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*-. Kent A. Stevens1

AIIS'rRACT. Human vision is adept at inferring the shape of a surface from the image of curves lying across

' "the surface. The strongest impression of 3-1) shape derives from parallel (but not necessarily equally spaced)

contours. In [Stevens 1 lia] the computational problem of inferring 3-1) shape from image configurations is

examined, and a theory is given for how the visual system constrains the problem by ccrtain assumptions.

The assumptions arc three: that neither the viewpoint nor the placement of thc physical curves on the surlhcc

is mislcading, and that the physical curves arc lines of curvature across the surface. These assumptions imply

that parallel image contours correspond to parallel curves lying across an approximately cylindrical surface.

Moreover, lines of curvature on a cylinder are geodesic and planar. These properties provide strong

constraint on the local surface orientation. We describe a computational method embodying these geometric

constraints that is able to detcrmine the surface orientation even in places where locally it is very weakly

constrained, by extrapolating from places where it is strongly constrained. This computation has been

implemented, and predicts local surface orientation that closely matches the apparent orientation.

. xperinients with the implementation support the theory that our visual interpretation of surface shape from

contour assumes the image contours correspond to lines of curvature.

Acknowledgements: This report describes research done at the Artificial Intelligence Laboratory of the

*O Massachusetts Institute of Technology. Support for the laboratory's artificial intelligence research is provided

in part by the Advanced Research Projects Agency of the l)epartment of )efiense under Office of Naval

Research contract N00014-80-C-0505 and in part by the AFOSR and NSF grant 79-2311OMCS.

1. Now at the Department orComputer and Information Science, University of Oregon, Fugene. Oregon 97403.

* M tMO s INSTITUTE OF TECIUIOLOE 190
iu t'



Stevens -2- Surface shape from contours

1. Introduction

'I.lic human visual system is adept at inferring the shape of a surface from an image consisting only of

contours presumed to correspond to physical curves lying on the surface. In figure 1, for cxample, we

perceive a rippled surface. The contours that comprise this figure arc interpreted as arrayed in 3-D on a

smooth but otherwise invisible surface.

Several questions are posed by figure 1. Most immediately, why do we take a 3-1) interpretation instead of

the (literal) interpretation of figure I as sinusoids on the plane of the printed page? The 2-I) interpretation is

almost impossible to hold, the tendency to see depth in the figure is so strong. Moreover, our 3-D
interpretation is of a particular surface shape. Except for the expected depth reversal in figure 1 (which
changes the apparent orientation of the surface), different observers see much the same rippled surface. What

then determines the specific 3-D interpretation that we take? Clearly we incorporate geometric constraints
.st-ong enough to force a particular 3-D shape. What are they?

I'his article starts with a review of a theory [Stevens 1981a] regarding the specific geometric constraints

underlying the interpretation of surface contours. As we shall see, a few constraints are sufficient to allow the

detennination of local surface shape from parallel 2 contours and certain related image con figurations. Can we

find evidence that our visual interpretation incorporates these particular geometric constraints? The intent of
this article is largely empirical, and centers on experiments that compare human performance with the 3-D
shape computed by an implementation of the theory. The observed similarity supports the theory.

2. Review of a theory of constraints on surface contour

2.1 Surface contours and their physical counterparts
A given contour in a natural image corresponds to perhaps an object edge, a crease, a shadow, or some surface

Figure 1, A set of parallel contours that are interpreted in 3-D as lying on a smooth cylindrica! surface. The surface shape is vivid and
one can judge with confidence the local surface orientation. Ibis suggests that specific geometric constraints aie imposed on thc 3-D
interpretation. Asuming that the contours are lines of. eatest curvature on the surface plus weaker ancillary assumptions provides
sufficient constraint on the problem of inferring local surface orientation from such configurations.

2. Recall that two arbitrary curves are paraillel if one can be superimposed upon the other simply by a translation,
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-, - .' pigmentation marking. Rich image contour has a specific physical cause. In this treatment, however, we will

consider a surface contour only geometrically, as a curve in 2-1) that corresponds to some curve in 3-1),

without regard for what the physical curve may be. Of course, knowledge of the physical curve would be

expected to simplify the interpretation task, but human vision does not rely on knowing this information: we

infer a definite 3-1) shape from purely abstract configurations of curves, as figure 1 demonstrates. (In the

absence of information about the corresponding physical curves, we might take some default assumptions

about diem, but it is difficult to surmise a priori what those assumptions are.)

