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SASYMPTOTIC PIDBIOO IN ThAMONIC F7W

Julian D. Cole
Department of Mathematics
University of California

Los Angeles, California 90024

1. Introduction

This lecture is devoted to tamples of the use 2. Transonic Small Disturbance Eauations
of asymptotic mitching in transonic flow theory.
The discussion is based on transonic small-distur- The systematic derivation of transonic small
bance theory (TSD) whose usefulness is already we 1  disturbance equations is discussed in [2), 13], [14],
understood. By the use of asymptotic expansions including some extensions to higher order approxima-
valid in different regions greater utility can be ticme. Here the starting point Is the full poten-
given to several exact 7SD solutions, such as tial equation which is valid to second-order in a
those of Mach number one, or strictly two dimen- small parameter for Mach nmbers close to one, in-
sional flow. These exact solutions can be used as cluding the effects nf shock waves. That is, the
the principal part of a flow-field and corrections vorticity introduced by shock waves is negligible.
can be calculated. Thus, within the as-dynamic framework (inviscid,

perfect gas) which has proved so useful for aero-
In the applications of the method, typically, dynamics problems the exact equation for the poten-

different asymptotic expensions based on different tial is
limit processes are constructed. These expensions a 2 7 2 0 V (5• (2.1)
are valid in different regions of space but can be
matched asymptotically by a class of intermediate whe
limits valid in an overlap domain [1]. Symboli- re a = - local speed of sound,

cally we might have - local velocity -

f(x;6) o() f6(x*) + 01(6) f*(x*) 01 << 0 (2.1) is a version of the continuity equation

+ "'"x= x*(x) (V = 0). The conservation of total enthalpy is

5 0(E) r0 (i) + 0 1 ()fl(x) __2 a2  U2 a 2 *.+ (2.2)
+ . x= x(x,n) N-'-2- - - -1 -2

e associated l ts have x fixed asflow speed at upstream infinity along x-axis.e - soc fixed respectively. re definite aa critical speed a flow speed and sound speed at
S.functions of (x t). Generally speaking each ex- local Mach number one. The local sound speed is

parsion is valid in a different region, for example also related to the local pressure and density by
x > xD, I < .- Where these regions are adjacent the isentropic formuls
then e validity of the expansions can usually be
extended to an overlap domain in which the two 2 / \ p
expansions must Wpee to a certain order. A class L = . z=rp (2.3)2 ar pof limits intermediate to the two above is expresseda a

by x, - x (x,6) fixed as E - 0 such that under
this limit as 6- 0, x* - x* (x(X),Ej - 0, vaLid to second order.,T - (x(x:,),e) .Under the olas of intersed-
xate xx.)te to epneor the s f inned- Perturbations in a uniform nearly sonic flow

*iate limlis the two expansions read the same in
x.; ts informatin about constants of intega- are characterized by the facts that (i) the stream-

canb ofund wise perturbation is an order of magnitude largerVriousn andp cathe form of the iside in can broader u (formally) then the transverse perturbation and
text appear in the lecture. (ii) the disturbances die out more slowly in a

transverse direction then in a streamwise direction.
The plan of the lecture is to discuss at first Specifically a suitable limit process for describ-

the derivation of the TSD equations (Sec 2) as ing the principal regions of transonic small-distur.
it appears for slender objects and for three dimen- bance flow has
sional wings. Then various examples a studied dimensionless
where subsidiary expansions are necessary either coordinates x - : L
at the outset or a later stage. These examples 

Iy E

are Slender Configurations (Sec 3), Lifting Line and t i {2
theory for Subsonic Flow (Sec 4), Wind Tunnel s nic K l-
Corrections (Sec 5), Perturbations of Sonic Flow parety
.Sec 6), and Perturbations of Shock Free Flow, parameter
Sec 7). Naturally a complete discussion of these T

problems is not feasible. HOwever I hope that the fixed as 5 , - 0 where e( ), u(:) -0
details will be sufficient to allow the audience
to appreciate how the judicious use of asymptotic L a characteristic length in the streaswise direc-
analysis leads to an understanding of the struc- tion, T a characteristic transverse length so that
ture of problems, how it simplifies the numerical b = measure of the flow deflection.
calculations that must be done and extends their
usefulness. The form of the expansion is free-stream plus

a small perturbation

Tis Pper Is declred a work of The U.S.
Geveum.,ell and IbIefore Is In the Pul domain.

