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ABSTRACT

IMulti-Grid Algorithms with Applications
to Elliptic Boundary-Value Problems

Craig C. Douglas

Yale University, 1983

This work is primarily concerned with solving the large sparse linear systems which

arise in connection with finite-element or finite-difference procedures for solving self-

adjoint elliptic boundary-value problems. These problems can be expressed in terms of

abstract variational problems on Hilbert spaces. Our (multi-grid) schemes involve a

sequence of auxiliary finite-dimensional spaces which do not have to be nested. We

approximate the solution using the largest (finite-dimensional) space. These schemes are

recursive in nature: they combine smoothing iterations in a space with solving one or

more correction problems using smaller spaces. Under certain circumstances, the solution

to a problem can be approximated well using smaller spaces. Since the smaller spaces are

required to have geometrically fewer unknowns than the largest space, the savings in

computation can be substantial.In fact, we prove that these procedures are optimal

order under appropriate conditions_.)Our general theory is discretization independent and

can be applied to problems which do not arise from partial differential equations.

As examples, we consider three particular discretizations of variable coefficient self-

adjoint second order elliptic boundary-value problems. The first is a finite-element

discretization on a convex domain in two dimensions. The second is a finite-difference

discretization in one dimension. The last is a finite-difference discretization on the unit

square.
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1: General Theory

In this section, we discuss the approximate solution of an abstract elliptic variational

problem. Our scheme involves a sequence of finite-dimensional spaces )4j, j = 1, 2,... , k.

We approximate the solution using the largest space. Under certain circumstances, the

solution to a problem can be approximated well using smaller spaces. Since we require

the smaller spaces to have geometrically fewer unknowns than the largest one, the savings

q in computation can be substantial. In fact, we prove that these procedures are optimal

order under appropriate conditions. While this theory is applied to solving the large

sparse linear systems which arise in connection with finite-element or finite-difference

*4 procedures for solving self-adjoint elliptic boundary-value problems in the next section, it

can also be applied to problems which do not arise from partial differential equations.

Our k-level scheme is related to the multi-grid techniques used by Bank and

Dupont [6], which is related to the techniques of Brandt [10], Bakhvalov [5],

Federenko [14, 15], Nicolaides [25, 26], and Hackbusch [18, 19, 20]. The earlier proofs are

for particular discretizations of model elliptic boundary-value problems. Their domains

are covered by meshes or triangulations which are refined uniformly. Only Van

Rosendale's proof [291 allows nonuniformly refined domains. The proofs here use abstract

function space arguments which make no reference to the particular discretization,

domain, or method of refinement. Further, we do not require the solution spaces to be

nested as in the proofs of the cited references.

Assume we are given a triple,

(H, a(uv), f(v)}, (1.1)

where H is a Hilbert space with norm 11'11, a(u,v) is a continuous symmetric real valued

bilinear form on H 0 H, and fqv):H -. R is a continuous real valued linear functional.

Furthermore, we assume that there exists a constant a0 > 0 such that

a(v,v) >_ a011vfl2 for all v E H.

The bilinear form a(.,.) induces the energy norm



2

111u1112 M a(u,u).

Ar We seek an approximation to the solution of

Problem 1.1: Given (H, a(u,v), f(v)}, find u E H such that

a(u,v) - fAv) for all v E H.

Problem 1.1 has a unique solution (see Ciarlet [111).

U We now consider the finite-dimensional approximation of Problem 1.1. Let M,

j 1, be a sequence of N -dimensional spaces. Associated with each space .M. is a

continuous, symmetric, positive-definite bilinear form aj(u,v) and a continuous, bounded

* linear form f (v). We require that

N. " oPNj_,, for some o > 2. (1.2)

We will see that or is important: when o > 2, we can always construct optimal order

algorithm to approximate the solution to Problem 1.1.

We assume that linear operators exist which project H onto M . and inject M. into H

for anyj > 1:

pj: H .- .- j and

(1.3)
i i: Mj -- > H.

For j > 1, the linear operators defined by

E: i j-1 -. jI. and
* (1 .4)

R: M~j Zn- J j-1

interpolate between adjacent solution spaces. One natural definition of E. and R. is

Ej == pji._ 1 and R. j p. ij" (1.5)

It is natural to define R. as the adjoint of E.:
J
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Figure 1-1: Space Operators
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In this case,

E i i  . pij t1i i R j.

If we assume that p. - i then all of the operators can be defined in terms of the

injection operators i. However, we will have occasion to use more general operators than

those in (1.5). Figure 1-1 shows the relationship between these operators and the various

spaces.

For j 2 1, the finite-dimensional approximations of Problem 1.1 are

Problem 1.2: Given (.M,, aJ(u,v), f.(v)), find uj E .M such that

a,(u,,v) = f (v) for all v E Mj.

Associated with each space M. are eigenvalues XV) and eigenfunctions (eigenvectors)

1i), 1 < i < N,, satisfying

a.(v,, AJ) - 0() (v,"0!)) for all v E .M,
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where (.,.); denotes the inner product in M j. Let 6ik be the Kronecker delta. Without loss

of generality,

Xo< M < x01) < ... < = 4-A,

1 < ik < Ni, and

I,* I k )fi ik'~u

With each space MM, we define discrete norms

J*vIII -M c(X)J))8, for v w c 00)

where we have suppressed the j subscript on the norm and -2 < s < 2. Note that

6 1vllll = Ilvilll is the usual energy norm on level j. Hereafter, we drop both the

superscripts from the eigenvalues and eigenfunctions (eigenvectors) and the subscript from

the dimension of the spaces.