Not only do we infer surface shape from abstract lines, but the lines need not even be continuous in the

image. In figure 2b the contours are defiled by dots, and in figure 2c the contours are "subjective contours"

defined by line terminations. The three surfaces seen in figure 2 are very similar. Thus we conclude that

surface shape is inferred from a rather general representation of contour.

2.2 Tenninology

'[he subsequent discussions largely concern the geometric properties of a particular type of contour (the line

of curvature) lying across a particular class of surface (the cylinder). A brief discussion of these concepts is

given below (see also e.g. [H ilbert & Cohn-Vossen 1952]).

Consider a smooth patch of surface and a plane that intersects the surface perpendicularly. That is. the

surface normal lies in the plane. The intersection of the surface and the plane defines a curve whose

curvature is called normal curvature. Suppose the plane is rotated, with the surface normal the axis of

rotation. Depending on the surface in question, the normal curvature at the given point will vary between a

minimum and maximum, called the principal curvatures. '[he tangent to the curve when tie curvature is

a

b

igure 2. In a a tibbon-like surface is suggested merely by parallel lines Thc same surface is suggested by donted lincs in b, and in c
by- line terminations. Various processes of contour consiruction precede the interpretation of surfacc shape from contour.

.".. . . . . . .',. ,--
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either maximum or minimum will point in one or the other of two principal directions, and for points on

smooth surfaces the principal directions are mutually perpendicular. Thus each point on a smooth surface has

two distinguished directions (except where the surface patch is planar or spherical, in which case the normal

curvature is constant in all directions: such points are called umbilic).
" T'Ihc lines of curvature arc curves across a given surface that follow one or the other principal directions.

Specifically, the tangent at each point along a line of greatest (or least) curvature aligns with the direction of
greatest (or least) normal curvature. Since the two principal directions, where defined, are mutually

perpendicular, the lines of greatest and least curvature form an orthogonal net.
Of particular interest to us will be surfaces for which the lines of least curvature are straight lines, the

so-called singly-curved or developable surfaces. Such surfaces correspond to tie configurations that one can

make with a sheet of paper. allowing bending and twisting but no tearing or cre,tsing. On a singly-curved
surface the tangent to a line of greatest curvature points in the direction in which the surface bends most

"- rapidly. and for a line of least curvature the tangent points in the direction of zero normal curvature.
A clinder is a restriction on the singly-curved surfaces wherein twisting is disallowed. That means the

lines of least curvature (also called rulings) are all parallel. The cylinder corresponds to a rolled or rippled

*:. sheet of paper or a hanging curtain. The lines of'greatest curvature, lying perpendicular to the direction of the
ripples, are solnctimes called cross sections.

The lines of curvature on a cylinder have two important properties: they are planar and geodesic. Being

geodesic. the principal normal to the line of greatest curvature is identically the surface normal at that point.
And since the curve is planar, the surface normal along that path is restricted to rotating in the plane

containing the curve (the osculating plane).

2.3 Surface contours are distinct from texture contours and carry different 3-D information
. An important distinction exists between the contours we will examine here and those that comprise image

texture. While both correspond to physical curves across surfaces in 3-D and both contribute surface shape

N-' information, they difibr in the way they "encode" that information.
Surface texture is foreshortened when the surface is slanted relative to the line of sight. The amount and

direction of the foreshortening carries local information about the amount and direction of the surface slant.
Thus local surface orientation can be estimated from texture foreshortening, provided the foreshortening can
he quantified in the image, and provided certain physical restrictions in the physical texture are met. Early

proposals for quantifying texture foreshortening (reviewed in [Hock 19641) were in terns of the

height-to-width ratio, which varies with the cosine of the slant angle in the ideal case of circular and
flush-lying surface features. Recently, Witkin [1981] has shown that surface orientation can be estimated from
local statistics of texture contour. A representative example of where contour foreshortening carries

info rmation about surface shape is given by the mottled pattern of sunlight and shadows cast on the ground

wl below a tree. Instead of examining the height-to-width ratio of the individual patterns of light and dark, the
method examines the contours that follow the boundaries between light and dark. he contour curvature

i. varies in a statistical but systematic manner with tangent direction and surface orientation [Witkin 1981J.

