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SPACEFILLING CURVES AND ROUTING PROBLEMS IN THE PLANE

Loren K. Platzman and John J. Bartholdi III

Georgia Institute of Technology

This paper introduces a novel heuristlc to compute a

Minimal-length tour of N given points in the plane: they are

sequenced as they appear along a spacefilling curve. The

algorithm consists essentially of sorting, it is easily coded,

requires only O(N) meory, and May be impleMented to execute in

O(N log N) operations at Most, or O(N) operations on the

average. If the points lie in a square of area A, the heuristic

tour wil1 ave length 2 A at most. If the points ire

statistlcal1 independent under a smooth distribution, with N

large, then the tour will be approximately 25% longer than

optimum, and a simple enhancement reduces this to 15%. We also

give performance bounds for our method when the given points lie

in a general subset of d-space, with an arbitrarW distance

Measure.
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1. Introduction. The travelling salesman problem (TSP)

is to construct a circuit of minimuM total length that visit*

each of N given points. Even in the plane, this problem is

NP-complete C123. Karp El01 has given an O<N log H)

heuristic to coMpute a tour whose length is within o of

optimal, but It is difficult to code, and its effort has a

constant factor that Increases rapldlu as e decreases. Bentleg

and Saxe C63 devised an O(N3 /2 log N) implementation of

the nearest neighbor heuristic, but it requires a special data

structure. This paper describes a faster, simpler heuristic

that performs comparably. We gave a brief account of the ideas

underlging our method in C33. Here we present the algorithm

in detail and analyze its performance.

Let U be a set (e.2., the unit square) within which tours

are to be constructed, and define

C = (8 I 0 < 8 < 1>. (1.1)

When U has dimension 2 or More, a continuous mapping * from C

onto U is known as a seacefilling curve. Such curves were

first devised by Peano and Hilbert in the 1890's to Pesolve

topological existence questions (cf. Hobson C9, pp 451-4583).

More recently, they have attracted attention as entertaining

examples of recursively defined computational procedures (cf.

Aleph NaughtC23, Abelson and diSessatl, pp 94-1023). We turn

them to decidedly practical use.,



Let *(0) *I)(1. Then *(e) traces out a "tour" of all

the points in U as 8 varies from 0 to 1. (For this reason, we

find It convenient to view each OsC as a point on the unit

circle 9S clockwise revolutions from a fixed reference point.)

Give" N points in U to be visitedi our strategy is to sequence

them as they appear along the spaceftlling curve. Thus. we

propose to construct tours in the following manner'

SPACEFILLING HEURIST C

1) For each point f to be visited, coMpte a 0 such that C'W(O).

2) Sort the points by their corresponding 8's.

In Section 2, we analyze the performance of this heuristic

when the region U, the distance measure by which tours are

evaluated, and the spacefilling curve * are all arbitrarg.

Then, In Section 3, we define a particular spacefilling curve

over the unit onuare. and show how its inverse is computed. This

provides a specific algorithm to solve TSP's In the plane; Its

perfor Mance it discussed in SectIo" 4. Section 5 shows how the

ideas of Section 4 can be extended to more general TSP problems.

Sections 6-7 contain lengthy proofs deferred from earlier

sections. Concluding remarks are given in Section 8.
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2. General performance analysis. Suppose that U lies

in -space and let 11.11 be a norm that determines the distance

between points in U. Our analysis is based on the following

three technical conditions, which, as we shall see, hold for

most problem% of practical interest,

(P) The inverse of * is easily evaluated. Specifically,

if S*U is a d-vector whose components each have k-bit

representations, then there is a 8 satisfying S=W(9) and

having an Q(dk)-bit representation which may be computed In

O(dk) operations. Although there may be many such 0. we must

compute oly one.

(P2) There is a finite constant 0 such that

where

f(A) - Cmin(AI- )3 I / d, AeC, (2.2)

(P3) * is Lebesgue measure preservIng. That is, if I is

an interval in C, the set ( W(O) I OI ) has d-volume

(are# if d=2) equal to the length of 1.
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Remark%. (P1) ensure* the efficiency of our, algorithmj

(P2) enables us to study its performance; and (P3) normalizes

the problem and eliminates pathological cases. Intuitively,

(PO > * is svrjective and (P2) w * is

continuous, so together theg implq that * is a spacefilling

curve. Rlso, (P2) =0 W(O) a o(1). (P3) requires that U

and C be scaled so that U has unit d-volume and

"homogeneousl fills" U.

Computational Effort.

The spacefilling heuristic requires O(dkN> operations to

compLtte the e's and O(N log N) operations to perform the sort.,

that is, ON log N) operations in all. (To be more precise) dkN

is the number of bits required to specify the problem, and the N

numbers to be sorted each have 0Odk)-bit representations) so the

problem is solved in O(dkN log N) bit operations.)

Alternatively, a randomized sorting algorithm requiring 0(N)

expected comparisons might be used (e.g. BISORT, see

Ktuth[11] and Weide153). A heuristic tour is then obtained

in O(dkN) expected operations.

This procedure also requires surprisingly little memopU,

only O(dN), linear In the size of the problem.



Worst-case Analysis.

Given N sorted points W1 )...*(ON), the tour length is

bounded above bg Z l f?(Ai), where Am i-sil

and AN-1+0 CO. Since this expression is concave and symetric

in Al l..A and since i-1 Ai - 1, it achieves a maxiMum of

NC(1/). Thus, we have proved

Theorem 2.1. The spacefilling heuristic produces a tour

whose length, L, satisfies

L 4 NP(I/N) = N -

We also consider ihow long the heuristic tour may be In

relation to the optimal tour.

Theorem 2e2. If, for a given set of N points, the heuristic

tour has length L and the optimal tour has length L*, then

L/L* O (log N).

