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The problem of selecting signal processing parameters, particularly detection
thresholds, so as to optimize downstream tracking performance is examined
further. Numerical simulations are used to establish the validity of certain
approximations made previously. These simulations suggest that steady-state
analysis is inadequate, and an adaptive threshold optimization scheme is
proposed as an alternative. Finally, the original derivation of the
Probabilistic Data Association Filter (PDAF) , upon which the present work is
founded, is augmented to account for finite gate size.
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1. INTRODUCTION

A critical but well-understood issue in tracking problems involves the
inaccuracy of the measurement data, which is typically modeled as additive
random noise with known mean and covariance [1-5]. In many tracking problems,
particularly those arising in surveillance, there is an equally critical but
less-understood uncertainty in the origin of the received data, which may (or
may not) inciude measurements from the target(s) of interest, interfering
targets, or random clutter (false alarms). This leads to the problem of data
association or data correlation, which has been attacked on a number of fronts
[6-14] and surveyed in ([15-17]. In this situation, tracking performance
depends not only upon the noise covariances, but upon the amount of
uncertainty in measurement origin. In some of the approaches cited above
[6-18], this dependence is explicit and is characterized in terms of the
detection probability Pp and false alarm probability Pgp.

As shown in Figure 1, measurement data are typically provided to the tracks by
some sort of signal processing and detection algorithm, where the
probabilities of detection and false alarm are controlled by the selection of
a detection threshold. In a previous stage of this project [20], we
established a quantitative relationship between this threshold and the state
error covariance matrix in the tracker downstream, More specifically, it was
shown that if the tracking is done with an extended Kalman-Bucy filter
modified to use probabilistic data association (PDA) [6-8,15], then its
conditional covariance update equation (stochastic Riccati equat:ion):l

m
Eclk = Bgk-1 = (1-@)likSiiik + mj);;’ﬂj!i-ﬂ')m ()

can be approximated by the deterministic equation

lhe notation is all defined in [20]
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Beik = Byk-1 ~ 92 (SxiFp, Pp) WSy iy (2)

where the scalar quantity q,, which lies between @ and 1, depends upon S, (via
the gate volume V = cMg‘MISI 2), Py, and Pp. Although g, (SyiPp,Pp) is defined
by an infinite sum involving nested integrals, it has been evaluated using
Monte Carlo integration and reduced to a table look-up procedure that
facilitates numerical evaluation of (2).

In [20], (2) was iterated to a steady-state value P(Py,Pp) for a particular
tracking example, and the steady-state RMS position error e (Pp,Pp) was
displayed on a contour plot with coordinate axes P and Pp, called a tracker
operating characteristic (TOC). A typical set of TOC contours is shown in
Figure 2, and a corresponding set of recejver operating characteristic (ROC)
curves appears in Figure 3.

Each ROC curve represents a locus of possible operating points for the
detector/receiver that is providing measurements to the tracker: a particular
setting of the detection threshold selects a point along the curve and
determines the values of Pp and Pp that will affect the tracking performance
via (2). ‘Thus, if the appropriate ROC curve is superimposed on the TOC
contours [see the dashed line in Figure 2], the dependence of tracking
performance on detection threshold may be determined graphically. The point
marked @, for example, represents an approximately "optimal® choice.

The purpose of this paper is threefold. First, we validate the procedures
described in [20] with some more extensive numerical simulations. Second, we
propose some adaptive detection threshold optimization schemes. Third, we
revise the PDAF derivation in [6] to account accurately for finite gate size,

In Section 2, we validate the procedures described in [28] by comparing the
deterministic approximation to the stochastic Riccati equation, the PDAF-
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calculated error covariance from the stochastic Riccati equation, and the true
PDAF error covariance. Simulation results show that all quantities are
comparable for a reasonable range of Pp,Pp. Outside this range, PDAF
performance degrades substantially and the computed quantities are
inconsistent, especially when velocity errors are considered., Furthermore, a
filter with gains based on the deterministic approximation is comparable to
the PDAF within a reasonable range of Pp,Pp. Finally, we give several reasons
why steady~-state values of the deterministic approximation may not be useful
in detection threshold optimization.

