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ABSTRACT

It is sometimes argued that Bayesian inference is unaffected by data

dependent stopping rules. Although this In formally true for ignorable rules,

there is likely to be heightened sensitivity of inference to prior assumptions

when using data dependent rules rather than stopping rules that do not depend

on the data. This point is illustrated in a simple example.
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*SITIV TT Or SAYM8 IUz3US WIS IUOMABLE BUT DATA-DIFIND3NT STOPPING RUAS

Paul R. losenbnum' and Donald B. Rubin"

1. Comlex tLoWLa Rules in AlWnd Inference: DIscusSion In The Context of An xsAmole.

Complex stopping rules--that is, compiex rules for determining how much data to

collect - are often difficult to avoid in practice. On& example occurs in the initial

phase of experimentation to determine a high yet tolerable dose of a now cancer

chemotherapy. The usual procedure is to offer a low dose of the now drug to several

patients, if this dose is well tolerated, the next few patients receive a somewhat higher

dose. If toxicity is observed, the dose is not increased, but rather several additional

patients are given the current doses based on these additional results, it is decided

whether to terminate the experiment or continue increasing the dose. Since the safety of

experimental subjects is a primary concern, and since it is not always possible to

anticipate the nature of all types of toxicity that night arise, rigidly defined stopping

rules are often impractical. Further increasing the difficulties of statistical modeling

is the fact that resultant sample siLas are often quite mall (i.e., loss than 20). Often,

inferences are based on statistical procedures that ignore the stopping rule (e.g., Drown

and fN. 1961).

Although we will discuss the effects of stopping rules on Sayesian inferences within

the context of phase I trials, our model for them trials is simplified, and In som ways

artificial. Consequently, our results. are not directly applicable to the practice of these

trials, but are mainly suggestive of directions for further work.

rite Di for the dose given to patient i and write Ti for the vector measure of

toxicity observed far patient i where N patients (indemed by i - 1,... M) are observed

before the study is terminated. Since dO Di depends on previous es, D..i -

(D11 Da, n.Di.1) ad previous tomicities 2e£.l a- (Tl,10.ooTi.1) end possibly an unknown

Dtepartmsnt of Statistics and Numn Ocology, University of Wisoomsin-Usdies.
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parameter 9of the dose escalation rule, we write for the probability of Di given

(DciD T...1  ID*- IT*-

Similarly, since the index, U, of the last patient entered into the trial depends on the

does and toxicities through the nth trial# we write for the data dependent stopping role

(2) pr(NID,,* TeiY)

where 1 Is a possibly unknown parameter of the stopping rule. Because it is usually

reasonable to assume that does Di determines toxicity ?i, we complete the specification of

the joint distribution of U, D*W# ?e,, by writing

(3) pr(YiIDieDeiiiTeiiiS) -p(YiIDiOe)

where S is an unknown parameter that relates toxicity to dose. Thke parameter 0is the

unknown parameter of primary interest. Thus, the distribution of the observed data

(NiDe.giT e,) given the unknown parameters ('9, y,6) is given by

(4) pr(tIID1 ,,i'IWi)( I pr( 1ijDi 10)J I It pr(DiIjDeiiueiiu.)I
i-I i-1

The frequency properties of interval estimates of S generally depend on the factor

jpr(VjD(,,Ie,1 TeI p9)) of the distribution (4) which may he complex,
involving high dimensional unknown parameters Y and '9. Terefore, mall sample

frequentist Inferences may be difficult If not Impossible to obtain, unless carefully

constructed and followed stopping rules are used"~ . Armitage 1975j Pocock 19771 DeNets

and Ware 19901 Pleming 1902). There exists the hope, often stated (e.g. Lindley, 1972,

p.24), that Daysian interval estimates produced by Ignoring the stopping rule will not lead

A the Investigator astray.

