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ASYMPTOTIC PROBLEMS IN TRANSONIC FLOW

Julian D. Cole
Department of Mathematics
University of California
Los Angeles, California 90024

1. Introduction

This lecture is devoted to ¢ amples of the use
of asymptotic métching in transonic flow theory.
The discussion iz based on transonic small-digtur-
bance theory (TSD) whose usefulness is already well
understood. By the use of asymptotic expansions
valid in different regions greater utility can de
given to several exact TSD solutions, such as
those of Mach pumber ome, or strictly two dimen-
sional flow. These exact golutions can be used as
the principal part of a flow-field and corrections
can be calculated.

In the applications of the method, typically,
different asymptotic expansions based on different
limit processes are constructed. These expansions
are valid in different regions of space but can be
matched asymptotically by a class of intermediate
limits valid in an overlap damain [1). Symboli-
cally ve might have

£(x;€) = ayE) f;(x’) +a,) r‘l‘(x*) a <<
+ x*zx*(xgc)

= Bole) £,(%) + B,(e)f;(x)
R x = x(x,€)

The associated limits have ¢ = 0, x* fixed as
g=0 X fixed respectively. x™,f are definite
functions of (x.t). Generally speaking each ex-
pansion is valid in a different region, for example
x* > x7, £< £ . Where these regions are adjacent
then the validity of the expansions can usually be
extended to an overlap damain in which the two
expansions must agree to a certain order. A class
of limits intermediate to the two above ig expressed
by x = xTl (x,e) fixed as & = 0 such that under
‘4

this limit as ¢ = 0, x* = x* (x(x.),g) = 0,

X = R(x(x.),e) = . Under the clads of intermed-
iate limits the two expansions read the same in

x ; thus information about constanmts of integra-
tion and the form of the expansions can be found.
Various applications of this idea in a broader con-
text appear in the lecture.

The plan of the lecture is to discuss at first
the derivation of the TSD equations (Sec 2) as
it appears for slender objects and for three dimen-
sional wings. Then various examples are studied
where subsidiary expansions are necessary either
at the outset or s later stage. These examples
are Slender Configurations (Sec 3), Lifting Line
theory for Subsonic Flow (Sec &), Wind Tunnel
Corrections (Sec 5), Perturbations of Samic Flow

Sec €), and Perturbations of Shock Free Flow,

Sec 7). RNaturally s camplete discussion of these
problems is not feasible. However I hope that the
details will be sufficient tc allow the audience
to appreciate how the judicious use of asymptotic
analysis leads to an understanding of the struc-
ture of problems. how it gimplifies the numerical
calculations that must be done and extends their
usefulness.

This paper is declared a work of the U.S.
Government and therefore is in the public domain.
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2. Transonic Small Disturbance Equations

The systematic derivation of transonic small
disturbance equations is daiscussed in [2), [3]), [4],
including some extensions to higher order approxima-
tiong. Here the starting point is the full poten-
tial equation which is valid to second-order in a
smell parameter for Mach numbers close to> one, in-
cluding the effects of shock waves. That is, the
vorticity introduced by shock waves is negligible.
Thus, within the gas-dynamic framework (inviscid,
perfect gas) which has proved so useful for aero-
dynamics problems the exact equation for the poten-

tial is 2
-zv"'o.a-v(ﬂa-) (2.1)
where a =J'VT5 = local gpeed of sound,
q = local velocity = W

(2.1) is a version of the continuity equation
(V-0q = 0). The conservation of total enthalpy is

2
2 2 a 2 2
o e U 2% ysl
y-l’% 'y-l’2' 2 v-1 (2.2)

U = flow speed at upstrean infinity along x-axis.
a* = critical speed = flow speed and sound speed at
local Mach number one. The local sound speed is
also related to the local pressure and density by
the isentropic formulas

VAS
2 € h
Sef 7 - (£) (2.3
l. L [

valid to second order.

Perturbations in a uniform nearly sonic flow
are characterized by the facts that (i) the stream-
wigse perturbation is an order of magnitude larger

(formally) then the transverse perturbaticn and

(11) the disturbances die out more slowly in a
transverse direction then in a streamwise direction.
Specifically a suitable limit process for describ-
ing the principal regions of transonic small-distum
bance flow has

dimensionless x
coordinates

and

,z=e§}<z.u)

[l [0

:%,'y':g

similarity
parameter

tnnsonic{ 1-Mf}
K

"
fixed as b = %-o where £(£). u(:) =0

L = characteristic length in the streamwise direc-
tion, T = characteristic transverse length s5 that
5 = meagure of the flow deflection.

