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AFIT/GAE/AA/82D-9
Abstract

An analytical study is presented regarding the theoretical

behavior of an airfoil in a pitching airflow. The theoretical develop-

ment includes the momentum-integral equation for boundary layers in

unsteady flow and the von Karman-Pohlhausen integral method for
unsteady flow. A computer program was written to model this and was
applied to a symmetric Joukowski airfoil. The results of this study

show a linear relationship between the increase in the stall angle of

attack and the non-dimensional pitch rate, %Ca/Ugg-

vii
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I Introduction

Discussion

Since the earliest days, aerodynamicists have been interested in
the performance of a wing under dynamic angle of attack changes. The
earliest work seems to have been most concerned with these effects as
they pertained to an aircraft experiencing rapid changes in angle of
attack due to the encountering of a gust (Ref. 1). More recent work
seems to be concerned with these effects as they pertain to the motion
of a wing in otherwise still air, and, in particular, this effect as
applied to oscillatory motion as might be experienced with helicopter
blades (Ref. 10).

Both of these dynamic conditions lead to an enhanced maximum
1ift effect; this effect, however, can be separated into two regimes.
In the first, the coefficient of lift-vs-angle of attack curve
(Ce-vs-a) 1is extended up and to the right so that the maximum 1lift
coefficient (Cimax) is increased by some amount ACf{max. In both kinds
of dynamic angle of attack change cases, the Cfmax seems to be
directly relatable to the non-dimensional angular rate %Ca/Uoo, where C
is the airfoil chord, a is the pitch rate of the gust or the wing, and
Uoo is the freestream velocity. In the second regime, a large AC&max
appears as a spike superimposed on the Cf-vs-a curve followed by a
catastrophic decline in Cf. This later effect has been attributed tov
the appearance of strong leading edge vortices (Ref. 10), and is beyond
the scope of this effort.

This study is concerned with only the first regime. While the

general trend of the effect in this regime is similar under both motiens
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there appears to be a measurable difference in the extent of the effect
even if the restriction to constant angle of attack change rate (o) is
fixed. In the case of a gust, constant a means that che wing is
stationary, and the flow field is made to change direction at a constanf
rate. While in the case of the moving wing, the flow is fixed, and

the wing pitches into it at a constant rate from some pivot location
commonly taken as the half chord (Ref. 9).

Theorétically speaking, these two conditions differ in frame of
reference, the latter being more difficult to analyze. This study
is limited to the theoretical examination of the first condition; that
of a fixed wing encountering a gust.

Since the phenomena of stall is due to separation of the flow from
the upper surface of the wing, it is clear that a study of dynamic
stall must include and, in fact, hinge upon a study of the boundary
layer. The study is limited to laminar flow, but tta techniques should

be applicable to turbulent boundary layer flow.

Problem Statement

To set up the problem, the momentum-integral equation for boun-
dary layer in steady flow is extended to allow for unsteady flow.
Following the theoretical development, a computer program will be
developed to allow one to apply this theory to certain specialized
problems; namely, symmetric airfoils. The application in this study
was to a Joukowski J011, an 11% thick symmetric airfoil, in order to
model the flow about the leading edge of a NACA 0012 airfoil, popular
in helicopter blade use. Finally, the theoretical results are compared

against experimental data available in the literature (Ref. 1 and 9)
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Assumptions

In order to perform the analysis, a simplifying assumption that
the flow is incompressible is made. 1In addition, since the point
of flow separation on the airfoil and the relationship to be loss
of 1ift (aerodynamic stall) is somewhat arbitrary, in this study,
aerodynamic stall is defined as when flow separation (as indicated by

the shape parameter) occurs at the quarter chord point on the airfoil.
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II Background

In canvassing past efforts on the dynamic stall phenomenon, it
becomes apparent that the majority of the work concerns the oscillatory
motion on an airfoil, which is most closely associated with helicopter
blades. Other works included research on airfoils pitching info
airflows. Only a few papers covered work on the gust problem, i.e.
airflow pitching around an airfoil. The genisis of this work was an

experiment by Max Kramer (Ref. 1).

The Kramer Experiment

In 1932, Max Kramer published a paper regarding his experiment
on the dynamic stall of airfoils in pitching airflows. He got the idea
after listening to several pilots commenting about the behavior of
wings in unsteady airflows. To investigate these observations, he
set up an experiment. In it he fixed an airfoil between a diffuser
and a set of movable guide vanes (see Fig 2). The air flowed from
a source, through the vanes, over the airfoil and was collected in
the diffuser. The insertion of the vanes allowed Kramer to alter the
direction of the airflow while taking data. This allowed him to
simulate a gust encountered by an airfoil in otherwise steady flow.
Kramer conducted his experiment using three different airfoils--two
different profiles of the same chord and one airfoil of the same
profile as one of the others but having a different chord. Kramer also
ran the air at two different dynamic pressures, enabling him to obtain
the pertinent characteristics involved in the problem, i.e. effect of

velocity, area, camber, etc. To correlate the data, Kramer used a
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non-dimensional pitch rate parameter:

L
LCa

Vo

where C is the chord of the airfoil, Uy the freestream velocity and o
is the pitch rate of the airflow in radians per second.

Based on his experimental results, Kramer developed an empirical
relationship between the increase in Cfpay in the gust over Czﬁax in

steady flow and pitch rate
C da
Cﬂ,maxdyn = szaxst + 0.36 Ua)_-_ ‘EE'

(Ref. 1)

The results of Kramer's experiment have been reproduced in Figure 3.

The Deekens and Kuebler Experiment

Another experiment of interest is one conducted by two students
at the Air Force Academy. In it, an airfoil (NACA 0015) was emplaced
in a low speed smoke wind tunnel. Once steady flow had been established,
the airfoil was pitched at a constant rate through a servo motor con-
trol (see Fig. 4). As in the Kramer experiment, a direct correlation
was found between the non-dimensional pitch rate and the delay in
stall angle of attack. As stated in the introduction, this is a
different problem thaﬁ that of the rotating airflow. The results as
shown in Fig. 5 can be expressed as:

Aagtall = 2.1 (}3C3/Uqy),
where C is the chord, a the angular pitch rate and Ugyp the freestream
velocity. Applying classical airfoil theory, this translates to:
ACfpax = 6.57 Ca/Ugg, (Ref. 9:2-15)

a much higher slope than that obtained by Kramer.
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This is a clear indication that there are different physics
governing the behavior of the airflow in each problem, and both should be
pursued. This study will investigate the behavior of the airflow and

boundary layer of the first case.
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ITI Theory Development

Introduction

In deriving the theory for the gust problem, use was made of the

Py
PP

procedures used to derive the momentum-integral equation for the boun-
dary layer in steady flow. That derivation is reproduced in
Appendix B.

The momentum-integral equation for the boundary layer is ancther
form of the boundary layer equations that result from the simplifications
of the Navier-Stokes equations that govern all flows. Thus, a procedure
similar to that used to derive the boundary layer equations in general
will be used here; that is, to develop the continuity equation and

the momentum equation for a fluid element in the boundary layer.

The Continuity Equation

In words, the continuity principle states that the net rate of
mass flow out of a control volume is equal to the time rate of loss

of mass within that control volume (Ref. 2: 10). Referring to Fig. 7,

this gives:
h h h . h
Spudy + 3 (fpudy)dx - Spudy + mogqp = -3_ fedydx
o IX o o at o

Reducing this equation gives:

h h
6°top = - 3 [fpdydx - 3 (fpudy)dx (1)
t o X o

The Momentum Equation

The momentum principle states that the sum of the forces acting

on the fluid in a control volume is equal to the net rate of transport

EE RN U VDRGNP G S S S ¥ : - LA . . o~ - s B - - k. 3 a PR P ;_j
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of momentum out of the control volume plus the time rate of change of

momentum in the control volume (Ref. 2:11). Referring to Fig. 8, the

'd—w‘ P
. . R

x-component (parallel to the wall) of the momentum equation may be

found by finding the sum of the forces in the x-direction:

h h h
IF = -1ydx + Spdy - Spdy -~ & (Spdy)dx,
o o X o

and equating it to the momentum terms

h h h h
= fpuudy + 3 (fpuddy)dx - Sfpuudy + tiomp - Ue + 3 [fpudydx
o ax o o at o
such that
h . h h
3 J(puu)dydx + Dot op * Ue + 3 foudydx = - 1ydx - 3_ fpdydx (2)
9x O dt o 3x o

Substituting for t:'Otop from equation (1), equation (2) becomes:

- h h h h
0 ' 3 JS(puu)dydx - Ue * 3 fpdydx - Ue * 3_ fpudydx + 3_ [pudydx
dx o at o 9x o at o
h
= - T,dx - 3 [fpdydx
9x o

Thus, for this two dimensional problem, the pressure gradient
in the x-direction is the only pressure gradient, and correspondingly,
the partial derivatives of pressure are taken as total (not substantial)
derivatives. Also, since x and y are independent, the partial deriva-
tive with respect to x can be brought across the integration symbol,

since the integration is in the y direction. The equation becomes

h h h h
/3 _(puu)dydx - Ue * 3 JSpdydx - Ue . S 3 (pu)dydx + 3 Spudydx
o 9x ot o o 3x ot o
h
= - 1,dx - f dp dydx
o dx 3

a PO T




If we further restrict the flow to incompressible, the density can be

divided through, as can the common dx term, so that

b h h h
9_(uu)dy 9 dudy , 3
J e ~ Ue . °T Jdy - Ue . [ by + 5T Sudy
(o] (o] (o] o
h
__ta_1dpdy 4)
PP, dx

To this point, the only difference between this equation for
unsteady flow, and the equation for steady flew is the addition of the
time dependent terms. However, the next step is one of the key develop-
ments in the momentum~integral equation for the boundary layer in
unsteady flow. It was at this point in the steady flow equation that
Euler's equation was introduced to substitute for the pressure gradient,

’

and the same will be done here. As shown in Appendix A:

ldp _ . 23Ue . 3Ue
-Sae T Ue o= + o+ (5) and (Al13)

The additional 3Ue/3t term introduced here is significant and
will be shown to be a contributing factor in the behavior of the flow
field in gusts.

