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Preface

This report is the result of an effort to develop a new analytically
oriented technique to approximately solve a class of queueing networks that
have computer applications. Such a procedure was developed and is pre-
sented in this document., It is my hope that this procedure will be
beneficial in the performance evaluation of computer systems.

One surprising aspect of this thesis was the magnitude of the job to
prepare the manuscript. With 84 figures and 43 tables, the preparation of
each iteration for review and rework was a major and time consuming
necessity. I would especially like to thank my parents who contributed
both their time and their graphics, clerical and word processing facilities
in helping to solve that problem.

Finally, I would like to thank my thesis advisor, James N. Bexfield,
for his support and the many hours he spend tutoring me in closed queueing
network theory, and Dr. W. Ericksen who generously contributed his time in
helping to find the symbolic solution of a set of homogeneous linear

equations.

ii

- A Am A A& a A e mlie A m_ e e A o 4 moem tmam ve e o~ e A a_ &




T L T Tal

T

Title

Prefaceo..ooo.ccol.0.....00.....00.....0.000...‘.00....0....0

LiSt Of Figures..00.0..0.0.0.0.00'0'.0.l.a.'.oo.o..oooo.o.ooo

List Of Tables...000000.0.0ll.'..‘.o.o‘o...oo.o.o.looooool..o

Abstractootloooitttoooooo"..o..oO00...o.o..ooo...u....o.ou00

I.

11.

IIIX.

Iv.

INTRODUCTION..'...'.............l....‘........l...'.l...
PRODUCT FORM CLOSED QUEUEING NETWORKS...eeeccocsccscscss
QUEUEING METHODS IN SIMULTANEOUS RESOURCE POSSESSION....

IntroductioNececcecccssccccscsccossccsevncosscssssssssscss
Types of Simultaneous Resource Possession.cececcccsvecss
Survey of Available MethodS.cececoceocscosccocssssccsscsss
Method of External Contention Modification (ECM)...cesse
ProceduUrecsesccccesscecncscsesscccsccsosssscsscsssscscsccns
EXaAmpPlesS cscecctccsccecencsassscscsanssrssscessosassassss

Example 3-1, I/0 Model.ccoeecoocvrococcosccscasccsocs

Example 3-2 .eeeesvccecccocscssssesesosscsnccccccce
Method of SurrogateS.eeeecccecessceccrsscrsscsccsccssens
ProceduUre.essceescccescscocscsccscsccscscesoscosssssssssosasse
Setup Procedur@icececsccsceccccscsscasscsscsscsnsscsssass
Iterative Procedur€.cccececcsscccsccoscsccsccosvsncccnss
CONVeTBeNCe ccersossssssassssncssssscsssstscscasosasocsssccass
Example 3=3.cicecccoccccrccaccesoscsccvcacscscsccoscssssos
SelUPesvecreccsososacsscnsscssosssosossesncocsvssnsssscss

Iterative Procedure.o.oo....0..--00..0oo-o.oo....oo..oo.

Remarks 00 00 00000000 00CR0000 888000008 0CCL0SCEITPELBILISIOGETSTDY

NEw PROCEDURE S0 060 00000 000000080000 CSECEOISRIOIERTOESOEBOODRDTOE

Introduction.cceccescecccecescecsccsssscoccssssscsasscsss
Model Development..scececccescsscocccoscoscacscsssososness
Product Form SOlutiONececescscccsceccccocccsscscscscssanes

TheoTreMesevecerseessecsesssssocascosssosscssnassssnse

Proof...o.Otoal.o.o..ool.O.C.Onuocoooooooooloooococ

Calculating Performance ParameterS..cecececesccccccccess
Algorithm 4=l.ceecesecocsscescsscscsasssssssncssasscanss
Algorithm 4-20....oco;..co..oco'oo.o.o-..o-..o-o---oo.o.
Example 4=l.ceeccscrcevcccccesocossosesorsoncoaccsconssacs
Example 4=2.cceceeccccccssnesssssscsasncasssscssnnsessss
Applicabilityieeeeeeersoccsocscscscaccsaasssnscsnsscnsss
Procedur@.icecssceccerssscscssscscsvcssasscssosssssssssnee

Example 4_30...oooooa.on.oo.....l'looootololo..otl'.uo.o

1i1

Page

ii

ix

xi

16

16
19
25
26
27
35
35
40
44
45
47
50
52
54
54
57
59

61

61
62
68
69
69
74
75
76
78
81
82
83
88




7
1
{
{
1
g
4
4
!
1
1
1
1
.‘
!
i
§
T
|
1
1
i
1
1
4
1
1
4

T T YN T Te

<
|
.

e LA I FAEATNE S DR A
S e e

v .

V' COMPARISON OF TEC‘mIQUESCO.....l..l.....l......'........

Introduction................o...........................
Initial TeStSeesscsscsccccecscsssssscsssnsansessacnsssnce
] Error Analysis of the New Procedur@scececescscescccccces
N Representation Errorecceccceccccsccaceccccasssssscasacne
Decomposition ErroTececceccscccsscccsscocssncsocsscscscacss
Additional TeStSeceescssssesssccscassscsssssssssscscnnns
Representation ErroTreescccccccesccsceccscsoscsescssscos
Decomposition Errorececessccccscsccscsscsccccscccscscne
s ConclusionSeecsevecescossoccccscccssonccsssoscsccsoass
Comparison of the ECM Method and Multi-entrance
Queue ProcedureS.cevecccssscscccsccsccscssssscscsssoscsnccns
ECM Departures from the Multi-Entrance Queu@.ceecccceccas
Relative MeritS.cecescscecesveescccsscccesssssncscsscncns
Compariscn of the Method of Surrogates and the Multi-
Entrance Queue ProcedureS.scecceccccecccacescssscocscsncse
Error Analysis of the Method of SurrogateS..sescsecces
Relative Merits of the Method of SurrogateS.ecececececse

rRSUME S-SR P aaraat)
. A

F‘ VI. CONCLUSIONS AND RECOMMENDATIONS...o.oco.o.aoonooooooooon
f Bibliography..oo.0..0-....0...'.0....0..Qo.o.....c.oo‘...ooo'

Vitaoooooo.otlccQoooo.n.o..ooooo.o....o.o.co..oc...oooo.ooo.o

>
S

Dl ML AR A
.

diRasl
o

Y YTV
a

v vy e ey
. [ :

iv

Ld

r
b
3
b
b
]
3
|
i
}
]
b
4
3
5

97

97

97
112
113
132
141
142
159
167

169
169
175
177
177
185
186
187

189




List 2£ Figures

Figure Page

: 2-1 Single Sever QUEUE.ccsccesevsccctscccsscsccscsssssssscscscscscos 8
: 2-2 Multiple Sever QUEUE.csescsssssssscsssssasssseccssccncssscscns 9
2-3 Infinite Server QUEUC.csecssccccsscesercscscsarsccscsccsssonssss 9

2-4 Va.ilable Rate QUEUEC.ccesscrsssssescsscssccacsreccssrscccssnsases 9

2-5 Black BOX meue‘loo..oo.0l......o.ooooo.oo.lo.oQo.oclclooo..o. 10

2-6 Variable Rate Black BoX QUEUE sceesscsosssesctsccsccssssnsncns 10
2~7 Original NetworK..eeoeoeseooosecoscscnscsscccsscccscssosssscccce 11
2-8 Original Network With the Stvbnetwork Replaced by a Variable
Rate Black BOX QUEUEceseovossccsssesssscssnnsscscsoscssnssccsns 11
2-9 Single Resource Allocation QuUeUE.ccecccscssscscoscosssccsscscses 12
2-10 Multiple Resource Allocation QueUE.ccceeccrsecsocsnssecscscccsssa 12
2-11 Single Queue Allocation Path..cseccescscccoscosscscccccscscnse 13
2-12 Single Allocation Queues in Parallel With a Common Deallocation
POINtessseeccosnonssnccssssssctsessesnsscsssscsossncascccsccsss 13
f> 2-13 Multiple Resources Allocated From Separate QueueS.cecccesesses 14
$
F 2-14 Subnetwork Evaluated in Isolationecsscceccccsccccescccccscccsane 14
i 2-15 Original Network With the Subnetwork Replaced With a Variable
: Rate Queue (Final NetWork)eeceeceoeecescesescccscsccasosescsscses 15
i'c 3-1 Central Sever Model..ceeeveccsccscscnsscccscascscosncsccssascsss 17
F
E 3-2 Central Sever Model With Expanded I/0 Representation.ceceecoess 18
t' 3-3 Type one Simultaneous Resource PossesSSiONeceeccccccscsccsossces 21
i' 3-4 Sauer Interactive System Model...esececesessscccosasscsacccsnsse 22
; 3-5 Example of Type Two Simultaneous Resource Possessionssceecsssece 23
[ 3-6 Jacobson's Loosely Coupled Multiprocessor SysteMeeccscssccscess 24
t 3-7 Augmented Secondary Subsystem Model.ccccocsccssccssscssssccsne 30
3-8 Primary Contention Model..eeeescsscscssassscersoscscosssssssass 31
3-9 CPU = 1/0 Subsystem Model.ccoeecsoossscssosccescscssssscrosncss 36
-
L v




: T-:' :

3-10 Example 3-1. Augmented Secondary Subsystem Model..cceeeceecces 37
] 3-11 Example 3-1. Primary Contention Model.ceeeesccocorscccscscsccnsnse 38

3-12 Example 3-1. Final NetWorKe..eeseeceocecssscossosevsssscasanses 40

3-13 Example 3-2. Loosely Coupled Multiprocessor Systeme.cseecececccs 41
! 3-14 Example 3-2. Augmented Secondary Subsystem Model...eceoccccsess 42
3-15 Example 3-2. Final NetWorKeeseseoeossessaescecscscssssscncsscsse 44
3-16 Method of Surrogates Primary Contention Model....sceevressccess 48
3-17 Method of Surrogates Secondary Contention Model..ccccsecccccss 50
3-18 Example 3-3. Method of Surrogates Primary Contention Model.... 55
3-19 Example 3-3. Method of Surrogates Secondary Contention Model.. 56

4-1 Representation of the Subnetwork With Simultaneous Resource

Possessionc.oo.oolt.o...c...on.o..o.n.ooo.o.co.oooootoloo....o 63

4-2 Subnetwork With a Common Node for the Nonoverlapped Service

Time'o.00oQ000...oooo..l.‘oao.0o-ooo.cocoooo....t..co..ooo.o.o 63

4-3 Multi-entrance Queue Representation of the Subnetwork. The
overlapped Queue and Secondary Subsystem are Replaced With a
Variable Rate meue...'.‘......l'n‘.ll......"l.l............. 64

4-4 Multi-entrance Queue Evaluated in IsolationN.ceeeecececscscesses 65

4-5 Example 4-10 I/O Subnetwork-oooo-ooo-o.o.o.ooo.ooo..ooooooo-oo 79

4-6 Example 4-2, Network to be Solved.eeecececccsoccseasssssccsocas 81

4-7 Multi-entrance Queue Evaluated in Isolation.cescccccccsccacsssas 85

4-8 Original Network With the Subnetwork Replaced With a Variable
Rate me‘l-e.C..l..l...l...l.........'.....'..........'......l.. 86

4-9  Original Network With Expanded Subnetwork Representation...... 87
4-10 Example 4-31 CPU - I/O Modelo.oooooooooo.o-o‘ooo-...ooo...-o-o 89
4"11 Multi-entrance Queue Evaluated in ISOlation................... 90

4-12 Example 4_3. Final Network...........‘.....l..l..l............ 93
5-1 Base I/0 Model Control VariableSeseeececsccevccscosssasccsvnes 98

vi

P P Vi SO P T —




P

2 L

5-15

5-16

5-17

5-18

5-19

5-20

5-21

5-22

5-23

5-24

5-25

5-26

5-27

Test Set 5 - Loosely Coupled MultiprocessOr.ececcccscsccscsssons
Test Set Four Final Network ThroughputS..eecececesecccescocoscss
Test Set Three Final Network Throughputs...............;......
Test Set Two Final Network ThroughputS.cececcsscscscoveccossas
Test Set One Final Network ThroughputS.eeceescecsccccsscscoccss
Test Set Five Final Network ThroughputS.cecccescccescscccccccsns
Original NetWorkKesseeeooeosecoosocecseccscscsssscssosassscance

Original Network With the Subnetwork Replaced With a Variable

Rate QUEUB..seietececccerencvscssscscrsssssssccrccssccccssssns
CPU = I/0 MOdeLlesseeosseesannesossvrnsssencsoscsssasssasscscesns
I/0 Subsystem Evaluated in IsolatioN.ceeccsccescsccscscosccncce
Final NetwWoTK.sceoecoeooosoossavccnocessacscssocesosossssccnaa

I/0 Subnetwork Evaluated in Isolation With the Nonoverlapped
Service Requirements Replaced With an Infinite Sever Queue....

Multi-entrance Queue Model.cscececcccsssacccrscrcocossascccnsss
Equivalent Four Channel Model Subnetwork Representationececsecs
Multi-entrance Queue CPU - I/0 Subsystem Representatione.cces.
I/0 SUDNELWOTK.eeeosoooseacoarcssoasssncnscnsssassscsccsoososes

Subnetwork With a Two Stage Hypoexponential Service Time
Distribution.l.......‘..O......l......'..'l..'..l............‘

Subnetwork With a Variable Service Time Distributionecceccecess

Subnetwork With the Service Requirement Represented by a Black

BOX QUEBUEC sesecscssscvessssscrscssssrsssncssssoscosccscsssssscscsses
Subnetwork Service and Residency TimeS:.ececescccescssscscccccs
Subnetwork With External Contention Possibleseseeesesesesssees
Subnetwork With External Contention Not Possiblecsseceecscccses
Augmented SEcondary SubSyStemMeecscscccsesssssscsscsscccsssssenas
CPU and Single I/0 DevicCeeeseecssssscessssessssosassasssccsssse
CPU and I/0 Device Replaced With a Variable RAte Queu@.icessass

Interdeparture Time Residual Lives".'..'.............'..l....

vig

100
105
107
108
109
110

113

114
115
115

116

117
118
119
119

122

123

124

127
127
129
129
130
133
134

136




Y

o

5-28
5-29
5-30
5-31
5-32

5-33

5-34

5-35

5-36

5-37

5-38

5-39

5-40

5-41

5-42
5-43

5-44

5-45

5-46

5-47

=48

1/0 Subsystem Evaluated in IsolatioNesececsccesccescccocoscccss
Error Partitioningeceesccscocccscscorsesioscaccrsansssssccccncas
Model 1-4. Throughputs of Subnetwork Evaluated in Isolation..
Model 2-3., Throughputs of S;bnetwork Evaluated in Isolation..
Model 3-4. Throughputs of Sub&etwork Evaluated in Isolation...

Model 1-4, Residency Time Coefficients of Variation With the
Subnetwork Evaluated in IsolatiofNeeccccccccccccccvssccscccsccns

Model 2-3. Residency Time Coefficients of Variation With the
Subnetwork Evaluated in Iso0latioNececcceccsccsceccscscccsscncns

Model 3-4. Residency Time Coefficients of Variation With the
Subnetwork Evaluated in Isolation.........-.......-...........

Model 5-1. Throughputs of Subnetwork Evaluated in Isolation...

Model 5-1. Residency Time Coefficients of Variation With the
Subnetwork Evaluated in Isolation..Q...I.........‘...........-

Model 5-1. Interdeparture Time Coefficients of Variation With
the Subnetwork Evaluated in IsoclatioNecccececccccsscccoccenses

Model 1-4. Interdeparture Time Coefficients of Variation With
the Subnetwork Evaluated in IsolatioNecececcsccccocssccacssssce

Model 2-3. Interdeparture Time Coefficient of Variation With
the Subnetwork Evaluated in IsolatioNesesecsccccescsosscssosane

Model 3-4. Interdeparture Time Coefficients of Variation With
the Subnetwork Evaluated in IsolatioNeccececcccsccssccccscscee

Augmented Secondary Subsystem ThroughputS.ececeocescccscasscccse
Model 5-5. Isolated Subnetwork Throughput ComparisonS.ecsscecee

Method of Surrogate Primary Contention Model Representation of
the I/O Subnetwork....."..'.......C'.....l...l.l..l..‘..’...‘

Method of Surrogates SEcondary Contention Model Representation
of the I/O subnetwork...‘...l........'....."l...'....l.......

Throughput Comparisons of the Primary Contention Model
Representation of the 1/0 Subsystem Evaluated in Isolation....

“hroughput Comparisons of the Secondary Contention Model
" :presentation of the 1/0 Subsystem Evaluated in Isolation....

Model 6~5. Throughputs of I/0 Subsystem Evaluated in ..eeecses
Isolation

viii

I O T ¢ . pra— P Sa—

137
142
146
147

148

149

150

151

155

156

163

164

165

166
172

174

178

178

182

183

184




List of Tables

Performance ReSultS.ccecescseccscescocscscccosssssscccccccncescs
Example 3-2. Augmented Secondary Subsystem ThroughputS.eecssss
Example 3-1. Primary Contention Model ThroughputS.eccessccssss
Example 3-1. Final Subnetwork Service Rat@sceiecccesossscccsses
Example 3-1. Performance ParameterS.ccscssccescsccccscsosccscs
Example 4-2. Augmented Secondary Subsystem ThroughputSe.eesss
Example 3-2. Final Subnetwork Service Rat@..cecscesscsscsescs
Example 3-2. Performance ParameterSecceccccccesccsccccsscasse
Example 3-3. Secondary Contention Model ThroughputS.ssecececss
Iterative solution of Example 3—=l..sccccccscccscccccsscccoscnas

Example 3-1. Method of SurrogateSeccsscsccscscsccccccccscsccce

Multi-entrance Queue ThroughputS.ceseeescecsocscccccccscccnnce
Multi-entrance Queue ThroughputS.ececscescecccssecsssccocssscccses
Augmented Secondary Subsystem Channel Queue LengthS..cceescoee
Example 4-1. Queue Dependent Service Rat@S..ceveseccccscccscns
Example 4-3. Population Dependent ThroughputS.eeeecscecccessss
Multi-entrance Queue Performance ParameterS..ecccceccscccocsss
Example 4-3. Performance ParameterS.scececcsscsccsscossscccscsas
I/0 Node Marginal Distribution of CuStOmMErS.cecesscccscccccssns

Example 4-3. Performance CompariSonS..ececssecsscescscecssscecsns

Base I/0 Model Control VariableSeceececeeccccccsssssccoscscnces
Base I/0 Model SpecificationSe::c:eseesscsssssccsassscscccscss
Test Set 5 Base Multiprocessor Model SpecificationS...sseececses
Initial Model ThroughputS.sesecessecsessossscscscccscassssscsane

Methoa of Surrogate Iterations (Model 2-4).ccescscsscnccencans

ix

Page
18
37
38
39
40
42
43
44
57
57

59

80
82
90
91
92
92
93
94

96

98
99
100
101

104

LR Rieant Saan i Jangh Samat Juadl ] by A Lt S duid el e W e T T T R .ﬁv.-—-\——sr——-ﬁﬁ‘—-.v—-—-'w——.--_w-:ﬁ




PP e——

Q¢

5-6

5-7

5-21

5-22

5-23

Method of Surrogate Ilterations (Model 1=4)..ecececccccccocsass
I/0 Node ThroughpuLS.cesseessssccsrssassssasscccssssssssccosse
I/0 Model ThroughpUtS.ssscecesscessssecosccsssacscscsocesscnss
Model 1-4, Isolated Subnetwork Performance ParametersS.eececeees

Model 1-4. Model 2-3. Isolated Subnetwork Performance

Parameters.u-.toooon-oool'.-ooooo.ooooco-oooocococ.ao.oloo.o..

Model 3-4, Isolated Subnetwork Performance ParameterSeescececes
Throughput CompariSOnSc.seccscssccossscscssscoscscsnssssssscsassce
Model 5-1. Isolated Subnetwork Performance ParameterSececececes
Mean Number of Busy Primary ResourceS.ccceccecccccesccsccccccne
Model 5-1. Isolated Subnetwork Performance Parameters (Cont)..
Model 1-4. Isolated Subnetwork Performance Parameters (Cont)..
Model 2-3. Isolated Subnetwork Performance Parameters (Cont)..
Model 3-4, Isolated Subnetwork Performance Parameters ¢.cccsce.
Model 5-5. Estimates of External ContentioN.ceeccesscossscoscccas
Model 5-5. Isolated Subnetwork ThroughputSeseecsecscscseccoces
Model 1-3. Performance Parameters at Different Populations....
Primary and Secondary Contention Model Queueing DelayS.ceceesss

Subnetwork Representations Evaluated in Isolation..ceececacecss

104
133
134

143

144
144
153
154
158
161
161
162
162
171
173
179
180

181




v—Vv—vry

Lag

e

Abstract

A new approximate technique is presented for analyzing closed queueing
networks with simultaneous resource possession. It is an analytic non-
iterative solution procedure that is suitable for multiple entry systems
such as 1/0,models., It relies on solving a closed queueing network
consisting only of the subsystem with simultaneous resource possession,
where queues can have service rates that are a function of the utilization
of all the queues (number of busy servers). The submodel is solved using a
newly discovered product form solution. Results are compared with simul-

ation models and other available analytic techniques.
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A NEW APPROACH FOR SOLVING
SIMULTANEOUS RESOURCE POSSESSION PROBLEMS
IN CLOSED QUEUEING NETWORKS

I. Introduction

As computers have become more and more complex, it has become much
more difficult to determine their capabilities, performance, and limita-
tions. Yet the need for this has greatly increased with the wide spread

use of computer systems.

The easiest and most direct approach to computer performance evalua-
tion has been to simply measure the desired quantities of interest.
However, this has become more and more difficult, and impractical or
infeasible in many cases. In these cases performance estimates must be

predicted through modeling or other techniques.