In Section 3, we propose some adaptive threshold optimization schemes which do
not require iteration of the deterministic approximation to convergence. 1In
particular, we give prior and posterior algorithms which minimize the mean
square estimation error over detection thresholds which depend on observations
up to the previous and current iteration, respectively.

In Section 4, we revise the PDAF derivation from [15] to account for finite
gate size. It turns out that the conditional mean update is the same as the
PDAF, but the conditional covariance update is increased by an additional
term. The derivations in this section are important for theoretical
completeness and may be of practical significance under certain operating
conditions.
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2. VALIDATION OF APPROXIMATIONS

There are several reasons for obtaining a measure of PDAF performance as a
function of parameters (e.q., Pp,Pp) for joint detection/tracking problems,
including:

1. efficient allocation of communication and computational resources

2. optimization of parameters for improved performance
A computationally efficient method of obtaining such a measure has been

proposed in [20] and involves iterating a deterministic approximation to the
stochastic Riccati equation. We shall now proceed to validate this procedure.

Using the notation of [20], we let 3k|k be the output of the PDAF, By |k the
PDAF-calculated conditional error covariance, th'lk the true PDAF conditional
error covariance, and Eglk the output of the deterministic approximation to
the stochastic Riccati equation, i.e.,

2k = &k-1 +EE
(3)

Zk|x-1 = Bx|k-1/k-1 ¢ 2p|p 2 Elxg} = &

m 3
Bk = Bgjk-1 - (-Bp)HySHy + wglnjz,-zi-u'mﬁ
S SERgk-H' *R7 Mg 2 By St # (4)

Bglk-1 = EBg-1 k-1’ + Q' 5 By|g 2 Elxgxg) = By

L

. -~ ’—-:V.-‘,'- ,"W"' M . . -
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2 E{R )y i 1Y)

i

\ - (5)
2 BiZy 12k k-1 1)

P
3
W

I

EEIk = EEIk-l - qzﬁeﬂ’nvl’p)ﬂgseﬁf'

d L ] 2 -
S =HzElk-lﬂ *R: Eﬁ‘helk-l(ﬁg) ! # (6)

Bk = BB k1B + Q' 5 Bjjp = B )

Consider the standard PDAF as..umption:

Pl YD)~ N1 B fic-1) Y

where N denotes a normal (Gaussian) density. If this assumption is satisfied,
then

Rk = ElgI¥*}  and Beik = Bk (8)

To validate the deterministic approximation (6) to the stochastic Riccati
equation (3), we compare it with both the true PDAF error covariance and the
PDAF-calculated error covariance. Since the standard PDAF assumption is
generally not satisfied, the PDAF-calculated error covariance will generally
not be equal to the true PDAF error covariance. In the above notation, we
will compare |, with both E{Bf .} and E{By}.
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2.1 Results

All results are for the numerical problem specified in [20]. Monte Carlo
simulations were carried out to compute EE“(, E{zﬁlk}, and E{Pg |k} for the
values of Pp,Pp shown in Figure 4, Sample means were computed from ten
(independent) trials using random variates generated by IMSL routines. The
values M'Eglk, M'E{BEH(}, and M'E{zklk} were computed for

M = RMS error =,/ trace(P)
M = RMS position error = /p11+p22

M

error volume o€ determinant (B)

M

position error volume<C ,/determinan P11 Plz)
P21 P22

In Figures 5-12, we show plots of RMS error and position error vs. time. From
these and :he rest of the data we observed the following behavior:

1. For PBy> .4 and Pp< .06, MBJ, = ME(R} = ME(Ef,}, and
typically IM°E{Ry j}-4-BJ|x| < IME{BE |} -MEd I

2. For (Pp,Pp) = (.3,.07) and those metrics M which reflect velocity
errors (the first and third), PDAF performance degrades
substantially, and M'Rglk’ M'E{.Eﬁ"k}, and M'E{2k|k} are
j.m(onsistent.

Because the deterministic approximation to the stochastic Riccati equation is
typically comparable to the PDAF-calculated error covariance, a question
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naturally arises as to the performance of a PDAF with gains based on zﬂ [k=1°
We next explore this issue.