If 0 and (#,y) are a priori indpndent, then the dose escalation and stopping

rules are ignorable (Rubin, 1976. 1976a,b) ii' the sense that the marginal posterior

distribution of I can be obtained by simply Ignoring the factors p(UID,.T,,.Y) and

I pr (D I JDcii,T* ,#) * (To see this, note that the posterior distribution factors into

a term involving S end one Involving (#,y)l see also Rubin (1976).) if S and (91

are a priori dependent, then in general Sayesian inferences about S explicitly depend on

the stopping rule or the dose esclation rule.
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2he dependence of ayesian Inference an nonignorabl* experimental designs is well

known (Rubin 1978as Rosenbaum and Rubin 1963). In this paper we study the possible

sensitivity of SayesLan Inference even to Ignorable stopping rules, and for this purpose,

we assumne that 0 and (#,Y) are independent. We shall see that Sayesian Inference can

depend on the stopping rule in subtle ways even when it is ignorable. Zn particular we

find that Dayesian inferences from experiments involving a priori fixed stopping rules vil

frequently be loe sensitive to model/prior specifications (i.e. more robust in the sense

of Box and Tao(1962,1964,1973) and Dempster (1977)) than inforences from experiments with

ignorable but data-dependent stopping rules.

Thus we see that, as In other contexts (e.g. randomisation in experiments (Rubin

1976al Rosenbaum and Rubin 1963), and nonresponse in sample surveys (Rubin 197Sbi Little

1992)), an Inability to draw frequeny inferences, or at least an inability to do so

straightforwardly, is Indicative of heightened sensitivity of Dayesian inference to prior

specifications.

2. A simple Illustative Case

Zn order to focus on the effect of the stopping rule on DayesLan Inference we consider

a particularly simple case. We begin by assuming that the do*e of the drug, DiL, remains

constant at D, so that for the escalation rule we have

(s) pr( I ID* 1.,Ti 1  I f if

0 otherwise

Because the dose is constant for all patients* the average toxicity at the fixed dos D is

a natural parameter to estimate. suppose

(6) pr(T IDi - D ,0) - 2 exp((T -O)/2 0)

8o the toxiaities are normal with mOan 0 and variance 1, where ) is the standard

normal probabilty density.

We complete the model specification by assuming a simple stopping rules 100 trials

will be conducted unless the data suggest that the average toxicity, S, in too high, in

which case the study will be terminated. in particular, data will be collected to the

-
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100th trial mulea the curent t-etatieti tesmng O 0 i larger than c where C is

a Constant, that is, unes % -C* hr
iI

Pormally, we have

(7) 1 It U <100, n c/i and ii< C14 for all 1

.A. 0 otherwise.

The escalation and stopping rules defined by (5) and (7) are Ignorable, and moreover,

are free of unknown peIeter. Consequently, uyeLmsn inferencee for I with a fixed
prior, p(e), follow from the prior distribution for O and the normal specification (6),

that is the posterior distribution of O is proportional to

(6) p(O) 3 *,(Y-o). p(o),|( 3 o)
4 }.

i-1

Suppose

()p(S) - 44 wr'

so that a priori O is normal with mean y and variance I/p. 2ien the posterior

dietribution of O is normal with men

(10) (PA + W n)/(0 + n)

and variance

(11) . (p +)

3. bo Standard IntMral for O and Its lPrbabilitv Coveraus

" obe etandard 95 Interval for S under the norsal specification (6) is

(12) I iN) + -1 ±

For a priori fixed N, i.e. for C - - in (7), the Interval is a 95% confidence

Interval, covering O in slightly more than 95% of experiments. or ignorable stopping

rules, that is, for 9 that depends only on the observed data, T., as in this exsnpe,

the standard Interval Is the limit of a sequence of 9S highest posterior density intervals

as the prior varlancee 1/p tends to -, with any fixed prior mean, v. One
bi,~ustification that baa been offered for this interval based one •flat: prior * i that the

b.
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interval is in am sense onservative, adding ls prior information to the infterene than

priors which are more peaked. that the intervalolte to the one obtained fr

jeffery's (1961) nonLnformative prior if U is fixed a priori, but not generally If other

stopping rules are used.

we now investigate the sensitivity of interval eatmation to variations In prior

asaumptiona about S. in particular, suppose the prior distribution of S is given by

(9). Then the posterior diatribution of 0 is apecified by (10) and (11).