Most modeling of computer systems has been either simulation or
analytically oriented. Simulation modeling has the advantage that the
computer system can be modeled to arbitrary accuracy. However, simulation
prograr;ls tend to be specific to a particular application, take time to
develop, and use large amounts of computer time. Analytic methods on the
other hand can be developed quickly and tend to be usable in a variety of
different situations. However, analytic models of reasonable complexity
are intractable unless certain restrictions are imposed. Only within the
the last ten to fifteen years has the analytic solution to a certain class
of nontrivial closed queueing networks become tractable. This was made

possible by the discovery of a closed form solution to the state prob-~
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abilities. Analytic solutions to most queueing networks was pocssible,
however, it required the enumeration and solution of a large set of

homogeneous linear equations with properly chosen boundary conditions.

Much research has been devoted to expanding the types of networks
that have closed or product form solutions, but the conditions required for
closed form are still sometimes overly restrictive., Furthermore, many
realistic computer models contain networks that have properties which
usually violate the product form. As a result research in the area of
approximation has proceeded rapidly. However, the techniques developed have
either been developed for a specific application, or have been somewhat
unpredictable in their results. Most of the methods are still in the test
and evaluation stages and need more error analysis before confidence can be

gained in order to use them in a stand along basis.

One class of networks that has been difficult to model analytically is
a class of closed queueing networks that have simultaneous resource
possession. In networks with simultaneous resource possession, customers
obtain and use more than one resource simultaneously. For example,
consider a line of customers in a bank that has a limited number of tellers
available. Since many banking operations are computerized the tellers may
have to enter transactions in a terminal. If there are less terminals than
tellers, then it is possible that the tellers might have to queue for the
use of the terminal before gaining access to the required records. While
the teller is using the terminal, the process can be considered as the

customer being serviced simultaneously by the teller and the terminal.

It is this concept that is called simultaneous resource possession.

This thesis will:
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1. Classify all possible types of simultaneous resource possession
that can occur in closed queueing networks,

2. Briefly review the current procedures available that can solve the
general classes of simultaneous resource possession problems,

3. Present a new approximate procedure that solves a class of

simultaneous resource possession problems that have been difficult to solve

previously, and

g 4, Identify the error in the procedure and when it will be prone to
occur.

{

- To accomplish this, Chapter Two will outline notation, symbology, and
terminology used in the subsequent chapters. Chapter Three will define and

t categorize the types of simultaneous resource possible as well as review

e

1 two currently available procedures for solving them. Several examples will
be given of their use. Chapter Four will develop and illustrate the new
procedure and give several examples of its use. Chapter Five will discuss

:( u' the potential sources of error, and Chapter Six will discuss conclusions

: and recommendations for subsequent research.

F N

b It is assumed that the reader is familiar with the theory and

1 solution of a closed queueing networks.
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I1. Product Form Closed Queueing Networks

In this chapter the basic notation, symbolism and conventions that are
used in the remainder of the thesis will be described. Some attempt is
made to use standard symbolism, however many symbols are used to simplify
the typing and representation on paper. Generally the network diagrams are
similar to those used by Chandy and Sauer (Ref 1), and the terminology
to that used by Jacobson and Lazowska (Ref 2 ).

Consider a closed single class queueing network with N customers and k

queues.

Let SD;y Dbe the mean service requirement or service demand at

queue 1

Yj(n) be the service rate called the unnormalized service

rates of queue i with n customers at the queue

[Pij] Matrix of transition probabilities of a customer

currently at queue i proceeding to queue j.

Let 9=(91,...,9k)

where

0 = 6P,

The 84 are the relative throughputs (also called loadings or visit ratios)

and are only solvable to within a multiplicative constant. In this thesis

the solution is made unique by selecting the relative throughput,8y,
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of some conveniently chosen queue i to 1.0.

Let s = (n),...,nK) be the state of the network where

ny = number of customers at queue i, for each i = 1,...,k.

Suppose that all states s = (n],...,ng) are feasible where

nl + cee + nk = N,

then the network has N+k-1} states

k-1

Further suppose that the probability transition matrix P is independent of

the state of the network.,

Then the state probabilities are given by

k
o T Eatmy)s (2-1)
(nl,...,nk) - i=1
G
where
G = a normalizing constant to ensure conservation of probability,
and

ot
= i 2-2
£,(n,) o , (2-2)
TERASE
j=1

provided that
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l. If queue 1 has a first come first served service discipline

(FCFS), then the service time distribution is exponential, or

2. If queue 1 has a last come first served service discipline (LCFS)
or, processor sharing (PS), then the service time distribution has a

rational Laplace transform, or

3. If queue i is an infinite server queue, then the service time

distribution has a rational Laplace transform.

Networks that satisfy the above conditions are called product form network

(Ref 3).

Yi(n)

Ui(n) = —ST . (2-3)

The set of values Uj(n), for m = 1,...,N, will be called the normalized

service rate function for queue i. WNote that

Uj(1) = 1.0, for all queues i = 1,...,k

Pj(n) = marginal probability of n customers residing at

queue 1.

Then the utilization of queue i, Xj, is given by
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N Ui(n) Pi(n), (2-4
xi.EU(N) )

the throughput at queue i is given by

N
(2-5)
s Y U R ),

n=1

the mean number of customers at queue i (including the customer in ser-

vice), Ly

N
(2-6)
Li = Z n Pi(n)

n=1

and finally,
the residency or waiting time at queue i, Ryl, is given by
Ri £ — (2-7)

Suppose Gj = 1.0, then the cycle time, CYC, relative to queue j is given by

k
CYC = 2 eiRi' (2-8)
i=1

The cycle time is the mean time that it takes between visits to queue j.
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Note that

cc = N/Tj (2-9)

and can change depending on the reference queue,

If the normalized service rate function for queue i has the form

Ui(n) = 1.0, for n = 1,...,N,

then queue i is called a single server queue and will be represented in a

network as illustrated in Figure 2-1.

—HO—

Figure 2-1. Single Sever Queue
If the normalized service rate function for queue i has the form
n n=1,ees,¢C
Uj(n) =

c n=c+l,...,N

for some integer c, then queue i is called a multiple server (c server)

queue and will be represented as shown in Figure 2-2.
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Figure 2-2. Multiple Sever Queue

If the normalized service rate function for queue i has the form

Ui(n) = n, for n = 1,...,N,

then queue 1 is called as infinite server queue and is represented as

illustrated in Figure 2-3.

Y

\'%
~—
———

A\

Figure 2-3. Infinite Server Queue

—T

If the normalized service rate function for queue i contains noninteger

values, then queue 1 is called a variable rate queue and is represented as

M B4 al e A e o g

illustrated in Figure 2-4

—>

Figure 2-4, Variable Rate Queue

PP T




A queue that is nonproduct form because it has a FCFS service discipline
and does not have an exponential service time distribution will be consid-
ered a block box queue. If it is a single server queue, it will be repre-

sented as illustrated in Figure 2-5.

_9| —>

w

Figure 2-5. Black Box Queue

LBNILEED ame e s o

If it is not a single server queue, it will be represented as shown in

Figure 2-6.

9¢ 7
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Figure 2-6. Variable Rate Black Box Queue

.8

A subnetwork will be defined as a portion of the network such that

AdEEA A8 A o ade e g

1. There is a single entry path into the subnetwork and out of the
network, and
b
F 2, The relative throughput into the subnetwork equals the relative
e
b throughput out of iLlie network.
k
The remaining portion of the network will be called the remainder
[ network. These will be represented as illustrated in Figure 2-7
[
L 10
L
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Figure 2-7. Original Network

The representation illustrated will not be limited to product form net-
works. For example the subnetwork may represent part of the original
network that has properties that destroy product form such as blocking, i
state dependent routing, balking, etc. The variable rate black box greue
illustrated in Figure 2-6 may exactly represent the subnetwork imn the ‘

original network (Figure 2-7), as illustrated in Figure 2-8.

REMAINDER
NE TWORK

N
AHE—

Figure 2-8. Original Network With the Subnetwork
Replaced by a Variable Rate Black Box

Queue

11
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Blocking and population constraints imposed on part of the network will be
represented by the use of resources, Customers will be allocated a
resource at a resource allocation queue, sometimes called entry queue, as
illustrated in Figure 2-9, for a queue that allocates a single resource,
and Figure 2-10 that allocates multiple, say c¢, resources. No service

requirement is associated with the resource allocation,

—A N

Figure 2-9. Single Resource Allocation Queue

—ﬁl%é—%
A

Figure 2-10. Multiple Resource Allocation Queue

Customers proceed through an arbitrary subnetwork after allocation, and are

finally deallocated. This is illustrated as shown in Figure 2-11.
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Figure 2-11.

i SN

Single Queue Allocation Path

The reallocation path is shown when needed for clarity. Resources may be

allocated from separate locations. If the resources are fixed to a

certain entry queue, the representation in Figure 2-12 will be used.

RESOURCE

—-I .

__4

\ 4

X Z
SUBNE TWORK
Vv

Single Allocation Queues in Parallel
With a Common Deallocation Point

Figure 2-12.

If there is no difference between the resources, then the represen-

tation in Figure 2-13 will be used.

13
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Figure 2-13. Multiple Resources Allocated From Separate Queues

SUBNETWORK >

It will be assumed that the reader is familiar with product form
networks as defined by Baskett Chandy (Ref 3 ) and Norton's Theorem.
Norton's Theorem sometimes called the decomposition or aggregation theorem
(Ref 4) states that given a product form network, a subnetwork may be
replaced by a variable rate queue with an appropriately chose.. set of

service rates.,

The service rates are chosen by evaluating the subnetwork with the
remainder network removed. This is il'ustrated in Figure 2-14, and is

called evaluating the subnetwork in isolation. The evaluation must be per-

SUBNETWORK

Figure 2-14. Subnetwork Evaluated in Isolation

14
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formed for each feasible subnetwork population, n, and the throughput
through the subnetwork, Tg,(n), obtained. The unnormalized service rate of

the variable rate queue, Y,(n), is determined by
Yy(n) = Tgna(n) forn =1,...,N.

The resulting network, illustrated in Figure 2-15, is equivalent to the
original network, Figure 2-15, with the mean subnetwork population and
residency time aggregated into the variable rate queue. Values of
performance parameters in the subnetwork can be estimated by a procedure
described in Chandy (Ref 4 ) and Sauer (Ref 5). It is assumed that the

reader is familiar with this procedure as it will be used later in the

REMAINDER
NETWORK

thesis.

b

Figure 2-15. Original Network With the Subnetwork Replaced
With a Varijiable Rate Oueue (Final Network)

15
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ITI. Queueing Methods EE Simultaneous Resource Possession

Introduction

It frequently occurs that a job running in a computer willAhave
control over multiple resources simultaneously. This is common in two
cases: first, when the number of jobs running is limited by the multi-
programming level or memory constraints, and second, in 1/0 subsystems
where part of an I/0 operation requires use of a physical channel, and part

does not. In the first case, which will be called the memory problem, the

multiple resources are the memory, CPU and disks. The memory serves mainly
as a population constraint limiting the number of jobs allowed in execution
and contending for the CPU and disks. In the second case, which will be
called the I/0 Problem, the I/0 subsystem consists of a number of disks and
one or more channels (usually less than the number of disks) for trans-
ferring the data. Typically, part of the I/0 operation (i.e. part of the
rotational latency time and the total transfer time), requires use of the
channel, and another part does not (i.e., the seek). Hence there is
simultaneous possession of the disk and the channel for part of each I/0
operation (and a population constraint imposed on the channel, equal to the
number of disks). These instances of simultaneous resource possession are
difficult to model analytically as they usually introduce blocking or state
dependent routing into the queueing network, and hence invalidate the
product form solution. As a result, direct solution techniques are
computationally intractable for most nontrivial cases. However, ignoring
the existence of simultaneous resource possession in a queueing network can

cause highly inaccurate results,

16
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The need for considering simultaneous resource possession can best
be illustrated by an example. Consider the network in Figure 3-1, which
illustrates a system with one CPU and four disks. A single channel is
available for the transfer of the data and its use is required during both
rotational latency and transfer phases. However, the disks are capable of
seeking without the use of the channel. The multiprogramming level is
limited to ten. Suppose that each customer is equally likely to require
service at any of the disks and that the mean service demand at the CPU is
0.1, and at thé disks 0.4 for the seek and 0.l for the rotational latency
and transfer. All service times are exponential. If the presence of the
physical channel is ignored, the system can be solved easily by analytical
methods as a central server queueing network with a mean disk service time

of 0.5. The results are given in Table 3-1. When a disk I/0 is begun a

Figure 3-1. Central Sever Model

17
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Table 3-1

Performance Results

Analytic Simulation

f 97%

! Parameters Channel not Channel Confidence
. { (mean values) considered Considered Interval
g Throughput 5.90 5.63 (5.51-5.75)
[ i CPU Queue length 1.30 1.08 (0.99-1.16)
- | Total 1/0 time 1.48 1.58 (1.54-1.62)
r‘ i Cycle time 1.70 1.77 (1.74-1.81)
&
b

&( Q¢ ——)\] @——D—&'@_—D{J 5\|7

Figure 3-2. Central Sever Model With Expanded I/Q Representation

——rv
-

seek 1s performed at one of the disks and can be performed simultaneously
with seeks at the other disks. However, when the seek is completed it must
1 wait for the channel to become available before beginning the rotational
latency and transfer. During this time, all further seeks are blocked at
that disk. This blocking destroys the product form solution of the network
L in Figure 3-2 and hence any solution techniques for product form networks

will not provide exact results. It is possible to solve the network

18
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analytically, but its solution would be nontrivial, and therefore simula-
tion was used. The performance results obtained using simulation are also
given in Table 3-1. Notice that there is a significant difference between
the throughput of the two models (5.63 as opposed to 5.90), and between the

other parameters as well.

The error caused by ignoring instances of simultaneous resource
possession can be high, as in the above example, and has led to the
devlopment of several approximation methods for dealing with it. 1In the
reminder of this chapter the effects of simultaneous resource possession on
closed queueing networks will be discussed, and the different poussibilities
classified into two categories. Three currently available methods will be

presented and illustrated with several examples.

Types gi Simul taneous Resource Possession

Simul taneous resource possession problems present themselves mostly in
the form of the memory and I/0 problems just described. However, other
categories are becoming evident in computer systems as well as in complete-
ly different technical fields. By classifying instances of simultaneous
resource possession into categories that are conceptually similar, the
available methods can be studied and identified as being mére or less
suited to a particular type of problem. The solution procedure for a
typical problem would then be to identify the class to which the problem
belongs, and then to choose from available methods the best procedure for

solving that problem.

The notation and terminology presented in Jacobson (Ref 2) will be
used as much as possible in describing networks with simultaneous resource
possession. In queueing networks that have simultaneous resource posses-

sion a customer will obtain a primary resource from a pool of available

19
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resources, such as a memory partition or disk, and hold it for a prelimin-
ary, and possibly zero service time. This service time is called the

nonoverlapped service time. Then the customer will proceed to obtain

services from other, possibly more than one, resources, the secondary

resources or subsystem, while still holding the primary resource. The

total service time while the secondary resources are held is called over-

lapped service time. In the memory problem, the secondary resources are
the CPU and disks, and in the I/0 problem, the channel. Finally, every
instance of simultaneous resource possession has an associated primary
resource, secondary resource(s), and nonoverlapped and overlapped service
times. If the nonoverlapped service time 1s always zero (there 1is no
preliminary service requirement prior to the request for services from the
secondary resources), then the primary resource is called passive. In the
memory problen{, the primary resource (memory) is passive because it does
not have its own service requirement. However, in the 1/0 problem the disk
has a preliminary service requirement (the seek) before requesting access

to the secondary resource and is therefore a nonpassive or active primary

resource. The degree of overlap, d, is a ratio which measures the extent

to which the customer holds both resources simultaneously. It is given by

(3-1)

mean overlapped service time

d =
mean overlapped service time + mean nonoverlapped service time

When d = 1.000, the primary resource is passive and there 1is complete
overlap. When d = 0.0, there is no simultaneous resource possession. A

specific type of queueing, called external contention, is present at the

primary resource allocation queues whenever a customer must wait for a
primary resource even though other resources are available. For example
external contention is present at the entry queues of the I/0 model because

customers must queue for a specific disk.

20
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Simultaneous resource possession can be classified as one of two types
which will be called type one and type two. Type one simultaneous resource
possession occurs whenever external contention at the primary resource
allocation queues is possible. In both types the primary resources may be

active or passive.

Subnetworks that have type one simultaneous resource possession can
take on many different shapes. One such shape that is of interest in
computer applications 1is illustrated in Figure 3-3, Customers arrive at
the subnetwork and enter a commoa queue that allocates all resources. Once
the customer is allocated a resource, he proceeds through the subnetwork,

finally returning his resource and making it available for other customers.

" PRIMARY RESOURCE

i 1

—===- SUBNETWORK WITH SIMULTANEOUS RESOURCE POSSESSION ===

|

o

'------—P-——---—--—-

REMAINDER NETWORK

Figure 3-3. Type One Simultaneous Resource Possession
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As an example of a type one simultaneous resource possession problem
consider the interactive system problem presented by Sauer (Ref 6 ) and
illustrated in Figure 3-4., Interactive terminal users input queries to the
system where the queries wait for memory, execute, return memory, and
finally respond to the terminal. The terminal queue is an infinite server
queue and functions as a delay (i.e., the think time) before the user
inputs the next query. The primary resource (i.e. the memory) acts as a
population constraint limiting the maximum number of customers in the
secondary subsystem to the number of available memory partitions. The
impact of the population constraint can considerably change the performance

of the system depending cn the utilization of the memory partitionms.

TTYS

Figure 3-4. Sauer Interactive System Model

Subnetworks that have type two simultaneous resource possession can have
many different shapes also. However, subnetworks with type two simultane-

ous resource possession usually have more than one primary resource

22
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allocation queue. It does not matter how the resources are allocated by
the allocation queues as long as external contention is possible. A
subnetwork with type two simultaneous resource possession with a shape that
is of interest in computer applications is illustrated in Figure 3-5.
Customers arrive at the subnnetwork and make a choice as to which resource
to use. Once the choice is made, the customer must wait until that

resource is available.

PR IMARY
RESOURCE

—

_5,.1 NO S 7

|

SUBNETWORK WITH SIMULTANEOUS RESOQURCE POSSESSION ==--

precemmmemmmmmmedeccm e e mcmaca—an,

loemencnacsencecanaaioocnenownne -emeee-)

REMAINDER
NETWORK

Figure 3-5. Example of Type Two Simultaneous Resource Possession
An example of two simultaneous resource possession with passive
primary resources is given by Jacobson (Ref 2, Example 4-1) where a

loosely coupled multiprocessor system accesses shared memories. This

system is illustrated in Figure 3-6.
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!’i Figure 3-6. Jacobson's

There are P processors,

cycle:

a. Reference their own private local memory for service time lm.

b, Queue for a specific shared memory (one of M).

cs Once shared memory is

d. Once the channel is obtained, use it for service time sm.

L)

LOCAL MEMORY

Loosely Coupled Multiprocessor System

the customers, that execute the following

obtained, queue for any channel (one of B).
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The primary resource is passive because there is no service require-
ment prior to obtaining the secondary resource. External contention is

present because the processors must queue for a specific resourse.

The categories of simultaneous resource possession are heirarchical in
the sense that a passive type one case is a simplification of active type
one, and a type one is a simplification of a type two. Since the only
difference between type one and type two is the added element of external
contention that is present in type two, that presence must be compensated
for in the procedures used. Of the available methods used for type two,
all can be simplified to solve type one as a trivial subcase of type two.
These relationships between type one and type two and their impacts will
become clear through several solved examples presented later in the

chapter.

Survey of Available Methods

There are three general approaches that have been used to model
simultaneous resource possession problems, namely, Norton's approximation
(Ref 6), the method of External Contention Modification (ECM) (Ref 7),
and the method of surrogates (Ref 2). The method of surrogates and the
ECM method are applicable to both type one and type two problems, Norton's
approximation is applicable only to passive type one problems. The ECM
method which is a generalization of Norton's approximation, can handle
both type one and type two problems and therefore Norton's method will not
be discussed separately. Many methods have been developed to model
specific problems, such as Bard's interactive virtual memory model (Ref 8),
Chen's swapping model (Ref 9), Wilhelm's generalized disk model(Ref 10),

and Brown's memory management and response time model (Ref 11) to name a
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few. As these methods are not oriented toward general types of simultaneous

resource possession problems they will not be discussed further.

The following sections will present a detailed description and
procedure of the ECM method and the method of surrogate delays. Examples
of their application to type two problems will be illustrated. Both
methods restructure the problem so that it can be modeled using product
form queueing networks. The accuracy of these two methods and the method
presented in Chapter 4, will be discussed in Chapter 5 with the idea of

determining what parameters impact the accuracy of the methods.

Method g£ External Contention Modification (ECM)

The ECM method was first presented by J. N. Bexfield in an unpublished

manuscript (Ref 7). It is a generalization of the Norton's approximation

approach described in Chandy, Herzog, Woo (Ref 4), and applied in Sauer
(Ref 6). The ECM method involves solving two product form models in
isolation, a primary resource contention model, and an augmented secondary
subsystem model to produce a final variable rate queue. This queue is used
in place of the subﬂetwork with simultaneous resource possession in the

original network.

