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ABSTRACT
—_~:$/This thesis presents several computationally simple techniques
for choosing actuator placement on large space structures. Actuator oncl
performance information can be represented as vectors {node shapes) in
modal coordinates. The placement problem is stated as choosing a set of

actuator node shapes to match the performance node shape. One method

sequentially selects a set of actuator node shapes such that the norm of
the component orthogonal to the already selected set is large. Another
method sequentially selects actuator node shapes such that a large
"projection is obtained along the least squares residual vector resulting
from the fit of the previously selected set to the performance node

shape. These techniques are applied to a 100 meter cantilever beam. Good
control authority over the primary modes is demonstrated. The second
technique is modified to place actuators to achieve good control authority
on primary modes while minimizing spillover effect. It is demonstrated
that proper placement of actuators can limit spillover effect to selected
modes. ?:/

Technical Supervisor: Eliezer Fogel, CSDL

Thesis Supervisor: Bruce Walker
Title: Assistant Professor of 4
Aeronautics and Astronautics

45 PA&F 3




T

T anleam o

2 A A A SO T b Tt v e e M i

- IR

4

ACKNOWLEDGMENT

I would like to thank my technical advisor, Dr. Eliezer Fogel, of
the Charles Stark Draper Laboratory for his help and suggestions
throughout the research and writing of this thesis., I would also like to
thank my thesis advisor, Dr. Bruce Walker, for his helpful comments on

the thesis text.




TABLE OF CONTENTS

SECTION PAGE

1 INTRODUCTION e cocsescessesossssoscossesssnoonsscssscsasacs 7

1¢1 BACKGrounde seessesvsescsconsssosccosssosssssnossscene 7

4{ 1.2 Current Methods of Actuator/Sensor Placementeccecesess 2
l 143 Goals Of StuAYeeeessecssscssoccssccscscssssssssssssss 10
144 APProaChececcsscssssossscsssssscsccscccososssssssnssns 10

1¢5 RESULtSecsescesssoosctsssccscnnsanssscsssascsassasssnsee 12

1.6 Organization of TheSiS.iesseseessesssscssscscsssssnsss 12

2 SYSTEM REPRESENTATION: cecscevsoossscccssascscconcascssscsse 13

2.1 Coordinate TransformatioNssessceccessessoscccasccesass 13

2.2 The Modal and Selection MatricCeS.essecsecsscssssscace 16

3 LARGE SPACE STRUCTURE CONTROLLERS:c¢ecccccccoocassscasaace 21

3.1 Introductions cseessccccsosvssecocccncsssessesssssense 21

3.2 State Equation Developmenteecseccescscscsocscocsscssssses 21

3.3 Controller DeSigNecccsssceccccssscscscssossessescssses 23

! 3.4 SPillOVeTeeeesccscscsssocsossorsossssossssessssssasse 26
4 ACTUATOR PLACEMENT PROBLEM.sscosscecsocesccssaccsscssssccss 28

4.1 IntroductioNecscccecssssccccenssosccnssssscsssscsccsces 28

4.2 ConstraintSseesecececcccscscssssssssssssrsccncscosess 28

4.3 Criteria for Placement.ccsscecessscesssscsnrsscosasses 29

4.4 Mathematical Formulationeesesosssssssssscccocscccasaes 31

S ACTUATOR SELECTION PROCEDURES:secescvcoccccscssscsscccnes 34

5.1 General Methodeecssescsssccscssssconssssncsssscssssee 34

5¢2 Initial Setececccossssscssssccccccseosscsssssscsnsses 34

5.3 Least Squares Solution Based on L ActuatorS.sesssceseces 36

S+4 Reducing the Number Of ACtUALOrSescscscsccsscscscssces 46

5.5 Augmenting the Initial Setessseessecccccccersssvssess 48

5.6 Multiple Performance Criteriadccsseccscsscsscsossescacss 48

5




TABLE OF CONTENTS (Cont,)

SECTION PAGE

6 100 METER SCE BEAM EXAMPLE.:cacecvevscvsctovscsrcsssssonses

6.1 Physical DesScription.cscesesssceccssnsossscscscsocans

6.2 Finite Element ANalySiSecesescssccorosccsscscscnsncoces

6.3 Disturbance DeSCriptiONeecscecsessscocccssovsscsccsesse

6.4 Control Objective.scescsosscsessssnsvsscccosssscnsssne

6.5 Open Loop CharacterigsticCSececscssscsvscoscasssocsncace

6.6 Controller DeSigNecsccsscvsssscosscossscssosssssssscsse

6.7 Control System Evaluationeeccecessscsccssnscvssrssecses

6.8 Actator Placementesiessscececsscsvsesossasnsssssnsnssas

7 SUMMARY AND CONCLUSIONS..:..cevessesrevcscscsscssvescnsese

7.1 SUMMALY...".489660cseescossvssrronssosssscsssscccccsces

7.2 Conclusions and RecommendationS.....c.cvecescacreccssn

APPENDIX A SCE BEAM DATA......ccteevncacectvsessvoncsaaacssosscnanasns
LIST OF REFERENCES..ccctevcecnnss Sesesesasasassssssnsavacans

51
51
51
51
51
53
53
57
58

69
69
70
72
87




CHAPTER 1

INTRODUCTION

1e1 Background
The addition of the space shuttle to the present booster fleet

will allow orbital insertion of much larger structures than previously
possible. These structures are generically termed large space structures
(LSS). The dimensions of LSS being considered for future applications
are on the order of 20 meters to several hundred meters, with some
estimates ranging as high as several kilometers(1+2], possible
applications range from telescope gystems to solar power satellites.

LSS are characterized as being lightweight, flexible, and having
little natural damping. These structures tend to have very low natural
vibration frequencies. This effect, coupled with low damping ratios due
to a lack of a viscous medium like atmosphere, causes the system to have
long energy decay times., This feature makes the control design very
difficult.

The LSS control problem can be broken into three broad
categories; attitude control, vibration control, and shape controll3],

As a practical matter, simultaneous control of two or all three functions
may be required. Attitude control for a satellite or space vehicle means
the orientation or pointing of the rigid body modes. Vibration control
for LSS means the damping of vibration modes, Shape control for LSS
means the maintenance of a portion or all of the LSS surface contour to a
pres~ribed shape. A satellite or a space vehicle can be defined as a LSS
if the attitude control system or other structural disturbances induce
vibrations in the structure which are large enough to deteriorate the

vehicle performance (e.g. line of gsight error) or in the more extreme

DR
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case cause shape distortion. Thus, in order for a LSS to have adequate
performance there must be vibration control.

The tools of modern control theory such as Linear-Quadratic-
Gaussian (LQG) control theory can be effectively applied to the vibration
control problem, however some modifications are required[4]. LSS are

essentially distributed parameter systems that should be described via

b e s e A AT A AR ¢ - e

partial differential equations. In practice, the dynamics of a structure

are analyzed using finite element techniques. This leads to a LSS model

which is composed of a large number of second order differential

§ equations. Unfortunately, the order of the model is too high for

? practical use of LQG control synthesis. This is due to the numerical

‘ difficulty of solving the control equations[S] and the inaccuracy of

the finite element model at high frequencies[6]. A common approach to

overcome this problem is to design the controller using a reduced order

model, say by choosing a set of modes most important to performance

(termed here primary modes) [7/8], The controller so designed is

subsequently applied to the full order system. This leads to the

undesirable interaction of the controller with the ignored modes which in

turn can lead to system instabilities{7], The undesirable interaction

of the controller with the ignored modes is often referred to as

P "spillover” effect. l
Considerable attention has been devoted to the deiign of reduced

order controllers({9,10], However, very little work has been done in

the crea of choosing actuator/sensor placements. Yet this is a

fundamental constraint of the control problem. Essentially, our ability

to control a flexible system can only be as good as our actuator/sensor

placement allows. For example, if actuators and sensors are located only

on zero deflection points of a mode shape, that mode cannot be

controlled. This study undertakes the development of a methodology for

actuator and sensor placement to allow vibrational control of the system.




