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SPACEFILLING CURVES AND ROUTING PROBLEMS IM THE PLANE
Loren K. Platzmarn and John J. Bartholdi 111l

Georgia Institute of Technology |

Thie paper introduces 3 novel heuristic to compute 2
minimal-length tour of N gqiven pointe in the plane: they are
saquenced as they appear along a spacefilling curve. The
algorithm consists essentially of sorting: it is easily coded,
requires only O(H) mamory., and may be implemeantad to executs in
O(N log N) operations at most, or OCN) operations on the
averaga. , If the points lie in a squara of area A, the haeuristic
tour wilf\Qave length 2 Iﬁﬁ- at most. If the points are
statistically indepandent under a smooth distribution, with N
large, then the tour will be spproximately 25% longer than
optimum, and Q-simple enhancemant reduces this to 15%, We aleo
give performance bounds for our method whan the given points lie
in a general subset of d-space. with an arbitrary distance

Measure.
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1. Introduction. The travelling saslesman problem (TSP

is to construct a circuit of minimum total length that visits
@ach of N given points., Even in the plana, this problem is
NP-complete [121. Karp {101 has given an O<N log N>
hauristic to compute a tour whose length is within ¢ of
optimal, but {t is difficult to code, and ites effort hae a
constant factor that increases rapidly as ¢ decreises., Bentley
and Saxe (8] devised an 0<N3/2 log N3 implementstion of
the nearest neighbor heuristic, but it requires a special data
structure. This paper dascribes a faster., simpler heuristic
that performs comparably, We gave a brief account of the ideas
underlying our method in [3]. Here ue present the algorithm
in detail and analyze its performance.

Lat U be a sat (e.q.. the unit square) within which tours

are to ba constructed, anyd cdefine
C = (8 10<K8 <1}, (L1

When U has dimension 2 or more, a continuous mapping ¢ from C

onto U is known as a spacefilling curve. Such curves ware

first davised by Peano and Hilbert in tha 18S0‘s to resolve
topological existence questions (cf. Hobson (9, pp 451-4581)>,
More recently, they have attracted attention as entertaining
examples of recursively defined computational procedures (cf.
Alaph Naughtl2]1, Abalson and diSassall, pp 94-1021>. Na turn
them to decidadly practical use,




Lat ¥<0> = ¥(15, Then ¥(8> tracas ocut a "tour" of all
the pointe in U as 8 varies from 0 to 1. <For this reason, we
find it convanient to view each B8¢C as a point on the unit
circle, B clockuwise revolutions from a fixed reference point.)>
Given N points in U to be visited, our stratagu 1s €O sequence
theam as they appear slong the spacefilling curve. Thus, we

propose to construct tours in the following mannar:

SPACEFILLING HEURISTIC
1> For each point ¢ to be visited, compute a B such that ¢=v(8).
2> Sort the points by their corresponding 8's.

In Section 2. we analyze the parformanca of this heuristic
whan the region U, the distance measure by which tours are
avaluated, and the spacefilling curve ¥ are all arbitrary.

Then., in Section 3., we define a particular spacefilling curve
over the unit eauare. and show how {te inverse is computed. This
provides a specific algorithm to solve TSP's in the plane; its
performance is discussad in Section 4. Section 5 shous how the
ideas of Section 4 can ba extended to more general TSP problems.
gactions 6-7 contain lengthy proofs defarred from esrlier

sactions. Concluding remarks are given in Section 8.




; 2. General performance analysis. Suppose that U lies

in d-space and lat li-ll bea a norm that determines the distance
between points in U. Our analysis is based on tha following
three technical conditions. which, as we shall see. hold for

most problams of practical interest:

(P1) Tha inverse of v is essily evalusated., Specifically.

‘ if ¢eU is a d-vactor whose components each have k-bit
represantations, then there is & 8 satisfying ga¥(8> and

i having an 0C¢dk>-bit representation which may be computed in
Qldk> operations. Although thers may be many such 8., uwe must

compute only one,

(P2) There is & finite constant ) such that

H¥CB-¥¢B’ 2l £ £<I18~8’1>, 8.8’'¢€C, (2.1>

where

£Ca) = a Cminca,i~a31179, 64C, (2.27

(P3) ¢ is Lebesgue mMeasure praserving. That ia, if I is
an interval in C. the set { +<O) | 8¢l ) has d-volume
Cares if d=2> equal to the langth of 1, {




Remarks. <Fi) ensures the efficiency of our algorithm;
(P2) enables us to study its parformance; and (P3> normalizes
the problem and eliminates pathological cases. Intuitively.
(P1> =2 ¢ js surjective and (P2) = ¢ e
continuous., so together they i{mply that ¢ is a spacefilling
f curve. RAlso, (P2 mb ¥(0)> = ¢(1). (P3) requires that U

and C be scalaed so that U has unit d-volume and v

o r———— - -

"homogenaously fills" U.

Computational Effort.

j The spacefilling heuristic requirez O<dkM) operations to

compute the A’ and O(N log N> operations to perform the sort. y

that is, O(N log N> operationsa in all. (To be more precisa, dkN
1s the number of bits required to specify the problem. and the N
numbars to ba sortaed each have O(dk)~bit reprasentations, so the

problem is solved in O(dkN log N> bit operations.)

! Alternatively, a randomized sorting algorithm raquiring O(ND
f expected comparitons might ba used <e.g. BINSORT. see
Knuthf11] and Weidel1S51). A heuristic tour is then obtained
in OCdkN> expectad operations.
This procedure aleo requires surprisingly little meamory.

only O<dN), linaear in the size of tha problem.
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Worst-case Analysis.

Given N sortad paints w(&1>---w(8N>, tha tour langth is
bounded abova by ::?-1 fca v, whare 4,=8,,,-8,, i=1,--.,N-1
and AN-1+81—8N. Since this expression is concave and symmetric
in aye--ay and stnce $_ 4, = 1, 1t achiaves a maxitum of

NFCLI/ZNY,. Thus, we have proved

Theoram 2.1. The spacefilling heuristic produces a tour

whosa langth, L. satisfies

L ¢ NFCI/ND = o NCImid7d

We alec consider how long tha hauristic tour may be in

relation to the optimal tour.

