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TABLES OF SPHERICAL BESSEL FUNCTIONS OF THE FIRST AND SECOND
K. KINDS FOR COMPLEX ARGUMENT

I. INTRODUCTION

Spherical Bessel functions arise in wave propagation problems of

spherical geometry. When loss mechanisak are included, the arguments of these

functions are complex. Although researchers requiring these functions

generally develop their own computer routines, a need nonetheless exists for

tabulated values to verify the accuracy of such routines. Due to the limited

availability of tabulated values of spherical Bessel functions of complex

argument, at least one group of researchers [1] had to resort to re-expressing

these functions in terms of hypergeoraetric functions in order to proceed with

the analysis of their theoretical expressions. The author of this report

required values of these functions while working ou a similar theoretical

*problem [2]. To the author's knowledge, only one other table of spherical

Bessel functions of complex argument has been published 13]. This previous

table is not completely adequate (or those wishing to verify a computer

routine. This is because to properly verify this type of routine, four

extreme cases of argument are required: 1) a large real and a Large imaginary

part, 2) a large real and a small imaginary part, 3) a small real and a large

imaginary part, and 4) a small real and a small imaginary part (all these

statements are relative to unity). Case 3 is absent in these previous

tables. Also, due to the relatively large numbr of variable parameters in

selecting arguments to include' in such a table, there are significant gaps

between the arguments that are tabulated there. The present t.,bles give

values of spherical Bessel functions of the first two kinds for all integral

combinations of real and imaginary arguments ranging from I to 10 (in addition

to listing several extreme cases). The method described in Ref. 3 [or

computing the functions was based on a CoALinued fraction schene. The

approach taken here is via use of recurrence relations. Finally, no reliable

method of verifying the tabulated values given in Ref. 3 was des,:ribed.

Several different such verification methods are herein presented. At least

one of these methods is directly applicable in a straightforward way to any

routine that computes spherical Bessel futctions. Hcnce, via use of such a



verification method, researchers may verify routines that compute values out

of the range of the available tables.

Section II describes the methods used to compute the functions

themselves. Section III presents the method of verifying the accuracy of the

tabulated values. Appendix A gives tables of the spherical Bessel functions

of the first and second kinds, Jn(Z) and yn(z), respectively, with the real

and imaginary parts of the complex variable z each varying from 1 to 10 and

with the order varying from 0 to 20. Appendix B presents Jn(z) and yn(z) for

some more extreme values of order and argument.

These tables are not intended to be extensive since their primary purpose

is to help establish validity of computer routines. Nonetheless, the tables

are sufficiently comprehensive so that at least approximate interpolation is

possible for real and/or imaginary arguments in the range 1 to 10 and for

orders between 0 and 20.

II. METHODS OF COMPUTING THE FUNCTIONS

The recurrence relations for spherical Bessel functions [41 formed the

basis for their computation

fn l(Z) + fn+l(Z) - (2n+l)z-lf(Z) (I)

where fn(Z) = either Jn(z) or yn(z), the spherical Bessel functions of the

first and second kinds, respectively. However, this kind of calculation

contains several potential sources of difficulty and has to be handled

separately for the cases of the functions of the first and second kinds*.

In the case of the cylindrical Bessel functions of the first kind of real

argument, it has been shown that the recurrence relation must actually be

iterated backward [5]. The reason for this is the fact that as the order n of

4 *There are many subtleties involved in using recurrence relations to analyze
functions. For a more rigorous analysis than the one given here, the reader
should consult a standard reference on numerical computation, such as the one
by Luke [4a].

4 2
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Jn(x) increases for fixed argument x, the functional value approaches zero

extremely rapidly. This can readily be seen from the expression (6]

(x) ex (2)

V ff v 2

(for v+- through real positive values).

