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A COMPARISON OF SOME SIGNAL-PROCESSING ALGORITHMS
TO SUPPRESS TOW-VESSEL NOISE IN A TOWED ARRAY, WITH RESULTS FROM A
SHALLOW-WATER SEA TRIAL

by
Ulrich E. Rupe and Even B. Lunde

ABSTRACT

A short trial has been conducted in shallow water using a towed array and a
number of signal-processing techniques. Results are presented on the
outputs from conventional beamforming and maximum-1ikelihood beamforming
and on some basic techniques for suppressing towship noise. The signal-
processing package is implemented in software and provides the various
forms of processing by using the array covariance matrix and eigenvalue/
vector analysis. Possible future work on these topics is proposed.

INTRODUCTION

The self-noise of the platform can enter a hull-mounted sonar array from
different directions and in various frequency bands, thereby presenting a
number of problems in the reception of signals during the initial processes
of target detection, classification, and tracking when signal levels are
Tow. The advent of the towed array has minimized these problems
considerably and, in essence, reduced them to simply one of a noise source
ahead of the array.

However, depending on the characteristics of the towed-array system (the
scope of the tow cable, the beamwidth of the array, etc.) and the environ-
‘mental conditions in the area of operation (depth of water, type of sea
bottom, etc.), the towship noise can appear in a number of beams in the
ahead +90° sector and cause serious operational limitations.

This memorandum compares a number of signal-processing techniques by
describing results obtained from a sea-trial 1in shallow water using a
towed-array system.

The general headings are:

a. The presence of a number of signal paths from the towship to the
array.

b.  The effect of the basic techniques for suppressing towship noise.

C. Target indication and bearing estimation.
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The conclusions and recommendations outline the proposals and arrangements
for further studies and sea-trials with the aim of reducing the operational
limitations caused by towship noise and improving the estimation of target
bearing.

1 METHOD
1.1 Sea Trials

Sea-trials were conducted in the area off the northwestern Italian coast
indicated on Fig. 1. Some parts of the area have a constant water depth of
150 m; in other parts the depth increases from 150 m to as much as 500 m.
Bottom data are assumed to be the same as those measured by SACLANTCEN in
an area a few kilometres further south (Area D1 of <1>). A 3% m core
(Core 127) 1in that area was mainly of silt with some shells, overlain in
the upper 50 cm by sand and then by clay. The relative sound speed was
1.025 and the relative density was about 1.8. No data on bottom-reflection
losses are available. For the theoretical predictions of transmission loss
in the experimental area, sound-speed data have been taken from <2>.

During the trials the sea-state was SS-0 most of the time and never higher
than SS-1. The towed array was deployed from SACLANTCEN's research vessel
MARIA PAOLINA G. (MPG) as shown in Fig. 2 and most of the sea-trials were
conducted at a speed of 5 kn. SACLANTCEN's workboat MANNING transmitted
334 Hz signals from a source suspended at depths of either 50 or 100 m.
These signals were used primarily as a CW source with different source
Tevels.

Figure 1 shows the relative positions of the MARIA PAOLINA G. and MANNING
for the five runs constituting the trials. In Runs 1 to 4 (Figs. la, b, c)
the MANNING was at anchor whilst transmitting; during Run 5 (Fig. 1d) it
was underway. The varjous runs placed the MANNING on all possible bearings
and at ranges from 1 km to 30 km. Figure 3 gives the sound-speed profiles
recorded during the sea-trial. They show that a shallow sound channel
usually existed at about 100 m.

1.2 Towed-Array System

SACLANTCEN's Prakla-Seismic towed array was used, with a maximum tow-cable
scope of 700 m. The hydrophone spacing employed was 1.96 m, corresponding
to A/2 at approximately 385 Hz.

An additional hydrophone, referred to as the reference hydrophone, was used
to investigate one of the basic methods of suppressing towship noise. This
could be clamped onto the tow-cable at distances of up to 200 m behind the
towship (Fig. 2). No streamlined body was. available for this additional
hydrophone during this sea trial and heavy flow noise was expected to
degrade the correlation with the array signals. The signal from the
reference hydrophone was brought in-board for use in the signal-processing
techniques (see Ch. 3).
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1.3 The On-Board Processing and Analysis System

A block diagram of the on-board processing and analysis system used in the
sea-trials is shown in Fig. 4. It consisted of two main parts: the on-
1ine monitoring system and the off-1ine processing system, as described in
more detail in the following chapters.

2 ON-LINE DATA MONITORING

The on-Tine data monitoring system on board the MPG provided a display of
either the output of a conventional beamforming system (CBF) or of the
maximum-1ikelihood method (MLM) of beamforming for a single selected
frequency. The display, which used the standard computer line-printer in a
novel manner, gave an immediate visual indication of the power in the CBF
or MLM beams. The component parts of the system are described below.

2.1 Signal Conditioning Unit

The Towest cutoff frequency of the available anti-aliasing lowpass filter
bank was 1 kHz. As the frequency range of interest was below 350 Hz, a
sampling frequency of 2 2.9 kHz was needed to have an aliasing level of
< -40 dB. For reasons given below, the chosen sampling frequency of the
A/D converter was 12.288 kHz.

2.2 Digital Lowpass Filter Bank

The Plessey beamformer was used as a lowpass filter bank in order to reduce
the sampling frequency by implementing 48-point 1linear-phase finite-
impulse-response (FIR) filters with 3.072 kHz (= 12.288/4 kHz) input
sampling frequency, and 819.2 Hz (= 12.288/15 kHz) output sampling
frequency. The beamformer was also used to delay the data from the
reference hydrophone.

2.3 On-Line Processing and Monitoring

A MAP array processor and an HP minicomputer were used for on-line
processing and monitoring. The first operation was a 1024-point discrete
fourier transform (DFT), implemented by a fast fourier transform (FFT),
which gave a resolution about 0.8 Hz (= 819.2/1024 Hz), and a data window
of 1.25 s length. The data collection and FFT processing had to be done in
sequence, thereby giving an "acquisition" time of approximately 2.4 s. In
other words, a time window of 1.25 s was repeated each 2.4 s, yielding a
time gap of about 1.15 s. The DFT outputs for ten selected frequencies
were written on magnetic tape for use by the off-line signal-processing
system.