The proof of Theorem 2.2 is lengthy and will be given in

Section 8. We note that the dominant term In the exact bound

for L/L* (Eq. (6.5)) increases slowly in N but rapidly in d.



Probabilistic Rnalysis.

Suppose that the points SIO "No 4N are independent

random variables uniformly distributed over U. Now the heuristic

tour length and the optimal tour length mag be viewed as random

variables. Since * is measure preserving, each 8i satisfing

Si 0 +(9i) is uniquely determined with probability one,

and is uniformly distributed over C. When N is large, the

Gils approximate a Poisson process on C.

Define random variables

p* N" (d l)/d L*, NmI,2,...

where L* is the length of an optimal tour ioining N random

points. Beardwood, Halton and Hammersley[5] have shown that.

when the Euclidean norm is used to evaluate tours, there is a*I
p such that lim 40 pN) - p* almost surely. Steele E143 has

extended this to the stronger statement of convergence

=1Probip - I >>O.

We now establish a similar result for the heuristic tour.

Define random variables

PH a N~ - -l)/d L, N=1,2,..., (.3)

where L is the heuristic tour length for H random points, and let

IN a ECpN3. (2.4)



The sequence O need not converge as N+*. By Theorem 2.1,

however, it is bounded,

- ON <.

These bounds May be tightened slightly by noting that (1) the

optimal tour grows as N(d-1 )/d p, o

< lim in H N , (ON)

and (1i) the Increments in 8 AlonQ a heuristic tour are near :

exponentially distributed with Mean I/N, so, by concavity or

f(.),

li suPN (ON)

<N -( d - )/d N f fW(x N-Nx dx

a a r((d-1)/d). (2.7)

Therefore, for large No the expected heuristic tour length will

be within a constant factor n r((d-1)/d) / p of the

expected optiMal tour length.



The following theorem will permit us to make a stronger

statement regarding the ratio or heuristic to optimal tour

lengths.

Theorem 2.3. Let PN be a (deterministic) sequence such

that 4N-N + 0. Then

Probt 0 ~<0. ~ 40.

Proof- We lightlu modify Steele's proof [143 of complete

convergence of P'" Simply redefine the random variables

dN in E143 to reflect the fact that our heuristic tour joins

a point with another whose inverse image under * is closest in

C under Metric f(.):

d- = minM(1(i-8 1 1) 1 i=2,...,N).

Since the S1 's are independent and uniformly distributed on

CA Eq. (2.2) of [143 may be replaced by

ProbrdN > t) < EI-2f-I(t>]N - 1 < Ci-2(t,/)d3N - , O<t<f(1/2>.

and the remainder of [143 establishes the desired result. 0



Since P - and p- both converge

comfpletely to zero as N + *, the difference betwee-n

/p* (the random ratio of heuristic to optimal tour

lengths) and gM/p (the deterministic ratio of expected

heuristic tour length to expected optimal tour length) vanishes

almost sUrely as N4o. Thus the spacefilling heuristic will

reliably construct tours whose length is a fixed constant factor

* larger than optimal. This factor depends on the

region U, the curve *, the distance measure 11.I1, and (in

principle although not in our experience) the problem size N.

We c n. estimate V.N bU Monte-Carlo simulation: generate ma.i

random problems and solve them bq the spacefillino heuristic.

Good approximations to P are given In [53 for problems In

subsets of d-space under the Euclidean norm. For d-2,

* .765 E63.
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Rn additional performance measure concerns the length of

the longest link along a tour. In general tours, it may be close

to the diameter of U. This can I@& to difficulties In certain

applications, and has motivated the formulation of the

bottleneckTSFP roblem t7], to construct a tour whose

largest link has minimal length. Our heuristic produces tours

whose longest link is not much greater than the average link

length, as we now show.

Theorem 2.!. The longest link along a spacefilling
heuritic tour has expected length 0Nlog(H)/N) I ,

Specifically, If 6 is the length of the longest link,
lim sqpM44 E((In(N)/N) "I/ d 6) < 0.

Proof, Let A be the largest increment in 8. The

increments in 8 May be considered as independent exponential

random variables of rean 1/N, so the probability that none of

the N increments exceeds t is (I-exp(-Nt)>N. Let tsln(N/s)/N.

The probability that all N increments are bounded by t becomes

(1-s/N) . As N increases this becomes exp(-s). It follows

that A is distributed as n(N)-H - ln(s)-N, where s is an

exponential random variable of mean 1. So as N+*,

E(i-ln(N>/N]) + 1. Since f is concave,
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3. R SpacefillinQ Curve in the Unit Square. We now

construct a curve that fills the unit square,

S a 4. <x..y) I D<X<1, Ojyj1 ). (3.1)

It resembles Sierpinski's curve [133 and enables our heuristic

to perform especially well. It is recursively defined by

breaking S into four identical subsquares, and filling each with

a spacefilling curve rotated so that the four subcurves link to

form a circuit (Figure 1).

We may arbitrarily specifw the "sta.rtlng point" of the

curve to be (OO), and the "direction" of the curve to be

clockwise. Then, as 8 increase% froM 0 to 1, the foun

subsquarus are visited in the sequence

so { (x,Y)GS 1 x<.5, y..5 )

S1  a ( (xyg)eS I X<.5g ..5 (3 )

$2 = . (xW)S 1 x>.5, W_.5 >

S3 a 4 (x'w)iS x>.5, <.5 ).

ni
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These subsquares ind,ce a partition of C into

C0 W- < i < -s1 or ?le8e< 91 
C1 - '( e I1/6<0<3.,8

C - (3.3)

C2 = ( B I 3/<<5/9 )

C3 * ( e I 5/8<</8 ).

so that # maps Ct onto Si, i - O,1,2,3. For ese of

definition we read an operation representing the rotation of

each sub$quare. Let R be an affise transformation from 8 to

a determined by

R0  (0,0) 4 (.5,.5), (0,1) * (.5,4),

(1,1) * (0,0), (1,0) * (O,.5)

R1,(0,.0) * .,.5X. (0.I) * (0,.5),

R11 2 (0.00) ( 0) (.5 1) (3.4)
R2  , (0,0) • (.5..5), (01) 4 (.5 .1),

(1,1) • (1,00, (LAO) + (1A.5)

R3 , (0,0) + (.5,.5), (0,1) 4 (1,.5),

(11) + (110), (10) + (.5,0).