142 Current Methods for Actuator/Sensor Placement

It is generally recognized that the actuator placement problem
and the sensor placement problem are dual problems["]. This study
focuses on the actuator placement issue only. Current methods for
actuator placement range from intuitive placement to quite complex
procedures based on controllability assessment schemes. Although
intuitive schemes seem to work quite well for simple structures (e.g.
beam, plate) they deteriorate as the complexity of the gtructure and the
order of the model increase. For example, in a free-free beam modeled
with the first two vibrational modes it is clear that we want to locate
actuators near the peaks of the mode shapes for the best control
authority over the system. However, as the order of the model is
increased, it is unclear which locations should be chosen since each mode
will have a different effect on the system performance and there are
multiple peaks in each mode shape.

There have been several attempts to determine optimal actuator
placement usihg controllability criterial12-15], vander velde has even
extended the concept to include reliability and redundancy issues(15],
The basic philosophy of these schemes is to define a measure of the
degree of controllability and use it to evaluate alternative placements
of actuators. The objective is to find a set of actuators with the
maximum degree of controllability. Unfortunately, these methods tend to
be computationally intensive and thus are not applicable for high order
systems. The reason for these computational difficulties is two fold.
First, the degree of controllability is calculated via a controllability
grammian, a non-trivial procedure. Second, as the number of possible
actuator locations is increased, the number of possible actuator sets
that must be evaluated increases dramatically. Another problem with
these methods is that they neglect to take spillowver intc account., Thus,
a method for actuator placement more compatible with high order systems

must be developed.




1.3 Goals of Study

What we hope to attain in the present effort is a simplified i
method for actuator placement for vibration control of LSS. Our purpose
is to devise a scheme which overcomes the computational difficulties
associated with high order systems. Ideally this method would choose
actuator placements such that they have good control authority over the

primary modes while taking spillover considerations into account.

1.4 Approach

It is possible to represent both actuators and linear system
performance measures as vectors in modal coordinates., These vectors are
termed node shapes and their elements are the modal displacements
appropriate to the actuator or the performance measure. The actuator
selection problem becomes that of a choice of a set of actuator node
shapes such that they form a good match to the performance node shape.

This idea can be stated mathematically as

£, = F.g

where

f

£, 1is the performance node shape

means "approximately equal"”

is a matrix of actuator node shapes

is some arbitrary vector of appropriate dimension

(T T T

10




If there is an initial set of N actuator node shapes (corresponding to N
possible actuator locations) equation (1-1) can be formulated as the

following optimization problem

. T ~
i&‘jﬁ‘lu (£. - j£1 a;f5]° D [£, j; af] (1-2)

i.e. find the set of m,; actuator node shapes which best approximate

£, in the least squares sense., The D matrix is to weight the modes
according to their contribution to performance. To our knowledge the
above problem has not been solved. Thus, two procedures are suggested to
obtain an acceptable (suboptimal) solution to the actuator placement
problem.

In the first method the initial set of N actuators is reduced
using a QR factorization technique to solve the least squares problem,
The QR factorization as employed here can be used to select a set of
independent actuators to control the system. 1In the second method,
actuators are selected one by one, each actuator complimenting the
already existing set. Actuators are chosen so as to increse the control

authority of the actuator set while minimizing spillover.

11




1.5 Results

The above procedures are used to place actuators on a cantilever
beam. Both procedures result in actuator placement that match the
intuitive concept of placing actuators near peaks of mode shapes. The

; . effect of the actuator placement on the performance and stability of an

LOG based controller is also demonstrated.

1.6 Organization of Thesis

The remainder of the thesis is divided into seven chapters.
Chapter 2 discusses finite element models and the node shape concept.
Chapter 3 discusses reduced order controllers. Chapter 4 presents the
actuator selection problem and Chapter 5 presents two methods for

actuator selection. Chapter 6 discusses the application of the selection

procedures to an example structure, Chapter 7 contains concluding

remarks.

12




CHAPTER 2

SYSTEM REPRESENTATION

2.1 Coordinate Transformation

Large space structures are lightweight, flexible and lightly
damped. They are essentially distributed parameter systems that should
be represented by partial differential equations. A convenient model for
structures is obtained via an infinite number of modes of vibration plus
the rigid body modes. 1In practice, it is sufficient to analyze these
structures retaining a finite number of modes obtained via the finite
element method. Computer packages such as NASTRAN are commonly used for
this purposel16],

In finite element analysis, the structure is modeled as a large
number of elements connected at nodesl!. The mass of the structure is
considered to be lumped at the nodes and the connecting elements are
modeled as perfect springs and dampers. This representation is often
transformed from physical to modal (or normal) coordinates. This allows
structural dynamics to be viewed as a set of uncoupled modal motions.
Since low frequency modes will dominate the motion of the structure, it
is reasonable to approximate the structure by eliminating the high
frequency modes from the model,

The "physical® system equations of motion obtained via the finite

element method with N nodes is given by

1
In finite element analysis a node is defined as a grid point on the
structure, not necessarily a point where the modal deflection is zero.

13




ﬁg+5§+iﬁ = h (2-1)

where

q is a 6N vector of generalized displacements (i.e. each

node has 6 degrees of freedom, 3 translational and 3

rotational)
h is a vector of generalized external forces
'
M is a real , symmetric, positive definite mass matrix |
D is a real matrix of inherent structural damping |
K is a real, symmetric, positive semi-definite stiffness

The system equation (2-1) is conveniently transformed into modal

coordinates via the transformation

g9 = ¢n (2-2)

where

® is the matrix mode shapes orthonormalized with respect to

the mass matrix as in equation (2-4). (See discussion in
the following section).

n is the vector of modal coordinates (amplitudes)

If M modes are retained in the finite element model then & is of
dimension 6NxM and n is of length M. Substituting equation (2-2) into
equation (2-1) yields

Mgn + Dén + Kén = h (2-3)

where 3 is chosen such that

14
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My = I (2-4)

K¢ = Q (2-5)

At this step D is defined so that it satisfies

¢ Dé = 220 (2-6)

where Z is a diagonal matrix of damping ratios (chosen arbitrarily).

The vector of

generalized forces can be written as

B B -7
h = Bu+BJd (2-7)
Thus, the system equation in modal coordinates is given by
== =2 -T= =T=
n+22in+Q2n = ¢ Bug + & Bdg (2-8)

where

2 =
$i is
gi is
wi is

o Ie

o

DIAG(C1 '.“'Cm)

DIAG(N11 '",wm)

[!4'...'£m]
the mode shape vector of the ith mode of vibration
the damping ratio of the ith mode
the natural frequency of the ith mode

(“1r'°"“mu) the control inputs from m; actuators

(d1,29+,dp,) the disturbance inputs from mg

disturbance sources

15




Bu and Ed are selection matrices (see following section).

2.2 The Modal and Selection Matrices

2.2.1 Mode Shape

As gtated in the last section, the modal matrix 6 is the matrix
of mode shapes orthonormalized with respect to the mass matrix.
Definition 1 - The ith mode shape $; is the vector of the displacements

of the N nodes Que to a unit amplitude of the ith mode.,
Since there are six degrees of freedom for each node, the mode shape
vector is of dimension 6N where the first N elements correspond to

displacements in the first degree of freedom.

2.2.2 Selection Matrix

BEquation (2-2) can be used to find the physical displacements in
6 degrees of freedom given the modal coordinate vector n. Consider the
motion of a single node in one of its degrees of freedom, x. This can be

written

x = blon (2-9)

where b is a 6N boolean selection vector with one non-zero element that
specifies the node and degree of freedom of interest. If we generalize x

to a vector of j displacements, we can form the selection matrix -

B = [9_1,---,9_:‘] to obtain

X = B (2-10)

16




2.2.3 Node Shape

In analogy to the concept of the mode shape, it is convenient to
describe the modal displacements of a single node in a specified degree
of freedom. Thus, define the product 5?9 as the node shape vector, f,

associated with b.

Definition 2 - A node shape is a vector of length M, the entries of which
are the displacements of a node due to each mode excited to a
unit amplitude,

Thus the nodal displacement in the specified degree of freedom can be

written

The product STE is defined as the node shape matrix, F.

