center at the origin.

The advantage to using complex potential flow theory is that

flows due to different phenomena can be superimposed to form one flow.

In the problem of this study, it is desired to simulate uniform flow

about a cylinder at some angle of attack in two-dimensional space.

To generate flow about a cylinder, a doublet must be used. Flow

at angle of attack (that produces lift) requires circulation, which is

provided via the use of a vortex. The describing functions of each of

these in complex potential flow theory are:

Uniform stream: U, z A6.a)

Doublet: UO • R2/z (A6.b)

Vortex: i (r In z)/2n (A6.c)

(Ref. 7:449)

Now, to describe the flow about a corresponding airfoil, use:

"w(?)I = lw(z)l / Id /dzI (A7)

where

w(C) = flow about the airfoil (or body)

w(z) = flow about the cylinder

dt/dz = the derivative of the function that transforms the

cylinder to the airfoil.

The general transformation from a cylinder to a flat plate (airfoil of

4 zero thickness) is:

= z + R2/z (A)

So that

L-- =-1-d 1 R2/z 2

dz
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To generate an airfoil with thickness, like that which is being

used for this study, the center of the circle must be offset along the

real axis, into the flow so as to generate an airfoil with thickness

with the proper orientation:

~Z = z + XO

where X= the amount of offset. Thus, the transformation is:

d_ 1 -R2/z 2

dz

This formulation of how to compute the velocity at a point

i n) on the airfoil has been programmed as a subroutine in the

computer program developed for this study (see Appendix E).

Joukowski Airfoil Development

The theory developed in this study is applied to a Joukowski

airfoil to test the validity of that theory. As mentioned earlier,

a Joukowski airfoil is used because the potential flow about a

Joukowski airfoil is easily described without having to use various

other complex transformations although they can be used and applied.

The development of a Joukowski airfoil has its roots in complex

variable theory. It is created by transforming a circular cylinder

in one plane through a transformation function into the plane of the

airfoil (Ref. 12:237 and Ref. 5). Although arguments against

Joukowski airfoils exist primarily because of its cusped trailing edge,

4 it is used here because its leading edge characteristics and geometry

closely parallel those of several practical airfoils.

To map a Joukowski airfoil, either a graphical or a mathematical/

computer solution can be used. In this study, a computer solution is

chosen. As stated, a Joukowski airfoil is created through a circular
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cylinder that will map into the desired airfoil. In this study, it

was desired to simulate a NACA 1102 airfoil leading quarter chord.

Through trial and error, it was found that an 11% thick Joukowski

airfoil best did this.

Thus, to generate a symmetric airfoil, a cylinder was offset

from the origin into the flow and is described by a series of points:

z(x, iy) = R exp (i ' 0) + W, (A9)

where R is the radius of the cylinder, 0 is an angle that locates a

point (x, iy) on a cylinder of radius R, and V is the distance that the

origin of the cylinder is offset into the flow. V can be either

totally real to generate thickness only or totally imaginary to generate

a flat plate cambered airfoil or complex to generate an airfoil with

both thickness and camber.

Now, to create the airfoil, the circular cylinder was passed

through the transformation function

R2

Sin) = x(x, iy) + .R2 Mz(x, iy) (A8)

where C(E, in) describes the points of the airfoil.

A plot of the airfoil is given in Fig. 11.

4 Euler's Equation of Motion

To develop Euler's equation of motion in unsteady flow, use is

made of a fluid element along a streamline (Fig. 12). The sum of the

* forces along the streamline are:

pdn-(pdn + a(pdn) ds) + dF5
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where

p = pressure

dn = the differential length normal to the streamline

ds = differential length along the streamline

dFs = force on the side of the element in the direction

of the streamline.

To find Fs as a function of pressure, look at the sidewall

geometry (Fig. 12c). It is evident from the geometry that:

dFs - pdl sin e

But,

sin 0 = a(dn) ds • 1
as dl

dFs = p a(dn)ds
as

the sum of the forces a(pdn) ds + p a(dn) ds
as as

But,

a(pdn) = dn Dp + p a(dn);
as as as

the sum of the forces - ap dnds (AlO)
as

Now, the momentum flux through this fluid element is (Fig. 12b):

o - Mi + a (Mcv)
at

which is equal to:

pdnVV + 3 (pdnVV) ds - pdnVV + a (pdndsV)
as at

For incompressible flow,

as at

the mass flux is:
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pdnds 1 V)+ L

Assuming dn and ds to be independent of each other, the mass flux is

equal to:

pdnds 3V~Y + vI (All)
as -at I

Equating (AlO) and (All) through the momentum principle:

pdnds V a= + -- s dnds. (A12)
as T t as

Dividing by pdnds, equation (A12) becomes:

vV +V 1 p (A13)

the Euler equation of motion for unsteady flow.
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Appendix B

The momentum-integral equation for boundary layer in steady flow

is reproduced here. Those not familiar with the derivation of this

equation as it is done here may wish to review it before reading

Chapter III.