Nance, the posterior coverage of the standard Interval, X(im N) ,

pr(S a [ :* In# Y.,.D*8]P)

NT3 Pl NNY1W' + po- 20

-prf L~ + ~ ~ 1*2/ v#~1 D@1 ,V#P)

1/+ 05p
",€', I ... £

(13) **2 Ai+p/91 a PXf1,#)

wewre i n is the standard normal probability measure and a - is. in words,

pfPN,Np,) is the posterior probability, given v,p 0 that S falls In the standard

Interval, N)

Inferences about I are relatively insensitive to prior specifications if

P(welY,po,) is approximately .AS or hLier for values of (p, p) that are not

contradicted by the data. In the next section, we exine the frequency properties of

P(3.;%,V.) for various stopping rules, and we find that fixed sample sizs yield less

sensitivity than same stocbastic stopping rules.
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Some preliminary observations are possible based on inspection of expression (13).

1. For every fixed - I " p and 3,

P(ninV,p) 2 ".95 as p +0s

i.e., Informally, If the prior (9) is actually diffuse, then the standard Interval will be

approximately correct regardlese of the stopping rule.

2. For every fixed p and X,

P(N.' *pop) + of *2'1l+P/N I > .95 as 9 - 0:

i.e., informally, if the sample mean, T happens to be close to the prior mean, P,

then the standard Interval will tend to be conservative regardless of the stopping rule.

3. if we stop whenever C/A appears large, then P(U4,v,) vii be more likely to

fall below .95, since the interval wil tend to be centered avay from zero. This fact in

the basis for increased sensitivity under certain data dependent stopping rules.

4. if N is fixed a priori, so that the stopping rule is not data dependent, then

c// ,0.8,. - V(0, - + Therefor i my be expected to be nearly zero if

the prior variance, l/p, of 8 is'mall and N is not too mall, and hence, under these

conditions, the coverage P(X, ina,p) of the standard 95% interval will often be close to

or above 95%. Observations 1 and 4 together provide a basis for expecting the standard 95%

interval to have approximately 95% coverage with fixed, large sample sizes.

4. The Narsinal Distribution of DavesLan Coverace Probabilities: A Simlation

This section describes a simulation which shows that the sensitivity of Dayesian

inference depends in part on the stopping rule used. In particular, we find that the

marginal distribution given p,p of the posterior coverage probability P("Uit p, p) of

the usual 95% interval may be less tightly concent .bed around .95 if certain data

dependent stopping rules are used.

Seven stopping rules are compared, all using the same distribution of 0. First,

0 is samp)led fro 1(0,-). Then T ,? 2 ,..,T 00 are independently sampled from 3(0,1).

Four data dependent stopping rules Slev-, Slev-2, 3lev-I.5 and 3lev-.5 Involve stopping

at the first V 4 100 at which TH is elevated. In particular, rule Blev-C is given by

(7). Of course, Slev- fixes the sample mse at WN100.

-4-

........ .. O.o.o.o...o-

-- 9 .%".. 9 . -m". .' . , " .". " .• ..- , •" - .-.. " ". .*'



To investigate the effect of data dependent stopping rules, it is not sufficient to

compare 31ev-a with 31ev-C, for C - 2, 1.5, .5, since the marginal distribution of sample

sixes is not the same for the four stopping rules. Therefore, we also sampled using three

other stopping rules, namely Rand-C for C - 2, 1.5, .5, where Rand-C and lev-C produce the

mem marginal distribution of sample mizes V, but under Rand-C the sample size N is

conditionally independent of !N/U given 0. The Rand-C rule can be implemented an

follows: If one observation from rule ZLev-C yielded a sample size of 1, then Rand-C also

stopped at sample size V, but i was calculated from I new independent observations from

U(0,1).

Table I displays estimates of the 100 point of the smpling distribution of Dayesian

coverage probabilities P(H,TnO,P) of the standard 95% interval, in * 2/4i.