+'+ "1



. 0 - U(X + L Im *(xY,s;it) + "" " (2.5) In addition vortex drag can also appear (2].

The non-linear transonic_gjn results in the 9 1
distinguished case that P Dv P. u I(L )

O seqn : (K- (+ )) * + x s, "+ (2.15)

;2 tj + 62 (2.6) Finally the relationship between ; and 6

is found from the boundary condition of tangent
The transonic coordinate scaling t rmaazI- flow at the surface. Sometimes these relationshps

es local Mach.wave structure 6 -y.1j -ii-Ty are clearest in terms of an inner expansion vald
for K fixed. The local Mach number K A is given near the body surface, as in the next sections.
by Asymptotic matching is used to relate the outer

Iexpansion (2.5) and the inner one.
= (-Y + 1) x - K (2.7) Further boundary conditions needed to specify

• . "the flow uniquely are vpishing of perturbations at

so that the ISD equation being essentially non- upstream Infinity (e ,* - 0) and a Kutta condi-
linear has a chance to -epresent flow which is ti-n at sLarp traiiinj edges for small perturba-
localy subsonic or supersonic. It a also be tions this latter condition translates into no per-

expressed in a conservation form, (the continuity turbatio pressure load at the trailing edge
equation V. - 0) surface.

'• -,, + 1 '42 + .(, 0 (2.8)

ax ( 228 3. Transonic SlanderBody.

whose integrated form holds across shock jumps. A slender body is characterized by the fact
The mass flux vector is in this approximation that in (x,Y,!) coordinates the body surface

- f ('y l ~shrinks to a segment of the x-axis (0 < x -Cl1) as'1 + 12 11 $ + p3/2 (2.9) the outer limit (b - 0, xy,!,K fixed) is con-
0,U x2 sidered. Such a body might be represented by

Note that the streamwisemass-flux has a maximum B(x,r,O) a 0 a r.-F(x,e)
where (-V + l)0 = K, or the local speed is g 1  (3.1)
exactly sonic. x0 < x < 1 r = y+= e= tan-

z
This is the approximate three-dimensional

representation of the sonic throat in a one-dimen- In physical units the body has length L. The
iJional stream tube. The corresponding shock jump effects of angle of attack a, assumed to be 0(b),

- conditions included in (2.8) can be abbreviated as are considered here to be included in F(x,S) but
follows. let A(xj,) = 0 be the shock surface can be written out more explicitly if necessary. A
and the no to sy similarity parameter A = cz/ then appears.

- . ,~,T {i5x + i1/ S. Then from (2.9) or (2.8) The oqdar'y codition of tangent flow on the

across a shock we have surface q. 'B 0 is thus

2 x + 0 (2.10) r x

Because of the singularities in 0 as r- 0 an
Also from continuity of tangential velocity inner coordinate r* = r/6 is useful in which the

"] 0 (2.11) scale of the body Is preserved r* - F(x,e) on the
bod surface. The corresponding limit process has

-..where the Jp of a quantity at a shock [ ]s - 0 (x,r*,O;K) fixed. The inner expansion is

( ) ( )a' b - quantity evaluated behindthe of the form
shck a quantity evaluated ahead of the *(x,r,e)-aU[X+L1.rO(b)w

0 (x,r*,e) (3.3)shck.
-" + l(5;l~x~r*,1 + T2([')12(x~r,)+'.

' Consistent with the approximti$ons made the
Cosiest oient withthe approimtins made the q turns out to be a switchback term introduced

fgr purposes of matching and to depend only on x

cp = -2(5)°x  (2.12) (see belov).Dvitchback is due to the occurrence of
log terms in 1 which is the term connected with

___ Further an expression forthe iave drag DW the boundary couditions (3.2). We have from the
can be derived within the TD framework (2] equration for the exact potential (2.1)

% - p U2L2 2(6) a°f ] d t (2.13) a2 ,PO l o 1 2 11O

shocks ^o a - + 7 - 0 (3.4

This has a simple physical interpretation me the ar r
integrated entropy jump across the shock wave sicar*~~
since for transonic shock ves since - a 1