The node shape is a versatile concept whgn b is not restricted to
be a boolean selection vector. We demonstrate below how node shapes can
be used to define quantities such as translation or rotation in an
arbitrary direction, axial displacement between nodes, and the

performance of the system,

2.2,2.1 Translation node shape

Consider the translation of a node in the direction of a unit
vector r = (ry, rp, r3,0,0,0). The physical translational
displacement vector of a node is given by x = (x4,x3,x3,0,0,0), so

the displacement in the direction r is

r
'r' = xor (2-11)
r rer ==

To form the dot product for the ith node in modal coordinates we specify

the selection vector b via its entries by as follows




r, when k = i

bk = r2 k =N+ £
k N + i
r3 = 2 i

0 OTHERWISE

The resulting node shape is

£ =3

It can be used to find the translation in the direction r as

T
x, = fn (2-12)

Thus, the node shape could be used to represent a position sensor or a
force actuator oriented in the direction xr. This is trivially extended
to represent a rotation vector in a specified direction at a selected

node.

2.2.2.2 Axial node shape
The axial node gshape is representative f the axial elongation of
a member connecting two nodes. If the member is much longer than the

expected elongation, it is, approximately correct to write

X0 = X, *EL-X oL (2-13)
where
x12 is the elongation or contraction of the element connecting
nodes 1 and 2
5.1and.£ 2 are the translational displacement vectors at nodes 1 and 2
X 1is a unit vector directed at node 2 from node 1

18
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Using Equations (2-11) and (2-12), Equation (2-12) can be written as

which shows the axial node shape, f13, as given by the difference
between the two translational node shapes in the direction of the

connecting element, i.e.

=12

to give the axial elongation

2,2.,2.3 Performance node shape

The performance of a system is frequently given by some linear
combination of the translations and rotations of some nodes on the
structure. A typical example is the line of sight (LOS) error for
optical systems. Although not in strict accordance with definition 2, we
can form a node shape that represents system performance. Considering

the performance measure y

y = a.1x1 + a2x2 + oee + anxn (2-14)

where
aq - ap are constant coefficients
Xy - Xp are translational or rotational deflection of nodes

Equation (2-14) can be rewritten as




y = a fT + a fT + eee + a fT
1= =21 el
Defining the vector a as

a = (311 a2' e, an)

and recalling that

Wi
]
-~
o
-
o2

The performance node shape f: can be defined as

-T=

so that the performance measure is given by

T
y = f,n

20
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CHAPTER 3

LARGE SPACE STRUCTURE CONTROLLERS

3.1 Introduction

As noted in Chapter 2, finite element methods can be used to
approximate a system of infinite order using only M modes. Unfortunately
the dimension of the system is still too large to allow construction of a
practical full state feedback controller. This is due to onboard
computer limitations and the difficulty in computing optimal control
gains for high order systemsls]. A common approach to the control
design is to identify a set of primary modes, usually based on system
performance, and design a controller based on those modes only[7'3].
The goal is the control of the full order system with this reduced order

controller.

3.2 State Equation Development

The system equation is given in Equation (2-8) as

d

-T= T
) Bd—

B+ 2730 + G2n = $ B+

In addition, the measurement equations can be written as

T
xx = BxQn + !x (3=1)

21
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where

Yx
v
B
X
Ix

is a vector of position sensor output
is a vector of velocity sensor output

and Ev are the appropriate selection matrices

and vy represent sensor noise

The corresponding state equation is

For

entries of

)<

L]
x

b4

the representation in (2-8),

(3-3) and (3-4) are

1
0+ I 0

-——*————

(3-1) and (3-2),

defined as follows:

wi

21 — -
a2 1-228 o5

= |
] Bpt o
- T
C = |
=T
L 0 |Bv0

l< 44
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(3-5!
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By selecting L primary modes, equations (2-8), (3-1), and (3-2)

can be represented via primary and residual components.

. - - o -2 T )
Dp * 2ZpfpNp * fpn, = 958,50 + 4pBypd
. - - -2 ~T= -T=
e *+ 2ZR9R3-R + QRD-R = QRB u + ORB! d

-7 - -T -
Ze = BepPelp * Byp¥plp * Y

. T ~ .
X, = Bpdpnp * Boplpng + Y,

where subscript P is associated with primary modes and subscript R with
residual modes.,

Equations (3-6) are written in state equation form as

x A 0 X B r
Bl P ) Pla |l Plas Pla (-7
R 0 AR xR Br Tr
Yy = [CP CR] fp + v
R
3.3 Controller Design

The reduced order controller is designed based on the primary
modes only. Restricting attention to optimal (modern) control
philosophy, the controller is comprised of two parts:

1) A state estimator which accepts the sensor measurements y

and produces an estiamte .’£p of the primary states ﬁp

2) A linear state feedback control law which multiplies the

state estimate lp by a constant gain matrix to produce the

actuator commands u.




The state estimator equation is

= KPEP + EPE +G (y - EPEP) (3-8)

g

where G is the constant estimator gain matrix. The control law is yiven
by

-

u = Kx, (3-9)

where K is the constant feedback gain matrix. Using equations (3-7) and

(3-9) we can rewrite (3-8) as

= [K +BK - éEPlzP + EEPEP + GCR)_tR + Gv (3-10)

Defining the estimate error, e as

So the total system state egquations can be written as

24
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> . - r- _ . - - _ T r
_)_:_P AP + BPK - BPK 0 ﬁp I‘P 0
L] - - - - + -
e} = 0 AP GCP -GCR e FP 3+ |-a v
X B_K -B_K A r
| R) LR R R LR ] R L %Jz-11)

Block diagrams of the controller and the controlled system are given in

Figures (3-1) and (3-2).

I.c
=)
(]
i

Figure 3-1 Feedback Controlier

The selection of the gain matrices K and G is a standard

procedure given the correct plant modell17], However, the task is
complicated due to the reduced order model used in the controller

design, which in turn leads to spillover effect (discussed in next
section). The proper selection of gain matrices to accommodate spillover
is beyond the scope of this study and will not be discussed (see [9-10]

for some possible solutions).
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3.4 Spillover

One of the major problems to be considered in reduced order

controller design is spillover,
the controller with the residual modes,

residual modes are excited by
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- "

|
T

-

8p |

Lo

Br|

L.

|

I

Spillover is the adverse interaction of

Bu = B _Kx

= R =p

FLEXIBLE SYSTEM

==

.

CONTROLLER
MODEL
Ap

|
|
|
l

RESIDUAL
DYNAMICS
AR

e

ACTIVE CONTROLLER

BASED ON

(Ap B Cp)

—

4

Considering Figure 3-2,
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Figure 3-2 System with Reduced Order Controller

This is called control spillover.

Furthermore,

contaminated by the term ERxR' This in turn lead to errors in the
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estimate,gp. The contamination of sensor readings by residual modes is
termed observation spillover.,
Control spillover alone is probably not a major problem. If there

is no observation spillover (i.e. ER = 0), then from equations (3~11) the
eigenvalues of the controlled system can be obtained from (XP+§PE),

(SP—EEP), and KR. Assuming the residual modes are open loop stable
(even if only marginally stable) and that the regqulator and observer are
stable, the only effect of control spillover is to excite the residual
modes. This will tend to deteriorate performance, but will not lead to
instability.

However, observation spillover might lead to instabilty[7].

Considering Equation (3-11), if C_ # 0 then the system eigenvalues will

R
be dependent on ER' Thus the closed loop poles might migrate to the
right half s-plane, especially considering the low damping of the

structure.
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CHAPTER 4

ACTUATOR PLACEMENT PROBLEM

4.1 Introduction

Actuator locations are a fundamental constraint of the LSS

controller design problem. It is desirable to place actuators such that:

1) control authority over the L primary modes is maximized
2) spillover to residual modes is minimized

3) a small number of actuators is used

4) the actuator set is balanced, namely that actuators are

operating at comparable/acceptable power levels

The actuator placement problem is usually subject to the following

constraints
1) actuator type
2) physical limitations on actuator location

In this chapter the constraints and placement criteria are discussed in
detail, then a mathematical formulation of the actuator placement problem

is presented.

4,2 Constraints

4.2.1 Actuator Type

In most design applications, the choice of actuator type is
constrained. This might be due to problems with contamination by
propellants, power supply limitations, cost, etc. An important

consideration in selecting actuators for LSS applications is the
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availability of broad band (especially low frequency) actuators. Another
desirable actuator characteristic is its operation with no interaction
with the rigid body modes. Thus propellant devices and momentum wheels
are of limited use in vibration control. Member actuators are desirable
due to their lack of effect on the rigid body motion and their spectral

characteristics.