5
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M<RMS error
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2.2 Determministic Gains

Before we present simulation results for the PDAF with gains based on 2E|k_1,
we show that such a filter is optimal (in a Bayesian sense) under an
assumption stronger than the standard PDAF assumption. Let 2E|k be the output
of the PDAF with gains based on 22“‘_1, and Bgtl:k the true error covariance of
this filter, i.e.,

(9)
X‘EIH = Ef‘E-1|k-1 ; xgm = E{xgl = 2

&

2 B R0 B0 ')

(18)
Bfk-1 2 BOOReRE y) B 1) )
Consider the following assumption:
%y and v31 are jointly Gaussian for j=1,...,k.
If this assumption is satisfied, we will show that
P | ¥ - NG jk1s B peen) (11)

and consequently

20
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R = Bl | Y and BQ) = By (12)

since g4 and Y31 jointly Gaussian for j=1,...,k implies that p(ijYj'l) is
Gaussian for j=1,...,k, and consequently

P(Kj | Yj—l) ~ N{3j|j_1r Ejlj-l}’ j=1,...,k, (13)

it is sufficient to show that

od -
k-1 = &1 and Eﬁlk-l = B (k-1 (14)

We proceed by induction. First note that E‘Em = ‘Ellﬂ' Next, for any
j=1,...,k=1 assume that Ef'iilj-l = lej-l’ Thus

R
B3 = B30 - 92(S5Rp P

- K3 . - 'S » » - » . j-l = » .
and so
By = B8 + G = BE(Ry 30" + Q' = BBy} < Bjeyyy 6)

where the last equality follows from Xy417 Yj jointly Gaussian and a standard
Kalman filtering argument. Thus, by induction, we have qu_l = E'jlj-l for
j=1,...,k, and consequently xglk-l = 2k|k-1 and Bglk-l = Bklk—l as required.

21
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2.3 Results

In Figures 13-20, we show plots of M'BE‘I"k and M'E{B,E'k} vs., time for M = RMS
.error and position error. From these and the rest of the data, we observed
the following behavior:

Bt = mrpt
1. For P> .5 and Py < .05, MEJT, = ME(RE ).

2. For (Pp,Pp) = (.4,.06) and those metrics M which reflect velocity
errors (the first and third), the performance of the PDAF with gains
based on R(lzlk—l degrades substantially, but normal PDAF performance
does not; for (PpPp) = (.3,.87) and the same metrics, the

performance of both filters degrades substantially.

2.4 Steady State

In the ROC-TOC approach developed in [20], the deterministic approximation to
the stochastic Riccati equation is iterated to convergence. We cGenote this
steady-state value as P(Pp,Pp). In previous simulations [20), we have shown
that P exists except for a region in the Pp,Pp plane where the deterministic
approximation to the stochastic Riccati equation is unstable and Eglk
diverges. However, even when P exists, convergence can be slow. For example,
when (PpePp) = (.6,.84), approximately 588 iterations are needed for
convergence (see Figure 21). Also, both existence and convergence rate are
numerically sensitive to the initial covariance 2‘3'9. For these reasons, it
is questionable whether P should be used to optimize such parameters as Ppy Pps
and alternative adaptive approaches are developed in Section 3.

22
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2,5 Conclusions

To validate the deterministic approximation to the stochastic Riccati
equation, we compared the deterministic approximation with both the true PDAF
error covarjance and the PDAF-calculated error covariance., Simulation results
show that all quantities are comparable for a reasonable range of Pp,Pp.
Outside this range, PDAF performance' degrades significantly and the computed
quantities are inconsistent, especially when velocity errors are considered.
Since the deterministic approximation is typically comparable to the PDAF-
calculated error covariance, the question arises as to the performance of a
PDAF with gains based on the deterministic approximation. We first showed
that such a filter is optimal (in a Bayesian sense) under an assumption
stronger than that under which the PDAF is derived. To evaluate the filter,
we compared the true error covariance of the PDAF with gains based on the
deterministic approximation with the true PDAF error covariance., Simulation
results show that these quantities are comparable for a reasonable range of
PpsPp. Finally, we considered steady-state issues. In view of the slow
convergence of Eglk' it appears that steady~state values of the deterministic
approximation should not be used to optimize such parameters as Pp,Pp.