We require the bilinear forms on adjacent spaces to have a consistency relationship.

As a consequence, the energy norms on two adjacent spaces are uniformly consistent.

Hypothesis 1.3 (Energy Norm Consistency): For all j > 1 there exists a positive constant

C1 , independent of j, such that

a (Ejv,E w) == C, a,_,(v,w), for all v,w E Mij_ .

Since IIvfl12 =- a.(v,v). This hypothesis implies that for any v E Mj_,, the energy norm

of v on level j-1 is equal to a constant times the energy norm of Ev on level j.

We now define and analyze a k-level iterative procedure for solving Problem 1.2. The

process involves solving problems like Problem 1.2 sequentially for j=1, 2,... , k. The

k-level scheme has three parameters: m and n, which determine the number of smoothing

iterations used; and p, which is used in a recursion iteration.
I

I
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Algorithm 1.4: MG(k, m, n, p)

Given an integer k > 0 and {.M, a,(.,.), f,(.) , we want to approximate uk E k'

where ak(ukv) - fk(v) for all v E 'Mk-

(a) If k = 1, then solve directly.

(b) If k > 1, then one iteration of the k-level scheme takes an initial guess z0 E "(k

to a final approximation Zm+n+ E Jk in three steps:

(i) if n > 0, define zi, 1 < i < n, by

(z-zi-i,v)k - Ak'[fk(v) - ak(zi_t,v)], for all v E Mk" (1.7)

(ii) Let q E Mk-I be the approximation of q E Mk-I obtained by applying p iterations of

the (k-1)-Ievel scheme to the residual equation

ak_(q,v) -=C T 1{fk(Ekv) - ak(zn,Ekv)) (1.8)

= fkl(v), for all v E Mk-l'

starting from an initial guess zero. Then set

Zn+l - Zn + Ekq. (1.9)

(iii) If m > 0, then define z., n+2 < i < m+n+l, by (1.7).

In the correction recursion iteration (step (ii)), we approximately compute the elliptic

projection of the error in Mk-1 using p iterations of the (k-1)-lievel scheme applied to a

problem of Problem 1.2s form with j = k - 1. In the smoothing iterations (steps (i)

and (iii)), error components whose oscillation are "large" are damped. A simultaneous

displacement procedure is used in this step. Later in this section we will see that Ak can

be replaced by a particular type of bound (see Hypothesis 1.6). We will also see that

(1.7) can be replaced by other iterations which are computationally more attractive, but

do not affect the character of our convergence results. The use of iteration (1.7) simplifies

the initiai analysis of the convergence. Figure 1-2 contains a three-level, two-iteration

examp.e of Algorithm 1.4 with p = 2. Note that computation begins with the largest

space and uses the smaller ones only to solve correction recursion problems.

There are three cases of note in Algorithm IA: (a) when n > 0 and m = 0, (b) when
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Figure 1-2: Three-Level Example of Algorithm 1.4

'-.'. Two iterations on level three. p = 2

Level

1 ds ds ds ds/ \/ \ / \/\

2 n m~n m n m*n m

3 n mmn i

ds = direct solve
n.m = number of smoothing iterations

n 0 and m > 0, and (c) when n > 0 and m > 0. Case (a) is the scheme analyzed by

Astrakhantsev [3], Bank and Dupont [8], Hackbusch [18, 19, 20], Nicolaides [24, 25], and

Van Rosendale [291 for finite-element discretizations of various elliptic boundary-value

problems. Federenko [14, 15] and Bakhvalov [5 analyzed this case for finite-difference

discretizations. Each of these authors assumed in their convergence proofs that p > 1.

Our convergence result is true even when p - 1. Brandt [10] gave a heuristic analysis of

(b) and (c) for finite-difference discretizations using local mode analysis. The motivation

for studying cases (b) and (c) comes from trying to understand the behavior of a large

finite-difference program which is described in Chapter 6 of Douglas [12, 13]. It was

observed empirically that case (b) sometimes required fewer correction recursions to

achieve the same accuracy as case (a).

* Before proving a convergence theorem for Algorithm 1.4, we need to state one

definition and two more hypotheses. The first hypothesis is a bound for the largest

eigenvalues and the other is an error estimate for the correction produced by the

* (k-1)-level iteration. Finally, we prove a lemma describing the smoothing iteration's

effect on the error.

Definition 1.5: The error on level k at the ith stage of Algorithm 1.4 will be denoted by

e M ~r= . z.

The first hypothesis states what form the bound for the maximum eigenvalue is
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assumed to have.

Hypothesis 1.8 (Maximum Eigenvalue): There exist positive constants 6 and Cq, each

independent of j, such that

A NF6, 1 < j < k.

The use of Ak in the smoothing iteration (1.7) may be replaced by any upper bound

satisfying Hypothesis 1.8. The last hypothesis is a norm estimate:

I
Hypothesis 1.7 (Approximating Error Estimate): For some a with 0 < a < 1, there

exists a positive constant C3 such that

I 1Eq- ,l -a < 0 N 3k IIIenIII1+,.

For problems derived from elliptic boundary-value problems, the value of a depends on

the spatial domain.

The following lemma is used in the convergence proof to analyze the effect of the

smoothing on elements in the solution spaces.

Lemma 1.8: Let n > 0 be any integer and z0 E 'Mk. Then the smoothing iteration

(1.7) is a contraction operator:

11e,,111 < Ille 111. (1.10)

Further, for every fixed 0 < uj < 2 and 0 < a < 1

IMenIIIw Cc/ 2N"'(2n + a) - */2 IIjeOlwa. (1.11)

Proof: Let N m Nk and A m Ak. From (1.7) we can deduce that

(ei-ei - - A -lak(ei_lr), for all v E 'Mk, - 1 (1.12)

We can expand e0 in terms of the eigenfunctions:

e MEi= 1
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*Using (1.12) we can show that

ne f (1 - X/A) 5  . (1.13)

Since (1 - X,/A) n < 1, we have that

I11,111 <5 Illeolll.