It is important to note that the potential flow field in incom-
pressible flow can and does respond instantaneously to changes, such
as an angle of attack change. This is, if an airfoil is inserted
in a stream at some angle of attack aj, and the airfoil is allowed to
pitch up to an angle of attack A, the flow field will be the same as
if the airfoil was placed in a freestream at an angle of attack a, with
no pitching. This is because, as shown in Appendix A, the velocity
in potential flow is a function of a only and is not a function of
time. However, the pressure gradient does not respond in this fashion.

The flow field resists changes due to the inertia of the flow, in
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h h h h
J %_(uu)dy - Ue 2 fdy - Ue * [ 3 udy + fudy
X at ax
o o o
T h 3Ue dy 3le
= - Y
. + £Ue % + £ 5t dy
which, after rearranging, yields
h h h h
-7 %_(uu)dy + Ue fdy + Ue f 8 udy at fudy
o o
h QUe Ve 1y. (6)
' + fUe — d+f—dy -
(o] o o
- Looking only at the time dependent terms
h h h

addition to the time dependent term iantroduced here which causes a
different kind of behavior for the pressure gradient.
Continuing on with the derivation, now substitute equation (5)

into equation (4) to obtain:

Ue 3= fay +faue dy - > sudy,
o o
note that the first term, h, is an arbitrarily selected constant. When
the integration is carried out and evaluated at the limits and then the
partial derivative with respect to time is taken, the term is zero.
In the second term, since the y-coordinate is independent of time, the

partial with respect to time can be taken across the integration sign

so that
h h h
3Ue 3 _ 3 _
£ S dy - Y iudy =t g(Ue u)dy. (7)

Now examine the spatial terms of the left hand side of equation (6):

ho h
3 _(u)dy 4 ge I3 24 gy 4+ sue 2 gy (® |

[« 2 -

10




The second term of equation (8) looks like part of

? 3 (ule) dy
Tax
o
so that expanding this term out yields

h Ue
(uUe)dy = fu ———-dy + er-—— dy. (9)

Note that the second term on the right hand side of equation (9) can

be written

h h
fue 3u 4y L;‘:el - fu e q4y. (10)
o
Substituting (10) into (8) gives
3Ue , ale

h h h
S LCL) R TCLL) R T -fu—d)’,
(o]

9X 9x
o
. and combining the first two and the second two terms yields

By 3Ue
f ™ (ule - uu)dy + f-—g— (Ue - u)dy. (11)
o

Substituting (7) and (11) into equation (6) gives

h aUe

(uUe - uu)dy + f (Ue - u)dy + I(Ue - u)dy = Tu-
o

o

The velocity gradient aUe/3x is independent of y as is the partial
derivative with respect to x; thus, these can be pulled outside the

integration symbol so that

h h
. 2
g—x S (ule - uu)dy + we f(Ue -u)dy + = 3 f(Ue - u)dy = I;l (12)
(o] o

Finally, rearranging the terms, equation (12) becomes

h
258 (1- % ay + ve & f(l- Ly gy + g—t— Ue f(l- Syae = I (13)

)
™ Ue

11
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which 18 the momentum-integral equation for the boundary layer in

unsteady flow,

12




IV von Karman-Pohlhausen Integration

In the preceeding chapter, the theory for the unsteady flow

boundary layer was applied to develop the momentum-integral boundary

layer equation for unsteady flow. The steady flow version was first

integrated and applied by K. Pohlhausen in 1921. The method as used

in modern texts, and that is used here, is a more modern development

done in 1967 by H. Holstein and T. Bohlen (Ref. 3:206). However, the

unsteady flow application has not been integrated because the addition

of the transient term requires another independent equation for closure

as will be evident in the analysis that follows. The closure equation

can, however, be constructed, and the success with this closure

equation is directly responsible for the success of this study. Since

the unsteady flow method closely parallels the method for steady

flow, the steady flow development of the von Karman-Pohlhausen approxi-

mate method has been reproduced in Appendix C.

The von Karman-Pohlhausen Approximate Method for Unsteady Flow

The momentum-integral equation for unsteady flow is

h
3 ye2 f U o w
™ Ue £ e (1 Ue)dy + Ue

dle

h h
Ve . ,_u_ a_ . SR P ;*)
v £(1 Ue)dy + Ue £(1 Ue)dy

at o]
Two parameters relating to the boundary layer thickness are now

introduced:

h
8 = f(1- ) dy
o

6, =

u u
2 ve (- ya) &y

(o3 -

13

(13)

(14)

(15)
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Equation (14) represents the displacement thickness, and equation (15)
represents the momentum thickness (see Fig 6). Substituting these
into equation (13):

3_UeZ §3 + Ue aUe . 81 + 3 _(Ue &7)

= Iw
9x 9x at p
or by expanding the first term
2 Ue 62 3Ue + Ue2 382 + Ue dUe &) + 3(Ue 61) = 1w,
) o 9x Ix 9x ot o]
and finally rearranging yields
(287 + 61) Ue 3Ue +Ue2 362 + Ue 361 + 61 3Ue = 1w (16)
X 3.4 at ot P

As it stands, equation (16) may not be integrated in the manner
of the von Karman-Pohlhausen method. In order to proceed, a closure
equation must be introduced which relates the change in §] with time to
the change in Ue with time. To find the equation of closure, first
assume that §] is directly related to the boundary layer thickness:

§1 = C16 (17)

which is generally true in the time domain. Then

a8y = C1 38
ot ot

As long as the flow is laminar, it can be shown that the boundary
layer thickness, §,. can be related to the velocity of the potential

flow, Ue, by

§ = Cov
Y UeX

so that

381 = C3C2. ¥ 3_ (uerl/2
ot x Jt

- clczlf‘x .1 (ugr3/2 ave
X 2

at

14
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v -1 aUe
=66 Uex '(’ Ve at)
_ 6] ole ,
2Ue 9t (18)

as long as the time dependence of C; and C2 are small as compared to
that of Ue, which is somewhat restrictive. Equation (18) thus forms
the closure equation necessary to put the unsteady integral equation
in manageable form. Substituting equation (18) into equation (16)

yields

dle 2 362 ale 1 dle _ 1y
(28, + 8,) Ve ay T et et 8) e -5 68 ¢ o (19)

Equation (19) is then multiplied through by 62/v:

2+_1 —Lu We | o2 82387 , 1781Y)82° 3le _ 1y
ax v 6x  2\é8,/) v t i ’

and divided through by Ue:

2
(“%16 e | 4o 8238 1(§l)§L."m_e=.u_2"5e, (20)
2

v 9x v 9x 2Ue 62 v ot uU
Finally:
5 4 181\82% 1 ave
( 2 62 v Ue t

is added and subtracted to get

24 81 gﬁ(&+1we e6262 (2 4 L81\822 1 dle _ 148; 21
8/ v \3x Ue 282)] v Ue 3t ule

To make a boundary layer computation, some information must
first be determined concerning 61 and 62; however, these parameters
are in terms of an as yet undetermined velocity profile within the
boundary layer. The velocity profile must satisfy two constraints:

a. The order of the velocity equation must be of an order

compatible with the number of boundary conditionms.

15
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b. The velocity profile must allow for an inflexion point

since the flow will be with a pressure gradient (Ref. 8).

y=0 u=20 (22a)
vazulayz = - Ue 3Ue/3x + 3Ue/3t (22b)
y=3§ u = Ue (22¢)
duf3y = 0 . (224d)
3Zu/ay? = 0 (22e)

Note that except for the second boundary condition, these are all

identical to the steady flow boundary conditions. The second boundary
condition is altered only to account for the unsteady pressure term from

Euler's equation as developed in the Appendix.

L Ann e 4 Py
. ik
W ST e
LY o

The existence of five boundary conditions allows for a fourth

degree polynomial expression for the velocity profile:

—
AR
N

iﬁ = A+ Bn + Cn2 + Dn3 + En4, (23)

where n = y/§.

Applying (22a) gives

A =0, (24a)
and (22c¢) yields

1=B+C+D+E. (24b)
Now, applying (224)

0 =B+ 2C + 3D + 4E (24¢)
and applying (22e)

0 = 2C + 6D + 12E. (244d)

Finally, equation (22b) is applied to get

Ue 3(u/Ue) _ 2 3
; 5?;733— B + 2Cn + 3Dn“ + 4En
Ue 32 (u/Ue)

- 2
Ez 3(y/8) 2C + 6Dn + 12En

n=0

16
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dle 1 BUe)
3x  Ue 23t

2¢ = =2
v

(24e)
At this point, a dimension less parameter, A, is introduced and

defined as:

. ﬁ(z& L ate)
h = v \ 93x + Ue 3t (25)

Notice that A here is different from that defined for steady flow.