The form of the expansion is free-stream plus
& small perturbation

PG|




¢ = U{X + Lu o(x,y,8;K) + -} (2.5)

The non-linear transonic on results in the
distinguished case that

TSD eqn : (K- (y + l).x”:x + 920 =0 ,

- 2 2
... (2.6)
W o
The transonic coordinate scaling t 3 o
ves local Mach wave structure ¥ =cyevuy~ -1y

for X fixed. The local Mach number M, is given

by
-1
—— = (v + e, -x (2.7)
s0 tat the TSD equation being essentislly non-
linear has a chance to repregent flow which is
locally subsonic or supersonic. It can also dbe
expressed in a conservation form, (the continuity
equation V:oq = 0)
2 Jx+l 2 S.(50) =0
TR L ox} +9.(%0) (2.8)

whose integrated form holds across shock jumps.
The mass flux vector is in this approximation

%-Tx{l + uz(xox-y—zi oi}+ W/%e  (2.9)

Note that the streamwise mAss-flux has a maximum
where (y + 1)¢_ = K, or the local speed is
exactly sonic.

This is the approximste three~dimensional
representation of the sonic throat in a one-dimen-
sional stream tube. The corresponding shock jump
conditians included in (2.8) can be abbreviated as
foll:is. let 8(x,¥,2) = 0 be the shock surface
and the namal to it say,

. -’%r{f‘sx + ul/%s . Then fram (2.9) or (2.8)

acrcss & shock we have
8x[mx- 3’—;-l ‘:2:] + Vs [G'o]' =0 (2.)
8

Algo from continuity of tangentiel velocity

(el , =~ 0 (2.1)

(1, =

('), = quantity evalusted behind“the
)q = Quantity evaluated ahead of the

where the jJump of a quantity at a shock
()= )y
shock
shock.

Consistent with the approximations made the
usual pressure coefficient is given by

cp = -2;1(5)0x (2.12)

Further an expression for the wave drag D"
can be derived within the TSD framework [2)

b, = -5, 1A%(s) I*Elﬂ (0,12 a3ut  (2.13)
shocks

This has a simple physical interpretation as the
integrated entropy jump across the shock waves
since for transonic shock wvaves

2
1 3 -1):-913,... . Specific
c, {8]y= = xbﬂ_)“x]l* » 8 = entropy (2.4)
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In addition vortex drag can also appear (2)]. '
b, = o, V1AXe) [[ 152, s
- (2.15)

Pinally the relationship between u and §
is found from the boundary candition of tangent
flow at the surface. Sometimes these relationships
are clearest in terms of an inner expansion valid
near the body surface, as in the next sectionms.
Asymptotic matching is used to relate the outer
expansion (2.5) and the inner ome.

Further boundary conditions needed to gpecify
the flow uniquely are vppishing of perturbations at
upstreem infinity (¢ _,Ve- 0) and a Kutta condi-
tion at slarp tninni edges for small perturba-
tions this latter condition translates into no per-
turbation pressure load at the trailing edge
surface.

3. Transonic Slender Body.

A slender body is characterized by the fact
that in (x,¥,%) coordinates the body surface
shrinks to & segment of the x-axis (0 € x < 1l) as
the outer Umit (5 - 0, x,¥,%,K fixed) is con-

sidered. Such s body might be represented by
B(x,r,0) = 0 = r~bF(x,8) ,
- (31
0<x<l redyPec esumlf 3-1)
(ct. Pig. 3.1)
In physical unitg the body has length L. The

effects of angle of atteck Q, assumed to be 0(8),
are considered bere to be included in F(x.6) but
can be written out more explicitly if necessary. A
similarity parameter A = /6 then appears.

The boundary condition of tangent flow on the
surface Q+VB= 0 is thus
<)
0!_ = sox F +:;§ o g on r = 5F(x,8) (3.2)
Because of the singularities in ¢ as r~0 an

inner coordinate r™ = r/6 is useful in which the
scale of the body is preserved r" = F(x,6) on the

bedy surface. The corresponding limit process has
$§-0 (x,r*,0;K) fixed. The inner expansion is
of the fom

0(x,r,8) = U{X + K(15(8)9,(x,r",0) (3.3)
+ 3 (8)0, (x,7%,8) + T,(£)5,(x, 7% 0)) -+

®, turns out to be a switchback term introduced
fgr purposes of matching and to depend only on x
(see below).Bwitchback is due to the occurrence of
log terms in which is the term connected with
the boundary canditions (3.2). We bave from the
equution for the exact potential (2.1)

v‘ew.ﬁ.,_l‘ a%,.l_ ﬁg.o (3.4)
0 ar"" r ¥ r'2 362
d 1 vn2
since EY 3 i @1 =0 .

The inner flow is a solution of & crogs-plane
laplacian. The flow is abalogous to unsteady in-
compressidble flow in (r*,6) with x appearing as

A A A A A N [T I P - - B - ]
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time. The boundary caondition (3.2) expressed in
inner variables is
7,(%) )
-t Ql (x’r’e) + = (3'5)
*
r
7,(6)% @,,(x,F,0)F
- b1+ cee)p ¢ A28 )
x 8% r?