The purpose of the primary resource contention model is t» measure the
degree of external contention present in the subnetwork. Measures are
obtained for each possible network population. The purpose of the augment-
ed secondary subsystem model is to obtain flow equivalent throughputs for
each possible customer population in the augmented secondary subsystem
while external contention at the primary resources is ignored. The flow
equivalents are then adjusted according to the amount of external conten-

tion present in order to obtain a final variable rate queue.
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Procedure

( Consider the part of a closed network which has simultaneous resource
possession and call it the subnetwork., Define:

g N Network population

k Maximum population allowed in the augmented secondary

subsystem (also equal to the number of primary resources)

: P Set of primary resource allocation queues
-‘ S Set of nodes in the secondary subsystem
Noi Mean nonoverlapped service demand for all primary reso-
urces
oL Mean overlapped service demand for the secondary
subsystem
Di Mean service demand for queue i
Gi Relative throughput of entry queue {or resource) i
4 esn Relative throughput of the subnetwork
g T (n) Throughput of the augmented secondary subsystem

a

at population n
Up(n) Normalized service rate of the primary contention
model at population n
Tp(n) Throughput of the primary contention model at
d L popvlation n

i Uf(n) Normalized throughput of the final composite queue

at population n

SDf Mean service demand of the final composite queue

The subnetwork should be analyzed to determine the type of simultan-

eous resource possession present, what elements comprise the set of primary

resources and whether they are active or passive, and what nodes make up

the secondary subsystem. The secondary subsystem should be a product form

. v ————— v T Y
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subnetwork. If it exhibits blocking, variable routing, balking, or any
other characteristic that will da2stroy the product form, it must be
analyzed by itself as a system with simultaneous resource possession and
replaced with a composite queue prior to continuing. Once this is done the

following five step procedure should be used:
1. Calculate the following values:

a. The mean nonoverlapped service demand for all primary

resources, This is given by

NOiQ1

sn

ieP

esn is the relative throughput or loading of the entire subnetwork
as if it were a single composite queue. Note that the boundaries of the
subnetwork must be chosen such that the relative throughput into the
subnetwork is equal to the relative throughput out of the subnetwork. Gi
is the relative throughput through the resource allocation center for

primary resource i, and NO, is its nonoverlapped service requirement which

i
may be zero.

b. The mean overlapped service demand for the secondary sub-

system. This is given by

28
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sn

Di is the mean service demand and 91 is the relative throughput at

entry queue i.

2. Construct and evaluate the augmented secondary subsystem model.
Recall that the purpose of the augmented secondary subsystem is to obtain
the throughput capability of the subnetwork while ignoring the presence of
contention and congestion at the primary resources. This is done by
analyzing the secondary subsystem along with an infinite server queue with
service demand NO in isolation. The infinite server queue represents the
nonoverlapped service demand. If NO is zero, there is no nonoverlapped
service requirement for any primary resource, and the infinite server queue
need not be included in the model. The form of the augmented secondary

subsystem model is illustrated in Figure 3-7.
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3 SECONDARY
SUBSYSTEM
{oL)

‘L! Figure 3-7. Augmented Secondary Subsystem Model

The augmented secondary subsystem model must be evaluated and the
throughputs, Ta(n) obtained for each customer population n, for n =1,...k.

I Set

Sp = = (3-4)

K

:l SI)f will be the service demand of the final composite node. Note that
' if the primary resources are passive, this step is equivalent to obtaining
, the population dependent throughputs of the secondary subsystem as speci-

fied by Norton's Theorem for populations 1 to k.
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3. Construct and evaluate the primary contention model. The purpose
of the primary contention model is to measure the degree of external
rontention presert in the subnetwork. The primary contention model is
constructed by replacing each primary resource allocation center i, for all

i € P, with a queue having service demand
D, = NO, + OL, (3-5)

removing the secondary subsystem, and evaluating the resulting network in
isolation for customer populations 1 to N. Figure 3-8 illustrates the
primary contention model for the simultaneous resource possession problem

illustrated in Figure 3-5.

Figure 3-8. Primary Contention Model

Throughputs Tp(n) should be obtained for customer populations 1 to N.

The normalized service rates U(n)' should be calculated using the formula
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u Tp(®) (3-6)
p(n) = Tpm , for each n, n = 1l,¢..,N.

The normalized service rates are a measure of the external contention
present in the subnetwork. They approximate the mean number of customers
allowed past the primary resource allocation queues, for network population
n, after the effects of external contention are considered. The service
rates Up(n) are a function of the Gi's and the ratio of the D ,'s. For

i

are equal, the specific values of D, do not affect the

example, if all D i

i

results, as long as all D, are nonzero and equal.

i

If the subnetwork exhibits type one simultaneous resource possession,
the primary resource contention model will consist of one multiple queue

with P servers in isolation. In this case it is simple to show that

n, for n = l,ooc,K
U (n) = (3-7)
P k, for n > K

and as a result it is not necessary to evaluate the primary contention

model for type one problems.

32




eal . I S L el Sl B M . B e A T Pt T S
- .- W w w | —g— T T w T T T w T N EEEMEN - v . N

Y

4, Determine the normalized service rates, Uf(h), for n = 1...,N, for
(’- ' the final variable rate queue. Note that the mean service demand, SDf, was
}

already determined in step 2. The normalized service rates are given by:

F T,1U (n)]

Uf(n) = —W , forn = 1,.."N (3‘8)

The Uf(n) are adjusted such that when there are n in the subnetwork, only
%. Up(n) may enter the augmented secondary subsystem due to the affect of
external contention . The values of Up will not all be integer valued, the
throughputs determined from the augmented secondary subsystem model with
fractional customer populations must be estimated using interpolation.

F"( Q¢

Simple linear interpolation has been used with good results.
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For type one problems equation 3-8 reduces to

T (N)
T’
Ug(n) = (3-9)

n= l’COO,K

T (L)
T,(1)

and when the primary resource is passive this procedure is identical to

Norton's approximation.

5. Replace the subnetwork with simultaneous resource possession with
a variable rate queue with service demand SDf and service rate function Uf,
and evaluate the resulting network. The performance parameters for the
other nodes in the network can be obtained directly from the analysis of
the final model. The mean waiting time and mean number of customers at the

variable rate queue reflect the total time and the mean number of customers

at the subsystem.
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Examples

The following examples demonstrate the application of the ECM proce-
dure to type two simultaneous resource possession problems. Examples of
applications to type one problems will not be provided as they are simpli-
fications of the type two problem and are well illustrated in the litera-
ture (Ref 1, 5, 6, 12).

Example 3-1, I/0 Model. Consider a batch processing system with one

CPU and one four disk I/0 subsystem. All four disks operate through the
same controller which has a single channel available for data transfer. All
four disks can seek with the use of the channel, but its use is required
during the rotational latency and data transfer phases. Suppose that there
are ten jobs that alternately execute and perform I/0. All I/0 requests
have the same probability of accessing any particular disk. The
mean CPU service demand per visit is .1, all disks have the same mean seek
time of 0.4, and combined rotational latency and transfer time of 0.l. It
is desired to know the maximum throughput of the system in terms of CPU-I/O

cycles per unit time.
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The system is illustrated in Figure 3-9.

[
U Figure 3-9. CPU - I/0 Subsystem Model

This network exhibits simultaneous resource possession of type two. The
primary resources are active and consist of the four disks. The secondary
resource is the channel, The subnetwork is shown within the dashed box.

The procedure follows:
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1. The nonoverlapped service time consists of the seek, and makes the
primary resource active. The mean nonoverlapped service demand, NO, is
glven by equation 3-2 and results in the value NO = ,4, Similarly, the
mean overlapped service demand, OL, is given by equation 3-3, and OL = 0O.l.

The degree of overlap, d = 0.2.

2. The augmented secondary subsystem model is shown in Figure 3-10,
and must be evaluated for populations 1 to 4. The augmented secondary
subsystem throughputs, Ta’ are given in Table 3-2, The mean service demand

of the final composite node is given by equation 3-4, and SDf = 0.5,

S
L)

SEEK (NO)

|
{

CHANNEL (OL)

Figure 3-10. Example 3-1 Augmented Secondary Subsystem Model

Table 3-2

Example 3-1 Augmented Secondary Subsystem Throughputs

Population Throughput [Ta(n)]
1 2.000
2 3.846
3 5.493
4 6.893
37
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3. The primary contention model is shown in Figure 3-11 and must be
evaluated for customer populations of 1 to 10. The throughputs, Tp’ and
the normalized service rates, Up, are given in Table 3-3. The normalized

service rates were computed from the throughputs, Tp, using equation 3-6.

@—D—@—- N =1y yl0

Figure 3-11. Example 3-1 Primary Contention Mndel

Table 3-3
Example 3-1. Primary Contention Model Throughputs
: Normalized
Number . Throughput [Tp(n)] Service Rate [Up(n)]
1 2.000 1.000
2 3.200 1.600
3 4.000 2.000
4 4,571 2,286
5 5.000 2,500
6 5.333 2.667
7 5.600 2.800
8 5.818 2.909
9 6.000 3.000
10 6.154 3.077
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4., The normalized service rates for the final composite node were
obtained using equation 3-8. Interpolation was required to obtain most
values and linear interpolation was used in these cases. The final

variable rate throughputs are listed in Table 3-4.

Table 3-4

Example 3-1 Final Subnetwork Service Rates

7

Population Normalized Service Rate [Uf(n)] !
1 1.000
2 1.554
3 1.923
4 2.158
5 2.335
6 2.472
7 2.582
8 2.672
9 2,746
10 2.800

5. The final normalized service rates and mean service demand were
used in the variable rate node in the network in Figure 3-12. The final
results are given in Table 3-5 and will be compared for accuracy in

Chapter 5.
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Figure 3-12. Example 3-1 Final Network

Table 3-5

Example 3-1 Performance Parameters

Parameter Value
4 Throughput 5.437
! Mean 1/0 residence 1.635
] Mean CPU residence . 204
E Mean cycle time 1.839
‘ Example 3-2, Loosely coupled multiprocessor system. The following

example is a duplication of Example 4-1 in (Ref 2), which illustrates
.‘ passive type two simultaneous resource possession. Consider a loosely
» coupled multiprocessor system with eight processors, two shared buses, and
four shared memories. In addition, each processor additionally has its own
local (private) memory. A processor cycle consists of the following

sequence:?
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? l. Reference to local memory for mean time 2.0

{.

l*c 2. Queue for specific shared memory (all are equally probable)

3. When memory is obtained queue for any shared bus

4, When bus is obtained access shared memory for mean

E time 1.0

g

4 The system can be modeled as shown in Figure 3-13 where the customers
t are the eight processors. The desired performance parameters are the
t' throughput in terms of cycles completed per unit time, the mean cycle time,

and the local memory and shared memory residency times (including queueing

time). The procedure follows:

1. Since the primary resources, the memories, are passive the

mean nonoverlapped service demand is zero, or NO = 0.0. The mean over-

lapped service demand is OL = .1, and the degree of overlap, d = 1.0,

_____1

: {I—A—w |
| pirdy g{..%@ 7

CHANNEL

{20l
2.0
L)
LOCAL MEMORY
]

Figure 3-13. Example 3-2 Loosely Coupled Multiprocessor system
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2. The augmented secondary subsystem is illustrated in Figure
3-14 and consists of a two server queue which must be evaluated for
populations of 1 to 4. 1In this case it is not necessary to evaluate the

model, and the throughputs are given in Table 3-6. SDf = 1,0.

CHANNEL

Figure 3-14. Example 3-2 Augmented Secondary Subsystem Model

Table 3-6

Example 3-2 Augmented Secondary Subsystem Throughputs

Population Throughput [Ts(n)]

SN -

NN -
L

O o OO

3. The primary contention model is identical to the one illus-
trated in Figure 3-11. All the service demands in the primary contention

model, Di’ are identical as all NO, = 0.0, for each i € P, and as a result

i

the normalized service rates (not the throughputs) are independent of the
service demands Di' Hence, the normalized service rates already computed

in Table 3-3, for populations 1 to 8 may be used directly.
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4, The final normalized service rates, U_, are listed in Table

f
3‘7.

Table 3-7

Example 3-2 Final Subnetwork Service Rates

Normalized Service Rate
Population (n) Ue(n)

1.000
1.600
2.000
2,000
2.000

[V, I S R L S

2,000
2.000
2.000

0 ~ o

5. The final model is illustrated in Figure 3-15 and was

evaluated with a customer population of 8. The results are given in Table

3—80
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Figure 3-15. Example 3-2 Final Network

Table 3-8

Example 3-2 Performance Parameters

Parameter Value
Throughput 1.881
Mean shared mem & bus R 2.254
Mean lcl mem R 2.000
Mean cycle time 4,254

Method of Surrogates

The method of surrogates was first presented in 1981 (Ref ]3) and later
described in (Ref 2). It is an iterative procedure that solves both type one
and type two simultaneous resource possession problems, but was developed

primarily for type two problems. It involves evaluating an augmented

44




—

P

secondary subsystem model, identical to the one used in the ECM procedure,
and iterating between two other models, a primary contention model and a
secondary contention model. Performance parameters are obtained from the
primary contention model and the secondary contention model after conver-

gence.

The purpose of the augmented secondary subsystem model is the same as
in the ECM procedure: to obtain flow equivalent throughputs of the
subnetwork in the absence of external contention and congestion at the
primary resources. The primary contention model contains an explicit
representation of the primary resources and is used to estimate the
external contention in terms of queueing delay. A delay server is used to
represent the queueing delay due to congestion and contention in the
augmented secondary subsystem. The secondary contention model contains an
explicit representation of the augmented secondary subsystem and is used to
estimate the contention and congestion present in the secondary subsystenm
model. It contains a delay server to represent the queueing delay due to
external contention. Hence, each model estimates a component of the total

queueing delay.

The models are evaluated alternately where the component of queueing
delay estimated in one model is inserted into the delay server of the other
model allowing a more accurate estimate of the original component. Itera-
tions between the two models are performed until convergence is achieved.

Convergence, however, is not guaranteed.

Procedure

Consider the part of a closed queueing network which has simul taneous
resource possession and call it the subnetwork., Call the other part the

‘remainder' network. Define:
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Network population
Maximum population allowed in the
secondary subsystem and equal to the number
of primary resources
Set of primary resource allocation queues
Set of nodes in the secondary subsystem
Mean nonoverlapped service demand of
primary resource i, for each ieP
Mean nonoverlapped service demand for
all primary resources
Mean overlapped service demand for the
secondary subsystem
Mean service demand for node i
Relative throughput of node (or
resource) 1i

Relative throughput of the subnetwork

Throughput of the augmented secondary
subsystem at population n

The following parameters relate to the primary contention model:

nth iterate of the residency time

that node i of the primary nodes
n iterate of the mean residency
thtime for all primary nodes
n iterate value of the mean service
thdemand for the primary delay server
n  iterate value of the throughput
through the subnetwork in the

primary contention model

The following parameters relate to the secondary contention model:

nth iterate of the mean residency

thtime at the variable rate node
n iterate of the mean service
demand of the delay server

nth iterate of the throughput through

the subnetwork as modeled in the secondary

contention model

Mean service demand of the variable rate

node
Service rate of the variable rate
node at population n
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. The subnetwork should be analyzed to determine the type of simul-
taneous resource possession present, what elements comprise the set of
primary resources and whether they are active or passive, and what nodes
make up the secondary subsystem. The following procedure will first
describe how the models are constructed (setup procedure) and analyzed
prior to the iterative cycle (iterative procedure). Then the iterative

procedure will be described.

Setup Procedure

l. Calculate the following values:

a. The mean nonoverlapped service demand for all primary
resources, NO, using equation 3-2.
b. The mean overlapped service demand, OL, for the secondary

subsystem using equation 3-3.

2. Construct and evaldate the augmented secondary subsystem model.
This model is identical to the one constructed in step 2 of the ECM

procedure. The throughputs, Ta(n), for n = 1,...,K should be obtained.

3. Create the primary contention model which will be the first model
evaluated in the iterative procedure. The purpose of the primary conten-—
tion model is to estimate the amount of external contention present at the
primary resources in terms of queueing delay (called external queueing
delay). The primary contention model consists of the remainder network, a
set of nodes, called the primary nodes, (that explicitly model the external
contention present at the primary resources), and an infinite server node,
called the delay server. The explicit representation of the external

contention at the primary resources 1is constructed by replacing each
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primary resource allocation center i, for all iEP, with a queue having
service demand, Dy, given by equation 3-11, and relative throughput 5.
The presence of the secondary subsystem is ignored. The form of the model

is illustrated in Figure 3-16.

TGO
aCn T
Y (or)—

PRIMARY NODES

REMAINDER
NETWORK

Figure 3-16. Method of Surrogates Primary Contention Model

The primary nodes will usually consist of a set of queues in parallel.
The mean service demands and rate functions for all nodes in the remainder
network and in the primary nodes will remain constant for each iteration of
the model. However, the mean service demand for the delay server,DBd, will
change at each iteration. The value of the service demand at the nth
iteration, Df4, will be determined from parameters obtained in the n-1th
iteration of the secondary contention model. The primary contention model

is evaluated with a network population of N.
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; 4, Create the secondary contention model which will be the second
model evaluated in the iterative procedure. The purpose of the secondary
contention model is to obtain more accurate estimates of the congestion and
contention present in the augmented secondary subsystem. The secondary
contention model consists of the remainder network, a variable rate node,
SV, that explicitly models the augmented secondary subsystem, and an
infinite server queue, called the delay server. The mean service demand,
Dgy, and rate function, Ugy, for the variable rate queue are obtained from

the augmented secondary subsystem model and are given by:

- 1 3-10
st Tail) ( )
T (n)
a - 3-11
Ta(l) , for n l,e64,K ( )
Usv(n) =
T (K)

l The above values are fixed for all iterations of the model. The mean

service demand of the delay server, D24, varies for each iterate. The

. value of the nth iterate of the service demand, ng, is obtained from the

outputs of the nth fteration of the primary contention model. The second-

T
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ary contention model is always evaluated with a network population of N.

The general format of the secondary contention model is illustrated in

T —]]

DELAY SERVER

Figure 3-17.

AUGUMENTED
SECONDARY SUBSYSTEM

REMAINDER
NETWORK

Figure 3-17. Method of Surrogates Secondary Contention Model

Iterative Procedure

The iterative procedure consists of alternate evaluation of first the
primary contention model and then the secondary contention model. Evalua-
tion of both models completes one iteration. The following procedures

should be used.

l. Set the service demand of the delay server of the primary conten-

tion model, D%d, to zero for the first iteration. Set N =1,

2, Evaluate the primary contention model for iteration n using the

mean service demand ng obtained from step 1, or 3.c:
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a. Record the throughput, Tg, through the subnetwork of the

primary contention model.

b. Record the residency time, R%i for each primary resource i,

for all icP.

c. Calculate the mean residency time, Rg, for all primary

resources using the following formula:

R0
R Z pi°1 (3-12)
P 9sn
1P

If all RPi are equal, then equivalently

R} = RJj, for any icP (3-13)

d. Calculate the mean service demand of the delay server,D3y,

for the secondary contention model using the formula:
Ddqg = Rp (NO + OL) (3-14)
3. Evaluate the nth iteration of the secondary contention model using

the mean service demand DZ4 for the delay server computed in step 2.d

above:

51
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a. Record the throughput, T}, through the subnetwork of the

secondary contention model.

b. If rg > TB, then the iterations will not converge, so stop.

c. Record the mean residency time of the variable rate node, RY,

and set the mean service demand of the delay server, ngl, for the n+lSt

iterate of the primary contention model using the following formula:

{ | pgfl = RE - (NoO + oL). (3-15)

4, Set n =n+ 1 and go to step 2. Repeat these two steps until:

a. The throughputs TB and T§ are equal to within the desired

accuracy or

b. The sequences [RP] and [Tg] converge to within the desired

accuracy.

Convergence

» The convergence of the method of surrogates hinges on the premise that
E the primary contention model evaluated without the effects of contention or
4 congestion in the augmented secondary subsystem will always have a higher
throughput than the secondary contention model evaluated with the first

estimate of the queueing delay for external contention. Hence, it is

assumed that Té will always be greater than or equal to Té. The successive

estimates of the queueing delay éaused by external contention would then

decrease as the estimates of the queueing delay caused by contention and
¢ congestion in the augmented secondary subsystem would increase, As the
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increasing queueing delay estimates would be used in the primary contention
model, the sequence of primary contention model throughputs, [TB], would
monotonically decrease. Similarly, decreasing queueing delay estimates
would be used in the secondary contention model and therefore its sequence
of throughputs, [T}], would increase monotonically. As a result of these
properties of the sequence [T?,] and [T3], the algorithm will diverge if-

Ti<rd.

Another possibility is that the sequences are not bounded, and there
will exist an N, such that for all n > N, TB < T% is met.

The divergence of the method of surrogates occurs under certain
conditions when the congestion and contention present in the augmented
secondary subsystem is small. Examples will be given of both types of

divergence as well as an analysis of the errors involved in Chapter 5.
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Example 3-3

Only one example will be provided of the method of surrogates. Others
exist (Ref 2). Since the method was primarily intended for type two

simul taneous resource possession problems a type two example will be given.

Consider the I1/0 model given in Example 3-1 of the ECM procedure and
illustrated in Figure 3-9, except let NOj=.3 for all disks, and OL=.2. The
primary resources are active and consist of the four disks. The secondary

resource consists of the channel. The procedure follows:

Setup

1. The mean nonoverlapped service demand. NO, is given by equation

3-2, and here NO = ,3. Similiarily, OL = ,2,

2. The augmented secondary subsystem model is also identical to that

in Example 3-1 where the load dependent throughputs are given in Table 3-2.

3. The primary contention model consists of the remainder network (in
this case the queue representing the CPU), four primary nodes explicitly
modeling the primary resources, and the delay server representing the
queueing delay due to contention and congestion in the augmented secondary

subsystem. The primary contention model is illustrated in Figure 3-18.
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Figure 3-18. Example 3-3 Method of Surrogates Primary Contention Model

The service rates of the primary nodes, Di’ are given by equation 3-5. 1In
this case Di = ,5, for all i € P. The model will be evaluated with ten

customers during the iterative procedure.