Theorem 2.2. If, for a given set of N points, the heuristic

tour has leangth L and the optimal tour has langth L¥, than
L® ¢ oclog N,

The proof of Theorem 2.2 is lengthy and will be given in

Section 8. We note that the dominant term in the exact bound

for L-L* CEq. (8.5)) incresses slowly in N but rapidly in d,

g e




Probabilistic Rnalysis,.

Suppose that tha points 847 vers § are independant
random variables uniformly distributed ovar U. Now tha hauristic
tour langth and the optimal tour length may be viewad as random
variablas. Since ¢ is measure preserving. each 8, satiefying
€ " ¢<ei> is uniquely determined with probability one.
and is uniformiy distributed over C. When N is large. the
Gi's approximate a Foisson process on C.

Dafine random variablas

ok w NI K oy

JZI---J

whera L¥ is the iangth of an optimal tour joining N random

points. Beardwood. MHalton and Hammersley(Sl have shown that.
whean the Euclidean norm is used to evaluate tours, there is a
#* such that lim, o) = 8%, almost suraly. Stesle [141 has

axtended this to tha stronger statement of convergence
S ey Probliog = s¥1>e1 < o, ¥ 0,

Wa now establish 3 similar reeult for the heuristic tour.

Defina random variabples
Py ™ NTCOmDd L a2, 2.3

whare L is the heuristic tour length for N random points, and lat
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The sequence Hy need not converge as N+w, By Theorem &.1.

howevar, it is boundaed:

0 ¢ my < 0 2.5

Thase bounds may be tightened slightly by noting that <1) the

optimal tour grows as NCE™127d ¥ oo

% < lim dnfy tuy) <z
and (11> the increments in 8 along a heuristic tour are near.y
exponentially distributed with mean 1/N, so, by concavity of
£Ca ),

lim supy (uN}

NI 1o NeTN ax H
= () F(Cd~1)/dD, (2.7
Therefore, for large N, the axpected heauristic tour length will

be within a constant factor o M'<Cd-1>/d> » p¥ of the
expectead optimal tour langth,

- 000 4




The following theorem will permit us to make a stronger
statemant regarding the ratioc of heuristic to optimal tour

lengths.

Thaoram 2.3. Lat py be a (deterministic) sequence such

that B -y, * 0. Then

Tnmt Probl dpy = gyl > €1 < o, Hoed.
Proof: Wa slightlu modify Steele’s proof [14] of complete
converqgence of pﬁ. Simply redefine the random varisblas
dH in [14] to reflact the fact that our hauristic tour joins
a point with another whose inversa image under + is closast in
€ under metric £¢.>:

dN - min(?(lﬁi-ell) I im2,...,N}.

Since the Oi‘s are indapesndent and uniformly distributed on

C, Eq. (2.2) of [14] may be raplaced by
Probldy > t1 ¢ f1-2F " cenaN1 ¢ r1-2ce md™l, ocecrarar,

and the ramaindar of [14) establishes the dasired result. 0O

AT o et o
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Since PN = My and pﬁ - p* both converge

comp letely to zero as M +» ., the differance batwaan

pN/p: (the random ratioc of heuristic to optimal tour

lengthe) and “N”* (the deterministic ratio of expected
heuristic tour length to expectad cptimal tour length) vanishaes
4lmost suraly as Ne», Thus the spacefilling heuristic will
reliably construct tours whose leangth is a fixed constant factor
“N/’ﬁ largar than optimal. This factor depends on the

ragion U, the curve v, tha distance measure li«ll, and {in
principle although not in our experience> the problem size N.

We can estimate Py bY Monte~Carle simulation: generate many

random problams and solve them by the spacaefilling hauristic.
Good approximations to p* are given in {51 for problems in
subsets of d-space under the Euclidean norm. For o=2,

s* = .785 (61,
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An additional performance measure concerns the length of
the longest link along a tour. In genaral tours., it may be close
to the diameter of U. This can les to difficulties {n certain
applications. and has motivated the formulation of the

bottlenack TSP problem (?]: to construct a tour whose

largeast link has minimal length. Our heuristic produces tourse
whose longast link is not much greater than the average link

langth, &s we now show.

Theoram 2.4. The longest link along a spacefilling

heuristic tour has expectad langth 0¢log¢Nd/N3279,

Specifically., if 0 is the length of the longest link,
1tm supy,,, ECCIni"78 6y ¢ o,

Proof: Let 4 be the largest increment in 8. The

incramants in 8 may bae considered as i{ndepandant axponential
random variables of mean 1/N, 30 tha probability that none of
the N incrementse exceaeds t is <1-¢xp<-Nt>>N. Let t=1n({N-/s>/N,
The probability that all N incraments are bounded by t becomes
c1-sN0N. As N incresses this hecomes exp(~s). It followse
that & is distributed as In<NI/N - In¢s)/N, whare s is an
exponential random variable of maan 1. 50 as Neow,
E{a-L1n(N>/NI} + 1, Since f is concave,

E(B) < E4FfCAd) ¢ FCECAYS. O
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3. A Spacefilling Curve in the Unit Square. We now

construct a curve that fills the unit squarae,
8§ = { (x.y> | 0g<x<1, 04y<t ). (3,15

It resembles Sierpinski‘s curve [13]1 and anables our heuristic
to perform espacially well. It is recursivaly dafined by
breaking 8 into four identical subsquares, and filling each with
a spacefilling curve rotated so that the four subcurves link to
form a circuit (Figure 1),

We may arbitrarily specify the "estarting point” of the
curve to be <0.0), snd the "direction" of the curve to be
clockwise. Than. as 8 increasas from 0 to 1. the four

subsquares are visited in tha sequence

80 s { {(x,y36S | x$.T y<uS )
82 = (- '-'.Xaﬁ)!s ' X?_-s.‘ y_>_-5 )

(3.2

S3 = { OydeS 1 x2.5, yi.8 ).
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These subsquares induce a partition of € into

Co ™ ( 8 | 0$851/8 or 7/8¢8<1 }
C, = ¢ & i 1/8<8<3/8 )
= (6 | 3/68¢8<5/8 )
Cy= €8 | 5/6(8¢7/8 ),