The proof of (1.11) uses (1.10) and the Maximum Eigenvalue Hypothesis:

IIenlIl, f ,= x'x x/)

- oi -

< 4* max Ix,(l -X)2nj 2~-
*10O,1l i=l

< A (2n + a)-" Illeo11

_< C2 N20(2n + a)-c I 2le

Taking the square root of both sides of this inequality completes the proof.
0

QED

The convergence of Algorithm 1.4 is established in the Theorems 1.9 and 1.10. In

* essence, these results say that the error on level k can be reduced by any positive constant

less than one provided the correction recursion problem on level k-i can be solved

sufficiently accurately. Theorem 1.9 requires that p > I and is true for any k. Theorem

1.10 requires that k be finite and is true for any p.

0 m " -I
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Theorem 1.9 (Convergence of Algorithm 1.4): Assume that Hypotheses 1.3, 1.8, and

1.7 hold. Let p > 1 be any fixed integer. For any constant 0 < yv < 1 there exist a

nonnegative integer I which depends only on p and -y, such that

IlleM+,+11ll < lle 0111, for all m+n > 1. (1.14)

Proof: This proof is motivated by the work of Bank and Dupont [8]. The basic idea of

this proof is to show that the smoothing iteration (1.7) reduces the oscillatory components

of tL error (corresponding to the larger eigenvalues) while the correction recursion

q iteration (1.8) reduces the smoother components of the error. The proof is by induction

on the index k of the space. Assume the result is true for 1, 2, ... , k-I. We now prove

the result for Mk'

By Lemma 1.8 (with w - 1 + a),

and

Ille~Ill,+o < Ca/2 Na'(2n + a) - */2 Ille0i1. (1.15)

We can estimate the effect of the correction recursion iteration (1.8). Using (1.8) and

I the Energy Norm Consistency Hypothesis, we have for all v E Mk_ 1,

ak-j(q,v) = Cj'ak(en,Ekv)

* or

a1k(Eki--en,Ekv) = 0. (1.18)

This shows that the exact solution q of the (k-1)-level correction recursion problem

corrects exactly all components in zn which belong to JMk_.. Take v = q in (1.16). Then

I l .. . .. "..
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ak(Ekq-e,,Ekq) - 0 = ak(EkqEkq) - ak(en,Ekq)

f IEkqjj < i1eII < Ilfe0ill.

Using this, the Energy Norm Consistency Hypothesis, and the induction hypothesis gives

us

IlIEk(q-q)ll - C 1/21q-qfl1 : C /2 -Pjjljq- = - PjjjEkqjjj

We are now ready to estimate fl1em+n+lIl1. We can define

n+1 =Ekq-e.

= (Ekq-en) + Ek(q-q).

If Sm reflects the effect of m smoothing iterations on any v E Mk? then

em+n+1 = Smen+ 1 .

Define C4 - C 3 Using Lemma 1.8 (with w 1), (1.15), (1.17), and the

Approximating Error Estimate Hypothesis yields

IIerm+n+ 1Il1 : _IIISm'Ekq-e,)II + IIISrEk(q-q)lll

< Ca/-(2m + a)-&/2 N.IIIEkq-elhI_ a + l[lEq(q-q)I

i4 . C./2 C (2m + a)--/2 N-'lle + +yPlle0111

< [C4(2m + -,/ 2(2n + ,)-,/2 + _pP] 11eo111. (.18)
I

Choose I such that

C4(2m + a)-,/ 2 (2n + a) - */ 2 <- y - "yP, for all m+n > I. (1.19)

I



Then

_ 1em+n+1[[1 _5 -y 11e0[[l. (1.20)

Clearly, -y and I can be chosen independent of the Nk.

QED

When p - 1, the proof of Theorem 1.9 breaks down because the right hand side of

(1.19) is zero. If we assume that k is a small natural number, then we can define a

sequence {-y}jL 1 such that

"yj - yPI----C'5 > 0, 2_< j_<k and p > 0,

"Y, > 0, and

k -Y < .

Corresponding to Theorem 1.9 is

Theorem 1.10: Assume that Hypotheses 1.3, 1.8, and 1.7. Let p > 0 be any fixed

integer. For any constant 0 < -y < 1 there exist a nonnegative integer I which depends

only on p, -/, and C5 , such that

Illem+n+1III <  yllje01il, for all m+n > 1.

Proof: The proof follows the one for Theorem 1.9. Equation (1.17) becomes

IllEkgq-q)lll _< -y_jjjje~jjj.

and (1.19) becomes

C4(2m + a)-*/2(2a + a)-*/2 < "T -A for all m+n> I.

QED

At first glance, it appears that choosing m = n in (1.18) would be better than

choosing either n = 0, m > 0 or n > 0, m - 0. However, special case proofs show that

this is not necessarily true. Assume that n > 0, m - 0. By modifying the proof of
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Theorem 1.9, we can show that

IIle+ 111 : [C'/ 2(2n + a)- */2 + -t9 IlfeollI.