Since these functions J,(x) decrease with increasing order V, the

repeated use of the appropriate recurrence relation with increasing values of

the order leads to increasingly less accurate values of the functions due to

subtraction errors. This difficulty is usually circumvented by requiring

Jm(x) - a, (where m>>Ix and a is a small number relative to 1) and by working

Eq. (1) backward to Jo(z). In this case the subtraction error effect is

reversed and the accuracy of each function is improved with each decrease in

order (until the limit of the number of digits available on the digital

computer being used is reached). When this process is completed, all the

values of Jn(z) are off by a common factor, providing m is chosen sufficiently

larger than the highest desired order. This common factor can be computed for

the case of cylindrical Bessel functions via use of an addition theorem [71,

and then the computed functions can be properly normalized.

7.- This procedure can also be applied, with minor modifications, to the

computation of the spherical Bessel functions of the first and second kinds of

complex arguments, Jn(z) and yn(z). The procedure is not restricted to real

arguments (or even to Bessel functions, for that matter). The only essential

requirement is that the functional values decrease systematically with

decreasing or with increasing order. If the functions decrease with

increasing order, the recurrence relation must be iterated backward, and vice

versa.

* Consider first the case of in(z). It is related to the cylindrical

Bessel function J,(z) via the relation [8]

z) = Jn 1/2(z) (3)

Equations (2) and (3) may readily be combined to give

3
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n+ 12

in(z) * I 2n+1) (')
n +v 12z

(for n. through real positive values).

It is clear from Eq. (4) that Jn(z) approaches zero when the quantity

[ez/(2n+l)1 becomes less than. . This certainly will occur when

>ez-1 5

When Izj is large (greater than about 50 or so), Eq. (5) may be used to

establish a criterion for the minimum value of n required to start the reverse

iteration of Eq. (1). Such a criterion must also, of course, take into

account the number of decimal digits used to represent the real imaginary

parts of complex numbers in the available digital computer. For example, if

the computer reliably represents seven decimal digits, m must be chosen such

that the magnitude of Jm(z) is at least eight orders of magnitude smaller than

the magnitude of Jn(z) for the highest desired order n. This ensures that the

reverse subtraction error" effect described above will result in seven

reliable significant digits (with the last digit rounded). For arguments

Iz1<50 it is safer to simply start the recurrence relation from a fixed large

value of n. In the program used to generate the tables in this report this

large fixed value of n was chosen to be 250 (which is well beyond the eight

orders of magnitude criterion mentioned above).

Although the above analysis demonstrates the fact that Jn(z) approaches

zero for fixed z as n+-, it does not follow that this occurs in a uniform

fashion. In fact, aside from the normal trigonometric oscillation associated

with spherical Bessel functions, it is possible that the values of Jn(z)

increase with increasing z [and vice versa with yn(z)], up to some finite

value of n prior to exhibiting their asymptotic behavior. A digit of accuracy

4is lost for each order of magnitude of change in in(z) or yn(z) which is

contrary to their asymptotic behavior with respect to order. Hence, it is

necessary to perform the iterations of the recurrence relations in double

precision arithmetic to assure single precision accuracy of the final

results. (It is still possible to lose single precision accuracy if this

contrary behavior continues for more than seven orders of magnitude; hence, a

test procedure is required. This is discussed further in Section III.)

4



Another problem can arise if the initializing value a is chosen too large

or if the iteration process must be carried through too many orders. In such

cases, since the functions Jn(Z) will grow with decreasing n, it is possible

for the un-normalized functions to exceed the largest numerical value that can

be represented in the digital computer being used for the computation. This

difficulty can be circumvented by not using the relation (1) directly, but

rather a modified form of it. This modification is based on the fact that the

ratio of two successive spherical Bessel functions approaches zero at a much

lower rate than the functions themselves. This may be seen by using Eq. (4)

to analyze the ratio of two successive spherical Bessel functions rn(z):

r jn+ )1/2) e e2n+ \n+(1/2)

nz" i() " n+(2) n3 ez(6)

lim z n z
By use of the theorem [7a] (1 e , it is straightforward to

n
show that r +z/2n, as n-P. Hence, rn approaches zero at the rate 1/n, while

n 

n

it can be shown (via the same limit theorem) that Jn approaches zero at the

rate 1/[n(2n)n].

