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Chien Kuo Chiang
Department of Electrical Engineering
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ABSTRACT

’\The problem of designing memoryless sequené¢tial detection systems
for constant signals in m-dependent noise processes is considered.
r' Partiﬁular attention is giveﬁ to the groblem of antipodal signaling
- in an additive noise channel. Appl&ing the criterion of minimum average
sample size, the asymptotically optimal detector is shown to Be character-
f‘ - ized by the solution to a Fredholm integral equation. A paradox arising
- from the application of standard asymptotic analysis to this detection
system is also considered. In addition, a numerical method and resulting

solution to the integral equation for the Gaussian case is also given.




f-fr_v_‘,-_v ______ i S o i e M e San OILGIIAME Rt A 2t Al T Y T T T T T T A

3 ! ACKNOWLEDGEMENTS

1 The author wishes to express his sincere gratitude and appreciation
to Professor H. V. Poor for his constant guidance, encouragement, and

# ¥ advice throughout the course of this work. Thanks are also given to

) Mrs. Phyllis Young for her excellent typing.

[

b

}




AL A A acin o SIS RS ing

Table of Contents

Chapter

Page

1. MRODUCTION @ S 8605060000080 0080600 0 CCEI000000 0000000 CISISICEECEOOOROEOROOECEES l

l.1 The Sequential Probability Ratio Test (SPRT) ceeceecccccecss 2
1.2 Operating Characteristic and Expected Sample Size

FUNCEION cceevcnocsncecnssscasasscvcssencccacsconcnsnceassnce &
1.3 Comparison between FSS and SPRT .cvccvevencescecaasscessocses D

2. MEMORYLESS SEQUENTIAL DETECTION SYSTEM cceceececcccccscenaasananse 7

NN

.1 Problem Definition and Detector SLIUCLUre e.ccceccceeessones 7
.2 Asymptotic Property of T8 sriesestvosasccesecccnansesasansaas 9
3 Criterion .....cieecececacecesasssscoscocssssccsocssenssacnae 12
4 A Necessary and Sufficient Condition .....ceceveccsceeosececes 18

3. COMPARISON BETWEEN TANH(L—OZEL) AND LOG L evevneovevenansnnnnnen. s 24

3.1 The Optimum Nonlinearity TANH((LOSL)/2) ccevctcrcenccocsvess 24
3.2 Numerical Results and EXamples ..cevessccsccccescsocacnccees 29

4- MRICALRESULTS ......co.......'.o..'o'-..QQO.t...o.l.a.......o.44

4.1 General Procedure .....ceeesecececnnsans
4.2 Example -~ GausSsSian NOLS@ eeevrccerrsscccssocoscncoccneneones &7

5. CONCLUSIONS ® 00600 200000 P00 EENN SR ELETTOELOENEE0C0000COOIEIOIELIAIEOIEPBTRISTIETRS Sl

APPENDLX € 0@ 0020000000000 00000 RsC0LOLLILLIAEBSISETOTTS

REFERENCES ® % 00000 FP B OLREI LI ENEGNsBBEPCOGIGORIRTOTOLDS

@00 e0 0 e 0 s 00 s g0 53

LRI I I I B R Y S I N I A Y 44

P 4




CHAPTER 1
INTRODUCTION

The field of sequential detection theory was established in the
mid 1940's. The early development of this field was based on the work
of researchers motivated by wartime needs, such as radar systems.

In more recent years, research on sequential detection theory has
been concerned with truncation effects, rank test (P. K. Sen and M. Ghosh
1974, and M. R. Reynolds, Jr. 1975), and mathematical modeling. In the
large majority of work in this area the assumption of independent,

b, - identically distributed (i.i.d.) observation is used. In this thesis we
will concentrate on designing optimum sequential detection procedures

for a non-i.i.d. observation model, while retaining the recursive nature

of tests designed for i.i.d. models. Because the sample size is not
fixed and the samples are not i.i.d., large memory lengths are often
required by the detector. Our recursive detector only requires finite
memory length so that it is particularly well suited for this purpose.
In Chapter 2, we derive a necessary condition for the optimum
recursive detector structure in terms of an integral equation for a
nonlinearity characterizing this optimum. A paradox arises in this
development and is examined in Chapter 3. Finally a numerical

solution of the integral equation is given in Chapter 4.




1.1 The Sequential Probability Ratio Test

Sequential analysis is a method of statistical inference whose
characteristic feature is that the number of observations required by the
procedure is not determined in advance of the experiment. The decision
whether or not to terminate the experiment is made at each stage depending
on the results of the observations made up to that point.

The major difference between sequential procedures and conventional
fixed sample size (FSS) testing is that the sample size is not fixed in
advance. In the conventional fixed sample size (FSS) testing of a simple
hypothesis H, against a simple altermative H

0 1’
given by Neyman-Pearson lemma (Van Trees, 1968 page 34).

the most powerful test is

H
1
fH (xl,...,xn)

1 >
T (1.1)
fH (xl,...,xn)~ ;

0

0

where fuo(xl,...,xn) and le(xl,...,xn) are the joint densities of the
random variables xl,...,xn under HO and Hl’ respectively and where

xl,...,xn denotes an observation of Xl,...,Xn. The sample size n and
threshold T are determined by the level of significance desired. 1If the
sample size does not have to be fixed, then a sequential probability ratio
test (SPRT) can be defined (A. Wald, 1947) by testing the probability ratio
against two thresholds A and B, i.e., we continue sampling as long as

le(xl,...,xn)

A<
fHO(xl,...,xn)

< B (1.2)




-

where 0 < A< B < ®» and stop when (1.2) is violated. The hypothesis H, is

0
accepted if the ratio is less than or equal to A, and the hypothesis Hl is

..T_‘”
-

accepted if the ratio is greater than or equal to B; and the thresholds A

LS 5 AN 4

h ' and B are chosen to give desired error probabilities. The sample size

+ needed to reach a decision is a random variable defined as

]
{ fH (xl,...,x )

p- - 1 n
i N = min {n: € (A,B) . (1.3)
fH (xl,...,xn)
0
Under general conditions P{N < =} =1. By using Wald's approximation

(which assumes the actual stopping position is at one of the thresholds

..vv~w,
' !