Hence from measurements of these statistics the local surface orientation can be estimated. ilie accuracy of

the estimate depends on several factors. First. the physical texture must lie flush (as do mottled shadows on

- L LD. . . . .
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K the smooth ground) so that they foreshorten according to slant angle in the cxpcctcd manner (see [Stevens

1981b] for further discussion). Second, the curvature statistics of the physical texture must he isotropic,

otherwise thc texture anisotropy would resemble foreshortening and mislcadingly appear slMited. 1Third.

since the method is statistical. the Surfacc must bc roughly planar in each region over which the statistics are

gathered, otherwise surface curvature would confound the foreshortening in terpretation. Witkin 11981]

demonstratcs this computational method on slanted planar outlines and observes that if" applied along the

contour of an ellipse, the method estimates the spatial orientation of the corresponding circular disk.

Some method for inferring surface orientation from contour foreshortening similar to [Witkin 19811 is

likely incorporated in human vision, and is applied to image configurations in which the contours appear

foreshortened on a planar surface, provided there is not better evidence to the contrary. Figure 3 is an

example: the pattern resembles a sheet of plywood or waves lapping at a beach. That is not the only 3-1)

interpretation av;,ilable in this pattern, however. Like figure 1. figure 3 may also be seen as an undulating

surface, but because of the amplitude of the curves, the surface dips dramatically from crest to trough.

Figure 3 is rotated by 900. relative to figure 1, to bias its interpretation as a planar surface over that of an

undulating surface.- While we strongly prefer the planar interpretation in figure 3, one can also interpret it as

a deeply convoluted surface (ats noted, view it so that the peaks and troughs would be oriented as in figure 1).
As the amplitudc of the sinsuoid pattern increases the planar-surface interpretation tends to dominate over

the undulating-surface interpretation, however there is a rather broad iiitermediate range for which the two

QTinterpretations are strongly rivalrous. In this range the interpretation taken depends strongly on the

orientation of the figure.

"l'le two cases have a neat geometric interpretation in terms of the physical curves. In the planar-surface

case the physical curves are essentially asymptotic lines, in the undulating-surface case they are geodesic (as

will he discussed). Asymptotic lines have 7cro normal curvature, all of their curvature lies in the tangent

plane. In contrast, geodesic lines have zero curvature ir ." c.nt plane, all of their curvature is normal

curvature. Thus the two interpretations will be appreciat.J i s t) .ag the two extremes of a continuum. We
will use the terms "texture contours" and "surface contours" to distinguish the two cases.

2.4 Surface shape is described by local surface orientation

It is prtposed that surface orientation is the primary forrn of 3-D shape information derived from contours

such as those in figure 1. Several factors support this proposal: it is feasibly computed, sufficient for deriving

more global shape descriptions, and the apparent surface orientation is closely predicted by the theory of

3. 11 is well known thai in most natural scenes distance increases as one scans from the bottom to the top of the visual field, a simple
consequence of our conentional vicwpou it of objects on the horizontal ground. In tcmis of surface orientation, this tendency is reflected
in a bias to choosing an upward pointing surface nomial. For illustration, consider viewing an ellipse with horizontal major axis: if
intt:rprccd as a circular disk on the ground the normal would point vertically upward. But if the ellipse's major axis is %ertical, so that
the noinial would point to either the left or right. I have obscr cd io apparent bias to one interpretation ovcr the other. lbe resull is that
%hen he apparet surface normal points %cricall the depth reer-ls are less frequent than when it points horiontally. Ibis biases can