Flexibility 1in the choice of the parameters for the calculation of the
covariance matrix was obtained by the scheme shown in Table 1. The
covariance matrices are calculated for a selected number of frequencies
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CALCULATION OF THE NARROW-BAND SPATIAL COVARIANCE MATRIX

DO 50 NS
— DO 20 NE
CALL X(T)
CALL FFT
- DO 10 NF
STORE REAL PART AND
- IMAGINARY PART FOR
EACH FREQUENCY NF
AND HYDROPHONE NE
10 CONTINUE
— 20 CONTINUE
— DO 40 NF
LP 1
—D0O 30 K1 = 1,NE
-D0 30 K2 = 1,NE
JF(X2. LE. K1) GOTO 30
AR o
AT =
BR =
BI =
RC = AR*BR+AI*BI
AC = AR*BI-AI#*BR
RCS(NF, LP) = RCS(NF, LP) + RC
ACS(NF, LP) =  ACS(NF, LP) + AC
LP = LP + 1
- 30 CONTINUE
— 40 CONTINUE
L— 50 CONTINUE
NC = NE #(NE-1)/2
DO 60 K = 1, NF
D0 60 L = 1, NC
RCS(K, L) =  RCS(K, L)/NS
ACS(K, L) = ACS(K, L)/NS
60 CONTINUE

No. of averages
No. of hydrophones

Time-domain data for the
phone (NE)th

Frequency-domain data in terms
of real and imaginary parts

No. of selected frequencies

No. of selected frequencies

Real part of signal A
Imaginary part of signal A
Real part of signal B
Imaginary part of signal B

No. of combinations




SACLANTCEN SM-158

from filtered and fourier-transformed time-domain data of each hydrophone
channel. The required average time is obtained by repeating this operation.

Thus for one selected frequency out of the ten, the output vector:

_ T
XS = [Xl,S XZ,S ....... R XN,S ]

was used to build up an estimate of the covariance matrix:

X(MG+i)-X*¥(Mj+i) (Eq. 1)

1

il
R. = =
i oM,

M=

where N is the number of hydrophones used to build up the output vector
XS for the time index S and j is the number of matrices calculated.

The matrix Rj was used to produce the mean power outputs for 181 beams,

one for every degree, from one endfire to the other. These outputs were
converted to decibel 1levels and then displayed on a line printer. An
example for conventional beamforming is shown in Fig. 5. The bearing is
marked above the top-line for a narrow-band processing of 334 Hz. All
other outputs were produced with the off-line processing system. Dependent
on the number of acquired time-series, such an output was produced for

monitoring purpose at intervals of 1 to 2 minutes. The beamforming was
either conventional:

X
P L= BkRJBk k=1, 2, ...181 (Eq. 2)

or "maximum-1ikelihood":
N * .1 ~1
Pk,j = BkRj Bk k

where Bk is the steering vector determining the beam direction:

1, 2, ...181 (Eq. 3)

X
- . T
Bk = [.'..t.’ exp (-JZn Xﬂ cos Bk ), ..... ] s (Eq. 4)

in which X is the coordinate of hydrophone n and Bk is beam direction.

Every time the covariance matrix were calculated, the "acquisition" time
was increased by the order of 2 to 3 seconds. Depending on the number of
acquisitions, the beam outputs were calculated and printed from the

averaged matrix. The minimum number of averages had to equal the number of
hydrophones.
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CONVENTIONAL BEAM-FORMING

FREQUENCY : 334. 40
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FIG. 5 EXAMPLE OF LINE-PRINTER OUTPUT FOR CONVENTIONAL BEAMFORMING
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3 QFF-LINE PROCESSING AND ANALYSIS SYSTEM

The off-line processing and analysis system used tapes of discrete fourier
transform (DFT) data produced by the on-line system for ten preselected
frequencies and gave, as outputs, the line-printer display mentioned above
for the on-line monitoring system and tabulated data relating to the
various parameters of interest. The off-1line analysis provided the above
outputs for the following signal-processing techniques:

a. Conventional beamforming with no shading (CBF).
b. Maximum-1ikelihood method of beamforming (MLB).

C. CBF and MLB with basic techniques for suppressing towship noise
by:

1) Use of a reference hydrophone.
2) Use of a reference beam.
3) Use of modified eigenvalues.

3.1 General

The off-line processing system consisted of an HP minicomputer with vector
instruction set (VIS) option <3>, a magnetic tape station, a line printer,
and a terminal. The input data from magnetic tape were from 19 array
hydrophones and one reference hydrophone, quadrature bandpass-filtered
around ten selected frequencies and with a bandwidth of 0.8 Hz. These data
were then processed by a signal-processing program, and the output written
on disc. A program produced plots of these data on the line printer in the
same format as the on-1ine monitoring program (Fig. 5).

In addition a tabular output was produced, as shown in Fig. 6, for each
line-printer output. This tabular output shows a whole range of data; for
example, columns 4, 13 and 22 give the beam numbers from 1 to 180, columns
5, 14 and 23 give the beam angles for the frequency in use, and the columns
under CON and MLM give the values of Pk i (Egs. 2 and 3) for the

conventional and "maximum-1ikelihood" beam processing.

The first step 1in the processing program is to create the following
quantities:

M
R, =% = X(Mi+i,q)-Xx(Mj+i,q) (Eq. 5)
ja "M Z
i .
QJ q = M >2 X(Mj+i,q)'y*(MJ+1,q) (Eq_ 6)
’ i=1
3 M . "
"5, W izl Y(MJ+1,Q)'Y*(MJ+1,q) (Eq. 7)

11
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where

Data vector from array hydrophones
Data scalar from reference hydrophone
Covariance matrix

"Reference vector"

"Reference scalar"

Frequency index

Acquisition time index

Time index after averaging

Number of acquisitions

e =0 5O o X

The indices are omitted hereafter.

The next step was to obtain the eigenvalues and eigenvectors of R. As
shown in App. A, R can be written

N
— *
R = E An En En s (Egq. 8)
n=1
where An are eigenvalues

En are eigenvectors

n=1 2 N

and N is the number of the array hydrophones

There were three reasons for introducing the "eigen-quantities". Firstly,
these quantities might be of interest on their own. Several signal-
processing methods are based on explicit knowledge of these quantities.
Only one was implemented in this version of the program, the so-called
modified eigenvalue method.

Secondly, by calculating these eigen-quantities, one might gain some
feeling for their behaviour under more or less complex sound-field
conditions.