A and B), it can be shown that (A. Wald, 1947, p. 4l1) we may choose

\ B AN
g.
Q {w

and (1.4)
' =~ 18
ﬁ A=14a
where B is the desired power and « is the desired size of the test. Thus,

via (1.4) one can choose A and B to give desirable probabilities of error.

We may also want the error probabilities in terms of boundaries; i.e.,

NI AN GBS o At i a3

1-a
1-B

g = B(1-8)

B-A

(1.5)

It is important to note that these approximations to the error probabilities
' of a given SPRT(A,B) are independent of the distributions of the data under

H., and H,.

0 1
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1.2 OQperating Characteristics and Expected Sample Size Functions

Throughout this section we consider only the independent sampling case.
Also, it is assumed that the samples x, are identically distributed with

distribution known except for the values of a finite number of parameters

8 ,...,ek. We use the letter 6 without subscript to denote the set of all k

1

paramecers 91,...,9 Since the distribution of each x

k* i
parameter pcint ©, theAprobability of accepting Ho will be a function of 6.

.1s determined by the

This function is denoted by L(8) and is called the operating characteristic
(0C) function.

Now, we consider the sequential probability ratio test for testing a
simple hypothesis Ho against a simple alternative Hl' Let £(x,8) denote
the common probability density function of random variables x; . Consider

the following hypothesis test:

Ho: X ~ f(x,eo) all i

vs (1.5)
Hl: X, -£(x,91) all i .

Consider the expression
h
[f(x,el)] ®)

— . (1.6)
£(x.8,) |

For each value 8, a value of H(8) can be determined such that the

expectation of (1.6) is equal to 1, i.e.,

- [f(x,el) ]h(e)

£(x,8)dx = 1 1.7
f(x,eo) J




Neglecting the excess of likelihood ratio over the boundaries A and B at
the terminaticn of the process, and with Eq. (1.7), an approximated OC

function can be shown, to be (Wald, 1947, p. 48),

3"®) .
LG) =~ (1.8)
Log B h(8) = 0

Log A + Log B’

and the expected sample size can be shown to be

L(6)Log A + [1-L(8)]Llog B
Ey @) » Eg(2) # 0
EB(N) z< - (1.9
Log A gog B , Ee(z) = Q
Eq ()

\

£(x,8.))
where Z = 4in —Lti and E,(+) denotes expectation with respect to the
f(x,GO)J ]

density £(x,8).

1.3 Comparison Between FSS and SPRT

The advantages of SPRT over the FSS are that the thresholds A and B
are easier to choose than are T and N. For controlling both probabilities of

error under Ho and Hl’ and that the expected sample sizes, EH (N) and
o]

EH (N), under HO and Hl’ are smaller than the sample size N needed for
1

the same probability of error with FSS test.
There are some drawbacks to the SPRT, one of which is that a more
complicated implementation scheme is needed. However, this disadvantage

can be compensated for by saving in Ey (N) and Ey (N) (A, wald, 1947, p. 5
"1 0




gives an example on saving in average sample size of an SPRT compared to
the best FSS test of about fifty percent). Even though the SPRT has been
shown to terminate with probability one, occasionally a test can go on for
a long time before it stops. This excessive test length is usually solved
by truncation (see S. Tantartana, 1977). If the test is truncated at a
reasonably large sample, then its properties are essentially unaffected

by the truncation. One other drawback of the SPRT is that ES(N) can be
very large for some values of parameter €. Under small probabilities of
errors, this situation can become worse. Several schemes can reduce Ee(N);
such as truncating the test, modification of the thresholds A and B

(T. W. Anderson, 1960), the minimax scheme (T. L. Lai, 1973), and the

generalized SPRT (J. Kieffer and L. Weiss, 1957).
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CHAPTER 2
MEMORYLESS SEQUENTIAL DETECTION SYSTEM
The memoryless detector for a comstant signal in m-dependent noise
under the conventional fixed sample size have been studied previously by
H. V. Poor and J. Thomas, (1979). It is shown that, for the case of
large samples, an optimum nonlinearity can be obtained by solving the
Fredhold integral equation of the second kind, and its driving function
is an optimum solution for the independent case. In this chapter, we
extend the work of Poor and Thomas to the design of a sequential
memoryless detector by using average sample size as the performance
measure.

2.1 Problem Definition and Detector Structure

In this section, the problem of designing memoryless sequential
detection systems for a constant signal in m-dependent noise processes
is considered. A stationary random sequence {N}:al is said to be
m~-dependent if {Ni}ial and {Ni}:=§ are statistically independent for
€ 246 2 1 satisfying £€-§ > m, which is a nonnegative integer. An
m~dependent sequence is obtained, for example, by sampling Caussian
processes whose autocorrelation functions have finite support or the
output sequences from finite-impulse-response filter with white inputs,
In general, the construction of detectors based on m-dependent noise
require a finite memory length. In some cases, it may require unreasonab
large lengths of memory if m is large. In this section, we consider the

procedures which give the best performance among all memoryless schemes.

PP T G B NIRRT —————
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To study this problem, we consider detecting a known constant signal

in an additive m-dependent noise process. We have a sequence {xi}:-l 2 x

of observation of a process [xi}gal Z X and we wish to test the antipodal
hypothesis,
HO: Xi = Ni -8 i=1,...,n
versus (2.1)
Hl: Xi = Ni + S i=1,...,n
whére [Ni}:=1 is a zero-mean stationary m-~-dependent noise sequence and S

is a known positive constant. We will assume that £, the common univariate
density of the noise sequence, is symmetric and strictly positive on the
entire real line.
We wish to consider only the memoryless implementation of detection

systems for (2.1). A sequential memoryless detector can be represented
in the following stopping rule.