-be demontrated for a wide range of stimulus surfaces, and is used to advantage in figure 3 Ihe practicil consequence is that the

planar-surface inierpretation in figure 3 is strongest when the apparent surface is hori7ontal. Obscrse that by rotaing figure 3 by 900 the
undulating- surface inierpiclation is easier to achiese and te planar-surface interpretation, when achieed. is less Lsible because of depth
rcersals. Sinilarl). rotating figure I so that the normals point roughly horizontally, rather than vcricall,, results in more ficquent depthK. reversals.
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Figure 3. Iecurves tend to be interprtd as lying on a planar surface, although they may also he secn to lie across a dramnatically
undulating surface. lhc relative strength of the two spatial interpretations varies with the orientation of the figure (sice text).

inferring surface orientation fromt contoutrs. The comptitational feasibility will be rcviewed momcntarily;

simply stated, local surfiLC orientation is rather imediately encoded in the image while distance information -

is not. Surface orientation also provides a suflicicnt basis from which other suri'ace shape descriptions can be

subsequently derived such as distance (up to an additive constant and an overall multiplicative scalar). surface

curvature, and topographical features such as ridges and Irotigs. The close match between apparent surface

orientation and that predicted by the thcory will be del onstra ted later.

Surface orientation, having two degrees of freedom, can be regarded as a vector quantity having magnituide

and direction. The mtgritude component is the familiar variable slant, the angle (F between the line of sight

and die local sutrfacc normal. Slant varies over a range from 00 (where the surface patch is perpendicular to

the line of sight) to 900. The other degree of freedom concerns the direction of slant, called lilt [Stevens

19791. The tilt 'r is the direction in which the surface normal would project in the image, and also corresponds

to the direction of the gradient of distance from the viewer to the surface. Slant and tilt will be used to

* quantify orientation for our purposes.

']The apparent surfaces suggested by contours in these figures are subject to the familiar "depth" reversals

usually associated with the Necker cube. Thecse reversals are expected, and correspond straightforwardly to

ambiguity in the tilt direclion. [hat is, the orientation of the surface can be recovered only to within a

* reflection in depth about the image plane, or equivalently, to within a 1800 reversal in the direction the

surface normal would point locally. Each choice of direction indicates the direction of the gradient of

distance. While the subjective impressions of depth and of surface shape may change dramatically with these

reversals, it amounts to only a reversal in the tilt component, the slant angle is unchanged. (it is worthwhile

examining the tilt ambiguity in the various illustrations of this article, in order to convince oneself that when

the apparent depth reverses, the tilt component of the surface orientation for any given patch reverses

direction.) In light of this ambiguity, we expect to be able to compute surface tilt only to within a 1800

- ,- -- •L V & - -- !- - .- ~ - - .- ,- -
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reversal.

2.5 The computational problem
"'he perceptual task wc accomplish so effortlessly when viewing these figures can bc dcscribcd as a
computational problem (in the sense of [Marr & Poggio 1977; Mar 1982]) as follows. We are presented with

a set of contours {C} in an image, assumed to correspond to a set of physical curves {F} across a surface 1.
The task is to determine the local surface orientation of the visible patches of Z, where surface orientation
relative to the viewer is quantitifed by slant and tilt.

In studying how we accomplish this task, our approach will bc to concentrate first on the case where the
contours are parallel in the image, as in figure 1, then show how this problem extends naturally to certain
other configurations.

Our tendency to take one specific 3-1) interpretation in viewing figure 1 is so strong, we must be reminded
that the problem is highly underconstrained. 1here are infinitely many 3-1) surfaces that consistent with the
given 2-1) projection, including the surface of the page on which it is printed. What constrains the particular
interpretation that we take? We have no expectations of viewing any specific surface shape, and no
expectations for viewpoint relative to the surface. The central theoretical issue that emerges, then, is
discovcring what constraints are incorporated in the method adopted by the human visual system in "solving"
this problem of 3-1) perception.

Observe that figure I evokes the impression of viewing a continuous but transparent, or invisible, surface.
One has a strong sense for the surface shape in the spaces between the contours as well as along them. We

will bc concerned primarily with determining orientation only for those surface points along a given physical

curve r. In the intervening regions (where there is no surface infirmation available) the orientation is
presumably determined by interpolation. In the case of• cylindrical surfaces, which are important here, the
interpolation will be seen to be trivial. The more general case of interpolating doubly-curved surfaces is
beyond the scope of this article.