Thirdly, as shown in App. A and B, the ten signal-processing modes
implemented for this sea trial could all be formulated and calculated in
terms of the eigen-quantities. The signal processing in the off-line
program was therefore based on the use of the eigen-quantities, whereas the
on-line program used a matrix inversion for the maximum-likelihood
technique. A check on the two programs could thus be made by comparing the
MLM columns of the outputs illustrated in Fig. 6. The following sections
describe these methods both with and without the use of eigenvalues and
eigenvectors.
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3.2 Conventional Beamforming (CB)

The mean power output from an unweighted (unshaded) conventional beam can
be written as (Sect. B.1 of App. B):

*
P=BRB
Introducing eigenvalues and eigenvectors:
N

P = nil A IB*En|2 . (Eq. 9)

3.3 "Maximum-Likelihood" Beamforming (MLB)

The mean power output can in this case be written as (Sect. B.2 of App. B):

-1 \-1
P = (B*R B) = (Eq. 10)
and with eigenvalues and eigenvectors:

N

-1 -1

P =( I A |B*E |2> : (Eq. 11)

n n
n=1

3.4 Conventional beamforming plus modified eigenvalue noise suppression
(CB + ME)

The eigenvalues of R were modified according to some rules. One such rule
was to make eigenvalue A. equal to the smallest eigenvalue if the
corresponding eigenvalue Ei correlated well with the steering vector

representing the direction of the towship. Then:

N
- 2
P= A |B*En| . (Eq. 12)
n=1

3.5 Maximum Tikelihood plus modified eigenvalue (ML + ME)

This is a combination of ML beamforming with modified eigenvalues

p=f 2 a7 lexe 7). (Eq. 13)

n=1

14
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3.6 Conventional beamforming plus reference beam noise suppression
(CB+RB)

A reference beam direction with steering vector Br is chosen according to

some rule and this is used to calculate (Sect. B.3 of App. B):

P = (B*RB) [1—

And with eigen-quantities:

N
b3 - 2
BXRB= 2 A |B*En| , (Eq.
n=1
N
BX RB= 3 A |B*E 2 , (Eq.
r r _ n rn
n=1
N
* = b3 X *
BX R B n§1 A, (BXE) (BX E) ) (Eq.

5 -1
X * o X
B RBrl (B*rB - B* R B ) |. (Eq.

14)

15)

16)

17)

3.7 "Maximum likelihood" plus reference beam noise suppression (ML + RB)

Also, from Sect. B.3 of App. B, we have:

-1 -1
P = (B*R B) [1—

And with eigen-quantities:

N
=1 -
b3 = 2
B*XR B = A IB*Enl , (Eq.
n=1
x _1 N ‘e 12
B.R B = I A B, Enl , (Eq
n=1
B*R B = g ?»-1 (B*E_) (B*E ),< ) (Eq.
r n=1 n n rn

w1 Iz xo- wo-ln (-1
B*R Br (B*R B - BrR Br) c (Eq.

18)

19)

. 20)

21)

3.8 Conventional beamforming plus reference hydrophone noise suppression

(CB + RH)

The mean output power in this mode is (Sect. B.4 of App. B):

-1
P =B*RB - [1—|B*Q|2 (B*R B - 1) ] (Eq.

15
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With eigenvector and eigenvalues, this was implemented using:

N
BXR B = = An B*En 2 s (Eq. 23)
‘ n=1
N
B* Q= 3 (B*En) (Q*En)* . (Eq. 24)
n=1

3.9 "Maximum Likelihood" plus reference-hydrophone noise suppression

(ML + RH)
With reference to Sect. B.4 of App. B:
1l -1 ~1 -1 ~1 -1
P = (B*R B) [i+ B*R Q|2 {B*R B(r - Q*R Q)3 ] ) (Eq. 25)
With eigen-quantities
-1 N -1
BXR B = 3 A IB*En|2 : (Eq. 26)
=1 "
-1 N -1
B*XR Q= > A_ (B*E)) (Q*E )* , (Eq. 27)
=1 N n n
-1 N -1
Q*R Q= = A Q*E |2 . (Eq. 28)
=1 M n

4 RESULTS

This chapter presents and discusses sample data from all runs except Run 2,
which are similar to those from Runs 1, 3 and 4. Some data are presented
from a previous sea-trial to show the interference effects in the signal
paths from a remotely deployed transducer to an array.

4.1 Signal path from towship to array in shallow-water

The geometry of the trials is shown on the left of Table 2. Typical
geometry with an operational towed array is, however, more likely to be as
shown on the right of the table.

16
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TABLE 2

GEOMETRY OF TRIALS AND TYPICAL GEQMETRY

Trials Typical
Source depth 3m 2tob m
Tow-cable scope 200 to 700 m 500 to 2000 m
Array length 40 m 50 to 200 m
Array depth 50 to 100 m -
Water depth 100 to 500 m -

Together with the type of sea-bottom, the sea-state, and the sound-speed
profile, the geometry defines the towship's noise field at an array towed
in shallow water. It will thus be appreciated that the noise field at the
towed array can be very complex and difficult to predict. Thus care must
be taken in using any of the various available techniques.

Ray-tracing and normal-mode propagation are derived theoretically in
App. D, indicating that ray-tracing cannot describe accurate low-frequency
propagation in shallow water. For ray-tracing there is a general rule of
thumb that the water depth should be greater than 10A. Table 3 indicates
some safe limits for the use of ray tracing.

TABLE 3

MINIMUM WATER DEPTH (10A) FOR SAFE USE OF RAY TRACING

Frequency Minimum depth
(Hz) (m)
50 300
100 150
250 60
500 30

Thus, for example, ray tracing for frequencies of 100 Hz should not be used
in water shallower than 150 m; equally, in a water depth of 150 m ray
tracing should not be used for frequencies below 100 Hz.

In the case of the normal-mede solution there is a difficulty at short
range because of the incomplete description of the acoustical field in
terms of the normal-mode solution, which is valid for farfield only. It is
usual to discard the short-range continuous field. Thus there is a minimum
range below which the discrete modes alone do not sufficiently describe the
field. This minimum range is usually taken as 3 to 5 water depths. Thus
in 150 m water depth, ray tracing would be satisfactory at frequencies
above 100 Hz out to ranges of between 450 to 750 m. Beyond this range the
normal-mode solution should be used, particulariy for shallow water. As,
in fact, different modes travel with different velocities and arrive

17
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at different angles, a mismatch of the array to the acoustical field might
become a serious problem for signal processing at low frequencies. This is
evidently true for the endfire direction of a horizontal array <5>. A
short explanation of the need to distinguish between rays and modes for
array processing at low frequencies in shallow water can be given readily
by use of Eq. 4, this being the steering vector determining the beam
direction. The factor 2nxn/h in that equation, which is essentially the

array aperture size in wave length, can be rewritten as wxn/c , where ¢

is the phase velocity at the receiving hydrophone and is a constant value
at one receiver for all the rays impinging on this receiver. However for
all modes exhibiting their individual phase velocities, this conventional
array processing will be matched to one velocity only, hence with
increasing dispersion the array will become increasingly mismatched.