Hence, the problem of exceeding the limit of the greatest number

representable on the available digital computer can be virtually eliminated by

using the recurrence relation for rn(z):

r + r = (2n+l)/z. (7)

rn-l

Equation (7) is obtained from Eq. (1) by dividing by fn(z) and using the

definition rn = fn+l(z)/fn(Z).

Calculating ratios via Eq. (7) instead of directly computing the

functions themselves has an additional advantage: Since all the desired

functions in the current method are off by a common factor, the ratios

obtained by the method outlined above are all automatically correct. Hence,

to obtain the correct final values for the functions, it only remains to

compute one of the desired functions accurately via an independent

technique. Once this function is known, all other orders can be computed

6 5
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using these ratios. For example, if J o (z) is known, then jl(z) can be

computed from ro(z) by its definition

J(z) - roz)J (z). (8)

0 0

This process can clearly be repeated to obtain J2 (z), J3 (z), etc.

As straightforward as this process is, a potential hazard exists if the

"known" functional value is carelessly chosen. In order to understand this,

" consider first the analytical expressions for the first two spherical Bessel

functions of the first kind [9]:

sinz
0 Z

sinz cosz
jl(z) 2 (9)

z

If Jo(z) should be chosen as the function used for the normalization

process, and if the real part of z happens to be close to zero, the functional

values returned by the standard complex sine function of FORTRAN can be rather

inaccurate [resulting in inaccurate values for all orders of Jn(z)]. This

problem can be circumvented by either writing a subroutine to calculate sinz

more accurately (using its elementary infinite series representation) or by

normalizing via jl(z) instead. In generating the tables listed in this report

Jo (z) was used for all required normalizations with an accurate subroutine

used for sinz in the case of small real argument.

One final difficulty arises during this normalization procedure. This

difficulty occurs when the real part of the argument z is large relative to

2w. To understand this, consider the following expression for sinz:

ei(x+iy)_e-i(x+iy)
sinz = sin(x+iy) 2 21 (10)

Ij [e-Y(cosx+isinx) 
- eY(cosx-isinx)].

21,

6



When the real part of z (represented by x in Eq. (10)] becomes large

relative to 2w, the value of the trigonometric functions calculated by the

standard FORTRAN routines can no longer be regarded to be accurate. To avoid

this problem in generating the tables herein provided, the value of x was

always taken to be the smallest possible quantity in excess of the largest

possible integral multiple of 2n which does not exceed x. (It is assumed that

when large values of x are used, these values are accurate to a sufficient

number of digits to justify this procedure.) This process can be seen to be

valid by examination of the theorems:

sin(w+2wm) sinw

cos(w+2wm) cosw

where w+2wm - x, and m is chosen to be the largest integer which

simultaneously satisfies this definition and yields the same mathematical sign

for both w and x.

Essentially all of the above comments made regarding Jn(z) are also

applicable to the spherical Neumann function Yn(z), with the exception that in

this case the recurrence relation [Eq. (1)] must be iterated forward. This

once again is the consequence of the fact that to avoid subtraction errors the

recurrence relation must be used in the direction that causes the functional

values to increase. In analogy to Eq. (2), we have for yn(z) [10]:

(Z) IT (Z) (12)Yn 2z n+ 1/2+

and in analogy to Eq. (3) we have [61

l Yx'(z) -~ (Z) (13)

(for v- through real positive values).

As before, Eqs. (12) and (13) may be combined to yield

y(Z) I 2n+ln+ 1/2 (14)

1(n+ 1/2 )z
7



(for n- through real positive values).

Equation (14) clearly shows that yn(z) + as n + , requiring forward

iteration of recurrence relation. As with Jn(z), however, it is safer to use

the recurrence relation of ratios in order to avoid the problem of exceeding

the larger number representable by the available digital computer.