4.2.2 Physical Limitations

There are locations on a structure where the placement of
actuators is forbidden. These forbidden regions are usually due to
1) the sensitivity of nearby equipment or 2) portions of the structure
being too weak to withstand actuator inputs of the magnitude required.
In the first case, effects like the ocutgassing of propellant actuators
must be considered. In the second case, locations such as mirror mounts

are usually forbidden.

4.3 Criteria for Placement

4,3.1 Control Authority

Actuator placement to maximize the control authority over the
primary modes means selecting actuator locations such that the actuators
are operating at the minimum possible power levels to meet performance
specifications, For example, consider a single mode shape. It is clear
that locating an actuator at the peak of the mode shape will give better
control authority over that mode than an actuator located off the peak.
Thus, actuator node shapes that provide good control authority should

have large elements corresponding to the primary modes.

4.3.2 Spillover
It is desirable to place actuators such that excitation of the
residual modes is minimal. This in turn would result in better control

when the reduced order controller is applied to the structure., There are
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two considerations when choosing actuator locations to minimize
spillover. First, actuators should be located as close to the zero
deflection points of the residual mode shapes as possible. In general,
this is not possible for all of the residual modes. A possible solution
is to choose a subset of the most critical residual modes, termed
secondary modes, and choose actuator locations near their zero deflection
points (i.e. small entries in the actuator node shapes corresponding to
residual modes). The second consideration is the applied actuation
force. If an actuator is moved away from a point where it has good
control authority, it will require larger actuation forces to control the
system. In general, larger actuation forces imply more spillover to the
residual modes, Thus, there is a tradeoff to be considered in choosing

actuator locations for gspillover prevention.

4.3.3 Number of Actuators

Choosing the optimum number of actuators to control the system is
not a trivial problem. For economic considerations, the number of
actuators should be kept small. However, if redundancy is a major
consideration, the actuator set should be larger than the minimum
required to maintain control. For the purposes of this study, redundancy
issues are ignored and the smallest set that retains good control
authority is sought.

A system is said to be controllable if it can be transferred from
any initial state x(0) to a final state x(tg) in finite time by some
control u. Thus, controllability is the ability of the control input to
affect each state variable. Now, consider a LSS with L primary modes.
The above implies that a single actuator can control the primary modes if
all the corresponding elements in the actuator node shape are non-zero
(note, this is true as long as each mode has different frequencies). On
the other hand, L actuators can be found such that practically each mode

is independently controlled by a single actuator.
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Unfortunately controllability is simply a binary concept - either
a system is controlled or it is not., It is intuitively obvious that
increasing the number of actuators will increase the control authority of
the actuator set, just as increasing the number of measurements will
increase the accuracy of an estimte produced by an estimator. However,
if initial actuator locations are well selected, diminishing returns are
expected as the number of actuators approaches Ll2), 1f actuators are
placed such that individual actuators have good control authority over
several modes, then it is possible that less than L actuators will
provide approximately the same control authority over the primary modes

as L actuators.

4.3.4 Balanced Set

It is desirable to have the actuators working at comparable power
levels., This is convenient since identical actuators can be used
throughout the structure which simplifies the design procedure and

reduces cost.

4.4 Mathematical Formulation

Expressing the above objectives in a mathematical expression
which is ameanable to actuator placement procedures is difficult if not
impossible. In the following, some possible engineering solutions which
approach the goals stated above are presented.

In Chapter 2, the concept of the node shape is developed. It is
demonstrated that node shapes can be created to represent actuator
influence and system performance measures. Thus, the problem of actuator
placement can be mathematically stated as that of choosing a set of
actuator node shapes such that a linear combination of them is

approximately equal to the performance node shape [18], i.e.

£, = Feg (4-1)
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where

ot et e

» is the performance node shape

£
= means "approximately equal”

is a matrix of actuator node shapes

ol

a is some arbitrary vector of approximate dimension

The above formulation can be somewhat simplified if an initial

set of n possible actuator locations has already been selected. This
initial set is selected gubject to constraints on actuator type and
location. The problem then reduces to a selection of m,; node shapes
from the initial set which provide a good approximation of fx. This ]
selection is subject to the criteria:
1) Maximize control authority: The match to the performance
node shape is good, entries in F corresponding to primary

modes are large, g components are small

2) Minimize spillover: The entries in F corresponding to
secondary modes are small.
3) Small actuator set: m, is small

4) Balance: All the a components are of comparable magnitude

In the following section, the quadratic cost function is proposed

as the mathematical criterion for "approximately equal"”.

4.4.1 Least Squares Formulation

The selection criteria can be formulated as

. . o
2 T -
|£| = [ -1 £ “1] D[f, - ] El_u_l] (4~2)
i=1 im)
32
« - ’a—;.“i:;" e ‘ . ) . —“




where m; and g are chosen to minimize the squared magnitude of the
residual vector r. The purpose of the diagonal matrix D is to weight the
different modes according to their importance to the control - -oblem. In
effect, the D matrix reduces the order of the problem to con..der only
the primary modes. Thus, L non~zero values and m-L zero values are
expected among the elements of D. A possible selection for D is to use
ones for the elements corresponding to residual modes. However, this
does not reflect relative importance among the primary modes. Thus, the
elements of D corresponding to primary modes should reflect the
contribution of each mode to overall performance.

For example, for a given disturbance acting on the system, a set
of mean square modal amplitudes, nmg, can be obtained. If the intra
mode interaction is small, it is reasonable to approximate the contri-
bution of the ith mode to the mean square performance as (f*)f[nms)i'

Thus the D matrix could be defined as
= , 2 , ,
D = dzag((f,)i] diag ((nms)i) diag (w,)

where ¢
i ranges from 1 to M
wi = 1 for primary modes

wi = 0 for residual modes
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CHAPTER 5

ACTUATOR SELECTION PROCEDURES

5.1 General Method

In Chapter 4 a set of constraints and criteria were developed for
the actuator placement problem. The placement problem was then
mathematically formulated as a least squares problem, To our knowledge,
the least squares problem as presented has not been solved, thus a
suboptimal approach is taken to solve the least squares problem. The

suggested general procedure consists of the following major steps:

1) Define a large initial set

2) Choose L actuators to solve the least squares problem
3) Reduce the set of L actuators if possible

4) . Augment the initial set if necessary

K flow chart of the general procedure is given in Figure 5-1. Each of 1

the above steps is discussed in detail in the following sections.

S.2 Initial Set

The initial set of actuator locations is ideally an infinite set
containing all permissable actuator locations. This obviously being
impossible, a large set that is representative of the infinite set is
selected. The first constraint that must be considered is what type (or
types) of actuators can be used to control the structure. As noted in
Chapter 4, it is desirable to use member actuators since they do not
affect rigid body modes. Thus, whenever possible, member actuators

should be used in the formulation of the initial set, Actuators of the

type(s) chosen are placed at a large number of locations on the
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structure, avoiding those areas where actuator placement is physically

prohibited.

For example, if only axial actuator are to be used to control a
truss structure, a simple initial set would be the placement of an

actuator on each member.

5.3 Least Squares Solution Based on L Actuators

The solution of the least squares problem presented in Chapter 4
involves the selection of m, actuators and the components of g to
minimize the norm of the least squares residual vector, As a first step
in the suboptimal solution, L actuators are chosen from the initial set
and the components of g calculated. 1In this section a numerical
technique to solve for the g components and two methods for selecting L
actuators from the initial set are presented.

Before continuing with this section, some new notation is
required that willbe used throughout the chapter. The least squares
formulation presented in Chapter 4 was reduced to consideration of
weighted primary modes. Thus, the gquantities of interest can be

represented as
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where it is assumed that the primary modes have been pivoted to the top

of the appropriate vectors. Thus BEquation (4-2) is rewritten

2 i T Ta
|'w| = [fag - D 0] (£ - 1 £50]
i=t i=1

5,.3.1 R Factorization

The QR factorization is a technique commonly used to obtain the g
components in a least squares problem. The concept is presented in the
context of node shapes, but it can be generalized to any set of vectors.