s W -
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3. DETECTION THRESHOLD OPTIMIZATION

In the ROC-IOC approach developed in [20], the deterministic approximation to
the stochastic Riccati equation is iterated to convergence. From Section 2,
we denote this steady-state value as P(Pp,Pp). Then some metric on P is
optimized over the values of Pp,Pp which satisfy a ROC constraint. There are
two significant problems with this procedure (see Section 2):

1. B(Pp Pp) does not exist for certain values of Pp,Pp

2. Even when P(Pp,Pp) exists, convergence can be slow

Thus we are led to examine adaptive approaches to the problem of detection
threshold optimization. The adaptive approaches we shall consider are all
time-dependent, but vary in data dependence.

Let 3k|k-l be an estimate of x, given Yk"l, and By k-1 the corresponding
conditional error covariance. We make the standard PDAF assumption:

plge | YD) - NGy k-1 B k) (17)

where N denotes a normal (Gaussian) density. Thus, if

By ik = & k-1 * BT
m (18)
Belk = Bxk-1 ~ (1~#g) WSy + Ylk(ng’jEj-‘ZJ"ﬂ'mk

then




Report No. 5249 Bolt Beranek and Newman Inc.

Rk = Elx | Y and  Bep = Bk | Y9 | (19)

Note that Eklk depends on P/ Pp and Bklk-l' Sincg Eklk is a function of Yk,
Pp Pp can (in general) be taken as functions of YJ for jgk but not for j>k.
In the sequel, we give optimal schemes for choosing Pp,Pp as functions of yk-1
and Yk, which we refer to as prior and posterior threshold optimization,
respectively.

In the following derivations, we ignore certain technical questions and assume
that all extrema exist. Let gj be the space of realizations of Y3, =1,2,...,
R the set of (PpsPp) which satisfy the ROC constraint, and (PprBp) a mapping
from ¥J into R.

3.1 Prior Threshold Optimization

We want to solve the following functional minimization problem:

(Pl) minimize E{|%y 12}

over (PpBp): Y1 —R
First, we have
E{ 2Rk 12} = B{tr B{B i IY*™11) (20)

since E{B 1< 1120 ¥ ¥, tr E(R | 1¥*1120 ¥ ¥*), and consequentiy (p1)
reduces to the pointwise minimization:
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(P2) for any given yk-1
minimize tr E{By, |¥*™1)

over (PD'PF) €R

Let (Pp,Pp) be the optimal value of (P,Pp) at Y<! from (P2). Then
(BpeBp) (Y%°1) = (B3, PR) (21)
is optimal for (Pl). Now

tr E{Ry 1YL} = tr By - qp (8P, Pp) tr (4 S L) (22)

Since W-k'skui'c >0, tr (WS W) 2> @, and since dp is the only term that depends
on Pn,Pp, tr E{Rklklyk"l} will be minimized when dp (S 7Pp, Pg) is maximized,
Thus our problem becomes

(P3) for any given Yk'l,

maximize qz(sk;PD,PF)
over (PD'PF) € R

We now propose an algorithm for solving (P3). First, we parameterize Pp,Pp
such that

R = {(Ph(n) /Pp(N)): » € A} (23)

35
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where A is a closed interval, Since R corresponds to a ROC constraint, we
can always choose AN to be Pp, Pp, or the detection threshold. Such a
parameterization reduces (P3) to a line minimization:

(P4) maximize q5° (Pp,Pg) (N)

over A € A

where the composition °* is defined by

" (PpsPp) (N) 2 Qy(SiPp(R) (PR(N)) (24)

We propose to use the golden-section search [21) to solve (P4). This requires
that dy° (Pp,Pp) be unimodal. The following conditions are sufficient:

1. g, is strictly convex /)
3. Pp(N)is convex /) and Ppin) is convex U

This follows since for every nj,h; € A, X #n,,

@ gy (Pp,Pp) (Ag) + (1-@)q3° (Pp,Pp) (A7)

< qy[S; &Pp(Ag)+(1-@)Pp(N3), &Pp(N])+H{1-@)PR(A,)]

< 9y(8; Bpl@ny+(1-@)n,) , Pp(@ni+(1-@)A,) ] }

i
= qy' (P, Pp) (@R +(1-&)A,) ¥ & € (0,1) (25)
36
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and so 45" (PpsPp) is strictly convex N and thus unimodal. If N=Pp, then
since Pp(A) is strictly convex ﬂ, the conditions simplify to

1. qy is convex /\

2. For every Pp, q,(S;°,Pp) is monotone strictly increasing

and similarly for »N=Pp. These conditions seem reasonable, although we do not
give proofs. We can also verify that qy° (Pp,Pp) is unimodal numerically.