3.3

s0 that ¢ mapse Ci onto Sia i »0,1,2.3. For aase of
definition wea need an operation reprasenting the rotation of
each subsquare. Let R, be an affine transformation from 8 to

si determined by

RO v 0,03 + €.85,.%5, €0.1> +» ¢.5,0),
(1,17 + 0,00, ¢1,0> + €0,.%

Ry ¢+ (0,05 % .8,,5), <0,1> » <0,.5),
(1,1> + (0,1>, (1,0) + (.5, 1)

1 €0,05 % €.5,.%), <0.,1)> » (.5,1,
(11> 4 (11>, <1,0) % <1,.5)

Ry @ €0,0) % (.5,.5), 0,1 + (1,.5),
(1,15 % €1,03, €1,0> * ¢.5,00,

(3.4

These are interprated as follows: position (x.y> relative to
subsquare { corresponds to position R, (v.y> relative to the

larger square 8. For example, the point <(0.0)> marks the start




of the spacefilling curve. so R1<0,0> is the starting point of
the subcurve over si, that is, tha centar of S, (.5,.%5).

Finally, defina affine transformations from each C; onto C:

Qq ' 7/8 0, 1+ .5 0.5 1/8 1
qy + 178 % 0, 14 + .3, 3/8 + 1
qp + 38 20, 1,24 .5, 1/8 + 1
Qg ' S8 4 0, 34 4 %, 7/8 5 1,

+*

3.%

The purpose of q, is to convert positions along the larger
curva <over 8) into positions along the subcurve over 81. For
example, Sl is coveraed by ¥ as § ranges over CI' and 8=,3
is encountered q1<.3>-.? of the way through tha subcurve over
Sy- Using this notation, the recursiva structure of ¢. shoun

in Figure 1, {s concisely axpressed as

vig) = Ri[¢<q1EBJ)J; GICi; i=0,1,2,3, (3.6




Figure 1 suggests that a heuristic tour will consist
essentially of four subtours, sach involving a fourth as many
points 1in & fourth as large an ares. Consequently, we
anticipate that the expected heuristic tour length for 4N random
points in 8 will be twice as long as that for N points. That is.
Hqy © Hy' vee (2.3 and (2.4, Yat sequances of the
form {uN-4k}:-1 might approach a limit g<.) that depends

1094<N> mod 1
on N, or., more specifically, on 4 « Such {s
tha case.; as we shall see.

It follows from (3.6) that ¥, if it exists, satisfiass

v : 0+ 0,0, 174 » 0,1,
172 2 C1.1>, 374 » <1,0). (3.7

Eqs. €(3.8> and (3.7) provide the basis for the following

slqorithm to compute the inverse of ¥:

FUNCTION THETACX,Y)
1. Choose I (not necessarily unique’ so that <an>¢SI
2. If Xet0,1) and Ye{(0.1)
than RETURNC(1/4¢)
otherwise RETURNCqT® CTHETACRT EX, ¥1>1).




The following theoram summarizes properties of v that may
ressonably be {nferred from our discussion thus far. Its formal

proof is lengthy, however, and will be given in Section 8.

Theorem 3.1, The function ¢ defined by (3.6) exists
uniquely and is spacefilling on S. It satisfies (P1> (its
inverse baing computed by the function THETA), <(P2) with -1
= BEuclidean distance in (2.1 and @ = 2 {n (2.2, and (PP,

Moreover., there is a continuous function 8 on [1.4> such that

logCN) mod 1
(4 s 1 = o0,

11”N+a <uN -p

whan Py corrasponds to tours in 6 based on the curve defined
by ¢3.6).




To obtain a heuristic tour in a square of area A. we rescale the

points 80 that thay lie in the unit square. compute
corresponding & values by the procedure THETA of section 3, and
sort. (A short BRSIC code for this algorithm was given in
(31.> The tour obtainad is, of course, {N timas
longer than & tour in tha unit squars. We now compare its
parformance with that of the nearest neighbor heuristic (NNH)
and tha minimal spanning trea heuristic (MSTH). as analyzed by
Bentley and Saxe (B1.

Computational effort.

The worst-case effort to generate spacefilling heuristic
tours is OCN log N>. considerably less than thosa for the NWNH
and MSTH: OCNS/E log N> and O(N2 log N>, respectively.

The averaga affort for the NNH using a special data structure.
1s 0¢N3), but the average affort for the spacefilling
heuristic C(using BINSORT)> is O(N>. Tha computer code for the
spacefilling hauristic is alsoc simpler., and requires less
mamory .

Worst-case performance.

Both the spacefilling hauristic and the NNH produce tours
whose length is at most DCJRN >, S0, as noted in
81, the ratio of hauristic to optimal tour lengths will be
larqe only whan the optimal tour is unusually small. The worst
case of this ratio is 0Clog N> for the spacefilling heuristic

with general U and v. For problams in the square, however. we
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suspact that {t is bounded by a constant. The worst {nstance we
have bean able to discover is 4.707, for a 32-point problem. A
simpler example is formed by 2* points whose 8‘s are the
integer multiplaes of 2'k; the ratio of heuristic to optimal
tour lengths for thase points is 4. The worst-case ratio for the
NNH is known to lie batwaan OClog N 7 log log N> and O<log N»;
for the M8TH, it is 2.