For n large, this bound for the error reduction looks like

C4/2 (2n)-a/ 2 < M --y - ^1p

So

I > I CI/e-2/

|4

is required to reduce the error by a factor of e. If W= -, the error reduction (see (1.18))

looks like

4 C4 (2nl
-  < e.

Once again,

a- >  I -1/ . el/a . I CI/ -2/a . el/an

is required to reduce the error by a factor of f. The amount of work, which depends on n

and 2a, depends on the relative sizes of one and 2'e. Thus, we have shown

Theorem 1.11: Assume Theorem 1.9 holds. Define e -y - "P. Then choosing n > 0,

m = 0 in (1.18) is better than choosing a- R > 0 only when 2Ve > 1. Alternately,

choosing R'= M > 0 in (1.18) is better only when 2e < 1.

The practical significance of this is that if -y - "yP (or "yk - 'ty- 1 ) is large, it is more

efficient to do the smoothing at once, rather than splitting it around the correction

recursion. Similar analysis holds for the case of n - 0, m > 0.

We now analyze the cost of one iteration of Algorithm 1.4. Let F(N) be the cost of

reducing the error by a factor of -y for a problem with N unknowns. We assume that the

4 cost of the smoothing iterations (1.7) (or an iteration with similar properties) on the finest

level, level k, can be bounded by C0(m+n)Nk Be C7Nk, where C, is independent of k.

The cost of the correction recursion (1.8) is pF(Nk _). Thus,
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F(Nk) - pF(Nk-1) + CNk,  (1.21)

Since Nk -- aNkl (see (1.2)), the solution of (1.21) is

F(Nk) - C7k t .
I-_0

Asymptotically in k,

C8N, 1 p <

F(N) : C.NIogN, p -a (1.22)
I

C8NI1 gP, p > 0,

where the logarithms are base a [2]. One of the surprises of multi-grid is that

implementations (e.g., Bank and Sherman [7] or Douglas [12, 13]) exhibit the asymptotic

convergence rates for very small k's.

Choosing 1 < p < a leads to an optimal order algorithm, in the sense that the error

can be reduce by a fixed factor of -1 each iteration with work proportional to the number

of unknowns. When k is finite, the cost for the direct solution of the one level problem

may not be majorized by C7 Nj). In this case, the algorithm is not optimal order.

We may want to reduce the initial error by a factor of N-qtor some fixed q. The

obvious implementation would then require F(N)IogN operations. We assume the

solutions u. of Problem 1.2 satisfy

Illpju-ujlll < KNTq9j > 1,

where K is a constant independent of N. Denote by ii the computed solution of the j-

level scheme (Algorithm 1.4). To avoid the extra logN factor, we use E Ai as the initial

guess to u-, j > 1, and prove that the initial error is small. Approximate solutions ii] of

finite-dimensional Problem 1.2 are generated using the following:

Algorithm 1.12: MGN(j, r, m, n, p)

Given an integer j > 0 and (i' all','), f.(')}!-t, we want to approximate u E .M., where

a,(uiv) - fj(v) for all v E M i.
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Figure 1-3: Three-Level Example of Algorithm 1.12

One iteration (r = 1) on level three, p = 2

Level

1 ds ds ds ds
., \ / \/ \

2 n m n m+n m

3 n m

ds = direct solve

n,m = number of smoothing iterations

(a) If j = 1, then solve Problem 1.2 directly.

(b) If j > 1, then starting from an initial guess z0 fi Ej Ij, apply r iterations of

MG(j, m, n, p) (see Algorithm 1.4) to Problem 1.2 to obtain Tj.J

This algorithm actually has four parameters. The parameter r determines the number of

( iterations of MG(j,m,n,p) to use. Recall that m and n are the number of smoothing

iterations and that p is the number of correction recursion iterations in Algorithm 1.4.

Figure 1-3 contains a three-level example of one iteration (r = 1) of Algorithm 1.12.

For the correction recursion problems, p - 2. Unlike Algorithm 1.4, computation begins

with the smallest space and winds its way "down" to the largest space. It is worth noting

that when n = 0 and z0 - 0 in Figure 1-2, "e two algorithms become much more

similar. In this case, the first recursion correction problem (see (1.8)) in Figure 1-2 has

fk(v) w-- fk(v).

The convergence properties of Algorithm 1.12 are stated in the Theorem 1.13.



15

Theorem .13: Assume that Hypotheses 1.3, 1.8, and 1.7 hold. Let r > I be any fixed
~integer. Suppose

Lj[ ~ ~(i) 1[[pju-uj111 -- KNj'q, j -> 1,

(i) 1lpju-Ejpj.uII1 < KNq6 j > 2, and

(iii) 111u,-u'11ll < KNIq.

Then

(a) For any integer p > 1, there exists a nonnegative integer I such that for 3 > 1,

IIluj-iIII < KNj1'b, for all m+n > I.

(b) Illpju-T-lll < 2KSN-q.

(c) the cost of computing ii is bounded by CgF(NJ), where

Cg- or/(-1) is independent ofj.

Proof: (a) The proof is by induction on the index j of the space. Assume the result is true

for 1, 2, ... j-1. We now prove the result for .M. Define i Iluj-TilIl for j > 1.

After r iterations of the j-level scheme,

e _ < 1Ilu,-Ej-_tllI

< -'( I1u,-pjuIll + IIIpju-Ejp,_.uII +

111E,(pj-,u-u,-,)lll + jjjE,(u,_,-T,_j)jjj

_ 'y { K(2 + C[/ 2 + C-l/&qb)N'qi.

Choose -1 < (2 + C1/ 2 + C and I according to Theorem 1.9 or Theorem 1.10.

Hence,

< KN-16
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(b) This is a simple consequence of the triangle inequality:

1l1piu--ill < IIIpju-ujlfi +

<_ 2KN -.

(c) The cost of computing Til is bounded by

F(Nx) + r F(Ni) :5 CS F(N.) oar/(o-1) C9 F(N=).