0; 1if AL Tg(x) <3B

0(g;x) = (2.2)

1 ; otherwise

where

n
‘2 8(x;) (2.3)

T (x) =
g i=1

Here A and B are the boundaries satisfying 0 < A < B < =», and g(°*) is a
memoryless nonlinearity. The test of Tq. (2.2) and Eq. (2.3) continues
sampling as long as Tg(x) stays strictly between A and B, and if Tg(x) < A,
nypothesis HO is accepted, whereas if Tg(x) 2 B, hypothesis Hl is accepted.

The boundaries A and B are chosen to give desired error probability
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performance, and ®(g,x) is the probability with which we stop. The

diagram of the detector structure is shown in Fig. 1, which shows the

samples {xi}z_l are passed through a nonlinearity g, summed, and then

compared to the thresholds.

2.2 Asymptotic Property of E&

In order to analyze the performance of the detection system described '

in (2.2), it is necessary to know the asymptotic distribution of the test

statisctics Tg(x). We may apply a central limit theorem, and under some

wild conditions Tg(x) converges to normality under both H

In

particular, we may establish the convergence of the test statistics to a

Brownian motion by applying the following theorem of (Billingsley, 1968, p.

174).

Theorem 2.1. (Billingsle 1968) . Let Y.,Y .., be a p-mixing sequence

1! 2!'
5

of random variables with & @,

n
and assume g is a measurable function satisfying

E{g(Yl)} =0 and E[gZ(Yl)} <=

Define
n
S = Z g(¥.)»)
n i=1 i
and

2 .2 s
o, = Elg" (¥} + zjilﬁig(Yl)g(Yjﬂ)}
Then, 1if Gg > 0, the sum
S nt
0_(e) = B8

g

< @, where &pn} are the mixing coefficients,

(2.4)

(2.5)
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converges as n — ® to a standard Brownian hotion with zero mean and
variance t in [0,1].

Recall that the definition of a ¢-mixing process is given by:
Definition 2.1. Let ...,Y_l,Yo,Yl,... be a strictly stationary sequence
of random variables defined on a probability space {1,¥,P). For a<phb, _ _.

denote 77(2 as the o-field generated by the random variables Ya""’Yb
(likewise 7/(; is the o-field generated by ""Ya-l’Ya)" Then for a
nonnegative function ¢ of positive integers, we say that the sequence

{t_} is p-mixing 1f, for each k(-® < k < ®) and for each n(n 2 1),

k @
Ey € M_, and E, € mk+n together imply

|1>(E1 NE,) - P(El)P(Ez)l < (n)P(E,) @
with
lim ¢(n) = 0.

n-o

We can see that if ¢(n) is small, then E2 is virtually independent of
El (weakly dependent). Since an m~dependent sequence (p(n) = 0, for
n > m) is also a @-mixing sequence, the above theorem automatically holds
for an m-dependent sequence. We now restrict the system (2.2) by

considering only those detectors based on nonlinearities which satisfy

the following mild conditions:

Ele(x)} = 0 (2.7a)
Vare[g(Xl)} <= (2.7b)
|Eglax | < = (2.7¢)

and

2 ¢ - 8
35(8) = Varglg(x} + Zjil Covig(x)),g(X;, P} >0 3 8=0,1
T7¢€89 (2.7d)
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where the subscript 8 denotes expressions computed under H., when O = 1,

1
under Ho when 6 = 0. Under the above conditions, we have from theorem

(2.1), that
(T -EglT ()1
Ja

is asymptotically normally distributed with mean zero and variance cg(g).

(2.8)

In other words, Tg(x) is statistically equivalent to ile., when Yi
are independent identically distributed with means ue(g), and variances
cg(g). The importance of setting Tg to be a collection of independent
observations is that it allows us to study performance (which
is the average sample size) under the method of Wald's Fundamental

Identity in the following section.

2.3 The Criterion

As we noted in the previous sections, the sequential probability ratio
test (SPRT) minimizes average sample size, under hypothesis and alternative.
The criterion for our design is the average sample size which already has
been approximated by Wald.

In order to proceed with the analysis of the criterion, it is necessary
to know the Fundamental Identity of Sequential Analysis (see Ferguson, 1967,

p. 373) which stated as follows:

Theorem 2.2. Let Zl,Zz,... be independent, identically distributed,

finite-valued random variable. Define

S = Z 2, (.9)

and assume
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p{z, =0} #1, p{jz|<=}=1

then

E{exp(:sN)M(:)‘N} =1 (2.10)

for all t for which M(t) is finite. Here M(t) denotes the moment

generating function of the common distribution of Zi’ i.e.,
M(t) = E{exp(tz)}, (2.11)

and N is defined in Eq. (1.3).
The advantage of using the Fundamental Identity is that we may use
Wald's approximation of error probabilities and expected sample size under

an arbitrary distribution of the independent identically distributed

sequence.

Note that if we can find a nonzero real number to for which M(to) =1,

then the Fundamental Identity implies

E{exp(cosN)] =1 (2.12)

We may then use (2.12) to approximate the error probabilities by

ignoring the excess over the boundaries; that is, (see Ferguson, 1967)
exp(:oa)P{sN < a} + exp(cob)p{sN z2p}=1 (2.13)

where a = log A, b = log B from which we may solve for P{SN 2 b} and
pls, =< a} by substituting P{sy 2 b} = 1 - P{s < a}. We obrain
\ I\

1 - exp(:oa)

P{SN z b} = exp(tob) - exp(toa) (2.14)

et i - Juinit. Sni iems piaan Jranaecits e =Rt inie e MR RO
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and

exp(tob) -1
exp(tob) - exp(toa)

P{sN < a} = (2.15)

Now the approximations for the expected sample size function can be
obtained by using Eq. (2.14) and Eq. (2.15) and the following theorem.

Theorem 2.3. (Ferguson, 1967). Assume that P{Zi =0} # 1, P{Izil <=} =1,

and that M(t) exist in a neighborhood of the origin. Then

(a) ESN = WEN (2.16)

() E(Sy - M)2 = o%EN 2.17)

where u = EZi and 02 = Var Zi.