1 3 specific The inner flow is a solution of a cross-plAne
c- iISsa I x~s + "'" entropy ( ) placian. The flow is analogous to unsteady in-
v compressible flow in (r*,e) with x appearing as

-. 2



time. The boundary condition (3.2) expressed in 1 4

d9 . J r

inner variables is h - log rj "-) 3  "- .-(3.10)

rr + IF l(8)8 )(lF,e)re - log r* f de+"'" =

•r .-' -* + (x) ... (3.11)

This shows that and f 2,r
OP, + - L a awhere A() - I § , F ( xde

r x r 9 cross-section area (dimensionless)

The order of magnitude of the perturbation poten- The effective cross-plane source strength is
tial near the body is thus proportional to the given by the streanvise rate of change of cross-
ratio of cross-section area to square of body section area. Further terms in (3.11) can include
length. Note that, on the surface, g4(x) and term which die out as r* - U. The

- outer equation (2.6) in cylindrical coordinates is

rFW +# +l (My~ )e + +,L, $9 4 - 0 (-2

-~ Ear4-J~,G),O tan ogy x x rr r (322
normal to surface in a cros-p..e - ' but for matching no singularity of larger order
-B* a r* -(x,e) a 0 than log T should appear as r-0. The solu-

tion of (3.12) must behave near the axis as

i 9r.." e FFx)(x, ) - s(x) log r + g(x;K) + ... O<x<l (3.13)= - c 2 or, * F(x,p). Now to carry out the matching of inner and outer
1 + - F _expansions under the intermediate limit we must

-2r have
pq~ 1 ~~l\l ~outer"++-"+- br "r r ate "'V-

M(6(I +.~2~) gr2 4.T

r (3.7) , + g(,) +

on r* - F(x,P) inner

F (.) 2 A(x)x(3.8) *0'"''( L 27' lo

11 +-4 K(3.13)
It follows that and

from (3-)- Now asymptotic matching of the inner A'(x)and outer expansions in this case is concerned S(x) 2, ' (x;K) =  x;K) (3.14)

with the behaviour of the inner expansion as
r* - and the outer expansion as F - 0. ad the switch back term can be chosen TO() =

86 log 82 if
A class of intermediate limits has - A'(x)27r) (3 15)

as 0where Q fixed The situation of the dominant term is now

as 10 where clear. Whether or not the slender body is axi-sym-

r. r such tht m2() 0 metric or lifting the dominant outer flow 4(x,?)
r) is axi-symetric. The first term of (3.13) serves

- T huf an a known boundary condition which allows *(x,7)Thu r* r a-. I i 0 to be calculated an a solution of the non-linear

.. transonic equation following the numerical methods
The corresponding asymptotic behaviour of inner and for example of (5]. This determines the unmnown
outer solutions must be calculated to carry out the g(x). For further details see [6].
matching. For the inner solutions cp we have the
integral theorem Since the outer flow is completely specified

by the cross-section area distribution of the body
L"..~ any shock waves which occur are also related only

G- "1 (3.9) to this quantity. The wave drag of (2.13) iswhere )2}1 expressed as the integral of the e ropy jump over
1 2 2 the shocks and thus depends only on the cross-

G 1(og(* W- ) + -a section area distribution. The wave drag is that
of an equivalent body of revolution which has the

cYzD) - coordinates in surface. same axial distribution of cross-section area
which expresses the potential as a distribution of (Transonic Equivalence Rule). Chan [7] has inves-
Sources And doublets on the surface (cf. Fig 3.2) tigated a special class of bodies of revolution tooThus a rdb s he s a c F 3 see which has the minimum wave drag for a given

Thus. .. -. fr• ( .