2.6 ('onstraining the 3-1) interpretation
In [Stevens 1981a1 it is proposed that our interpretation is constrained primarily by assuming that the contours
correspond to lines of curvature on the surface. Tiat strong assumption, plus two assumptions to the effect
hat neither the viewpoint nor the particular placement of the physical curves on the surface is misleading,

Sleads to an effective method for determining surface orientation from certain configurations.

4 2.6.1 General position of viewpoint: The surface 2- and the physical curves across I are assumed to be seen
from a representative viewpoint, i.e. the image projection that results from this viewpoint is similar to the
which would result from a slightly different viewpoint. By assuming this, we may exclude the following
degenerate cases of projection: i) a planar curve projecting as a straight line, ii) two non-collinear lines

Sprojecting as collinear, and iii) two non-parallel curves projecting as parallel. Thus if a curve is straight in the
* .2-D image it is straight in 3-1), and likewise for two collinear or parallel lines in 2-1) and their 3-D

counterparts.
"lhc a priori probahility of encountering any of the above three degeneracies is small. It is particularly
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difficult fbr multiple, non-parallel curves appear parallel in the image. As the complexity of the projected

curves increases it becomes increasingly improbable that two different and thus non-parallel curves would be

placed fortuitously rclative to each other and rclativc to the viewer so that their projections would differ only

by a translation in the image. 'the other two degenerate cases. we recall, are: i) a straight line in the image that

is actually the projection of a planar curve, and ii) two collinear lines in the image that are the projection of

two lines that lie in the same plane but are non-collinear. Both are coincidental for the same reason: the line

of sight happens to lie in the plane containing the planar curve or the two lines.

* 2.6.2 General position of contour: "ile surface geometry in the vicinity of the physical curve is assumed to be

similar to that directly under the curve. Consider figure 1, where the surface between contours is invisible.

An interpretation that we do not take is that the surface varies substantially between the contours. Instead.

our interpretation is that the particular placement of the curves on the surface is not critical or fortuitous, so

that if they were shifted laterally the image would appear substantially the same.

.This assumption, plus the earlier assumption that the viewpoint is representative, allows one to conclude

that in the vicinity of parallel physical contours the underlying surface patches are approximately cylinderical
(see below). General position of contour is related to Grimson's [1981] observation that significant changes in

.-i surface geometry are usually reflected by intensity changes in the image. That is, if the surface deviates

*significantly from cylindricality between a given pair of parallel contours, it would usually be apparent in the

image. TIus in the absence of evidence to the contrary, cylindricality can be assumed. ''his assumption

seems a priori reasonable in the restricted context of parallel curves: in most instances where parallel curves

lie on a surface, the surlicc in the vicinity is cylindrical.

2.6.3 The line of cun'ature assumption: The physical curve r is assumed to be a line of curvature across X, ie.,

I the tangent to I' everywhere coincides with one of the principal directions on the surface. In the case of
parallel contours, since tie surface in the vicinity is a cylinder, it follows immediately that I' is also planar and

geodesic.

The a priori justification of assuming surface contours are lines of curvature is rather difficult. But as

observed in [Stevens 1981a]. it is interesting that the vast majority of curves across the surfaces of synthetic

objects of all sorts are lines of curvature. The reasons for this are maiiy, and include the following: most

manutfacturcd objects are composed of surfaces of revolution or cylinders, if they are not planar, and the

markings placed on these surfaces of revolution and cylinders almost invariably follow the cross sections,

meridians, and rulings -- all of which are intrinsically lines of curvature. Not only are markings across the

surface usually lines of curvature, but the seams, creases, and edges are as well. Even in cases where the

surface geometry is more complex, such as metal castings and plastic injection-moldings, the seams are usually

planar, normal sections, and lines of curvature (although this is sometimes not as immediately obvious by

inspection as are the meridians on a surface of revolution or the cross sections of a cylinder).