These are interpreted as follows, position (xoy) relative to

sabsquare I corresponds to position Ri('"?,,) relative to the

larger oqaLre 9. For example, the poift (0,0) arks the start

m~ l l l i - .. . , ,
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of the spacefilling curve, so Ri(OO) Is the starting point, of

the subcurve over Si, that is, the center of S, (.5,.5).

Finallys defini aWlne trasforatios from each Ci onto C'

qo 7/8 + Oo 1 * .5) 0 * .5, 1/8 + 1

q l '1/8 + O, 1,/4 + .5, 3/8 + 1

q2 3/9 Oo 1/2 + .5, 1/8 + I

q3 5/0 4 0, 3/4 + .5 7/0 + 1.

The purpose of is to convert positions along the larger

curve (over S) into positions along the subcurve over Si. For

examples 81 is covered by * as 0 ranges over CI, and Q-.3

is encountered qi(.3)-.7 of the wayj through the subcurve over

Si. Using this notation, the recursive structure of +, shown

in Figure 1, is concisely expressed as

sp(e) a R i E(qi[03)], 94C i , i-0,1,2,3. (3,S)
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Figure I sugests that a heuristic tour will consist

esse~tiallV of four subtours, each involving a fourth as mang

points I" a fourth as large an area. Consequently, we

anticipate that the expected heuristic tour length for 4N random

points in S will be twice as long as that for N points. That is,

04N ' ON' see (2.3) and (2.4). Yet sequences of the

form (g.0 0 Might approach a limit p(.) that depends

N-4 kol

on N, or, moe specificallgi on 44 . Such is

the case, as we shall see.

It follows from (3.6) that 0, if it exists, satisfies

0 + (04), 1/4 + (0,1),

1/2 + (1,1), 3/4 + (1,0). (3.?)

Eqs. (3.8) and (3.7) provide the basis for the following

algorithm to compute the inverse of *,

FUNCTION THETA(XY)

1. Choose I (not necessarily uniqe) so that (XY).S1

2. If X(O,l) and Yo(0,l)

then RETURN(!/4)

otherwise RETURNlqj1CTHETA(R 1 [CX,Y3) ).
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The ?ollowing theorem summarizes properties of * that mag

reasonablU be inferred Prom our discussion thus Par. Its formal

proof 15 lengthq, however$ and will be given in Section S.

Theorem 3.1. The function * defined by (3.6) exists

uniquely and is spacefilling on S. It satisfies (P) (its

inverse being computed bW the function THETA), (P2) with 11.11

w Euclidean distance in (2.1) and A w 2 in (2.2), and (P3).

Moreover, there is a continuous function p on [1,4) such that

IimN., <IN - p(4109 4 (N) mod 1)) - 0'

when gLN corresponds to tours in 8 based on the curve defined

by (3.6).
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4. Performance assessment for ?roblems in the square.

To obtain a heuristic tour in a square of area A, we rescale the

points so that they lie in the unit square, compute

corresponding S values by the procedure THETA of section 3, and

sort. (A short BASIC code for this algorithm was given in

C33.) The tour obtained is, of course, M times

longer than a tour in the unit square. We now compare its

performance with that of the nearest neighbor heuristic (NNH)

and the minimal spanning tree heuristic (MSTH). as asalgzed by

Bentley and Saxe 183.

Computational effort.

The worst-case effort to generate spacefilling heuristic

tours is O(N log N), considerably less than those for the NNH

and M1TH, O(N3 "2 log N) and O(N2 log N>, respectively.

The average effort for the NNH using a special data structure,

is C(N3/2), but the average effort for the spacefilling

heuristic (using BINSORT) is O(N). The computer code for the

spacefilli"g heuristic is also simpler, and requires less

Worst-case p erformance.

Both the spacefilling heuristic and the NNH produce tours

whose length is at most O(4R). So, as noted in

C83, the ratio of heuristic to optimal tour lengths will be

large onl when the optimal tour is unusually small. The worst

case of this ratio is O(log N) for the spacefilli"g heuristic

with general U and *. For problem% in the square, however, we
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suspect that it is bounded by a constant. The worst instance we

have beeon able to discover is 4.707, for a 32-point problem. A

simpler example Is formed by 2k points whose 9's are the

integer multiples of 2k j the ratio of heuristic to optimal

tour lengths for the%* points is 4. The worst-case ratio for the

NNH is known to lie between O(log N / log log N) and O(log N);

for the MSTH, it is 2.

Averne Performance.

The expected length of a heuristic tour of N points is N

times the expected length of a stingle link along that tour. We

generated 10,000 random links for each of various values of N.

From these experimento, we concluded that p(.) is nearly

constant and (probably) lies in the range .956 + .05, so

that the heuristic tour is -.956 4W . Thus our

heuristic produces tours -25% over optimum. A simple

enhancement, to be given in Section 5, reduces this to 15% over

optimum. The tour obtained 09 the MSTH is -.95 4Wno

( -25% over optimum), and that obtained by the NNH is

-.92 4W ( -20% over optimlum).
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Our experiments showed that, for tours produced by the

spacefilling heuristic, the longest link is twpicallg between

1.1 JCRT W'Nand 1.3 4(R)T n-W3. The constant preceding

the radical in these expressions does not converge as N I0.

