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ABSTRACT

It is sometimes argued that Bayesian inference is unaffected by data

dependent stopping rules. Although this is formally true for ignorable rules,
there is likely to be heightened sensitivity of inference to prior assumptions
vhen using data dependent rules rather than stopping rules that do not depend

on the data. This point is illustrated in a simple example.
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SENSITIVITY OF BAYES INFRREWCE WITH IGNORABLE BUT DATA-DEPENDENT STOPPING RULES
Paul R. Rosenbaum* and Donald B. Rubin**
1. Complex Stopping Rules in Applied Inference: Discussion In The Context of An Example.

Complex stopping rules--that is, complex rules for determining how much data to
collect -~ are often difficult to avoid in practice. One example occurs in the injitial
phase of experimentation to determine a high yet tolerable dose of a new cancer
chemotherapy. The usual procedure is to offer a low dose of the new drug to several
patients; if this dose is well tolerated, the next few patients receive a somavhat higher
dose. If toxicity is observed, the dose is not increased, but rather several additional
patients are given the current dose; based on these additional results, it is decided
whether to terminate the experiment or continue increasing the dose. S8ince the safety of
experimental subjects is a primary concern, and since it is not always possible to
anticipate the nature of all types of toxicity that might arise, rigidly defined stopping
rules are often impractical. Purther increasing the difficulties of statistical modeling
is the fact that resultant sample sizes ars often quite small (i.e., less than 20). Often,
inferences are based on atatistical procedures me ignore the stopping rule (e.g., Brown
and Hu, 1981).

Although we will discuss the effects of stopping rules on Bayesian inferences within
the context of phase I trials, our model for these trials is simplified, and in some ways
artificial. Consequently, our results.are not directly applicable to the practice of these
trials, but are mainly suggestive of directions for further work.

urite Dy for the dose given to patient i and write 1". for the vector measure of
toxicity observed for patieat i, vhere W patients (indexed Dy i = 1,...,M) are cbserved
before the study is terminated. Since dose D; depends on previous doses, Dey 4 *
(D,.Dz.....b‘_‘) and previous toxicities Ty, 4 = (T, "z"""i—i) and poesibly an unknown

*Department of Statistics and Muman Oncology, University of wisconsin-Nadison, ‘
*Rducational Testing Service, Princeton, WJ 083540. ‘

Sponsored in part by the United States Army under Coatract Wo. DAAG29-80-C-0041, by grant
P30~CA~14520 from the National Cancer Institute to the Wisconsin Clinical Cancer Center,
and by the Educational Testing Service.
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parameter ¢ of the dose escalation rule, we write for the probability of D; given
(Degoys Tageqs V)

m Prid D, v Ty qr ¥ -

smmiy, since the index, N, of the last patient entered into the trial depends on the
doses and toxicities through the nth trial, we write for the data dependent stopping rule
2) pr(}llb."o ToytY)

wvhere Y is a possibly unknown parameter of the stopping rule. Because it is usually
reasonable to assume that dose Di. determines toxicity 'r,_, we complete the specification of
the joint distribution of N, D.., '!.. by writing

(3) Pri?; 1D, /Dy _ysTey_q+® = PITID,, 0

vhere 0 is an unknown parameter that relates toxicity to dose. The parameter 0 is the
unknown parameter of primary interest. Thus, the distribution of the observed data

(ll,b,'.'r..) given the unknown ::r-.uu N.Y.O)' is given by

@ mnln...-r.,.v)(;‘ pr(r,Io,, 0} {l_l1 priD 1D, /T, 9} .

The frequency properties of interval estimates of @ generally depend on the factor

{primin, 7, 1) j‘ ”""1"’01-1,"1-1"” of the distribution (4) which may be complex, °
involving high dimensional unknown parameters Y and ¥ Therefore, saall sample
frequentist inferences may be difficult if not impossible to obtain, unless carefully
constructed and followed stopping rules are used (e.g., Armitage 1975; Pocock 1977; DeMets
and Ware 1980; Pleming 19682). There exists the hops, often stated (e.g. Lindley, 1972,
p+24), that Baysian interval estimates produced by ignoring the stopping rule will not lead
the investigator astray.