3.2 Posterior Threshold Optimization

We want to solve the following functional minimization problem:
(P5) minimize E{ (X &k 2}

over (ED'BF)= !k — B

Proceeding as in the prior case this problem is reduced to the pointwise

minimization: 2

(P6) for any given Yk,
minimize tr Eklk

over (PD'PF) €R

2Note that the conditioning here is actually on a function of YéP P), Ll.e.,
{<(PD,PF) X" (Pp/Pp)>: (Pp,Pp) € R}, as opposed to a value, say (BD, P e

37
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Let (Pp,Pp) be the optimal value of (Pp,Pg) at YX from (P6). Then

(BpeBp) (¥5) = (25, PR)

(26)
is optimal for (P5). Now
- 2
& Byjk = tr Bejk-y ~ Jg:l’j[tr(ﬂks-kﬂl'()'mkgj' ]
m
+ _lei:j[mkgi)'mkzjn } (27)
1,3=

Thus tr Eklk will be minimized when the quantity in {°} is maximized. Hence
our problem becomes:

(P7) for any given Yk,
- 2
maximize .Elpj[tr(ﬂkskﬂﬁ)-lﬂkgjl ]
J=

, m
* _Zipi:,-[mkszi)'mkzjn
1,]=

over (PD,PF) € B

We now propose an algorithm for solving (P7). First, we parameterize Pp,Pp as
in the prior approach. However, instead of convexity constraints, we require

that Py(N) (or equivalently, Pp(N)) be monotone on A (for convenience,
38
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assume Pp(A) monotone increasing on A
Al,o.cr%* such that

[AminsAmax])- Then there exist

Amin = Ag <A <t < Apr < Apwy) T Apay (28)

and
m= i fOr ae[ai'ai_',l) r i=g'l, see ]m* (29)
(see Figure 22). This divides (P7) into m*+l local meximizations of the form
< 2
maximize 3@ [tr (HeSHL) - Y4171
=1

m
* }:lpinj[mkzi)'mkszjn
1,)=

over X € (A, Nj4)

which we may write as

d dp
(P8) maximize + 3
b(A)+a (b(N)+a)

over A € [Nj/Nni41)

where
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i

m())

m*

m¥-]1

Figure 22,

Dependence of m on parameter A
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bian) 2 (22 (Vg/cua™0) Pr (M) [ (1-Bp(R) Bg) /Pp(3) ]

1]
(b

m
% exp{-g45¢'95/2}
J=
m

: J}:;_l exp{-245,19;/2} [tr (W SHk) - 165 1]

[ 1)
[
[}

m

Y exp{-91s 9;/2 exp(R4S /2 [ (M) * (HE;)]

Q,
N
(]

i, j=1

Note that if dl and d, have the same sign (say +), then (P8) simplifies to

(P8') minimize Pp(N) [(1-Pp(N)Bg)/Pp(A)]
over X € [Ni/xj+1)

In practice, Njs...,Apx would not be known exactly and [N;,Nj4]) would be
approximated from within by a closed interval. Finally, we note that this
posterior procedure is very attractive when the local optimizations [(P8) or
(P8')] can be done analytically.

3.3 Simulation Notes and Results

The simulation of the prior and posterior adaptive threshold optimization
algorithms involve some subtleties which we shall now discuss. First note
that for purposes of comparison and computational efficiency we would like to
use the same Monte Carlo data generated for the fixed (Pp,Pp) simulations in
Section 2. In the prior case, for every Monte Carlo trial there will in
general be an optimal (Pp,Pp) which is different from the fixed (Pp,Pp).