Then the approximated sample size function is as follows:

For ug # 0, then

1 ~ L ‘
Eq(N) = o E{SN} = {aP{SN < al + bP[sN 2 b}l

alexp(t.b) - 1} + b{l - exp(t.a)}

=L Q 9 (2.18)
Mg {éxp(tob) - exp(toa)I
For Mg = 0, then

E,(N) = = E(s2} = — {a"p{s_ < a} + bp{s = b}} = 222 (2.19)

% g : %%

for all 6 € ®, and where 02

8 and Wy are the variances and expectations of

Z. under H, and H.,.
1 0 -




Applyiag the above to our case (Eq. (2.3)), where we represent

S b
T(x)= Z Y =T
g {=1 b n
with the Yi Gaussian. The moment generating function of Yi is given by
2 t2 |
M(t) = exple u(g) +0%(s) 5l : (2.20) .

where p(¢) and 02(') are the expectation and variance with respect to
density function of X. For a non-trivial solution (t # 0) of M(t) = 1,
we get
2 "g '
explepu(g) +0°(8) 31 =1 , t;40
g o= - & (2.21)
0 2
o (8
Substituting Eq. (2.21) into Eqs. (2.14) and (2.15) we obtain:

1 - exp{- Aa%g&}

p{T = b} = — g (2) (2.22)
o exp{- Z—gﬂ& }- exp{-z—a‘%£El }
o (g) a (g)
and
expl- 280} .y
P{T < a} = g (=) (2.23)
n col- 2@} _ or. B

g (g) g (g)

Since P{TN 2 b} =P{ Choose Hl} and P{IN < a} = P{Choose Hl}’ we can find

approximate error probabilities from (2.22) and (2.23); that is,




SRR e P R R *]
¢
| @
16
=3i 2au, (g)
2 1 - exp{ - —
3 - o, (8) -
i - 2bu, (2) 2a6 (3 (2.24)
expl- —— } - exp{- —5/— 1
I : :
D, 01(3) g,(g)
E 2ap,(g)
t 1l- exp[- 20 ]
T,(8)
o == ZbQO(g) 2“‘0(3) (2.25)
expl- —5— 1 - exp{- —2—
Ty(8) 9,(8)

In view of the i.i.d. optimal detection structure, we may assume that g
is an odd-symmetric function about zero. We also assume that the second-

order noise density is symmetric. Then we have the following properties:

bo(8) = | s()f(x-s)dx = [ glxts)f(x)dx
= -j‘ g(-x-3)f(~-x)dx
o

- [ g f(xt+s)ax

= -1, (8) (2.26)

and
- -] -}

f Sz(x)f(x"s)dx =J" gz(x+s)f(x)dx

= [ (-g(ex-s) E(-x)dx

-

= [ g0 Exts)dx (2.27)

-0
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and furthermore, we would like to show ci(g)=-c§(g). From Eq. (2.7d) we have

m
a5(®) = Var(s) + 2 T Covy(8(8,),8(ky,)) (2.28)
2 m
9;(8) = Var,(g) + 2j§10°"1(3(x1)’3(xj+1)) (2.29)
where
Varg (8) = E4(s”) - EX(g) (2.30)

substituting Eqs. (2.26) and (2.27) into Eq. (2.30), we find

Varo(g) = Varl(g).

Now the problem is equivalent to showing

= Covole(Xy,8(X, 1)) =

Cov,(2(X)),8(X, 1))-
j=1 j 1 1 j+1

m m
=1

After some analysis we obtain

S 8(x;,p) fwl,N

-0 =D

+
(xl s,xj+1+s)dx1dxj+l

j+l
-] @«

=0T expele gy

-gS =d

(x,-s,x,, ,~-s)dx dx,. (2.31)
1’Nj+1 1 j+l 177j+1

2 2
Using the properties of g (that is co(g):=cl(g) and -pl(g)==p0(g)),
substituting them in Eq. (2.18), we eliminate the boundaries a and b;

and conditioning on HO and Hl’ we obtain the following expressions:
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2 2
as(g) c,(g)
E|Hy) = [-As(hg(%%))(l-a) - 30108 ] =K, (232

w2 (8) I e
where KO = %(l-a)log(%f%) + &alog(%§
and
2 2
g (g) o.(g)
=~ 1 1-8 g 1
E(N|H,) = [%(1-3)108( ) + ¥ log( )] = K (2.33)
1 ui(s) 1= @ ui(g) 1

where K, = %(1-9)1030%55) + %BlOSé%)-

We would like to find the optimum nonlinearity g to minimize average

sample size under both Ho and Hl. Assuming g satisfies the constraints

defined in previous sections, we see that to minimize E(N‘He)

ué(s)
is equivalent to maximizing = | » so we may define the performance
criterion as follows: cG(g)
S(g) = ggffz—-z Yye6ece@ (2.34
8 <06(8)> ’ +34)

Since cg(g) = c%(g) and -ul(g) = uo(g), to minimize E(NlHe) for both 8 =0
and 8 =1 is equivalent to maximizing the criterion S(g) for 6 = 0 or 1.

Now a question arises, since the asymtotig approximation of test
statistics is used, how accurately can we determine the nonlinearity g?
This problem is carefully examined in detail in Chapter 3.

2.4. A Necessary and Sufficient Condition

As we defined in section 2.3, the criterion we used is

" o
(,8fy)"

S(g) = {~—5—2—} , 8=0,L.
95(8)
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where 0:(') is the variance as we defined in (2.7d), and £, is the

g
univariate observation density under HO and Hl.
We can see from Eq. (2.34) that the optimum choice of gg will be that

g which maximizes the criterion S(g), i.e.,
max
gg = argl_¢ 5 s(@)] (2.35)

where & is the class of g which satisfying the restriction and the
assumption we defined in previous sections.