The momentum-integral equation is developed by deriving the

continuity and momentum equations for a fluid element in the boundary

layer and then integrating the momentum equation through the boundary

layer.

M-I Equation for Steady flow

The Continuity Equation. In words, the continuity equation

states that the net rate of mass flow out of a control volume is

equal to the time rate of loss of mass within that control volume

(Ref. 2:10).

Referring to Fig. 7, this gives

h hmout = fpudy + a fud dx + ;otop

0 ax( o Y

h
Smin = fpudy

0

Notice that there is no mass flow rate into the control volume element

from the body which satisfies the "no penetration" condition.

The time rate of loss of mass in steady flow is zero; therefore,

the continuity equation for steady flow becomes:

h
- _ f(udy)dx + motop 0

ax o

0 49



Momentum Principle

The momentum principle states that the sum of the forces acting

on the fluid in a control volume is equal to the net rate of transport

- "of momentum out of the control volume (Ref. 2:11).

Referring to Fig. 8, then the x-component of the momentum

equation may be found by finding the sum of the forces in the x-

direction

h h h
EFx = -Twdx + fpdy - fpdy - .(fpdy)dx,

o o ax o

and equating it to the momentum terms:

h h 11
fpuudy + D (fpuudy)dx - fpuudy + motop • Ue,
o axo o

such that

h h
3 (fpuudy)dy + .otop Ue - -Twdx - _(fpdy)dx. (B2)

x o ax o

motop can be replaced with its solution obtained in the develop-

ment of the continuity equation

h
motop - -a_(fpudy)dx, (Bl)ax o

so that the momentum equation becomes

h h h
a_(fpuudy)dx - Ue . a (fpudy)dx -Twdx -a (fpdy)dx.
ax o ax o ax o

All the integrations are with respect to y. Since x and y are

independent functions, the partial derivatives can be pulled inside the

integrals:

' h h h
f 3 (puu)dydx - Ue . f B (pu)dydx -Twdx - f D (p)dydx
o x o ax o Bx

50



From the boundary layer assumptions, it is known that ap/ay is

zero. Since this is true, and since the problem is two-dimensional, the

pressure gradient in the x-direction is the only pressure gradient, and

the partial derivative of pressure can be replaced by a total (not

substantial) derivative:

h h h
f 1x (puu)dydx - Ue. f ( d dydx (B3)

ax (pu)dydx =-Twdx - f
0 0 0

If the fluid is further restricted to incompressible flow,

then p can be divided through. Also, divide through by the common dx

term:

h h

f -(uu)dy - Ue . f T(u)dy = - f
-- 0 0 0

Now, Euler's equation for steady flow can be used to substitute

into equation (B3) for the pressure gradient:

1 d = Ue dUe (B4)
p dx dx

h h h dUe
f T-(uu)dy - Ue . - udy = - 1V + Me dy

0 0x P d

Rearranging terms:

h auu h au h dUe L(

-f- dy + Ue f T dy + Ue - (B5)
ax ax f dx p0 0

Notice that the second term looks like part of

h a(uUe) dy,
f ax
0

which is a form that is identical to the first term. Expanding this

term out

h h h
a(uUe) Ue au

f dy fu -ax dy + fUe T y. (B6)
ax x

0 0 0
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The second term on the right hand side is the second term in

equation (B5). Thus, if the first term on the right hand side of

equation (B6) is both added and subtracted from equation (B5) (hence

adding zero to the equation), it looks like

...h 3(uu) h au h due h dUe h dUe IV (B7)
f axy + Ue . f x dy + fu -x dy + fUe -x dy fu -x dy P0 0 0 0 0

Combining the second and third terms of equation (B7) to get the term

of the left hand side of equation (B6) gives

h a h a h dUe h dUe (B8)
- (uu)dy (uUe)dy + fUe dy -u- dy =

-(uue~dy +a d dx (B8

The velocity gradient at the edge of the boundary layer. dUe/dx

is a function of x, along the direction of flow, and is independent of

the height away from the body. Thus, this term can be brought outside

the integral. In addition, the first two terms and the second two terms

are similar and can now be combined:

.! "h d e h

ha dUeh
f T-(uUe - uu)dy +- f (Ue - u)dyfiox o

Bring the partial derivative outside the integral and rearrange the

terms to get

h
'- --Ue2 f I-()dY + y+Ue-- 1 ff-)dy fi (B9)

ax oe oed
0 0

which is the momentum-integral equation for boundary layers in steady

flow.
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Appendix C

The von Karman-Pohlhausen integral method for steady flow is

reproduced here again for those readers not familiar with its development.