Difficulties similar to those encountered in analyzing in(Z) arise during the

normalization procedure for large Izj and small Izi, and similar resolutions

were used in this case to generate the tabulated values.

III. TESTING AND VERIFICATION OF RESULTS

In addition to the previously published tables of spherical Bessel

functions of complex argument previously mentioned [3], some tables of values

for purely real and purely imaginary arguments were also available [11,12].

Excellent agreement was observed between values listed in these previously

published tables and those obtained by the computer routines used to generate

the tables of this report.

In the case of purely imaginary arguments a connection can be made with

modified spherical Bessel functions of real arguments using the relations

[131:

i(x) i n+ 1/2(x)

kn(x) *x Kn+I/2(x)

"x n1/2 (x) enl i/2j (xe )i/2

e3(n+1)7Ti/2 y(erri/2
-x'In_ /2(x) Ynxe n

K 2 2 2 x( n+1/ (x) - 12 (x)] (15)

I8 t 8
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Reference 4 contains tables of the functions in(x) and kn(x). Equations

(15) can readily be combined to give:

nw i/ 2
Ju(ix) =e i (X)

n n

yn(ix) e-3(n+l)ni/2[i (x)  1 .(-)-n-lkn(X)] . (16)

The values of Jn(ix) and Yn(ix) generated by using Eqs. (16) in

bination with the tabulated values of in(x) and kn(x) in Reference 4 were

excellent agreement with the values obtained analyzing Jn(z) and yn(z) with

-utines used to calculate the tables of this report.

Although these concordances are encouraging, they still do not establish

general validity of the results for complex arguments. As was discussed in

Section II, the accuracy of the results obtained by using the recurrence

relations decreases if the actual behavior of n(z) or yn(z) is contrary to

the asymptotic behavior of these functions with respect to order. A method of

testing the number of digits of accuracy of the resulting functions is

available and consists simply of the substitution of the computed functions

into a cross product theorem. For the tables in this report, the following

theorem was used for this purpose [14]

(z) y (z) jnl(z) yn(Z) = z (17)

.4 The accuracy to which this theorem is satisfied guarantees that the

values listed in the tables are accurate to six digits (with the sixth digit

rounded).
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APPENDIX A

Tables of Jn(z) and y,(z) for z between (1,1) and (10,10)

and n between 0 and 20

In the following tables (and those in Appendix B) the following notation

is used:

-Two numbers enclosed in parentheses represent a complex

number. For example, the expression (3,5) represents

* -the complex number 3+51. The notation Jn(z) represents

the spherical Bessel function of the first kind [Jn(z)]

and Yn(z) represents the spherical Bessel function of

the second kind (yn(z)]. Separate column headings are

provided for the real and imaginary parts of each of the

functions.

S13
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APPENDIX B

Tables of Jn(z) and yn(z) for some extreme

values of order and argument

The following tables list values of Jn(z) and yn(z) for certain extreme

U values of order and argument. Some question may arise as to the validity of

the procedure outlined in Section II for computing functional values when the

real and imaginary parts of the argument are of very uifferent order of

magnitude (for example, when z = 103 + 10-31). However, no difficulty arises

even in such an extreme case. This is due to the fact that the recurrence

relations were always initiated at a sufficiently large order m such that the

real and imaginary parts of the largest desired order N of Jn(z) were both

seven orders of magnitude greater than the corresponding assumed starting

values for Jm(z). This is all that is required for the iteration process to

result in the required number of accurate digits. No limitations exist on the

accuracy of the normalizing functions which were analyzed in such cases by

expressions similar to Eq. (10). Once again, the infinite series

representation of sinz and cosz were used for cases in which Izi is very

small. Similarly, when the real part of z exceeded 2w, the procedure

discussed in connection with Eqs. (11) was used prior to invoking the

appropriate FORTRAN functions.
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. .. .-------.. . . . ----- ---- --- ---- --- ---- ---- --- ---- --- -------------

ZZ( 1000.000. 50.000 )

n REAL[ Jn(Z)] I MAGI .11(Z)] P EALL Yn(Z) ] I TIAG[ Yn( Z) ]