(X,!). However it usem likely that shack-free 0 uULza +.b2/3*(xj,Y,;,A,) E)4/3#(2)+.. (4.3)
axially symmetric shapes exist which have sero (r i.42.Telaigadtaln de r
wave drag for high subsonic speeds, although non (cf Fig 4.2t). The latagcondtiin y ge (2.2) ei
have been caicluated yet. z-%T13.Teltacniin y(.2,i

The procedure outlined here can be carried to IsZIS u *X(X.T,O+,!) - eX(X.TO- .!) - 0 . (4.4)
higher order to obtain corrections to the dcal- Th. lift IIs given by the spanvise integral of
nant term considered here. In sumry the form tecruaindsrbto i)
of the sleader body expansion for the potential Is thBiclto isrbto ()

0 Lx+60xp (4)outer L. -a r.T221~()di 04.5a)

a L + 2 log 2(AIgx) where 3-T

+o 8 2 p(x,re,e) + o(e" I og25)} Inner f 2 I (xi
ZL (4.5b)

The switckback term for traneonic flow is larger
than that for linearized subsonic or supersonic a f T (4 (z,O+,Z) - xO,1)x 01T

XL
4. Subsonic Liftina Line Theory. Across the trailing vortex sheet there is no jump

The treatment of lifing line theory is ainpesrsota
little different. The starting point Is a WD [5 0 (x,o.,t) -* (x,0-,I)O 0 >x (4.6)
formulation of lifting surface theory. The system ~ W

*is planar in the sense that as b -0 the body [$Iv - (513 - r(!) (4.7)
surface collapses to a planes 0.* For this v
case vs an expect 3SD theory to be valid from Now the dependence of 0 an aspect ratio B is
the surface to infinity with the following under- considered for B - *In the outer limit
standling. There Is a non-uniformity near Infinity (c- y ie
with the unrolled trailing vortex sheet located at X *.1z 1aefxda

V-0, and local non-uniformsities near stagnation
paints. These non-iformities do not affect a the planformt shrinks to a line (of singularities).
good first approximation to surface pressure dis- Transverse length scales are measured essentially
tribution, lift and dreg. The dependence of the 1 em ftesa.I h ne ii
3SD solution cc scaled appect, ratio Is studied * ar fie n'Ih rltv
f or large aspect ratio. The first approximation ~X3s -,aeizdsB--;terate

near the wing is the flow for Infinite "act panwise Ikation is held fixed. The resulting
ratio (two-dimensional flm And the second term form at expansion are
represents a correction to this flow. The flow Inner: (4.8)
far from the wing ha as an approximation the - * .00( 7;* + ix,~ +

* everywhere subsonic flow past a vortex line with (~x,~, B
trailing vortex sheet.* The near field and far Outer: (4.9)
field flows match assympttically. This approach #- p~*Y,* log B qlx,*z)+

* to lifting line theory, which unlike Prandtl's B 1 x~y~c
does not require the solution of an integral aqua- 1+ ~
tion, wa pioneered by VanDyke for the Incompres- (px**'*
sible case.[8J. The detailed application of thee 6 rpeet h w-imninltasncfo
ideas to trensoic flow is given in [9). 0rersnstew-dm sialrnoicfo

past the airfoil, including shock waves if they
The charateristic length LI. s choeen as the occur. The aspect ratio correction is 0(1/B).

airfoil chord and the upper and lower surflace are S satisfies the variational equation of two-
Krepresented by Fu j; b is the (dimensionless) dmensional. transonic flow

61W(x, y,sz) - 0 - y~e~ x - b~ 'O lX lx 17-Y

r (4.1) This equation is linear but of mixed elliptic
hyperbolic type. The variable coefficients

The representation here reprds F. A a aL 6 0 o are regarded as known and the elliptic
fixed surface and a is the angle of Sitack. The x 0
b oundary conditi on of tangent flow (q .- VW 0) and hyperbolic regions for a given solutions are
can be applied appruximatelv at a 0 and the same as that for s,, Since 0 takes account of
becms the airfoil shape the gorrection airfoil looks

3/2 F bl3 (1.2) like a flat plate

Y~xO)+*m .. jJ. -& ,D * If (x,o±;:e) .0 Xtl(z*)<x<xT(z*) (4.11)

Thu for a distinguished Case 113/2 .ban
a -O(a) or a/6 aA fixad inlimit as b 0 1* XITS .0 n d Is vs"r 1  represents the
Is a similarity parameter. The MD expansion is afetoteKitacnto.
thus associated with the limit b-.0 (x,yFt;K,AD) efctote usonio.
fixed and has the form In addition there ane shock conditions which

are calculated by perturbing the shock location.