4, The secondary contention model consists of the CPU queue, the
delay server which is an infinite server node, and a variable rate queue
representing the augmented secondary subsystem. The model is illustrated
in Figure 3-19. The mean service demand and service rate function are
given by equations 3-10 and 3-11, respectively. The mean service demand,
st = ,5, and the service rates are given in Table 3-9. The model will be
evaluated with ten customers during each iteration. The service

demand of the delay server will be determined by the primary contention

model during the iterative procedure.
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Figure 3-19. Example 3-3 Method of Surrogates
Secondary Contention Model
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Iterative Procedure

Table 3-9

Example 3-3 Secondary Contention Model Throughputs

{ Population (n)

Service rate [Usv(n)]

Ovao~NOWVEWND -

—

1.000
1.724
2.164
2.380
2.380
2,380
2.380
2.380
2.380
2.380

The iterative procedure begins by evaluating the first iterate of the
primary contention model with an input mean service demand for the delay

server set to zero.

Table 3-10 displays the iterative solution.

TABLE 3~

10

Iterative Solution of

Example 3-1

Primary Contention Model

Secondary Contention Model

|
|
{ Iteration | Input | Throughput Mean Input Throughput! Mean :
| s ™ & o | T i ow
; - i
| : !
: 1 0 5.900 1.4752 «9572 4,445 1. 1055 |
2 »6055 5.159 1.1468 « 6468 4,651 : 143245
: 3 .8245 |  4.855 1.0590 | 5590 |  4.684 | 1.3947
; 4 8947 | 4.757 1,0342 | 7.5342 4,692 | 1,4153
| 5 <9153 4,728 ! 1.0271 «5271 4,694 l.4212

6 «9212 4,720 ( 1,0251 « 5251 4,695 1.4229
7 «9229 4,718 i 1.0246 « 5246 ! -—- ——— i
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Each iteration consists of first evaluating the primary contention
model, and then evaluating the secondary contention model., One row of the
table corresponds to one iteration, hence seven and a half iterations are
illustrated. At the stopping point the iterates had not completely
converged. The queueing delay D:d for the nth iterate of the secondary
contention model is determined from the nth iterate of the primary con-

tention model where

n

n
= - 3-14
Dsd Rp (NO+0OL) ( )

repeated

As an example for the second iterate:

2 _ 0.2
Dsd— Rp (NO+OL)
= 1.1468 -(.3+.2)
= ,6468
n+l st
The queueing delay, Dpd » for the n+l iterate of the primary

contention model is determined from the nth iterate of the secondary

contention model (or if n=0, then D;d = 0) where
n+l _ .n _
DPd = RS (NO+0L) (3-15)

repeated

For the third iterate:

3 2
D4 = Ry —(NO+OL)

= 1,3245 -(.3+42)
= 8245
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If this model was evaluated with the nonoverlapped and overlapped
service times as given in Example 3.1 (NO = ,4,0L=,1) then type two
divergence results. The sequence of iterations are listed in Table 3-l1.

The procedure was stopped after the third iteration because T: 1f

d.
the procedure is continued the throughputs will diverge forever.

TABLE 3-11

Example 3-1. Method of Surrogates

Primary Contention Model Secondary Contention Model
Iteration Input Throughput Mean Input | Throughput } Mean
Dpg Tp R DY oA RS
1 0 . 5.900 1.4752 «9752 5.456 «6690
2 » 1690 5.714 1.3712 «8712 5.675 « 6945
3 . 1945 5.684 1.3563 .8563 5.706
Remarks

The examples given in the previous pages were all networks containing
two simultaneous resource possession. No examples were given to illustrate
the procedure for networks with type one simultaneous resource possession
because the analysis of such networks using Norton's approximation has been
well documented in the literature (Ref 1, 4, 5 6. 12), The two
procedures presented were developed primarily to solve type two simul-
taneous resource possession problems to which Norton's approximation is not

applicable.

The problem with the currently available methods for solving networks
with type two simultaneous resource possession is two fold. First, the

error present in the analytic results can be substantial and unpredictable,

59




rv-.

S DED g aan o w auh o

b S PEaa e g Ry R

as the causes of error are not well known. Second, it is difficult to
obtain estimates of parameters for queues within the subnetwork with
simultaneous resource possession. Yet these are often the parameters for

which estimates are desired.

In the following chapter, a new procedure will be presented for
solving a subset of networks with type two simultaneous resource posses-
sion, The subset includes all networks that allocate one primary resource
at each entry queue, and where the nonoverlapped service requirement, 1if
any, is equal for all primary resources. The procedure allows easy
estimation of aﬁy queue parameter within the subnetwork with simultaneous
resource possession. In Chapter 5 measures are identified that impact the

possibility for error and its magnitude.

60

d




f}

-

el

’
.
:
2
g
r.
E

:

IV. New Procedure

Introduction

In the previous chapter, two methods were presented that can approxi-
mately solve type two simultaneous resource possession problems. A step by
step procedure was presented for each method along with examples ill-
ustrating their use. In this chapter a new multi-entrance queue will be
defined and a procedure called the multi-entrance queue (MEQ) procedure
will be presented that has advantages over both of the previous methods in
solving type two problems. It is not applicable to type one problems.
These advantages are due to its simplistic and direct solution procedure
along with allowing estimation of the performance parameters within the

subnetwork,

Similar to the methods in Chapter 3, this new procedure utilizes the
throughputs obtained from the augmented secondary subsystem model. These
throughputs are used as the service rates in a closed multi-entrance queue
model that more accurately estimates the effects of external contention.
The output of the model is a mean service demand and set of service rates
which are used in a variable rate queue that replaces the subnetwork with
simultaneous resource possession in the original network. The closed
multi-entrance queue is solved by calculating the probability distribution
and then the desired throughputs. The probabilities are calculated using a
product form solution that differs from the "product form solution cur-
rently known”. The development and derivation of the product form solution
are given in this chapter. Algorithms that solve the model are also

presented later in the chapter.
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An advantage of this procedure is that it allows approximation of the
performance parameters of the queues within the original subnetwork with
simultaneous resource possession. This is not possible with the method of

surrogates and difficult at best in the method of ECM,

In the following sections of this chapter a description of the
heuristics underlying the procedure is given, a derivation of the solution
to the closed multi-entrance queue is provided, and finally, a step by step

procedure describing the method with examples is given.

Model Development

In all type two simultaneous resource possession problems external
contention is present customers are required to wait for a specific
resource even though others are available). It is this type of queueing
delay that has been difficult to characterize previously, and in which this
method focuses. A special closed multi-entrance queue is evaluated in
isolation for all possible customer populations in the network-in order to
obtain the estimates of queueing delay in terms of throughputs. This is the
similar to the idea that is used in the ECM procedure, but the multi-
entrance queue procedure uses a different method of determining the
throughputs. The following paragraphs will address the model development

from the original network with simultaneous resource possession.

Consider the model in Figure 4-1 which illustrates a general active
type two simultaneous resource possession problem. Suppose that each
primary resource entry queue only allocates one primary resource, that all
other customers in the queue are blocked until that customer completes
service, and that the mean nonoverlapped service demands for all resources
are equal, Under these conditions the model in Figure 4-1 can be replaced

by the model in Figure 4-2,
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Figure 4-1. Representation of the Subnetwork

With Simultaneous Resource Possession

v o~ — —|PRIMARY RESOURCE | — — —

st o —

SECONDARY
SUBSYSTEM

_v_%

" Figure 4-2. Subnetwork With a Common Node for the
Nonoverlapped Service Time

63




T

£ Ll AR

v -

[

i

Calah s et 4

-

~ VYT

-

Y v v v —y YT vy

QAR . 3
\ ]

In the presence of blocking at the primary resource, it does not
matter which resource is allocated as long as the blocking at the primary
resource allocation center where the customer arrived is maintained until
the customer being serviced departs. The network in Figure 4-2 is not
equivalent to the one in Figure 4-1 if the nonoverlapped service times are
not all equal. The error introduced by this departure is a subject of
further investigation. If the nonoverlapped service queue and the
secondary subsystem are analyzed in isolation, as illustrated in Figure
3-7, and are rep}aced by a variable rate server, the network in Figure 4-3
is obtained. Hence, the purpose of the augmented secondary subsystem model
is to transform the network of Figure 4-1 into the network of Figure 4-3.

However, the network in Figure 4-1 is not equivalent to the network in

sirAS

A

Figure 4-3. Multi-entrance Queue Representation of the Subnetwork.
The nonoverlapped queue and Secondary Subsystem are
Replaced With a Variable Rate Queue

- -—I:RIMARY RESOURCEJ—“
v |
I
!
[

Figure 4-3, even when all nonoverlapped service times are equal. Error is
introduced by the transformation. This error is important because it will
be present in all methods that use the augmented secondary subsystem model.
The error introduced by the augmented secondary subsystem model is a topic

of discussion in Chapter 5.
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The next step is to reduce the network of Figure 4-3 to a single
variable rate queue that can be inserted into the original network. The
method of ECM and the method of surrogates each do this in different ways.
The method in the multi-entrance queue procedure is to solve the network of
Figure 4-3 in isolation exactly (by making certain assumptions), and as a
result obtain flow equivalent throughputs for each possible network
population. These throughputs are then used in a variable rate queue

replacing the subnetwork.

The multi-entrance queue is illustrated in Figure 4-4., From its
solution, the appropriate population dependent throughputs can be ob-
tained. Its queues are serviced in FCFS order and the customers in service
subdivide the service capacity using-a processor share discipline. The

service capacity depends on the number of nonempty or busy queues,

PRIMARY |~

RESOURCE
-{I—Aﬂ

_

é
?

Figure 4-4, Multi-entrance Queue Evaluated in Isolation

Figure 4-4.

65




7

-,v--_v
.-
.

) i
daa

'

SR Al o St G f

-

There are two aspects to the service discipline of the multi-entrance
queue. First, customers are allowed entry into the subnetwork from the
each primary resource entry queue using first come first served (FCFS)
order. Each entry queue that has customers in line must have one, and only
one, customer in service. Since there may not be sufficient service
capacity to service all customers without delay, the available service
capacity is divided among the customers using a processor sharing service
discipline. However, in most systems of interest, the service capacity is
divided among the customers using a FCFS discipline. The processor
sharing service discipline subdivides the service capacity in the same
proportions as the FCFS discipline, but the two disciplines are unot
equivalent, and the model is difficult to solve if the FCFS discipline is
used. The sources of error caused by this assumption are investigated in

Chapter 5.

The multi-entrance queue has service rates that depend on the number
of nonempty queues because each entry queue can have at most one customer
in service. This is different from the population dependent service rates
of conventional product form queues. Note that the maximum number of

customers that can be in service is the smaller of:

l. The number of queues, or

2. The number of customers in the system.

The throughputs of the augmented secondary subsystem model, T;, are used as
the service rates for the multi-entrance queue. Recall that the throughputs
obtained from the augmented secondary subsystem model for each feasible
subnetwork population reflect the throughput capability of the subnetwork

when that number of customers are in service. Let:

k = number of resources and hence number of queues, and
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Un(n) = exponential service rate with n busy queues for

n=l,...,k.

Then

Up(n) = Ty(n) for n = 1,....,k, (4-1)

where

T,(n) is the throughput through the augmented secondary

subsystem model evaluated with n customers.

Note that this service rate function depends on the number of nonempty
queues, or equivalently the number of customers in service, in the multi-
entrance queue. The object of evaluating the multi-entrance queue is to
determine service rates that are a direct function of the number in the

subnetwork, and hence can be used in a variable rate queue.

The next step is to evaluate the multi-entrance queue with an arbi-
trary number of entry queues and a general service rate function that
depends on the number of nonempty queues. Solving balance equations is
clearly not desirable because of the number and necessity of enumerating
each equation. Fortunately, the multi-entrance queue, when evaluated in
isolation, has a simple product form solution that will enable easy
calculation of the desired performance metrics. The following section will

present the product form and its proof.
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Product form .solution

Consider a closed multi-entrance queue evaluated in isolation where
customers are served from each queue in FCFS order. All customers in
service must processor share an exponential server whose capacity is a
function of the number in service. Suppose that only one customer from
each queue can be in service at any one time, even if other queues are

empty. Let:

N = number of customers in the multi-entrance queue evaluated in

isolationm.
k = number of queues.
S be the set of all states, s, of the form (nj,«.., ng),
where
ny = number of customers in queue, i for 1i=1,..., N.
There are N+k-1 states.
k-1
q = number of nonempty queues for state s

8; = relative throughput at queue i, for i=1,,..,k.

Py = probability that a customer will proceed to queue i after

completing service.

The relative throughputs are only solvable to within a multiplicative

constant and are given by
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(4-2)

Up(q) = unnormalized exponential service rate with q nonempty queues
for q=1,..,.,k., This service rate function depends on the number of nonempty
or busy qﬁeues.

Theorem. Given a multi-entrance queue evaluated in isolation where the
entry queues are serviced in FCFS order and the available service capacity
of an exponential server is subdivided using a processor share service

discipline, the state probabilities are given by

n n
1 k
el oo .e

P(nl'm’nk) -4 U,(a) G

for each state s € S, (4=3)

where

G is a normalizing constant ensuring counservation of probability.

Proof. The theorem will be proved by showing that the product form

solution satisfies all global balance équations for the queue of which

there are

N+k -1

k"'l .
The general form of the balance equation for each state s € S, is given by
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i=1
N #0
k k (4-8)
+ z Z P(nl,...,ni+1,...,nj-1,...,nk) Pj Um(q*)
i=1 j=1 q*
j#i
nj#o

where

q* corresponds to the number of busy queues for state

(nl,c-o,ni+1,ooo,nj-l,-o-,nk)o

The term on the left equates the rate of flow out of state s, and, the
terms on the right equate the rate of flow into state s. Term (a) repre-
sents transitions where a customer will re-enter the same queue he was
previously situated, and term (b) represents transitions where a customer
enters a different queue. The proof proceeds by substituting the product
form solution into the general balance equation 4-4, and showing that all

equations are satisfied.

Substituting the product form into 4-4 yields:
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(a)
G U (q) =1 | yflae q
m 'J ni#O n
(4-5)
5 < o
+ 6,.| q* 8, ...0 P, U (q%)
i 1 k j m (b)
i=1 j=1 & U (a*) G q*
i
nj#O
where
q* and U(q*) reflect the number of nonempty queues and service rate
for state (ni,...,n1+1,...,nj—l,...,nk).
e
Let 8 = 1 ...Gkk, multiply equation 4-5 by G, and simplify
yielding
A P »
i=1 i=1 j=1
nj#0 j#i
nj#0
Divide equation 4=5 by 8 giving
k k k
1y
i=1 i=1  j=1
nj#0 j#i
nj#O (4=7)
e
Recall that Pj = 61+...+9k for any j, j=l,...,K
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Collect 63 in the

b 3
Or

> Z - o
j (o +...+9k)

i=1 j=1
j#i
nj¥0

numerator and 6)+...+8x in the denominator,

replacing it by Py, and yielding

Then

i=1

[y SN
5 N
O H

(4-10)

k
M
z i (4-11)
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Subdivide the last summation in 4-11 into two summations: 1) those where

ny # 0, and-2) those where nj = O.

k k k
q = z Pi + zMi + z Mi (4-12)

i=1 i=1 i=1
n;#0 nj#0 ni=0
Note that
=0
y . q Pi if ni (4-13)
i
(q-1) Pi if n; #0
Hence
k k k
a- S or@n S+ oa S T
i=1 i=1 i=1
nl#o ni#o ni=0

Separate the last summation of 4-14 into a (q-1) term and a (1) term

K k k k

- - 4-15

q =Zpi + (ql)ZPi + (ql)ZPi +ZPjl ( )
i=1 i=1 i=1 =1
ny#0 ni#0 ni=u ni=
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Rearranging terms

k k
B
i=1 i=]
Ri#0 ny=0
(4-18)
k k
+ @Dy B o+ @D R
i=1 i=1
ni#O ni=0
q=1+q -1
q9=4q
QED

Hence all equations are satisfied which shows that the product form

expressions for the probabilities are a solution to the balance equations.

Calculating Performance Parameters

By utilizing the product form solution, the probabilities are easily
calculated. Two algorithms will be provided to show this. Algorithm 4-1
calculates only the population dependent throughputs required for the final
variable rate queue. None of the performance parameters for the multi-

entrance queue are determined. Algorithm 4-2 calculates the throughputs and
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the multi-entrance queue performance parameters, and this algorithm must be
used if estimates of performance parameters within the subnetwork are

desired.

Algorithm Q:_

Let T = mean throughput

Uj = queue dependent unnormalized service rate for i
busy queues

G = normalizing constant

P = probability for state s

n{ = number of customers in queue i iancluding

the customer in service

k = number of queues

8y = relative throughput for queue i
= population of original network

q = number of nonempty queues for state s

Q¢ Begin
Input N,k,8;, U; for i=l,...,k
For n=1,...,N do/* calculate throughputs */
/* initialization */
T = 0.0
G = 0.0
For i=1,...,k do
ni=0.0
end
For each feasible state (nj,...,ng) where
njt...tng=n do
q=0.0
For i=1,...,k do /* find number of busy queues */
If ni#O q=q+l1

end
P=[q*(0)**n)*,. . *O **ny ) ] /Uq
G = G+P
T = T+(P*Uq)
end
N T =T/G

Print throughput
end

end
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Algorithm Q:g

Let G

cyYc
cYCy
BS

Begin

normalizing constant

queue dependent unnormalized service rate for i
busy queues

probability for state s

number of customers in queue {1 including the
nu@per in service

relative throughput for queue 1

mean queue length for all queues

mean queue length for queue i

mean waiting time for all queues

mean waiting time for queue i

total mean throughput for all queues

mean throughput for queue i

‘probability of n busy queues

probability queue 1 is busy (includes customer in
service)

mean number of busy queues (also equals number of
customers in subsystem)

mean number of customers in subsystem not being
served

mean throughput of all queues

mean subsystem residency time for all queues

mean subsystem residency time for queue 1

mean cycle time for all queues

mean cycle time for queue 1

mean number of busy servers

number of busy queues

number of queues

population of original network

Input N, k, 84, Uj, for i=l,...,k
For n=1,...,N do /* compute performance parameters */
/* inittalize */

G=0,0
L=0.0
T=0,0
BQ=0.0
MT=0,0
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For i=l,...,N do
ny=0.0
L1=0.0
T;=0.0
PBi’0.0
BQi’0.0
end
For each feasible state do
q=0.0
For i=1,...,k do /* find number of busy queues */
If (nj#0) q=q+1
end
P=[q*(0)%**n)*, .. %@ **ny ) ]/Uq
G=G+P
T=T+(P*Uq)

PBq-PBq+P

For i=1,...,k do /* compute queue related performance

parameters */

If (nj#0) then
Lij=Lj+(ny-1)*P
Ti=T4+(U(q)*P)/q
BQj =BQi+P

end

end

end

T=T/G

L=L/G

BS=T/U(1)

CYC=N/T

For i=1,...,k do
L1=L1/G
T;{=T;/G
Wy=Li/Ty
BQ1=BQ1/G
BQ=BQ+BQ;
PB;=PB4 /G
Ry=BQy /Ty
CYC1=W1+R1
L=L+(Ly/q)
MT=MT+(T/q)

end
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C=BQ-BS
R=BQ/T
print results
end
end

Example 4-1

As an example of the procedure consider a closed multi-entrance queue with
four queues where an arriving customer will enter any queue with equal
probability, and with service rates that depend on the number of nonempty

queues as follows:

Number of
Nonempty Queues Throughput
1 2.0
2 4.0
3 6.0
4 8.0

With these throughputs, the mean time a customer requires use of the
primary resource will not vary with the congestion level of the queue, and
hence there are effectively four servers servicing four queues. As a
result the model is equivalent to the ordinary product form network
illustrated in Figure 4-5. In this example, the service rates that depend
on the number of nonempty queues in the multi-entrance queue model are
identical to the service rates that depend on the number of nonempty queues
in the network in Figure 4-5, Therefore the population dependent service
rates of both models will be equal and the two representations are equiva-
lent. This can also be proved analytically by showing that the two sets of
balance equations are identical. Throughput comparisons are given in Table

4-1 for network populations of one to thirty,
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There was no difference in the throughputs obtained by either method
for any of the thirty populations. This was reassuring as it was felt that
the Algorithm 4-1 and Algorithm 4-2 would be susceptible to numerical
instabilities. However, the values were calculated in single precision on

a CDC Cyber 174/75, which has a sixty bit word size.

Figure 4-5. Example 4-1 1I/0 Subnetwork

In the more general case, the service rates at a group of queues can
depend on the current utilization of the group. The usefulness € this

type of service dependency is illustrated in the following example.
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Table 4-1

Example 4~1 Multi-entrance Queue Throughputs

Network Throughput Using Single Throughput Using
Population Server Mean Value Analysis Multi-entrance Queue

Product Form

1 2,00000000 2.00000000
2 3.20000000 3.20000000
3 4.00000000 4,00000000
4 4,57142857 4.,57142857
5 5.,00000000 5.00000000
6 5.33333333 5.33333333
7 5.60000000 5.60000000
8 5.81818182 5.,81818182
9 6.00000000 6.00000000
10 6.15384615 6.15384615
11 6.28571429 6.28571429
12 6.40000000 6.40000000
13 6.50000000 6.50000000
14 6.58823529 6.5882352Y
15 6.66666667 6.66666667
16 6.73684211 b.736864211
17 6.8000000V0 6.8000000V
18 6.85714286 0.85714286
19 6.90909091 6.90909091
20 6.95652174 6.95652174
21 7.00000000 7.000V000VY
22 7.04000000 7.04000000
23 7.0769230% 7.07692308
24 7.11111111 7.11111111
25 7.14285714 7.14285714
26 7.17241379 7.17241379
27 7.20000000 7.20000000
28 7.22580645 7.22580645
29 7425000000 7.25000V00
30 7.27272727 7.27272727
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Example 4-2

Consider five queues in parallel as illustrated in Figure 4-6 where an

arriving customer is equally likely to enter any queue. Suppose that a

.___!:-LAJ N=10

Figure 4-6. Example 4-2 Network to be Solved

customer has an exponentially distributed mean service demand of .5 and
there are ten customers in the system. However, there are only three
servers which must be distributed among all the queues. An approximate
solution can be obtained by using the multi-entrance queue model if it is
assumed that customers at the head of each queue processor share the
available service capacity. The solution is approximate and not exact
because the multi-entrance queue model assumes that the residency time at
the server is exponentially distributed. However, this assumption is not
true as it is the service time that is exponentially distributed. The
difference can also be seen by considering the maximum number of customers
that can be in service. Assuming a processor share service division, five
customers can be in service whereas only three customers can be in service

assuming a FCFS service discipline. The error caused by the differences
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and other sources of error will be discussed in Chapter 5. Throughputs are
given in Table 4-2 for customer populations one to ten. Note that when the
population is three or less, the network can be solved using standard

product form techniques.