0 0. 22109 3E+1- 0. 1373,'.E+19 -0.134734E+19 0.221093E+19
-0134E+1" 0.2212l6E+19 -0.221216E+19 -0.134507E+19
-0.221,6-2E+19 -0. 1340U21E.+19 0. 134032E+19 -0.22146:2E+19

C O.13336)E+.9 -0.221330E+19 0.221830E+19 0.133369E+19
4 0.222316E+19 O.1324-56E+19 -0.1324136E+19 0.222316E+19
5 -0.1331:,Ei, 0.222919E+19 -0.222919E+19 -0.131313E+19
6 -0. 2216351:!- 19 -0. 1299:V '.19 0. 0.129933EU+19 -0. 2236"51G+ 19
7 0. 121),29E-19 -0.2244,59E+19 0.2244,59E-19 0. 128329E4-19
.) 0. 22r .?E+ 19 0. l264,9.!.Ff- 19 -0. -120411 I ft.+ 1) 0. 223067E+ 19

-... 2 ) 19.-, 1, E - I ( -0.2:.6 41 E+ 19 -0. 124400r+ 19
1.). 2273,1;0E+ 19 -(N. 12'.'' Id) 0. 12f,075r,+ 19 -0.227530i,+ 19
II -A. I 19500E+ I1 -). 228 8' 2 2E.+ 10 0. 2217 %'. ',+19 0. 11950F.El- 19

0. 23001 0).I 19 0. 1 166'(;Wt- 1'; -0. 11609,0H,1 19 0.2'100 1Of:+ 19
1;. - I 1 6'241E: 19 0.23 13iL 11) -0.23!3'5E+19 -0. 1 11624E+ 19
14 -0. 2327;31IE+ 19 -0. I 1631(1.-:4- 1) 0. 1103061.8+19 -0. 2, -'X .AF+ 19
15 0. 1)f:'-.:4 P) -0.234.'091'- 1') 0. 2114:2T'1,+ 19 0. 106732E4 19
16 0. 23 9:" 19 0. 1ioqo3. 1" -0. I W'ff: + 19 0. 235697E+ 19
I',' -0. )if " ;,, 5:; 0. 23720, E... -10. .2'V ' .. 19 -0. ')131036E+ II
13.I -o . 2'1321' - 1) -0.94-!, .... 18 0. 9-t,. -0- . 20 7117321-l 1' '
1' (L1'"9 I8II" :13 -,). 21,02" 'Vjj Vt |) 8.0. "9U 113 8+l1l

2) .-)4 t .. i. ') 0. 492121+ i,; -0. Vi212 .' 18 0.2. 17591.+ 19
I -. 79'7 ;.7!. t ,. -432-"':- 19 - 0. ,28,E+-'"- 19 -0. 797578E+F 1

-0.24, 8; : I' - .74' 19 2 E+ 1 0. "',2 192:+ 18 -0. 2446 r'If+ 19
. V. ', ) I E+

- 
,. 0.:2 loOI F:+ 19 0.68(O,.0 E+ 11

• :- '. O. " 47L.9,: -1K ; 02:)2 .3E- I "; -0.o (-", L? l~ . 2",-T291*+ .
L 5 - U. ., 79FT'E : '' ," 2 48*:-7" 6 E + 1') -0 . "2 ".9476 E±-t 19 -0 . , 1'., 6 3"9 E 1 1 i-',. 249,. .' 1 - .. '. E+ I8 0. ':'; 8. ' !;+ I ) -0. 25' 9,.4E-" 19

-"-2.5 ; '2: 9 - ,!E+ ', 0. 234.5 i L+ 19 O.,.304P".I;+ 181
i;E . ! : It

,  
0. 7F,";;;7E -0. :3iIMI7E:- IV. 0.25 l204E,)+ 19

' l -t,.: ... : ' " 19 -0. ,517t6l1:+ 19 -0. " 5 WIE+ I I
U! 0 .2 I07t]Nl-I.8 -W :1258+