Average performince,

The expectad langth of a hauristic tour of N points {s N
times the axpactaed langth of & single link along that tour. We
genarated 10,000 random links for each of various values of N.
From these experirants, we concluded that g(:) is nearly
constant and (probably> lias in the range .956 + .05, so
that the heuristic tour is ~.9%6 JNR . Thus our
heuristic produces tours ~2%5% over optimum. A simple
enhancement, to be given in Section I, reduces this to 135% over
optimum. The tour obtained by the MSTH is ~,95 (RN,

( ~25% ovar optimum), and that obtained by the NNH is
~.92 {RH , ¢ ~20% over optimum),
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Our axperimente showed that, for tours produced by the
spacefilling haurtistic, the longest link is typically betueen
1.1 JTART TR N and 1.3 (TAZRY In N . The constant preceding

the radical in these axprassions doas not converge as N * o,

Following arguments given in [?], it can ba shown that the
minimum possibla value of the longast link has expactation
boundad balow by JTAZWRY In N . Thus

our method providas a reasonable solution (within an average
factor of 2.3) to the bottleneck TSP. Stated differantly. the
expectad ratio of longest link to average link along a space-
filling heurtistic tour is OC{IN N ). The length

of the longest link along & NNH tour is comparable to the side
of the containing square. so the expected ratioc of longest link
to average link along a NNH tour is OWWN ». (This

ratio ie significant in applications where a singlae tour is

partitioned into subtours for each of K vehicles. We would like

subtours of squal length to contain equal numbers of customers.)
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3. _Generaljizations. The spacefilling heuristic, as

described {n Saction 2., {s not restricted to tha methods of
Sections 3 and 4, Some slternatives sre listed balow.
Differeant probability distributions.,

If the points are not uniformly distributed over the
square, but are independent with identical probability densitiaes
nix.y> Cand N is large). than the {F term in the
expressions for both the expacted heuristic tour length and the

optimal tour langth is replaced by f 1/2<x,g>dy dx

X,y M
(& Justification is given in (51>, Thus, the ratio of
expacted hauristic to optimal tour lengths remains unchanged.

Other metrics.

We may take as our measure of distance (in U) the lp norm

17p
d .
te-e'ty, = Tlay <oymepdP ] p21

This includes as special cases the "sum of coordinates" or
"rectilinear" maetric (p=i)> and "largest coocordinate' metric

(pmew), as wall as the Euclidean metric (p=2). Since
<1725

Ixily 7 ixily 11as betuaan 1 and gt17po=

&
curve satisfying <P2> for tha Euclidean norm alsc satisfias (P2 r

for ary 1. norm,

’ #
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Performarnce enhancement.

Our method can be extendad slightly so that it generatas
battar tours in tha square, still in OCN log N> oparations. The
additional step. briefly. is as follows. After computing the
spacefilling hauristic tour. atteampt to move each point to a new
location within the tour by computing three altarnative valuaes
of 6. More specifically. for each point g = ¥(8,>, find
the largest triangle of the form given by Lemma 7,%. such that
g, lies in the triangle, but the other givan pointe do not
(i.a., the 8 valuas for the remaining points lie outside the
intarval [1:27™", (i+1>:2"M1), project the given
point onto sach of the three sides of this triangle so that the
projection lies just ocutside the triangle, determine the
position in the tour of each projected point, and move thae given
point to an alternative position if the tour would be shortenad
by doing so (Figure 23, We have estimatad the length of the tour
obtained by this improved heuristic to ba ~,88 {NR , that is,
~15% over optimum. and the effort to obtain an improved tour to
be 4-6 times greater than that to obtain a simple spacefilling

heuristic tour.
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Other spacefilling curves in the plane.

Good heuristic tours can ba generated from spacef{lling
curves other than the one given in Section 2. Hilbert’s curve,
for example, doat not begin and and at the sama point; this
might be a desirable feature in some applications (such as
routing & bus to start at tha airport and finish downtown. then
repaating tha trip in reversa crder’. If Hilbart’s curve is
arranged so that it starte and ends at the same point. then our
exparimants show that it will yield tours assymptotically
comparable to those produced by ours. For smallar N, and points
distributed over a square. the tours constructed by our curve
are slightly better. For smaller N and points in rectangular
regions (width > 2:langthd, Hilbart’s curve may perform bettaer
than ours.

A spacefilling curve in d~space,

A curva similar to that of Section 2 can be defined by
partitioning the unit d~cube into 29 similar subcubas. It
visits the vertices of the cube (and hence., the subcubes’ in a
ssquence determined by the Gray code (81: (0...0), <0...0 13,
(0ss.0 1 1>, €0...0 1 0>, €0...0 1 1 03, «vv o If wa take
(0...0) to be the D-th (and 29-th) vartex visited. then
€1...1> will ba the M th vertex visited, where

2332913, d aven
Mo d
2/3) (2%-.%), d odd
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Thus. for d>2. €(1...1> will not be visited halfuway along the
curve. Rather, wcad) = (1...1> for

(2-35-¢1-2"9, d even
x, =
d 2.3, d odd

Briaefly. ¥ visits tha subcube containing the n-th vertex as &
ranges ovar the intarval t(n-adb-z‘d, <n+1-ad>-2'dl;

nls... 291, and ¥(Bdmthe n-th vertex when 8=n.279,

n even, or 8-(n-ad>-2"d, n odd.

The inverse image under ¢ is computed by

FUNCTION THETACX .. ... X >
1> For i=i to d. sat ¥, ¢ INT(2%K,5. Choose
Netiov.. 029 50 that ¢V,...¥y) is the N-th
vertex visited by the curve.
2> For 1=1 to d, set ¥, « 1 = ZAmincX,,1-¥ >,

If N is odd, than set 8 ¢« | - 8,
RETURN<<N+s-ad>*a'“ mod 17.

Thus, it is clear that (P1) is satisfied.
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To show that (P2 holde fwith l«ll = Euclidean distance).
lat 81 and 82 be any two points in C, and set
4= 18,~8,1, D = I¥C8,>~4(8)1l, Supposa that
the cuba is broken into 29 subcubes of side 27%. ue
call any two subcubes neaighbors if they have at least one
vartex in common, (By this definition, a subcuba is its own
naighbor.) Qur curvae visits each subcuba twice; each visit
corresponds to an interval in £ of length oy 27k o
l-ayd 279, and consecutive intarvals in C are aluays
mapped into neighboring subcubae. Thus., if & < min(ud;l—ad) 27kd,
then v(ﬂx) and ¢(92> lie in naighboring subcubes. snd so
D < 2 d'2 27K, (Note that this argument is valid
only for integer k.> Thus, (P2) holds with 4 = 4 a*"2 (1-a 7179,
(e note that the i obtained in this mannar is not as good as
the ( established in Theorem 2.1 by an argument that is valid
only for d=2.) Consequently. the spacefilling heuristic will
produce & tour of length at most Dcgl’Z NCO1I7d,
Besrdwoocd. Halton. and Mammersleyl(5] have shown that the

average optimal tour is of this order of magnitude.
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6. Proof of Theorem 2.2. The proof is based upon the

following identity: if A is a sat of nonnagative numbers and
HCEY = 8¢ XA | X2t )}, then tha sum of alements in A

equals fg H(t> dt. We let A represent the set of M link
lengths along the heuristic tour and construct a bound of the

form H'CE) > MCe), 30 that
L = JE“ HCE) dt ¢ JE“ Hh ey dt.