Table 4-2

Example 4-2 Multi-entrance Queue Throughputs

Network Throughput
Population T
1 2,000
2 3.333
3 4,286
4 4,884
5 5.250
6 5.478
7 5.625
8 5.723
9 5.789
10 5.837

The above examples 1illustrate the immediate usefulness of the multi-
entrance queue model. In the following section the procedure for using the
model to solve type two simultaneous resource possession problems is is

given and illustrated.

Applicability

Several assumptions were required during the development of the multi-
eatrance queue. First, it was assumed that the nonoverlapped service
requirement for each primary resource was equal., 1f this is not true then

the network in Figure 4-1 will not be equivalent to the one in Figure
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4-2, which is the basis of the development of the augmented secondary
subsystem model and the multi-entrance queue. Hence, the model may not be

representative of the original network.

Second, it was assumed that only one primary resource could be
allocated at each entry queue. If this is not true then the multi-entrance
queue is not applicable. It can only consider allocation centers with a

single primary resource.

Third, the multi-entrance queue was developed using a processor share
cervice discipline to subdivide the capacity of a server whose residency
time distribution is exponential, These assumptions are not true in many
applications of interest. The error introduced by these assumptions will

be a topic of discussion in Chapter 5.

In the following section a procedure is given that uses the multi-
entrance queue model to approximately solve type two simultaneous resource
possession problems where all primary resource nonoverlapped service
requirements are equal and each entry queue only allocates a single

resource.,

Procedure

The complete step by step procedure is similar to the ECM procedure
except at the step where the multi-entrance queue is evaluated in isolation
to determine the population Jdependent throughputs which are used as service
rates in the variable rate queue that replaces the subnetwork. The

procedure follows:

1. Calculate the following values:
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a. The mean nonoverlapped service demand for all primary

S CRLASR A e

T!: resources, NO, using equation 3-2

b. The mean overlapped service demand, OL, for the secondary

subsystem using equation 3-3,
These steps are identical to those outlined in the ECM procedure.

2. Construct and evaluate the augmented secondary subsystem model,
This model is identical to the one used in both methods presented in the
previous chapter. The throughputs, T;(n), for n=l!,...,k, should be obta-

ined.

3. Create the multi-entrance queue model, illustrated in Figure 4-7,
with k queues. Recall that only one resource can be allocated at each

queue.

a. Determine the relative throughputs 64, for i=l,...,k, which

are given by

o P (4-19)
jci
1 (4-2)

repeated

k

.

J

where

P; = probability that a customer leaving service

will next enter queue 1

An arbitrary 635 is chosen constant to provide a unique solution to
equation 4-19 (In all cases presented, 8;=1.0, was used with satisfactory

results).
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Figure 4-7. Multi-entrance Queue Evaluated in Isolation

Figure 4-7

b. Determine the queue dependent service rates, which are given

by
Un(q) = Ta(q), for q=1,...,k (4-20)

The queue dependent service rates are equal to the set of population
dependent throughputs obtained from the augmented secondary subsystem. In
the program used to solve the multi-entrance queue model, unnormalized
service rates are used. This could equivalently be translated into a mean
service demand and set of normalized service rates. In this case the mean

service demand, SDy  jg given by

sbp = 1.0 = (No+oL), (4-21)
To(D)

and the normalized service rates are given by

Up(q) = for q=1,...,k (4-22)
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c. Solve the multi-entrance queue model using Algorithm 4-1 or
4-2 for each feasible network population (from one to N). Obtain for each

population the following:
Throughput Tp(n)

If performance estimates within the subnetwork are desired later, also

obtain:

Lj(n) mean queue length for queue i, i=1,...,k

Wi(n) mean waiting time for queue i, i=l,...,k

PB1(j) probability that k servers are busy when n in
model, for j=1,...,k, Note PB2(0)=0,0 as long
as n#0, and PB0(0)=1.0

4. Replace the subnetwork with simultaneous resource possession in

the original network with a variable rate queue as shown in Figure 4-8.

— N

REMAINDER
NE TWORK

Figure 4-8. Original Network With the Subnetwork Replaced
With a Variable Rate Queue

The mean service demand of the variable rate queue is given by

and the normalized service rate function by
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Uf(n) = w ’ forn = l,o.o,N (4—24)

Solve the resulting network using conventional product form methods. If
performance values within the subnetwork are needed, obtain the marginal
probabilities, Pg(n), of n residing in the variable rate node, for

n=l,...,N. This is an output of the solution to the network in Figure 4-8.

5. Obtain the subnetwork performance parameters if desired.

— — —_ __|PRIMARY e
RESOURCE

1 i

| |

v |

) |

I

Ao R N/
A

REMAINDER
NETWORK

Figure 4-9. Original Network With Expanded Subnetwork Representation

a. The mean primary resource allocation center queue length Ly,

as illustrated in Figure 4-10, for queues i=l,...,k is approximated by:
N
- 4-25
L, z L, (n)P(n) ‘ (4-25)

n=1
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where

Li(n) = mean queue length of entry queue i when the

multi-entrance queue is evaluated with a population of n.
b. For performance parameters within the secondary subsystem let
X = desired mean performance parameter
X;(n) = mean value of performance parameter obtained by
evaluating the augmented secondary subsystem model

with a population of n.

Then an estimate for X is given by

N k
X = > pn) PER($)X,(3) (4-26)
n=] j=1

An example will be given to illustrate the procedure.

Example 4-3

Consider the 1/0 Model solved in Example 3-1 as illustrated again in
Figure 4-10. It is desired to obtain performance estimates from the final

model as follows

Throughput

Cycle Time

CPU Utilization

CPU Queue length

I/0 Node Queue Length

Additionally, it is desired to obtain performance estimates within the

subnetwork as follows
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Figure 4-10. Example 4-3 CPU - I/0 Model

Procedure:

1. The mean nonoverlapped service demand, NO, and overlapped service

demand, OL, are'the same as in Example 3-1 where NO=.4 and OL=.1,

2, The augmented secondary subsystem model is identical to the one in
Example 3-1, the throughputs, Tz(n), for n=l,...,4 being listed in Table
3-2., 1In addition to the throughputs, the mean channel queue length is
needed at each augmented secondary subsystem population. These are given
in Table 4-3, and were also obtained by evaluating the augmented secondary

subsystem in isolation.
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Augmented Secondary Subsystem Channel Queue Lengths

Busy Mean Channel
. Servers Queue Length
1 20
2 .46
3 .80
4 1.24

3. The multi-entrance queue model for this example is illustrated in

Figure 4-11l. The model is evaluated for populations from one to ten.

 —bisss |
V

STTRE
— I\ _@ﬂ g—\:}

Figure 4-11. Multi-entrance Queue Evaluated in Isolation

a. The relative throughputs are given by equation 4-19:

(4-19)

=1 repeated
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where it was chosen to set 81=1.0.

Solving for the relative throughputs yields

91’1.0 for all 1’1,.0.,4. AlSO note that

o
1 1

P, = ——=—"" = —— = .25

1 91+...Hk é

R R

b. The queue dependent service rates are given by equation 4-20:

Up(n) = Tg(n), for n=1,...,4 (4-20)

w*!w-w*‘f.
‘ .

repeated

and are listed in Table 4-4

Q¢
Table 4-4

Example 4-1. Queue Dependent Service Rates

Unnormalized
Population (n) Service Rate [Uyx(n)]

|- 1 2.000
k‘ 2 3.846
b 3 5.493
2 4 6.893
i
g C. The multi-entrance queue model is solved and the population
;‘ dependent throughputs, Tp(n), are obtained for n=1,...,10. They are given
¢ in Table 4-5, Algorithm 4-2 was used so that the required subnetwork
b
t performance parameters could be calculated. The mean allocation queue

q length, Ly, and the set of busy queue probabilities, PBM(q), were required

ey

to obtain the necessary subnetwork performance parameters, and are listed

for each subnetwork population in Table 4-6.

¢ .
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’( Table 4-5

Example 4-3. Population Dependent Throughputs

. | ; Unnormalized
P :  Population | Througi.put [Tp(n)] Service Rate [Ug(n)] l
i
1 2.000 1.000
2 3.125 1.562
, 3 3.837 1.919
;. 4 4,326 2.163 o
3 : !
¥ 5 4.681 2.340 i
3 6 4,950 2,475 1
4 7 5.162 2.581
S 8 5.332 2.666 l
9 5.472 2.736 l
10 5.588 2.794 |
Table 4-6

Example 4-3. Multi-entrance Queue Performance Parameters

Mean Entry Busy Server Probabilities

| Population Queue Length pBl pB2 pp3 pB4

|

i 1 0.00 1.00 0.00 0.00 0.00
2 .10 .39 .61 0.00 0.00
3 .25 .19 .60 .21 0.00
4 .42 .11 .51 .35 .03
5 .62 .06 42 A4 .08
6 .83 .04 .35 .48 .13
7 1.04 .03 +29 .50 .18
8 1.27 .02 24 51 .23
9 1.49 .01 .21 .51 .27

! 10 1.72 .01 .18 .50 .31

4, The final model to be solved is illustrated in Figure 4-~12. The
mean service demand SD¢ = .5, and the normalized service rates are‘given by

equation 4-24 and are listed in Table 4-5.
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Example 4-3 Final Network
Figure 4-12

The network in Figure 4-12 is product form and is solved using conventional
methods. The required performance parameters obtained from analyzing this
model are given in Table 4~7. Also needed from this model is the marginal
distribution of customers at the variable rate queue. These values are

listed in Table 4-8, rounded to three significant figures.

Table 4-7

Example 4-3. Performance Parameters

Performance i Mean

3 Parameter Value

?‘ Throughput 5.425

£ Cycle Time 1.843

. CPU Utilization .543
CPU Queue Length 1.106
I/0 Node Queue Length 8.894

4
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Table 4-8

Example 4-3. 1I/0 Subsystem Marginal Distribution of Customers

Number Probability [Pe(n)]
0 .000
1 .001
2 .001
3 .004
4 .009
5 .019
6 .038
7 .075
8 . 140
9 .256

10 457

5. Obtain the subnetwork performance parameters.

a. The mean allocation queue length can be approximated by using

equation 4-25

N
L, z L, (n)P(n) (4-25)
n=1 repeated

where the values of Li(n) are listed in Table 4-6, and the values of Pg(n)

are listed in Table 4-8. 1In this case

Li = L1Pe(1) + ... + LygPe(10)

= (0.0)(.001) + ... + (1.72)(.457)

= 1.47
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b. The mean channel queue length, X, can be approximated by

using equatic. 4-26

N k
4-26
X = E' Pe(n) 2' PB7(3)X,(J) (e
=1 i=1 repeated

where the values of Pg(n) are listed in Table 4-8, the values of PBB in

Table 4-6, and the values of X;(n) in Table 4-3. 1In this case
X = Pe(1)[PBL(1)X,(1) + ... + PBL(4)X,(4)]

+ oo + Pe(10)[PBIOX (1) + ... + PBIOC4)X,(4)]

(0.00)[(1.00)(.20) + ... + (0.00)(1.24)]

+ ooo + (L457)[(.01)(.20) + ... + (.31)(1.24)]

[}

(0.00)(.20) + ... + (.457)(.87)

= ,83

All of the analytic performance parameters obtained by the multi-entrance
queue procedure are compared against the 'true' values obtained by simula-
tion in Table 4-9. It should be noted that not all of the performance
estimates are within the confidence intervals of the simulated results.
The possible causes of error are the topic of discussion in the next

chapter.
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Table 4-9

Example 4-3. Performance Comparisons

Performance Multi-entrance { Simulation 97% ,
Parameter Queue Value Value Confidence Interval
Throughput 5.425 5.63 (5.51-5.75)
Cycle Time 1.843 1.77 (1.74-1.81)

CPU Utilization «543 .56 (0.54-0.58)

Mean CPU Queue Length 1.106 1.07 (0.99-1.16)

Mean 1/0 Node Queue Length 8.894 8.92 (8.84-9.01)

Mean Entry Queue Length 1.47 1.44 (1.42-1.47)

Mean Channel Queue Length .83 .89 (0.85-0.92)

It must again be emphasized that the procedure presented in this
chapter, and those in Chapter 3, are approximate. They usually do not
provide exact solutions. The focus of the following chapter will be to
analyze the sources of error in the procedure just presented. Limited

comparisons will also be made with the other methods.

Although the multi-entrance queue procedure is more limited in its
applicability than those presented in Chapter 3, it is applicable to most
type two simultaneous resource possession problems of interest. The main
advantage that it has over the other methods is the ability to obtain
performance estimates of parameters within the subnetwork with simultaneous

resource possession.
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V. Comparison Of Techniques

Introduction

In the previous chapter the new multi-entrance queue procedure was
presented for solving type two simultaneous resource possession problems.
Two examples were given to illustrate the procedure. In this chapter its
usefulness will be demonstrated by comparing its performance with the other
two available methods and to results obtained by simulation. Finally the

potential sources of error will be identified.

Initial Tests

The initial tests performed involved using all three methods to
analyze the I/0 model and the multiprocessor models discussed in Chapter 3.
The I/0 model used is illustrated in Figure 5-1 and was analyzed for 20
different parameter sets. In all 20 tests, the mean CPU service time,
total 1/0 mean service time, number of disks, disk access probabilities,
and the network population were held constant. The values used are listed

in Table 5-1. All service times in the model were exponential.

The varying parameters consisted of the seek time, SDg, rotational
latency plus transfer time, SD.,, (channel access time), and the number of
available channels, c. For each test the model was solved using the three

available analytic methods and simulation.

The tests were broken into four sets, each consisting of five tests,
where the number of available channels was held constant at one, two,
three, and four. The four channel set was used as a control. As the
multi-entrance queue procedure is equivalent to a central server repre-

sentation when the number of disks equals the number of channels, the
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analytic networks were exactly solved for this test set. Within each set
five different seek/channel time combinations were used as shown in Table

5-20

LESS Jnn s 2

Figure 5-1. Base I/U Model Control Variables

TABLE 5-1

Base 1/0 Model cControl Variables

Parameter Value

Mean CPU service time 0.1
Total I/0 Total 1/0 time UeS
Number of available disks 4
Disk access probability
(all disks) .25
Network population 5
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TABLE 5-2
E' Base I/0 Model Specifications
C
Model Number Mean Mean Degree of
Set Number Number Channels| Seek Time Channel Time Overlap
1 i-1 1 .10 .40 .80
1-2 1 .20 030 060
1_3 1 030 020 .40
1-4 1 40 .10 «20
1-5 l 045 005 010
2 2-1 2 .10 .40 1 .80
2-2 2 .20 «30 «60
2-3 2 .30 c20 040
2-4 Z .40 Y 10 '20
2-5 2 45 .05 .10
3 3-1 3 .10 40 +80
3-2 3 .20 .30 -60
3-3 3 «30 20 .40
3_4 3 .40 .10 -20
3-5 3 045 005 010
4 4-1 4 .10 040 080
4‘2 4 020 .30 060
4“3 4 .30 .20 040
4-4 4 40 .10 .20
4—5 4 .45 005 ' .10

The multiprocessor model used is illustrated in Figure 5-2, and was
analyzed for five different customer populations from 6 to 10. It was
solved analytically using only the ECM procedure and the multi-entrance

queue procedures.
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Figure 5-2. Test Set 5 - Loosely Coupled Multiprocessor

The i1 ¢ iel numbers are listed in Table 5-3, Base Multiprocessor Model

Specifications, with the network population. All other parameters were

UATMR S gs, 1an s s se e

-

held constant as identified in Figure 5-2.

3 TABLE 5-3

Test Set 5 - Base Multiprocessor Model Specifications

Model Number Network Population

5-1 6
5-2 7
5-3 8
5-4
5-5

9
10

The values of the throughputs obtained for each model are given in
Table 5-4. The table contains the throughput and percent error for each of
the analytical methods, and the throughput and 97% confidence interval for
p the simulation results. The throughputs are also graphically displayed for

each test set in Figures 5-3 through 5-7. The confidence intervals were

PP

obtained by making five separate simulation runs for each model and

Pp——"
-
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assuming the throughputs were independent samples from a normal distri-
butions In all intermediate steps of the analytical methods, parameters
were recorded using the full accuracy of the computer. Only the final

results were rounded to three significant figures.

After analysis of the initial test results several observations were
made:
l. The method of surrogates did not converge for most of the models

tested.

2. Most of the throughputs obtained analytically fell outside the
confidence intervals of the simulated results, including the four channel

control group.

These points will be discussed in turn.

It was discovered during these runs that the method of surrogates did
not always converge. These runs are illustrated by the presence of two
throughputs under the method of surrogates throughput column in Table 5-4.
The first value listed is the most recent value of the secondary contention
model throughput before divergence was detected, and the second value is
the most recent value of the primary contention model throughput before
divergence. 1f divergence occurred on the first iteration then the first
iterate values are listed. This method was not used in test sets four and
five; but, of the first three sets (15 runs) only four runs converged,
which required an average of five iterations. Of the twelve that did not

converge, 8ix had throughput values from the initial secondary contention
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model iterate that were nhigher than the throughput values of the initial
primary contention model iterate. In the remaining six rums, the sequences
of secondary contention model throughputs were not bounded. Table 5-5
lists the iterate sequences for model 2-4, which had the type of divergence
first mentioned. Table 5-6 1lists the iterate sequences for model 1-4,
which had the type of divergence mentioned second. The method of surrogate
throughput sets marked with an asterisk in Table 5-4, had the second type

of divergence, the others had the first type.

Most of the throughputs obtained analytically by the multi-entrance
queue procedure fell outside the confidence intervals of the simulated
results. In all cases where this occurred the analytic results predicted
lower throughputs than the actual results. What was surprising was that
all of the analytic throughputs in the four channel control group were
significantly less than the actual throughputs. This was not expected as
the multi-entrance queue procedure is equivalent to a central server repre-—
sentation of the CPU - I/0 system with this test group, and hence has
product form and can be solved exactly. After these results were obtained
a separate simulation was run using a different procedure and programming

language which yielded similar results.

The throughput responses for the models in the four channel control
group are graphically displayed in Figure 5-3. Although none of the
throughputs are significantly different in this group, more siwmulations
were run on model 4-5 and model 4-3 to obtain additional accuracy. These
simulations yielded throughputs of the two models that were significantly
different. Model 4-5 had a mean throughput of 4.74 with a 97 percent
confidence interval of (4.68-4.7Y9), and model 4-3 had a mean throughput of

4,89 with a 97 percent confidence interval of (4.81-4.96). This was
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TABLE 5-5

Method of Surrogate Iterations (Model 2-4)

Primary Contention Model

Secondary Contention Model

Method of Surrogate Iterations (Model 1-4)

Input Primary Input
Queueing Resource Queueing Resource
Ident Delay Throughput Residency Delay Throughput Residency
1 0 4.609 .9236 .4236 4,614 5.092
2 .0092 4,590 «9195 4195
TABLE 5-6

Primary Contention Model

Secondary Contention Model

Input Primary Input
Queueing Resource Queueing Resource
Ident Delay Throughput Residency Delay Throughput Residency
1. 0 4,609 .9236 .4236 4.430 .5558
2. .0558 4,491 .5995 «3995 4,513 «3578
3. .0578
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Figure 5~3. Test Set Four Final Network Throughputs
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initially very counter intuitive, as it was felt that with four channels
the ratio of the seek time to the channel time (degree of overlap) should

not matter.

A very similar throughput response, illustrated in Figure 5-4, was
obtained for the three channel test group. In fact the absence of one
channel had almost no impact on the throughput means and the shape of the
response curve. All of the simulated throughputs were significantly
different from the multi-entrance queue throughputs. The throughputs of
the two channel test group also produced a similar response shape, which is
illustrated in Figure 5-5. The lack of two channels fiaally showed up in
the throughputs of model 2-4 and model 2-5, and were lower than the
throughputs of the previous groups. The throughput of model 2-5 was
significantly lower than the throughputs of model 3;-5 and model 4-5. The
throughputs for model 2-1, model 2-2, and model 2-3 however, were signif-
icantly higher than the analytic four disk central server model throughputs
(the analytic result with four channels)! The throughputs for the multi-
entrance queue models were significantly different than the simulated

throughputs except for model 2-l.

There were no surprises in the results of the one channel test group
where the throughput response curves were similar (Figure 5-6). The
simulated throughputs of model 1-1, model 1-2, and model 1-3 were sig-
nificantly different form the multi-entrance queue throughputs, however

these differences were always less than five percent.
The simulated throughput responses of the multiprocessor test group

(test set five) agreed almost exactly with the multi-entrance queue

throughputs. This is illustrated in Figure 5-7.
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Figure 5-4. Test Set Three Final Network Throughputs
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Figure 5-5. Test Set Two Final Network Throughputs
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Overall, the error present in the multi-entrance queue derived
throughputs was always less than six percent, and always lower than the
actual result (when the error was significant). However, the shape of the
response curves of test sets two, three, and four were not predicted by the
multi-entrance queue procedure. For example, in the two channel test group
the mean throughput for model 2-3 was significantly higher than the
analytic result of the central server model (which had four channels).
These differences led to the conclusion that whatever the source of the.
error, the cause was not represented in the network that was solved
analytically. Note that in the four channel control group, this network
can be solved exactly, and hence the error must be due to differences in

the analytically solved network and the true representation.