2 
QED

It is worth pointing out that r is independent of j. This tells us that Algorithm 1.12 is

optimal order whenever 1 < p < a.

In conclusion, we have shown that solutions to problems like Problem 1.1 can be

approximated in finite-dimensional spaces using an optimal order procedure. In the next

section we verify that Hypotheses 1.3, 1.6, and 1.7 hold for particular discretizations of

several elliptic boundary-value problems.

S



2: Applications

2.1 Model Problems

In this section, we discuss the application of the algorithms of Section 1 to the

solution of large sparse linear systems which arise in connection with finite-element and

finite-difference procedures for solving self-adjoint elliptic boundary-value problems. We

show a few examples in which the algorithms and theorems of Section 1 apply. We will

see that these can be optimal order results.

Section 2.2 is concerned with a finite-element procedure. Our model problem is the

Neumann problem

V-(PVu) + Su f in f

(2.1)
u 0 on 6D,

where fl is a polygonal domain in R2. We assume that P E Cl(h), S E C(h), and that

there exist positive constants p, p, , and s such that

0 < p:_5 P(x) _ p and 0 <s S(x) < s, forallxEl. (2.2)

Most of our arguments apply to the Dirichlet problem

-(Pvu) + Su - f in f2

(2.3)
u -0 on lfl

with only minor modifications. We comment on the extensions as they arise.

In Section 2.3, we discuss finite-difference approximations to the model problems

-(Pux) 1 +Su fin 2 (0,1) (2.4)

u(0) - u(I) - 0

and

17

I1
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(Pu) 1 - (Pu Y)y + Su - f in 17 (,1)X(O,1) (2.5)

(7 LU - 0Oon M7.

We assume that f E L2(f2) and that P and S are constrained as before.

2.2 Finite-Elements

We seek a weak form solution of (2.1): find u E M(142) 4uch that

*a(u,v) =(f,v) for all v E MV(f), (2.8)

where

*a(u,v) f P~u-Vv + Suv dx and

(2.7)

(f,v) f fv dx.

Then there exists a unique weak solution u E k' 1 2f) for all f E L2 l (seCarlet [I1)

The spaces JV, for s a positive integer, will be the usual Sobolev spaces equipped with

norms

The spaces )r tar s positive and non-integral will be defined by interpolation (see

Agmon [1] or Lions and Magenes [231). For s negative, k' will be defined as the dual of

;1-. The bilinear form a(-,.) induces the energy norm 111U1112 = a(u, u).

A modest amount of elliptic regularity for the solution of (2.6) is required.

Hypothesis 2.1 (Regularity): We assume there exists a constant 0 < a < 1, such that for

6 all f E r-1 there exists a unique -solution u E W'I+* of (2.6) and

I1uI1l+' !5 C(PS'mfl)icfIIQ.
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For a complete discussion of what values of a correspond to specific domains fl, see

Kellog [22] and Babuska and Aziz [41.

We now consider a finite-element approximation of (2.8). Let T., j 1 1, be a nested

sequence of triangulations of £2. Take T I to be a fixed triangulation. For T E TI, denote

the diameter of T by hT, and let hT.dT denote the diameter of the inscribing circle for T.

Define

II m maxhT1., 60 - Mind T, andb 1 M minhT/hj.TETI - TET I  TETI

The constant 6o is a measure of the shape regularity of the triangles in T1 and 6, is a

measure of their uniformity. We construct Tj, j > 1, inductively: divide every T E Tj_ 1

into A2 congruent triangles, where p is independent of j. When A = 2, this means we

construct four triangles in T. by pairwise connecting the midpoints of the edges. Each

triangulation Ti will have shape regularity and uniformity constants b0 and 61 and will

have h. m maxhT == pl-Jh1.
TETj

With each triangulation T, we associate the N -dimensional space Mj of C°-piecewise

linear polynomials. Following (1.2), we know that

Ni+ 1 -- aNi (2.8)

where o r p2 asymptotically. Since the triangulations are nested, we have that Mj is a

subset of M,+,, j > 1. The spaces Mt satisfy the following standard approximation

property [8, 9, 21, 27]: if u E r, 1 < s < I+a, then there exists a uj E Mi such that

Ilu-ujllo + hjllu-ujll, < C(60,61,17) h! Ilull,. (2.9)

We briefly remark on the Dirichlet model problem (2.3). The definition of T j > 1,
remains the same. Let X~. be a subset of A1 and let it be the space of C-piecewise linear

polynomial associated with T, satisfying the Dirichlet boundary conditions. Then M, is a

subset of .jM+,, j > 1, as before. With this modification, the results of this section will

remain valid.

Using the notation of Section 1, we define for each space , j _ 1,
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a,(u,v) m a(u,v), f (v) - (f,v), and (u,v) - (uv) for all u,v E j,

C The interpolation and projection operators, E,, pi, and i. (see (1.3) and (1.4)), are the

natural projections and injections.

Associated with .M are eigenvalues ),i), eigenfunctions 01J), and a maximum
i

eigenvalue Ai of a(.,.) fulfilling the requirements of (1.0), where 1 < i < Nr. A simple

homogeneity argument shows that

AJ < C(P,S 0,6fl)h. 2  (2.10)

(see Strang and Fix [28]). For -2 < s < 2, we define discrete norms

II1v11I12 cF(XW), for v so c 4'P(211

where we have suppressed the j subscript on the norm. Note that 111vlll- IIIvlll and

II1vlll 0 is comparable to IlvlO. In fact, the proof of the following norm equivalence is

almost identical to Lemma 1 in Bank and Dupont [8]:

Lemma 2.2: There exists a constant C - C(P,SQ,60,61,O) such that for 0 < s < 1

C-4,lv l: 111Vl', < Clvfll.