41
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Thus, for every Monte Carlo trial we need to evaluate a single realization of
Y® at two different values of (Pps/Pp) . This can be done in two ways:

1. Resetting the seed in the generation of YK

2, Using an intermediate result from a single generation of Yk (and
saving computation)

Since we are ultimately concerned with Bernoulli and Poisson random variates,
approach 2 is feasible (we omit the details). In the posterior case, we
require (and not just for purposes of comparison and computational efficiency)
a single realization of Yk as a function of Pp,Pp, OC some other a. It turns
out that approach 2 is not only feasible, but exactly specifies the values
Njreeerhpe discussed above. Unfortunately, time was not available to run
these simulations.

3.4 Conclusions

We have carefully posed the prior and posterior detection threshold
optimization problems, and have given algorithms for their solution. The
prior algorithm performs a single line search to optimize g,, which can be
evaluated by a look-up procedure. The posterior algorithm performs multiple
line searches which can sometimes be done analytically. Certain subtleties in
the simulation of these algorithms are pointed out, and the simulations turn
out to be neither as difficult nor as expensive as originally thought.
Unfortunately, time did not permit testing on either real or simulated data.
It is expected that both schemes will outperform any time-independent
optimization. It is also expected that posterior will do better than prior,
although it may be more expensive computationally. The posterior algorithm is
most attractive when the local minimizations can be done analytically.

42
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4. GATE SIZE OPTIMIZATION AND REVISED PDAF DERIVATION

Gate size, or equivalently P;, is a parameter in the PDAF equations. Hence,
Pg could be subjected to the same analysis given Pp,Pp above. Specifically,
we could obtain a measure of PDAF performance as a function of Pg as in
Section 2, and then optimize over P; using similar schemes to those in Section
3. However, we choose not to pursue these directions because:

1. PDAF performance is approximately constant for large enough gate
size (g 2 4 or Pg > .99)

2, PDAF performance is approximately monotonically increasing with Pgr
and in any case, joint optimization over Pp,Pp and P; 1is
considerably more complicated than just over Pp,Pp.

For these reasons, we fix Pg in a time-independent way (g = 4 or Pg = 1 for
this problem) and optimize only over Pp,Pp as in Section 3. However, while
considering the gate size issue, we observed that the PDAF exhibited certain
counter-intuitive behavior. We next address this problem.

4.1 Gate Size in PDAF Derivation

Consider the case where H= 1, m= 9, PD"'l'Rklk-l >Rand F; = 1 (g2 4).
Since m = @, the PDAF sets xklk = xklk—l and By = Bg|k-1+ But we typically
have

16 < (R -1+ 'Sk By k-1*%) = B i BiTk-18k |k (30)

which implies that Bkik > zklk-l' a contradiction.

Before examining the PDAF derivation to reconcile this contradiction, we give
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a simple example which clearly shows how Eklk > Rklk—l is possible for a
Gaussian problem with finite gate. Consider the problem of estimating a
scalar x ~ N(@,p) from an observation y given by

Y = x+v (31)

where v ~ N(@,r) and x,v are independent. It is well known that

var (xly) < var(x) (32)

Bowever, for p >> r and g > 4, we have

var (x| Iyl>g\/ﬁr_) < var (x| |x|> gvg) >> var (x) (33)

The point is that conditioning on an event as opposed to a jointly Gaussian
random variable can increase the conditional variance. It should be clear
that this simple problem has all the relevant features of the case described
above,

Turning to the PDAF derivation, it eventually became cle:tr that gate size was
not dealt with in a consistent manner or, alternatively, that certain unstated
assumptions were made. We next show how to update the conditional mean and
covariance when gate size is explicitly accounted for and also give
assumptions for which the PDAF yields the same results. In the sequel, we use
notation as developed in Section 1, except as noted.