Following arguments given in C73, it can be shown that the

Minimum possible value of the longest link has expectation

bounded below by 4M/M) in N". Thus

our method provides a reasonable solution (within an average

factor of 2.3) to the bottleneck TSP. Stated different1g, the

expected ratio of longest link to average link along a space-

filling heuristic tour is O(W-'F). The length

of the longest link along a NNH tour is comparable to the side

of the containing square, so the expected ratio of longest link

to average link along a NNH tour is O(MT). (This

ratio is significant in applications where a single tour is

partitioned into subtours for each of K vehicles. We would like

#ubtours of equal length to contain equal numbers of customers.)

hLL
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. GenrAlizations. The spacefilling heuristic, as

described in SUction 2, Is not restricted to the methods of

Sections 3 and 4. Some alternatives are listed below.

Different probabilitu distributions.

If the points are not uniformly distributed over the

square, but are independent with identical probability densities

n(xu) (and N is large), then the 4 rterm in the

expressions for both the expected heuristic tour length and the

optimal tour length i* replaced by fx,U 1 2<x,9)dg dx

(a Justification is giver in C53). Thus, the ratio of

expected heuristic to optimal tour lengths remains unchanged.

Other Metrics.

We may take as our measure of distance (in U) the Ip norm

I- I >p ) 1 lA P M p

This includes as special cases the "sUM of coordinates" or

"rectilinear" metric (pol) and "largest cooordinate" metric

(pw.), as well as the Euclidean metric (p=2). Since

11Xl1p / llXH 2 lies between 1 and d( 1/ p) '( I/2) , a

curve satisfying (P) for the Euclidean norm also satisfies (PM)

for ary Ip norm.



Performance enhancement.

Our method can be extended slightly so that it generates

better tours in the squarep still In O(N log N) operations. The

additional step, briefly, is as follows. After computing the

spacefilling heuristic tour, attempt to move each point to a new

location within the tour bq computing three alternative values

of 8. More specifically, for each point 41 = *(81), find

the largest triangle of the form given by Lemma 7.5.. such th.t

ti lies in the triangle, but the other given points do not

(i.e., the 0 values for the remaining points lie outside the

interval (i.2 (i+1).2-m3), project the given

point onto each of the three sides of this triangle so that the

projection lies just outside the triangle, determine the

position in the tour of each projected point. and Move the given

point to an alternative position if the tour would be shortened

by doing so (Figure 2). We have estimated the length of the tour

obtained by this improved heuristic to be -.88 -W , that is,

-15% over optimum., and the effort to obtain an improved tour to

be 4-6 times greater than that to obtain a simple spacefilling

heuristic tour.

. . . .L ... .I II.11 II.- I II i - . . . . . .
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Other spacefilllin curves in the pltne.

Good heuristic tours can be 9enerated from spacefilling

curves other than the one given In Section 2. Hilbert's curve,

for example, does not begin and end at the same pointj this

might be a desirable feature in some applications (such as

routing a bus to start at the airport and finish downtown, then

repeating the trip in reverse order). If Hilbert's curve is

arranged so that it starts and ends at the same point., then our

experiments show that it will yield tours assgptotically

comparable to those produced by ours. For smaller N, and points

distributed over a square, the tours constructed by our curve

are slightly better. For smaller H and points in rectangular

regions (width > 2.length), Hilbert's curve may perform better

than ours.
As .cefil~in curve in d-space,

P curve similar to that of Section 2 can be defined b

partitioning the unit d-Cube Into 2 d similar subcubes. It

visits the vertices of the cube (and hence, the subcubes) in a

sequence determined by the Grag code E81: (O...O), (O...O I),

(0...0 1 1), (0...0 1 0), (0...0 1 I 0), ... . If we take

(O...0) to be the O-th (and 2d-th) vertex visited, then

(I...1) will be the Md-th vertex visited, where

I (2/3 ).(2 d-I), d even

d (2/3 ).(2 d-. 5 ), d odd
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Thus Por d>2.. (1...1) will not be visited halfway along the

curve. Rather, +(a.) a (I...1) for

S(2/3>.(1-2-d), d evend eve

- 2/3, d odd

Briefl, 4, visits the subcube containing the n-th vertex as 6

ranges over the interval [(n-ad>.2 -d , (n+-ad).2 -d

nl....2 d_-I, and *(O)the n-th vertex when 9=n2
- d

n even, or 8(r-a d).2-d, n odd.

The Inverse iMage under + is computed by

FUNCTION THETR(Xi....,×d

) For i-i to d, set Yi + INT(2*XI). Choose

Ni(l,..., 2 d
) so that <V1...Vd) is the N-th

vertex visited bW the curve.

2) For i1 to d, set Yi + 1 - 2*Min(Xi,1-Xi).

Compute 8 + THETA(Yl.... N'd).

If N is odd, then set 8 + I - S.

RETURN<, e-d)2-d Mod 1).

Thus, it is clear that (Pl> is satisfied.
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To show that (P2) holds (with 11.11 - Euclidean distance),

let 81 and 82 be any two points in C, and set

a 11-21, D a 11+(1)-+(.02)11. Suppose that

the cubs is broker into 2kd subcubes of side 2-k . We

call any two subcubes neiQhbors if they have at least one

vertex in common, (By this definition, a oubcuba is its own

neighbor.) Our curve visits each tubcube twice; each visit

corresponds to an Interval in C of length ad Z-kd or

(I- d ) 2-kd; and consecutive intervals in C are always
mapped Into neighborin 9 subcubes. Thus, if A < min(a dl-a d ) 2 kd,

then *0( 1) and *(O2 ) lie in neighboring subcubes, and so

D < 2 dI/2 2-k . (Note that this ar-gument is valid

only for integer k.) Thus, (P2) holds with 0 a 4 dI'2 (1-) .