We note that S(g) is invariant to scaling (i.e., S(g) = S(xg) for
a # 0) so that maximizing S(g) is equivalent to maximizing Qfgfe)z under
the constraint that cé(g) is equal to a constant. Then Eg. (2.35) is

equivalent to

max
g9 arg{g c g H(®] (2.36)
where
. 2
H(g) = [y + Aog(g)
and A is a Lagrange multiplier. '
Defining

Jg(E) = H(g + €dg) 2.37)

where §g is an arbitrary variation in g, we have a necessary condition

for g to solve,

Jg (0) = 0, for arbitrary dg . (2.38)
0

We consider Eq. (2.36) urder Hl (which i{s equivalent to the case

under HO) i.e.,
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8 = arel "2 ([t (x-s)ax + Mol (9)]]
consider
H(g) = [gf(x-s)dx + M97(g) (2.39)
We write it in explicit form,
H(g) = f g(x)E(x-s)dx + A {f g (x)f(x-s)dx + 2 Z r f g(xl)g(x +1)
- L] J =1 -& -
Ydx_d 2m+1 3 d 2] 2.40
le,Nj+1(xl-s,xj+1 s) x1 %y 4q- (2m )q.ag(x)f(x-s) )" (2.40)

We now use the symmetry properties of g and £, rewrite it in the following

form

] @ r @ @

H(g) = I g(x)f(x-s)dx-f g(x)f(x+s)d£ + A if gz(x)f(x-s)dx + I gz(x)f(x+s)dx
0 0 L0 0

f J LBEDEG Dy +1(x1's’xj+1's)dfldxj+1' Io fog(xl)

+ 2

t18
[y

J’=

85 By N +1(‘1 Xjppteddxydx - f [ B8y 1

GQ
(x,+s,x,. .=s)dx. dx, , + I g(x.)g(x. ): (x,+s,x,
17%%5+1 L R S Lo T P A

s)

+1

= 2

g(x)f(x+s)dx> ] (2.41)

dxldxj+l - (2m+l) (fog(x)f(x-s)dx— f

0
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then substitute g = g + €dg in Eq. (2.4l) and take derivative with

J3

respect to £. We obtain,

2MH(o = 15 . ,.O
'H(f:: €g) _ f Sgi(x-s)dx - | Sgf(x+s)dx + X . 2] (g + e3g)dgf(x~s)dx + 2
0 0 . 0

n|{ = =
(g + €dg)bgf(xts)dx + 2L [2 [ [ (g + ebgloaf
0 j=1] “o0"o

A

-

i (X,=5,%X, . .=S)
v Nl’Nj+l 1 j+l1

r
N. N (xl s,xj+1+s)dx1dxj+l 2 [ J

@™ @
dx,dx. -2 [ [ (g + e8g)6gf
1773+1 0%0 12V 541 ‘00

(g + e3g)8gfy (x1+s,xj+1-s)dx1dxj+l + 2 Jo jo(g + €6g)dgt,

%541 12N

j+1

[--] -~}

- 4"”‘ ,. - - .r‘ 6 o -
(x1+s,xj+1+s)dx1dxj+l 2(2m+1).J033f(X s)dx Y af(w+5)d%>

\J (& +ebe)f(x-s)dx - [ (g + eég)f(x+s)dx)J (2.42)
0 0

Then we s2t ¢ = 0, and after some manipulations we have

® m o
J'g(O) = f [-f(x-s)-f(x+s)+2>\[g(x)f(x-s)+g(x)f(x+s)+2 z { g(xj+l)fN
0 L =t 0
(.@

(xl-s,xj+1-s)dxj+l- . g(xj+l)le,N. (xl-s,xj+l+s)dxj+l- . g(xj+l)

0

n !
£g N (xl+s,xj+l-s)dxj+l+ J g(xj+l)fN . (x1+s,xj+1+5)dxj+tf
1’7 j+1 0
-] -] *
-(2mk1) (£(x-s) £(u-s)g(u)du-£(x-s)] g(u)f(u+s)du-£(x+s) g(u)i(u-s)
0

0 0
du+f(x+s): g(u)f(u+s)du);L 53(x)dx
0




[
t(, where fN LN, is the joint probability density function of Nl and Nj+l'
= 1°73+1

Since §g is arbitrary, J'g(O) will be zero, if and only if, the quantity

in the brackets {...} is identically equal to zero. After arrangement

m we have,

g@)+2h [ K(x,y)g(y)dy = ~2Ag(x) ¥ x € (~=,®) (2.44)
0
where
-~ = L(x -1 )
g (x) —LLL(X)H (2.45)
m .
K(x,y) = 2 z (£ (x-s,y-s)-f (x-s,y+s) £ (x+s,y-s)
=1 V1°N541 NpoNse1 NNgel
{
+Ey g (ebs,yRs ) AE (x=8)+E (x¥) 3 -Q(x, ¥)p-Q(x, ) b (2.46)
T1075+1
where
Q(x,y) = g(x)(£(y=s)=-£(y+s)) (2.47)
and
£ (x-
L(x) = Eﬁ)l (2.48)

Here é(x) is a driving function and K(x,y) is the kernel.

A sufficient condition for 8y to maximize S(g) is that Joo(e) = JgO(O)

o

for arbitrary 8g aud €. We have (details see Appendix)
J () =J (0) +=J'(0) + K(azcz(ég)) (2.49)
g g 8 1 ’
If 89 satisfies (2.44), we must have

., 2.2 _
Jg () =J_ (0) + r(s fjl(Og)) =J, (0
0 20 S0
for all ¢ and &g, we conclude that h is negative. Then with negative » is

both necessary and sufficient for 2y to maximize S(g).
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Since A is arbitrary (but negative), we may choose A = -% by
analogy with the case in which the kernel is identically zerc (equivalent

to the independent-sampling case), we then have (2.44) in the form

X g§(x) - | K(x,ym)e(y)dy = g(x) (2.50)
0

which is a Fredholm equation of the second kind. In Chapter 4 we give

the solution for this integral equation.




CHAPTER 3
COMPARISON BETWEEN TANH(ngé) and Log L

In this section, the problem of a paradox which arises from the
development of standard asymptotic amalysis to sequential signal detection
systems is considered. The asymptotic analysis of the test statistics
leads to an optimum nonlinearity which seems to contradict the well-
known Wald-Wolfowitz theorem. Moreover, this situation can be extended
to general detection systems. In other words, an analogous paradox
exists in the likelihood-ratio process which seems to contradict the
Neyman-Pearson lemma and Baysian theory.