:.IS - '.I " 0 0 2 .2 
,  

0.. 11 .12 +10.
0' ' 41 ' ,; ",+ 2-O. 1'02': ;,+ 1 0.2.219"1+9
.31 I.d I; " 5." f ') -0.25 18 17L'-9 .J117:98+ 17

-O.L.I l':,'- I I F. '', i-!8 -0. I '2.]-1;. -0.2,1144--1 '+1
0 20,. - .9 -)."!S li F+ V') . + 25681 + 1W
G. 2- V;41 29' +' I i9"8l 1".' .98 1; 0. 245.316E+ 19)
•. 8',7.: 2471 1 itF -9 -. t: I 13 E+19 0. 333761E+ t

- .4,'8 " 7 "0. 79 '' j-, -0.4,62YT-,+ Iz -0. 2400211EV+19
.9 -0.8 ( 2. 1'' 5 '4." j,: - o... .. , i I.;
• .* ' 0.'2, 12 I,:, 3L+ i - 6' 11+! L 0.0 I I "I 0.2 ;9.7;-- 19K.. I .7"60%< ' :, 'r. 8 '>A I ,'::1+ I '% -0'. I :Ad 1" -1 . : % . "o09g"E+ 18

. 1 -:. "2 -, t -I 0. . '--1, -. -- ,-.' I )- 1
5. .... .. "' -711. O1I27 9 0. .1:,>0 19) " .l5;281 J:+1

*! ": 9'. I . 1'8 I" . I 9 .'271 .19 -Q0. 1 %'7 '; V' ) 01. I15228 : 1"
. . ";-, -)1. 92 ' ±2,(, , -= . ,(9 .-. 1( 2 1 16 1'x * i+ P)V' -0). 13'1'19El '! --9 ) 20 'I..'ll 0.2M5",)7llP:+19)  :.:1 19,{l I,-.o

. (0. 19 ''(,3'8 E 9 -0. 17, 1,3 . 1 ,- 0. I !"j!.. + 19 0. t; 7961-:4.19
1 . .. 1 2. 1

- 1499 - -. 01, E.'l' ;-0 I- 1 2 0 ,7(,," V; 0. 15-, A- :" , . 9'
IV, - . 1 19"; 18 9 0. I1 ,l- I±'.+ I -(C. 1 (I I IVV '+ 19 0. 1d'IO' " I'

41 -0. 0: IU' - . I1" 15 -A 0. 1 -4 I 1 8" 19 -o. I ':l'V, : -I '

, "- .0. 2 I V , 2' :F I 10 0. 1 1.!,K1- ' ) 0. 1"%. .'
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56 0.120048E+19 -G.2069r1E+19 0.2069*31E+19 0.1200-!-E+19
57 0.212872E-19 0.107761E+19 -0.107781E+19 0.212872E+19
s8 -0.950110E+18 0.218124E+19 -0.216124E+19 -0.950110E+18
59 -0.222667E+19 -0.61769'~E+16 0.817695E+18 -0.222687E+19
60 0.t,80919E+18 -0.226509E+.19 0.226509E+'19 0.6a0920E+18
61 0.22953§.'E+19 0.540193E+11 -0.540193E+13 0.229539E+19
62 -0.395977E+18 0.231729E+19 -0.231729E+19 -0.393977E+16
63 -0. 233032E+ 19 -0. 248786E+11 (1 0. 248786E+ 18 -0. 233032E+ 19
64 0.9918BBE+17 -O.233404EF1t9 0.233404E~+19 0.9918389E+17
65 0.2321106E+ 19 -1. 521930E+ 17 4). 532 192 2+ 17 0. 23206E+ 1')
66 0.21r F+tIU 0.231201E+19 -0. 23 12011E+19 0. 2046f361-'+ I