x * 0 (9;z*) +- j £(y~z*) * . (4.12) (4.19) Is the missing boundary condition
necesary to complete the prolem for in (4.10)

and expanding abaut the original shock location.
In this first treatment the very weak singularity R.D. Small [10], [11] has devised the neces-
at the foot of the shock is neglected, a better sary type-sensitive algorithm for (4.10) and a
theory should use local equations near the shock special way of treating the shock which appears
analogous to the development in Sec. 7 below For the case of similar airfoil sections calcula-
(cf. also (13]). times need to be carried out in one cross-section

• plane oly. Same of Small's results for a ellitptic
i'-Num erical calcultions can be carried out to planform with NACA 0012 sections appear in Fig.

find the non~ar two-dimensional potential *0 4.3. The shift of the shock location is clearly
including shck waves by one of the standard seen.
methods. This provides the first approximation
solution as well as the variable coefficints for The approach initiated here has been carried
the variational equatio (4.10). The far field further by Cook (12] to treat the case of swept-
boundary codition for the variational equation back wing where additional log terms are needed in
comes from matching. the inner expnsion8 . Numerical calculations and

Il ) some further analysis based on Cook's ideas appear
In the outer expansions the term 0 is in the paper of Cheng et al. [13].

a switchback term introduced for purposes oT match-
ing. The equations valid at amee distance from the The formulation of lifting surface theory at
wing are the beginning of this section can also be used as a

N"0x + 0yy 
+ C0z 0 (4.13) starting point for slender wing theory. Pointed

+'." Y = planforms can be considered under the limit B-0.
The inner expansion leads to Laplace's equation

N. l 0 (4.14) in cross-section planes but the primary outer
•ft* + y4 y 'z z* expansions bea a dominant term which satisfies the

+x 2y 0x (4.15) non-linear transonic equation (2.6). The dominant
(pxf* +)0 2 yeye 2 z results of the previous section are retrieved for

the case of slender planar planforms. The expan-
' is given by linearized flow past a vortex-lne sions have the form:

wth trailing sheet Inner

;0F 2~ 2 1. x 1 di. B " %(X) + BT0 (xpy*,z*) +
(.16) + 4 3/2 X " . 4 / +

The corresponding representations for (1,2 (4.20)

involve higher singularities [9]. Matching is Outer
carried by a class of intermediate limits where + , 5

* ~ ~~~~ ~~ r0 = i ie sB- 0 xyz B / (xj,)+. (4.21)
r. is fixed as B - , where y -r , 4 f . It also is necessary

where for these limits to make sure that the original

F= IJx +I(y2=r*. Thus A0(B)rX -0 such that
"0 = is fixed - (4.22)

Corrections to the slender wing lift and drag can
Then the far field of the inner solutit in each be found this way.
cross-section plane of the wing matches to the
singular behavior of the outer solution as the
lifting line is approached. For example 5. Subsonic Wind Tunnel Effects.

r\2 D Wind tunnel correction effects can be calcu-

* 0- . + = 0 o s 8 + i 0 os lated by following a plan similar to that of the
0  - \- - r S Oprevious section. If the tunnel height is con-

E r 2sidered large the first (inner) term is transonic
" & e 1 + .__., flow past the wing in a free-field and the second

co3 term represents a correction due to the presence of
(4.17) walls. This correction is evidently connected with

v-(.)-a solution of the variational equation. Near the
0 2- "7 1 Z* - - dt + " , (x*,y*)ae tunnel walls however the flow has a structure

,(.18) highly dependent on the wall boundary conditions.
A separate outer expansion is needed to describe

are used. Matching shows that the circulation this region. Matching of the inner and outer

around the two-dimensional wing is that around the equations provides the necessary far-field boundary

i vortex-line y, a r0 and further that the vria- condition for the solution of the variational
tional equation potential has an induced downweah equation.

at infinity as a result of the vortex sheet.+1~ l n 'r(t)d r e The TSD problem for atwo-dimensional air-
Wx,.).t - -+ '-as y- foil (L . chord) in wind tunnel with solid walls