3.1 The Optimum Nonlinearity TANH((LogL)/2)

Consider Eq. (4.7), if we set m = 0, in which kernel is identically
zero, then it reduces to the independent-sampling case. The solution for
the optimum nonlinearity g9 of this integral equation is proportional to
TANH((LogL)/2) (which can also be written as (L-1)/(L+1)). When L(x)
is defined in Eq. (4.11) this seems to contradict the well-known Wald
and Wolfowitz theorem (see A. Wald 1947) which proves that Log(L) is the
optimum nonlinearity function that minimizes the average sample size
under both Ho and Hl. Now, it is necessary to show that our nonlinearity
TANH((LogL)/2) is the optimum solution for the independent-sampling case,

under our criterion S(g).

Consider our new detection hypothesis:

Vs .

X, = N, + s i=1,...,h (3.1)




-y

where Ni is a zero mean i.i.d. noise random sequence, and fN is the
common univariate, even symmetric noise density, s is a known positive

number. Again assume g is an odd symmetric function about zero, then we

have the properties:

ho(8) = {a g(x) £y (x+s)dx = [a g(x) £ (x-8)dx = u, (g) (3.2)
and

uo(gz) = gZ(X)fN(X+S)dx =[ sz(X)fN(x-S)dx = ul(sz)
or

ci(s) = cg(g) : 3.3)

Similarly the sample size that is

cg(s)

Eg (V) = Ky veecao _ (3.4)

ug(g)

and again our criterion is

[ g (2)
9g(2) ’

s(g) = 76 €9 (3.5a)

Again, to maximize S(g) under Hl is equivalent to maximize S(g) under HO

so that we can write

(3.5b)

Now, we would like to show that the gy = TANH((LozL)/2) is the
function maximizing S(g) for the independent sampling case.

Consider the following theorem:




Theorem 3.1. Suppose 4 is the class of all odd-symmetric nonlinearities

satisfying
ul(gz) <=,
Then 2
max Hl(g) _L-1 _ TANH(LOSL) (3.6)
arg ged) 2 L+1 2 :
o, ()

where L is the single sample likelihood ratio defined by

fN(x-s)

L(x) = e
2

*q(8)
will have

Proof. Suppose u.(g) is not identically zero, then| ———
Froof 1 I,(g)

a maximum over & and we can write

ui(g) ) ui(g)

@ uEh - ki@

- 1
2
ky(87) _
2
Wi (8)
2
W (8) o
so that maximizing 5 is equivalent to maximizing
o,(e
2
W(g) = 5
vy (87)

To write the above equation in explicit form, we have
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&: s(x)iw(x--S)dx}2

[ & () £y (x-8) dx

w(g) = 3.7

Since g(x) is, by hypothesis, an odd function of x, and gz(x) is an even

function of x, we have

“l(g) = [ﬂg(x)fN(x-s)dx = Iog(x)fN(x-s)dx - Iog(x)fN(x+s)dx

=J‘0 g(x)(%%ﬁ ) ([ £ (x-8)+E (ebs) ldx  (3.8)

and
-] [--] [--)

ul(sz) = {agz(x)fN(x-s)dx = fogz(x)fN(x-s)dx + fogz(x)fN(x+s)dx

- ‘[‘ng(x)[ﬂu(x-s) + £ Gers) ldx (3.9)

Substituting (3.9) and (3.8) in (3.7), we then have
2

=l
"rong(X). %(%)L:_%} (£ (x=s) + £, (x+s) [dx
w(g) = — (3.10)

jog2<x>[fN<x-s> + £y (ers) lax

Applying Schwarz's inequality, i.e.,
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. \2
(J q(x)h(x)dx ) < f qz(x)dx f hz(x)dx

’

to the numerator of (3.10) where

A
a(0) & g0 LEg(x=s) + £ (x+s)]”
4 L(x)-1 - %
h(x) L(x)T1 [fN(x s) + fN(x+s)]
then
. (L(x)-1 2
< ' = -
W(g) < j’o lL(x)“] [£y(x-s) + £ (xts)]dx (3.11)
with equality, if and only if go(x) = Y<-IL:%§)L;—1> It can be easily shown
that %{i%i% is an odd symmetric function, which agrees with our previous

assumption. For some real @ # 0, we have the optimum nonlinearity, i.e.,

L(x)-1 | ppvm( LogL)
L(x)+1 2 )
' Q.E.D.

2

optimum nonlinearity under our criterion. WNow a paradox arises since

From the above proof, we can say that TANH(I-E&I:> indeed is the

TANH <L22LL> and Logl are both derived to be optimum under the same
hypothesis. To resolve this paradox, we must trace back to Chaﬁter 2.
Because if we assume asymptotic normality of the detection statistics

and use the approximated average sample size as our criterion, then it

is understandable why they are different, since LogL is derived under the
actual expression of sample size and without using asymptotic approximation
properties of the test statistics. However, in general for the case of large

sample size, asympto:zic approximations for the test statistics are often
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accurate and the approximated criterion are widely used and acceptable.
Since they are different, we also would like to compare their performance
which is the average sample size, under a given test. The details and
numerical results are presented in the next section.