This shows that l11(5) - 55 and

1 *
¢, =F +=—=F09 oo r*a=¥x,0) (3.6)
lr* x r‘2 9 J.e ’
The order of magnitude of the perturbation poten-
tial near the body is tbus proportional to the
ratio of cross-section area to square of body
length. Note that, on the surface,

& oo

Y
1. =%, e
s—n' DN wl n
— v+
n" = normal to surface in a cross-plane = 1\7_'37[ s
B* = r*-F(x,8) = 0
- 1
= . 11"-19 = Fa

J1+A~r2

o r* = Px,8).

r«z ]
1‘}._;_{1%(_1. ;‘;})(_1‘ 3.!)}
an#* ar* \ra r* 30
rzn
r (3.7)
o r* = F(x,9)
Fy
= - (3.8)
l+=—F
rﬁ? e

from (3.€). Now asymptotic matching of the inner
and outer expansions in this case is concerned
with the behaviour of the inner expansion as

r* -« and the outer expansion as ¥ - 0.

A class of intermediate limits has
(x ,r‘_‘ ,9,1() fixed

88 & = 0 where 1

r °2
= & > &
rT' (3] such that w (1 )} »11. >
Thus r’-ﬁ-?—-, ;-uzr-uer,rn-o .
The corresponding asymptotic behaviour of ianer and
outer solutions must be calculated to carry out the

matching. For the inner golutions tvl we have the
integral theoren

%,
® - f(“ R )B“' (3.9)
1

6 = 2 1o((y"-yD7 + (2 1))

where

" #
(yB"B) = coordinates in surface.

which expresses tbe potential as a distribution of
sources and doublets on the surface (cf. Fig 3.2)
Thus a8 r* <= fram (3.9)

¥ WP T S N UL

an s 3
9, =2 log r'f (5%)3 ae V¥ 4 e (3.10)
0

or fram (3.7)

4 --Llogr’fmnae+---.
1 2r x
0

- -A%Q-log ™ + go{x) ... (3.12)

e
where A(x) -%’ f ?z(x,e)de =
[}

= cross-section area (dimensionless) .

The effective cross-plane source strength is
given by the streamwise rate of change of cross-~
section ares. Further terms in {3.11) can include
g*x) and terms which die out as r* = . The
outer equation (2.6) in eylindrical coordinates is

(K(yed)e )e o

1 1
¥ x%xx +oﬁ+; o!,+?2 00 = 0 (3.12)

dut for matching no linguhrity..of larger order
than log ¥ should appear as F - 0. The solu-
tion of (3.12) must behave near the axis as

o(x,7) - 8(x) log T + g(x;K) + *++ O<x<l (3.13)

Now to carry out the matching of inner and outer
expansiong under the intermediate limit we must

have
outer
i
u(6)Xs(x) lo%*zﬁrq)‘* gx) + o > o
inner
10(5)%(!) + be{éé_r(,'él log nrg'ld-ei(x)}-p cee
(3.13)
It follows that and
8(x) - 4x) »  B(x;K) = g¥(x;K)  (3.14)

ar

d the gwitch back term can be chosen 1'0( &) =
8 log 82 if

wy(x) = Ax (3.35)

The situation of the dominant term is now
clear. Whether or not the slender dbody is axi-sym-
metric or lifting the dcminant outer flow ¢(x,F)
is axi-symmetric. The first term of (3.13) serves
as & known boundary condition which allows ¢(x,r)
to be calculated as a solution of the non-linear
transonic equation following the numerical methods
for example of [5). This determines the unknown
g(x). For further details see [6].

Since the cuter flow is completely specified
by the cross-section area distribution of the body
any shock waves which occur are also related only
to this quantity. The wave drag of (2.13) is
expressed as the integral of the entropy jump over
the shocks and thus depends only on the cross-
section area distributian. The wave drag is that
of an squivalent body of revolution which has the
same axial distridbution of cross-section area
(Transonic Equivalence Rule). Chan [7] has inves-
tigated a special class of bodies of revolution to
see vhich has the minimuz wave drag for a given

e |
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(K,t). However it seems likely that shock-free
axially symmetric shapes exist which have sero
wave drag for high subsonic speeds, although aone
have been calcluated yet.

The procedure outlined here can be carried to
higher order to obtain corrections t¢o0 the domi-
nant terms considered here. In summary the form
of the alendex; body expansion for the potential is

0 = UL{x + 820(x,¥) + 0(8%)) outer
= UL{: + 62 log 62(%"‘5)-)4»

+ bzwl(x,r',e) + o(e® 1o¢25)} inner

The switchback term for trangonic flow is larger
than that for lineariged subganic or superscmic
flow.