Let Z denote the set of N given points, and lat ECe2
danote the eat of pointe in U that lie within distance ¢ of a
paint in 2. We firet show that

d

LI ot PO 6. 1)

VIECI ¢ ¢ L
whare Y[:] denotas d-voluma, ¢ = VI( ¢ | ligli<l »] and
c’ = sup"!"il WE( g=g’'+ay, | lig’licl, 51*i‘1'°' 0<acl 1.
CIf Hi-ll is Euclidean distance. then c is tha volume of a unit
d-sphere and ¢’ is the voluma of a unit d-cylinder. Note,
howaver, that fi«fl can be any norm on d-space!’ To simplify
notation, lat “noda” indicate a point in E, and lat "link”
indicate a sagment of tha optimal tour of E. R point will be
considerad to "lia within ¢ of & link" if it lieas within
distance ¢ of some point along the link. Sinca any given sat
of { nodas (i=1,,..,N~1> adjoine at least {+1 links,
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{¢ | ¢ lias within ¢ of { or more nodes)

€ (g | ¢ lies within ¢ of i+1 or more links), is1,,.,.,N-{

it follows that

Vi{g | ¢ lies within ¢« of | or mMore nodas})l

+ 2?_1 VI{(g | ¢ lies within ¢ of i or more nodes)l

¢ 2., VE(s | ¢ lies within ¢ of 1 or more 1inks)]

+ V(g | ¢ lies within ¢ of all N nodes)) (6.1’>

Wa may obtain (6.1) from (8.1’> by the three substitutions givan

bealow:

P

iml VEig | ¢ lies within ¢ of { or more nodes)]

- 2T=1 i+ V(g | ¢ lies within « of i nodas exactly}l

= 2.y VE(g | & lias within « of tha i-th node)]

= N¢ ed
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ST-I VI{e | ¢ lies within ¢ of { or more links})
=g 1 VEGg 1 g lies uithin @ of 1 links exactly)]

= ST-i VE{g | § lies within ¢ of the i-th link)l

X e<d—1) d

= ) L + Nc ¢

VI(g | ¢ l1es within ¢ of all N nodes)) ¢ ¢ ¢

Let us partition C into k¢ intervals of equal langth,

= (01 1k g ¢ crk™ 1m0t k9-1
If tha distance batween any two consecutive points along the
heuristic tour 18 > £<k™9), tnan, by <P2), these points

cannot lie within the same E?; s0

BOwA | v 2 £ M1 ED N B is nonempty) <82

But tha points in any Et 1ie within £¢k™25 of each

other. so
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CWeEX> n ) ts nonampty = wED € EcrkTd, (6.3

Finally, each !? has length k™Y, and v 1s measure

presarving, so

vrv<s§>1 = xd (8. 4>

Combining ¢B.1) through (6.4), and setting ¢ = £ck ™Iy

= Ok, we obtain

*+cﬁd

#OWA | x> a0 ¢ kY viEcakrr = o a% kL

If K is & nonnegative number (not necessarily integer’), then

poveh 1 2 Ky ¢ et 097 ] X 4 e o®

*+cﬁd

et 0% k0L
Letting ¢t = Q/k. this becomes

woen a2ty < ¥ et LPr e e P e o
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There are N pointa in 8, so

OWA 1Ot < N

”~

The distance betwean any two points in 8 is bounded above by
f<irs2) (sinca 172 maximizes <77 and by L¥*/2 (bacause the
triangle inequality holds and an optimal tour of langth L¥

Joine the pointe tuwice), Thus

%

#oven 1ot = 0, t > mincn 279, Koay,

Thesa combine to form
. -4 %
minC 2 ., LT72)
L ¢ .g min(Ns 09 Lot + cL¥n ¢ ) at
So

X
L* ¢ ‘EL 2 minehel®, crafty gt ¢ e @ ¢ a2

d
- ¢ o9 _glizn € minCN,1-1) dr + constant terms
(t = t/c'QdL*>

= ¢ 09 1nCND + constant tarms, ) (6.%)




—
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7._Proof of Thecrem 3.1. We consider first a

spacefilling curve closaly related to v. and defined by a
similar recursive structure in which the domain is broken into
two, rather than four. identical parts. This related
spacafilling function will be denoted by ¥ its domain is

the sat
D=(ol 0ol (7.1>
and its range is tha triangle

T = { (x,y> | x+y$2) xsy20 1}, (7.2

As » ranges from 0 to 2. the ralated spacefilling curve
¥Co) will continuously cover every point in T, starting at
tha lower right vertex (2.0 and ending at the upper left vertex
<0,2>.
We define ¥ reacursivaly, by splitting T into two
smallar triangles, each filled with a spacefilling curve
(Figure 3>. The smaller trianglaes ara given by

T0 = ( OeydeT | x>y ?
= (7.3

T1 = { (Oxsy2eT | x<y ) q
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We also divide the domain D into two halvas
DO = ( @D | wCl

Oy = ( web | w21 )

so that ¥ maps each D, onto T;» Finally, wa construct
affine mappings A, from T to Ti‘ and by from D; to D,

each complately determined by the following information
ﬁo 1 2,00 + €2,00, (0,00 + C1.,1), 0.2 + <G,0>
ﬂl : (200:' 4 <0.,0), (ﬂ;D) » C(1,1>, €0,2> (002)
bo c 00,192 b1 r 140, 242

The recursive structura of ¥ May Now be written as

$(w)~ﬁ1[$<bitwl)l; weD {=0, 1

(?I 4)