Method of von Karman and Pohlhausen - Steady State

The momentum-integral equation for steady flow is:

h h
1x Ue2  ( - Udy+Ue duef udy = w (B9) and

3x ol Ue Ue Jdxo VUeI P (Cl)

Two parameters relating to the boundary layer thickness are now

introduced:

h (C2)
61 f (1 - 2-)dy

62 - (1 - )dy)

o Ue Ue

Equation (C2) represents the displacement thickness.; equation

(C3) represents the momentum thickness (see Fig. 4). Substituting into

the momentum-integral equation:

3 (Ue262) + Ue6l dUe Tw (C4)
ax dx P

Expanding out the first term:

2Ue62 dUe + Ue2 d62 + Ue61 dUef 
Tw

dx dx dx p

or

(282 +61) Ue dUe + Ue2 d62 =T (C5)
dx dx p

For the boundary layer to be computed, then something must

be known about a1 and 62. However, these are in terms of an as yet
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unspecified velocity profile, u/Ue. The velocity profile must satisfy

two constraints:

1. The order of the velocity equation must be in accord with

the number of boundary conditions.

2. The velocity profile must allow for an inflexion point,

since the flow will be with a pressure gradient (Ref. 3:207).

The boundary conditions available are:

y = 0 u = 0 (C6.a)

=2u/ay2 = - Ue dUe/dx (C6.b)

y 6 u Ue (C6.)

au/ay = 0 (C6.d)

=2u/ay2 0 (C6.e)

The existence of five boundary conditions allows for the

solution of five constants. In other words, a 4th order polynomial is

required for the velocity profile. The form of the velocity profile is:

u_ = A + Bn + Cn2 + Dn3 + En 4

Ue

Applying (C6.a):

A= 0 (C7.a)

Applying (C6.c):

I= B + C + D + E (C7.b)

Applying (C6.d):

0 =B + 2C + 3D + 4E (C7.c)

Applying (C6.e):

0 = 2C + 6D + 12E (C7.d)

Applying (C6.b):

a6 (u/Ue) . B + 2Cn + 3Dn2 + 4En3
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yf0

-u/Ue) = 2C + 6Dn + 12En2  0

2C =-62 dUe (C7.e)

v dx

At this point, a dimensionless parameter,At, is introduced:

A=6 2 dUe (C8)
v dx

Substituting (C8) into (C7.e) and subsequently solving equations (C7.a)

through (C7.d):

A= 0

B = 2 + A/6

C= -A/2

D = -2 + A/2

E 1 - A/6

For details on this solution, see Appendix D.

The velocity profile is now:

u f (2n - 2n3 + n4) + A/6 (n -3n
2 + 3 3 -n 4 )

and 81 and 62 can now be solved:

;i" 1ffi_1/'1 _ _ .)dy
..:6 f( 1 o

For y> 6, u = Ue by definition of the boundary layer, and integration

beyond y - 6 makes no sense. Therefore:

6o1 -

u dy
6 6~ 0 l-U

Previously, n was defined as y/6. Introduce this into the

displacement thickness, and redefine the limits of integration

al ( u dn;
6 0 Ue
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Substituting for u/Ue, this gives:

• (2n 2n' + n4) + A/6 (n 3 + 3n' -

0

Integrating this out and evaluating at the limits yields

A2 (C9)
6 10 120

Similarly, for the momentum thickness,

f (2n -2n'
3 + n 4 + A(n~ 3n2 + 3n~3  n4E66

[I - (2n - 2n3 + n4) 0 - 3n2 + 3n3 _ n4] d.

Integrating this out and evaluating this at the limits

6_ 37 A A2  (CO)
6 315 945 9072

For details of the integration, see Appendix D.

The shear stress at the wall, Tw, can be written as:

Ue a(u/Ue)
-w " 6 D(y/6)

T. a(u/Ue) 2 + A/6. Ci)

-Ue 3(y/6) 2

This also gives the separation criteria, since separation is defined

as when the shear stress at the wall becomes zero. Applying this

definition gives

T: - 2 + .

j'ULe 6

* A = -12, (C12)

the criteria for flow separation.