In order to establish the convergence of Algorithms 1.4 and 1.12 for the finite-element

case, we must verify Hypotheses 1.3, 1.8, and 1.7. It is immediate that (the Energy Norm

Consistency) Hypothesis 1.3 holds. Using (2.10) and the fact that N. Ch 2 we can

verify that (the Maximum Eigenvalue) Hypothesis 1.8 holds.

A duality argument is used to verify (the Approximating Error Estimate) Hypothesis

1.7. When a is an integer, this is a standard result [11, 281.

Lemma 2.3: Let a be defined by the Regularity Hypothesis. Then

IIlq-elll1_,, < Cp*2*h2&JJle, llla+1.
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Proof: By Lemma 2.2 and duality,

~(p,q-e.)

=C sup (2.12)
pEM - ' tIIa.._

For p E NO-1, let qi E r+ 1 be defined by

q a(q,v) = (p,v) for all v E N'.

Taking v = q-e n gives us

(p,q-eo)- a(i,q-e)

a(,7-w,q-en), for any w E

By the Regularity Hypothesis and (2.9),

(p,q-e n) :_ Ch*_ s ji[ lllo+, lllq--enl[I

k 1101lahI I lll q-enlll-

Combining this with (2.12) yields

Il<q-e~lll..o < CIA& h* IIl-enill •  (2.13)

However,

[llq-enhII 2  aq-enq-en)

- _ a(q-en,en) (2.14)

<5 IIIq-e.jlll_olllejjjlll .

Substituting (2.13) into the right-hand side of (2.14) gives us

I4lq-e.lll _< ¢ p h* 111e,,l11,+,

I-k



22
which we substitute back into (2.13) to complete the proof.

QED

(
This proves that Algorithm 1.4 converges at the rates specified by Theorems 1.9 and

1.10 for the finite-element case of this section.

One of the advantages of finite-element methods is that the theory of Section I can

be applied using a variety of norms. As an example, we prove a special case of

Theorem 1.9 for the L2 norm. It is similar to the results of Nicolaides [25] for the 12 rm

and is the analogue of Corollary 1 of Bank and Dupont (6]. To get L2 results, we assume

q that the solution u has M2 regularity, i.e., a = 1. This assumption requires that 17 be

convex [17, 28].

Theorem 2.4: Assume the Regularity Hypothesis holds for a = 1. Let p > 1 be any

fixed integer. For any constant 0 < -y < 1 there exists a nonnegative integer 1, which

depends only on p and y, such that

Ilem+n+liIO < -jIe0iIo for all m+n > I.

Proof: The proof is by induction on the index k of the space. Assume the result is true

for 1. 2, ... , k-1. We now prove the result for Mk' From (1.13) it is immediate that

1le n,1l o  _< Ile 011. (2 .1 5 )

Using an argument similar to the proof of Lemma 1.8 shows that

1ef, 2 _ C.- 2hk ?2n+1)-'je 0oJ0 . (2.16)

Lemmas 2.2 and 2.3 with a = 1 yield

jlq-eflo !5 Cp.2 h2 lier2. (2.17)

The analogue of (1.17) is derived using the induction hypothesis and (2.15) - (2.17):
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Jlq-q.llo - Pllqllo

S -Y{1lq-enlHo + lleIlo}

< 1P{C ,2h Ie,12 + fleoll o)

<- "yP{C(2n+I)- 1 + 1}Ileollo

< C-tPleollo.

q Using an argument similar to (1.18) gives us

ilem+n+l10 < C{(2m+l)-'(2n+l) - ! + -79HIe 0II0

and Theorem 2.4 follows.

QED

When p = 1 we can prove the analogue to Theorem 1.10.

It is useful to associate with .Mj a symmetric, positive definite bilinear form b.(.,.),

which is comparable to the L2 inner product. We assume there exists a constant ,

independent of h., such that

0 < -1 (v,v) < b.(v,v) < 9(v,v) for all v E ,Mj, v 3 0. (2.18)

For b.(-,.), we define generalized eigenvalues Xi and eigenfunctions Vii, 1 < i < Nj, by

a(vZi) = ibj(v,Z)forallvE M i, 0 < r - 2 " -

bj(Zi.'k) 6ik, and a(i,jk) = V iik, 1 < k < N

It then follows taat

a Cvv) a v, v)

vE.m., O b.(vv) vE.Mv7O (v.V)

< CP.SJ2.60.61. )h 2
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For -2 < s < 2, define IIlvIIIS'b similarly to IIIvI112 (see (2.11)). Note that

Iiv1lli,b = 11lvill and IIIv1IIO,b is comparable to IlvilO. In fact, a norm equivalence similar

C to that in Lemma 2.2 can be proved with 111vlll,,b substituted for II1vlls.

The smoothing iteration (1.7),

(zi-Zi-1v)k = h kl [fk(v) - ak(zi-,v)], for all v E Mtk ,

requires the solution of a linear system involving the mass matrix at every step. In

practice this is too expensive. We can replace (1.7) with the smoothing iteration

q bk(zi-z-l,V) = 2- 1k' 1(f,v) - a(zi_l,v)], for all v E .Mk. (2.19)

There are numerous choices for b.(-,.), j I 1. When the standard nodal basis is used,

(2.18) is satisfied by b.(.,.) corresponding to the diagonal of the mass matrix. This allows

smoothing by an under-relaxed Jacobi scheme.