It is not the intention of this present memorandum to make an extensive
analysis of the towship's noise field at the array (such an analysis should
probably wuse the fast field program or the range-dependent parabolic
equation techniques <4>), but merely to show that the noise field is
complex, with a covariance matrix of rank >1. This is the same as saying
that the noise from one source arrives from different directions at the
same receiver when added coherently. The resolution of various paths from
the towship with the array was shown in <5>, using different signal-
processing techniques. With those methods and a fairly good signal-to-noise
ratio, only four phones of a towed array were used to resolve the towship's
noise directions.

An additional indication of the complex nature of acoustic signals in
shallow water was obtained as a side result of a previous sea trial.
Figure 7 gives an experimental example of mode interference over a signal
path of 3 to 4 km. The range from the transmitting site to the receiving

s -t e el v B A B INRR R BoE b e a R e b I::'.'_".Ir r.lj.':-.--'r TErACITAEFENE IEESIONNEN RSN AN AL o) ATIONS IN RECEIVED

— - - - —= SIGNAL LEVELS DUE TO

—— Mm% MODE INTERFERENCE
»

0
ral 100HnY

- — 3700 m .
13.7 km 10km
= MOVEMENT OF RECEIVING SHIP

Bt el bt I SR S —oges W o gt oo S g oS - =l Rl s s Y SRy
T T T T T T R T e TR EETCEE RS FEREn

.. b L — —_— ‘I_ S— e — [ _———
e i e P —E = < _— - = —ati ."T'_ ot .
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FIG. 7 EXAMPLE OF MODE INTERFERENCE AT 334 Hz

RECEIVED WITH A TOWED ARRAY
(taken from earlier experiments)
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ship varied from 7 to about 14 km during the measurements. For this
distance the modes can be assumed to be well separated. A strong,
periodically repeated change (~10 dB) of the received signal level was
observed while the ship was approaching the MANNING's position, where a
transducer submerged at 30 m water depth transmitted a 334 Hz CW signal.
The array was towed at 45 m depth in a shallow-water area of about 80 m
water depth with a slightly upward-sloping bottom. The interference
wavelength is calculated using the approximation for a 'soft' bottom of

- HZf/c;(n%-m?).  From a comparison of the experimental and

theoretical results for the first three modes, it is believed that the
first and second modes have the strongest influence on this change in
level. Table 4 compares the calculated and measured interference
wavelength.

TABLE 4

INTERFERENCE WAVELENGTH An m FOR TWO DIFFERENT WATERDEPTHS

3

THEORETICALLY
Mode H=70m H=280m
1+2 2909 m 3800 m
2+3 1745 m 2280 m
1+3 1091 m 1425 m
OBSERVED
H=70m H=80m
~ 3000 m ~ 3700 m

No further investigation was made during the sea trial. The observed
values shown in Fig. 7 indicate the range from own ship to the transmitting
site.

In the present sea-trial the water depth was generally greater than 150 m,
the frequency over 100 Hz, and the cable scope of the towed array less than
750 m. Therefore straight-line ray tracing rather than normal-mode
arrivals was used to estimate the angle of arrival at the array of the
most Tikely paths <7>:

Direct (D)

Bottom-bounce (B)

Bottom/surface (BS)
Bottom/surface/bottom (BSB)
Bottom/surface/bottom/surface (BSBS)

Figure 8 shows the Maximum Likelihood Beamformer (MLB) output and the
corresponding water depths and arrival angles for (a) 160 Hz in Run 1,
(b) 335.2 Hz in Run 3, and (c) 280 Hz in Run 4. The angles given on the
sea-depth profile correspond to the paths quoted above.
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MAXIMUM-LIKELIHOOD
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FIG. 8a MAXTMUM LIKELIHOOD BEAMFORMING OUTPUT SHOWING CORRESPONDING
WATER DEPTHS AND ARRIVAL ANGLES AT THE BOTTOM
160 Hz (Run 1)
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It is seen from these figures that the bottom-bounce path (B) is usually
the dominant one, although the direct path (D) and the bottom/surface/
bottom path (BSB) are also observed, particularly at the higher frequency
when the angular resolution is better.

Figure 8b includes data obtained whilst the towship was making a 90° turn
and it is seen how the array at 500 m scope lagged behind the MPG during
the turn so that the direct path made a bigger angle with the array. These
direct-path data indicate how, at this frequency, when the array is looking
end-fire it can indicate the vertical angle of arrival of a signal. For
example, the direct path under the steady-state conditions of Run 3 arrives
at about 5° (arcsin 40/450), as shown in Fig. 8b.

4.2 Towship-noise suppression

This discussion starts with some mathematical observations about the three
methods implemented:

a. Modified eigenvalues
b. Reference beam
c. Reference hydrophone

The question is to determine how the methods modify the covariance matrix R
given by:

N

R = E AnEnEﬁ , (Eq. 29)
n=1

The method of modified eigenvalues, as described in Eq. 12, results in a
modified matrix R' given by

N

R' = E AgEnEﬁ . (Eq. 30)
n=1

which can be written as:

N
[ - -3 ! *
R' = R n__z__l (An )\n> ENlEx
B (Eq. 31)
UL e
The method with reference beam
. (Rwr)(RWr)*
R" =R - T"‘—_——’ =R - “2V2V2* =R - RT,Z (Eq. 32)
wr R wr
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The method with reference hydrophone

X
R S TR (Eq. 33)
y

1,3

RT,l’ RT,2 and RT,3 respectively, are what the three methods estimate as

the contribution to the covariance matrix R from the towship. According to
definition (App. D), RT 1 will have rank M if M eigevalues are modified,
while RT 2 and RT 3 are seen always to have rank 1 (only one non-zero
eigenvalue). But it is shown in App. C that the rank is 1 only for a
completely coherent reception. Hence the two last methods may work only if

the real contribution RT 0 has rank 1. The experimental results, however,

indicate strongly that this is not so.