(7.3

(7.8
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Lemma 7.1. Eq. ¢3.6)> has a unique solution ¢ if and only
if ¢7.8) has a unique solution ¥. Furtharmore, if both

solutions exist, then

wiBY = C1,1)> - ¢(B+.5), 8¢C 7.7

Proof. Lat & = (j+h)-8. vhere j is an integer. and

0<h<1. Each case i=0,1,....7 mMust be considered saparately.
We sketch the case jm0 only. Suppose first that ¢ exists
and <7.7> holds. Tha LHS of (3.6) 1is w(8)=¢ch/8), By (?.7),
this becomes (1,17 = ¥(,5+h/8). But tha argument of ¥

is less than ona., so (7.€) parmits this axpression to be
converted to (1,1) - R [¥(1+hs4>]. Continuing in this
manner. the LHS of (3.6)> is seen to be (1.,1> -

Ay A [AS A, [#C2h311]1. The RHS of (3.8
becomes RyCC1,1>=R, (A T¥C2h>11]. These

expressions are equivalent, Similarly, if wa assume that ¢

axists, we can construct %. O
Eq. (7.5 may also be writtan as a fixed-point identity
¢ = F (7.8

whera F is a transformation on the space of T-~valued functions

on D. For any function ¢ '+ D + T , the image of ¢ under F

is given by
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[F#l(0yd = HiEO(bitw])J, aeDi; i=0,1 (7.9
The operator F provides & basis for demonstrating the axistence !

of ;'o

Lemma 7.2, The transformations Hi and bi are distance

preserving, in the following sense:

&) I AL LEGY>T = ALCk ,y )T, = 2~172 oy I=Cx sy ? Vil ;
for any (x,y2,(x’,y’2¢T, and i=0 or 1. :

b) fbi[wl - biC@‘Jf = 2 lo-w’],

for any w,w‘ebi, and i=0 or 1,

Corollary 7.2R, F is a contraction operator under the sup

(Euclidaan) norm, i.e,.

- ’ ~1/2 _
sup  piIIF4ICad-CF4 J(w)"z) <2 SUp, pflI#CadI=¢’ Cadli ),

Corollary 7.28. For any "initial guess" ¢ ' D+T, the

sequence of functions F¢, n®=0,1, .u. converges uniformly

to & Cuniqua’ solution of (7.8) [equivalantly. of (7.6>1.




- 38 ~

Corcllary 7.2C. Theare exists a uniqua continuous function ¢
satiafying (3.6,

Proof: Lat ¢ be the unique continuous solution of (7.8

and apply Lemma 7.1. O

A eimple initial guess for & is

o) = (2-0, @) weD (7.10> !

Lat ¢ = FM. By Corollary 7.2B, 4" 4 &, Figura

4 shows tha first few tarms of this sequenca., In viaew of (7.73,
the restriction of " to $ (shown within dotted lines in

Figure 4> is a convergent sequence of approximations to v,

rotated by 180°.




N S

Figure 4. The first eight terms of a sequence of approximations

to the spacefilling curve ¥. The approximations to y are shown

within the dotted lines.
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Ka now turn our attantion to establishing (P1>.

Lemma 7.3, If X and Y ara both integer multiples of
27%, then
(8> Y(THETRC(X,Y>> = (X,Y).
(bY THETACK.Y) will be an integar multiple of
(e> THETACX.Y> will call itself at most k times.

2"2(‘(‘1 )'

Proof: An induction on k follows easily from the structure

of R, and q,. O

Corollary 7.3 Tha function ¢ satisfies proparty (Pl).

Corollary 7.3B, + is a spacefilling curve over S.

Proof: Let § denote the points in S whosa coordinatas

have finite binary expansion. THETR will compute, for
(x,yde€, & 8 such that wC8) = (x,y), Consaquently, §

€ w(C) € 8., C is a compact set. so the continuity

of ¢ (assured by Corollary 7.20> impliaes that v(C) is compact.
That is, closure¢§) ¢ ¢(C). But closurecS) = S,

so v(C) » §, Since ¢ is continuous and surjactive, it is

spacefilling. 0
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Next., we astablish (P2).
Lemma 7.4, HeCod-$<ordl, < 2 dle=0’i. 6,0’ e,
Proof, Since 4"+%, it suffices to show that
neMCar-¢"wl 2, ¢ 2 [lo=6" 1, w.0° e, n=0,1,... (7,11
This we do by induction. By (7.107,
147 c@r-4%oon, < J2 ¢ 10’1, eset .

But (7.1 ansures that le-e’l ¢ 2, w.0’eD, and so

(7.11> holds whan n=0, To parform the induction, wa consider

two cases:

) @0’€l Or w,0’21., The induction follows

trivially from Lemma 7.2,

(b)) adl<w’ or w'{1<w. Sinca any two
points in T detarmina an angle at ¢0.0> of. at most. 909, the
"cosine law" extension of the Pythagorean Thecrem implies
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2
(167 cor-4™ 1 car>01,)

2 2
¢ [0 w-c0,0my]" ¢ (1c0.0-4™Earon,)

But +"*1¢1)=¢0,0) [eaa ¢7.105, ¢7.11> and (7.5, or

axamina Figure 3] and so this may ba written as
n+l n+i 2
[n¢ Cad~d <w')"2]
n+t . .n+d C n+i n+l C

< [M a9 “’“2] + [no (15~¢ <w>un]

- &
from <a>, above. it follows that

2

(0™ car=4™ 1o 205) " € 4 lom11 4 4e11-07 1 = 4o lama’)

This establishes tha induction for case (b)), O
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Corollary 7.4 The function v satisfias (P2) with li:)l =
Euclidean distance in ¢2.1> and O = 2 in ¢2.20,

Now we establish (P3).