4. Subsomic Lift ne .

The treatment of lifting line theory is a
little Aifferent. The starting point is & TSD
formulation of lifting surface theory. The system
is planar in the sense that as 0 - 0 the body
surface collapses to a plane ¥ = 0. PFor this
case we can expect TED tbheory to be walida fram
the surface to infinity with the following under-
standing. There is & nom-uniformity near infinity
with the unrolled trailing vortex sheet located at
¥ = 0, and local non-uniformities near stagnation
points. These non-uniformities do not affect a
good first approximation to surface pressure dis-
tridbution, lift and drag. The dependence of the
ISD soluticn on scaled aspect rastio is studied
for large aspect ratio. The first approximation
near the wing is the flow for infinite aspect
ratio(two-dimensional flow) and the second temm
represents & correction to this flow. The flow
far from tbe wing has as an approximation the
everyvhere subsonic flow past a vortex line with
trailing vortex sheet. The near field and far
field flows match asymptotically. This approach
to lifting line theory, which unlike Prandtl's
does not require the solution of an integral equa-
tion, was pioneered by VanDyke for tbe incompres-
sible case.[8]. The detailed application of these
ideas to transcmic flow is given in [9].

The characteristic length L 4s chosen as the
airfoil chord and the upper and lower surface are
Tepresented by P, 4; b 1s the (dimensionless)
span, (cf. Pig. k.1) :

F wing
W(x,y,2) = 0 = v-”\,,;(!» b)" OX  gurface.

f 4.0

The representaticn here regards F, ;, as &
fixed surface and G is the angle of altack. The
boundary condition of tangent flow (qQ W = 0)
can be applied appruximately at ¥ = 0 anad
becomes

or
w3/ 0g(x,02) + -+-mt 50 La, p=vst/3.  (u.2)
Thus for & distinguished case /2 « & ana
8=0a) or g/t «aA fixed in limit as B~ 0
is a similarity parameter. The TBD cxpnua: is
thus associated with the limit 8«0 (x,¥,¥;K,A,B)
fixed and has the form

Chent Jaer Jani Shars et

LA A ot SCR Ana et T T

= m[x¢52/3.(x'y'!;x'A’B) "‘51‘/3.(2)4' eoe (4.3)
(ef. Fig. 4.2). The leading and trailing edges wre
x= xwr(i/n). The Xutta canditiom, by (2.12), is

[.I]B s ox(:.r,m,!) - 0’(2,1,,0-,?) =0 . (4.4)

The 1ift i is given by the spanwise integral of
the circulation distribution I'(%).

~ B
L= 9.021.261/?[ r(%)aE (4.58)
-B

where

r(e) = [ T, n
X (4.5b)

-fxT (.x(xno"‘l;) - .‘(x)o-ii))dx- (‘]m
xL

Across the trailing vortex sheet there is no jump
in pressure so that

[Ox]" = 01(x,0+,!) - Ox(x,O-,'i) =0 x>x. (L.6)

(0], = [¢]gg = T(E) (4.7)

Now the dependence of ¢ on aspect ratio B is
considered for B - w». In the outer limit

B

the planform ghrinks to a line (of singularities).
Transverse length scales are measured essentially
zn terms of the span. In the inner limit

(x' - %, Yyt = g,z*-z)ue fixed a5 B - w ;

z,¥,2% = ! are fixed as B — w; the relative
panwige tion is held fixed. The resulting
forms of expansion are

Inner: (4.8)
o = 0(x ,¥;z%) +% 01(x.'i;z*) + oo

Quter: (4.9)
‘= wo(X’,Y',!*) +£§_B ¢1(x'»y')z'> +

+ -:; P (x%,y*,2%) + - -

¢, represents the two-dimensiocnal transonic flow
past the airfoil, including shock waves if they
occur. The aspect ratio correction is O(1l/B).

¢, satisfies the variational equation of two-
d}unuml transonic flow

(K~ (v + 1)00x)01 -(v+1) o * olw.o (4.10)
XX XX

This equation is linear but of mixed elliptic
hyperbolic type. The variable coefficients
00 ’ 00 are regarded as known and the elliptic

x xx

and hyperbolic regions for a given solutions are
the same &g that for ¢ .. Since 00 takes account of
the airfoil shape the 2orrection’ airfoil looks
like & flat plate

01§(x,0:;z')-0 xL(;~)<x<x.r(z‘) (&.11)

[01g)pg =0 ana [0,] =T, represents the
effect of the Kutta condition.

In addition there are shock canditions which
are calculated by perturbing the shock location.
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x = gy(¥;2z%) *% 6, (¥iz%) ¢ -oo (4.22)
and expanding sbout the original shock location.
In this first treatment the very weak singularity
at the foot of the shock is neglected, a better
theory should use local equations near the shock
analogous to the development in Sec. 7 below

(ef. also {13]).

Numerical calculations can be carried out to
find the nonlinear two-dimensional potential ‘0
including shock waves by one of the standard
methods. This provides the first approximation
solution as well as the variadble coefficients for
the variational equation (4.10). The far field
boundary condition for the variational equation
comes from matching.