The three methods are discussed individually below. Figure 9 gives the
line-printer outputs supporting the discussion, although no data are shown
for the Reference Hydrophone Technique (Sect. 4.2.3).

4.2.1 The method with modified eigenvalues

If M eigenvalues are modified, then:

N
= -t b
T.1 nil (An An) EnEn n € {nl, Moy wovs nm} . (Eq. 34)

R

Hence this method can easily create a modification of any rank. But that
is all; almost as expected, the method is more or less useless. It was
implemented simply because it was so simple to implement. The obvious
reason that it does not work well 1is that there 1is not a one-to-one
correspondence between eigenvalues vectors and sources. The contribution
from one source 1is usually distributed on many eigenvalues, and one
eigenvalue 1is a combination of contributions from several sources. The
only simple case is with orthogonal sources.

Still, the method gave 1insight. It was quite interesting to see the
"correlation" between the beam-steering vectors and the eigenvectors:

X 2
B Ejl PR (Eq. 35)

when both B and E are normalized. During the sea-trial, Cij was printed
out for the two eigenvectors belonging to the two largest eigenvalues (part
of the tabulated data given to create Fig. 6). When signals were

transmitted from the source below the workboat it was often possible to
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observe how the two eigenvalues E; and E, were correlated with beam

directions corresponding both to the towship noise and to the workboat
source. This means that we could easily suppress the towship noise by
modifying the first three to four eigenvalues, but at the same time the
other signals would also be suppressed in an uncontrolled, random, and
untolerable way.

At this point it may be appropriate to speculate why the towship noise seen
by the array towed 500 m behind the ship has a covariance matrix of rank 3
to 4. There are three possibilities:

a) That the geometry of the array relative to the ship is changing
during the averaging time of the covariance matrix. This time was 40 to
60 s in the sea-trials, which is obviously long compared with the possible
snaking of the array. The solution would be to use a much shorter
averaging time and, if possible, to overlap the FFT-windows 1in the
filtering process before the averaging, so as to use the data efficiently.

b) That the different paths of the multipath propagation from the
towship to the array have different travel times. As the continuous
background spectrum of the towship has a short correlation time, the
contribution at a given time from the different paths may have a reduced
cross-correlation, which would mean a non-coherent signal from the towship
and thus a covariance matrix of rank higher than one.

c) That the influence of the medium and its boundaries is reducing
the coherence, even for an originally stable 1ine (CW).

4.2.2 The method with reference beam

This method estimates the covariance matrix of towship noise to be

(RW ) (RW )*
12T Twme RV L)
r r
where

B.. for CBF

Mo T tety g loot for MLBF

r‘ - -— -

(BRB) R B

In both cases the model assumes that the towship noise arrives as a
coherent plane wave at the array. This might work well in deep water; in
shallow water it definitely did not. The towship noise was certainly
suppressed in a bearing interval around the reference-beam direction (given
by Br)’ but the rest of the towship noise was more or less unchanged.

Secondly, if there was any signal (target) in the reference direction, it
would also be cancelled. The plots indicate multipath arrival at different
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vertical arrival angles. Hence, even if the towship noise is coherent, it
would not fit a plane-wave model. Making it even more difficult, there are
strong indications (from study of eigenvalues and vectors) that the
towship-noise signal is not coherent over the array.

It might be possible to work out an ad hoc algorithm by choosing more than
one reference beam and cross correlating between the reference beams, but
it is not obvious that the outcome would be worth the effort.

4.2.3 The method with reference hydrophone

This method estimates the covariance matrix of the towship noise to be

b
RT,3 - %_Q_ = pgVaVa* , (Eq. 37)
where A 4
M
1
Q= 7 = X.y.*
M g L
and
1 M
= = 2
ry= i 1_51 |y1.| , (Eq. 38)

As seen, the method assumes the covariance to be of rank 1, which means a
coherent signal. But it is an improvement (theoretically, at least) from
the reference-beam method in that it does not assume anything about the
shape of the wavefront. Furthermore, even a signal with the same
directivity pattern as the towship noise should be only slightly reduced

if:
oA 2 >> o / o2
ref, array / Towship ref array Target

where

czref = Towship or Target power on the reference hydrophone

2 - .
c array - Towship or Target power on the array hydrophone.
This is exactly the reason why the reference hydrophone has to be closer to
the towship than to the array. From a theoretical point of view this
should be the best of the three implemented methods. Although this sounds
promising, the results so far show that the method in its present shape
does not work at all. There are two possible reasons for this:

a) The first is that the reference hydrophone was rather simply
designed and thus created flow noise. This would especially influence its
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power estimate ry . This estimate was therefore modified by a factor

smaller than 1, to see what would happen:

A

r ! =q 1.

L
y ny
This was done at different frequencies, including the frequency of 334 Hz
transmitted by the workboat.

where 05 q

The result was disastrous. The workboat signal disappeared almost
completely, while the towship noise was still there, reduced only for some
bearings. Looking a 1ittle closer at the mathematics, let BT be a

direction where we can identify towship noise, and BS be the direction of

the workboat source. Then, in obvious notation:

= X
PT BT R BT , (Eq. 39)
Bk Q|2

| = BX . QQ* = BX - L_I____ , (Eq. 40)

PT BT ( = >BT BT RB =
y y

! x ol2
o SRR L I S (Eq. 41)
P r B*RB

T Yy 1 T

Similarly:

P! b3 2
i | BERiEE (Ea. 42)
PS ry BS R BS

To obtain a good suppression of the towship noise relative to the
suppression of the workboat signal, we must have:

PI Pl
I

J S , (Eq. 43)

PT PS

which is the same as:

x nl2 2
|85 q |8% q

>> (Eq. 44)

% *
BT R BT BS R BS

This is in many (maybe most) situations, not the case.

The gecond. possibility is that the change of the geometry relevant to
towship noise (towship source, reference hydrophone, array) during the
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averaging time may have been much more damaging than the changes 1in
geometry relevant to the workboat signal. There would always have been
some heaving movement of the towship that could have changed the position
of the noise source and the nature of the multipath pattern of its noise
propagation. The 1implemented averaging time was certainly too long to
allow an adjustment to the dynamics.

Even if the geometry was completely frozen, the present implementation
might still not work well. The reason is, as mentioned earlier, that the
rank of the towship noise at the array was higher than 1, at Teast of the
order 3 to 4 at 334 Hz. Hence it cannot be suppressed by a rank-1 matrix.