*'Y; z*) syis considered. Following the previous section the

-l (4.19) TID expansion has the form

5j



*- UTL(X+82/3 *(x,7;H,1T,AT) + " (5.1) Matching Is carried out with a intermediate limit

where UT - upstream velocity in the tunnel r = 7 fixed 0 <<

NT - upstrea Mach nuer in the tunnel such that

' nr1  - * - HI r - (5.11)AT . UT - angle of attack in the tunnel+.. I/ as r*- 0 we note from (5.10)

H - b - tunnel piilarity parmeter, r"F

2 tunnel heiaht p . -" (5.27)
2 chord 2 1Xy

(cf. Fig. 5.1) while q1 has other singular terms 0 (--r*, T)

The inner expansion is connected with the lindt not reproduced in detail here. The far field
H- - (x, ) fixed. Further since corrections are of the inner potential correction has the form
being sought a relationship between tunnel and r
free-flight parameters is assumd 1 a B +Ex+M 1 7- E + -.. (5.13)

+ , (H)K, AT FA+,l(H)Ac rc 2
KT - lc71l ath shows (dH)B r

(5.2) 1o H2 1' = 2, -4 "
The inner expansion valid near the airfoil is of
the form wheref . o(x,Y;13 ,A1 ) + v(H)0I + ... (1.F)

which leads to the TSD equation and a variational E0  f o]dx-rF
equation modified for correction parameters -1

(KF - ('Y+l)*Ox)0  ) + *1 - 0 (5"4) The x4 in (5.13) matches to the x* y in
"" yy (5.12) which is the near field of a point vortex

(KF .(Y+l)*0x)*lx (-Y+l)*l 0 reflected in the walls. The upwash term MI7
S. matches to the reflection of a divortex in walls.

+ O + .. part of (P
xx yy

The outer expansion preserves the tunnel geometry In using this method a free-field calculation
so that the airfoil shrinks to a point Wnsglar) as for 40 is made and then for some choice of cor-

H -_The limit process has x* X y* - fixed. rectlo (K ,A ) the variational equation is
SH .solved and aifid-ttunnel correction field is found.

The outer expansion is of the form It is not possible in general to find a combination
of parameters (Kc,A ) such that the wind tunnel

"l 0IH (x ,y*) + results reproduce fi4 e flight pressure distribu-
:- .. ) H tions; som minimization could be performed.

1 However it is possible to choose (K_,A) such
+ l(x*,y-) ... (5.6) 't.t the C - C . That is angle Sf attack and

where the switchback term 0 - has been C-i: .- aber corrections are fbund.
introduced for matching. ons are

-eails of the method outlined here appear in
+ 0 (5.7) (14]. The method was applied earlier by Chan [15]

"" x yey* for porous walls but there is some difficulty in
lreconciling his results to the case considered

Y1 xsx*+ " 0 (5.8 here. A curve showing lift corrections against
2 A (K - 0) which is a result of preliminary

n~sehical calculations is shown in Fig. 5.3.Y-" , . + Plyy: (*Y+1)90o'o. J+ox ."!"" 6. Perturbation of Sonic Flow.

(5.9)
Perturbations of eactly sonic flows for one

(cf. Fig. 5.2). reason or another also involve non-uniformities.
The far field for the first inner potential is The cose where k - 1 from below is particularly(h.17) with K-rL- irs, D On-D0p etc. Thus for clear. For M the transonic far-field of a(1 withe airfoila r8 -| , rt c. d Th s or two-dimensional airfoil is basically subsonic and
"near terms in (5.9) force a modified behavior o given by the form (4.17). From this form it can
-lbear term i) for e a odifield havor at be noted that as K - 0 (M - l") larger and
higher order terms which provide a far-field for lagrdsncs ro hoiinmtbeo-"e havelarger distance& F rrom the origin must be con-

eh sidered if this description is to be valid. For
ir.lt h I a 0 (M = 1) this far field disappears and is

e0 + t,0 - Z--10o tan hb -

'0+1*0 21' replaced fy a similarity form characteristic of
(5.10) K - 0, which incidentally always has a potential

i.s- . i*~lcy" a r~eie * e symtric about 0 0. Thus if we try to
represent the pertuabation flow $ for small K
as that at sonic plus a small correction there is