(We note that the 0 obtained in this manner is not as good as

the A established in Theorer 3.1 by an argument that is valid

onl9 for dw2.) Consequently, the spacefillin9 heuristic will

produce a tour of length at most O(di/2 N(d-l)/d).

Beardwood, Halton, and HammerslejC53 have shown that the

average optimal tour is of this order of magnitude.
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G. Proof of TheoreM 2.2. The proof is based upon the

following identity: if e is a set of nonnegative nuMbers and

H(t) a #( xA I Xt ), then the sum of elements in A

equals J' H(t) dt. We let A represent the set of N link

lengths alon9 the heuristic tour and construct a bound of the

form H+(t) > M~t), so that

Let " denote the set of N given points, and let 3(G>

denote the set of points in U that lie within distance e of a

point in Z. We first show that

V[()] < c' L* ed-1 + a d  (6.1)

where V[.3 denotes d-volume, c a Vt( s I llrl<l1 >3 and

C = suPlllv1< VE( 0<+< I VU(1l Z, E .1iOl O~a<i )3.

(If (tall is Euclidean distance, then c is the volume of a unit

d-sphere and c' is the volume of a unit d-c9lindar. Note,

however, that 0.H can be any norm on d-space?) To simplify

notationo let "nods" i,dlcate a point in So and let "link"

indicate a segment of the optimal tour of S. A point will be

conoidered to "lie within # of a link" if it lies within

distance e of some point along the link. Since any given set

of I nodes (ia.....,N-I) adjoins at least 1+1 links,
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(q I , lies within i of i or more nodes)

E (q I % lies within @ of i+1 or more links), imI,...N-1

It follows that

VC( 1 4 lies within 4 of I or More nodes))

+ EN M 1 r 1 4 lies within # of i or more nodes)3

Eia VC(t I S lies within i of i or more links)3

+ V[(S I S lies within e of all N nodes)) (6.1')

We may obtain (S.) froM (6.1') by the three substitutions given

below,

E -I V[S I S lies within e of i or more nodes))

Na Ei=1 I . V[(S I S lies within i of i "odes exactly)]

0 EN VC(4 I 4 lies within 4 of the i-th node)]

-N ctd
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Eju 1 Yr[t I S lies within i of i or more links)3

0 EN I VC(4 1 S lie* within 4 of I links eXactly)]

= j VC(S I S lies within t o" the i-th link)3

- c' L* e(d -
l ) + N c id

(dd

V[(t ! t lies within e of all N nodes)) < c o

Lot us partition C into kd intervals or equal length,

E* ( I ik - d < 8 < (i+1)'k - d ), 1-0,1, ... kd-1

If the distance between any two consecutive points along the

hoeuristic tour is > f(k'd), the'n, by (P), these points

cannot lie within the same Ek, so

#(x@A I v > f(kd)) ( #(i I (4(Ek) n 3) is nonemptV) (6.2)

But the points in any E1 lie within (k-2) of each

other, to
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Firally, each Ek has lenvgth k-d and ito measure

preterving, so

Vtl(Ek>3 - k-d (84)

Combining (8.1) throUgh (6.4), and setting . - f(k-d)

/k, we obtain

#(XGA I X > 0/) < ko VE((0) - c' Ad-I k L* + C Od

If k is a nonnegative number (not necessarily integer), then

#(MuA IX > / k) < C' CA d-1 Hi L* + C fd

Letting t a O/k, this becomes

O(xt I x>t) < Od (c' L*/t + co L*/A + c)
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There are N points in S, so

*(VXA I X>t) < N.

The distance between anV two points in 2 is bounded above by

(1/2) (since 1/2 maximizes f<.)) and j L*/2 (because the

triangle inequality holds and an optimal tour of length L*

joins the points twice>. Thus

#(%*A I x>t) w O, t > min(A 2
"d, L*/2).

These combine to form

Min(g 2-d, L*,2)

L < n min(N, Ad (C'L*/t + c'L*/0 + 0) dt

So

L/.L < 4L0/2 Min(N/L*C c' d/t) dt + c'(0/2) d Ctd/2

C A d 4I/20dcj min(N,1/ ) d + constant terms
"Uj (r ( t/c, dL*)

=c' rid ln(N) + Constant trMt. a (6.5)
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?. Prof o2f Theorem 3.1. We coYstider first a

spacefilling curve Closelg related to *, and defined by a

similar recUrP$ve structure In which the doMain is broken Into

two, rather than four, identical parts. This related

spacefilling function will be denoted by *i its doqain is

the set

D o 1 0 < ( < >., (7.1 )

and its range it the triangle

T- (xpy) I x+y<2j xy>0 ). (7.2)

As w ranges froM 0 to 2, the related spacefilling curve

'0o) will continuously cover everW point. in T, st.rting at

the lower right vertex (2,0) and ending at the upper left vertex

(0,2).

We define *4 recursively, by splitting T into two

smaller triangles, each filled with a spacefilling curve

(Figure 3). The smaller triangle% are given by

T - (x,y)iT I x>y )

TI - ( (x,y)iT I x<.. )
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We also divide the domain D into two halves

Do a ( aiD I w<1 - (7.4)

DI a ( W.D I Wi)

so that 4 Maps each D, onto Ti. Finally, we construct

affine Mappings M, from T to Ti and b I fro Di to D , t

each completely determined by the following information

n0  (2,0) + (2,0), (0,0) + (1,1), (0,2) + (0,0)

A1  (2,0) + (0,0), (00) + (1,1), (0,2) + (0,2) (7.5)

b0  0 + 0.. 1 + 2 1 I 0, 2 4 2

The P ecursive structae of 4 May now be written as

A A
*()-iC*biC)33, a~o i0-. <7.6)
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Lemra 7.1. Eq. (3.6) has a unique solution * if and only

if (7.8) has a uniqe solution . Furthermore, if both

solutions exist, then

4(8) (1,1) - 6+.5), sic (7.7)

Proof. Let 0 = (J+h)/B.. w,,here j is an integer,. and

O<h<l. Each case jwmOl....,7 Must be considered separately.