We start by partitioning the event Xg into the events
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Xgq: correct measurement is not detected

Xgg: correct measurement is detected but is not in the gate

Note that

P{XgqltX} = P{Xgq!Xg, ¥<}P{Xg V")

| 1-P
t = P{Xpg|Xg}P{Xg 1Y} = 1:0'3—P{30|Yk} (34)
G
and similarly
- (1-Pg) Fp
P{Xgq1¥*) = P{Xg|¥"} (35)
To compute
Rl = B ¥ (36)

Byjk = B3k k1Y)
we need p(xlek) . But

PU5y 1YF) = P(pql¥¥Iplag1%par ¥*) + P{Xpql¥*}p(xeI%pg,¥F)

m
+ i‘L:lp{xiw"}p(xklxi,vk) (37)

45
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Previous computation of P{xilYk}, i=@,1,...,m, was correct, so using standard
notation we have

PU 1) = $pap U IXgart) + #pgp(ik|Xggr Y

m
W LIS (38)
i=] #
where
1-P, (1-P~) P 1
= —R . - — G D
Baq l-PDPG.ﬂ ; ’gg 1Py 1) (39)
Also,

PO | Xgar¥") - NGy ik-1s Bx[k-1)

(40)
Py | X3, YX) ~ Ny -1+ By (k-1-HiSkliR)r  i=1/e..om
Let G, be the gate at the k-th iteration, i.e.,
G = {§: 9'55%% < g% (41)

From Bayes rule, we have
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plxy I ngrYk) = p(Xg | xﬂg’yk"l'm) = plxk I ng,Yk-l)

Pty | (R k0 B T<)

P{ (HBRy k1" 85k | K ¥l Ip (R | ¥/ (1-Rg)

Py, { (BB -1 %) 'S (HBy 1) > 92IpEy Y1)/ (1-Rg) (42)

where

ply) ~ N(8,R)
k-1 5
PlE Y ™) ~ Ny |k-1r Bkjk-1)

Note that ka{'} is in general very hard to evaluate (even numerically).

At this point, we have expressed p(xlek) in terms of known quantities. We L
now use p(xlek) to generate 3klk and By k- First consider 2klk‘ We have

31k =kaP“lek)dxk

= Pockkik-1 * ’MJ"kP"‘k"‘ﬂg"’k)d‘k
m

+ %’ i Bk k-114x81) (43)
i=
But
kap(lkl"agﬂk)dxk = 2 k-1 (44)
47
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or equivalently

Jxklk-lpxk(xklk-l"'xklk-llxﬂgfyk)dxklk-l =2 (45)

This key result can be proved as follows., It is sufficient to show that for
every 2y k-1’

Py, Bk 1k-1*8k |k-1) = Py, (B k-1 k-1) (46)
and
Py, {( ) 'St ) > g%}
v (BB -1+ 'S (BB -1+
= P, {(-HX, ) 'Sk (= ) > ¢?) (47)
' [k=1"k) " (~HRy 1%

The first equation follows immediately since

PUtg) ~ Ny k-1 Bk |k-1) (48)

andt the second follows after using

Ply) ~ N(@&R) (49)

48
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(we omit the details). Thus we have

¥

m
= 8gak (k-1 + Poglk k-1 * iz_:l’i(xklk-l"ﬂk?i)

Rejk-1 + B (50)

which is the same conditional mean update as the PDAF. Next consider Eklk'
Omitting the details, we have

By 1x =jxklkxl'(lkp(3klyk)dxk
= Bijk-1 * Bog(BR |k-17Bx |k-1) ~ (1-8g) WSk

m
+ nk(_lejgjgi-yg')m; (51)
J=
where
B3 jk-1 = sxklk-lx;(lk-lp(kaggﬂk)dxk (52)

Comparing this recursion with the stochastic Riccati equation, we see there is
an additional tem Sgql BR|k-1"Bx|k-1)+ which increases the conditional
covariance update. In view of our earlier remarks, this is not unexpected.

In general, Eglk-l cannot be expressed analytically in terms of Py|k-3. It
follows that if no approximation is made, the corresponding filter is
infinite-dimensional. If we assume that '

49
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p(xklxg,Yk) = p(xklyk'l) (53)

then we get the PDAF. More importantly, the PDAF is a good approximation if
and only if ’Bgtr(zglk-l'zklk-l) is suitably small. In general, 809
decreases with increasing gate size, while tr(Eglk-l‘Eklk-l) increases with
increasing gate size. Consequently, to justify using the PDAF, gate size must
be chosen large enough so that @gotr (PP x-1-Bx|k-1) iS suitably small, and
ot just 1-8gg * Bg = 1. We next develop a method to compute Pf|x-1
approximately.