Rearrange the momentum-integral equation into a more workable

form:

(26 + 61)Ue 4-e + Ue
2 d, -0i(

'2 dx dx P
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-0

Multiply by 62 and divide by v:

6 2 (2 + 61/62) Ue dUe + Ue2 6262'= tw62

v dx V V

divide by Ue:
(2 -.1) 62 dUe + Ue 6262'= Tw62 (C13)

62 v dx v Uev

Another dimensionless parameter is now introduced:

K z dUe/dx (Cl4.a)

K 622 dUe/dx (Cl4.b)
V

In equation (C13), the right hand side is:

T = T6 62
jiUe VUe 6

which can be expressed strictly as a function of A:

TW62 (2 + A/6) 37 - A - A2  (Cl5.a)
2e ' 315 945 9072

which, for the Pohlhausen technique, is defined as f2(K).

Similarly:

= (37- A - A2 \2A (C15.b)

135 945 9072)

Finally:

,(- A) 3 . A ) (C16)

62 6 62 1 120)31 120 9072

which, again, for the Pohlhausen integration is defined as fl(K). Thus,

the momentum-integral equation becomes:

[2 + fl(K)] K + Ue662'= f2(K) (C17)

Now:

Ue6262' 1 Ue d(62 2 )
v 2 v dx

57



Ue622 = 1 Ue d(62 2/v)

v 2 dx
Ue6262 = 1 Ue dz (C18)

V 2 dx

Substituting (C18) into (C17) gives

[2 + fl(K)] K + 1 Ue dz f2(K),

2 x

or Ue dz = 2f2 (K) - 2KfI(K) - 4K (C19)
- dx

Now, the right hand side of equation (C19) can be defined as

2f2(K) - 2Kfl(K) - 4K = F(K), (C20)

so substitution of (C20) into (C19) yields

dz = F(K) '(C21.a)
dx Ue

z = K/Ue' (Cl4.a and C21.b)

which are the only two equations required to solve the boundary layer

by the method of von Karman and Pohlhausen

The integration procedure begins at the stagnation point of

the airfoil. Recall that at the stagnation condition, Ue 0 0, to

maintain a finite dz/dx, F(K) = 0. Solving equation (C20) with appro-

priate substitutions for fl(K), f2(K), and K, it is found that:

Ao = 7.052 (C22.a)

Ko - 0.0770 (C22.b)

For details on this, see Appendix D.

Thus, Zo - 0.0770/U'o
Fa

and

dz/dx~o 0
*i 0

" Using the limit (Ref. 3:211):

58
I-



dz/dxI0= -0.0652 U"o/(U'0 )
2

Now, to complete the discussion on the Pohlhausen integration,

the steps to integrate the boundary layer are:

1. Determine the velocity and velocity gradient dUe/dz from

* the potential flow solution for the shape of interest (see Appendix A)

in addition to the arc length segments along the body.

2. Knowing zo and dz/dx,

Zl = Zo + dzj. dx,
dx o0

where dx is an increment of arc length along the airfoil.

.• 3. Compute a new value of K from equation (C21.b). At this

point, the value of A can be backed out from equation (Cl5.b) to

determine flow attachment or separation; however, an easier way to

* determine flow separation (and the method used for this study) is to

find the value of K that corresponds to A = -12, and use this as the

flow separation criteria. The value is K = -1567 (Ref. 3:212).

4. F(K) is determined either by:

a. Knowing A and solving equation (C19), or

b. Approximate F(K) vs K by a linear approximation:

F(K) = a - bK (C23)

O with a = .47

b = 6 (Ref. 3:213)

5. Knowing F(K) from the linear approximation and Ue from the

4 potential flow solution, determine the new value of dz/dx.

6. Cumpute a new z by:

zi+l = zi + dzl • dxi

7. For this study, repeat steps 3 through 6 until:
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a) The 1/4-chord point is reached. Check K against

the separation criteria. If the flow is not separated

(K = -0.1567), select a higher angle of attack, and

repeat until flow separation at the 1/4-chord is

indicated.

b) Then stop the computations and record the steady,

state stall angle.

160



Appendix D

Solution of the Constants in the Velocity Equation

* The three equations that remain to be solved are:

B + 2C + 3D + 4E = 0

2C + 6D + 12E = 0

B + C + D + E = 1.