Substituting (25) into equation (24d) and solving the equations (24a-d)

yields
A=0
B=2+A/6
C= - A/2
D=-2+A/2
E=1- A/6

These are exactly the results obtained for the steady flow
boundary layer velocity profile. This should not be surprising in
that one should expect to reccver the steady flow solution from the
unsteady flow solution if, in fact, the unsteady flow terms are dropped.
This is what happens if the unsteady term is dropped from the definition
of A.

The details of how to solve for the constants are in Appendix D.

The velocity profile becomes:
v . 4 _ a2 3_ 4
Ue—(Zn 2n” +n )+ A/6(n 3n® + 37 - n )

and 6§ and 83 can now be solved:

1.1
§° 3

(1 - ;‘J—e) dy.

Q -

For y>68, u=Ue by the definition of boundary layer, and integration

beyond that point gains no additional information. Thus, the integration

17
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to h>§ gives a result identical to an integration only to h=§. Thus,

L3
5

O =

(1 - S,

Substituting n into the momentum thickness and adjusting the integration

limits accordingly yields
81t - u
5~ é(l - gelan,

and substituting for u/Ue gives

1
% = f[l-(Zn - 2n3 + nl‘) - % (n - 3n2 + 3n3 - n[‘)] dn;
0
8 .3 _ A
§ 10 120 (26)

and similarly,

2

1 .
82 =f[(2 -2n3+n4) + A(n-L’m")'+31r13—nl') J [1—(2n-2n3+n1‘) - A(n- In +3n3-n4)]dn
$ 0 6 6 )

s _ 31 _ A A
§ =315 T 945 ~ 9072

(27)

The details of the integration are presented in Appendix D. The shear

stress at the wall is defined as:

T = H3Y
Y " T 3yly=0;
or
1w 3(u/Ue) +A
uUe a(y/G)I MG (28)

The separation criteria can now be determined, as separation is defined
as the point where the shear stress as measured at the wall is zero so

that
2 +A/6=0

i.e.,

A= -12 (29)

18
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The momentum-integral equation in its last form was:

(2+§l) 892 (égg+;}_ dUey + Ue§262 - (2+g_§; 822 1 3Ue = 1y82 (21)
627 v ox Ue at) v 2 62) v Ue 3dt uUe

By introducihg another dimensionless parameter, K, defined by

K = z/3Ue + 1_@5) (30a)
ax Ue ot
or
Kz gz-?( e + 1 3Ue (30b)
v ax Ue at)

the right hand side of equation (21) becomes

Twé2 = 1wl . 82
ule ulUe [

H
)
+
>

AN(37 - A - Az)zfz(l() (31)
6/\315 945 9072

and similarly,

K =£(a_ug+_1_zu_e)(gz)2 ;
v dx Ue 3t 8
K=(37 - A - AZ)ZA (32)
315 945 9072
Finally,
g=§l.c_=(,2_— A')37 - A - _A2 1 (33a)
2 & & \10 120/\315 945 9072
81 f1(K) (33b)
82

Substituting into equation (21) yields

[2+F1K)] K + Uesasd - [2+lf1(l()] Z_ e = £5(K) (34)
v 2 Ue 9t

Now,

ves2s8 = 1 ve d(522)

v 2 v dx

or

UeGZG{ =1 Ue (dz/dx) (35)

v 2
19
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Substituting (35) into (34) gives

[2+f1(1<)] ‘K + Ue dz - [2+lf1(K)]_Z_ Ve = £,(K)

2 dx 2 Ve 3t
Ue dz - [4+£1(K)] Z_ 3Ue = 2f7K - 4K - 2f1(K) - K (36)
dx Ue 2t

The right hand side of equation (36) can be defined as:

2f9K - 4K - 2Kfj(K) = F(K) Y
which again is identical in form to the steady flow solution. Indeed
the steady fléw solution can be recovered if the unsteady terms are
dropped. So that substitution of equation (37) into equation (36)

finally gives

dz = [F(K) + [4+f1(1<)]z_ el (38a)

dx Ue 3t | Ue

Z= K[aUe + lgu_e)-l (38b)
9ax Ue 09t

which are the modified equations to be used to solve the boundary layer
using the method of von Karman-Pohlhausen. Again, it is interesting

to note how the steady flow solution is recovered if only the unsteady
terms are dropped from the equations.

As in the steady flow solution method, the integration procedure
begins at the stagnation point, where Ue=0. In this study, the stag-
nation point conditions are computed in the absence of unsteady flow
so that as in the steady flow case F(K) must be zero so that dz/dx
at the stagnation point is finite. Solving (67) for F(K)=0, and for
steady flow gives

Ay = 7.052 (39a)
K, = 0.077 (39b)

Then, Z, = 0.077, and dz| = 0. Using the limit (Ref. 3:211):
Uel dx - 0

20




g_: = - 0.0652 U,"/(Up")?

Now, to complete the discussion on the Pohlhausen integration, the
steps to integrate the boundary layer are:

1. Compute the velocity, Ue, velocity gradient, 3Ue/dx and
dle/at using the potential flow solution about an airfoil. See Appendix
A for details.

2. Knowing z, and dz/dx, find z)t

21 7 % T ax
where dx is an increment of arc length along the airfoil.

3. Compute a new value of K from equation (38b). At this point,
the value of A can be backed out from equation to determine flow
attachment or separation (32). However, since A for separation is known,
as is K = K(A), then K for separation can be determined and thus allow
the elimination of one step in the integration process. This is done
for this study; Ksep = - 0.1567 (Ref. 3:212).

4, F(K) is determined by:

a) Knowing A and solving equa;ion (32), (33), (34)
and finally (37), or,
b) Approximating F(K) vs K by a linear approximation:
F(K) = a - bK
where a = ,47
b =6 (Ref, 3:213)

Method (b) was chosen for this study.

5. Knowing F(K) from the linear approximation and Ue and 3Ue/dt

from the potential flow solution, f(K) by equation (33), and the current

value of z, a new dz/dx is computed.

21




6. Knowing z; and having computed dz/dx is computed by

1% %441
ia | zZi4) = z4 + dz/dxli . dx

Et 7. Repeat steps 3 - 6 with steady flow only until the boundary
layer develops numerically approximately a l-degree arc along the
airfoil. Then, repeat steps 3 - 6 using the unsteady methods until

the 1/4-chord is reached. Check K for separation. If the flow is
attached, increment the angle of attack and repeat until separation
occurs. Then choose a different pitch rate and repeat again until
separation occurs. As separation is reached each time, record velocity,

pitch parameter, and angle of attack at flow separation.

22
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Results

Discussion

No theoretical investigation would be complete without a demon-
stration of how well that theory performed against measured results.
As discussed in Chapter II, there are two experiments on record that
concern a pitching airfoil and pitching airflow, and each one ;hows
a positive correlation between this pitching and either the delay in
stall angle of attack or the enhancement of maximum 1ift coefficient.

To demonstrate the validity of the theory developed in this
study, the modified von Karman-Pohlhausen integral method was programmed
on the AFIT/Harris 500 computer (see Appendix E). 1In the unsteady flow
Pohlhausen method, the velocity Ue, the time dependent velocity variation
dUe/3t, and velocity gradient, 3Ue/dx are required. However, to deter-
mine these, a specific geometry must be defined. To do this, an 11%
thick symmetric Joukowski airfoil (J011l) was chosen as a model for
apblication. A Joukowski airfoil was chosen because it has its origins
in complex potential flow theory, and the necessary information (i.e.
Ue, 3Ue/3x, and 3Ue/3t) is easily computed without requiring some of
the other laborious techniques required to model the flow over (real)
airfoils. Besides, one of the goals is to apply the theory to a
representative problem (and not necessarily an exact problem) to deter-
mine how the theory works. For the section of the airfoil being used
in the analysis, it is for all intents and purposes an exact problem
without having to be concerned with the trailing edge cusp.

To approximate the required derivatives, several methods can be

used; namely, forward difference, backward difference, and central

23
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difference. It has been noted that the variation in accuracy of
either of these differences when applied in the Pohlhausen integration,
is insignificant (Ref. 4). Thus, a central difference was chosen for

oU/3x:

W _ U+l - uy-1
9x d61+1 - d61_1

and a backward difference scheme was chosen for the time variation

U _Uj - uj-1 _ déi
3 X , where At = U1-1

Results

The program was run at three different velocities, and at each
velocity, four different pitch rates were chosen. These were input
semi-interactively into the program. The output consisted of several
columns of data, such as velocity, velocity gradient, etc. Of special
importance was the column of values of K. The computation ceased at
the quarter chord, at which point K was checked. If K was within a
few precent of the stall indication (K = - .1567), the angle and pitch
parameter were recorded and plotted (see Fig. 9). The 16 runs that
resulted in separation at the quarter chord are plotted in Fig. 9.

The figure points out a few very important details:

1. The relationship between the delayed stall angle

and pitch rate is linear, as shown experimentally.

2. There is no change in the effect with respect to

velocity of the freestream, when the pitch rate is
non-dimensionalized.