4.2 Approximate Computation of Rgm_l

We start by approximately computing Pglk-l for two extreme cases. We have

B k-1 = E{xklk-lxl'(lk-l l ng,Y“}

= B{%y k1% k-1 | (BRy ko *) 'Syt By g 450 59 YKL

r \ ) _
E{Rk |k-18k k-1 | ¥ 'Blyeoa, Y671} = By,
HRy |18’ << R
=3 (54)
E{Ry |k-1%¢ k-1 | R |k-18" (ERy |k-18") BBy 592, Y71},
EPy|k-18' > R

\

In order to evaluate the HPy |k-1B' >> R case, we are faced with the problem of 1
computing the conditional covariance of a Gaussian random variable xklk—l
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given that Xk 1k-1 lies outside a hyperellipsoid centered at its conditional
mean (=@). Furthermore, the principal axes do not in general coincide with
the eigenvectors of Bklk-l (see Figure 23a). We proceed in four steps:

1. Perform a nonsingular linear transformation on Xy - which
transforms ‘Eklk-l to 1 (see Figure 23b).

2. Replace the hyperellipsoid in the new coordinate system with a
rectangular approximation (see Figure 23c).

3. Compute the conditional covariance of i k-1 given that it lies
outside the rectangle,

4, . Pergérm the inverse transformation of step 1 to get an approximation
to lk-’l'

We amit the details and give the final result:

Egn‘_l = Q'Ayzﬁ |k_1§'hl/29. when HPx | k-1H' > R (55)

where

Q= [g; ... Q] are orthonormal eigenvectors of By k-1
A = diag[n; ... A,] are the corresponding eigenvalues
z = Y%’ (ERy |k1E") 1H0A Y2

8=1(q ... 9] are orthonormal eigenvectors of 2

A = diag[X; ... &[] are the corresponding eigenvalues

1-1(g%Rg /2,3/2) 1-1(g2, /2,3/2)
a I k_l = diag 1 7 eee 1
2® (gfl ) 2® (gxn )
]
51
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Contour of constant
¥ probability for gk'k_l
NS
R_ Gate
!
Contour in new

?‘\ coordinate system
(b) \-\X >
w— Gate in new
coordinate system

o KN
N

% Rectangular approximation
to gate

Figure 23. Approximate computation of Ef|x-) when HBy|x_1H' >> R
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I(x,p) £ (1/T(p)] I ::e"“u.xp'l du (incomplete gamma function)

.
®(x) 2 [1/ 2w] J xe'“ /2 gy (error function)

Since Z is in general not invertible, {§ is formed by augmenting the
orthonormal eigenvectors of Z (A and Eglk-l are changed appropriately). We
note that IMSL routines exist for the computation of I(x,p) and ®(x).

In the general case where KRy _;H' =R, 22| k-1 is approximated by
interpolating between the two extreme cases in a reasonable manner.

4.3 Conclusions

We started by pointing out that gate size or, equivalently P;, could be
subjected to the same analysis given Pp,Pp in Sections 2 and 3. Specifically,
we could obtain a measure of performance as a function of Pg and then optimize
over P;. For various reasons it appears uninteresting and/or unproductive to
continue in this direction. However, in considering the gate size issue, it
was observed that the PDAF exhibited certain counter-intuitive behavior. Upon
examination of the PDAF derivation it became clear that gate size was not
dealt with in a consistent manner, or alternatively, that certain unstated
assumptions were made. We have shown how to update the conditional mean and
covariance when gate size is explicitly accounted for and have also given
assumptions under which the PDAF yields the same results. It turns out that
the conditional mean update is the same as in the PDAF, but the conditional
covariance update is increased by an additional term. A method is developed
to approximate this additional term by considering the extreme cases where
process noise >> measurement noise and conversely. The derivations in this
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section are important for theoretical completeness, and may also be of
practical importance under certain operating conditions (e.g., if one selects
a moderate gate size for computational reasons). No simulations were run for
lack of time and we leave this as a future task.
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