The convergence of the k-level scheme (Algorithm 1.4) is summarized by the

following result. Its proof is almost identical to the ones for Theorems 1.9 and 2.4.C

Theorem 2.5: Assume the Regularity Hypothesis holds. Define the k-level scheme

(Algorithm 1.4) using (2.19) instead of (1.7). Let I1"11 denote either the energy or L2 norm

(and be fixed). Let p > I be any fixed integer. For any constant 0 < " < 1 there exists

a nonnegative integer I, which depends only on p and 'y, such that

Ilem+n+lII < 3'1e1I1 for all m+n > I.

We can extend this theorem to cover the case of p = I analagously to Theorem 1.10.

We conclude this section by noting that for the finite-element method of this section,

4I Algorithm 1.12 converges at the rate specified by Theorem 1.13 for either the energy or

L2 norm. Let I1"11 denote either of these norms. Then Theorem 1.13 can be rewritten as

follows:

I
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Theorem 2.8: Assume the Regularity Hypothesis holds. Let r > 1 be any fixed integer.

Suppose

(i) Ilu-ujl < Kh , j > 1, and

, (ii) 1jl- Tll < Khq.

Then for any integer p _ 1, there exists a nonnegative integer I such that for j > 1,

Ilu,-Tj!l < Kh! for all m+n > I.

Moreover,

1Ju- <

O and the cost of computing T, is bounded by CF(N,), where

CO = o-r/(a-1) is independent of j and a is defined by (2.8).

It is worth pointing out that r is independent of j. This implies that Algorithm 1.12 is

optimal order when 1 < p < o,.

2.3 Finite-Differences

As in Section 2.2, we seek weak form solutions to both (2.4) and (2.5). We prove that

the theorems and analysis of Section 1 apply to a particular discretization of (2.4) and

(2.5). Most of this section consists of an analysis of a constant coefficient problem. In

Section 2.3.3, we explain how to extend the analysis to the variable coefficient self-adjoint

problems (2.4) and (2.5).

* 2.3.1 One-Dimensional Definitions

Let k > 1 and No > 0 be fixed integers. We define N. m 2Ni_ 1 + 1,j 1.

Following (1.2), we know that 7 = 2. We define k uniform grids j2, 1 < j _5 k, by

hk - (Nk + 1)- , hj = 2k-Jhk, and j - {ihjl1 _i.Nj}.

For the moment, we assume that P =1 and S = 0 in (2.4). The general case will be
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analyzed at the end of the section. We discretize (2.4) by approximating the second

derivatives by central differences to obtain a system of linear equations

(Akuk = hkfk, (2.20)

where uk and fk approximate the solution u and the right-hand side f on d'k. The

Nk x Nk matrix Ak is given by

2 -1
-1 2 -1

-1 2 -1

A k 0 h (2.21)

-1 2 -1
-1 2 -1

-1 2

(see Varga [30]). Factoring and solving this algebraic system directly requires only 5 Nk

multiplications and 3 Nk additions [16]. We will show that the multi-grid algorithms of

Section I require O(NklogNk) operations to solve this problem to accuracy comparable to

the discretization error, i.e., O(Nk3.

We associate a solution space JM, 1 < j < k, with each grid. Let N - Nk. Then

Mk - (vYvERN) and

5k-I {v v E Mk and (2.22)

v = < 0, vII 0, v2, 0, ..., 0, VNk_1, 0 >

The spaces Mk-2, ... I 1 are defined recursively.

We define piecewi.e-linear interpolation operators between adjacent solution spaces

E2 : 1i Ii and R: M - j I

by means of the matrices

. -
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0 .5 0 0
0 1
0 .5 0 .5 0 0

0 0 .5 0 .5 0 0

11

E2  0 0 .5 0 .5 0 0(2.23)

0 0 .5 0 .5 0
1 0

0 0 .5 0

qT
and R - ET.

Problems on coarser grids are defined using the interpolation matrices. Linear

systems on coarser grids, A., 1 < j < k, are defined recursively:

A = ETA E,,

T
Akj I 2 -- j+( 22.

w Let r E RN be a right-hand side for level k. Then the (k-1)-evL problem is defined by

Ak- q E r fk-1 , q E 'Mk-l (2.24)

Half the rows and columns of Aki are zero. We can re-order the matrix so that the

nonzero rows and columns are the first Nkl rows and columns. Then Ak_ 1 has a

submatrix whose form is identical to Ak. The re-ordered solution space Mk-i has the

form

v E JMkVI= - <v , v2  VNk I

The (k-i)-level problems are defined similarly.

Before the theory of Section 1 can be applied, we must complete the definitions

required for the triples used by Problems 1.1 and 1.2. For j ! 1, a bilinear form aj(.,.), a

linear functional f (v), and an inner product ( are defined by

a.(u,v) - uT A v, (V) so h I Tv, for all u,v E Mj, and

(2.25)
(u~vli ,- h3 uT v.
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The bilinear form a,(-,.) induces the energy norm Illu1112  - a,(uu) for all u E M.

Associated with each a are N m N. nonzero eigenvalues X) and eigenvectors OP)

satisfying (1.8). Let A. be the largest eigenvalue. For -2 < s < 2, discrete norms are

defined by

WIvlll2  -=-2(\J)) for v - 0 i 4), (2.28)

where we have suppressed the j subscript on the norm. Note that IIvIllI = IiJvill is the

usual energy norm on level j. Hereafter, we drop the superscripts from the eigenvaluesI
and eigenvectors.