It was believed that any possible error due to inaccuracies of the
multi-entrance queue procedure in solving the analytic network repre-

sentation was greatly overshadowed by the network representation error.

Additional tests were performed in order to isolate the sources of
error and also to compare in a limited way the multi-entrance queue
procedure to the other available methods. The error analysis is treated in

three areas.




l. Departures of the MEQ method from the simulated results,

2. Limited comparison of the multi-entrance queue procedure and the

ECM procedure, and

3. Limited couparison of the multi-entrance procedure and the method

of surrogates.

A detailed analysis of the departures of the new method from the
simulated results will be treated in the next sections. However, only a
limited discussion will be provided to identify those sources of error in
the other two methods or identify when they may be prone to error. Never-
theless, because the ECM procedure is similar to the MEQ procedure some of
the analysis in the following section will apply to the ECM procedure as
well. The comparisons of the MEQ procedure with the other two procedures
consists of two examples evaluated at several different populations. The
examples are intended to illustrate that the other methods also have

errors, but are not meant to characterize or identify the sources of error.

It is hoped that by analyzing and characterizing the possible sources
of error in the new procedure, confidence in the technique will be gained.
Also an indication will be obtained as to when the procedure will perforam

well and when it may not.

Error Analysis of the New Procedure

It was believed that the error present in the analytic results of the

initial test runs could have been caused by either of the following:
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l. Inadequate or oversimplified representation of the subnetwork with
simultaneous resource possession. This error is caused by transforming the
original network into another nonequivalent network and analytically
solving the nonequivalent network exactly. This error will be called the

representation error.

2. That error due to decomposing nonproduct form networks. This error

will be called decomposition error. Decomposition error can occur when a

nonproduct form network is decomposed using product form networks. Consider
the nonproduct form network illustrated in Figure 5-8. Assume that the
network is nonproduct form as a result of the behavior in the subnetwork.
Suppose that the subnetwork is analyzed exactly in isolation and population
dependent throughputs are obtained and used in a variable rate queue in
place of the subnetwork, as illustrated in Figure 5-9. Further suppose
that the new network is solved using product form methods. The error in
the performance parameters caused by replacing the subnetwork with a
variable rate queue and using product form methods to solve the network

(Figure 5-9) is called decomposition error.

REMAINDER
NETWORK

SUBNETWORK

Figure 5-8. Original Network
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REMAINDER
NETWORK

Figure 5-9. Original Network With the Subnetwork Replaced
With a Variable Rate Queue

The analysis that follows partitions the sources of error present in
the multi-entrance queue procedure into the above two categories. However,
the representation error present in the multi-entrance queue method will be
analyzed by evaluating the subnetwork in isolation exactly using simu-
lation, and observing the difference in the multi-entrance queue obtained
throughputs and the throughputs obtained using simulation., This will allow
easy separation of the representation and decomposition errors, but
requires the assumption that nonproduct form networks can be decomposed
exactly as long as all the service time distribution aspects are carried
along with the population dependent service rates in the aggregrated

variable rate queues.

Representation Error

As stated earlier and illustrated by Figures 5-3 through 5-7, the
throughput response of the initial test models were not totally expected.

In fact, the shape of the analytically obtained response curves was not even
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similar to the actual response curves in most cases. The initial con-
clusion was made that most of the inaccuracies were probably due to repre-

sentation error. As a result a closer analysis of the 1/0 model was made.

Consider the four disk I/0 Model illustrated in Figure 5-10.

r — — BB — ——

-

— O O]

Figure 5-10. CPU - I/0 Model

The multi-entrance queue procedure involves analyzing the I/0 sub-
system in isolation and obtaining a set of population dependent throughputs

to be used in a variable rate queue, replacing the I/0 subsystem. These

networks are illustrated in Figures 5-11 and 5-12.

mipASC); IR
—L A
_l A @ CHANNEL

SEEK

Figure 5-11. 1I/0 Subsystem evaluated in Isolation
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Figure 5-12. Final Network

The 1/0 subsystem as shown in Figure 5-11 is analyzed by using the
augmented secondary subsystem model to determine a set of queue dependent
service rates which are transformed into population dependent service rates

by the multi-entrance queue model.

Recall that in the development of the augmented secondary subsystem
model there was a departure from the actual representation (Figure 5-11) to
the one illustrated in Figure 5-13. It was argued that these two networks
were identical as long as all mean monoverlapped service times were equal. An
analysis was then made of the seek and channel queues together in isola-
tion, the augmented secondary subsystem model, allowing their replacement
with a variable rate queue yielding the network in Figure 5-14. It was
this network that was solved exactly using the multi-entrance queue. Note
that in the four physical channel models, the network in Figure 5-14 can be
equivalently represented by the network in Figure 5-15, and therefore has a

corventional product form solution. This is true because the throughput through each
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primary resource allocation queue 1is not impacted by the states of the
other queues (This is not true where there are less than four channels.)
and the throughput capability through each queue 1is constant for all queue popula-
tions. In this case, the service rates that depend on the number of
nonempty queues are identical for all feasible states to the service rates
that are population dependent. Note that the network in Figure 5-15 can be
described by a service rate function that is dependent on the number of
nonempty queues. _For example, if there are customers at two of the four

queues in Figure 5-15, the aggregated service rate will be 2/(NO+OL).

Figure 5-13. 1I/0 Subnetwork Evaluated in Isolation With the Nonoverlapped
Service Requirements Replaced With an Infinite Sever Queue

117




:

Figure 14. Multi-entrance Queue Model
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Figure 5-15. Equivalent Four Channel Model
Subnetwork Representation
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Figure 5-16. Multi-entrance Queue CPU - 1/0
Subsystem Representation
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As a3 result of this special case the network in Figure 5-16 can be analy-
tically solved exactly when there are the same number of secondary re-
sources as primary resources, and therefore performance ditferences between
the network in Figure5-10 and the network in Figure 5-16 must be due to
representation error. Hence, the only error that can be present in the
four channel control group is representation error. By making a closer
analysis of the network in Figure 5-13, the causes of this error were

found.
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Consider the network in Figure 5-13 and suppose there are four
channels available and one customer is in the network. There would never
be any waiting in the I/0 subsystem and the mean throughput would be
1/(NO+OL). In this case, the network can be modeled exactly using product
form techniques as long as the service time distributions have rational
Laplace transforms. Now suppose there are two customers in the network and
customer one is in service at disk i and customer two has just completed
service and is arriving at the I/0 subsystem. If customer two arrives at
disk j, as long as j # i he will proceed immediately into service. However,
if he arrives at disk i, he must wait for customer one to complete service.

Let us consider this situation more closely.

" The above situation is depicted in Figure 5-17. Customer one is
currently in service at disk i and is located somewhere in the dashed box.
Customer two is arriving at the i~th primary resource allocation queue

(entry queue). Notice that customer one proceeds through two stages of
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Figure 5-17. 1/0 Subnetwork

exponential service, the first stage consists of the seek queue, and the
second the channel queue. Customer one never waits at these queues so
arriving customer two at disk i sees customer one being serviced with a two
stage hypoexponential service time distribution. His mean waiting time is
determined by the residual life of the service time of customer one which
is a function of the first two moments of the service time distribution. It
can also be expressed in terms of the mean service time and service time
coefficient of variation. Hence, it is expected that the mean waiting time
function of an arriving customer involves the coefficient of variation of
the service time distribution along with other parameters. Note that in
this example the total waiting time for customer two consists of residual

life service time of customer one.

Similar situations occur when there are more than two customers in the
network. However, there can never be more than the number of primary

resources, in this example four, in service simultaneously. If the seek




and the channel service times are considered together, then an arriving

customer will always see a two stage hypoexponential service time distrib-

ution as illustrated in Figure 5-18.

Figure 5-18. Subnetwork With a Two Stage Hypoexponential
Service time Distribution

Now consider the network in Figure 5-13 but modified so that the
number of physical channels, ¢, is less than the number of disks. As long
as the network population is less than or equal to ¢, the above arguments
apply and an arriving customer always sees a two stage hypoexpontential
service time distribution. Now suppose that the network population is
strictly greater than c. Such a network is illustrated in Figure 5-19.
The channel and seek queues can no longer be treated as a two stage
hypoexpénential queue because the possibility for queueing exists at the
channel. Furthermore, the amount of queuveing at the chanuel can vary
depending on the number of customers in service. This waiting time at the
channel effectively changes the mean service time and the service time
distribution that an arriving customer sees at the allocation queue. Thus
when there are more than ¢ customers in the network, an arriving customer
has the possibility of seeing different mean service demands and service
time distributions. The differences will depend on the current number of
customers in service and consequently on the number of nonempty queues at

the arrival instant.

123




Figure 5-19.

Subnetwork With a Variable Service Time Distribution
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As an example consider the network in Figure 5-19 with two channels
and four customers. Suppose that three customers are currently in service,
one at disk one, one at disk two, and one at disk three. Since there are
three customers in service and only two channels, queueing can (and will on
the average) occur at the channel. This increases the mean time the
customers in service will hold the primary resource, and consequently the
service time the arriving fourth customer will see at the entry queue. Now
suppose that one customer is in service at disk one, and two are queued at
disk one. The arriving fourth customer will see the two stage hypoexpo-
nential service time distribution with no queueing because queueing can not
occur at the channel. Note that in both cases there were four customers in
the I1/0 subsystem (including the arriving customer). Hence, it is possible
that with the subnetwork population held constant, an arriving customer can
still have the possibility of seeing different mean service demands and
service time distributions. This example confuses the definition of the
base service demand of the subnetwork. In order to keep the definitions

consistent new terminology will be defined.

Suppose that the stages of service and queueing in the subnetwork can
be exa~ctly represented by a single variable rate queue with the appropriate
service time distribution. This network is illustrated in Figure 5-21 and
is identical in performance (as viewed externally) to the subnetwork. The
variable rate queue has a base service demand and rate function which
describes the number of servers available. The service demand is constant
for all states of the subnetwork and is given by equation 3-10. The total

time spent holding the primary resource will be called the primary resource

residency time. This is the "service time"” an arriving customer sees.
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Now consider the differences between the actual representation of the
subnetwork, Figure 5-19, an_d the representation considered by the multi-
entrance queue model, Figure 5-14. The actual representation of the
subnetwork can be exactly represented by the network in Figure 5-20. The
differences between this network and the one in Figure 5-14 are more easily
shown. In the exact representation, Figure 5-20, the server may not be
exponential and queueing can occur, where as in the multi-entrance queue
model, Figure 5-14, the entire primary resource residency time is treated
as the service time, which is exponential. Additionally, the server in the
exact representation divides the service capacity to customers in FCFS order in most cases of
interest, whereas the multi-entrance queue divides the service capacity to the customers by
processor sharing. However, the exact representation service queue, Figure
5-20, may be considered to have a processor sharing service discipline as
long as the residency time distribution is treated as the service time
distribution for the processor share queue (This can be done because the
customer service requirements are homogeneous, regardless of the entry
queue. Hence, the FCFS discipline divides the service capacity the same as
the processor share discipline in the long run). As a result, the
differences between the two service disciplines can be ignored when wmaking
comparisons as long as the residency time distribution is used. The two
models are identical only when the residency time distribution is expo-
nential. Note however that even when the server in the exact repre-

sentation is exponential, the residency time may no be.

To conclude, it is believed that the departures of the residency time
distribution from exponential is responsible for error caused by repre-
sentation error. However, this difference will not totally describe the
degree of error present in the population dependent throughputs obtained

from the multi-entrance queue model.
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Figure 5-20. Subnetwork With the Service Requirement
Represented by a Black Box Queue
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Figure 21. Subnetwork Service and Residency Times
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Several parameters were thought to impact the degree of representation

error present. These include:

1. The type of residency time distribution of the subnetwork. Recall
that the mean service time (demand) consists only of the time a customer is
in service, and does not include time queued within the augmented secondary
subsystem. The residency time distribution will be characterized in terms
of its mean and its coefficient of variation (really its first two mo-
ments). If is believed that as the coefficient of variation departs from
1.0, the degree of representation error will increase, and hence the
potential for differences in throughput. If the coefficient of vasriation
is 1.0, or close to 1.0, the first two moments will equal, or approximate
those of an exponential distribution. The expected representation error
will be very small. If the residency time distribution is exponential, no
representation error can occur because the multi-entrance queue model is
exactly solved. The degree of impact of the additional parameters listed
hinges on the presence of the residency time distribution differences from

exponential.

2. The degree of queueing, including but not limited to external
contention that is present at the primary resource allocation centers.
This is also a function of many parameters. Consider the subnetworks in

Figure 5-22 and Figure 5-23. Suppose that in each case there are k
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In Figure 5-22 queueing can
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Figure 5-23. Subnetwork With External
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little as two customers in the subnetwork, whereas in the network in Figure
5-23 no queueing can occur until at least k are in the subnetwork. During
those times when there is no queueing, the allocation center can be removed
and the network is product form. Hence, it is believed that the amount of
time blocking occurs, and to which the allocation center is necessary, is
directly proportional to the degree of difference possible (This example is
an illustration of why type one problems are better behaved than type two
problems). This will be measured as the ratio of time spent in the entry

queue to the total residence time or cycle time of the subnetwork.

3. The degree of utilization of the augmnnted secondary subsystem,

called the secondary utilization, which is defined as follows. Consider

the augmented secondary subsystem of a subnetwork with simultaneous

resource possession, as shown in Figure 5-24. The augmented secondary

AUGMENTED

SECONDARY —>
SUBSYSTEM

Figure 5-24. Augmented Secondary Subsystem

subsystem has a maximum mean throughput capability, called Tpyx, at the
maximum possible population allowed in the augmented secondary subsystem.
Recall that this is the thoughput before the effects of external contention
are considered. Suppose that Ty represents the mean throughput through the

subnetwork. Then the secondary utilization, X, is given by
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and is the ratio of the maximum mean throughput permitted to the maximum
possible mean throughput capable through the augmented secondary subsystem.
The secondary utilization 1s important because, as the secondary utiliza-
tion approaches 1.0, the throughput and waiting time differences an
arriving customer 'sees' due to the service time distribution differences
will decrease. Also, it has meaning when the subnetwork is analyzed in

isolation and when analyzed in the presence of the remainder network.

It is believed that the above three parameters can explain most of the
differences in throughput caused by representation error. The intent is
not to quantify these relationships but to show that their existence seems
reasonable. To even pro?e their existence is beyond the scope of this

paper, but willbe the subject of future investigation.

All of the aspects discussed seem to be considered by the multi-
entrance queue model except the true residency distribution which can be
different from exponential. The degree of distribution difference can be
estimated by measuring the residency time mean and the coefficient of
variation by the use of simulation. The aistribution differences will
impact the waiting at the entry queues but not the throughputs obtained
from the augmented secondary subsystem model. This is because the flow of
customers within the augmented secondary subsystem is not blocked or

inhibited in any unusual way.
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Decomposition Error

In the last section the error due to misrepresentation of the sub-
network with simultaneous resource possession was considered. The main
focus involved examining the I/0 subsystem, however, the concepts are the
same for other examples. 1In this section the error due to decomposing
nonproduct form networks will be considered. In this analysis it will be
assumed that an exact procedure is available for obtaining the population
dependent service rates. The source of error must then be caused by using
the population dependent service rates in a variable rate queue when the
underlying process cannot be totally characterized using exponential

service time distributions.

The existence of decomposition error can be illustrated by a simple
example. Consider the network in Figure 5-25 where customers alternate
between a single CPU and a single 1/0 device. Let the CPU be represented
by a single sever queue that has an exponential service time distribution
with mean .1, and the 1/0 device be represented by a two server queue that
has a ten stage Erlangian service time distribution with mean .5. Suppose
there are five customers in the network. It is desired to decompose the
I/0 queue, and replace it with a variable rate queue that has an expo-
nential service time distribution. If the I/0 queue is analyzed in
isolation for all possible customer populations, the service rates given in

Table 5-7, 1/0 Node Throughputs, are obtained.
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Figure 5-25. CPU and Single I/0 Device

TABLE 5-6

P
{ 1/0 Node Throughputs

Customer Throughput Service Normalized

3 population demand service rate
: 1 2.0 .5 1.0
F ¢ 2 4.0 ] 2.0
4 >2 4,0 .3 2.0
a
1 It is not necessary to calculate the throughputs of the I/0 queue
¢ evaluated in isolation because the number in the I/0 node is always equal
F to the customer population of the network. Hence, the throughput is equal

to the service rate at that population, regardless of the service time
F distribution. If the throughputs in Table 5-7 are used in a variable rate

¢

{ : queue us illustrated in Figure 5-26, and the network is solved using

133




product form methods, an incorrect result is obtained.

correct result, obtained by simulation, are listed in Table 5-8,

Throughputs.

170 SUBSYSTEM

CPU
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This result and the

I/0 Node

Figure 5-26. CPU and I/0 Device Replaced With a Variable Rate Queue

TABLE 5-7

I/0 Model Throughputs

| Analytical Simulation 97%
' Result Result Confidence Interval
3.957 3.997 (3.994-4.000) ‘1

Even though this was a trivial example it is apparent that the

normalized service rates obtained from analyzing the network in isolation

are identical to the original queue normalized service rates (because it

was a two server queue). Hence, the only difference in the analytic and

simulation evaluations was that the true distribution of tihe 1/0 queue was
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considered in the simulation. This led to the belief that departures of
the service time distribution of the variable rate node from exponential
was responsible for the error. The next question was how would these
departures impact the queue performance in the presence of multiple, and

possibly fractional or variable rate servers.

In the previous section the service time residual life was used to
explain the waiting time and resulting throughput differences caused by the
service time distributions departures from exponential. It is desired to
find a way to measure the differences in this case also. However, an
arriving customer at a multiple server queue that sees all servers busy,
and no customers queued, will wait the minimum of the residual life of all
customers in service. This generally will not be equal to the residual
life of the service time distribution, and therefore it was felt that the
service time residual life would not useful in determining the differences
in waiting times due to service time departures from exponential for
multiple, and possible fractional server queues. However, a measure of this
value was still desired so that it could be observed in simulation
analysis., In order to determine a relevant measure of the minimum residual
service wait, a closer analysis of multiple server and variable rate queues

was made.

Consider a three server queue with unspecified arrival and service
time distributions. The residual service wait will only occur when an
arriving customer sees three or more customers currently at the queue.
Figure 5-27 illustrates an arbitrary set of service demands with all three
servers busy. Note that the minimum residual life of the busy servers is
equal to the interdeparture residual life. This is also true when all servers
are not busy, but these situations do not impact the queue performance

because there is no queueing.
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Figure 5-27. Interdeparture Time Residual Lives

Hence an estimate of the minimum residual life of all busy servers can be
obtained by determining the interdeparture time residual life when all
servers are busy. This can be done by analyzing the queue in isolatic.a with

the appropriate population using simulation.

The relationship is not as straightforward when more complicated
variable rate queues are considered, such as the exact representation of
the I/0 subsystem illustrated in Figure 5-28 with a variable rate queue.
This is caused by three factors. First, the queue may have fractional
servers. Second, the possibility for queueing exists at the entry queues

when the I1/0 subsystem is below its maximum throughput. Third, an arriving
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Figure 5-28. 1I/0 Subsystem Evaluated in Isolation

customer can see different service time means and service time
distributions at different queue populations. If the 1/0
subsystem is considered as a variable rate queue which has a FCFS service
discipline and a fractional number of servers in parallel, a similar
argument can be made as in the multiple server case. However, the possibil-
ity for queueing exists at the en'try queues at service rates below the
maximum. The mean residual wait will be different at each queue population
because there 1s a different number of servers available, and possibly a
different service time mean and distribution. The I/0 subsystem can be
evaluated in isolation for each possible population and an estimate
obtained of the interdeparture time distribution and its associated mean
residual life It is not known if the interdeparture mean residual life
accurately reflects the mean residual wait an arriving customer sees at a
variable rate queue when queueing occurs. However, it seems to be a natural
extension of the multiple server case if it is measured for each popula-

tion. The interdeparture time distribution mean can also be used to
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determine the throughput. Since the residual life is a function of the
first two moments of the distribution, the interdeparture mean and coeffi-
cient of variation might be good measures in determining the the true

behavior of the variable rate queue.

The point behind the above analysis is that if a variable rate queue
has an exponential server, such a server can be inserted into a product
form network and the resulting network will be product form. If however
the variable rate queue does not have an exponential server, then decompo-
sition error may occur as the network may not be product form (recall the
FCFS discipline is used). Hence, the sa2rvice time differences from
exponential in the variable rate queue are responsible for decomposition
error, yet this difference does not seem to totally describe the degree of

error possible in the final results.

Several parameters were thought to impact the degree of decomposition
error present in the variable rate queue replacing the subnetwork. These
parameters are very similar to the three described in characterizing

representation error. They include:

l. The type of service time distribution of the variable rate queue.
Since the interdeparture time distribution variation from exponential was
identified as determining when differences in queue behavior were possible,
it is believed that as the interdeparture time coefficient of variation
departs from 1.0, the degree of decomposition error possible will increase.
1f the interdeparture time distribution is exponential then no decomposi-
tion error will be possible. Hence, the interdeparture time distribution
difference from exponential totally characterize when decomposition error

can exist, but not necessarily when it will occur.
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In the above argument the implication was made that a subnetwork can
be treated as 'black box', and by monitoring its output behavior for every
possible input condition, the subnetwork can be accurately summarized. It
is believed, and assumed, that the subnetwork can be exactly aggregrated
into a variable rate queue with a set of population dependent throughputs
as long as the service time distribution is accurately represented in the
queue for each population. It is not believed that this queue can be
inserted into a product form network and the resulting network still be

product form.