Let wae an L X mu node shape matrix. Assume that L 2_mu and rank (§w) =
. —— =T= . .
mu. There exists an orthogonal matrix Q such that Q F,is zero below its

diagonal. Thus, 6riwcan be written in the form

J"F, =|R (5-1)
(o}
where R is a m xm  upper trianqular matrix. In the case when mo= L,
Equation (5-t) is written
9", = R
which implies
Ew = R (5-2)
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However, in the case where mu < L, Q can be partitioned as

o = [2,, 9,]

where Q1 is L x mu' Thus, F can be written as

Fw = Q1R (5~3)
Now, the least squares problem is
ng =Ly (5-4)
which can be rewritten as
Q1Rg = £*w (5=-5)

If Ewhas linearly independent columns, as initially assumed, then R is

nonsingular and

—=1=T
& = R Q E-*w (5-6)

It can also be shown that the least squares residual vector, ry, is

given by
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(i.e. the projection of E*w orthogonal to the span of Ew). Thus, in the

case m,=L, 'rw' = 0,

5.3.2 Maximum Norm Method

The QR factorization and least squares routines used in this
stady are standard LINPACK routines(21], a pivoting option is included
in the QR factorization routine that appears useful as a method to reduce
the initial set to L actuators. Given an actuator node shape matrix for
the initial set, wa of dimension Lxn where n is the number of actuators
in the initial set, the pivoting routine selects a set of independent

actuators from the initial set and pivots them to the front of EwI'

Conceptually, the pivoting procedure is as follows:
) Given FwI = [£w1' s, Ew]’ compute "Ew',
for all n actuators (node shapes).

(2) Pivot node shape with maximum |’£w|' to first column wa

(3) Let i represent number of actuators already selected. For
the n-i remaining node shapes, calculate the component

orthogonal to the span of the i selected node shapes, E&
{4) Compute "E%l' for the n-i node shapes

(5) Pivot actuator with maximum "E&" to the (i+1)th

column of F
wl

(6) If L node shapes have been selected, stop, otherwise

return to step 3 and begin process to select another node

shape.

39
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The QR factorization procedure can now be performed on the first L
columns of ?w . In practice, the pivoting and computation of the

{21}

elements of 5 and R takes place simultaneously . They are separated

I

here to make the presentation of the concepts clearer.

As a result of the pivoting option, the R matrix has diagonal

elements, r;;, which obey

|r11' 2 'tzzl 200t 2 'rLL'

where 'rii’ is the norm of the component of iwi orthogonal to the
span of [£,., Luyr ooy ;wi_1]. If at some point Irii'=0,
there is not a set of L independent actuators in the initial set.

This pivoting routine appears useful for actuator selection for
several reasons. First, maximum norm values are selected, which
corresponds to the concept of attaining good control authority. Second,
on independent set is selected, which corresponds to the concept of a
small actuator set. Spillover and balance criteria have not been
considered with this procedure.

5.3.3 Residual Matching Method

The second method for selecting L actuators from the initial set
is conceptually similar to the maximum norm method. It is formulated to
select an independent set of actuators that have good control authority
over the primary modes and avoid spillover into selected‘secondary
modes. This method is presented in the following two sections: in the
first section control authority is considered and in the second section

spillover is added to the formulation.
5.3.3.1 Control authority considerations

A diagram of the two vector least squares problem is given in

Fiqure 5-2,
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Figure 5-2 Two Vector Least Squares Problem

To obtain good control over the system with a single actuator, the angle
§ between the performance node shape, f,, and the actuator node shape,
£y, should be small. 1In addition, to control with small actuation
forces, the length of f,, should be large. Thus, a good measure of the
control authority of a single actuator would be the length of the
projection cf the actuator node shape onto the performance node shape.

This projection length can be written

_fq ¢ —try £
.E.w .f—*w —*w

—tyy
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The above definition is adequate for non~vibrating systems, but
must be modified for vibrational systems., The performance of vibratory
systems is often measured in terms of mean square, or RMS, quantities,

In node shape notation, the system performance is measured by

The appropriate mean square measure is obtained from

ey’] = ={(£n)?] = E[(gn, + o0 + 507

If the intra-mode interaction is assumed small, it is approximately

correct to write

B o an 2] v e v 2,

1 M

The purpose of the above is to demonstrate that the mean square
performance is not significantly affected by the signs of the elements of
fx (i.e. they are always squared quantities). However, the control
authority ranking measure developed above is highly dependent on the

signs of the terms in fs. For example, if fa, and f, are given by

Luy L

The ranking scalar, cj, is equal to zero. This implies that f, has
no control authority over fay,. This is only true in the case where the
two modes have the same frequency and are in phase. In general, this

will not be true. Thus, the control authority ranking scalar must be
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redefined so as to ignore the signs of the components of fay. The
ranking scalar is redefined such that the absolute value of each term in

the dot product is used. Therefore

E If"jf""j'

With the above formulation, c¢; should be a reasonable
indication of the control authority of the ith actuator, Selection of

the actuator with the largest cj value would be a reasonable choice as

the best actuator to control the system.

After selecting the first actuator to control the system, it is
clear that if IEV' # 0 the match to the performance node shape can be ;
improved by adding an actuator node shape in the direction ry. 1If the

remaining actuators in the initial set are ranked by

L
c; = -Z 'fw,rw,l
J=1 ] 3

the best actuator in the direction ry, can be selected. Each time an

actuator is added to the set a new residual vector is calculated. The

selection process continues until L actuators are selected. A flow chart
of the procedure is given in Figure 5-3,

A property of the residual vector is that it is orthogonal to the
space spanned by the actuator node shapes. Thus, an independent set of
actuators is expected from this selection process. Thus the selected set

should be an independent set with good control authority characteristics.

5.3.3.2 Spillover considerations

The residual mode equation present in Chapter 3 is
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Figure 5-3 Residual Matching Procedure (Control Authority Only)
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Dp * 22.8pNng + Qpnp = $pB pu + $pB4pd

The best spillover characteristics would be ohtained if

In general, the global prevention of spillover to residual modes via
actuator placement is not possible. Thus, a reduced set of ng modes is
defined and actuator locations are gelected to reduce spillover to those

modes. The modes in this set are termed secondary modes. If Eus is

defined as the rows of §uR corresponding to secondary modes, then the

actuator placement problem is defined in terms of minimizing Eus'

Each column of Eus is the secondary mode elements, sj, of an
actuator node shape, Define a spillover ranking scalar, dj, for the

ith actuator in the initial set as

Thus, actuators with the smallest secondary mode elements can be chosen
from the initial set., This spillover criteria can be combined with the
control authority criteria developed above.

The suggested procedure is to first sort the initial set by
control authority characteristics and then select a small set of the
actuators with the best control authority. This set is then sorted by
the spillover criteria and a single actuator chosen, In this manner a
set of independent actuators with good control authority can be obtained

while taking spillover into consideration.
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The selection of the small set from the initial control authority
ranking is as follows. Define cpyy, as the maximum control authority
scalar obtained in the ranking procedure, If 1 is defined as a limiting
factor, then those actuators with cj values less than leopax can be
eliminated from the selection process. This reduced set can now be
sorted by spillover characteristics. In working with several example
structures (see Chapter 6), a value of 1=0.9 appears to be a goodchoice.

A flow chart of the modified selection procedure is given in Figure 5-4.

5.4 Reducing the Number of Actuators

A desirable set of actuators achieves good control authority and
minimum spillover with a small set of actuators. In the above, a set of
L actuator node shapes is chosen which results in a perfect match to the
performance node shape'(i.e. |£w| = 0). 1In this section a method is
presented to identify which of the L actuators have the smallest
contribution to the least squares fit. It is possible that these
actuators can be removed from the set without causing a significant
increase in |£M' (i.e. 'EM' = 0).

Equation 5-5 can be rewritten as

- o,
g = Ra = Qf, 0

The columns of Q1 = [SJ""'Smu] form an orthonormal basis for the
space spanned by Ew' Note that gi = (S:E*w) is the length of the

projection of fa, on gqj. Thus, the magnitude of gj is an
indication of the importance of the ith actuator to the least squares

approximation. The actuator elimination procedure is as follows:

1) rank actuators by g; values
2) eliminate actuator with lowest g; value
3) calculate the least squares residual vector, ry, for

the remaining set
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Figure 5-4 Residual Matching Procedure With Spillover Incorporated
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4) if 'rw' is less than some ¢ then eliminate another

actuator
5) if Irw' is greater than some ¢ then add last actuator
eliminated back to set and stop.
€ is the criteria for |£w' = 0. 1In this study ¢ is chosen as
1.0x10"6, this being the approximate accuracy of single precision

computations.