These results, while seemingly subtle, are indeed profound in

that they allow us to say that a theoretical tool for prediction of

24




this phenomena; namely, gust response of an airfoil, does exist.

Another result, shown in Fig. 10, is the contribution the
transient term 3Ue/dt in the Euler equation of motion makes to the
behavior of the flow. In Fig. 10, the shape factor for both steady and
unsteady flow are plotted against chord location for a typical run. Now,
in steady fibw, only 3Ue/3x contributes to the shape factor, K; whereas,
in unsteady flow, both 3Ue/3x and (1/Ue)' dUe/3t contribute. Since at
stagnation, K = 0.0770, and at separation K = - 0.1567, it is obvious
that a less negative value of K results in better behaved (attached)
boundary layer flow. As seen in Fig. 10, this is exactly the effect
of 1/Ue " 3Ue/3t--to make the shape factor less negative. Thus, a
third observation can be made:

3. The transient term (1/Ue) * 3Ue/3t, in the unsteady

Euler equation of motion, has a positive effect in
maintaining an attached boundary layer resulting in a

delay in the stall angle of attack.

Comparison with Experiment

As discussed in Chapter II, Kramer formulated a relationship to
relate gust pitch rate to the delay in stall angle. This was given as:

C
C’Lmaxdyn = Clmax_, + 0.36 ﬁa;'“

where & is in radians/second. Referring to Fig. 9, the results of the

theoretical study show that

4Ca
astallgyn = astallge + 16.00 - Ugo

If this 18 converted to radians:

% .,
Ggdyn = Psg¢ + 0.28 - a.
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To compare this to the Kramer experiment, the relationship must
reflect not the difference in stall angle of attack, but rather the
maximum 1ift coefficient. To get the results obtained in this study
into the form that Kramer had, let it be assumed that the slope Cig
in the linear region of the Cf-vs-a curve be continued upward and to
the right at the same slope so as to relate Aagyrajl and ACLpax.. If
this is assumed, and classic airfoil theory is applied (i.e. Clg =
2r/radian), then the results of this study can be expressed as:

ACmax = 0.878 Ca ,
Voo
where the factor of % has been included in the slope as was done in
Kramer's experiment (Ref. 1).

The slope is considerably greater as determined by the theory.
However, it must be noted that Kramer did his experiments on actual
wing surfaces and not true airfoils. These wings had aspect ratios
on the order of 1.5. Thus, if three dimensional flow corrections
(Ref. 11:2-6 and 2-7) are made to the results of this study, a compari-

tive result is:

ACLpax = 0.343 Ca .
Uas
This gives a remarkably close result when compared to Kramer's
experiment. However, the actual aspect ratio of Kramer's test wings
was eyeballed, and the actual values are not specified in his report.
Thus, the corrected slope for the results of this study could fall
within a range of 0.263 to 0.405, depending on the value of the

aspect ratio chosen.
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VI Conclusions and Recommendations

Conclusions

1. There exists a positive correlation between gust pitch
rate and the delay in the stall angle of attack--the so-called
dynamic stall angle of attack.

2. E*isting steady flow theory can be successfully modified
to mathematically explain this phenomena. In conjunction with this,
existing integral methods can also be modified to model this phenomena.

3. For the von Karman-Pohlhausen integral method used in this
study, the equation of closure exists to successfully complete the
transient flow modification, without introducing significant approxi-
mations as to the relative dominance of some terms vs others.

4. With only a slight variation in slope of the respective curves
there now exists both an experimental demonstration and a numerically
proven analytical explanation of the physicé of gust flow response
of an airfoil that heretofore did not exist.

5. Since the potential flow acts in a linear fashion, the
pitching airflow really does not change the dynamics. Therefore, it
must be the pressure gradient in unsteady flow as determined from
Euler's equation that controls the behavior of the stall dynamics in

this environment.

Recommendations

As in any study, the end of this effort does not also mean the
end of the investigation. The end of this study should be the founda-
tion for many future efforts. Some of those efforts particularly high-

lighted by this study are:
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1. 1In developing the equation of closure, it was assued that
the time dependence of the constants C; and C, was small compared to

the time dependence of Ue. This approximation needs to be studied

p.'v-r"a' R

further and reported on.

2. In the execution of the von Karman-Pohlhausen method for
unsteady flow, it was assumed that the behavior of 61/62 was not
affected by the time dependent nature of the flow. This may or may
not be true,Aand must be examined further.

3. It would be interesting to execute the same problem using
a modern computational numerical method and to compare the complexity
of development of each, compare the efficiency of the computer program
for the numerical method to the computer program developed for this
study, and to comment on regimes of applicability.

4, The Deekens and Kuebler experimental investigation, the

pitching airfoil, has yet to be mathematically modelled. The two

major problem areas that need to be investigated before the total
physics can be understood are:
a) derivation of a suitable governing equation that
adequately describes the boundary layer when the
airfoil is pitched; and

b) the determination of the appropriate boundary

condition or conditions as applied to this
governing equation.

5. 1In trying to relate the results of this study to those of
Kramer, it was assumed that the slope of CL vs. a between Clmaxdyn and
Clmaxge is the same as it is for Cf, in the steady flow regime. This
may or may not be true, and this relationship must be studied, either

analytically or experimentally, and reported on.

28
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6. In modeling the airflow, the trailing edge (starting) vortex
that is shed when the airflow pattern changes about the airfoil (as is the
case in this study) was not included. These starting vortices are neces-
sary to satisfy Helmholtz' Vortex Theorems and are physically observed
(Ref. 12:53-55). 1In this study, the effect of these was assumed to be

small, but this assumption may need further study (Ref. 13:379+390 and

Ref. 14:376-378).
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Fluid Volume Element
Used for the Momentum Equation
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Appendix A

Throughout this study, many references are made to the inviscid
flow velocity, or the velocity of the potential flow, and so on. In

this appendix, it is shown how to derive that velocity by using complex

-

potential flow theory.

o Complex Flow Velocity

x The complex velocity about a body is the first derivative of the

complex flow potential that describes the flow:

w(z) = dF(z)/dz (Ref. 5) (A1)

where w(z) the complex velocity and

F(z)

the complex flow potential
Now, to obtain the expression for the complex flow velocity for
the problem of this study, i.e. flow about an airfoil, it is necessary

to first find the velocity about a cylinder (that will transform

into the desired airfoil), and then transform that velocity via the
Joukowski transformation into the corresponding velocity about the
airfoil. The describing equation for the complex potential flow about a
cylinder is a uniform stream at angle of attack is:
F(z) = Uy (z + R2/2) + i (T 1n 2)/2n (A2)
Then, the corresponding velocity is:
w(z) = Uy (1 - R2/22) + 1 T/2nz (A3)
The Kutta condition that air flows smoothly off the trailing
edge (Ref. 6:34) dictates the amount of circulation required:
T'=4 Uy Rsina (A%)
for symmetric airfoils (Ref. 5). Substituting (A4) into (A3):

w(z) = Ugg (1 - R2/22) + 1 (2 Ugy R sin a)/z (A5)
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which described the velocity w at any point z(x,iy) on a cylinder of
radius R, with its center at the origin.

The advantage to using complex potential flow theory is that
flows due to different phenomena can be superimposed to form one flow.
In the problem of this study, it is desired to simulate uniform flow
about a cylinder at some angle of attack in two-dimensional space.

To generate flow about a cylinder, a doublet must be used. Flow

at angle of attack (that produces 1lift) requires circulation, which is

provided via the use of a vortex. The describing functions of each of -

these in complex potential flow theory are:

Uniform stream: U * 2 (A6.a)
Doublet: U ° R?/z (A6.b)
Vortex: i (T 1n 2)/2n (A6.c)

(Ref. 7:449)

Now, to describe the flow about a corresponding airfoil, use:

lw(z)| = |w(2)| / |dc/dz] (A7)
where
w(z) = flow about the airfoil (or body)
w(z) = flow about the cylinder
dz/dz = the derivative of the function that transforms the

cylinder to the airfoil.
The general transformation from a cylinder to a flat plate (airfoil of
zero thickness) 1is:
z =z + R2/z (A8)
So that

dr = 1 - R2/z2
dz
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To generate an airfoil with thickness, like that which is being
used for this study, the center of the circle must be offset along the
real axis, into the flow so as to generate an airfoil with thickness
with the proper orientation:

z' =z + X,

where Xo = the amount of offset. Thus, the transformation is:

dr _ _p2/,12
ds - 1 R</z

This formulation of how to compute the velocity at a point
z(E, in) on the airfoil has been programmed as a subroutine in the

computer program developed for this study (see Appendix E).

Joukowski Airfoil Development

The theory developed in this study is applied to a Joukowski
airfoil to test the validity of that theory. As mentioned earlier,
a Joukowski airfoil is used because the potential flow about a
Joukowski airfoil is easily described without having to use various
other complex transformations although they can be used and applied.

| The development of a Joukowski airfoil has its roots in complex

variable theory. It is created by transforming a circular cylinder
in one plane through a transformation function into the plane of the
airfoil (Ref. 12:237 and Ref. 5). Although arguments against
Joukowski airfoils exist primarily because of its cusped trailing.edge,
it 1s used here because its leading edge characteristics and geometry
closely parallel those of several practical airfoils.