There are two ways to increase the rank of the reference system. One is to
increase the number of reference hydrophones. This might help to some
extent, but it will not help if the reason for reduced coherence is the
different travel times along the different paths. Another possibility is
to work with several delayed versions of the reference hydrophone output,
to create a vector:

y(t-1y)
y(t) = y(t-13) . (Eg. 45)
y(t-t)

By going through the mathematics, this will result in:

(Eq. 46)

M
S X, Y% , etc. (Eq. 47)

The dimension L of Y should be such that RYY has full rank. Otherwise it

cannot be inverted, and in fact has more elements than can be used. Ideally
the rank of RYY should be the same as the rank of the towship-noise

contribution to R.

The problems of flow noise could be overcome by creating a new
reference-sensor system with reduced flow noise and low, or almost no,
sensitivity to acceleration (vibration).

4.3 Target indication and bearing estimation

As with the techniques for the suppression of towship noise, only
qualitative comments can be given on the performance (Fig. 10) of the two
forms of processing (CBF, MLB) for providing an indication of the presence
of a target of opportunity and an estimate of the target bearing for
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frequencies of 112 Hz and 334.4 Hz. Figure 10b also includes the presence
of a 334.4 CW source. Points to note from Figs. 10a and b are:

a. The CBF processing does not include any shading, therefore the
sidelobes are high. However, CBF is not a serious contender for
providing target data.

b. The MLB beamforming gives a sharp and precise display, although
at times Tow-level 'targets' are suppressed, due to the maximum level
used on the normalizing factor in the display.

CONCLUSIONS

a. A detailed analysis should be made of the signal paths between
the towship and the array. An eigenvalue analysis indicated that the
multipath propagation is reducing the coherence (Sect. 4.2). This may
require the application of the FFP technique and normal-mode propagation
(Sect. 4.1).

b. Because of the lack of a one-to-one correspondence between
eigenvalue/vector and source, except when the sources are orthogonal, the
modified eigenvalue technique for suppressing towship noise does not appear
to be feasible (Ch. 3). However, the eigenvalues/vectors give useful
information on certain characteristics of signals and will therefore be
used in the future signal-processing software.

C. The use of a single reference beam for suppressing towship noise
is not satisfactory; it assumes that the towship noise arrives at the array
as a coherent plane wave and that there is no target signal in that
direction (Ch. 3). It would be possible to select more than one beam and
produce an ad hoc algorithm but its usefulness under the full range of

operating conditions would be questionable. No further work is proposed at
this stage.

d. The reference-hydrophone technique did not work because of the
oversimplified nature of the present technique and the high level of
flow-noise in the reference hydrophone (Ch. 3). A technique to provide a
more accurate representation of the towship noise is being developed for
future sea trials, and the hydrophone design is being improved to keep the

flow-noise level to a minimum using a separate streamer for the reference
hydrophone.
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FIG. 10b COMPARISON OF TARGET-BEARING INDICATION BY CONVENTIONAL

BEAMFORMING AND MAXIMUM LIKELIHOOD BEAMFORMING
High frequency, 334.4 Hz, Target plus CW source
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APPENDIX A

COVARIANCE MATRIX ESTIMATE

This appendix gives seven definitions with their associated properties and
"proofs" relevant to our use of the covariance matrix estimate, R. The
main emphasis is on eigenvalues and eigenvectors.

The square matrix R of dimension N is defined by:

M
S XX , (Eq. A.1)

where X will be called a data vector, and is of dimension N, and the star
indicates a complex conjugate transpose.

A.1 DEFINITION

A square matrix P is called hermitian if it is equal to its own complex
conjugate transpose, P*.

Property 1: R is a hermitian matrix. (P1)
Proof:
1 M x 1 M - x 1 M
R* = W > X. X% == 3 (X*) <X.> == 3z X. XX=R (Eq. A.2)
S /I R | i | I B |
i=1 i=1 1=1
Property 2 Z = YXRY 1is a real scalar for all vectors Y: (P2)
Proof:

7* = (Y*RY)* = YXR* Y
By use of (P1):

I* = YXRXY = Y*RY = 7 q.e.d.
A.2 DEFINITION

A square hermitian matrix P is positive definite if, for all vectors
Y except the null vector, Y*PY > 0, and non-negative definite if Y*PY2 0.
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Property 3: R is a non-negative definite matrix. (P3)
Proof:
M M
Z=YRY =2 5 Y =3 3 (YRR (YK) {EQF £
M.T i M .- 1 i
i=1 i=1
1 M
=z 3 |Y*X l 2z0 g.e.d
M .-
i=1

A.3 DEFINITION

If E 1is a vector, but not a null vector, such that PE = AE, then E is
called an eigenvector, and A the corresponding eigenvalue. The eigen-
vectors are always assumed to be normalized: E*E = 1.

Property 4: the eigenvalues of R are real and non-negative. (P4
Proof:
AE = RE

Premultiplying with E*:
A = AE*E=E*RE

According to (P2), A is real, and according to (P3), A 1is non-negative.

A.4 DEFINITION

Two vectors X and Y , not being null-vectors, are orthogonal if X*Y = 0.
They are called orthonormal if both X and Y are normalized by having unit
length.

Property 5: Eigenvectors of R with different eigenvalues are
orthogonal.

Proof:

* - % ~ Fx
AmEn Em En AmEm En R Em

By exchanging indices:

AEXE = EXRE
nmn m n
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Then take the complex conjugate transpose of both sides of the Tlast
equation and use (P1) and (P4):

XE = EX
)\nEnEm En R Em

Combining the first and last equations of the proof:
- * -
(A - A )EXE =0

As the eigenvalues are assumed different An¢ Am:

* =
EXE =0 e a

Property 6: There are N eigenvalues of R , which may not be all
distinct (different from each other), and they are a solution to

det(R-AI) =0

Proof:

RE = AE
(R-AI)E=0

This can be true for E not being a null vector if, and only if, the
determinant of (R-AI) is zero,det(R-AI) = 0.

This is a polynome in A of degree N , and has N solutions, which may
not be distinct. These N- solutions are hence eigenvalues of R.

We know already that if eigenvalues are different, their corresponding
eigenvectors are orthonormal. If there are k eigenvalues with the same
value, we will state without proof that it is always possible to find
exactly k orthonormal vectors that are eigenvectors of R with this same
value on their eigenvalues. Hence we state without proof the following

property:
Property 7: R has always N orthonormal eigenvectors. (P7)

Property 8: The eigenvectors with positive eigenvalues are 1linear
combinations of the data vectors.