In the sme vein, the contours that arise in biological fbnns are very often lines of curvature. The joints in

a bamboo stalk are cross sections and the markings that run lengthwise along the stalk are rulings -- both of

which are lines of curvature. Stripes and linear markings on vegetation for various reasons, are often aligned
with the principal directions (in the surface. In fact. wrinkles in skin act'ompanied with flexure at joints or
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compression due to underlying muscles tend to 1 l6o lines of curature. A final observation should sufice:

on specular surfaces, either inherently glossy or merely wet. the highlights either appear pointlike or

extended. In the case of extended specular reflections, if they appear as straight in the image, the surface is

locally a cylinder, and the path on the surface corresponding to the specularity is a line of least curvature (see

[Stevens 198 lal).

The difficulty of this sort of argunent, of course, is that while one may discover many physical curves that

are lines of curvature, another might find many other curves that are not. The a priori justification for

assuming that physical curses are lines of curvature does not follow by such argument. In the synthetic world

that argument is rather compelling, but not so in the natural world. The likelihood of being correct in

assuming a given image contour corresponds to a line of curvature is significantly improved, howc -r, if one

explicitly excludes from consideration certain classes of image contours that are likely not to lines of

curvature. One class of contours to disregard are those that exhibit systematic evidence of forL -ning,

such as do the texture contours discussed earlier. That is. the characteristic evidence of for- "toning

associated with the projection of random curves across approximately planar surfaces can be us( ,is a

"triggering condition" for estimating surface orientation from foreshortening, and simultaneo.Iy, as a

condition for excluding them from consideration as lines of curvature.

.2. Z6.4 Discussion: 'he line of reasoning just given can be easily summarized as follows. Suppose one is

prcsened i ith parallel contours in an image, as in figure 1. They almost certainly correspond to parallel

contours in 3-I) by general position of viewpoint. The chance is negligible of viewing two diff'rcntly shaped

(thus non-parallel) contours fioin a perspective which causes their projccthons to be identicd and to differ

only by a translation in the image plane. Moreover, without evidence to the contrary, one can assume that the

physical placement of the contours does not conspire with the underlying surface geometry to mislead the

NieAcr. The precise placement of the contours on the surtace is assumed not to be critical; they could be

displaced and appear %cry similar. It follos that the surface is a cylinder in the vicinity of the physical

contours. (Intuitively, that means that one can slide one curve along a straight line on Me surfaice. without

dips or rises, until it superimposes over the other.) Parallel image contours therefore imply cylindricality.

Now. since the contours are also assumed to correspond to lines of curvature across the surface, it follows that

they are planar sections and geodesics. The parallel curves correspond to parallel planar, nonnal sections of

the cylinder.

Note that we start with only three assumptions: /) general position of viewpoint, ii) general position of

*| contour, and iii) the line of curvature assumption. These assumptions logically entail the geometric

constraints of planarity, geodesic, perpendicular intersection, and cylindricality. Thus, if the three

assumptions are incorporated in human vision, the geometric constraints follow as consequences and need not

be independently moti~ated. Next we discuss how the constraints allow surface orientation to be determined.

2.7 Inferring surface orientation

With reference to figure 4. consider the case of multiple parallel surface contours. We assume

general position of viewpoint (1)
general position of contour (2)

4
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igUrc 4. Parallel surface contours (a) arc interpreted is parialici in 3-D) and as lying on a cylindrical surface. At two points along one
contour the rulings are shown to intcrsect Note that the rulings are par. ag.c.allel srih lines. 'ach intersectbon is the oblique projection

ofa right angle on thc surface. and this fact constrains thc range of possible orientations for the normal, as shown in b. Note that
%licre the arigle of intersection is iaigc the surface orientation is strongy constrained. aiud the bisector becomes an increasingl good
estinate of thc surface tilt. Provided the surface orientation is solved at one point along the curve it can be solved everwhere, see text.

r7 is a line of (greatest) curvature (3)

0 where I' is the physical curve corresponding to a given contour C in die image. We will represent the physical

cu rve r parametrically by % r -Xr(s) and define

t1.(s) as die tangent vector of r'

tic(s) as the principal normal vector of r7

* U(s) as the normal to 2: at points along r.