In the cuter expansions the term O(1 B) is
a switchback term introduced for purposes of match-
ing. The equations valid at same distance from the
wing are
. 3 + 9 + 6 =0
ox-lxl Oylyi oz*z*
X + ¥ + Q¢ =0
Loue  lywps T lpage
X + 9 + G
Senxr 2ymw  Cpuge

(4.13)
(b.1k)

X xix®

G, 18 given by linearized flow past a vortex-line
v?th tni].ing sheet

'Yo(g) I X% }
g —Za *
0 F fl ¥ Q(z*-ﬁ)zl Jx 4.1gy"'2¢x(z §)
(4.16)

The corresponding representations for cpl 2

’
involve higher singularities [9]. Matching is
carried by a class of intermediate limits where

¥
rasm ijs fixed as B-w» , f w®
where

£ = Jx°+ K2 =Br*. Thus F=B(B)ry ==,

=£r -
T* B x"B 0
Then the far field of the inner solutian in each
cross-section plane of the wing matches to the
singular behavior of the outer solution as the
lifting line is approached. For example

To 144 I'021:: £ 1 Do
00--59-9:1“—1(? —5—c039+¥{2m/_xcose
2

E r
0 1 (y+1\(_O } ..
+ £in 6 - = lcog 30+ ***, Femw
Lo - (53)(2) \
(2%) 1yg(0) (am
Yolz +17y
%o= - 02 - g f]_ 22 t ag + *o , (x*,y¥)=-

(4.18)

are used. Matching shows that the circulation
arsund the two-dimensional wing is that around the
vortex-line vy, = I, and further that the wvaria-
tional equation potential has an induced downwash
at infinity as a rennlt of the vortex sheet.

+1 T, (C) re
)x%,y52%) = - Lij z- gdb -t ey o

(%.29)

ANt Mt Pl M gt Padl M eiCRel s ]

(4.19) 1s the missing boundary condition
necessary to complete the problem for 0 in (4.10).

R.D. Small [10], [11] has devised the neces-
sary type-sensitive algarithm for (4.10) and a
specisl wvay of treating the shock which appears
For the case of similar airfoil sections calcula-
tions need to be carried out in ome cross-section
plane only. Same of Small's results for a elliptic
planform with NACA 0012 gsections appear in Fig.
4.3. The shift of the shock location is clearly
seen. .

The approach initiated here has been carried
further by Cook [12] to treat the case of swept-
back wings where additional log terms are needed in
the inner expansion. Numerical calculations and
some further analysis based on Cook's ideas appear
in the paper of Cheng et al. [13].

The formulation of 1lifting surface theory at
the beginning of this section can also be used as a
starting point for slender wing theory. Pointed
planforms cap be considered under the limit B-0
The inner expansion leads to Laplace's equation
in cross-section planes but the primary outer
expansions has a dominant term which satisfies the
non-linear transonic equation (2.6). The dominant
results of the previous section are retrieved for
the case of slender planar planforms. The expan-
sions bave the form:

Inner
¢ =B log 33/2%(::) + By (x,y%,2%) +
+ B¥ 10883/2 L
+ B* 108 833 we,,p Tyt
(4.20)
Outer
¢ =B o (x,5,0) +B 20 (x,5,8) + 0 (h.20)

where ¥ =+B ¥ z =JEB 5. It also is necessary
for these limits to make sure that the original

K- 0 such that 1-M.2.
=3 =55 is fixed (4.22)

Corrections to the slender wing lift and drag can
be found thig way.

5. Subsonic Wind Tunnel Effects.

Wind tunnel correction effects can be calcu-
lated by following a plan similar to that of the
previous section. If the tunnel height is con-
sidered large the first (inner) temm is transonic
flow past the wing in a free-field and the gecond
term represents a correction due to the presence of
walls. This correction is evidently connected with
a solution of the variational equation. Near the
tunnel walls however the flow has a structure
highly dependent on the wall boundary conditions.

A separate outer expansgion is needed to describe
this region. Matching of the inner and outer
equations provides the necessary far-field boundary
condition for the solution of the variational
equation.

The TSD problem for & two-dimensional air-
foil (L = chord) in wind tunnel with solid walls
is considered. Following the previous section the
TSD expansion has the form
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o - U,rL[x+t>2/3 o(x,FiB, K Ap) + <=0 ) (5.2)

where UT = upstrean velocity in the tunnel

H.r = upstreaa Mach number in the tunnel
a
Ay = "ET’ G, = angle of attack in the tunnel

Ha hbl/ Ja tunnel similarity parameter,

! tunnel height
2h = chord

(cf. Pig. 5.1)

The inner expansion is comnected with the limit
H-» (x,7) fixed. Purther since corrections are
being sought & relationship between tunnel and
free-flight parameters is assumed

x,r - xl + ul(n)l(c, AT-Ai,,«rul(H)Ac .
(5.2)
The inner expansion valid near the airfoil is of
the form
= .0(”§;KF’AT) + “l(u).l + o (5'3)

which leads to the TSD equation and a variational
equation modified for ccrrection parameters

(KF- (wL)OOx)oon) + .l'ﬁ =0 (5.4)
- 1 ¢ - 1
(K = v+ ).°x) 1 (v+ )°1x %ot (5.5)
+ Ko + ¢ =0 .
c ox:x Lf.y

The outer expansion preserves the tunnel gecmetry
50 that the airfoil shrinks to a point (singular) as

H - ®. The limit process has x*-%, “-% fixed.
The outer expansion is of the form

o = gy(en,yn) + 2BH o (onp0) +

where the switchback term O
introduced for matching.