The degree of impact of the additional parameters listed hinges on the

presence of interdeparture time distribution differences from exponential.

2. The degree of queueing present at the variable rate queue. This
is a function of many parameters within the subnetwork. Note that it might
be possible to have queueing present at any subnetwork population greater
than two. It is belieQed that the amount of time queueing occurs (equiv-
alent to blocking at the subnetwork level) is proportional to the amount of
decomposition error possible. When no queueing occurs the queue is
effectively an infinite server queue and can be inserted into a product
form network, preserving the product form, if the server has a rational
Laplace transform. This quantity also influences the degree of repre-

sentation error possible and as a result the two error are not independent

3. The utilization of the primary resources. This utilization is
equivalent to the utilization of a variable rate node exactly representing
the subnetwork, and is important because as it approaches 1.0, the possible
throughput and waiting time differences an arriving customer 'sees' due to
the interdeparture time distribution variation from exponential will

decrease. Hence, the decomposition error possible will decrease as the
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E; : utilization approaches 1.0. Note that the primary resource utilization is
t( | not equivalent to the secondary utilization of the subnetwork.
{
It is believed that the above three parameters can explain most or all
*! of the differences in performance parameters from the true values caused by
1 decomposition error. The intent, as with representation error, is to show
4 that the heuristic arguments presented seem reasonable.
é
}‘ In the previous two sections, two types of possible error were dis-
. cussed: representation error and decomposition error. It was hypothesized
that representation error is caused by the primary resource residency time
f‘ distribution departures from exponential, and that decomposition error is
) caused by the service time distribution departures from exponential of the
variable rate queue not considered by product form solution techniques. In
ri !9‘ the next section four network models are analyzed in order to illustrate
the above heuristics and identify when the error might be more or less
significant.
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Additional Tests

Four of the initial test networks were selected for further analysis,
models l-4, 2-3, 3-4, and 5-1. The purpose of the analysis was to devise
tests that would partition the potential sources of error in the analytic
results into either representation error or decomposition error. The
representation error was identified by analyzing the subnetworks with
simultaneous resource possession in isolation using simulation for each
feasible network population. The population dependent throughputs were
then compared with those obtained analytically using the multi-entrance
queue procedure. The impact on the final solution caused by representation
error was estimated by using the 'exact' population dependent throughputs
in a variable rate queue, replacing the subnetwork with simultaneous
resource possession in the original network, and solving the resulting
network (Figure 5-9) using product form methods. The parameters obtained
by_this procedure are called the multi-entrance queue parameters corrected
for representation error.

Estimates of the difference in performance parameters caused by decamposition error were
determined by comparing the parameters corrected for representation error with the exact
parameters obtained by solving the original network using simulation. The parti-
tioning of error is illustrated in Figure 5-29. The total error in the
multi-entrance queue procedure is made up of that part due to repre-

sentation and that part due to decomposition.
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Figure 5-29. Error Partitioning

In the discussion that follows, an analysis of the representation
error present will be given followed by an analysis of the decomposition
error present in the additional test networks. Final conclusions will be

made.

Representation Error. Because of the similarity of the results for

model 1-4, model 2-3, and model 3-4, they will be discussed together. Model

5-1 will be discussed separately.

The throughput responses for the subnetworks of model 1-4, model 2-3,
and model 3-2 were evaluated in isolation for both the multi-entrance queue
method and simulation, and are given in Table 5-9 through Table 5-l1.
Along with the throughputs, the mean primary resource residency time and
residency time coefficient of variation obtained by simulation are given.
All of the analytically obtained throughputs of the subnetworks evaluated
in isolation were significantly different from those obtained using

simulation in wodel 1-4 and model 2-3, and all but one were significantly
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TABLE 5-9
Model 1-4. 1Isolated Subnetwork Performance Parameters
SIMULATEHWD
, Residency Time
¢ Network Analytic |Secondary Throughput ! Coefficient of
| Population! Throughput Util |Residency Time Variation
i ’ ‘
: 1 2,00 1 0.29 2.00 .82 f
g 2 3.13 | .47 3.21 .81 !
: ; (3.15-3.27) (.512-.522) (.78-.83)
3 3.84 .58 3.99 .79
4 4,33 .65 4,51 .78
5 4.68 .71 4.87 78
(4.79-4.95)| (.540-.545) (.75-.81)
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TABLE 5-10
Modél 2-3. Isolated Subnetwork Performance Parameters
SIMULATED
} Residency Time
; Network Analytic | Secondary|Throughput Mean Coefficient of
i  Population | Throughput Util Residency Time Variation
| 1 2.00 0.27 2.00 .500 72
2 3,20 «45 3.32 .501 .73
3 3.97 «57 4.19 . 506 .72
(4.13-4.25)] (.500-.511) (.69-.75)
4 4,51 .65 4.78 .511 .72
5 4.90 W71 5.19 .516 .71
(5.05-5.33)| (.509-.522) (.68-.75)
TABLE 5-11
Model 3-4. 1Isolated Subnetwork Performance Parameters
SIMULATED
i Residency Time
| Network Analytic | Secondary| Throughput Mean Coefficient of
| Population | Throughput Util Residency Time Variation
1 2.00 0.25 2,00 .500 .82
2 3.20 .41 3.27 .502 .83
(3.20-3.35)| (.488-=.515) (.80-.87)
3 4.00 «32 4.13 . 502 .83
(4.02-4.24)| (.488=-.515) (.80~-.87)
4 4.55 .59 4.71 «505 «83
(4.56=4.85)| (.491-.519) («80-.86)
5 4,95 .64 5.13 510 .82
(4.98-5.30) (.495-.524) (.79-.86)
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different in model 3-4. Hence, representation error was present in these
models. The throughput comparisons are illustrated graphically in Figure
5-30 for Model 1-4, Figure 5-31 for Model 2-3, and Figure 5-32 for Model
3-4, In each case when the throughputs were significantly different, the

analytic throughputs yielded lower values than the simulated throughputs.

Recall that is was said the the primary resource residency time
distribution must be different from exponential for representation error to
exist. In each model, the residency time coefficient of variation was
significantly different from 1.0 for every population. For example, in
model 1-4, the residency time coefficient of variation varied from .82, for
a subnetwork population of one, to .78, for a network population of five.
The differences in these values were not significant, however, and were not
significant in model 2-3 or model 3-4 either. tHence even though it was
possible for different residency time distributions to exist, the dif-
ferences if any could not be detected with the accuracy of the simulations
used. The residency time coefficients of variation are illustrated
graphically in Figure 5-33 for model l1-4, Figure 5-34 for model 2-3, and
Figure 5-35 for model 3-4., Because the residency time coefficient of
variation was less than 1.0, it was expected that the throughputs obtained
by simulation would be higher than the throughputs obtained analytically.
Hence, it was predicted that an arriving customer would have a slightly
lower residual wait for the customer in service to finish. This would
result in a slightly lower cycle time and consequently a slightly higher

throughput.

Another stated prerequisite for representation error was that queueing

must exist at the primary resource allocation centers, which it did. The

degree of queueing present was measured as the proportion of the subnetwork

145

o




v v vy

[

IRt ¢

{

.rrvv’-r_"—vf—vwv
-

1

9

T B T~

4 COV9ITO®CODIIT

e— Multi-entrance Queue Method

1.5 = Simulation
I 97% Confidence Interval
1.0 T T T 1
| 2 3 4 ]

NETWORK POPULATION

Figure 5-30. Model 1-4 Throughputs of Subnetwork Evaluated in Isolation

146




P T — LRI A et A e CREEr g ] e LD it M o B T —— — -

$.5-

4 CO9IXTOHCODITA

= Multi-entrance Queue Method
2. —— Simulation

I 97% Confidence Interval

)i
3 .
NETWORK POPULATION

N—

Figure 5-31. Model 2-3 Throughputs of Subnetwork Evaluated in Isolation

147




T

——

~~NC 99X OCODTDITA

Figure 5-32.

5.0+

»
V'

—  Mylti-entrance Queue Method
——e= Simulation

I 97% Confidence Interval

. 3 ) :

NETWORK POPULATION

e

Model 3-4 Throughputs of Subnetwork Evaluated in JIsolation

148




Ty

P————

v e o

1.20-

1.10—

ErduldelohihilyuleXel

.90—

e

Z0--p—-—2DP <

70—

Residency Time
Coefficient of Variation

I 97% Confidence Interval

| 2 3

NETWORK POPULATION

H—
e

Figure 5-33. Model 1-4 Residency Time Coefficients of Variation
With the Subnetwork Evaluated in Isolation

149

i A A & e e o ke e e m e m e a




G Aal r""‘"’"""]’n“

1.20-

1.10—
c
0
E
F  1.00- I 97% Confidence Interval
F e Residency Time
I Coefficient of Variation
c
I
E 90—
N
T
0
F

.80
v
A
R
I
A
T
1
0
N

T

Fx
O

)
l 2 3
NETWORK POPULATION

Figure 5-34. Model 2-3 Residency Time Coefficients of Variation
With the Subnetwork Evaluated in Isolation

150




oy ‘l""r‘l'* W —
4 :

1.204
C
0 1o
E
F
F
I
C 1004
I
E
N
T
0 .90
F
v
A
R
1
A
T
I
0 70 Residency Time
N Coefficient of Variation
I 97% Confidence Interval
1

) 1 T
| 2 3 4 5

NETWORK POPULATION

Figure 5-35. Model 3-4 Residency Time Coefficients of Variation
With the Subnetwork Evaluated in Isolation

151




g

1]

Dah i ath he SR I S A S SR
‘.1

......

L 2K

PR Arun i . Sy A - . N Mk caat ] I Bt Rl ) N N v -

cycle time spent queued. These values, obtained by simulation, are given
in Table 5-16 for model l-4, Table 5-17 for model 2-3, and Table 5-18 for

model 3-2, and are nonzero for all populations greater than one.

The secondary utilizations of the three models were all less than 1.0
and are given in Table 5-9, for model 1-4, Table 5-10 for model 2-3, and
Table 5-11 for model 3-4. The values ranged between .29 and .70 for model
1-4, between .27 and .71 for model 2-3, and between .25 and .64 for model
3-4. Since all population dependent secondary utilizations were less than
1.0, it was expected that the residency time distribution departures from
exponential could cause differences between the population dependent
multi-entrance queue throughputs and the population dependent throughputs

obtained by simulation when the subnetworks were evaluated in isolation.

The impact of representation error on the final model throughputs is
illustrated in Table 5-12 by comparing the multi-entrance queue (MEQ)
throughputs to the multi-entrance queue throughputs corrected for repre-
sentation error. The multi-entrance queue throughputs corrected for
representation error were obtained by using the simulation derived popula-
tion dependent throughputs of the subnetwork evaluated in isolation in the
final variable rate queue, as opposed to the population dependent through-
puts obtained by the multi-entrance queue model. Notice that the differ-
ence accounts for almost all of the error present in the multi-entrance
queue procedure. For example the final throughput obtained by the multi-
entrance queue procedure for model l1-4 was 4.37, whereas the throughput
corrected for representation error was 4.53. In this case the corrected
throughput was within the confidence interval for the 'exact' throughput.

This was true for model 2-3 and model 3-4, also.
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Table 5-12

Throughput Comparisons

Analytic Results Simulation
Corrected 977%
MEQ MEQ Primary Confidence
Model Throughput | Throughput Utilization | Throughput Interval
2-3 4.54 4.77 .93 4,80 (4.70-4.90)
3-4 4,61 4.72 .94 4,79 (4.72-4.98)

The subnetwork of model 5-1 was evaluated in isolation for both the
multi-entrance queue method and simulation, and the throughputs are given
in Table 5-13, along with the mean primary resource residency time and
residency time coefficient of variation obtained using simulation. For
each population, the throughput obtained by the multi-entrance queue
procedure was within the confidence intervals for the throughput obtained
by simulation. 1In fact, in most cases the multi-entrance queue obtained
throughputs were exactly, or almost exactly equal to the throughput means
obtained by simulation. This is illustrated graphically in Figure 5-36.

Hence, if representation error was present in this model it was minimal.

Even though the representation error present was small or nonexistent,
the residency time mean and distribution varied considerably between
different subnetwork populations. For example, the residency time mean
ranged from 1.00 for a population of one and two, to 1.49 for a population
of six. The residency time coefficient of variation also varied from 1.00
tor a population of one, to .79 for a population of six. The differences
in the residency time coefficient of variation were significantly different
between most populations and are illustrated graphically in Figure 5-37. As
a result, it was possible that representation error could occur because the

residency time distribution varied from exponential for most populations.
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Table 5-13

Model 5-1. Isolated Subnetwork Performance Parameters

SIMULATETD
; Residency time
Network Analytic [Secondary Throughput Mean Coefficient of
Population | Throughput Ueil Residency Timej Variation
1 1.00 0.50 1.00 I 1.00 1.00
2 1.60 .80 1.59 1.00 1.01
(1.55-1.64) i (0.96-1.04) (0.96-1.05)
3 1.82 .91 1.81 1.15 .93
(1.75-1.89) | (1.,11-1.20) (0.90-0.96)
4 1.90 «95 1.89 1.30 .86
(1.86-1.92) | (1.28-1.32) (0.84-0.89)
5 1.94 .97 1.94 1.40 82
Q¢ (1.86-2.03) | (1.35-1.46) | (0.80-0.83)
6 1.96 .98 1.96 1.49 .79
(1.88-2.05) | (1.45-1.53) (0.76-0.81)
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Queueing was also present at the primary resource allocation queues

for all populations greater than one. The queueing ratios are listed in
Table 5-12. Since queueing was present, it was possible for representation

error to occur.

It was believed that the representation error present in model 5-1 was
minimal because the secondary utilization at most subnetwork populations
was high. The secondary utilizations ranged from .50 at a subnetwork
population of one, to .98 at a subnetwork population of six. Recall that
it was stated that as the secondary utilization approached 1.0, the amount
of throughput difference due to residency time distribution departures from
exponential would approach zero. Since the attained secondary utilization
was very close to 1.0 for the higher subnetwork populations, it w;s
expected that the throughput departures would be minimal even though the
residency time coefficient of variation was significantly different from
1.0 at these populations. At the lower subnetwork populations, the
secondary utilization was not high, but the residency time coefficient of

variation was close to l.0.

The multi-entrance queue procedure did not obtain estimates within the
simulation confidence intervals for all performance parameters of interest.
As an example the mean number of busy primary resources for each network
population obtained by simulation and the multi-entrance queue procedure
were compared. These values are listed in Table 5-14. The multi-entrance
queue obtained values were significantly lower than those obtained by
simulation for populations where the residency time coefficient of varia-
tion was greatly different from 1.0. For example, at a customer population
of six, the residency time coefficient of variation was .79, and the mean
number of primary resources obtained by the multi-entrance queue procedure

was 2.84, whereas the similated value was significantly different at 2.92.
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However, at a customer population of two, the residency time coefficient of
variation was not significantly different from 1.0, and the mean number of

busy primary resources obtained by both methods was 2.09.

Table 5-14

Mean Number of Busy Primary Resources

Mean Number of Busy Primary Resources
Network 97%
Population MEQ Simulation Confidence Interval
1 1.00 - -
3 2.09 2,09 (2.07-2.11)
4 2,43 2.46 (2.41-2,51)
5 2.67 2,72 (2.67-2,78)

As there was minimal representation error present in the multi-.
entrance queue throughputs, it was expected that the throughput of model
5-1 corrected for representation error would be identical, or almost
identical to the uncorrected throughput. In fact, in this example the two
throughputs were the same at 1.5Y, However, there was error in some of the
other subnetwork relgted performance parameters, such as the mean number of
busy primary resources (recall that this is the value estimated by the

primary contention model of the ECM procedure).

The above examples illustrate some of the heuristic concepts identi-
fied as impacting the degree of representation error present in a network
solved by the multi-entrance queue procedure. No examples were given to
show that when queueing is not present at the priwmary resource allocation
centers, no representation error is possible. However, in this case the
network reduces to a sequence of queues without population coanstraints on

the subnetwork. Hence blocking does not occur, and therefore the network
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will be product form if ié otherwise would have been. [he examples are not
intended to provide significant empirical evidence proving or quantifying
the relationships. 1In the following paragraphs the degree of decomposition

error present in the four test models will be discussed.

Decomposition Error. The amount of decomposition error present in

the throughputs obtained using the multi-entrance queue procedure for the
additional models was determined by comparing the throughputs corrected for
representation error to the actual throughputs obtained by simulation.
These values are given in Table 5-12. The throughputs corrected for
representation error for model 5-1 agreed exactly with the mean of the
actual simulated throughputs. The throughputs corrected for representation
error for model 1-4, model 2-3, and model 3-4, were all slightly lower than
the actual throughputs, however the differences were not significant. It

was not known if decomposition was present,or just not measurable with the

accuracy of the simulations used.

In the previous section, the differences in the interdeparture time
distribution from exponential were said to determine when decomposition
error was possible in the variable rate queue replacing the subnetwork with
simultaneous resource possession. The interdeparture time mean and coef-
ficient of variation was measured using simulation for each feasible
population of the subnetwork for the four additional models. These values
are given in Table 5-15 for model 5-1, Table 5-16 for model l-4, Table 5-17
for model 2-3, and Table 5-18 for model 3-4, and are graphically displayed
in Figures 5-38 through 5-41.

The interdeparture coefficient of variation for model 5-1 varied from
1.12, which was significantly different from 1.0 at a subnetwork population
of two, to 1.02, which was not significantly different from 1.0 at a
network population of six. Only the interdeparture coefficients of

variation at subnetwork populations of one through three were significantly
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= different from 1.0. Queueing occurred at all populations over one and the
i‘ primary utilization was only .81 so it was felt that decomposition error
»s was possible, although it was believed that the degree of decomposition

error possible was small for model 5-1, and would decrease as the pro~

bability of low populations in the subnetwork decreased. The throughput
corrected for representation error and the actual throughput were both
equal in the final results at 1.59. It was not believed that the network
with the variable rate queue in place of the subnetwork was an exact

representation of the original network, however.

The interdeparture coefficients of variation for model 1-4 and model
2-3 were significantly different from 1.0 for every subnetwork population.
Model 1-4 had values ranging from .82 at a subnetwork population of one,
and .93 at a network population of two, to .95 at a subnetwork population
of five. None of the values were significantly different from each other
where queueing occurred (populations two to five). Model 2-3 had inter-
departure coefficients of variation that ranged from .72 at a network
population of one, and .86 at a network population of two, to .89 at a
network population of five. Similar to model 1-4, none of the values were
significantly different from each other where queueing occurred. However,
it is believed that with more accurate simulations, significant ditferences
would occur in the interdeparture coefficients of variation between
different populations for both models. In both models queueing occurred at
the entry queues at all populations over one and the primary utilizations
were .94 for model 1-4, and .93 for model 2-3. Hence, because the inter-
departure coefficients of variation were significantly different from 1.0,
it was believed that decomposition error could occur. The differences
vctween the throughputs corrected for representation error and the actual
throughputs of the original network were not significantly different for
either model 1-4 or model 2-3, However, in both cases the actual through-

puts were slightly higher than the corrected throughputs. It is not known
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Table 5-15

Model 5-1. Isolated Subnetwork Performance Parameters (Cont)
Proportion Of

Network Interdeparture Service Time Throughput
Population Coefficient of Variation Spent Queued Percent Error

1 1.00 0.00 -

2 1012 (1008_1016) 020 0.6

3 1008 (.1005-1.11) .31 0.6

4 1.04 (1000_1u09) 039 0.6

5 1002 ( 099-1005) o46 0.0

6 1002 ( 099-1.05) 051 OQO

Table 5-16
Model 1-4, Isolated Subnetwork Performance Parameter (Coént)
Proportion Of

Network Interdeparture Service Time Throughput
Population Coefficient of Variation Spent Queued Percent Error

1 .82 0.00 -—

2 093 (091-096) .17 -2.5

3 .94 (.91-.97) .30 -3.8

4 094 (.93-096) 039 -400

5 195 (092-098) 047 -3-9
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Model 2-3.

Table 5-17

Isolated Subnetwork Performance Parameters (Cont)

Network

Interdeparture
Coefficient of Variation

Proportion Of
Service Time
Spent Queued

Throughput
Percent Error

F Population

1 72 0.00 -
2 .86 (084-087) 017 -306
3 .88 (.85-.90) «29 -5.3
4 .89 (.86-.91) .39 -5.6
5 089 (.87-091) 046 —Sob
Table 5-18
Model 3-4. 1Isolated Subnetwork Performance Paramters (Cont)
Proportion Of
Network Interdeparture . Service Time Throughput
Population Coefficient of Variation Spent Queued Percent Error
1 .82 0.00 -
2 .95 (092— 098) 018 —2-1
3 .97 (-92—1001) .31 "3-1.
4 096 (090-1002) 041 -3.4
5 .95 (.92- .99) 48 -3.5
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if decomposition error was present and not detectable with the accuracy of
the simulations or if it was not present, although it was felt that more
accurate simulations would find significant differences between the

throughputs.

Model 3-4 had interdeparture coefficients of variation that ranged
from .82 at a subnetwork population of one, and .95 at a subnetwork
population of two, to .97 at a network population of three. The confidence
intervals for this model were looser than the other three models, and two
of the interdepartue coefficients of variation, at populations three and
four, were not significantly different from 1.0. However, it was believed
that this was due to the higher inaccuracy in the simulation. Queueing
occurred at all subnetwork populations over one, and the primary utili-
zation was .94, hence it was felt that decomposition error was possible.
The throughput corrected for representation error was 4.72 as compared to

the actual throughput of 4.79, although the difference was not significant.