Substituting C = -A/2, and setting up an augmented matrix:

[0 6 12 0 A
1 1 1 1 A/2

Now performing elementary row operations:

Row 2 by 6:

[13 4 0 Al7

0 1 210 A/6

L1 1 1i 1 A/2

Row 3 - row 1 + 2 • row 2:

1 3 410 A

"0 1 2 0 A/6

0 0 1 1 -A/6

Row 1- 4 row 3; row 2 - 2 • row 3:

1 3 -4+ 5/3. A]

0 1 0 -2 + A/2

0" 0 1 1 - A/6

Row 1- 3 • row 2:

1l 0 0O + A/6
o 1 0 -2+ A/2

Lo 0 I 1- A/6
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Thus, the constants are:

A= 0

B = 2 + A/6

C= -A/2

D = -2 + A/2

E = 1 - A/6

Solution of 6116:

0

1.1
6 0 12(2 + t q2 +^- ~ ''

_ Solution of 62/6:

0i )2 21 d

6 e .21 2e d.

0

- It is more convenient to solve 62/6 in terms of the constants A, B, C,

4l D, and G, and then substitute for their values later.
61

.- = [Bn + (-B2 + D 3 + E(-B+ +Cn2-C D - C2 En 4 ]dn

r,' 62

6 O=12

.° ~ ~ ~ ~ S l t o of 25,.. -,42/66. i-,mkh, w,.,,,.i,,, ,k,'m.m .. t..-- . m.m~,. m,,,qm m



= (-2BE - 2CD)n 5 + (-2CE - D2 )n 6 + (-2DE)n 7 + (-E2)n81dn

Bn2  (-B2 + C) 3  (-2BC + D)T 4  (-2BD - C2 + E)5
=-2 - 3 +(-2BC+ 4 + 5

+(-2BE - 2CD), 6 (-2CE- D2 ) 7 + -2DE8 _-E2  1
+ 0 +67 7 + +

0

Substituting:

B - 2 + A/6

C = - A/2

D = -2 + A/2

E = 1 - A/6

-2 = .1175 - .001A - .00011A26

37 A A2

-315 945 9072

Solution of Stagnation Condition for A.

IVAt the stagnation point, F(K) f 0 so that dz/dx at that point

is finite, since

x= F(K) and Uo = 0

F(K) = 23 A A2  ( 2 1 .2 2 1
F(K) 2 

1 1  A - + [2 4 + -f--
\5 945 9072)1 315 \945 12 + 9072 j

(Ref. 3:210)

Setting this to zero:

37 A A2  116 A + 2 + A2 + 2 A3 0. (Dl)-5- 9-4-5 T072 -315 4--5 120 O. (D2

4 This can be expanded out, and solved by mathematical tools,

or we can try different values of A until equation (1) is satisfied.

This gives:

Ao " 7.052;

and

Ko - 0.0770.
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C
C Pp( Gp.1i Ay C.aT p G I): r.F. "

C AF IN;S'! TLTF 'F TFC-,'rL'r.y

C
rC"PLEX( C',PLX,EZ# ZFT,,.-

AM'U as -.11

READ*, ALPHA. Ar)tTj
2Iy 5.0

ALPMI 2 ALPS-A
C ON 3 .115 Q 27/ I #a
VNU 154E0
THETA 2 180.
TIIIE 20.0

PITC04 2 AOOTt * CONd*~5'I.
CALL rSt!,ATSC~Aa~~,YC
CALL O(*,&1J,~,uX~V~
XLE 2 ABS(WLE)
CI'OQO z XLE + XVF

C

210000

q2 z (ALPHA # 25f)'2I
C

WPTTF(,3 0,Ijt'IP
MRTV CQo4) AL P4A

ANGLE X AL4 + t..VTA

CALL U(A'GLE#QAI.S,roN,F1. 1-+Fh.1O.A
CALL OS NLROIS O4 Am'J, ). v-.

ANGLE a ANIGLE - 0.000t
CALL U(AMGL!.QA0TL.,C7,% 1rFtpI .i I ,O-f

CALL PS(A%GLE,Q~Af)If.S.C"ki, A'....WI Yj
AA!57LE 2 A%:f*;LE - 0.0~11
CALL liAILE : T S,:N F ,It~~
CALL 'S(a%GLE,QAliu.C(,c,.AJ,*,1)., f2%
052 x SO0T(X2 - Xl)**2 (Y-YI*)
051 x SGRT(CEI - X3)*.2 4.(YI y,,02
051 z fl51l/C140-70
')S? a 0S2/CkLQD

C
C FOR TH.E STAGNJATIONI ant~r C.OJoTAtIVF 'jp ,

C THE VELOCITY GRADIENuT 13 C~0v~l'~ ' IST'; A
C FOR"AQO DIFFEQENCE PQnC0LIJVl t~qC'1t-l'r
C THE PEST OF T4E Pq.1lQav, V-E 4FLICTtY
C GRQADIENT 1S C"'PlJTE0 SSk CCT34L
C ntFFEECE PRICE

C

ODS a (Ut - 10/s

C THE SECOND Of41VATIvE CF OEL-CITY IS
C COv'PUTE0 USINS A TtIL30'S SEPTfS E''3Y

C

4C ENTER ImITIAL 910)hCARY LA(E4 04-. rTF)-.