Proof:
M M
= ::l = '—;— *
AE = RE M 1.EIXiX].E i iz (XiE)X] q.e.d
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Property 9: Eigenvectors, which are 1linear combinations of the data
vectors, have positive eigenvalues. (P9)
Proof:
M M
A = AEXE = E*RE = % s E*XX.XCE = % z [wEl2 > o q.e.d.
=1 7 el

A.5 DEFINITION
The k vectors Y are said to be linearly independent if

K
2 c.Y. =0 only if c,=0 fori=1, ..., k
sz 1 i

Property 10: If the number of independent data vectors is M, and M < N,
N - M eigenvectors are orthogonal to the data vectors, and their corres-
ponding eigenvalues are zero. (P10)
"Proof":

From M independent data vector, we state without proof that M eigen-
vectors be constructed:

or, in a more compact form:

[El, Epr oees EM} - [ Xps Koo ees XM] c

As the, M eigenvectors are also independent, C must be non-singular,
and C exists:

_ =
[xl,xz,...,x M] = [El,Ez,...,En] c

Premultiply with an eigenvector En n= M1, ...

X * * = * x * -1
[Enxl, EXK,y, ..., EX xn] [En Eys EXE,y, ..., EX Em] c

by using (P7). Hence

ngi =0 for i=1,2, ..., M n= M, Mb2, ..., N g.e.d.
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The corresponding eigenvalues are:

ME

A =AEXE = E*RE =&

3 * 2 =
n nnn n n lEnXi 0 (AeHE.

i=1
A.6 DEFINITION

A square matrix P is singular if its determinant is zero, and its inverse
_1 .
P ~ does not exist.

Property 11: If the number of independent data vectors M is less
than N, R is singular. (P11)

Proof: From (P10) it follows that if M < N, N - M eigenvalues are
zero. But the eigenvalues are solutions to det(R-AI) = 0.

Hence for A =0, det(R)=0 and R is singular.

Property 12: If R has N 1independent data vectors, it is non-singular
and its inverse R-1 does exist. (P12)

Proof: The proof follows directly from (P8) and (P9) for M = N and
these data vectors are independent.

A.7 DEFINITION

A square non-singular matrix P is unitarian if its inverse P 1 is equal
to its complex conjugate transpose P*.

Property 13: The square matrix S = [El’ EZ’ ey En] constructed from

the N eigenvectors of R, are unitarian. (P13)
Proof: Because the eigenvectors are independent, S is non-
singular, and its inverse S_1 exists. Let us introduce:
T = (s hx
= [1,, 7, e o)

where Ti is a vector.

These vectors can be expressed as 1inear functions of the eigenvectors:

—
1
™M=
©
=
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From T*S = s'ls =1 it follows that:
N x X
XE = * = = ] =
Ti En 2 aij Ej En o in 1 if i=n
=1
=0 if 1i#n

From this follows:

T.=E. and T=S5=(S1* gq.e.d

Property 14: R can be written as R = SD S*, where
D =diag(A,, Ay, ..., An) is a diagonal matrix. ‘ (P14)

Proof:

REi = Ai E. i=1,2, ..., N can be combined to:

As S is non-singular:

R=sps?

and from (P13):

R=5D S* g.e.d.

Property 15: If R is non-singular, its inverse can be written:

-1 -1
=SD S* . (P15)

Proof:
-1 =H -1 -1 1
R =(SDS*) =(* D S
Using (P13), this is

-1 -1
R =SD &* q.e.d.
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Property 16: Let n be an integer, then

n X%

RP=SD S

Proof:

[\

For n 1

~1 -l
R™ = (SDS*) (SDS*) ... (SDS*) = SDS~ sDS~ ... sbs* = sp"s*x  q.e.d.

For n £ -1.

-n -1 -1 -1 -1 21 -1 -1 -1 -n
R" =(SD S*)(SD S*)...(SD s*)=SD S SD S ...SD =SD 'S* g.e.d.

il
o

For n

x| x
RO = 1 SS = SD°s q.e.d.

I
w
wn

it

Property 17: Let n be an integer, then
N

n
n _ *
R™ = 3 A, E; B}
1.._
Proof:
D" = [diag(Ay, A, ..., AN = diagAf, A7, ..., AR

by direct use of matrix multiplication. Hence:

- - EN
FXT E,
AD Es
R = [Ey, Ez, -..) Eyl
n 2%
A E
N N J
- -
n b3
AT E,
n X
}‘2 E2 N "
=N, M . - Eyl ) = 3 A? E; E;  q.e.d
N X i=1
AN E
N N
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Property 18: For all X and Y:

N *
n _ n
X*RUY = 2 Ay (x* EJ)(E; Y)
i=1

Proof: This follows directly from (P17).
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APPENDIX B

BEAMFORMING AND NOISE SUPPRESSION

B.1 CONVENTIONAL BEAMFORMING (CB)

Let Xi be a narrowband complex data vector of dimension N (N array

hydrophones) from a frequency band around f, where i s a time index.
Then the covariance matrix estimate R 1is defined by:

)
i
=l

X. X, M

v
=z

(Eq. B.1)

M=

i=1

where 1/M 1is added for convenience.

A steering vector B 1is defined by:

X

: n
-j2n — cos B
Bl =1, ..., e L L

W

where X, is the position of the n-th hydrophone, B 1is the bearing angle

measured from ahead endfire, and ' N is introduced to normalize B:
B*B = 1.

A "conventional" beam is then:
X
Zk 4= Bk Xi , where i and k are time and bearing indices.

The power output is:

X *

b3
= 2: -
P, Izk,il 2i,i Zk,i T B Ry Xy By
The mean (in time) conventional beam power output is:
M

*
z Xi Xi B
=1

*
=B, RB

B k= B R By

M=
o
I
=l

b
k!
i
Using eigenvalues and eigenvectors, this can be written:
N x

N
*
P =2 A(B EDJE B)= 2
k=1 Nk n"tn Tk n=1

X |2
An Bk En
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B.2 MAXIMUM LIKELIHOOD BEAMFORMING (MLB)

Instead of the steering vector B , use a weight vector W to form a beam:

X
Zk,i = Wk Xi .