Consider two contours C. and C.i correspondinig to physical curves r,. and r' across die surfa-ce 1. From (1) we

have

c, uc. m r,. r (4)
and ( 2) and (4) yields

Z cylindrical. (5)
That is, parallel curves imply a cylindrical surface, prom ided general position of both viewpoint and contour

placeinent. From (3) and (5) it also fiollows that
r is geodesic (6)
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F is planar, lying in some plane Hl (7)

It follows therefore, that the surface normal v lies in iLe plane rI and is perpendicular to 1'. As the next step

in deriving v we examine the straight lines on the cylinder. the rulings.

The rulings, recall. arc lines of least curvature on a cylinder, and since F is a line of grcatest curvature, all

rulings are perpendicular to F. Moreover, on a cylinder all rulings are parallel, as noted earlier. I lcncc, if we

refer to a ruling as A, we have that

A is straight (8)

A l r (9)

A II A. V ij. (10)

Since all the rulings on a cylinder are straight and parallel, they share the same tangent vector tA*

The tangent t to the ruling A is perpendicular to I1, the plane containing 1'. That is

tiLl (11)
L 'To see this, observe that F is geodesic (6) and planar (7) hence the plane I1 is perpendicular to the tangent

plane to tie surface 1. Since the ruling A lies in the tangent plane and is perpendicular to F, it is also
perpendicular to f. (Consequently the tangent to the ruling is equivalently the binormial to i', and the

tangent, principal nornal. and binornial to I' are mutually orthogonal at each point along tile curve.)

.Thus we now 11a) relate the surface normal P(s) along the curve F in a simple manner to the tangents to
the curve and the ruling

P (s) = n r(S) = tA(s) X t r(S). (12)

Thus if the path of the curve [ were determined in 3-1), the surlace orientation along that path could be

computed straightforwardly. In fact deterning ithe path of I' in 3-1) reduces to tie problem of determining
the plane H containing r (since r is simply dhe orthographic projection of C onto II). Provided I1 can be

determined, the surface normal is computable either from the principal normal to 1', or from the cross

product relation in (12).

One possible strategy for solving for (he surface orientation, therefore, would involve infierring the spatial

orientation of the plane containing F. We shall show later, however, that tie human visual system probably

does not use this strategy. One that is more likely used is described by the following.
Consider the intersection of the line of greatest curvature F and the line of least curvature, or ruling, A. In

the image F projects as the contour C, and the ruling A projects as the straight line R. Figure 4a shows two
rulings, which appear as parallel straight lines, each intersecting the contour C at some angle /3. The rulings,

while not visible in figure 1, can be reconstructed by a simple geometric construction that follows from (8-10),

*tl i.e. flc rulings on the surface are parallel straight lines that interrect each line of greatest curvature at a

constant (right) angle. Consequently the projection of a ruling would be a straight line that intersects

successive image contours at a constant angle /, and all rulings would bc parallel in orthographic projection.
Thus it is sufficient to identify points on successive contours having parallel tangents, and to connect those

* points with straight lines that are themselves parallel. The correspondence between parallel lines can be

determined by a simple local computation: see [Stevens 198 la] for more detail.

We impose a Cartesian coordinale frame whose x-y plane lies parallel to the image and whose x-axis is

aligned with R. Construct tangent vectors to 11 and A scaled such that they project as unit vectors in the
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image plane:

t1.(sr) = {L,, al

t (so) = Icsf80. sinfl8, b}

where fl is the angle of intersection at the given point. 'T7he quantities a and b are the unknown components

along the z-axis (perpendicular to the image plane). The surface normal v is their cross product:

v(so) = I-a sinflo, a cos8 o - b, sinflo} (13)

and the tilt r and shant a arc:

r an x a = ctsn CO" 2 + y2 + /)2 (14)

where ix. iy, and v are the three components of the normal vector.

The expression for the normal in (13) carries two unknowns. This reflects the two degrees of freedom of

"-: sufface orientation when no restrictions are imposed. Now, given (9),

t1.(SO) o tA(sO) = 0

from which we have
cosfi

a
Substituting b into (13) gives

S(so) = {-a sin,,, - cosflo, sinflo} . (15)

and therefore the surface orientation is determined up to only one unknown, a. Thus perpendicularity

between the lines of greatest and least curvature removes one degree of freedom of surface orientation.