6- 0. 221135 7 E -19 0.357566E+ 10 -(). 357566L+ 13 -0.228557E-19
68 -0.5061E+Ifl -0.224047E+119 0.224C!,7f+19 -0.510061k:+16

o9 . 2200501'+ 19 -0.6 1'~E D8 0.66 'JS3E+ 18 0. 220030E+ 19
70 0. 01 0181 i 8 0.214152E+19 -0.2-14152E+I9 0.81056:W +Ia
71 -0.207144P.±19 0.956854E-1-1 -0956653[-+ 18 -0. 20714A1 E+ 19

-UI0'9.24E4-'9 -0. 1990N7E*-19 (.892L1)-0. 109923P,-v19
'O 0. 1C83j9-0. 123'767E+19 0. i 20677E+ 19 0. 18 (0E1)

74 0. 136849E+19 0. 179499E+19 -0. 1794991:+19 0. 16*E19
75 -0. 1661132E+19 0. 149339E'-19 -0. 149,3,9E+ 19 - 0. 1613 12+11)
76 -0. 16 10O-i-E+19 -0. 1557,39E+ 19 0. i5Z573,9E+19 -0. 16 1048E+ 19

~14230,1E+ 19 -0.171878E+19 0. 17 1 R7BI-+19 0.142364E+19
78 0.101731E,+19 0.12,3003E+19 -0. 12'3IrG63F+ 19 0.1M!73IF+ 19

F9 -0. 111290 11.+19 0. 190511E+119 -0.190511E+19 -0. 1 1290 1F+ 19
130 -0.1913127E+19 -0.969522E+18 0.969522E+16 -0. 198,1272,+19
LI 0. 8030:34E4113 -0.204191E+ 19 .2C'149 I1E4-19 0.893034E+18l

*L2 U.209521 E+1 IC)0. 630503E+ 18 -Ci. 6;30505E+ 1ll 0. 2(1952 IlEA V!
i"3 -0. 4.2998E+-18 0. 2131-14E+11) -0. 2 i3I4 1~9 -0. 4:12997r+ 1 I

84 -0).215292E+14) -0.271670E114 0.271670E+10 -0.21Z292E+1)
C5 0~. 777 IVE+ 17 -0.215904E+1§ 0. 2 1 90-L+ 19 0. 8777 10+ 1 -
1.3 (.214942E+!9 -0. 97362 1E-1-17 0.9762117 0. 21494P88+1V)
1.7 0. 28232E 2±1 . 0.212371!.E+19 -0.212374L+19) 0.2a232 I L+III
13,11U -0.208166E1>1-9 0. 465626E+13d -0. 465626E+ 1 - -0. 203 10- + 11
1-1) - 0. 64 5 7452 Z)F - r -0. 2023 151'+ 11) 0. 2023 1+ 19 -0. 61,5745i,+ ill,
90 6. 194830E+ 19 -0.8621 1 el' 22+-148 0. 1121 102 E+ 14 1 0. 1941330E.+ 19
91 0. 990094E+18 0). 1657'32E+19 -0. i i.5732fE+ 19 0.9901,9lV4 181
92 -0. 17506 1E+ 19 0. 115111E-1l' -(j. 1 5IF+ 19 -0. 1750061 F+19

93 -0. 130253EA+19 -0. 162.- ' 0. l,,23741'+ 19 - 0. 1 c n58x:±19
* 4 0. 149)245.;E1-; -6. 14,! -,"7L+ V) 0. 14-1277L+ 11) 0. 14 9 2A 5! +1,

95 0. I 5'i(30E+- 1') f. I11426'k V,+1(, -0. 34o2i19 (J. V;70,1);+I

.'o+

9b -4 1 v).C+1 ) 1(32 - -0 . I 0i3.'-rA 1') -0. 1 184819
!7-0 7411I.6E+ 19 -0. 10-717E4- V9 0. 1 j7'ITI1-1) -0. 17136+

1>11 10 - .1P L>Iil )0

19 0.84 -1 8 -. I221+I)0. 1 111) I + 1 0. 19"a;0_ .V '+ 1)
01. 192'22A- 19 0. 63q 1117 r:,'1 0 ,314+8 0 952>I