Lamma 7.5, For any integers m>1 and 0<1<2™, the

sat ¢ w(8) | 1:27" < 8 ¢ (1413:27" ) is a right triangle.
of area 2", having 45° angles at #Ci2™™) and
w<Ci+13:2"™, and a 909 angla at w(ci+.S53.27M),

Proof ' The assartion is true of ¥ for m=0 by definition

of T. An induction on M is basad on the recursive structure
shoun in Fiqure 3' a8 mem+l, each triangle is bisactad at its
right angle to form two naw triangles of equal ares. In view of

Lamma 1, the property extands to v as well. O

Corollary 7.5A. v is Lebasgue measurs praserving.
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Finally. we examine the sequence of maans. Pye

Lemma 7.8, For any N, N’,
'“N - “N" i Zﬁ .1“(“’“')'-

Proof: If a point selected at random is removed from a
hauristic tour of N independant random points., the remaining N-1
pointes will be independent and sequanced so as to form a
hauristic tour. By the triangle inequality. the heauristic tour
of N-1 points 18 no longer than the hauristic tour of N points,
but it is luss by, at most, tha lengths of tha two links
adjoining the removed point. 8y symmetry., the expacted length of
a link selectad at random is N-! times the tour langth.

That is,
0 ¢ N2 - =001 <@y 7R

Dividing by NI72, and using 1-N"! ¢ (a-N"HI72 ¢y,

as well as <3.5), this becomes
|pN bnd pN-1| S ZQ/N
For N’<N. then,

N N
Iay = mye ! € Tlanreg 2074 ¢ _C 20/t dt o
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Lemma 7.7, Thera is 2 saquance By such that

’4N = ’N for all N, and “N"’N + 0.

Progf: Consider a modification of the random N point

problam. uwhere the number of points. denoted by n, {s itself a
random variable having Poisson distribution with mean N. The
Oi‘s now constitute a2 Poisson process on C. Lat p’<N> =

N 172 . the expacted length of tha heuristic tour of

ye N2 . the axpactad

thase n points. Also let u’(N
length of & heauristic tour of the n points along with the four
vartices of the square (that is. n+4 points (n alld, and let
RTENY = NT172 . epe expacted langth of all links along

the heauristic tour of the n random points any four verticas
excepting those links that adjoin a vertex of the square. Now

0 ¢ ptN> - TN ¢ B0/N, since (1) the tours

described by pT(N> and pTCND differ by Cat most) the

length of eight links (adjoining the vertices of the square).
each of which rangas over i/N of C on avarage, and ¢ii)> £<{.) {s
concave, so that ELf(4)] ¢ FCELAI>. The recursive

structure of ¢ C(shown in Figure 1> assuras that p Ny €

nTcaN> and wtend > ANy, so pTN 4k ang

p*(N-4k) converge monotonically Cas k+ed to a limit

(that may depend on NJ. Lat 2N denote this limit, Clearly

Pan ™ Py Also pCND € py € W N>, And,

by their definition Caboved., W (N> € p’ (N> ¢

preny. 8o
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(' N> = gyl ¢ pECND~pTENY € BN,

Tha ralationship betwean gl CND and Py is
b Ny = ELCn A1 1 Etennd i u 3
. E0ened 2 cp ol T LIRS IR
This. along with Lemma 2.6 and (2.3 implies
Ha? (ND=py | € 29 ECenaNd 78 1In(nsNd 1T + 0 ELi 72 - 110,

When N is large, n/N is normally distributed with masn=1 and
variancewisN, and so p/(NI=py * . @

Corollary 7.7R., Thera is & continuous function pC> such

that 1og (NY mod 1
o9 Mo
wy - ole 7 ? ) o+ o
log (N> mod 1
proof: Lat pla 2 R

Continuity of p<:) follouws from Lamma 7.6. 0O

The various assertions of Theorem 3.1 have now bean provad.




- 4% -

8, Conclusions. The spacefilling hauristic should prove

useful in large applications because of its spead, only

OCN log N> operations, an order of magnitude faster than any
othar TSP hauristic commonly considered. It achieaves this by the
surprising tactic of ignoring the 0<N2/ interpoint distances.

Our method is also robust. in the sense that it constructs
& single tour which is good with respact to a variety of metrics
and point distributions, Thue, problem parameters required by
other methods nead not be measured, and need not remain constant
over time. Furthermcre. since it is based on sorting, our
heuristic has the advantage that insertions and delations can be
made in only 0Clog W) operations.

The simplicity of our hauristic should make it attractivae
for low technology applications. It requires no real
multiplications or square roots. and 8¢ should execute quickly
on microprocessor-based systams. In fact, a computer isn’t aven
required. For example. & table of precomputed 8 values can be
usad to convert (x,y> coordinates (read from a map’? to numberse
that are then sortad manually. With our students Lee Collins and
Bill Warden. we divised Jjust such a routing system for an
Atlanta charitable organization., It delivers meals to over 200
locations which change daily. Our heuristic is at the heart of
this system, and is implamented on two card filas. The system is
easily maintainad, cost virtually nothing, yat reduced total
mileage by 13% and enabled a reduction from five to four

delivery vehiclas. For details, see [4].

o - e e

M Wen, ot vy
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APPENDIX r

The following BRSIC code will compute a tour of N pointe in
& square of side §. Variables whose names start with I-N will
contain integer values. This program may require modifications
to run under some varsions of BASIC (@.gq. eliminate variable
dimensions in 30 and 410). Our sorting algorithm is HEAPSORT ;
¢sae Knuth(111), !

The structure of the program is as follows' |

Statements 10-50 input and output of varisbles :
Statemants 100-150 calculation of 8, for (xj.y;7 é
Statemants 200-330 sort 8,°‘s i
Statements 400-820 optional improvement procedure




100
110
120

122
130
140

15e

200
210
220
230
240
250
260
270
280
290
308
319
320
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INPUT “NUMBER OF POINTS"; N @ K=10 ' KP = 2#(K-1)>
DIM ASCNI, XIND, YOND, THON D, TACK ), NRCND
INPUT “SIDE OF SQUARE"; S @ UmSx,3581/KP
PRINT "NAME., X, ¥Y:" ' FOR Iwl TO N