" ' ' . ..- . -I .. . -+ ' " . . . . " ' : ' " " " " : - ' -° " "' " '' 6



a non-unifonmity at infinity. However near the 2 - J1 - 1
body this representation is valid and leads to a f ua aa
"law of stabilization" or Mach number "freeze". (6.2)
It is of interest to obtain the order af the cor- a 29335-5
rections and a way to calculate them. Another where
problem in which two-dimensional soic flow is
perturbed is the finite aspect ratio wing 0 - in

S- 1. The spirit of the approch used thi .The limit process for the inner expansion in
problem is that of the lifting line theory. A so that the:'-:brie distmsl i lvn ofbothof tesethis case has (x,j) fixed an K - 0, ottth
brief discussion is given of both of these soni grws. The corresponding form turns
problems.-

probems.out to be, after matching,

The nearly sonic flow past a two-dimensianal O(xy;x) - O(%,I ) +K ( )+ K3  +"(6.3)
airfoil was recently analyzed fro the point of O 'l
view presented here by Cook [16]. Sme earlier with (6.3) valiA near the airfoil.
Russian parors [17), [18], [19] treat the same
problem without a clear discussion of asymptotic The limit process for the outer expansion must
Smatching and validity. grow as fast a the sonic zone and preserve the non-

Central to the discussion is the similarity linear structure of the dominant equation. Also the

solution representing the asymptotic far field form of similarity curves 7)should be pre-
past an airfoil at M a 1 and its possible per-
turbations. The general structure of this flow served. The limit process has (i,y) fixed where
is shown in Fig. 6.1. The body appears as a

, point (singular). T~ far field has sonic line, . K2 x , j - F5/2 (6.)

limiting Mach line (characteristic) and shock wave and the corresponding outer expansion is
all lying om similarity curves. The flow up to
the limit characteristic is found as a mixed *(xi;K) - 1 + +j + i1/2( ')
elliptic-hyperbolic problem and then the flow 1(65)
after the limit characteristic and the shock is

found by analytic continuation. The flow down- The boundary value problems to be solved for
stream of the shock is supersonic. The asymptotic the inner approximations are

-* form is 2 1- - (.V+) 4 0 O + 0 0 (6.6)

0 (x,y) _ya&3f(ag) +c 0 +c 1 - a 3 fl(a) + ... x xx 7O
vher-: (6.1) ,o (x,0.) . u,,(x) cc the airfoil (6.7)

f a (,) -2 a-3 f(),. c+ .7 5 a 3 f1 (a +

f satisfies a non-linear ordinary differential (6.8)

equation and fl a corresponding linear varia-
tional one. The closed form solutions for f,f That is, * is the potential of exactly sonic
have been worked out by various authors of whic& flow pastte airfoil.
we cite here only (20]. The principal boundary

, conditions are regularity on 7a0 and smooth A class of flows past realistic airfoil shapes
passage through the limit Mach wave. at M. a 2 has been calculated by S. Tse [23).

Tie ued a hodograph representation and solved
The particular exponent 2/5 and similarity Tricaml 'a equation numerically using type-sensitive

curve -a 4/5 is isolated from the general differencing with the proper free-stream singularity
y corresponding to (6.8). Tse's solutions for planar

form 9" 2 f(0, 1 by these conditions flow are also used by Ziegler [22] for sections of
a three-dimensional wing. These solutions can be
considered to give * for a special class of

: Further, smooth monogeneous siilaity solutions shapes. A typical hogoraph and airfoil shape
of the sonic variational equation of the for are given in Fig. (6.2), (6.3), (6.4).

,"g(Q) exist only for a n, , - -

6 The principal correction potential satisfies
n + 1 where D a integer. These considerations the variational equation

ire important for matching and are discussed in 0  0 (6.9)
-' " [ 0;, [Z ] . (-Yl)($Ox 2 )x + 2 " 0 (6)

Germain [21], by constructing an integral *2 (x,0+) - 0 on the airfoil (b.10)
theorem, showed how to relate the scale factor a
of the far field to the solutions on the front and from matching
part of the airfoil up to the liamiting Mach lines. dZiegler [22] has extended Germain's ideas to 2 2
obtain an alternate derivation of the forula for For the term of the outer expansion it is
a and also for c1 . One parametric representa- found that
ticn of the closed form is