We sketch the case jwG only. Suppose first that 4 exists

and (<7.7) holds. The LHS of (3.6) is 9(e)=P(h/S). By (7.7),

this becomes (1l) - +(.5+h/8). But the argument of

is less than one, so (7.6) permits this expression to be

converted to (ll) - R80 (1+h/4)3. Continuing in this

Manner, the LHS of (3.) is seen to be (1,1) -

A 0EAO1 0rM0 (2h)3333. The RHS of (3.6)

becomes R%[(1l1)-R 1 tR O4(2h)]]]. These

expressions are equivalent. Similarly, if we assume that '

exists, we can construct . 0

Eq. (7.6) may also be written as a fixed-point Identity

where F is a transformation on the space of T-valued functions

on D. For any function 4 D + T A the iMage of + under F

is given by
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[F+3(w) i iO'l (7.9)

The operator F provides a basis for demonstrating the existence

Lemma 7.2. The transforMations A, and b* .re distance

preserving, in the following sense:

a) Ii Rt(x,Y)] - Ai(x',Y')]ll2  - 21/2 II(xy)-(x',y')l2z

for any (xy,(x',y').T, and i=O or 1.

b) Ib.iC03 - b C11- 2 14-011,

for anyi Oo'D i, and iO or 1.

Corollary 7. 2R F is a contraction operator under the sup

(Euclidean) norm, i.e.,

5Up01 D(IIF+(w)-tF()I 2 ) 2-1/2

Corollary 7.2B. For any "initial guess" +,D4T, the

sequence of functions Fn,, nO,1, ... , converges uniformly

to a (unique) solution of (7.8) tequivalamtly, of (7.6)2.



- 36 -

Corollarg 7.2C. There exists a uniqAe continuous function '

satisfing (3.6).

Proof, Let ' be the unique continuous solution of (7.8)

and apply Lemma 7.1. 0

A siMple initial guess for ' is

+W) (2-4, 0)), o4D (.

Let 4n * Fn*. By Corollary 7.2B, *n * Z. Figure

4 shows the first few terms of this sequence. In vieb of (7.?),

the restriction of +n to S (shown within dotted lines in

Figure 4) is a convergent sequence of approximations to w,

rotated bg 18O.



I I

II

Figure 4. The first eight terms of a sequence of approximations

to the spacefilling curve '. The approximations to are shown

within the dotted lines.
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We now turn our attention to establishing (PI).

LeMM- 3, If X and Y are both integer Multiples of

Z-k , the"

(a) *<THETA(X,Y)) a MY).

(b) THETA(X.Y) will be an integer multiple of 2 M-1 ).

(c) THETA(,Y) will call itself at Most k times.

Proof, Rn induction on k follows easily from the structure

of R i and qi. 0

Corollar_ 7.3R The function * tatisfies property (PI).

Corollarw 7.39. 4 is a spacefilling curve over S.

Proof: Let 9 denote the points in S whose coordinates

have finite binary expansion. THETR will compute, for

(xu)ui. a e such that <(G) a (xY). Consequentlyg,

a *(C) C S. C is a compact st, so the continuity

of * <assured by Corollary 7.2C) implies that *(C) is compact.

That is, closure(d) c *(C). But closured() = S,

to *(C) a S. Since * is continuous and surjective, it is

%paceflling. 0

... .iiil i .m ...U
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Next, we establish (P2).

Proof. Since *+4, it $uffice, to %how that

II*n(.)-+ ( 0 ')J 2  2 Il,0w-', n=,1,... (7.11)

This we do by induction. By (7.10),

I1+(®- (€ ' ) 1o < T2-. i0-0e, i, W' ID.

But (7.1) ensures that le-o'l < 2, eGD, and so

(7.11) holds when n=O. To perform the induction, we consider

two cases,

(a) ,o'<l or o,-'>I. The induCtion follows

trivially from LeMa 7.2.

(b) e<I<w' or w'<I<. Since any two

points in T determine an angle at (0,0) of', at most, 900 , the

"cosine law" extension of the Pythagorean Theorem iMplies
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+

But +,t+(1(004) Cis* (7.10), (7.11) and (7.5), or

examine Figure 33 and so this may be written as

2

21 2) 2

From (a)p above, it Follow% that

2 < 4.-l-I +~1o'

This establishes the induction for case (b). 0
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Corollary ?.4P The function • satisfies (P2) with fl111 1

Euclidean distance in (2.1) and A - 2 in (2.2).

Now we establish (P3).

Lemma-?.5, For any integers M>1 ad 0<i(2 , the

Set ( 40(s) I i'2- m < S < (il) 02
-M ) is a right tringles

of area 2 "M, having 45o angles at (i.2
-M) and

,((i+I>. 2 "m), and a 900 angle at w((i+. 5 ),2 "m).

Proof- The assertion is true of '6 for m-0 by definition

of T. An induction on M Is based on the recursive structure

shown In Figure 31 as M+1, eACh triangle is bisected at it%

right angle to form two new triangles of equal area. In view of

LeMma I, the property extends to * as well. 0

Corollaru 7.4A. , is Lebesgue measure preserving.
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Finally, we examine the sequence of Means, ON"

Lemma 7.6, For a-m N, N',

'IAN "-9W1< 20 Il"(N/N'>I.