The above analysis attempts to illustrate some of the heuristic
concepts identified as impacting the degree of decomposition error possible
in the networks solved by the multi-entrance queue procedure. As none of
the comparisons were significant, it can not be said that decomposition
error was present in the above models. However, it is believed that there
was decomposition error present in the results, which was on the order of
1.0 percent. It was too costly to run the simulatioans long enough to
obtain the required accuracy to determine if the differences were sig-

nificant.

Conclusions. The analysis in the previous two sections is not suf-

ficient to empiricially support the heuristics presented or even to show

their existence. Such a task is beyond the scope of this document. What
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it is intended to show is where further investigation should be focused. It
is believed that with sufficient empirical studies and analysis that the

some of the sources of error can be quantified.

The multi-entrance queue was analyzed for error by partitioning the
error into two possibilities, representation error and decomposition error.
This partitioning required the assumption that the behavior of a non-
product form subnetwork could be summarized exactly using a set of popula-
tion dependent service times and service time distributions. Representation
error was caused by the assumptions placed on the residency time distrib-
ution of the multi-entrance queue model. The residency time distribution
differences from exponential were identified as a necessary condition for
representation error to occur. Additionally, the degree of queueing at the
primary resource entry queues and the secondary utilization were identified
as influencing the magnitude of the representation error. Decomposition
error was caused by the restrictions placed on the interdeparure time
distribution of the variable rate queue replacing the subnetwork with
simultaneous resource possession. Interdeparture time differences from
exponential were identified as a necessary condition for decomposition
error. The degree of queueing present at the primary resource center and
the primary utilization were identified as influencing the magnitude of the

decomposition error.

In the following sections a the multi-entrance queue procedure will be

ccapared to the method of ECM and the method of surrogates.
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Comparison of the ECM method and Multi-entrance Queue Procedures

There are two factors that separate the ECM procedure form the

multi-entrance queue procedure. These are listed as follows:

1. The ECM procedure can be applied in situations where the multi-
entrance queue model is not applicable., These include cases where all
nonoverlapped service requirement are not equal and cases where type two
simultaneous resource possession is present but the entry queue may

2llocate more than one primary resource.
2. In those cases where the multi-entrance queue is applicable, the
ECM procedure provides an approximate solution to the model, Figure 4-4,

solved exactly by the multi-entrance queue procedure,

As no comparison can be made where the multi-entrance queue procedure is

not applicable this section will cover two topics.

1. The departures of the ECM solution from the multi-entrance queue

model solution, and
2. The relative merits of both procedures.

ECM Departures from the Multi-entrance Queue, The basic assumptions that

motivate the ECM procedure are:

1. That external contention present in a subnetwork is only a

function of the relative throughputs at each entry queue and the ratio of

differences between the mean service demand at each entry queue (In cases
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of interest here the mean service demand at each entry queue must be the
same). The size of the service demand is not involved just the ratio of

differences.

2. The external contention can be represented as an effective
population allowed passage through the entry queues of a subnetwork for a

particular subnetwork population.

Since external contention can be represented as a mean population
allowed passage, the service rate of the subnetwork can be approximated for
each possible subnetwork population by using the augmented secondary
subsystem throughput with the mean population allowed passage. This is
illustrated in Figure 5-37. However, the mean populations allowed entry
into the augmented secondary subsystem may be fractional. Hence interpo-
lation is required to estimate the throughputs, and error is introduced as

a result.

If linear interpolation is used the error will be due to the differ-
ence in the throughput response from linear between the two points of
interpolation. This error 1is usually small. However, if the throughput
response of the augmented secondary sulsystem has abrupt changes in slope
at a particular population then additional error can be introduced if the
estimates of external contention for any population exactly equal that
number (no interpolation is required). This is best illustrated by an

example.

Consider Model 5-5, which is the loosely coupled multiprocessor system
evaluated with ten processors (customers)., A set of ten population
dependent throughputs, Ug(n), for n=l,...,10, are needed for the variable
rate queue replacing the subnetwork. These values are obtained by equation

3-8. The throughputs of the augmented secondary subsystem are required and
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are listed in Table 3-6. They are also plotted in Figure 5-42. Notice
that there is an abrupt change in the slope of the throughput response when
an augmented secondary subsystem population of two is reached. This is
because the secondary utilization reaches 1.0 at this population (Recall
that the augmented secdndary subsystem for this model is a simple two
server queue evaluated in isolation). The estimates of external contention
are measured by the primary contention model for each subnetwork popula-
tion, and are interpreted as the mean population allowed entry into the
augmented secondary subsystem (Up(n), for n=1,...,10). These values are

listed in Table 5-19. Notice that at a subnetwork

Table 5-19

Model 5~5. Estimates of External Contention

Subnetwork Mean Passage
Population Population lUp(n)J
1 1.000
2 1.600
3 2.000
4 2.286
5 2.500
6 2.667
7 2,800
8 2.909
9 3.000
10 3.077

population of three, the mean passage population is 2.V, which exactly
equals the population at the point of the augmented secondary subsystem
throughput slope discontinuity. The impact of this occurrence can be seen

by comparing the isolated subnetwork throughputs obtained by the ECM
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procedure with the exact throughputs obtained by the multi~entrance queue
procedure. This comparison is presented in Table 5-20, and graphically in

Figure 5-43. Notice that for a subnetwork population of 3, the ECM

Table 5-20

Model 5-5, Isolated Subnetwork Throughputs

Subnetwork Exact ECM

Population Throughput Throughput
1 1.000 1.00
2 1.600 1.60
3 1.818 2,00
4 1.905 2.00
5 1.944 2.00
6 1.965 2.00
7 1.976 2.00
8 1.983 2.00
9 1.988 2.00
10 1.991 2.00

procedure yields a throughput of 2.00 while the correct throughput is 1.90.
There is error in all the remaining throughputs also. The cause of this
larger than normal interpolation error is due to the interpretation of the
augmented secondary subsystem throughputs. The ECM procedure treats these
values as mean throughputs averaged over all possible population. For
example, in determining the final throughput for subnetwork population 2,
the primary contention model predicts that 1.6 will be allowed entry.
Hence, interpolation is required between the augmented secondary subsystem
throughput at populations of 1 and 2. As a result, the interpolation
considers the behavior of the augmented secondary subsystem at a population
of two and a correct result is obtained. In fact an exact answer is obtained by
linear interpolation because the augmented secondary subsystem throughput

response is linear in this region. Consider now what happens at a subnet-
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work population of three. The primary contention model predicts that 2.0

customers will be allowed entry. Hence, no interpolation is required.
However, the primary contention model considers this a mean value. There
are nonzero probabilities that 1,2 or 3 customers can be in the augmented

secondary subsystem.,

Since the probability of one customer being in the augmented secondary
subsystem is nonzero, where the throughput is 1.0, and the probability of
two or three customers being in the augmented secondary subsystem is less
than 1.0, where the throughput is 2.0, the mean throughput over all
populations must abe less than 2.0. The error occurs because the augmented
secondary subsystem throughput with a population of two does not consider
the possibility for more customers to be present. The impacts in the final
performance parameters can be noticeable. For example, the difference in
throughputs of Models 5-1 through 5-5 in the ECM and multi-entrance queue

procedures listed in Table 5-4 are due to this error.

In conclusion, the greatest potential for error exists when there are
discontinuties in the slope of the throughput response of the augmented
secondary subsystem. This situation usually occurs when congestion or a
secondary utilization of 1.0 occurs at an augmented secondary subsystem

population less than the maximum.

Relative Merits. The relative merits of the multi-entrance queue procedure

over that of the ECM procedure includes:
J. The multi-entrance queue procedure solves the simplified repres-
entation of the subnetwork exactly where as the ECM procedure does not, and
2. The multi-entrance queue procedure allows determination of
individual subnetwork performance parameters where as the ECM procedure

does not. (They can be roughly estimated, however).
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The main advantage that the ECM procedure has over the multi-entrance queue
procedure is that:

l. It is simple to use and no special program is required and

2. It 1s applicable to a wider range of problems than the multi-

entrance queue procedure.

It is recommended, however, that the multi-entrance queue procedure be used
where applicable because it reduces the potential sources of error and is
very easy to program. Algorithms are provided that give all the necessary
information to obtain subnetwork performance estimates. In cases where the

multi-entrance queu2 procedure does not apply, the ECM procedure appears

most attractive.
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Comparison of the Method of Surrogates and the Multi-entrance (ueue Procedure

A minimal amount of error analysis was performed on the method of
surrogates and five additional runs made using Model 1-3, except evaluated
at populations from six to ten. The error analysis of the method of
surrogates will be presented first followed by a comparison of the multi-

entrance queue procedure versus the method of surrogates.

Error Analysis of the Method of Surrogates. The only attempt to identify

sources of error in the method of surrogates was to see how accurately the
representation of the subnetwork with simultaneous resource possession
yielded the correct population dependent throughputs when analyzed in
isolation. The 'correct' population dependent throughputs were determined
by analyzing the subnetwork with simultaneous resource possession in
isolation for each feasible subnetwork population using simulation. Model
1-3 was chosen, partly because most of the 'correct' population dependent
throughputs were already available and partly because the method of

surrogates converged in this example.

The primary contention model for model 1-3 is illustrated in Figure 3-18 and the second-
ary contention model in Figure 3-19. The representation of the subnetwork in
the primary contention model is illustrated in Figure 5-44, and the repres-

entation in the secondary contention model in Figure 5-45. Chosen for
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further analysis was Model 1-3 evaluated at populations of six, eight, and
ten. The simulated final throughputs for these models for all populations
between five and ten are given in Table 5-21, along with the throughputs

obtained by the method of surrogates and the multi-entrance queue proce-

dure.
~ Table 5-21
Model 1-3. Performance Parameters at Different Populations
ANALYTIC SIMULATED

Model Network Multi-entrance Surrogate Delay Throughput/
Number  Population | Throughput % Error Throughputs Y77% Confidence

SCM PCM % Error Intervals

6-0 5 3.75 -3.8 4.03 4.04 3.1 3.91
(3.82-4.01)
b_l b 3092 —3.9 4027 4.28 4.7 4.08
(3.97-4.20)
6-2 7 4,05 -3.6 4,45 4,46 6.0 4,20
(4.09-4.32)
6-3 8 4.14 -3.5 4.56 4.58 6.3 4,29
(4.14-4.44)
6-4 9 4,22 -3.2 4.4 4,60 6.4 4.30
. (4.23-4.51)
6-5 10 4,28 -2.9 4.70 4,72 6.6 4,41

(4.28-4.55)
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6-5, so some idea of the error trend could be deduced.

Three populations were chosen for further analysis, models 6~1, 6-3 and

The mean service

demand of the primary and secondary delay queues are given in Table 5-22
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for populations five through ten, and were those obtained after conver-

gence.

Table 5-22

Primary and Secondary Contention Model Queueing Delays

Model Network POM Mean Queueing SM Mean Queueing
Number Population Delay Dpg Delay Dgq
6-0 (1-3) 5 . 269 $322

6-1 6 «367 .380

6-2 7 . 480 .430

6-3 8 .611 <469

-4 9 «759 «501

6-5 10 «923 «525

. Table 5-23 contains the isolated subnetwork throughputs obtained by
simulation along with the throughputs obtained by evaluating the surrogate
delay representations of both models in isolation. The population depen-
dent throughputs obtained from each model were different and hence each has

a separate column in the table. For each model the first column

180




e e e ar A
e. .

R e

Table 5-23

Subnetwork Representations Evaluated in Isolation

Method Of Surrogates
Model 6-1 Model 6-3 Model 6-5
Subnetwork Simulated Throughput Throughput Throughput

Population Throughput PCM SCM pPcM SCM PCM SCM

1 2.00 1.15 1.14 0.90 1.03 0.70 0.98

2 3.03 2.13 2,16 1.71 1.98 1.36 1.88
(3.00-3.05)

3 3.58 2.95 3.04 2,44 2,82 1.98 2.69
(3.52-3.64)

4 3.90 3.62 3.75 3.08 3.52 2.55  3.39
(3.83-3.97)

5 4.10 4,16 4.25 3.63 4,06 3.07 3.9
(4.01-4.19)

6 4,22 4,61 4.54 4.11 4.41 3.54 4.32
(4.12-4,32)

7 4.32 4,53 4.6l 3.97  4.55
(4.20-4.44)

8 4,38 4.88 4,70 4.35 4.68
(4.28-4.49)

9 4.44 4,68 4.73
(4.32-4,.57)

10 4.48 4,98 4.75
(4.37-3.58)

is the set of throughputs obtained by evaluating the representation in the
primary contention model in isolation, and the second column the set
obtained by evaluating the representation in the secondary contention model
in isolation. Notice that in most cases the population dependent through-
puts of the primary contention model and secondary contention model
representations are not identical. Figure 5-46 through Figure 5-48
graphically illustrate the isolated throughputs obtained from the method of
surrogates along with the simulated throughputs for each model (6-1, 6-3,
and 6-5). Notice that both surrogate delay representations of the sub-
network under estimate the throughput at low populations and over estimate
the throughputs at high populations. Also observe that the surrogate delay

representations increasingly under estimate the throughputs at the low
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populations and increasingly over estimate the throughputs at khe high
populations as the original network population increases. For example, the
exact throughput through the subnetwork evaluated in isolation with one
customer present is 2.0. The throughput estimated by the primary conten-
tion model representation for model 6-1 is 1.15, for model 6-2 is 0.90, and

for model 6-5 is 0.70.

The above results prompted the belief that representation of the
subnetwork used by the method of surrogates really does not characterize
its behavior over more than one population. It is believed that a better
representation could be obtained if the subnetwork was analyzed in isola-
tion using the method of surrogates for each feasible population and using
the throughputs in a variable rate queue replacing the subnetwork. The

amount of work required might be prohibitive, however.

Kelative Merits of the Method of Surrogates. The method of surrogates

requires further testing to determine its sources of error. In all the
models solved using this procedure, the error was always less than 10
percent when the iterates converged, however the main disadvantages of the
procedure are viewed as:

l. The number of iterates required for convergence

2. The necessity to reaccomplish the entire procedure for each
network population performance parameters are desired, and

3. The observation that the representations of the subnetwork do not

characterize the'subnecwork when evaluated in isolation.

In spite of the above disadvantages there were cases when the method
of surrogates yielded answers closer to the correct ones than the other two
procedures. However, i1f this procedure is to be of use, additional analy

sis is required to determine 1its sources of error.
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VI. Conclusions and Recommendations

In the previous five chapters a volume of material was presented, some
a review of current state-of-the-art, and some new material. 1In this
chapter a quick review will be made of the important points discussed, and

some recommendations for further research.

The work in this thesis required the classification of simultaneous
resource possession problems. A broad class of networks were said to fit
into this group. For example, queues that have non—-exponential severs can
be represented as a series of exponential stages and modeled into a type
one simultaneous resource possession problem. Networks that have blocking
or population counstants can also be fit into a simultaneous resource
possession problem. However, a major class of networks that generally
cannot be classified as simultaneous resource possession problems are

networks that have complicated state dependent routing.

Networks that exhibit simultaneous resource possession were broken
into two broad classes, type one and type two. Type one simultaneous
resource possession problems were those where the subnetwork with simultan-
eous resource possession allocated its resources from a single queue or
where it was not possible for a customer to wait at the primary resource
allocation center whenever a resource was available. Type two simultaneous
resource possession problems were those where the subnetwork with simultan-
eous resource possession allocated its resources in such a way that it was
possible for a customer to queue for a specific resource even though others

were available.
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Within these two classes the primary resources could be active or
passive. A passive resource was one where the primary resource acted
solely to block entry into part of the network and had no service time
sgsoclated exclusively with it. An active resource was one that had a
service time associated with the resource. In many networks, it could be a
matter of interpretation as to whether the resource is passive or active.
The service time associated with the active resource was called the
nonoverlépped service requirement, and the service time associated with the
secondary subsystem was called the overlapped service requirement. The
degree of overlap was said to be the ratio of the overlapped service demand

to the total time the primary resource was held.

Little was said about the degree of errlap or the impact of active
versus passive resources. This was because in most cases the problem could
equivalently be consiaered as actlve or passive. This was an outcome of
analysis of the augmented secondary subsystem model. For example, all of
the 1/0 models analyzed could have been considered as having passive or

active primary resources.

The major concept formalized in chapter three was the idea of external
contention. External contention was said to be that queueing that occurred
when customers were queued at primary resource allocation centers while

resources were available that could not be used by those customers queued.

Two procedures were reviewed that would solve both type one and type
two simultaneous resource possession problem, the method of external
contention modification (ECM) and the method of surrogates. Both were
developed primarily to solve type two problems. Each method deals with the
issue of external contention differently. The ECM procedure compensated

for external contention by adjusting the throughputs of a variable rate
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queue, and the method of surrogates compensated for external contention by
partitioning the queueing delay. Both methods were approximate and prone

to error.

The multi-entrance queue procedure was developed specifically to solve
a subset of type two simultaneous resource possession problems where each
allocation queue only allocates one rrimary resource, and all nonoverlapped
service requirements, if any, are equal for each resource. The procedure
was based on representing the subnetwork with a multi-entrance queue and a
set of exponential service times that depended on the number of nonempty
queues, The multi-entrance queue model then determined population depen-
dent rates that were used in a variable rate queue that replaced the
subnetwork with simultaneous resource possession. The main advantage that
the multi-entrance queue model had over the other methods was its ability
to estimate performance parameters within the subnetwork with simultaneous
resource possession. None of the other currently available methods could

do this easily.

The multi-entrance queue procedure was analyzed for error in Chapter
5. This was done by partitioning the error into two possible causes
representation error and decomposition error. Representation error was
defined as error due to simplifying the representation of the subnetwork
with simultaneous resource possession, and solving that network exactly in
isolation. The cause of this error was found to be due to the assumption
that the primary resource residency time was exponentially distributed.
Additionally, the degree of queueing at the resource allocation queues and
a newly defined measure, the secondary utilization, were said to impact the

magnitude of the representation error possible.
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Decomposition error was defined as the error due to the difference in
performance measures of the actual results and the results of the analytic
values connected for representation error. The cause of this error was
said to be due to the interdeparture time distribution difference from
exponential. The degree of queueing at the resource allocation queues and
the primary resource utilization were identified as impacting the magnitude

of decomposition error possible.

The partitioning of the error in the multi-entrance queue procedure
required the assumption that the subnetwork with simultaneous resource
possession could be exactly represented (as viewed externmally) as a
variable rate queue with a set of population dependent throughputs as long
as the population dependent set of service time distributions was also

considered as part of the queue.

The error present in the multi-entrance queue procedure solutions of
all the models tested never exceeded six percent, and in the models chosen
for additional analysis all of the significant error was due to represen-
tation error. However, it was hypothesized that some of error was due to
decomposition error but was not detectable with the accuracy of the

simulations used.

Finally, the multi-entrance queue was compared to the ECM procedure
and the method of surrogates. It was found that the ECM procedure provided
an approximate solution to the throughputs of the multi-entrance queue
model where it was applicable, and that the procedures yielded similar

results in most cases.
The method of surrogates was found to give more accurate results than

the multi-entrance queue procedure in some cases and in other cases less

accurate, or no solution at all. An investigation showed that the presen-
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P tations of the subnetwork used by the method of surrogates did not closely
:" predict the behavior of the subnetwork evaluated in isolation but seemed
rc ' to provide an approximate mean value analysis.
-
Finally it is believed that the multi-entrance queue procedure should
be used wherever it is applicable. Its sources of error have been identi-
p fied and measures developed to indicate the extent of error possible. When

the multi-entrance queue procedure is .ﬁpt applicable, the ECM method is
easy and straightforward to use, whereas the method of surrogate% involves
using an iterative process., However, tﬁe method of surrogates also has
many cases where it yielded the best results, but it is not known under

what circumstances the procedure will be more or less accurate. There are

many implications and recommendations as a result of this work. Some of

this will be discussed here,

One concept that needs further investigation is the issue of external
contention. It appears that it can be characterized by a set of population
dependent throughputs that are adjusted to reflect the mean population
allowed entry. But what factors impact the mean population allowed entry?
For example, it is known that the number and loading of the entry queues,
congestion level of the sever, and at the type of service time distribution
impact these values, and that the values are independent of the actual

service time means as long as they are the same for each primary resource.

But do any other parameters impact the values, and how? What happens when
the mean service requirements through different entry queues are not all
equal? This can be determined in the absence of server congestion (using
product form methods), but how about in the presence of server congestion,

and nonexponential servers? These questions remain unanswered.
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Another area that has not been considered previously is classifying

and identifying the sources of error in estimating the performance para-
meters of nonproduct form networks with various available techniques and
product fora networks. Little has been done in this area. This paper has
identified the sources and suggested measures that influence the magnitude
of error possible. Two types of errors were considered but they are
basically the same; the difference was in the interpretation of what was
error. Three measures were identified as impacting the error in replacing a
subnetwork with a variable rate queue. Assuming the population dependent

throughputs are known these were:

1. The interdeparture time coefficient of variation,
2. The degree of queueing at the queue, and

3. The utilization of the queue.

Presently the interdeparture coefficient of variation must be measured
using simulation. However, an effort should be made to estimate these
values analytically. This has already been started. For example, a paper
by Chow (Ref 14 ) gives the solution to the cycle time distribution of a two

queue cyclic network.

Another step should be to quantify the sources of error and devise

correction or adjustment algorithms.

Emphasis should be placed in finding exact solutions to isolated
subnetworks, such as the multi-entrance queue model, that has broad uses,
and using that model as the multi~entrance queue model was used to develop
an approximation procedure. The error could be investigated as it was in

this thesis. It is believed that almost all network representations, when
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networks with simultaneous resource possession. It is an analytic non-
iterative solution procedure that is suitable for multiple entry systems
such as I/0 models. 1t relies on solving a closed queueing network
consisting only of the subsystem with simultaneous resource possession,
where queues can have service rates that are a function of the utilization
of all the queues (number of busy servers). The submodel is solved using a

newly discovered product form solution. Results are compared with simul-
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ation models and other available analytic techniques.
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