7' - (Y+ ).; . + 0 (u.1 )



- 2/5a-3 ___+ Di si Outer Dcnansion

r(6.13) #(Z' , ) . B2/ 4p0(x*,YII,5*) +.(X*,Y*,s*)
TO 2w s 6J +2-l/5 q)(x* *4) +..

with corresponding equations for the higher terms.ahdoftesck(17
Matching is carried out with a suitable class of (-7
intermediate limits which preserve similarity a B2/5$o(x*,Y*,s) + B/5; X y e
curves J-4~ . Matching shows that* +

oral1 , d2 a . (6.15) behind the shock (6.18)

The solution of the boundary value problem for Matching In carried out in the class of inter-
T (6-12,13,l14) which Includes a shock wave deter- mediate limits (z*,x y, fixed where
mines; D -This then completes the boundary value .
problem ior the Inner corrections * 2 (6.9,10,11). x, - I(B)x , ' - P-B) 0 (6.19)

The prolem of sonic flaw past a finite aspect a__ 1 4/5,1>>-/
ratio unswept wing Is considered briefly here. * ,T

Preliminary results appear in [214]. The problem x y
wsoiialcosdrdby Ouderley using (non- xa--aj

give the general form ofthe corrections adthe
results obtained in [22] agree with his. The S
problem is carried further, although not yet cam-
pletely solved. For this problem we expect a sonic- = 1 X* conat.
surface and limiting Mach surface analogous to 5 " -- I .N
those in two-dimensional flow. Rence the mixed y "

flo ahad f te lmitng achsuracecanbe on- The aspect ratio correction to the wing pressure
* sidered first and them the supersonic flow behind

the lUmiting Mach surface can be considered. For distribution is thus 0(D'_)
the problem considered the lifting surface theory
is es in Sec. 4 with X1w0.

7. Perturbation of Shock Free Flow
Here ye sumarize only the limiting processes For a special airfoil shape flying at a speci-

and tie forms of the corresponding exansions. Th fied design Mach numer and angles of attack it is
first term of the inner expansion represents the possible to have a shock free mixed flow. Many
two-dimensional sonic flow past en airfoil section such shapes have been calculated b~y hodograpb
and the first (non-trivial) tern of the outer sol.n- mehd12, 2.Asuroncegnapas
tion represents flow past a line (singular) with mthd[2][?.Asuesncrgo apas
tail shock and trailing vortex sheet. The vortex over the airfoil. It has been proved that these
sheet, of course, does not affect the flow over the sltosaeioae ihrsett ml
wing surface. changes in airfoil shape [28]. This means that

there are no smooth neighboring solutions and thus
Th ine epasin ast imUit roesthat shock waves appear. The solut.-on under design

The nnerexpnsio hastheconditions has sero drag but the neighboring solu-
(x,4,Z*) fixed as B - where £4 j* tions must have drag. Presumably the shock-free
Under this limit the relative spania.e location is solutions are Lao isolated with respect to changes
fixed and planar transonic coordi~nates are preserved i resra ahnwe n nl fatc.Iis thus of interest to calculate the variations inleading to the two-dimensional nocn-linear equation the flow around the design condition to see howfor the first term. In the outer expansion rapidly the drag, for example, changes with depar-(x*,y*,ae) are fixed am B where c Eenmripottis oe

=* .'' x , Y* The order of the first term understanding of what these departures depend on.
is adjusted to guarantee the noa-linear TSD .quik- This problem is not solved but acm general
tion in these coordinates so that the aciic line and remrks can be ade here about the formulation,
mixed flow can extend to Infinity. Under this limiting processes, and inner and outer expansions.
limit the airfoil surface collape to the line
xe* a 0. The higher term in the extension In a TSD formulation changes in the similar-
satisfy forced or unforced variational equations. ity parameter fron its design value K for shock
The results a"e: free flow can be considered a small pamanter.

nerLnansion E K d-7K16 T 71
C~~yz)- 2/5C 0 4)*(~~*, - Assume shock-free flow exists for K a 1Kd. That is

rpboth ahead and behind of shock (6.16) (Xd '(t*l)*x)*z +i *9Y a 0 (7.2)

4 .0 at - . (7.4~)

8I
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