To map a Joukowski airfoil, either a graphical or a mathematical/
computer solution can be used. In this study, a computer solution is

chosen. As stated, a Joukowski airfoil is created through a circular
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cylinder that will map into the desired airfoil. In this study, it
was desired to simulate a NACA 1102 airfoil leading quarter chord.
Through trial and error, it was found that an 117 thick Joukowski
airfoil best did this.

Thus, to generate a symmetric airfoil, a cylinder was offset
from the originiinto the flow and is described by a series of points:

z(x, iy) = Rexp (i * 98) + u, (A9)

where R is tﬁe radius of the cylinder, 8 is an angle that locates a
point (x, iy) on a cylinder of radius R, and u is the distance that the
origin of the cylinder is offset into the flow. u can be either
totally real to generate thickness only or totally imaginary to generate
a flat plate cambered airfoil or complex to generate an airfoil with
both thickness and camber.

Now, to create the airfoil, the circular cylinder was passed
through the transformation function

R2

z(x, iy) ’ (A8)

t(€, in) = x(x, iy) +

where £(E, in) describes the points of the airfoil.

A plot of the airfoil is given in Fig. 1l.

Euler's Equation of Motion

To develop Euler's equation of motion in unsteady flow, use is
made of a fluid element along a streamline (Fig. 12). The sum of the

forces along the streamline are:

pdn - (pdn + Eégﬂﬂl ds) + dFg
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where

P = pressure

dn

the differential length normal to the streamline

ds

differential length along the streamline
dFg = force on the side of the element in the direction
of the streamline.
To find Fg as a function of pressure, look at the sidewall
geometry (Fig. 12c). It is evident from the geometry that:
dFg = pdl sin 6
But,

sin 6 = 3(dn) ds - 1 !

9s dl
dFg = p 3(dn)ds ;
s
.ghe sum of the forces = - 3(pdn) ds + p 3(dn) ds
9s 3s
But,
3(pdn) = dn 3p + p 3(dn);

ds 9s 9s

‘the sum of the forces = - dp dnds (A10)
as

Now, the momentum flux through this fluid element is (Fig. 12b):

l:40 = lt'Ii + 0 (Mcy)
ot

which is equal to:

pdnVV + 3 (pdnVV) ds -~ pdnVV + 3 (pdndsV)
Js ot

For incompressible flow,

3 = 3 =0}
38 at

}ﬁe mass flux is:
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3 (v2y + 3V
pdnds (as (vée) + Bt)

Assuming dn and ds to be independent of each other, the mass flux is

equal to:

Equating (A10) and (All) through the momentum principle:

oV L avV)_ _ 3p
pdnds (Vas + at) ae dnds.

Dividing by pdnds, equation (Al12) becomes:

the Euler equation of motion for unsteady flow.
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Appendix B

The momentum-integral equation for boundary layer in steady flow
is reproduced here. Those not familiar with the derivation of this
equation as it is done here may wish to review it before reading
Chapter III.

The momentum-integral equation is developed by deriving the
continuity and momentum equations for a fluid element in the boundary
layer and then integrating the momentum equation through the boundary

layer.

M-I Equation for Steady flow

The Continuity Equation. In words, the continuity equation

states that the net rate of mass flow out of a control volume is
equal to the time rate of loss of mass within that control volume
(Ref. 2:10).

Referring to Fig. 7, this gives

h h
mout = fpudy + g_( fpudy)dx + ﬁotop
o 3x\ o
. h
min = fpudy
o

Notice that there is no mass flow rate into the control volume element
from the body which satisfies the '"no penetration' condition.
The time rate of loss of mass in steady flow is zero; therefore,

the continuity equation for steady flow becomes:

h
9 [(udy)dx + ﬁotop = 0
ax o
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Momentum Principle

The momentum principle states that the sum of the forces acting
on the fluid in a control volume is equal to the net rate of transport
of momentum out of the control volume (Ref. 2:11).

Referring to Fig. 8, then the x-component of the momentum

equation may be found by finding the sum of the forces in the x-

direction
h h h
IFy = -tdx + fpdy - fpdy - 3 (fpdy)dx,
0o 0 9X o

and equating it to the momentum terms:

h h h '
Spuudy + 3 (fpuudy)dx - fpuudy + &Otop . Ue,
o 3xX o o
such that
h . h
3 _(fpuudy)dy + Motop * Ue = —1ydx - 3 (Spdv)dx. (B2)
39X o X o

&Otop can be replaced with its solution obtained in the develop-

ment of the continuity equation

h
Mopop = —2_(foudy)dx, (B1)
9X o
so that the momentum equation becomes
h h h
3 _(fpuudy)dx - Ue . 3_(Sfpudy)dx = -1ydx - 3 (fpdy)dx.
9X o 3X o 9x o

All the integrations are with respect to y. Since x and y are

independent functions, the partial derivatives can be pulled inside the

integrals:
h h h
J/ 3 (puu)dydx - Ue . f 3 (pu)dydx = -Tydx - f 3 (p)dydx
o 3x 0 3x o 9x
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From the boundary layer assumptions, it is known that 3p/dy is
zero. Since this 1s true, and since the problem is two-dimensional, the
pressure gradient in the x-direction is the only pressure gradient, and
the partial derivative of pressure can be replaced by a total (not
substantial) derivativé:

T2 (ouaydydr - Ve . 1 & (puddydx = - tydx - J 2 dayax  (83)
! ax (puuw)dydx e . ! ax (Pu)dydx Tydx g dx dvadx (

If thé fluid is further restricted to incompressible flow,

then p can be divided through. Also, divide through by the common dx

term:

h 3 h 5 T 1
— - —— = - - m—
S ax(uu)dy Ue . £ ax(u)dy -1: 5

QO =
gie

Now, Euler's equation for steady flow can be used to substitute

into equation (B3) for the pressure gradient:

_ldp_ y, dle

o dx - U Tax (B4)
h h h
3 - 3 = - lu due
f ax(uu)dy Ue . [ P udy o + fUe o dy
o o o
Rearranging terms:
h h
duu 3u dlUe _ 1y
f X e [ ”x y + SfUe dx 0 (B5)
o o o

Notice that the second term looks like part of

? 9 (ule) dy,
o ax

which is a form that is identical to the first term. Expanding this

term out

h

3 (ulle) dy = fu
o

Ve

f Tax
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The second term on the right hand side is the second term in
equation (B5). Thus, if the first term on the right hand side of
equation (B6) is both added and subtracted from equation (B5) (hence

adding zero to the equation), it looks like

F fa(“") +Ue.l.;-a—ud +l;uil-1—-d +er51—‘;—€¢1 l; e g4y = - (B7)
i Combining the second and third terms of equation (B7) to get the term
h. of the left hand side of equation (B6) gives
-
lJ}—--(uu)dy+‘;——(uUe)dy+J'Ue£1-g§dy l;d—gi-dy=l§' (le)
o
tii The velocity gradient at the edge of the boundary layer. " dUe/dx

is a function of x, along the direction of flow, and is independent of

the height away from the body. Thus, this term can be brought outside

the integral. 1In addition, the first two terms and the second two terms

are similar and can now be combined:

h 3 dUe
I —ax(uUe ~ uu)dy + I f (Ue - u)dy = —"-p
o

Bring the partial derivative outside the integral and rearrange the

terms to get

2_ ye2 __ _u_ dUe ___ - Iy (89)
axu f 1 )d + Ve J'(l S)dy = £,

which is the momentum-integral equation for boundary layers in steady

flow.
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Appendix C

The von Karman-Pohlhausen integral method for steady flow is

reproduced here again for those readers not familiar with its development.

Method of von Karman and Pohlhausen - Steady State

The momentum-integral equation for steady flow is:

h h
3_ Ue2 f(g_)(l _ u_\dy + Ue dUe f (1_y_)dy = 1w (B9) and
9x o\ Ue Ue) dx o Ue P (cl)

Two parameters relating to the boundary layer thickness are now

introduced: '
h
C2
51=f(1-£._.)dy )
; o Ue
) ) h
P i 62 =Sy (1 - Bydy (c3)
o Ue Ue

Equation (C2) represents the displacement thickness; equation
(C3) represents the momentum thickness (see Fig. 4). Substituting into

the momentum-integral equation:

3 (Ue2s2) + Ues) dUe = 1w (c4)
X dx p

Expanding out the first term:

2Uesy dUe + Ue? 482 + Uedy dUe=1tw

dx dx dx P
or
(262 +81) Ue dUe + Ue2 d§2 = 1y (C5)
dx dx o}

For the boundary layer to be computed, then something must

be known about §1 and §2. However, these are in terms of an as yet
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unspecified velocity profile, u/Ue. The velocity profile must satisfy
two constraints:

1. The order of the velocity equation must be in accord with
the nurber of boundary conditions.

2. The velocity profile must allow for an inflexion point,
since the flow will be with a pressure gradient (Ref. 3:207).

The boundary conditions available are:

y=0 u=20 (C6.a)
v32u/ay? = - Ue dUe/dx (C6.b)
y=2§ u = Ue (C6.¢)
Ju/dy = 0 " (c6.d)
32u/3y?2 = 0 (C6.e)

The existence of five boundary conditions allows for the
solution of five constants. In other words, a 4th order polynomial is

required for the velocity profile. The form of the velocity profile is:

-;-;—é-=A+Bn+Cn2+Dn3+EnI‘
Applying (C6.a):
A=0 (C7.a)
Applying (C6.c):
1=B+C+D+E (C7.b)
Applying (C6.d):
0O =B + 2C + 3D + 4E (C7.c)
Applying (Cé6.e):
0 =2C + 6D + 12E (Cc7.d)
Applying (C6.b):
f—i;—;—g—?-s+2cn+3nn2+aan3
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y=0

.’€u/Ue) = 2C + 6Dn + 12En2| _ o
3(y/8)2 "
2C = -82 due (C7.e)

v dx

At this point, a dimensionless parameter,di, is introduced:

A= 82 due (c8)
v dx '

Substituting (C8) into (C7.e) and subsequently solving equations (C7.a)

through (C7.d):

A=0

B=2+A/6

C= - A/2 |
D=-2+A/2

E=1-A/6

For details on this solution, see Appendix D.
The velocity profile is now:

u = (2n-2n3 + %) + A/6 (n - 3n2 + 3n3 - n4)
Ue

and 81 and 87 can now be solved:

1 _
=1 _u_.dy
3 § £(1 Ue)

For y> 6, u = Ue by definition of the boundary layer, and integration

beyond y = & makes no sense. Therefore:

oA

1
1 _ udy
8 g Qa _ Ue)

Previously, n was defined as y/6. Introduce this into the

displacement thickness, and redefine the limits of integration

1
1=/ u_ydn;
5 o -y

" Ve
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Substituting for u/Ue, this gives:

1
é%- f[l - (2n - 2n3 + n4) + A6 (0 - 3n2 + 3n3 - n4)]dn;
o“

Integrating this out and evaluating at the limits yields

$H 3 A
s =10 120 (€9)

Similarly, for the momentum thickness,

1
ig-= 1 [2n - 203 + +3 (n-3n2 433 ]
0

[1 - (2n - 23 + n) % (n - 3n% + 3n3 - n“)] dn.

Integrating this out and evaluating this at the limits

8 - 3 - 5is - 5077 (c10)
For details of the integration, see Appendix D.
The shear stress at the wall, Tg» Can be written as:
1y = ¥ Ue 3(u/Ue)
§ 3(y/8)
Tw , AulUe) 5y /6, c11)

ule  3(y/$8)
This also gives the separation criteria, since geparation is defined
as when the shear stress at the wall becomes zero. Applying this

definition gives

Tl A _
;ﬁ; 2 + 6 0.

A= -12, (c12)
the criteria for flow separation.

Rearrange the momentum~integral equation into a more workable

form:
dUe 2489 _ 1
(28, + 81)Ve —5= + Ve —4& = ~u (C5)
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Multiply by §2 and divide by v:

8§22 (2 + §1/82) Ue due + Ue? §262"= 1452

3: v dx v v

s divide by Ue:

(2 + 81y 822 dUe + Ue §267'= 1ys) (C13)
8§27 v dx v Uev

Another dimensionless parameter is now introduced:

K

11}

z dUe/dx (Cl4.a)

K

8§22 dUe/dx (Cl4.b)
v

In equation (C13), the right hand side is:

uUe ule 8

which can be expressed strictly as a function of j:

Ty82 = 37 - A - A2 ) (C15.a)
ule (2+A/6)( 315 945 9072
which, for the Pohlhausen technique, is defined as f2(K).
o Similarly:
gf
-‘. K = A _6_2- 2
'! 8
. =/37 = A - A2 )ZA (C15.b)
g 315 945 9072
i Finally:
r‘ £1=£1—5_'(i* ’\)(37' A 'Az)'l (C16)
i; 82 § & 10 120/\315 120 9072
-
- . which, again, for the Pohlhausen integration is defined as f}(K). Thus,
b

the momentum-integral equation becomes:

[2 + £1()] K + ves282 = £2(K) (c17)
\Y
Now:
- Ue6262'= 1 Ue d(522)
v 2 v dx
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UeS282 = 1 Ue d(822/v)
Y]

2 dx
Ue§262 = 1 Ue dz (C18)
v 2 dx

Substituting (C18) into (Cl17) gives

[2+ £1(K)] K + 1 Ve dz = £5(K),
2 dx

or Ue dz = 2f3(K) - 2Kf1(K) - 4K  (C19)
dx

Now, the right hand side of equation (C19) can be defined as
2f2(K) - 2Kf1(K) - 4K = F(K), (c20)

so substitution of (C20) into (C19) yields

dz = F(K) * (c21.a)
dx Ue
z = K/Ue' (Cl4.a and C21.DH)

which are the only two equations required to solve the boundary layer
by the method of von Karman and Pohlhausen

The integration procedure begins at the stagnation point of
the airfoil. Recall that at the stagnation condition, Ue = 0, to
maintain a finite dz/dx, F(K) = 0. Solving equation (C20) with appro-

priate substitutions for fj(K), f2(K), and K, it is found that:

Ao = 7.052 (C22.a)
Ko = 0.0770 (C22.b)
For details on this, see Appendix D.
Thus, zo = 0.0770/U'o
and
dz/dxlo = g

Using the limit (Ref. 3:211):
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dz/dx|, = -0.0652 U"/(U",)?2
Now, to complete the discussion on the Pohlhausen integration,
the steps to integrate the boundary layer are:
1. Determine the velocity and velocity gradient dUe/dz from
the potential flow solution for the shape of interest (see Appendix A)
in addition to the arc length segments along the body.
2. Knowing zo and dz/dx,

z] = zo + dzj. dx,
dx'o

where dx is an increment of arc length along the airfoil.

3. Compute a new value of K from equation (C21.b). At Fhis
point, the value of A can be backed out from equation (Cl5.b) to
determine flow attachment or separation; however, an easier way to

determine flow separation (and the method used for this study) is to

find the value of K that corresponds to A = -12, and use this as the

flow separation criteria. The value is K

-1567 (Ref. 3:212).
4, F(K) is determined either by:
a. Knowing A and solving equation (C19), or

b. Approximate F(K) vs K by a linear approximation:

F(K) = a - bK (c23)
with a = .47
b=6 (Ref. 3:213)

5. Knowing F(K) from the linear approximation and Ue from the
potential flow solution, determine the new value of dz/dx.
6. Cumpute a new z by:

zi+] = zi + dz| . dxy
dxl{

7. For this study, repeat steps 3 through 6 until:
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The 1/4-chord point is reached. Check K against

the separation criteria. If the flow is not separated
(K = -0.1567), select a higher angle of attack, and
repeat until flow separation at the 1/4-chord is
indicated.

Then stop the computations and record the steady

state stall angle.
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Appendix D

Solution of the Constants in the Velocity Equation

The three equations that remain to be solved are:

Substituting C = -A/2, and setting up an augmented matrix:

B + 2C + 3D + 4E

2C + 6D + 12E

B+C+D+E

Now performing elementary row operations:

Row 2 ¢ by 6:

Row 3 - row 1 + 2

Row 1 - 4 « row 3

Row 1l - 3 ¢« row 2

0

0

1.

1 3 4]0 A&

0 612 |0 A

1 1 1]1 A2
13 4]0 A |

01 2|0 A/
11 1] 1 A2

* row 2:
"1 3 4]0 A

01 2|0 &/
| 00 1]1 -A/6_]
; row 2 - 2 « row 3:
1 3 0] -4+5/3 A

0 0 1] 1
1 | 2
1 | -2
0 | 1

- A/

+

A/
+ A/
- A/

01 0] -2+41/2

6

6
2
6
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Thus, the constants are:

A=0

B=2+AM/6
C= =-A/2
D=-2+A/2
E=1-A/6

Solution of &1/4:

oo - g

=n-<z+)"2 (-85 - (e } (1-&)—2—5;
S fed) - () R
(e d)eal i)
1.3 _ A

§ 10 120

Solution of 62/6:

1
%sé%é—(l-ﬁ)dn.

It is more convenient to solve 62/6 in terms of the constants A, B, C,

D, and G, and then substitute for their values later.

1
% = sfBn + cn2 + pn3 + En*)(1 - Bn - cn? - Dn3 - En) Jan
0

1
2 = s[Bn + (-B2 + c)n? + (-28C + Dn3 + (-2BC - c2 + E)n* Jdn
0
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[(-ZBE - 2CD)n3 + (-2CE - D2)nb + (-2DE)n’ + (-Ez)ns]dn

Bn?2 + 5B2+C) 3 (-2BC + D) 4 4 (-2BD - C2 + E)s

2 3 4 5
+(-213*56- zcn)ns +(-ZCE7— 1)2)n7 + 'gDEnB . _52”9 1
0
Substituting:
B = 2 + A/6
C= .- A/2
D=-2+A/2
E=1-A/6
82 - 1175 - .001A - .00011A2 .

_371 a2
315 ~ 945 T 9072

Solution of Stagnation Condition for A.

At the stagnation point, F(K) = 0 so that dz/dx at that point

is finite, since

dz - F(K)
dx Up

_ 37 A A2 _ 116 2 1 V2,2 ,3
F(K) = 2 (315 - 95 ~ 5073 [2 315 M * (945 + T * 507 1

(Ref. 3:210)

y and Up = 0

Setting this to zero:

37 A A2 116 2 1\,92 2 .31,
315 © 945 ~ 9072)[_2 “ 35 +(945 M oz AP0 oD
This can be expanded out, and solved by mathematical tools,

or we can try different values of A until equation (1) is satisfied.