The so-called maximum-l1ikelihood beamforming is obtained by choosing a
weight vector W that is minimizing

* X b3
W RW constrained by W, B, =B, W, =1

k k k "k k "k
* * * . * * X
Yk = wk R Wk = (Wk - WO) R (Nk - WO) + Wk R wo + wo R Wk 3 Wo R Wo

The constraint can now be introduced by choosing

Y, = (W

-1 * oo & " - * s
K - cR Bk) R(wk -cR Bk) + ¢+ c*X - cc Bk R B

k k
Assuming R to be positive definite, this has a minimum for:
-1

Wk =cR Bk

The constant ¢ 1is determined from the constraint

* x  _1

Bk Wk =c Bk R Bk =1
ok a1 o1 o1

Wk = (Bk R Bk) R B

The ML beamformer output will be:

_ * -1 -1 X -1
Zo ;= B R BT (B R X

and the mean power output will be:

-1

X
P, =W, RW R B

kK k k ~

!
~
[==]

-1 % ~1 -1 b3 -1
k) (Bk R RR Bk) (Bk R Bk)

X 21 -1

1}
~
(o8]

Using eigenvectors and eigenvalues of R:

L "
Pk = nil An (Bk En) (En B

1 2 A_l
n=1 n

-1
2

) X
k) Bk En
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B.3 NOISE SUPPRESSION WITH REFERENCE BEAM

Let there be a reference beanm:

for CBF

]
v}

x
Y. =W X. where W
r r

i
N
oo}
=
w
Nt
>0

B.. for MLBF
r

This reference beam is used to correct the beams:

V4 =1 -V Yi

K,i k,i k

Vk is now chosen to minimize:

I 1 M 1 5 1 M N
kT2 lzk,il =W 2 Gy TV Y gtV YY)
i=1 i=l
= 1 M * *x b3 * * *
"2 i A T B Y e Vi Y B P e e Y YY)
- * * *
= r, sz Vk - Vk rzy + Vk Vk ry

with obvious notation. This can be written:

r r - r. r_ %
P' = V - —Zl. V - _ZX r + r - _ZY__ZX
k k ry k ry y 'z ry

This has a minimum for:

X
A rzy _ W R W,
k r W< R W
y r r

where wk is defined similar to wr for CBF and MLBF.

The corrected 1linear and mean power outputs are:

W*RW WXRW
b4 b3
z;“.:wkx].-erx].:w:- ke ),
: WXRW waRw ") ]
r r r r

2

Pl . W* * -1 | %
k = W R Wk - Wr R Wr |Wk R Wr

47



SACLANTCEN SM-158

for CBF:
i * X ..1|7< 5
Pk = Bk R Bk = (Br R Br) Bk R Br
Using eigenvalues and eigenvectors:
) R B , B* E |2
B :le |
k k =1 " k ™n
N *
- 2
B R Br = 2 An lBr Enl
n=1
X N X * X
Bk R Brl = E Kn (Bk En)(Br En)
n=1
For MLBF:
' x -1 -1 -1 -1 -1 2| x -1 y
Pk = (Bk R Bk) £ (Br R Br) (Bk R Bk) |Bk R Br

And with eigenvalues and eigenvectors:

x -1 _ N -1 * 2
Bk R Bk = E An Bk En
n=1
-1 N ol *
B R B = 3A B_E |2
r - n n
n=1
X -1 _ N -1 b3 b3 ES
Bk R Br = nil A Bk En Br En>

B.4 NOISE SUPPRESSION WITH REFERENCE HYDROPHONE

Let there be a reference hydrophone with output y. This reference
hydrophone output is used to correct the array hydrophone outputs:

W is now chosen to minimize:

N
i
=4
HME

AR U CHERTYR

j=1 !
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1]
=l
ﬁ
-
M=

X

=

1
L

M * X X X *x X
tr] = (Xi Xi - Xi y; W - W Y; X; v WW Y; yi)
i=1

=l

= tr (R - QW< - WQX + WWX 1)

with obvious notation. This can be written:

1 = —Q_ -9_ . + _Q_Qf
p tr[(W ry)(w r‘y) r‘y R ry:,

This has a minimum for:

w:&
r
y

The corrected data vector and covariance matrix will be:

[}
= -9
Xi X r y]

i
y

M 1 [ X
R' =3 5 X. x. =R-%9—
y

Z
Mz 71

The new inverse matrix will be using the matrix inversion lemma:

-1
Rt = ( ; g&) =R (ry = QR QTR qex k)
y

The mean output power using CBF:

! X

_ 1 _ X -1 X 2
P = BkR Bk = BkRBk - ry l BkQ
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Using eigenvalues and eigenvectors:

N

x _ X 2

BkRBk— E )\n’BkEn,
n=1

* N o «x *

B Q|= X A (B E)QE

This way of writing B*Q, as B*IQ = B*R°Q may seem artificial, but may be
useful from a software point of view.

The mean output power using MLBF:

X -1

= @, rRTBY = |8 RB - R ,B* R-1 '2 .

Using eigenvectors and eigenvalues:

B R B, = '; A_IIB*E |2
k k =g PIkn
-1 N -1
Q*R Q = 3 A, Q*En|2
\n=1
X -1 - N -1 b o X
B, R Q -nilxn (B, E)D @ E)
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APPENDIX C

THE RANK OF A SOURCE'S CONTRIBUTION TO THE COVARIANCE MATRIX

From Appendix A, we know that the covariance matrix R can be written:

If only the first M eigenvalues are non-zero, R is singular, and is
said to have rank M:
M *
R= "% Ai Ei Ei

i=1

Let us look at the contribution from one source. If its contribution is
completely coherent over the total array, then:

i(¢1’¢j) ¥ V*
]

*y o %
Efx; X3 = (Ef]x;]2} - E{]lez}) e

leading to:
= XY = 52 *
RS E{XX*} o2 vV
where V is a normalized vector (V*V =1). Now:

= g2 yoyxpy { =02V if EX =1 (E = V)
RE=GZVOVE){_{0s * ¢ esvoo (ELV)

This means that there is only one non-zero eigenvalue Ai = og with

corresponding eigenvector E1 =V and the rank of RS is 1.

If the contribution from the source is completely incoherent, then:
=02 if i=j

E{xix*} { !
V=0 if i#j

Then:
= 3 2 2 2
RS diag {of ... 0% ..GN}
N
As det RS = 0 c? >0, this matrix has always full rank, or rank equal to N.
i=1
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Hence a real source will give a contribution to the matrix with a rank from
1 in the case of complete coherence, and increasing ran<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>