Proof, If a point selected at rando ts removed from a

heuristic tour of N independent random points, the remaining N-1

points will be independent and sequenced so as to form a

heuristic tour. Bg the triangle inequalitg , the heuristic tour

of N-I points is no longer than the heuristic tour of N poirts,

but it is less byo at most, the lengths of the two links

adjoining the removed point. By symmetry, the expected length of

a link selected at random is N-I times the tour length.

That is,

0 < N1/2 IAN - (N-I)1/2 4N-1 j (21N) N1/2 ON

Dividing by N1/2 , and using I-N-1 < (1-N- 1)1/2 < 1.

as well as (3.5)o this becomes

'IAN - IAN-11' 20/N

For N'<N, then,

19N - ON"I <i N'+1 20/i < 20/t dt 0
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Lema 7. . There is a sequence PH such that

4N " ON for all N, and PON 0 .,

Prgof, Consider a modification of the random N point

probleM, where the number of pointso denoted by n, is itself a

random vat1able having Poisson distrib tlot with mean N. The

e,'% now constitute a PoisSo process on C. Lit g'(N) -
- 1/2  the expected length of thG heupistic tour of

these n points. Also let g (N) a N"  . the expected

length of a heuristic tour of the n points along with the four

vertices of the square (that is. n+4 points in all, and let

g-(N) a N-1 /2 * the expected length of all links along

the heuristic tour of the " random points &d four vertices

excepting those links that adjoin a vertex of the square. Now

0 < + N) - A'(N> < S/N, since (i) the tours

described by p (N) and g'(N) differ by (at most) the

length of eight links (adjoining the vertices of the square),

each of which ranges over I/N of C on average, and (ii) P(.) is

concave, so that Vf()] < f(EEA]). The recursive

structure of I (shown I" Figure 1) assures that ; (N)

p-(4N) and +(N) > V+(4N), so P7(N.4k) and

IA(N.4k ) converge monotonically (as k+*) to a limit

(that mau depend on N). Let ON denote this limit. Clearlm

NN * ON' Also p ( < ON : -(N). And,
byi their definition (above). g7(N) < I.&'(N <

J +(NM. So
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I ' (N) - PH I < 14+(N)- x-(N) < 6N

The relattOfshiP between 0(N) and iNs

W'(H) S Et(y,'N)1'2 t'] - EL(n'N) 1 ' 2  )

*Et('n.)I2(.-N) + ECEnN) '2 13- 1

This, along with LeMa 7.6 and (2-5) 
implies

I ,(N)-PNI < 20 EC(n/N)
I/2 Iln(n/N)t3 + 0 B >(n/H 2 - 1I1.

When N is large, n/N is Porma11q distributed with ea nl and

varance1l/N, and So )"(N)-PN + 0. 0

Coroll&rM T.7P. There is a continuous function p(-) such

that 1o494(N) mod I

Proof, Let P(4l g 4 ( S) mod I) U "

Cottiaitq of P(') rollows froM LeMMa 7.8. a

The various assertion$ of Theorem 
3.1 have now been proved.



- 45 -

S. Conclsions. The spacefilling heuristic should prove

useful in large applications because of its speed, only

O(N log N) operations, an order of Magnitude faster than any

other TSP heuristic commonly considered. It achieves this by the

surprising tactic of ignoring the O<Nz , interpoint distances.

Our method is also robust, in the sense that it constructs

a single tour which is good with respect to a variety of Metrics

and point distributions. Thus, problem parameters required by

other methods need not be measured, and need not remain constant

over time. Furthermore, since it is bated on sorting , our

heuristic has the advantage that insertions and deletions can be

made in only O(log N) operations.

The simplicity of our heuristic should make it attractive

for low technology applications. It requires no real

Multiplications or square roots., and so should execute quickly

on Microprocessor-based systeMs. In fact, a coMputer isn't even

required. For exampleA a table Or preCOMpUted 8 values can be

used to comvert (x-y) coordinates (read from a map) to numbers

that are then sorted manually. With our students Lee Collins and

Bill Warden, we divised Just such a routing system for an

Atlanta charitable organization. It delivers meals to over 200

locations which change daily. Our heuristic is at the heart of

this system, and is implemented on two card files. The tsytem is

easily maintainedo, cost virtually nothing, get reduced total

mileage by 13% and enabled a reduction from five to four

delivery vehicles. For details, see C43.
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APPENDIX

The following BASIC code will Compute a tour of N points In

a square of side S. Variables whose names start with I-N will

contain integer values. This program may require Modifications

to run under Somi versions of BASIC (e.g. eliminate variable

dimensions in 30 and 410). Our sorting algorithM is HERPSORT

(see Knuthtll).

The structure of the program is as follows,

StateMents 10-90 input and output of variables

Statements 100-150 calculation of f for (xi,yi)

Statements 200-330 sort 9's

Statements 400-820 optional improvement procedure
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f0 INPUT "NUMBER OF POINTS") N K-10 I KP a 2t(K-l)
20 DIM AS(N),X(N),Y(N)..TH(N)oIQ(K),NR(N)
30 INPUT "SIDE OF SQUARE"; S iU=S.58I1/KP
40 PRINT "NAME, X, Y:" I FOR I-I TO N

1INPUT AVS(I),X(I)..Y(I) ' NEXT I
50 FORU 200TON GOSUB 400 1N()I:NX
610 FORU 200 TO N GOSUB 00 'NRI1 EXI
70 PRINT ' PRINT "RANK", "NAIME"."fXe'.. UYft, THETA"
80 FOR 1-1 TO N :JwNR(I)