5.5 Augmenting the Initial Set

In the actuator reduction procedure above, it is possible to
identify modes which are poorly controlled. Inspection of the terms in
the residual vector, ry, will indicate poorly controlled modes. If
some of the terms in ry, are greater than e, then no reduction of the
set will be possible. Thus, it is desirable to find actuator locations
that will provide adequate control of these modes. These locations are
added to the initial set and the selection procedure reaccomplished.

The selection of the locations for such actuators can be aided by
a visual inspection of the vibrating structure simulation (if one is
available) and/or the analysis of the mode shape(s). For example,
locatins at the peak of a mode shape should provide good control

authority over that mode.

5.6 Multiple Performance Criteria

In many cases two or more linear performance criteria must be
simultaneously met. For example, in an optical structure, the
performance specification may be to minimize line of sight (LOS) error in
two directions, say x and y. This situation necessitates some minor
modifications to the previous development.

First, the primary modes must be defined in terms of all the
performance criteria. This leadas to a reevaluation of the weighting
matrix D. Recall that the elements of the diagonal D matrix were the

approximate contribution of each mode to the overall performance. Thus,
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an overall performance criteria must be defined., 1In the LOS error

example above, overall LOS error can be written

LOS = (Losx)2 + (LOSy)Z

If the intra-mode interaction is small, it is reasonable to approximate
the contribution of the ith mode to the mean square performance, 1l; as
Lot (Sa)i (nge); * (£,)5 (ng)
i Zxx)i Upgli Zaz/)i \Opglj
where fay andlgay are the performance (LOS) node shapes for the x and
y directions and ppg is a vector of mean square modal amplitudes for

the uncontrolled system. Thus the elements of the D matrix, dii' are

given by

where wij=1 for primary modes and 0 for residual modes.

No modifications are required to use the maximum norm selection
procedure. However, several modifications are required to use the
residual matching procedure. ' The residual matching procedure is designed
to select L actuator node shapes to match each performance node shape.
Thus, as many as 2L actuators could be selected. Some duplication in the
actuators selected to match each performance measure is expected and in
some cases the selections would be identical. 1In those cases where more
than L actuators are selected, dependent actuators must be eliminated
from the set. The suggested procedure is to reduce this set via the

maximum norm technique.
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The final modification is in the actuator set reduction
technique., Here, the elements of g must be evaluated for each

performance criteria before an actuator can be chosen for elimination.
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CHAPTER 6

100 METER SCE BEAM EXAMPLE

6.1 Physical Description

The first actuator placement study is devoted to a 100 meter
space construction experiment (SCE) beam{19) shown in Figure 6-1, The
SCE beam is designed to be deployed from the space shuttle cargo bay and
will be a test bed for various LSS experiments. The SCE beam is of
diamond truss construction, is rigidly attached to the space shuttle, and

has a 250 kg tip mass. Additional properties are given in Appendix A,

6.2 Finite Element Analysis

The beam is modeled as having 61 elements connected at 54 node
points. Node locations and element connections data are tabulated in
Appendix A. The finite element model is based on 10 vibrational modes
and 6 rigid body modes. Open loop vibration frequencies are listed in

Table 6-1 and plots of the mode shapes are contained in Appendix A.

6.3 Disturbance Description

For the purposes of this study, two white noise disturbances are
applied to node 39, one is oriented in the x direction and the other in
the y direction. Each disturbance is zero mean and has a variance of
800 nt2,

6.4 Control Objective

The control system (i.e. actuator placement and controller

design) objective is to minimize tip (node 7) movement in both the
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Figure 6-1 Space Construction Experiment Beam
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x and y directions. In this case the performance node shapes are
identical to the node shapes i»r displacement in the x and y direction at
node 7. The objective is to control the tip movement to the following
mean square steady state bounds:

X < 7 x 10~5m2
ms-—

Vs <9 X 10”0

6.5 Open Loop Characteristics

The beam is modeled as having a damping ratio of .001 for each
mode. The open loop characteristics of the beam when subjected to the
disturbances are listed in Tables 6-1 and 6-2. The mean square tip
movement in the x direction is 0.15 m2 and 0.048 m2 in the Yy

direction.

6.6 Controller Design

Actuator placement strategies are evaluated via the performance
of a designed controller. The approach taken here is to design a
constant gain state feedback regulator and a constant gain Kalman filter
using the LQG control philosophy. The controller is based on the primary

modes only. The primary mode state equations are

+ 7

>
+

X = B u d
P P P~ P~

Y = (-:x

where all terms are as defined in Chapter 3. 1In addition, tip movement

can be written
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Table 6-1 Open Loop Poles

BEAL

~5.410687330E-06
~7.150722150E-04
-5.874783520E-03
-7.403243060€-03
-1.818135070E-02
-2.007872010€-02
-2.334321590€-02
~2.572767640E-02
-3.616505430E-02
~%.659422300E~02

INAG

5.410684625E-01
7.150718575E-01
5.874780583E+00
7.403239358E+00
1.818134161E+01
2.007871006E+01
2.334320423E+01
2.572766354E+01
3.616503622E+01
4.659419970€+01

and Vibration

DAnPING

1.000000000E-03
1.000000000E-03
1.000000000E-03
1.000000000E-03
1.000000000E-03
1.000000000E-03
1.000000000E-03
1.000000000E-03
1.000000000E-03
1.000000000E-03

Table 6-2 Open Loop Modal Amplitudes

MCDE

10
11
12
13
14
15
le

R oo

»’ ilil‘*!‘“f*;r%m

Frequencies

EREQUENCY

5.410687330E-01
7.1507221S0E-01
5.874783520E+00
7.403243060E+00
1.818135070E+01
2.007872010E401
2.334321590E+01
2.572767640E+01
3.616505430E+01
4.659422300E+01

Mean Square Amplitude

55.

44.

15.0
7.6
0.59
6.0x10"
0.33
0.016
4.9x10"
5.0x10”%

5

3

54
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Xp1p

Yr1p

where EL is a matrix containing the performance node shapes. It is

assumed that position sensors are collocated with the actuators.

where

éOI

S”|

[«]

The requlator gains are selected to minimize the cost J

T=T= = T=
J = X EQWCDEP + pu ng]dt

o8

is the output weighting matrix penalizing tip movement
in the x and y direction

is the input weighting matrix

is a scalar multiplier

The optimal requlator gain matrix, i, is given by

-1
K = p(iw) Bp§

where S is the solution to the algebraic matrix Riccati equation

-1
- o - - =T J o
O = -SA - AS+ pSBp(Rw) BS - €10,
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Note that each actuator set will have a different Ep matrix which
requires calculation of optimal regulator gains for each set to be
evaluated.

A constant gain Kalman filter is implemented as the estimator.

The constant Kalman gain matrix, a, is given by

where P is the solution

- - T - - =l= -
AP +PA +TQT -PCp(Rn) CP = 0

and

Qn is the plant noise variance matrix

Rn is the sensor noise variance matrix

Note that sensor noise is not included in the problem formulation. The
sensor noise variance matrix, En' is used as a design parameter in this
problem.

The controller designed for the SCE beam is based on the

following values for the weighting matrices and noise covariances.

-

100

0 800 0
200 0 800
.
0 1x10”4 0
R =
n
1 0 1x10°4
o
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p is a design variable that is selected for each actuator set such that

the controller meets design specifications.

6.7 Control System Evaluation

The steady state performance of a system must be obtained to
evaluate the control system design, Consider a system with the state

equation

where

A can represent open or closed loop dynamics

is the appropriate state vector

Ax

1%

is a vector of white noise inputs

' is the appropriate noise influence matrix

The steady state covariance matrix, i, is obtained by solving the

—

Liapunov equation in the forml20)

== = == T
AX+XA +TQr, = 0

where ﬁn is the white noise variance matrix. The system performance is

defined as the mean square value of the output, y, given by
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Thus, the mean square performance, Y, can be expressed as

L L

The control inputs are defined as

-

where x is a vector of primary mode states for a full state feedback
system. For a system with an estimator, X is the estimate of
the primary mode states. Thus, the mean square control inputs, U, can

be expressed as

— !

U = KXK

where ; is the appropriate state covariance matrix.
Given the above formulation, the control system is evaluated as
follows:
(1) Select a p value such that the primary mode full state
feedback system (i.e. regulator but no observer) meets
specifications for Y.
(2) Calculate U
The above characteristics can be compared for control systems based on

different actuator set selections.