Rasmination of this table leads to the following observations. First, as one would expect,

if the prior distribution of 6 is diffuse (P - .01), the coverage of the standard

interval is nearly 95% for all seven stopping rules. eseond, for both fixed sample sizes

(3lev-) and purely random sample mimes (Rand-C), the estimated 10% point of the

distribution of coverage probabilities is at least .13 for all prior precisions in the

table. Nowever, this estimated 10% point falls as low as .54 for Slev-2. in other words,

it appears that the posterior coverage of the usual interval, T. * 2/4, may be lower

than 55% in 10% of experiments if the Blev-2 saopping rule is used. Inferences based on

the standard * 2/4 interval ae lew sensitive to prior/model specifications if data

dependent stopping rules such as lev-2 are avoided.

The comparison of the lev-C and Rand-C rules in Table 1 has shown that it is not the

size of the sample, but rather the reason for stopping that causes the increased

sensitivity. nonetheless, given that an 3lev-C rule was used, it is natural to asks Can we

identify, using the terminal sample sime , the intervals that have poor coverage? Fige"

1 addresss this question. Twenty-five Independent sples were drawn using ilev-2 and

p-lO0, and the coverage probabilities were plotted against the sample sizes. Fifteen of

the twenty-five samples stopped at sample size 100i of these, 14 yielded coverage

probabilities of about .99. All ten saples that stopped with less than 100 observationsI -7-

,.,., +,'.,-."- ,.-, -,;..'..- - ..-... ,'* .- ...... ....... ..... -,. + .. , .

%- % ! % . . . . .



Ma I* Eatimated 16O Point of the Distributi of Coverage Probabiliti.s

1(3f%,lO) for SLUG stepping Rules ad Various Values or P.

Prior
Precision P 100 10 1 .01

Prior standard
deviation (1/1r) .1 .32 1 10

xma

siev- * .04 .93 095 .95

Z3.ev-2 ,54* .76 091 .95

Rand-2 .87* .92 .94' .95

lev- 1.5 .0* .64 .91 .95

Rand-1 .5 .0600 .91 oAS 093

r1v-.5 .93 .92 .69 .95

And-*.5 09 .67 .93 .95

B aosed cm 400 paeudorsplioations.

0 a Emsd cuG00 poun r"a Latiaus.

Ali other values am based an 200 pruedaroplclations.
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had coverage of less than .9, with the lowest coverages for samples with less than ten

observations.

S. lnto~retation of Results.

The marginal distribution of Bayesian coverage probabilities that was simulated in the

last section has two, not really contradictory, interpretations& a subjectivist

interpretation and a frequency interpretation.

In the subjectivist interpretation, the prior distribution on 0 reflects personal

beliefs about 0 before data are observed. The distribution of coverage probabilities

P(NT,PP) is relevant during the design of an experiment if the standard 95% interval

(12) will be used in the analysis, since the distribution describes personal predate

beliefs about the final postdata coverage of that interval. If for practical reasons the

standard interval is to be used in the analysis, some subjectivists may want to design the

experiment so that this interval can be expected to be at worst conservative for a range of

reasonable prior distrubitions. The Blev-e and Rand-C stopping rules do this quite well.

whereas lev-2 runs a risk of substantial undercoverage.

Zn the frequency interpretation, the current experiment is viewed (perhaps accurately)

as one in a long series of experiments, and the prior distribution of 0 is the

distribution of 8 values arising in these experiments. Zn this context, there is a

correct Bayesian inference based on the true prior distribution, which is unknown to the

experimenter. The experimenter specifies some prior distribution(s)--often flat prior

distributions--and hopes that inferences based on the specified prior approximate the

correct inferences based on the true but unknown prior. Our simulation illustrates that

this hope will be fullfilled with greater frequency if rules Zlev-- and Rand-C are used

in place of Zlev-2.

We have examined the heightened sensitivity of Bayesian inferences to misspecification

of the prior/model when data-dependent stopping rules are used; however, our investigation

has been confined to a highly specialized and somewhat artificial case. Further

investigation is required to identify situations which produce more or less sensitivity

-
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