1PRINT IRS(J)..X(J),Y(J).TH(J) 1 NEXT I
90 STOP

100 REM **SUBROUTINE TO COMPUTE TH( I)**
110 KXoINT(x(I)/u) , KY-INT(Y(I)/U)
120 FOR Jal TO K tJX=INT(KX/KP) :JYmINT(KY/KP)

tKX-2*( KX-KP*JX) 1 KY2Z*( KY-KP*JY)
122 ' IQ( J )aY+3*JX(-2*JX*JY ' NEXT J
130 T-IQ(K)/4
140 FOR JwK-1 TO I STEP -1 1TwT+(6-IQ(J))/4

T=T-INT(T) 1 Tst(3.5+T+IQ(J))/4 1 NEXT J
150 TH(I)-T-INT(T) 1RETURN

200 REM **SUBROUTINE TO SORT ARRAY NR SO THAT**
210 REM **TH(NR(1)X<THNR(2)X<... <TH(NR(N)) *
220 ILoINT(N/2)+1 IR.N
230 IF 1L01 THEN IL-IL-i 1 NAwNR(IL) :GOTO 260
240 NAoNR(IR) NR(IR)-NR(I) ' IRwIR-1
250 IF IR-1 THEN NR(1)wNA 1RETURN
260 TA=TH(NA) ,JoIL
270 I=J , J-2*J 1 IF JoIR THEN GOTO 300
260 IF J>IR THEN GOTO 320
290 IF TH< NR(J >)< TH(NP(J+ I > THEN J-J+ I
300 IF Tf4>=TH(NR(J)) THEN GOTO 320
310 NR(I)nNR(J) :GOTO 270
320 NR( I)-NA GOTO 230
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400 REM **OPTIONAL IMPROVEMENT SECTION**
410 DIM LF(N),L9(N),D2(3),KV(3).KW.3) :KR=KP*2-1
420 NR(O)=NR(N) 1FOR 11l TO N :LF<NR<1-1))goNR(I)

:LB(NR(I))=NR( I-1) :NEXT I :REM *** SET UP LINKS *
430 FOR 11-1 TO N :JJwNR(II) :MX=X(JJ)/U 1MY=Y(JJ)/U
440 T=TH(JJ) :REM *** GET TRIANGLE CONTAINING POINT rI**
450 T~oTH(LB(JJ)) IF TB>T THEN TB-0
460 TF-TH(LF(JJ)) IF TF<T THEN TF.1
470 TL-.5 1TG1.5 :KV( 1)=-KR :KW( 1)=KR

460 KV( 2 )KR 1KW 2 )mKR :KV( 3 )KR :KW( 3 )-KR
40 TM=(TL+TG )/2 IF TB<TL A9ND TF>TG THEN COTO 560

490 IF T>TM THEN COTO 510
500 TG-TM IVw3 tGOTO 520
510 TLwTM IV-1
5920 KK( KV( 1)+KV( 3) )/2 KV( IV )=KY(2) KV( 2 )KK
;30 KKm( KW( 1)+KW( 3) )/2 KUC IV )oKW( 2) KW( 2 )KK
540 COTO 480
550 REM **TRIANGLE VERTICES ARE (U*KV(.),U*KW(.))**
560 FOR IV-1 TO 3 :D2(IY~m<MX-KV(IV>)t2+(MY-KW(IV))+2

:NEXT IV :KV(0O)=KV(3) :KW(83)=KW(3) !D2CO)=D2(3)
570 DS=1E9 :IS=O REM * TEST EACH PROJ'N *
580 FOR I~al TO 3
590 RD= (KYCIV )-KY( IV-1 ))t2+( KW( IV -KW( IV-1 ))tZ)

610 VX=Rl*KV( IV)+PR2*KV( IV-1) XC0)=U*(KX+SGNCK(X-MX))
620 KY-R1*KW( IV )+R2*KW( IV-1) Y( 0)=U*( KY+SGN( KY-MY))
630 1-0 ; COSIJO 100 ;REM *** FIND THETA FOR PRO.Y'N *
640 T-TH(O) :IF T>T8 AND T<TF THEN 730
650 NLwl NC-N :TL=O :TGC
660 NM=INT((NL+NG)/2) TM-THNR(N!)) IF NCG-N.L'2 THEN 690
670 IF T>TM THEN TL-TM :NLwNM : OTO 660
680 TC=TM :NG=NM :COTO 660
690 JLmNR(NL) :JG=NR(NG) :REM **NEW PC'S'N TO TEST**
700 IF LF(JL)<>JC OR -JLnJJ OR JG=JJ THEN COTO 7ZiS
710 D-SQR( CXCJL):-X JJ ) )$2+Y( JL>-Y(JJ))t2)

+SQR( (XC JC)-X(J) )t2+( Y(JG )-Y( JJ) )12)
-SQRC CX( JC)-XC JL) )*2+( JG )-Y( JL ))t2)

720 IF D<DS THEN DSmD :ISmIV TSwT 1 JS=JL
730 NEXT IV
740 IF IS=8 THEN COTO 800
750 JB=LOC JJ) :.JFaLF( JJ) :REM * BETTER THAN OLD POS' N?**
760 D*SQRCCX( JF )-X(.JJ ))t2+ Y( JF )-YC JJ))t2)

+SQRCCXC JB )-XC JJ) )t2+( '(JB )-Y< JJ ) )t2
-SOR(< (CJF )-XC J ) )+2+C (CJF )-YC J ) )t2)

770 IF D<-DS THEN COTO 800
7190 NR II )sLFC JJ) :TH JJ )wTS :JH-LF( JS) :LOC JJ )JS
790 LFC JJ )-nJH :LFC JS )JJ LOC JH )JJ :LF( JO)-JF ;LBC JF )sJB
900 NEXT 11
810 JwNR(1) :FOR 1-2 TO N JwLFCJ) :NR(I)mJ :NEXT I
820 RETURN