QLA'CLA 7.O%~j
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%1 2 4.1O

VCz(10 X LF)/r-c't

C
AOOT n f.0
D0 10 J 1,1"

C
C THiE FUNJCTIMiIF. T 1tS LC P IS Tn' 17, '3Ot-
C R0'JNOAP'V LAYEQ .3A2&'ETE;S 114 ar 1rL-
C NjATION POINT 3011 TaE AjQFC L.
C
C TH'IS IS 00%E TO, ALLom T"F 4O)^lftig; rm
C "STEADY OUT" FBEFOQE tT IS S)UJFCTFi) T1 A
C PITCHyIGfr AIOPLOA. A VERY Fl-F Cn'-*''T.T.'A 1;
C HAS3 PEE" SELECTED TO 'P'TM'ZE t-Fic FFCTI,
C CN THE CO% jTAT! NS Om-m'JST4F&M OF r-q 3rA,3.
C N4ATIONI POINJT. ONCE Tt4E 309J'slARY L-lygolH
C STEAOtED O'.'T. CCMIIUTATtIN "ASSE3 I'l I Tw
C PITCHIN'G AIQFLOW.
C
C NOT !m'AEO1&TIFLY SI @JErTt4's T.IE 'm"~'vL
C TO THdE P1TC9.4!A:G AIQFL0A 'A JO 0cril-
C AFFECT ON - OVOUTATIIS49, is r14F rI~ri

C LAVER IS ALL Fy w rril% (AS C,"**1pF'
C DORiSTRFA Nl T04E -;RO.,H GR,'P T!FT I:VF'
C THlE UNSTP.OY FL0'N 1S A-30UT T-r jA- A-; ?*IF
C GR04TW GQAOIE%T F Y- 3rEvr? Ln,), 1,, rwF
C VEQY NjEAR T,..E ST*V,..Ttj! -InVIT.
C

c0

C COMPUJTE TH.E PERTT'iE-,st q()J''inQY LlfC '3.v J - :CI

C
ZZ 2 0ZOS'nSS+ ZZ
RK( 2 ZZ*O',IS
Fit *U.7 - 6.* QI(

riZr)z Fw
C

OULT a OSS/IJI
TIME x TIME * OELT
OALPHA 2 OELT * Lr0Ct
ANJGLE 2 A'trLE * OALPWA
A10141 2 ALPI41 + OALOIWA

6'CALL (F QOSCI.1'tJiLih,1
O UO T 2 Q1 )
OUDT 2 DUCI/'lELT

V ANG~LE a ANGLE " .9111
ANGLEI 2 ANGLE 4.fn
CALL IJAGE~~,ISCNEJ'F V.'UAL"4,..2)
CALL
ANGLFO z AAILF # 0.0-101

'CALL
CALL VS(AjGLE1.MAOI'JSDCO, 04 '0X,1)
CALL (jGEQ0J.'%.1u'e.IlAPA.)
CALL
0S31 QTUE 0.. Y
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C

2

10 CONTII j'JE
C

3 Of) 20 J 2 41,'2
C
C THIS LOOP COvP'JTES t-4F 4E' IT~ - .

C LAYER AS It IS SIAJECTES) T'j & t:I. t
C
C THE TQA%SlENIT FLO* ,Y JA -C3 A-; C %IT *. r .

C 'CQEvE%-TI"r T'4E FL V'L !TFA- Q.-' - -r

C COMPUTATIO%, 4i , Y 144
C
C OALPHA 2(PITCH ';ATE) * (VT~ I.CF

C AT EACH PO)INT, TI-E ~Q'A"LAYEQ FT-)
C ARE CO-'PITED, AS AgE tL4E 4C LEAIT. L".CAL
C VELOCITy, TITM E $'10 SPA~TIAL VEL- Clty )E-

C RIVATIvES, ANO Tjvl PJiCREv~t. T.Ff01T"
C ARE CARRIEO OULT FQO04 JUST PAST r-'E S IA GA Ar r'
C POINT UP TO T4E WUARIER Cw0R0 00% ON -
C SURFACE flF TWE ATQFOILt AT ww!Ch 2n[AT ?wC