10 -0.4:33J7UII111 0. 196678L> 19 -0. 19607M."+19 -0., v.+8 I a+
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- ---- - - - - --- --- - - -- -------- . . - --- ----------. -- -- -- -- --

Za( so0ea.00 0.001)

n RTCAL[ Jn(Z) I lfAGCtYn(Z) I REZALf Yn( Z)] IF IAGE Yn( Z) I

o 0.828XE6 0. 561552E-06 -0. 562379E-02 0. 8274i2i0
3 -0. 563312E ) r.21002E,-06 -0 - r274422-03 -0.5E:0721&-06
2 -0. 8235 65E-C. - 0. 359067E-06 0. SS5r3V7E-03 -G.E 29122E-06

3 0. '-574 1 O-' -0. a3079)4E-06 (). U3('2412-03 0. V6576E-06
4 C. 1524662i-Q:I 0. G53247E-sc, -0.55340PA32-03 0.83012E-06

5 -(,.549917E-03 0.P 137661-"6( -0.83W52292-03 -0.549074r-06
6 -0. 83i120 -0. .54404-111-- 1 0.!544t3931C-0 -0. [819043E-06
7 0 -'39017E-03 -0'.8142827F-06 0. ",123 1211- 0a 0.538159E-06
8 0.8466V12-03 0.533K9717-06 -0.1332263E-03 0.847102E-06
9 -0.524625E-03 0. 8531 47r-06 -0. fl5 )13J612- 03 -0.5 2 O749F-06

10 -0-06560E&-3 -0.515I 202E- 06 0.5 16037E-03 -0.6870217E-06
13 0. 5066:37E-3-.8241-c 0.. 362: 109-03 0.5057412-06
32: ().8116 1i'2E-0 0 f. 405350E-06" -0. 462572-03 0. 86E650E-06

12 -0. 4849,1 2-03 V'. c750 I10E-0.) -0. 874603E-00 -0. 4840 12",-06
3 -0. Ia 314E.- y -0.,17171 IE-uG6 0. -'72642F-03 - 0.8fl' 6C'OL-0
IS 0. 4533-2-0. 88664..E-o6 0). __22312E-03 0. 4884429Y-06

-d I' t.G9558M (: 0.44142--o -a>. 31~-03 0. 89G878E-06
7 4'.2 92 1 '[T - (3 090:11429 3 11--0 6 0 '128-S-0. 42t!8517 l!06

9. -8. 91: '5',o:-0 151'-w 4 I t0 -0.' 12851 06
it~ ~~~~~~~ 838* :>FC 8 3 -4) 1N m-on o. T)"; ij11-1i 0.

28 "60 K- I 0.276061 V0E-(.r, ( 6W '685-O. "Ni .Q2:1.1

-94 1 348- C8. -0. 235cL*u.3203 !
0.3 IZ-'A7aI.' - 0 400 9 -- "d'.\ 0.8f 14751,,
0t . 95629 12-03 0.29 18 -!t>6 -9 7a'SiE0 A:-52' 0.-0.26C90&IK--03 0. 962_2z3E2-3w? -. 961832-03 P02YiU 05

-0970"2-8 -0. 2427,!618-0 6 0.*V0~-2-.~9 oz. '
V.- 21 22r1 1:>3 -0. 976097E -06 0."7(2492-0 0.2 L6467k,-0-',

I#98 ,BI-G 0. 19-00. .i> 12-S 0. 9,81 7( 0)-O
) -o .36 I 585-5 N0.936171,-(0) -o0. ;25E-()3 -0. 164(

0 -VC' 9150,25- 8- 130-3175-06 0 . I , 1;;7r)oE-oa -0.91 9 1 '"G:
,31 10107."E-4 -0 9947:; 't-G6 0.9';; ; I3802-1E03 0. 10002161-,06
02 0. .97'-t; (68142J2-07 -0. 6'177C08E-O04 0. 9974 1 -i.-0"1
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