This glves:
Ao = 7.052;

and
Ko = 0.0770.
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= c GaE-92n
. c

CCUPLEX CYPLY,EI,Z,22572, -

- £ = (0,,1,)
RANIUS = 1,11

i aMy =z e 11

p. - READw®, 8 PHA,ANNT]

b UINF = 5,0

.. ALPHM] = ALPrA

= CON = 3,1415927/1A9,

p - VNU = {,SusEe=nd

“ TRETA = 180,

> TI“E s 0.0

. PITCH = ADOTL * CON » N, S/yINF

- CALL NS(1AD,,RADTILS,CN™, 2w, YLF, YLE)
b CALL DS(0,0,90D0118,C21,3%,,xTE, VTS

. XLE = 4RS(YLE)
P CHORD = XLE ¢ XTE

K 2 10000
Kl 2 K ¢ |
X2 =z (ALPHA & 1SN)e1ND 4 «

ﬁ; . WRITE(H,30)UTNF
. ARITE(H,40)ALPHA
NRITE(H,S0)aNITH

ANGLE = ALPwA ¢ TwHETA

CaLt UCAMGLE QADTIUS,CON,EL, “F,a ' 1,8 P8, M)
CaLL JS(ANGLE,RADIUS,CAV,aw), X0, ¥ )

AMGLE 2 ANGLE <« 0,0001

CALL UCAMGLE ,28DTUS,CoON,ET, [ F, 0,5 0=, 1
CalL PS(ANGLE,RANDILS,CON, v, X1, v))

AMGLE = AMALE - 0,01N01

CaLL (JCANGLE,2aNTUS,CAN,ET, T F, A 4, a1 Pt DY
CaLL DS(ANGLE,RANTILS,CCON, Ay, w2, 12

0S2 3 SORT((X2 = X1)#a2 ¢ (Y2 @ Y1VrasQ)

DSt 3 SORT((X] « XJ)ea2 ¢+ (Y] @ Y )aeQ2)

081 = NS1/Cw020

N82 = D32/CHC3D

FOR THE STAGUATION PATNT Covontarfrr ~uv,

THE VELOCITY GRADIENT IS5 CAvOnteEn §pan A

FOOwaRD DIFFERENCE PRNCOLVFS THRC. AwnuT ‘
THE REST OF THE PRIGRAV, T4E FLCTTY |
GOAOTIENT I8 CNVPUTED ,SIANG & CC*TIs )
NIFFEQENCE PRNCE

ouns s (Ut = 10)1/DSI

THE SECOND DERTVATIVE CF vELICITY 1S
COVPUTED USING A TAYLI®'S SERLFS £(2a~3[2

(s ¥ NaXa) OO NOO

02UDS2 = 2.0 (U2 = J2)/((I31 o "S21%e2) e (2,/7(351 & .S2))
1 #(lul = y3)/081)

ENTER INITIAL BOUMCARY LAYER D331 ETFI§ &"";&’
QUAVDA = 7,052 ; ‘\\09‘&
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17 = wey™ Ny

NSS = ns1

M2 SA09

ANGLE 2 ALP~A ¢ T&FTY = Y YY)y

XNC 2 (X0 o YLF) /0~

NRLTF (A, 1IXCC, Y, 008, "2 32 ,Fa,~,07,>7 "%

ADOT 3 0,0
00 10 J = 1,

THE FUNCTING 9F THIS LOP [S T r edifF -
BOUMDARY LAYEQ PARAVYETERS [hG4T AT TuE 37 ,~a

NAaTIGN POINT QM TwE A[RFCIL,

THIS IS NONE TN ALLOH THE 305,403 L AYFI 1A
*"STEADY QYT REFQQE T IS 3LOJFLTEY 11 4
PITCHIMG AT2F L Qa, & VFERY FI*F CNudaTATTI Y R0t5
HAS REEN SELECTED TN “IMNIVIZE TwFSE EFFECTS

ON THME COVPLUTATIONG DraNSTIFAM NF Txf 3T
NATION POLINT, ONCE THE A0UMDARY LAYFQ HAS
STEADIED QUT, COMPYUTATIIN PAS3ES 1M 1) THE
PITCHING AIRFLNwW,

NOT IMMEDIATELY SUBJECTING THE A ISRY L&rnd
TO THE PITCHING AIRFLOAN =AS U0 20P22€eTa ¢
AFFECT OM ° ~ COVAUTATIING, AS TuE Qrnmnaqy
CAYER IS ALY (FRY I\ (A5 £nPpalEN 7o
DOANSTREA AND THE LGROWTH GRADTENT EyF -
THE UNSTEDY FLOA [§ A30LT T=F SA%E ag TuF
GROATH GRADIENT FOT STEARY FLNw, [\ Tuf 2801Irs
VEQY NEAR TmE STAfG ..TTRY 2NTMuT,

N 2N+
COMPUTE THE PERTINENT ANLMNAQY LAYFR DI0Y ¢ TERS

22 = 0039758+ 22
RK 2 IZ#D0DS
FY 2 U7 = b, 9K
nInsg = Fu/t

DELT = 0SS/ut

TIVE = TIME o DELT

DALPHA = DELT » 4AnRCT

ANGLE = ANGLE ¢ DALPHA

ALOMY =2 ALPH] o NDALPHA

CALL UCAMGLE ,QADTUS, CaN,ET st TNF 301, ALPmA, 1 2Y

ounNtT =2 U2 = Ui

NUdT = DUDTY/RELT

ANGLE 2 ANGLE = D 0701

ANGLE] = ANGLE & 1,990

CALL U(ANGLEL,RADIUS,CON,ETL,JINF, 2y, A 0 e, 2)
CaLL DS(ANGLFE,RANIUS,CON, AV, 102,Y2)

ANGLEFO 3 AMGLE ¢ 00,0001

CALL UOANGLEN ,RANTYS,CONGET, I[VF,av, 31 Fnd, )

"CALL C3C(ANGLEN,RANIJS,CAN, &ML, XD, 1Y)

CALL UCANGLE,RADTINI,ChM,FL Ul NF A i, aLP~A,.1)
CALL NSCANGLE,RANTLS,CIN,AMY, XL, YY)

D81 3 SQRT((YL @ XN)ea2 & (Y1 « ¥))ee2)

082 2 SQAT((X2 @ X1)ae2 ¢ (Y2 = Y])neQ)
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10

fSS = (D2SL & SPYI/M 7.0

RS 3 (2 - M) /T3

Henee 2 'Y o« M §

XOF 2 (¥2 & XLE)/C=030

[F(u,LT,S020) 70 2 10

N =9

ﬁﬂlrf(h,l)lOC. albe IS, YT, F«a, ¢, 17, 773
CONTI%IIE

ADNT = AQDOTY
N =0
£n 20 J 3 «,%2

THIS LOQP COVPUTES THE SE=4/[r0 )F T4g 20, sy
LAYER 48§ [T IS SURJECTED Tn A& O(T2«fu3 $13F1 0

THE TRANSTENT FLOW Y 4A-ICS ANE FADT 36 =y
INCOEVENTING THE FLTy AVGLE 8T £3C4 2717 ~F
COMPUTATION, t, AY AN A%CUNT

OALPHA 2 (PTTCH RATE) o« (TIVE la.£32vf.T)

AT EACH PGINT,THE R20'004Q¢ LAYER P1:4 FYE2§
ARE COVPUTED, AS ARE TwE ARC LEAST-, LNCAL
VELOCITY, TIME auD SPATIAL VELICITY )Jie
RIVATIVES, AMD TIVE [HNCREWAT, TSF [ wdntarins g
ARE CARQIED QUT FoQM JUST PAST [F~=E STAGrAATT™:
POINT UP TO THE AUAQTEQ CHORD ON[IANT NN TwE
SURFACE NF THME ATQFOLIL, AT wWIChk 202 T Tué
LOOP IS EXITED. C ¥PUTATICY TO A& S[FresErT o
POINT CAN 3E AC - BY VERFLY C~a* 416

THE TEST CONDIY,

N 2N ¢ 1
COMPUTE THE PERTINENT AQUNNARY LATFEQ 2A38vETFaR

IZ = NINS«NSSe+ 272

RX 3 2Z«(DUNS #DUINT/1Y)
FK 2 0,47 = 6,%RX

CALL POHL(RxX,RLAMDA)
NELR 2 37,7315, = RLA0DA/IIS, = (HLA¥)IIae2) /9172
F2x = (,3 = QLAavPa/L),)/CEL2

DZNS 2 (FK ¢ (4 & Fox) &« 27 o DIDT/70)/110
D290S s Fx/U)

COMPUTE THE TIME [NCREMENT FOR A PABTICLF
TO TRAVEL FROM PNINT (i) TN PAfuT({en)

DELT = 0S8S/ut
TIVE =2 TIVE ¢ NELT
DALPHA 2 DELTa AODT
ANGLE 3 ANMGLE ¢ DALPRA
ALPHYL = ALPHL ¢ NALP-A
CALL UCANGLE,RANTIUS,CON,EL,VTI'F, l‘“.lL°~ﬂ. !

COMPUTE THE UNITEADY VFLOCTTY ARANIENT

DUDT = (U2 = UL)/NELT.