C LOOP 13 EXIrE3. r 1PJTArICN TO A:TFcET
C POINT CAN IE AC r3 'ERFLY C:A~'';i
C THE TEST CO"0i1&

C COMPUTE THE PERTTSC%T 9OU'40APY LAtF4 AA.#AvvTF~

ZZ a rOZ)SSS ZZ
QI( x ZZt(D'JnS *nlfr)?/)
FI( 2 0.417 - .R
CALL POI4L(RP(,RLAMOA)
D)EL?: a 7./SI5. - RLAAOA/qlS.-

F2 2(.3 - QLArA/1.)/CEL2
DOIS s (FKI + ( 4 + F24) ZZ OITAI.
DZ0S a F'(/U1

C COMPUTE THE TIME INCRETMENT Fog A PADICLF
C TO T0 4VEL F~nm POINT (4) tfl 0ml-i(j~t)

4 QELT 2 055/Ul
TImE 2 TIV'E + nELT
OALPHA a OELT* A001
ANGLE a ANGLE # DALP"A

ALP'41 a ALPHI + D)ALp-4A

CALL WJ(ANGLE, RAO IQ.Ss ,F.Et10J F, AAll, 3LP"eh. 31

* C CO"PtJTE THE UNSTEADY VELOCTTY rQiflTF'I

DUO? 02(U - Ut)/OLT.
AK~GLF ANv;LF - M.11
ANILEI a AkiGLE - 0.01
CALL uA'LIATSC',T~'.A'A~.?
CALL O S(A'ISLEI eQAflji,C0)N,AmIU~,Yy)
Ar'1LE a A'1GLE 4, 1.11

*CALL U( A%lGL~l)#caA' Uq~fcnvp I 'llF , t-- .. I.
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C A L -1. -Lw 1 ' I I T

CALL. ' ;4-11, 't',r *. , ~

c Cr-v'PI'rF Acr LErT~ 4'.. ,FL -Cr

rDSt v SORTC(tt - xfll.. 4 (y - I
IS2 xS'IQTC((( - xl)0*2 + f Y; -y I*?
t' SS z MCS1 14 2)IC-)f
'Nos W2 l*~ls

2 tO'Ja ')I *

VIC a xoc * ELo

C STOP TwE CL!WPurTlATIv At T-qF 1114PTE74-C-CO.%

JF(xfIC.GE.0.2S0) GO TO 25
tF(..LT5O1 10 TO 20

ieR1TFAb,I)(O, U1.0JSCr?. 0
0

D?.AlS

V#RITIE C 6p45 )ALPI
AfRJTF(6,55)P1tC$

C AmfTE(s%.60)-qx

C "PIRTE(6pgo)
C WRjTPjb#8I)TT"E

40 FOQ"4 T C I4ITIAL A\.GLE CF AtTIt~r: , *

50 FOIIAT ( PTTCN IATF: *,r7.3," ~A'E/
55 IrQU4AT(* PTTC'4 DARAu~fk-: *,F7.5/)
60 FOR'*T(m x At T4F 1(A4EQ-r.-)w": q.4~'/1

80 IrOQmAT(% MAE TO 9EACm r-E -I'jdaTE.-ni
SI FC9"ATC" C'HOOO FQrj TmF StAGr'ATI l r'.r ~'C 5rCol)

STOP
EN~O
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C

CQ*APLFX C-'LX,Z,F.7yt,
C
C THI1S SU'8ouT?.NE 13 -i5E0 T ) C' 2(. rE T'- L
C v ALI E F T E vELCCtr I i' r Y i C~ j
c US'ING COI0LEX o)TclIrTP.I_ *.'~? *~

c T49-nY* T -E VELOJCITY TS r' s o~w-~ ,r.
C A CIRCLE IPj T4E CJvPUTarr ' !% LP T'..F;c
C ERIJNG E'2UATIO%4 13 TH'E ' - 1ATT', IF t-F
c C014PLEX FLOm POTFA'tAL El >ITI"'. l'CF '-T5
C VELOCITY 6465 qEEN~ OETE~v!l', T-'c

C AgOUT THE CCOSONV1 AI.QFIIL T3 Clo0.,'
C BY
C
C U(AIQFOIL) 2 (J(C1QCLF)/(rl/r~ZETA)
C
C WHERE OZ/DZETA 13 T14F f EQ1j'ATTVE -IF T-F
C EQUATIONJ USED TO TqA'ISF',Ou FOi'v. T-.c i~u~
C TO TH4E AtQFOIL.
C
C THE COf)QOINATE3 AND VEL'nCITY JIJ t-F c IQ~tr
C PLANJE ARE COD~UTFu1,
C

X R An~fJS *CrSCANd,LE* l!,,)
Y R A'I'jS * SrN(ANLE*CrI)
Z C-t.X(s,Y)
w z 'JT'IP *((1.,0.) -(