If 0 and (¥,7) are a priori indepsndent, then the dose escalation and stopping
rules are ignorable (Rubin, 1976,1978a,b) in the sense that the marginal posterior
umumxon of O can be obtained by simply ignoring the factors p(llb,".'!.', Y) and

l pr (D ID. 11 'Ty ‘_‘,0). (To see this, note that the posterior distribution factors into
n‘:nr- involving O and one involving (¥,Y); see also Rubin (1976).) If 0 and (¥,Y)
are a priori dependent, then in general Bayesian inferences about O explicitly depend on
the stopping rule or the dose escalation rulae.
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The dependence of Bayesian inference on nonignorable experimental designs is well
! known (Rubin 1978a; Rosenbaum and Rubin 1983). In this paper we study the possible

sensitivity of Bayesian inference even to ignorable stopping rules, and for this purpose,

+a - sva-a’s

we assume that 0 and (¥,Y) are independent. We shall see that Bayesian inference can

Sy
)

depend on the stopping rule in subtle ways even when it is ignorable. In particular we
find that Bayesian inferences from experiments involving a priori fixed stopping rules will

frequently be less sensitive to model/prior specifications (i.e. more robust in the sense

Dot L)
PR AR AN T )

of Box and Tiao(1962,1964,1973) and Dempster (1977)) than inferences from experiments with

ignorable but data-dependent stopping rules.
Thus we see that, as in other contexts (e.g. randomigation in experiments (Rubin

i ki o iy

1976a; Rosenbaum and Rubin 1983), and nonresponse in sample surveys (Rubin 1978b; Little
1982)), an inability to draw frequency inferences, or at least an inability to 4o so

straightforwardly, is indicative of heightened sensitivity of Bayesian inference to prior

d AxOAEEEY -

- specifications.

2. A Simple Illugtrative Case

In order to focus on the effect of the stopping rule on Bayesian inference we consider

2t

a particularly simple case. We begin by assuming that the dose of the drug, Dy, remains

constant at D, so that for the escalation rule we have

atas N

(s) 1 4if D, =D

i
PriD, Dy, o ToiqeW =
177441, 701-1 0 otherwise .

LR

8

Because the dose is constant for all patients, the average toxicity at the fixed dose D is

*

a natural parameter to estimate. Suppose
1
) priTIp, = D ,0) = /2% expl(r,~-9%/2} = 4,

s0 the toxicities are normal with mean 0 and variance 1, where ¢ ¢) is the standard

- s"a"a 2 2 8

normal probabilty density.
‘ We cowplete the model specification by assuming a simple stopping rule: 100 trials
will be conducted unless the data suggest that the average toxicity, 8, 1s too high, in
4 which case the study will be terminated. In particular, data will be oollected to the

P
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i 100th trial unless the current t-statistic testing @ = 0 is larger than C where C is
W - - | .
N a oonstant, that is, unless r.»c/ﬁmr'- 1o »m ¢
b . i=1
:E Pormally, we have
' 1 4f M=100 and T, <c//, for all i < 100
r'-, (1) priMID,,Pe,¥) = 1 if W< 100, i' >c/fi, ana T <c/fi torall 1<w
X 0 othervise.
£
"ﬁ .
) The escalation and stopping rules defined by (5) and (7) are ignorable, and moreover,
Ij are free of unknown paramsters. Consequently, Bayesian inferences for 0 with a fixed
%y .
~ prior, p(0), follow from the prior distribution for 0 and the normal specification (6);
a
‘::: that is the posterior distribution of 0 4is proportional to
._;; ] -
% (8) p(O) K §(7,-0) « p(0) ¢{(T -0/} .
- i=1
‘:.'; Suppose -
O} :
=i (9) p(0) = /5 ¢{c0-u)/p} ,
" 80 that a priori 0 is normal with mean & and variance 1/¢. Then the posterior
a
W Aistribution of 0 is normal with mean
» -‘.: -
e (10) ' - (ou e W)/ (p+ W)
; and variance
% (11) . teem .
.. 3. rd or 0 N 14
s
e The standard 958 interval for 0 under the normal specification (6) is
(12) ITm =T s -é .
-Z’ Por a priori fixed W, i.e. for C = ®» in (7), the interval I(?',u) is a 958 confidence
3
.‘: interval, covering 0 in slightly more than 95% of experiments. Por ignorable stopping
2 ,
\ rules, that is, for N that depends only on the observed data, Teys 48 in this example,
the standard interval is the limit of a sequence of 958 highest posterior density intervals .
e
‘_': as the prior variances 1/p tends to ®, with any fixed prior mean, 4. One
'::‘ justification that has been offered for this interval based on a "flat prior® is that the .
jon,! ) .
",
; -
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interval is in some sense conservative, adding less prior information to the inference than

priors vhich are more peaked. Note that the interval corresponds to the ons obtained from