2.3.2 Two-Dimensional Definitions

Let k > 1 and F0 > 0 be fixed integers. We define N - 2N_ + 1, j > 1. We

define k uniform grids i2 , 1 < j _ k, as products of the one-dimensional domains (j:

hk = (N k + 1)
- ', hi = 2k-Jhk, and 2 m .y 0 0f.

Each grid "f2 covers the interior of f? with N. - N&2 points. Following (1.2), we know that

0r= 4.

For the moment, we assume that P m 1 and S m 0 in (2.5). The general case will be

analyzed in Section 2.3.3. We discretize (2.5) by central differences to obtain a system of

linear equations

BkU = hk' (2.27)

where uk and rk approximate the solution u and the right-hand side f on f . The N. x N.

matrix Bk is given by

Bk hk Ak lN + 'NO Ak,

where IN is the NkxNk identity matrix and Ak is defined in (2.21).

4 We define solution spaces MP 1 j < k, as the tensor-product of the one-

dimensional solution spaces defined in (2.22). Following the techniques of Sectioa 2.3.1,

we define piecewise-bilinear interpolation operators between adjacent solution spaces

4
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Eb - E2  E2: Mj -- M.j .

C Problems on coarser grids are defined using the interpolation matrices. Linear

systems on coarser grids, B , 1 < j < k, are defined recursively:

B k ETB Ek b k-j+I V

Let N m Nk and r E RN®RN be a right-hand side for level k. Then the (k-l)-level

problem is defined by

q Bkl q EbT r  k-' qE M (2.28)

Similar to the one-dimensional case, we define

4 a. jU'Va(u,v) -= T v, Qv) h 2fTv, for all u,v E j, and

(u,v) w h? uT v.

The bilinear form a.(.,.) induces the energy norm 111ul11 2  = a.(u,u) for all u E -M.

Associated with each a.(.) are N. nonzero eigenvalues X,,, and eigenvectors 0 satisfying

(1.6). Let A. be the largest eigenvalue. For -2 < s _ s, discrete norms 111vj1ll are

defined similarly to (2.26).

2.3.3 Convergence

In order to establish the convergence of Algorithms 1.4 and 1.12 for the finite-

difference cases of this chapter, we must verify Hypotheses 1.3, 1.6, and 1.7. In this

section, E will refer to either E2 or Eb. We begin by showing that (the Energy Norm

Consistency) Hypothesis 1.3 holds. It is derived using the definition of the linear systems

Aj_ 1 and B j_ 1, J > 1.

Lemma 2.7: Let j > 1 be an integer. Then

a,(EvEw) = ai_,(v,w), for all v,w E Mj-r

That (the Maximum Eigenvalue) Hypothesis 1.6 holds is a simple consequence of the



30
explicit formula for the eigenvalues of A. and B) I.

J J 1

Lemma 2.8: Aj < 4dhj ,where d is the dimension of the problem.

The proof that Hypothesis 1.7 holds is a simplified version of the proof of Lemma

2.3 with a = 1. It requires Lemma 2.9.

Lemma 2.9: Let k > 1 be an integer and d the dimension of the probelm. Let

C(s,1) = 4(s- 1)/2 and C(s,2) - 8s/2. For s = 0, 1, or 2 and u E Mk'

min IIlu-EvIl, < C(s,d) h2- jIlujl2. (2.29)
vEJMk 1

The proof is contained in Douglas [13]. This proves that Algorithm 1.4 converges at the

rates specified by Theorems 1.9 and 1.10 for the finite-difference cases of this section. As

a consequence of Lemma 2.9 we can estimate the constant C4 in (1.18), which governs the

number of smoothing steps required in Algorithm 1.4. For the one-dimensional problem

(2.4), C4 = 4 and for the two-dimensional problem (2.4), C4 - 16-21/2.

Before we can show that the j-level scheme (Algorithm 1.12) holds, we need to define

projection and injection operators between the spaces H and M, 1 < j _ k (see (1.3)):

pi: H 7--- JM as evaluation of u E H at the grid points of j2 and

i . .:Mj -> H as piecewise-linear interpolation.

These operators have properties which are worth pointing out, namely,

pji. = Identity on j and i Epjl - ij_1 pj_1 on

We can verify that the assumptions of Theorem 1.13 hold using these properties and

simple known facts abou the model problems. Details are contained in Douglas [13].

This shows that Algorithm 1.12 converges at the rate specified in Theorem 1.13.

We conclude this section by considering (2.4) and (2.5) when they are no longer

restricted to P am 1 and S = 0. We discretize (2.4) and (2.5) by central differences to get

Nk x Nk linear system of equations. As before, we define coarse grid approximations of0°
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the problems using the interpolation matrices. We define inner products £.(u,v) using the

j
linear systems of equations. Energy norms are defined by IIIu11112 M £(u,v). The discrete

norms I11jujiml., 0 < u < 2 and u E Mj, are defined as usual. We prove the following

theorem in Douglas 113]:

Theorem Q.: Let j 2! 1 be a fixed integer and d the dimension of the problem. Then

the following holds:

(a) the linear systems are symmetric and have Nj positive eigenvalues which are bounded

by Chj-,where C is independent of j.

(b) For B - 0, 1, or 2, there exist positive constants C1,, and C2,. such that

c 1,,lllu II _< I5IIuiiil B _1 C2,,,IlluIlII for all u E ,j.

(c) IIIIE q-en/III 0 < K(d) C2 , h2 I1lflJe,,1 2, where K(I) 1 and K(2) - 8/2.

Theorems 1.9, 1.10, and 1.13 can be rewritten using the 11II1111 norm instead of the II1"I1
norm. This proves that the variable coefficient Dirichlet problems (2.4) and (2.5) can be

solved using the theory of Chapter I in O(Nk) operations.
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