6.8 Actuator Placement

With the above preliminaries completed, the actuator selection

procedures developed in Chapters 4 and 5 can be applied.
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6.8.1 Choosing Initial Set

In an effort to make this a non-trivial problem, actuators are
not allowed to be placed on the beam section from node 51 to beam tip, a
range of approximately 14 meters. Since the beam has the convenient
property that the mode shapes are oriented predominantly in either the x
or y direction, placing actuators in off axis directions can be ruled
out. The actuators considered are of the point force type., The initial
set consists of x and y direction actuators located at nodes 26 through
51. This gives a total of 52 possible actuator locations. Actuator
numbers, location, and directions of influence are tabulated in Appendix

AI

6.8.2 Primary Mode Selection

The first stop n the reduced order controller design is to select
the primary modes. For this system, the modes with the most contribution
to tip movement will be salected. The overall tip deflection, m, is

given by

rz— _ .7

3
m "Xe1p * Yorp

The approximate contribution of each mode to the tip deflection can be
calculated. These values are listed in Table 6-3 for the uncontrolled,

disturbed beam, Based on these values, modes 7, 8, 9, and 10 are

selected as primary modes,

T ST ST . ‘




Table 6-3,

Mode X (mz)
ms

7 0.150
8 8.0x107’
9 2.2x107 1%
10 1.13x107°
11 1.x10713
12 3.2x10°23
13 1.5%107>
14 1.ax10712
15 3.2x10° 12
16 9.6x1072

As noted in Chapter

Mean Square Contributions

y (n°)

1axio

0.0459

2.23x107°>

2.5x10° 4

2.8x10™°

2.9x10” "3

1ax10"12

3.5x10°8

9.0x10°8

1.8x10° 18

4,

To Tip

Deflection

2
0.150

0.0459

2.23x1073

1a3x107°

2.8x10°°

2.9x107 "3

1.6x10-5

3.5%10" 8

9.0x10”8

9.6x10 >

the selection of the elements in the least

squares weighting matrix, D, is based on the contribution of each primary

mode to overall performance.

obtained from Table 6.3.

D = diag(0.150, 0.0459,

6.8.3

Thus, the elements of the D matrix are

2.23x107>

Placement via Maximum Norm

The D matrix obtained is

, 113107, 0, 0, 0, 0, 0, 0)

Using the maximum norm selection procedures developed in Chapter

5, the actuator set

51 - 36 - 52 - 33
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is obtained. The R matrix obtained from the OR factorization procedure

is

51 36 32 33
1) 1.57398E-02 ~1.10670E-10 -3.56998E-10 5.83884€E-03
2) 0.0 7.43986E-03  2.99312E-03  2.57983E-09
3) 0.0 8.0 4.56074E-03 -1.94172E~09
4) 0.0 0.0 6.9 4.33872E~03

The appropriate g vectors for the x and y directions are

“1.18x10"" -2.73x10" 7
% = 2.13x10:; a = 9.42x13)

3,06x10 R4 -3,20x10

8.61x10" " 8.38x10""

Actuator locations are plotted on Figure 6-2.

6.8.4 Placement via Residual Matching
In this section the Residual matching procedure with no spillover
considerations (i.e., 2=1.0) is used to place actuators., The selected set

for each direction is

X Y.
51 52
39 34
34 S1
50 39

This set of 5 actuators (note duplications) is reduced to 4 actuators by

the maximum norm procedure. The resulting final set is
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N1

0. %6

X DIRECTION
10}
0.

2 ACTUATOR 33 ACTUATOR 51
“a.%0 i..08 2.0 33,30 WU, aa .00 153 17.00 28.90 98,00 1:a.08
NGOE LGCATION
S
s
T ACTUATOR 36 ACTUATOR 52 +
:F ' 1 |
o] ) 1 r
! ' ! i
~ ' ! MODE 8
~ ' | o i
Q

| Ao R RO RO B MM W

Y DIRECTION
u}p}

-0.32

W00 88.00
NQOE LOCAT!ON

.00 1..00 .30 3.0 $6.00 .00 28.00 89,00 1.0.38

Figure 6~2 Actuator Locations on Primary Mode Shapes
(Selected by Maximum Norm Method)
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51 - 34 ~ 39 - 52

for which the R matrix is P
51 34 52 39
1) "1.57398E-02 -1.10470E-10 -3.56998E<10 8.91708E-03
2) 0.0 7.43986E-03  2.99312E-03  1.27244E-09 ;
3) 0.0 0.0 4.56374E-03 -1.84773E-09 ;
4) 0.0 0.0 0.0 3.93113E-03 ?

L and the g vectors are

]--3.37x1o‘1 -4.87x10"

8 = 3.42x10:; o = 9.42x10::
4.91x10 4 -3,20x10

9.51%107 9.24x10"

Actuator locations are plotted on Figure 6-3.

6.8.5 Comparing the Two Methods

The above actuator selections are based on finding the actuator
set with the best control authority over the system. Each set matches
the intuitive notion that actuator§ should be placed near peaks in
primary mode shapes to give good control authority. A full state
feedback controller based on the primary modes is used to compare the two

actuator sets.

For the maximum norm set (51-36-52-33), the design parameter p is
. chosen as .0001, this gives a mean square performance of
-5 2
m

X = 6.91 x 10
ns
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X DIRECTION
x}10!

Y DIRECTION
%107}

0.32

-0.32

110.00

3 ACTUATOR 39 ACTUATOR S1

Ta.ao 1..00 22.30 93.20 . ae $5.20 = £8.00 37.30 88.00 9%.20
NGOE LOCATION

-]

° —

T ACTUATOR 34 ACTUATOR 52 L
: 1
st ’ | Jh

)

t ; ' t
| , 1 Mops 8 |
e )

U

Ly RO M OO TIOMEO RO M - =

32

— —

G160

3:.38 W.30 .00 $0.00

.30 - $§.00
NGOE LOCATION

Figure 6-3 Actuator Locations on Primary Mode Shapes
(Selected by Residual Matching Method)
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8.69 x 10> n

~
[}

The control input covariance matrix is

51 33 52 36
1) 3.520559E+01 2.915335E+01 -1.166614E-05 -1.747576E-06
2)  2.915335E+01  4.683268E+01 -1.122090E-05 2.075952E-05
3) ~1.166614E-05 -1.122090E-05 1.136125E+02 1.8G8557E+01
4) ~1.767576E-06 2.075952E-05 1.848S57E+01  8.96887CE+0L

A scalar measure of the total force input is the trace of the covariance

matrix, Tr{ﬁ}. For this set

(G} = 285.33 nt’ H

For the residual matching gset (51-34~52-~39), the design parameter

p is again chosen as .0001. This gives a mean square performance of

b4 =2 6,71 x 10-5 m2
ms
y_ = 8.64 x 10°° m°
ns
The control input covariance matrix is
51 39 52 34

1) 2.963699E+01  3.093736E+01 -8.171109E2-06 1.007317¢-0S
2)  3.093736E+01  4.9G44S8E+01 -8.590048E-06  3.242590£-05
3) -8.171109E-06 ~8.596048E-06 1.087050E+02 1.107082E+01
4)  1.007317E-05  3.202598€-05 1.187082E+01 9.478019E+01
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For which

Tr(§} = 282.37 nt?

The actuator set selected by intuitive methods (i.e. peaks of
mode shapes) is (51-52-37-38)}. Selecting the design parameter p as ,0001

gives a mean square performance of

x = 6.68 x 10°°

-5
yms = 8,82 x 10

The control input covariance matrix is }

51 32 37 38
1) 3.102040E+01 -8.179020E-06 2.995857E+01 1.631726E-C%
2) =-8.179020E-06 1.171245E+402 -7.931640E-06 2.891552E+01
3) 2.995857E+01 -7.931640E-06  4.81691SE+0) 1.866040E-05
4) 1.631726E~06 2.891552E+01 1.866040E-05  8.663411E+01

for which

Tr{U} = 282.65

The above results show the residual matching procedure yields a
better actuator set than the maximum norm procedure in the sense that
slightly better performance was obtained with smaller control force

inputs.
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6.8,5 Placement via Spillover Considerations

The residual matching procedure was developed with the capability
of placing actuators to reduce spillover to selected secondary modes.
The selection of secondary modes is not a clear cut procedure, For this
study, residual modes that appear most sensitive to spillover effect will

be designated as secondary modes.