Jeffery's (1961) noninformative prior if W is fixed a priori, but not generally if other

stopping rules are used.
We now investigate the sansitivity of interval estimation to variations in prior

assumptions about 0. In particular, suppose the prior distribution of 0 is given by
(9). Then the posterior distribution of 0 is specified by (10) and (11). "

Hence, the posterior coverage of the standard interval, I(;..l) 0 is

pri{0 e ﬁ‘-* 'é] |.0A T..:D..olloﬂ

WE_ o+ ou W+ ou
.,,{f__"__:;.e_, MJH oo ueo)
1/i——+ ‘/r_” '.! ..ll

-o{ﬁ—*_o(i.-m):-?-——“’)

nHe+ep &
[ [ 4
(13) - 0{,,—;,7.- G2 71%e/u} = pu,E 0000,

wvhere #{ } is the standard normal probability measure and €= T - W In words,
P(N,T,.u,p) is the posterior probability, given u,p , that O falls in the standard
interval, I(T M.
Inferences about ¢ are relatively insensitive to prior specifications if
P(,T,,v.0) 1is approximately .95 or higher for values of (kp) that are not
contradicted by the data. In the next section, we examine the frequency properties of
P(0,T,,0,0) for various stopping rules, and we £ind that fixed semple sizes yield less

sensitivity than some stochastic stopping rules.
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Some preliminary observations are possible based on inspection of expression (13).
1. For every fixed c-'l"-nandll, .
P(I.i".u,p) +o0{22)= .95 as p *+0;
i.e., informally, if the prior (9) is actually diffuse, then the standard interval will be
approximately correct regardless of the stopping rule.

2. For every fixed p and W,

- POLE L u,0) + 8 22190/ | > 95 as e 0
i i.e., informally, if the sample mean, i", happens to be close to the prior mean, u,

then the standard interval will tend to be conservative regardless of the stopping rule.

':j 3. If we stop whenever e//n appears large, then P(I.i‘..ll.o) will be more likely to

3 fall below .95, since the interval will tend to be centered away from sero. This fact is
the basis for increased sensitivity under certain data dependent stopping rules.

4. If N is fixed a priori, so that the stopping rule is not data dependent, then

¢/ lu,p,m ~ N(O, % (J.' + %)). Therefore, ¢// may be expected to be nearly sero if
the prior variance, 1/p, of 6 is'small and N is not too small, and hence, under these

oonditions, the coverage r(u,i'.u.p) of the standard 95% intervai will often be close to

~

- or above 958, Observations 1 and 4 together provide a basis for expecting the standard 95%
N interval to have approximately 95% coverage with fixed, large sample sizes.

; 4. @ Mar 1 Distribution of Bayesian Covera ities: A lation

.'.' This section describes a simulation which shows that the sensitivity of Bayesian

:é inference depends in part on the stopping rule used. In particular, we find that the

marginal distribution given u,p of the posterior coverage probability P(ll,;'. u.p) of

the usual 95% interval may be less tightly concent:i?ted around .95 if certain data

:: dependent stopping rules are used.
)
:‘ Seven stopping rules are compared, all using the same distribution of & Pirst,

0 is sampled from l(o.%). Then T4,Ty,ee¢,Tgq Are independently sampled from N(6,1).

Pour data dependent stopping rules Elev-e, Elev-2, Elev-1.5 and Elev~.5 involve stopping ‘
at the first N <€ 100 at which ;' is elevated. In particular, rule Elev=C is given by

4

; (7). Of course, Blev-# fixes the sample sisze at W=100. ¢
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EOR R T T

\‘a‘ 0:'.'\ u '.I:.'.- “v

)




S RIS FE S 3
4 n.‘:\', o

M 45 4 A
S AT A AN R R
P e e N A

To investigate the effect of data dependent stopping rules, it is not sufficient to
compare Eleves with Blev-C, for C = 2, 1.5, .5, since the marginal distribution of sample
sizes is not the same for the four stopping rules. Therefore, we also sampled using three
other stopping rules, namely Rand-C for C = 2, 1.5, .5, vhere Rand~C and Elev-C produce the
same marginal distribution of sample sizes N, but under Rand-C the sample size N is
conditionally independent of "l."u//i given 6. The Rand=C rule can be implemented as
follows: If one observation from rule Elev-C yielded a sample size of N, then Rand-C also
stopped at sample size N, but i“ wvas calculated from N new independent observations from

N(O,1).