0,00 %0y 0 (5.7)
+ @ =0 (5.8)
x!'“% x* b R

@ +9  =(v+l)e, @ -K9
R i o o Opw Oxuxe  © Oguxe

(5-9)

(cf. Pig. 5.2).

The far field for the first inner potential is
(4.17) with X = xs,r ~ T, Do - l)or etc. Thus for
T, the airfoil apdears J a vortex and the non-
1%near terms in (5.9) force & modified behavior of
higbher order terms which provide a far-field for

L Y YT W R TR Y TR Y

T, R T W T T R m e T — e g w~ == w .=

Matching is carried out with a intermediate limit

¥
= <
r’l m fixed 0 <<n<< ¥
such that

-~ H

& r* < 0 we note from (5.10)

T 2
Qolnarr-{evahw x'y'-l»"'} (5.12)

while @, bas other singular terms O(M 1>

r® r*
not reproduced in detail here. The far field
of the inner potential correction has the form
r
. 3
1" Blﬂ*'Elxd»MlY o e+ (5.13)

2
T

‘2u~ﬁr.F’

Vlo?

‘ 1
Matching shows |u,(H) = F » By =

) 2
M 0 ™

172 2k

where

1
l:0 =f [.Olwdx-rl"‘
-1

The x¥ in (5.13) matches to the x*y* in
{5.12) which is the near field of a point vortex
reflected in the walls. The upwash term Mli
matches to the reflection of a divortex in walls.
part of Ql'

In using this method a free-field calculation
for ¢, is made and then for some choice of cor-
rections (xc,A ) the variational eguation is
solved and awifid-tunnel correction field is found. |
It is not poesible in general to find a combination
of parameters (Kq,A ) such that the wind tunnel
results reproduce frée flight pressure distribu-
tions; some minimization could be performed.
However it is possible to choose (K ,A ) such ;
‘trot the ch = CI?' That is angle Sf Sttack and i

Moy wiber corrections are found.

Deiails of the method outlined here appear in
[14]). The method was applied earlier by Chan [1%)
for porous walls but there is some difficulty in
reconciling his results to the case considered
bhere. A curve showing lift corrections against
A (K =0) which is a result of preliminary
nime¥ical calculations is shown in Fig. 5.3.

6. Perturbation of Sonic Flow.

Perturbations of exactly sonic flows for one
reason or ancther also involve non-uniformities.
The case where - 1 from below is particularly
clear. For M 1 the transonic far-field of a
two-dimensicnal airfoil is basically subsonic and
given by the form (4.17). From this form it can
be noted that a8 K- 0 (M - 17) larger and
larger distances ¥ from the origin must be con-

...

1 Me have sidered if this description is to be valid. For
Gt iy _r log tan b 2 K=0 (M =1) this far field disappears and is
o* o = 3¢ N ’ replaced By & similarity form characteristic of

(5.10) K =0, which incide;t.alm always has a potential
ie ¢ syme tric about = 0. Thus if we try to
*
I8 axt o ‘Jxl‘y' =T . represent the perturbation flow ¢ for small K
as that at sonic plus a small correction there is
6
i o — S o o ~ At A ey -~~.-.-‘A.‘-- a PR 2oz J
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a nopn-uniformity &t infinity. However near the
body this reprasentation is valid and leads to a
"law of stabilization” or Mach number "freeze".
It is of interest to cbtain the order of the cor-
rections and a wvay to calculate them. Another
problex ip which two-dimensional sanic flow is
perturbed is the finite aspect ratio wing at

M_ = 1. The spirit of the approach used for this
problem is that of the lifting line theory. A
brief discussion is given of both of these
problems.

The nearly sonic flow past a two-dimensicnal
airfoil was recently analyzed from the point of
view presented here by Cook [16]). Socme earlier
Russian papers [17], [18]), [19] treat the same
problem without a clear discussion of aaymptotic
matching and validity.