3.2 Numerical Results and Examples

In this section, we compute the sample size for the two nonlinearities
under different noise densities. We also use signal (s), variance (02)
and error probabilities (@ and B) as our parameters.
Several noise densities are examined;
(a) Generalized Gaussian noise:

This probability density function is defined by
£.(x) = [e(9,e)/ (20 (L/e)) lexp{-[N(o,c)|x| 1%} (3.12)

where

1@, &a7Hrarey et .
Here ¢ is a positive parameter controlling the rate of decay, ['(-) is
the gamma function, and c2 is the noise variance. Note that for ¢ = 2
this density reduces to the Gaussian density, whereas for ¢ = 1 it becomes
the Laplace density. The density of (3.12) is illustrated in Fiz. 2 for
values of cz =1, and ¢ = 1.5, 2, and 3. Now, we substitute Eq. (3.12) in
Eq. (3.6) to obtain

fc(x-s)

L(x) = E_Gers)

c
Y
= exp{- -éSl (Ix-sic - |x+s|c)} (3.13)
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and

[~
TANH (L&g&) =t - T (fx-s] - [x+s]®) (.19

E
c _ | L@3/e)
Y (c) = [F(l/c)]

Substituting Eq. (3.13) and Eq. (3.14) in Eq. (3.4), then we approximate

. El(N). Also for ¢ =2, the nonlinearities are plotted in Fig. 9. The sample
F size ratio between TANH <L2§L> and LogL under Hl is defined as follows
'-‘ - o p Eq[N|TANH(LogL/2)]
Ratio = R = — (3.15)
E,[N|LogL]

g; - where ﬁl denotes approximate sample size computed by (3.4). Note that
L R is a function of s, &, 3, ¢, and cz. For fixed «, B, and 02 =1, the
; plot of R versus ¢ under different values of signal strength is shown in
i. o Fig. 3. Also for ¢=2 and cz=l, the plot of TANH -L—OZSL versus logL is
! shown in Fig. 4.
{ The results show, as it might be expected, that, according to the
* l approximation, the nonlinearity TANH(LogL/2) requires fewer samples than
\ Logl requires, and this difference becomes significant as c and signal
X strength increases. We may infer that under small signals, che nonlinearity
T TANH(logL/2) performs approximately as well as loglL does. From Fig. 4, we

can see that for the regions between -3 and 5, LogL and TANH(Logl/2) are

essentially the same.
1 (b) Generalized Cauchy Noise

fc(x) = [cﬂ(c,c)/2f(l/c)][v-l/cf(v + %)/T(v)]'
\ -(v + l)

o

{1+ e, 515 (3.16)
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where ¢ and v are positive parameters. Note that for ¢ = 2 and v = 3

we have the Cauchy density. We also know that as the parameter v in the
distribution of (3.16) approaches infinity, the resulting distribution
approaches the generalized Gaussian distribution of (3.12). However

unlike the generalized “aussian density which always has a variance, the
variance of the gene.alized Cauchy density will be finite only if cv > 2

and for all our computations v = % is assumed. For ¢ = 2, the nonlinearities
are plotted in Fig. 10 and Fig. 6. The plot of the approximate sample ratio
versus ¢ is shown in Fig. 5, again the ratio decreases as ¢ and signal
increases, and surprisingly, for the case c¢=4 and signal =1, the ratio

still has 0.994.

(c) Hyperbolic Secant Noise

£, = [(explme/2c} + exp{-me/20])]1 7
= Sech(mx/20)/(2c) . (3.17)

Similar graphs are plotted in Fig., 11, Fig. 7 and Fig. 8. From that, we

may coaclude that the sample ratio always decreases as signal increases.

In Table I and Table II, are given the sample sizes under different signal

and error probabilities. We can see for the same condition, our approximation
implies that Cauchy noise requires more samples than Gaussian noise or

hyperbolic secant noises require, mainly because the variance is not

limi ted under Cauchy noise.
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Expected sample size for following noise densities under TANH( ngk ) and

TABLE 1

42

logL. B = 0.95, signal = 0.4 and 02 =1,
Gaussian Noise Cauchy Noise Sech Noise
o LogL TANH(ngéﬁ LoglL TANH(ngk) LogL TANH(ngk)

1x 10.1 6.23 6.16 12.95 12.94 4.89 4.88
1x 10-2 13.05 12.89 27.12 27.11 10.25 10.24
1 x 1.0"3 19.89 19.65 41.31 41.30 15.62 15.60
1 X 10-4 26.72 26.41 55.51 55.50 20.98 20.96
1x 10"5 33.56 33.16 69.71 69.70 26.35 26.32
1 x 10-6 40.39 39.92 83.91 83.90 31.72 31.69
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g

' TABLE II

P

3 u Expected sample size for following noise densities under TANH(Q%L) and

S LogL. « = 10-5, B = 0.95 and o> = 1.

t l Gaussian Noise Cauchy Noise Sech Noise

LogL LogL LogL

\ Signal Logl  TANH(Z=5) Logl  TANH(=") LogL TANH (&5°)
0.1 536.9 536.90 1076 .56 1076 .55 434 .33 434.33
0.2 134.23 134.11 271.13 271.12 107.92 107.91
0.3 59.66 59.40 121.95 121.94 47.49 47 .47
0.4 33.56 33.16 69.71 69.70 26.35 26.32
0.5 21.48 20.9% 45.51 45.49 16.58 16.54
0.6 14.91 14.25 32.33 32.31 11.29 11.23
0.7 10.96 10.19 24.36 24.33 8.11 8.03
0.8 8.39 7.53 19.17 19.13 6.06 5.97
.9 6.63 5.70 15.95 15.54 4.67 4.56
1.0 5.37 .39 13.01 12.96 3.68 3.56
1.1 4.54 3.41 11.09 11.03 2.96 2.82
1.2 3.73 2.68 9.62 9.55 2.42 2.27
1.3 3.18 2.11 8.46 8.38 2.01 1.84
1.4 2.74 1.67 7.53 7.45 1.69 1.51
1.5 2.39 1.32 6.77 6.69 1.43 1.24
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NUMERICAL RESULTS
Consider our integral equation which is a Fredhelm integral equation

of the second kind, i.e.

®
gx) - J‘O K(x,y)8(y)dy = 8(x)

where g(x), K(x,y) and g(*+) are defined in Chapter 2 and K(x,y) is the

symmetric kernel. In general, if the kernel can be written in terms of

some orthogonal functions on the interval (-=,=), then the closed form

solution can be easily obtained by the method of Hilbert-Schmidt (see

Lovitt, 1950). Conversely, if such functions cannot be found, often

a numerical procedure is used to solve this general equation. Consider

the following numerical method.