+ INPUT RASCID, X(IJ,YE€EI)> « NEXT 1
FOR I=i1 TO N ¢« GOSUB 100 ' NR(ID>=I : NEXT I
GOSUB 200 : GOSUB 400
PRINT + PRINT "RANK","NAME".“X",“Y", "THETR"
FOR 1=1 TO N : JsmNRCI>

t PRINT I.RA$CII, XCID,YCID), THCID + NEXT I
STOP

REM k¥¥ SUBROUTINE TO COMPUTE TH(ID XX¥
KXmINTOXC IO /UD) ¢+ KY=INTCYCT DZ2UD
FOR J=1 TO K : JUX=INTC(KX/KP) : JYsINTCKY/ZKP)
b KKm2RCKX-KPXJX ) 1+ KYs2X(KY~KPXJY >
v IQC OmIY+IRIK~2KIXKLY + NEXT J
TeIQC(KI/4
FOR JuK-1 TO 1 STEP =1 : TwT+(E6~IRCJ))4
¢ TaT~INT(T) ' Twm(3,5+T+IQCJID074  NEXT J
THCI d=T=-INT(T> : RETURN

REM x%% SUBROUTINE TO SORT ARRAY NR SO THAT *xx
REM AKX THONRCIDICTHCNRCZ25 )M, . s CTHCNRCND Y kXX
ILsINT(N/2)41 : IRsN

IF IL>1 THEN IL=IL-1 : NA=NRCIL)> : GOTO 260

NA=NRCIR)> : NRCIRD>mNR(1)> ¢ IRmIR~1

IF IRel THEN NRC1)>=NA '@ RETURN

TAsTH(NR) @ JUsIL

Is) : Jm2%J : IF J«wIR THEN GOTO 300

IF J>IR THEN GOTO 320

IF TH(NRCJIIXTHONRS J+1 0> THEN JmJ+]

IF TA>aTH(NRCJD> THEN GOTO 320

NRCI)sNRCJDY : GOTO 27@

NRCID>=NA : GOTO 230
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- %0 -

400 REM *X%x OPTIONAL IMPROVEMENT SECTIOM %X¥
410 DIM LFOND,LBCNY.D2C3), KV(I), KW(3) : KR=KPk2-1
420 NRC(Q@O>=NR(N)> * FOR I=1 TO N : LF(NR(I-1>)aNR(I>

© LBCNRCIDO=NR(I-1)> : NEXT 1 : REM k. SET UP LINKS ¥%x¥
430 FOR 1I=1 TO N : JJmNRCIID : MXsXCJJIdAU © MYsYCJJ)dU
440 TaTH(JJ> : REM ¥xX%  GET TRIANGLE CONTRINING POINT II **x%

458  TBsTH(LB(JJI)> : IF TB>T THEN TBe=2
460  TF=TH(LF(JJX> : IF TFLT THEN TF=il
470 Tl=-.5 : TGel,5 : KV(1)=-KR : Ku(1d=KR
¢ KVC20=KR ¢ KW(2)8KR : KY(3)=KR : KW(3)=-KR
4980 THMa(TL+TGY~2 © IF TB<TL AND TF>TG THEN GOTO %60
4950 IF T>TM THEN GOTO %510
S0 TG=TM : IV=d : GOTO 520
Sl TLesTM : IVv=]
520 KKeC(KVCLII4KV(3I0-72 ¢ KYCIVIaKW(2) @ KV 2 =KK
330  KKa(KWC1O+KW(3>3/2 ¢ KWCIYOISKWC2) ¢ KWC 2 =Kk
540 GOTO 480
3%@ REM ¥xx TRIAMGLE VERTICES RRE CUXKYC. D, URKWC. D) %xx
560 FOR IVsm] TO 3 : D2CIV)Ia(MMY~KY(IVY)P2+(MY-KWC IV )92
NEXT IV @ KW(@)=KY(3) : KW(@)aKW(3) : D2¢@)=D2¢3)

570 DS=1E9 : 1S=@ : REM k¥ TEST EACH PROJ’N *%X%
580 FOR Iv=1 TO 3

590 RO=C CKVC IV I~KVCIV=13 )¢ 24CKWC TY =KW IV=1))42)

600 R1=( 1-(D2¢ IV )>~D2( IV~1>)/RD>/2 '+ R2m1-R}

€19 KX=R1IKKNC IV I+R2XKYCIV=-1D XD dxUk( KK+SGHCKX~M¥ 2D

620 KY=R1IKKWCIVI+R2XKWC IV=12 1 Y@ D=UXCKY+SENCKY~MY 3 )

630 1=@ : GOSUB 18@ : REM ¥¥%x FIMD THETR FOR PRD.J‘H ¥XX%
6409 T=TH(@> : IF T>TB AMD T<TF THEN 73@

€50 NL=1 : HG=N : TL=0 : TG={i

669 NM=INTCONLANGIZ2) @ TMaTHCNRONMD Y @ IF NG-HL<2 THEN 690

670 IF T>TM THEM TL=TM : NL=NM : GOTQ &60

680 TG=TM : NGeNM : COTO 660

690 JLuNRCHL ) ¢ JG=NR(NG)> : REM XXX MNEW POS’'N TO TEST kxx
700 IF LFCJILOOOJG OR Jl=JJ OR JG=JJ THEN GOTO 730

710 D=SARCCKC JL 2=XC JJI X2+ Y IL I~V AI I I42)

+SARCCXC IG X=X JII X124 Y JGI=YC JJII 242>
=SARCCXCIGI-KCIL I X2+ YO IGHI=YC JL Y H42D
720 IF D<DS THEN DS=D : IS8=IV : TS=T . JS=j_
730 NEXT IV
740 IF IS=@ THEH GDTO 808
75@ JBsLBCJJY ¢ UFsLFCJJ) : REM ¥ix BETTER THAM OLD POS’MT %kkxX
760  D=SQRCCXCIF X=X JIIIP2+CYCIF 2=y JI 3042
+SARCCXC UBI=¥C JIIIP24( Y IBI=Y( JI I »+2)>
=SQRC{XC JF 2=XC IBI P2+ Y IF d=-Y( JB )12
770 IF D<{=DS THEM GOTO 800
788  NRCIIDmLFCAJ) : THCJIIIWTS : JH=LFC(JS)Y @ LBCJJ=JS
790  LFCJJdmIH : LF(US)=J) : LBIJHI=JJ : LFC(UBI=JF : LBCJF ) )>=JB
890  NEXT 11
810 JmNR(1)> : FOR I=2 TO N : JmLF(J) : NR(IDeJ : NEXT I
828 RETURN