Central to the discussion is the similarity
solution representing the asymptotic far field
past an airfoil at M = 1 and its possidble per-
turbations. The general structure of this flow
is shown in Fig. 6.1. The body appears as &
point (singular). Thr far field has somnic line,
limiting Mach line (characteristic) and shock wave
all lying an similarity curves. The flow up to
the limit characteristic is found as & mixed
elliptic-hyperbolic problem and then the flow
after the limit characteristic and the ghock is
found by analytic continuation. The flow down-
stream of the ghock is supersonic. The asymptotic
form is 2

1
o(x,5) =P t(at) +cp+ e, 7 a7 (ag) + -
(6.1)
wher::
£ - 3;7-"
¥ 5
f satisfies a non-linear ordinary differential
equation and f, & corresponiing linear varia-
tional one. Tbe closed form solutioms for f,f
have been worked out by various authors of vhici
we cite here only (20]. The principal boundary

conditions are regularity on ¥=0 and smooth
passage through the limit Mach wave.

The particular exponent 2/5 and similarity
curve § = 2 L/S is isolated fram the genersl

form ?jn'zf(g), it = ;x: by these canditicns.

Further, smooth homogeneous similarity solutions
of the sonic variational equation of the form

2 2, 2,6, .2.1
¥ a(t) exist anly for a-sn,s-&sn, ®-5

%n + 1 where n = integer. These considerations

re important for matching and are discussed in
[20]. [22].

Germain {21], by comstructing an integral
theorem, showed how to relate the scale factor a
of the far field to the aolutions on the front
part of the airfoil up to the limiting Mach lines.
Ziegler {22) has extended Germain's ideas to
obtain an alternate derivation of the forwula for
& and als> for c¢,. One parametric representa-
tion of the closed form is

1 1 2
-/ 2 sz .=
rod?fs JS(aalogese) | 5(2c)
] (6.2)
‘1-29335 5

where
0< s <k/3 = limit Mach line

The limit process for the inner expansion in
this case bas (x,§) fixed as K~ 0, s0 that the
sonic region grows. The corresponding form turns
out to be, after matching,

(2 958) = 05(x,3) + K Zpe /20, (,5) ¢ -+ (6.3)
with (6.3) valill ‘near the airfoil.

The limit process for the outer expansion must
grow as fast as the sanic zone and preserve the non-
linear structure of the dominant equation. Also the

form of similarity curves ( x 5) should be pre-

served. The limit process has (X,y) fixed where

iePx ,5-0% (6.4)

and the correspcnding outer expansion is

WxFD = k055 + 05 + B 0,65 + s,
The boundary value problems to be solved for
the inner appraximations are

~(y+1) .°x oon + ooﬁ =0 (6.€)

Ooy(x,oi) - F"l,‘(x) an the airfoil (6.7)
1
0o(x9) a3 £at) s ¢y 40,7 "1 (at) +
(€.8)

That is, ¢, is the potential of exactly sonic
flow past the airfoil.

A class of flows past realistic airfoil shapes
at M « 1 has been calculated by E. Ise [23).
Tse used & hodograph representation and solved
Tricami's equation numerically using type-sensitive
differencing with the proper free-stream singularity
correspanding to (6.8). Tse's solutions for planar
flow are also used by Ziegler [22) for sections of
& three-dimensional wing. These golutions can be
considered to give ¢ for a special class of
shapes. A typical hodograph and airfoil shape
are given in Fig. (6.2), (6.3), (6.4).

The principal correction potential satisfies
the variational equation
~(y+1)(e, 0, ) +¢, =0 (6.9)
Ox 2X X ew
., (x,0+) = 0 on the airfoil (6.10)
¥
and from matching
’, = d, ¥ e A (c.11)

Por the terms of the outer expansion it is
found that

(Lo(y+2)9, )9, _+9,_ =0  (c.12)
x XX ¥y

TN T T T Y w YTy
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¢°-§2/5t'3 r(ng)-o,y—%.a'boi\s a8 F =04 ---
r (6.13)
Gp=-mm B4 s e (6.4)

with corresponding equationg £or the higher terms.
Matching is carried out with a suitable class of
intermediate limits which preserve similarity

curves -5‘75.;“7-5--;. Matching shows thet
y
o=1, d,=D, - (6.15)

The solution of the boundary value problem for

9, (6.12,13,1%) which includes & shock wave deter-
I?nes D, This then campletes the boundary value

problem Pfor the inner correctioms 02 (6.9,10,11).

The problem of sonic flow past a finite aspect
ratio unswept wing is cansidered briefly here.
Preliminary results appear in {24]. The problem
was originally considered by Ouderley using (nom-
linear) hodograph equatians {25]. He was able to
give the general form of the corrections and the
results obtained in {22] agree with his. The
problem is carried further, although not yet com-
Pletely solved. For this problem we expect a sonic-
surface and limiting Mach surface analogous to
those in two-dimensional flow. Hence the mixed
flow ahead of the limiting Mach surface can be con-
sidered first and then the supersonic flow behind
the limiting Mach surface can be considered. For
the problem considered the lifting surface theory
is as in Sec. 4 with X = 0.

Bere we summarige only the limiting processes
and t:e forms of the coarrespanding expansions. The
first term of the inner expansion represents the
two-dimensional sanic flow past an airfoil section
and the first (non-trivial) term of the outer solu-
tion represents flow past & line (singular) with
tail shock and trailing vortex sheet. The vortex
sheet, of course, does not affect the flow over the
wing surface.