4.1 General Procedure

A given operator equation

Pf =g .1
can be solved approximately for £ by substituting

£~ fn (4.2)

where fn is a suitable approximating function depending upon n parameters

Qo

1 2,...,an, substituting (4.2) in (4.1) to give

8 = -
un g an (4°3)

and then minimizing the residual function Sn in some sense. Provided that
. . JF . * , .
this mlru.mumo_1 is small enough, the function fn determined by the optimal
i
* 3 3 I3
values aj of the parameter in (4.3) usually provides a satisfactory

approximation to the solution of (4.1).
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This type of method can be applied to nonlinear operator equations,
but most of our experience with it has been limited to the case of linear

operator equations. In this case we solve

Lf = g (4.5)

where L is a linear operator, by substituting

n
f=~f = T a.9. (4.5)
n j=1 1]
in (4.4) and minimizing
n
§ =g-Lf =g- .Za(mj)
j=1
n
=g~ Za.f., . (4.6)
j=1 1]
Then we determine
Nz % iy |
ol = mn g T e 4.7)
Uys¥psesesd j=1

*
The parameter values o:j calculated in (4.7) give an approximate solution
n
* *
fn = L P,
j=1 3]

to (4.4). 1In practice we do not solve (4.7) exactly, but instead the

simplex method of linear programming is used (Liu, 1968).
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Example:
Consider the Fredholm integral equation of the second kind
/2
f(x) - %f xyf(y)dy = sin x - 2% X, 0<=x S% 4.8)
0
for which the exact solution is £(x) = sin x, suppose that the
approximating function is chosen to be
£,(x) = a.x + & x3 + & 25 (4.9)
3 1 2 3 :
3 5 . . .
then we have n = 3, ¢1 = X, ¢2 = x° and ¢3 = x~ substituting (4.9) in
(4.8) yields
3
53(x) = g(x) - T o.¥,(x) (4.10)
w1 43
3
where
. 1
g(x) = sin x =~ z b4
™2
X 2 1 7.3
@ =x-7[ ydy=x1 -5 N
0

2

/2
e = w3ty e xe - 55 @Y

w/2
5 x _ & 1 m7
X - 4 0 y d! = X(X 28 (2) ) .

¥4(x)

The next step is to minimize the residual 53(x) in (4.10). In practice

we replace (4.10) by a discrete problem

3

min max \g(xi) - a.w.(xi)| . (4.11)
¢),0,,2, LS i S m j=1 11

Ja

We often choose m= 10 n, for this example the value of a; obtain by

solving (4.11) with m = 33 points, gives the approximate equation
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3 5

f:(x) = 0.99970x - 0.16567x- + 0.00751x

which is very close to sin x.

4.2 Example - Gaussian Noise

Consider the following zero-mean, unit-variance Bivariate Gaussian

Noise density which in terms of Hermite polynomials

= piHe (x)He (y)
N N1 oY) = £@E) 2 sT (4.12)
1°73 v=0

where pj is the coefficient of correlation and f denotes the standard
Gaussian density. Here Hev(o is the Hermite polynomial of order v (note that,

HV<A-/_-‘E> = He (x)). Substituting Eq. (4.12) in Eq. (2.50), after some
2

arrangements we obtain,

L(x)-1 _ =2 v _
YIGH T [ E T3, Wetey = 50 (6.13)
where
2,2 -1
T(x) = [ v/% exp 4: §_§§_‘ * cos h(xs)] (4.14)
L J
Jv(x) = [f(x-s)Hev(x-s) - f(x+s)Hev(x+s)] (4.15)

and Y is an arbitrary nonzero constant. It can be ~asily shown that
Jv(') is not an orthogonal polynomial, therefore we apply the numerical
method in Section (4.1) to obtain an approximate solution to Eq. (4.13).
This is plotted in Fig. 12 for various values of m which is a parameter
indicating the level of dependency. It is also interesting to know that
the sample size required under these nonlinearities, and this is shown

in Table III.
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From the results, we may say that the sample size required in the

. RN b SE SR GV Sk v

m-dependent case is less than that needed in the independent case, and
that the required sample size decreases as m increases. In other words,

we might save some samples by increasing the sampling rate.
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Table III

Expected sample size for Gaussian noise density

@ =107, 8 =095 00 =o2 =1, 5 =05
Signal m=1 m=25 m = 50
0.1 513.78 483.69 443.72
0.2 128.33 120.82 110.83
0.3 56.84 53.51 49.10
0.4 31.73 29.87 27.40
0.5 20.01 18.86 17.31

-----

50
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CHAPTER 5
CONCLUSIONS
This thesis has considered several aspects of sequential detection
systems. It has been shown that the sample size needed for the case of
m-dependent process is less than the case of independent process
required. A comparison between LogL and TANH(LogL/2) is also examined
for the asymptotic case, and it has shown that TANH(LogL/2) indeed is
the optimum nonlinearity under our criterion. Finally, for the Gaussian
noise density, we compute the sample size and plotted the nonlinearities
under different signals and level of dependencies (m). For further
investigation one might study the ARE between m-dependent sequential

detector and m-dependent fixed sample detector.
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APPENDIX
22
To sh e) =J (0) +eJ'(0) + e 0, (8
o show J_(¢) = J_(0) + €J!(0) 1(58)
From Eq. (2.37) we have
Jg(e) = H(g + ebg)

= [(g + ese)E, + Ko‘i(eég + g)

2 2 2
j‘gfl + A3y (g) - Moy(@) + j‘eagfl + Ao (ebg + g)

3400 - AoZ(g) + [esgs, + mi(eag + g)
' 2

3,(0) + €3 (0) - er(2[gdgt, + 2j=1j‘j‘

aty ., - 2@ () Jostp] - Ao3(g) + Ao, (ebg + g)

3_0) + 31 (0) + eAA{fGa)’E, + 2 glj'“.“(zsg)zf\I .

& 8 j=1 B R

i+l

1

(2e+l) (fe£,)°)

2, 2
Jg(O) + eJé(O) + & xcl(ég)

NN

function under Hl’

where £ is the joint density of Ny and Nj+1 and fl is the density

T
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