9 ~fTJ5'*2)17*''?
t 2.* EI * RAD1IUS*~i&O~AC~J)Z
x z X * aMI'J

.4C Z IS rNOA rw8AGEr) TO) REPcFSF T T- A_ iFe,
C OF TN~E COOQ'. , iATES 'JSE') I1. T,4E Twv 9.
C FORMATION EgtUATION;
C

Z 2 COPLVX,Y)
OZEtA 2 (Z**2 - RA0t'JS''2)/Z**'?
UU 2 CA43(4)/CAq3S(')ZFTA)
QFTUPu
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C SURPOUT[NE 3q(ANrLEQAf)IUS,CtN,6 xE vi

COMPLEX C40Lt,Z
c
C THIS3 SUBROUJTINE TS USED 73 Cr-!.F T..E
C ARC LENJGTw RET"4EENI thl SPECIFIF,:"~r
C ON TwE JOI:'KC~iSx I A I PFQIL. 5 !f* -F
C COMPLEX VARIABLE 7wCIQV T1 '- TTS
C
c FIRST# P01INTS OF INTEREST AR rC."P'iTFo i-.
C A CIRCLE# At4r) Aqf CNP)4 TRANSFR rl I. ,V"
C COORDINATES (IF TWE 4IRFF11L 9V Y'-wF'AT

C
C ZETA a Z *(QAIjtUS*.3,
C
c 'IeMERE t 4PRESNT5 T'4E C' .IS~i'
C PI~E CIRCLE# AND ZETAS F FPRE3E'NTS T- $ C~j
C OROINATES (xST,iFTA) (~l: T.F alQF'71.
C

X * RADI[US * COS(A%GLI %.0%) Akl
y a qAOtus * If &GEt
Z a CmPLXCX#Y)
Z a Z + (RADIJS**2)IZ

Y z AIuAC(Z
RETURN
ENO

C

%o
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c Tw-F F.-CTI.'7 Ic T 13 *r i
c PUrF T-E q-I F 'F r-t1 r2 v-:
C LAUA)6, rIVFN A VAL, E !F q 9C
C V*!I' PQ*CPA*A.' I~ ACT* Al TTY ( 11 . r T
C OF LAv',&I '4CAFVEQ* L-1OA IR OT~ FtCI 1r1:TI

C COv0UTf, IN THE~ 006WL4d!SFPJ!T~~t' ~-
4.C AS X IS. TWEQEFOQFf IT 11 l.FCFr-SA~v T *

C OUT* VALUER 1F LAV'CA K0,CWIi, K.

C THIS 5j OlITI'%E (AQFAKS T"9E FW'.Tlr'-AL 4;Cl~t.
C SHIP AFT 4EEN LA'-I'A A% 9 I'Tf) 1!arl-Y
C LINEAR 39 PN n~rq C-.TII, AS AOPCGO!?±'c.
c TH~E VALUE OF K 1S Cr'0thTEO 1i' T -F *.*Al.', QQ
C GRA4 AND I S T4E'4 5F%.T TO T14T 1 1' :01-T I. , T~

C VALUE OF K 15 SUPJFCTF0 TO SEVEr-L ;:LACFF-T
C TESTS TO DETE4"MPE T~g AP4r&"w~aT
C THE LAMOA-VS-K Ct2QVE. LAWOA IS T-,E' C'A.,
C THROUGH THE APPQ00RIATE CESCR151*.G 'F.T!" S,-IO.

RKI 2 -. 160
4K2 =-.112
RW3 a fl*00

QKG a 0.06
QX5 2 0.076
RK6 a 0.086
9K7 x 0.oqaq
IF(RK.LERKI) GO TO 10

'(.LE.RK2) GO TO 20
IF(R,(.LE.R(.I) GO TO 30

TF('t'.L.9R6) GO TO 40

TF(Rk.LE.RK6) GO TO 60
IF(QW.GT.R(7) GO T C 70

RLAMO0A z *0t1iq..2 - (2K(
RL A %lI A a 12.- 10n.*5QRT(GLi,-na)
RE TURN

10 RLA"DA z (2.1.012) A 4K # t1d.0
RETURN

C
20 RLA'OA z (4./.044h) a ;K # 2.18

R ETUR N

30 RLA'4DA z(10./.141) .Q'(
* RE TURN

C
40 RLAmDA z 83.33 6 *

RETURN
c

So 9LA40A s - 1.9 # ils. * RK
RE TURN

* C
60 OLA'60* M -6.541 + 176. * 4l(

RE TUR14

70 RL A~'IA x 12-.
RET URN

EIM
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