The inner expansion has the limit process
(x,5,2%) fixed a2 B < ® where g* = 3" %

Under this limit the relative spanwise location is
fixed and planar transonic coordinates are preserved
leading to the two-dimensional non-linear equation
for the first term. In the outer expansion

(x*,y* z#) are fixed as B~ = where

x*-;;‘!/g. y'-%. The order of the first term

is adjusted to guarantee the ncn-linear TSD equa-
tion ig these coordinates so that the aonic line and
mixed flow can extend to infinity. Under this

limit the airfoil surface collapes to the line

x* a y* o« 0. The higher terms in the extension
satisfy forced or unforced variational equations.
The results are:

loner Expansion A
*(x,y.2) = Ba/sco(:*) + 0 (x,y52%) + 3 501(1,7;1')+‘ .

both abead and behind of shock (6.16)

Ll Junl shesn)

W v ey

Quter gdion

*(x,y,2) -Be/svo(x'.v',z*) +9,(x*,y%,2%) ~

#B-l/sva(x.l”)z‘) PR
ahead of the shock (6.17)

- 82/550(””..") + 51/5;1(!'.1‘,1’)

+ sz(xc,,-i,;c») PRI
behind the shock (6.18)

Matching is carried out in the class of inter-
mediate limits (g',xﬂ,yp) fixed where

n=-0

g -0 (6.19)

xn = ﬂ(B)x ’ yp - b(B)? ’

and n = bh/s, 1 >>B-“/5

x Y,
x--#-o-, ?-—E—o-

x Y
- B
x* 1‘7;1——00 s ¥y =5 0
B ] g
b 4
‘ = X = x¥ = —Fa- = const.
F;f' */5 5
4 ./

The aspect ratio correction to the wing pressure
distribution is thus O(3~5/5).

1. _FPerturbation of Shock Free Flow

Por a special airfoil shape flying at a speci-
fied deaign Mach number and angles of attack it is
possible to have a shock free mixed flow. Many
such sbapes have been calculated by hodograph
methods [26], (27]. A supersonic region appears
over the airfoil. It has been proved that these
solutions are isolated with respect to small
changes in airfoil shape [28]. This means that
there are no smooth neighboring solutions and thus
that shock waves appear. The solut:on under design
conditions has gero drag but the neighboring solu-
tions must have drag. Presumably the shock-free
solutions are also isolated with respect to changes
in free streanm Mach number and angle of attack. It
is thus of interest to calculate the variations in
the flow around the design condition to gsee how
rapidly the drag, for example, changes with depar-
ture from design. Even more important is some
understanding of what these departures depend on.

This problem is not solved but scme general
remarks can be made here about the formulation,
limiting processes, and inner and outer expansions.

In a TBD formulation changes in the similar-
ity paremeter fram its design value K_ for shock
free flow can be considered a small pJ-neter.

€=K-K (7.1)

Assume ghock-free flow exists for K = Kd' That is
(xd- (-m.)ox)on + °W =0 (7.2)

0g(x,08) = ¥ 4(x) O<x<1 (7.3)

¢y~ 0 at ® . (7.4)
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with Xutta condition has a smooth solutiom.

The outer expansion valid away from the rear
of the smooth supersonic gone where a shock is
expected to form is connected with the limit pro-
cess (x,¥) fixed as g < 0. It has the form

.(x)‘iix) = .0(*’y;xd)+ [ .1("”‘4)* b (7'5)
where ¢, is the smooth solutiam of (7.2,7.3,7.8)
gﬁe

01 sati s the variational equation
(K, - (y+2)0 )0, = (yed)ey o 46 ~o (7.6)
d 0x’ lxx Oz :\.x :l.w 0’._x

This linear equation can not allow shock waves and
s0 cannot be valid in tbe neighborbood of (x = Xy
¥ = 0) where the rear part of the sonic line
intersects the surface (cf. Pig. 7.1). A small
shock is expected to develop in this neighborhood.
In order to describe the formation of this shock a
local non-linear equation bas to be derived. A
suitable limit process has (x*,y*) fixed as

€ - 0 where

x-x
x*:-mﬁ-, Y*-ua%?e-) (7.7)

The associated expansion is of the fom

K
958 =2y x e vF + 0P olenyn) + oo (1.8)

where

v

4 = vertical flow at (x=x,,F=0) =

= 00_(:: ,04) .
y

The equation and surface boundary condition of
tangent flow for the local region is

(V+2)9 1P e = Py = 0 (7.9)
Fyu(x*,04) = x* Fi(x,) (7.20)

Only the local curvature is important here. A
solution must be found with a shock wave and this
must match asymptotically as (x*we,y*ew)
(x=x,,¥ -~ 0+4) to the ocuter expansion. This
ntchgng determines u(e) as well as providing
the boundary condition for .
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