ARGLE = ANGLE = 0,01

MGLEL 2 ANGLE = 0,01

CALL U(AMGLEL, QAR .S, CN%, F,U'INF, 8 0, 4L3=2,2)
CaLL nS(ANMGLEL,RANTUS,CON,AMY,X2,Y0)

AMGLEN 3 AMGLE ¢ 2,11

CALL UCAMGLEN,SANTLS,CNAN,ET, T F, 80 8Dy, )

,a MBIZAVAIC Y JANTI 2 Ao an P EPIRY
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CALL SN (5, «V D 3,0 0, vt e
CaLl wfassls, 330l S,0 v, &1, 1-7," L T,
CALL CS(S'CLF,G\F[ﬂ:,ﬁ" A, e, 0

Al

’
COVRUTE ASC LENGTY 3, SFLJTTy rmoanrr g

DSL = SART((X| = XN)Jeed & (YY =« Y Yeal)
182 = SART((YX2 = (1)ee2 & (Y2 = Y[)esp)
NSS = (NSt « £§2)/0=NaD

ouNS 3 (U2 = 1,0)/2SS

Upnuts = U1 e« NCY

¥0C = X2 + xL£

XNC = XAC/Cw0SD

STOP THE COMPUTATIOV AT TwF AUAGTEZal~NED

[F(XNC.GE.0,250) GO YO 295

IF(N,LT,259) 50 TO 20

N =9

ARITEC(6,1)x0C, uUl, 2U2S, nunrt, s B¢, 22, N2TS
CONTINUE E

ARTITE(H,1)YNC, ul, MINS, DYNT, Fa, Jw, 27, 778
WRITE(SH,U45)aLPHI

ARITF(6,S5)PITCH

ARITE(AH,860)3K

NRITE(S,TA)0EN

wRITE(H,80)

WRITE(6,B81)TIVE
FORMAT(UX,FH,3,2(4X,F10,3),4X,FT7,8,38,F7,4,u¢,F2, 4,204¢,33,3))
FORMAT(IM1,"RAMUNNDARYLAYER PAVAVETZSY €49 " £y I "Er/5€7 /)
FOQwar(®™ INITIAL ANGLE CF ATTiC«: ", ,Fey 3," "€isikCSy)
FORUAT(/™ FINAL AMGLE OF TTACK: ",Fa, 3, "~anseauyy
FOIYAT(™ PITCH ATE: ",F7,3," “FOuFES/SEC" /)

FOQUAT(® PITCH PARAVETLQ: ",F7.57)

FORVAT(® X AT THF JUARTERer~IWNe ",Fa d/)

FORMAT(® Ael THICKNVNESSE: ",€9,%," Fr"/)

FORAMAT(® TIVE TQ QEACH THE JJARTEIan)

FORYAT(® CHOGD FONY THF STAGUATINY dA[8Ty v, 87 5, % SFCH/)
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2 Xa Xz XaXa Xz XxXaKakaXaXaXaXals XaXxXaXaXaXal

(s XaXs Xz Na]

SURRQUTINE HCANGLE VYT .§,07° B, 1 F,0. 00

COMPLEX CYPLX,Z,FL,07FTY, -

THIS SUBROUTINE I8 USKED T) (7 BLTE TwE U774

VALUE OF THE VELOCTIY 0% 3 Jr wf-3w] 126 fo,

USTYG COQUPLEX SOTENTTAIL Frije Tw€rly, T4 T.73
TYHENRY, TWE VELICITY 1S FI?ST Cruvaten za-f
A CIRCLE [Y THE COVPUTATI IV BLarE; Thi Gfue
ERNING EQUATION IS THE TF-T1.4TTVE W T-F
COMPLEX FLOA POTEMFPLIAL EN :ATION, N CF TwT¢
VELOCITY 44§ QEEN DETERMI'EN, Tw€ LF~FITy
AROUT THE CCRRESPINIING AIRFN[L 13 CNvoL TEs
GAR

UCATRFOIL) = UCCIRCLEY/(NZ/NLETA)

WHERE DZ/DZETA [3 TWF NESIVATIVE F T-F
EGUATION JSED TO TRAMNSFTIGM FOnw T-€ AlLcy«
TO THE ALIRFQIL,

THE CONRDINATES AND VELZCITY N T=F CICLF
PLANE ARE COVPUTEN}

RADIUS & CNSCANGLE®C )

RANTUS » SIN(ANGLESCNY)

CMBLX(X,Y)

UINF «(C1,,0,) = (RANDIUSKe2) /7«2 o
(2,2 E1 « RADINS » SIN(ALPwAR(AVY)/2)

X 2 X ¢ AMY

E N < X
nweu

2 IS NOA THOrGEN TN REPPESAMT THE ‘2L ' FS
OF THE COOR:Z;4“ATES JSEN [N TWHE THA*Se
FORMATIQON E£QuATIONS

7 3 CMPLY(X,Y)

DZETA = (Zan2 = RANTIIS*02)/2¢n?
UU 2 CAQS(~)/CARS(NZETA)

QFE TURN

END
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e e o aeei 2 e M- a g N ie Mg Bhatt Bhaft S N S

. c
:‘ SURROUTINE DS(ANGLE,RANTLS,CNY, 8 ,4,1)
Lo COMPLEX CuPLY,Z
T i ) c
- c THIS SUAROUTINE 1S USED TJ Cr PL.TE Taf
. ¢ ARC LENGTH RETWEEN Tal SPECIFIEC SrpnTs
c ON TWE JOUKAQASK] AIRFRIL, "'3FE I3 -a°€ °F
c COMPLEX VARIABLE THMENQY TN AN Twls,
c
c FIRST, POINTS OF INTEREST AGE CCHPLTER &%
(o A& CIRCLE, Aaun ARE THEN TRANSFIRVEN [yuTn
[ COORDINATES OF THE AIWKFAIL SY TwfF FanaTN g
c
C ZETA = 2 ¢ (QANIUSen),
c
c AHERE 2 REPRESENTY TWHE CONADTLATES (X,iY) °F
c THE CIRCLE, AND Z2ETA wFPRESENTS T4F (Cl=
c ORDINATES (XSI,iFTA) NF T4F atRFIIL,
c
X = RADIUS * COS(ANGLE -LON) o Ay
Y 3 QADLUS » SIN(ANGLE~(. .
I 3 CYPLX(X,Y)
I 32 ¢ (RADTISH2)/2
X -z PEAL(2)
Y = AlVaAG(2)
AE TURN
END
c

69 covd it




(e ¥z X2 X2 X2 KsXx¥aXasXakzXa Xz RaNg s NaNa Nyl

10

20

30

a0

S0

60

T0

LI S WU U Ty S U S T

SLRAIN TINE D0 o (wn =t n TN

TeE FoaCTInT YF T3 % S0 7 ')
PUTE TWE ALY E “F Twk qoogqarp~ 9, z
LaM)I8, RIVEN & VAL'E F < A§ (€7 = TELY
VALY PRAGRAM, [ ACT 21 TTY, « [5 3 €. r1°
OF LAVTA] SNAFVER, LAwDA 1S “oT Fel_ TNy
COVPUTED [N THE O0MLwanSFY [NTFLILTIAY nf .-
AS A [S, THEREFORE, [T [S “ECFSSARY T~ ® rryg
OUT® VALUES IF LAVCA XMNCWING

(Y

4 B
.
T ..t

THIS SUARQUTINE ARFEAKS TwE FIATINAL SELATT. Me
SHIP RETWEEN LAMMA A4%D X [YTQ NEAS|Y ' M[Er3w
LINEAR 2R 24N LAPER € sCTI"NuS 5SS Acpcro2tare
THE VALUE OF X [S CS¥PLTED IH TreE wals P97 a
GRAM AND [S TwEYS SENT 1O Tul§ SLERCCTIYE, 115
VALUE OF « IS SURJFCTED TO SEVEGAL FLACF'FeT
TESTS TO DETEIMIME T~E APPIINORIATE <E5[0s r°

THE LaMDA=VS=K CURYE, LAYDA (S TRHES C up TE™
THROUGH TWE APPROPRIATE CESCRIIING HELATIT Swio,

RK{ =2 <, 160
A2 = «,112
RK3Y = 0,00
Axa = 0,06
RS 2 0,076
RKe 2 0,086

QKT = 90,0949

IF(RX ,LE.R%1) GO TO 10
"F(RX,LE,R%2) GO TO 29
IF(RX ,LE.RX3) 50 1D 39
IF(Ax LE,P%Y) 6N T0 49
IF(RX,LE,R¥S) 6N TN 59
IF(RAw LE.RXKH) GO T2 69
IF (R GT,RX7) GN TC 72

RLAMDA = ,01UQ%22 = (K e N NR)en?2
RLAVNA = [2,+= 100, &aSART(OLAVNY)
RETURN

RLAMDA =2 (2,/.,012) & 3K & 14,0
RETURN

RLAYDA = (4,/,044) « 3¢ & 2,13
RETURN

RLAMDA = (10,/.,14) » &K

RETURN

RLAMDA = 83,33 » RK

RETURN

ALAYDA 3 = 1,9 ¢ 115, & RK
RETURN

PLAMDA = =6,54 + 176, * RK
RETURN

RLAYNA 3 12,

RETURAN

Eun
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