Table 1 dlsp}ayl estimates of the 108 point of the sampling distribution of Bayesian
coverage probabilities P(l!.;".o.o) of the standard 95V interval, i' & 2/,

Examination of this table leads to the following observations. FPirst, as one would expect,
if the prior distribution of 0 is diffuse (p = .01), the coverage of the standard
interval is nearly 95% for all seven stopping rules. 8Second, for both fixed sample sizes

(Elev-®) and purely random sample siges (Rand=C), the estimated 10% point of the
distribution of coverage probabilities is at least .83 for all prior precisions in the
table. However, this estimated 108 point falls as low as .54 for Elev-2. In other words,
it appears that the posterior coverage of the usual interval, ?' : 2//N, may be lower
than 55% in 108 of experiments if the Elev-2 scopping rule is used. Inferences based on
the standard T, £ 2//W interval are less sensitive to prior/model specifications if data
dependent stopping rules such as Elev-2 are avoided.

The comparison of the Elev-C and Rand~C rules in Table 1 has shown that it is not the
size of the sample, but rather the reason for stopping that causes the increased
sensitivity. Nonetheless, given that an Elev=C rule was used, it is natural to ask: Can we
identify, using the terminal sample sise N, the intervals that have poor coverage? Pigure
1 addresses this question. Twenty~five independent samples were drawn using Blev—-2 and

=100, and the coverage probabilities were plotted against the sample sises. PFifteen of
the twenty-five samples stopped at sample sisze 100; of these, 14 yielded coverage
probabilities of about .99, All ten samples that stopped with less than 100 observations
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:‘ TABLE 1. Estimated 108 Point of the Distribution of Coverage Probabilities B
o
€3 -
o P(l.'r-,o,o) for Wine Stopping Rules and Various Values of p.
..‘ .I
3
4 Prior
3] Precision p 100 10 1 <01
Prior standard
. deviation (1//p) .1 32 1 10
by
3 STOPPING
3
: Elev- ® .84 .93 95 95
Elev-2 S4* .78 91 .95 -
Rand-2 87* 92 _ KT .98
13‘:
K
4
' Elev-1.5 80*® 84 . 91 .95
. Rand=1.5 +96%* «91 98 95
q
L)
M Elev~,% 93 92 «89 93
-
\ Rand=,5 +89 «87 «93 «95
N
A\
N
L)
’
“: * Baged on 400 psusdoreplicationms.
Y *¢ Baged on 600 peusdoreplications.
‘ All other values are based on 200 psuedoreplications.
“ .
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. had coverage of less than .9, with the lowest coverages for samples with less than ten

:' observations. *
1

S

u S. Interpretation of Results.

P The marginal distribution of Bayesian coverage probabilities that was simulated in the

ol last section has two, not really contradictory, interpretations: a subjectivist
interpretation and a frequency interpretation.

In the subjectivist interpretation, the prior distribution on 0 reflects personal

beliefs about © before data are observed. The distribution of coverage probabilities
P(N,T,4,p) is relevant during the design of an experiment if the standard 95% interval
f. (12) will be used in the analysis, since the ‘distribution describes personal predata

b beliefs about the final postdata coverage of that interval. 1If for practical reasons the
standard interval is to be used in the analysis, some subjectivists may want to design the

.. experiment so that this interval can be expected to be at worst conservative for a range of

reasonable prior distrubitions. The Elev-* and Rand-C stopping rules do this quite well.
whereas Elev-2 runs a risk of substantial undercoverage.

In the frequency interpretation, the current experiment is viewed (perhaps accurately)
as one in a long series of experiments, and the prior distribution of @ is the
distribution of 0 values arising in these experiments. In this context, there is a
correct Bayesian inference based on the true prior distribution, which is unknown to the
experimenter. The experimenter specifies some prior distribution(s)--often flat prior
distributions~~and hopes that inferences based on the specified prior approximate the
corract inferences based on the true but unknown prior. Our simulation illustrates that
this hope will be fullfilled with greater frequency if rules Elev-® and Rand-C are used
in place of Elev-2.

We have examined the heightened sensitivity of Bayesian inferences to misspecification
of the prior/model when data-dependent stopping rules are used; however, our investigation
has been confined to a highly specialized and somewhat artificial case. Further

investigation is required to identify situations which produce more or less sensitivity
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i than we have observed (e.g., perhaps in $1, stopping at a leverage point when toxicity has

.
ot

< been observed at a high dose).
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