To determine those modes sensitive to spillover effect, the
actuator set 51-39-52-34 is used for a reduced order controller design
(requlator and estimator) that is applied to the full 10 mode system.
With the design parameter p = ,0001 as utilized above, the system is
unstable., Pole locations are listed in Table 6-4. Mode 13 is the
unstable mode, and the pole for mode 11 has been shifted very close to
the imaginary axis. Designating modes 11 and 13 as secondary modes, an
attempt is made to select a set of actuators that will meet system
specifications while maintaining a stable system.

Using the residual matching procedure with a limiting factor
2=0.9, the actuator set 51-35-52-36 is obtained. With a design parameter
of p-9.0x10'5 in the full state feedback system, the mean square

performance is

x = 6.39 x 10>
ms

Y - 8.19 x 107
ms

The control input covariance matrix is

51 35 S2 36
1) 3.432231E+01  3.088186E+01 ~9.140142E-06 4.674397E-06
2)  3.086185E+01 5.001754E+01 -7.502096E-06 2.973809E-05
3) =9.140142€-06 -7.502096E-06 1.188631E+02 1.915437E+01
4) 4.674397E-06 2.973809E-05 1.915437€+01  9.497985E+01
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for which Tr{a} = 298,18, This indicates slightly higher force inputs
are required to match previous performance levels. However, when this
set is used in the design of the reduced order controller, the full order
controlled system remains stable. Thus, in this simple example, a
reasonable selection of actuator locations has been obtained which

achieve the control objectives despite the spillover effect.

-
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CHAPTER 7

SUMMARY AND CONCLUSIONS

7.1 Summary

The purpose of this study was to develop a method of actuator
placement to allow vibration control of large spce structures,
Previously developed techniques have tended to be computationally
intensive and thus are not easily applicable to high order systems. The
methods for actuator placement presented in this study are readily

extended to high order sysems and showed much promise when applied to a

simple large space structure.

With the system equations written in modal coordinates, vectors
of displacements associated with both actuator and system performance
could be developed. These were termed node shapes. The actuator
pPlacement problem was formulated as a least squares proélem where a set
of actuator node shapes from an initial set of n actuators.

The first technique initially selected the actuator node shape
with the maximum norm. Subsequent actuator node shapes were chosen based
on the component of the node shape orthogonal to the space spanned by the
previously selected set. The orthogonal component of each node shape was
calculated and the component with the maximum norm was added to the
actuator set., This method was termed the maximum norm technique.

The second technique initially selected the actuator node shape

with the largest absolute projection along the performance node shape.

The least squares residual vector could then be calculated and subsequent
selections were based on the actuator node shapes absolute projection
along the residual vector., This method was termed the residual matching

technique.

€9




Application of these techniques to a simple beam structure
demonstrated that actuator locations chosen were near peaks of primary
mode shapes, which is the intuitive concept for actuator location. The
maximum norm technique appeared to choose actuator locations that were
more orthogonal than those attained by intuitive placement. The residual
matching technique appeared to choose actuator locations that were more
advantageous to applying control inputs to all the primary modes with a '
single actuator, rather than an individual mode as in intuitive !
placement. In other words, the residual matching technique sacrificed

some actuator orthogonality in order to attain slightly better control

authority over the primary modes. When the control forces required to

meet a specific performance objected were examined, the residual matching

actuator set gave approximately the same performance as the intuitive
actuator set, and both performed better than the maximum norm actuator :
set,

Position sensors were assumed to be colocated with the actuators
and a Kalman filter was added to the control design. The actuator
locations used were those selected by the residual matching technique.
Analysis of the system poles showed that one of the poles was shifted
into the right half s-plane by spillover effect. The residual matching
technique was modified to take spillover effect into account in the

selection process and actuator locations were reselected. The resulting

set required higher control force levels to meet performance
specifications in the full state feedback system, but when the system

poles were calculated with the Kalman filter in place, all poles remained

in the left hand s-plane.,

7.2 Conclusions and Recommendations

The above application demonstrates that both selection techniques

show promise as actuator placement techniques. 1In this case the residual
matching technique appears to be superior since the actuator set chosen

by this technique allows a full state feedback controller to operate with
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lower input force levels than the set selected by the maximum norm
method. In addition, the residual matching technigue has been modified

to select actuators so as to limit spillover into selected modes., The

application problem demonstrates that proper actuator placement can lead
to a stable system that is capable of meeting performance specifications.
The example structure is geometrically simple and is represented
by a low order model. Application of the selection techniques to
structures with more complex geometry and models of higher order is

reguired to verify the suitability of these placement techniques,
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Table A-1 Truss Characteristics
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Truss characteristics
El pitch 2.0 X 107 N-m2 l
El roll 1.3 X 107 N-m
Length 100m
] 2.0m
h : 2.83m
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E+01
E+01
€+Cl
E+Cl

E+01
E+0
E+0}
£+01
€+01
E+01
E+01
E+01
E+01
E+01l
E+01
E+Cl
E+01
€401
E+01
E+01
E+O01
E+01

Table A-2 Node Locations

Z(m)

.
.
.

0.0
0.0
0.0
0.0
0.0
0.0
0.100457199
0.0

0.457199991
0.245718956
0.348488045
0.445718956
8.579119%968
0.645718956
0.845718002
0.929487038
9.0

0.457199991
0.245718956
0.348488045
0.445718956
0.579119968
0.645718956
0.845718002
0.929487038
0.457199991
0.26457208005
0.445720005
0.645720005
0.845720005
0.104572001
0.124572001
0.144572001
0.184571991
0.224571991
0.264571991
0.304571991
0.344571991
0.384571991
0.424571991
0.464571991
0.5C4571991
0.544571991
0.584571991
0.624571991

0.664571991

0.704571991
0.744571991
0.784571991
0.824571991
0.864571991
0.904571991
0.944571991
0.984571991

E+03

E+00
E+0l
E+0)
E+01
E+01
E+01
E+O1
E+01

E+00
E+01
E+O0L
E+01
E+01
E+01
E+01
E+01
E+00
E+01
E+01
E+0l
E+O01
E+02
E+02
E+02
E+02
E+02
E+02
E+02
€402
E+02
E+02
E+02
E+02
E+02
E+02
E+02
E+02
E+02
E+02
E+02
E+02
E+02
E+02
EeD2
€+02




it

ELEMENT
10001
10002
10003
10006
10005
10006
10007
10C08
20001
20002
20003
20004
20005
20006
20007
20008
30001
30002
30003
30004
36005
30006
30007
30008
30009
30010
30011
30012
30013
30014
30015
30016
30017
30018
30019
30020
30021
30022
30023
30024
300258
30026
30027
30028
30029

111
112
121
211
212
221
31011
31012
31013
31014
31015
31021
31022
31023
31024
31025

NODEL
8

9
10
1
12
13
4
15
17
18
19
20
21
22
23
26
26
27
28
29
30
3
32
33
34
35
36
37
38
39
0
ol
42
«3
4“4
45
(1.
4“7
«8
49

Table A-3 Element Connection Data

NODE2
3

16
11
12
13
16
15
16
18
19
20
21
22
23
26
25
27
28
29
30
3
32
33
34
35
36
37
38
39
40
41
“2
43
46
45
46
47
48
49
50
51
52
53
54
7
10
12
10
19
21
19
9
10
12
14
18
18
19
21
23
26




Table A-4 Actuator Locations

ACTUATCR  DIRECTION
1)
2) 7Y
3)
4)
5)
6)
7
8)
$)

10)

11)

12)

13)

14)

15)

16)

17)

18)

19

2e)

21)

22)

23)

24)

25)

26)

27)

28)

29)

30)

31)

32)

33)

34)

35)

36)

37)

38)

39)

40)

4l)

“2)

43)

449)

45)
4b)
a7
48)
49)
50)
51)
52)
53)
54)
585)
56)
5N
58)

P

1§1§1§1§1§i§1§iiiﬁiiiiiQiQiiiiiiiiiiiQiiiQiQiiiQiQiiiQi;

CDE

26
26
27
27
28
28
29
29
30
30
1
3
32
32
33
33
34
34
35
35
26
35
37
37
38
38
39
39
40
40
4l
41
42
42
43
43
4%
44
45
45
46
46
47
a7
48
48
49
49
50
50
51
51
52
52
53
53
54.
54
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