The magnitude of this constraint depends on the angle of intersection /3. For any angle of intersection the

tilt is constrained to lie within the perpendiculars to R and C, and the slant is constrained accordingly. As fl

approaches 180a the tilt approaches the bisector of the angle and the slant approaches 900. The restriction on

the range of possible tilts becomes appreciable as f becomes large:
• 0

350 = 15: = 77.75±12.25 = the bisector ±22.5

/- = 1500: a = 82.25±7.750 = the bisector ±15.00

-3 = 1700: a = 87.49±2.510 = the bisector ±5.00.

Hence the bisector of the angle of intersection becomes an increasingly good estimate of the surface tilt.

(Incidentally, for any obtuse P3 the bisector choice for the tilt conesponds to the surface orientation with the

least slant.)

Returning to figure 4a, observe that the angle of intersection varies along the curve; 3 is greatest at the

intersection shown on the right (call that point 0) and least at the intersection on the left (point 1). Thus at

point 0 the surface orientation is most strongly constrained by the perpendicularity. Specifically for figure 4,

,8 = 167.10 at point 0, and the tilt is 128.5±6.50. '[he bisector of the angle of intersection therefore is a good

estimate of the local surface tilt at point 0.

At point 1. on the other hand, P1 = 102.90 and the tilt is only constrained to 96.4±38.60. Nonetheless,

*l having determined the orientation at point 0 will allow the tilt to be solved here and at all other points.

Olntuitively. since the 1' is both geodesic and planar, the surface normal is constrained to rotate in the

osculating plane, and once it is known at one point on the curve, it rotates in a predictable manner along the

curVe.)
6
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Point I is defined as x = x(s ). and the tangents to the curve and the ruling are

t1.(s1) = 11. 0, a}

tA(s l) = Icospl, sinf,, c}

where#I is the angle of intersection at that point. Observe that since the rulings arc parallel, t,1(sl) =t(so).

The surface normal is, again, the cross product of the two tangent vectors:

I(s) = {-a sinf/,, a cos/31 - c, sinfi1} (16)

where
c a (17)

a
Note that the one remaining variable at this point, c, is related to a. But observe also that a is simply related to

T1":

N +
T = tan I1 ' = tan l(-cotfll, )

" 1d

Thus acan be solved in terms of the known tilt r and the obtuse angle Pf
a - + 1), (18)

a tanirtan3 1 -± -

Finally, substituting a into (17) and (16) completely detennines the surface orientation.

Figure 4c shows the bisector estimate for the tilt at point 0 (-r = 128.5", a = 83.50). and the surface

orientation solved for point 1 (T = 69.80, a = 47.40). This was determined simply by the computation just

described. As a first demonstration of the implementation, figure 4d shows how circles would appear if lying

on the surface along the path of the curve, demonstrating that the orientation can be determined for all points

along the curve.
To review, the surface orientation is strongly constrained in places where I' intersects a ruling at a very

large obtuse angle. Knowing the orientation at that point means that the orientation is known everywhere

along the curve. This might be described as extrapolation of the solution from places where it is strongly

constrained. But note that die solution at any point is locally determined given one global parameter (which

we defined as the variable a).

Before examining further demonstrations of this method, it is instructive to examine, rather informally,
whether our 3-1) interpretations seem consistent with the underlying geometric constraints, namely, that the

.- contour is planar, geodesic and a line of curvature, and that the surface is cylindrical.

3. Qualitative observations

3.1 Smooth curves generally appear planar in 3-1)

A solitary curve in monocular presentation usually appears planar and in 3-D. The curve in figure 5a, for

example. seems to lie in a different plane than the plane of the page. (it is suggested that this and subsequent

figures be viewed monocularly with sufficient viewing time allowed for depth impressions to develop.) In fact

it is quite difficult to perceive the torsion of a solitary twisting curve from a single orthographic projection --

figure 5b is the projection of a helix, although it is difficult to see it as such. The interpretation as a twisting

space curve is easier to achieve if the curve projects as a self-intersecting image curve. The helix in figure 5c,
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a

b

MOM C

Figure 5. A smooth curve is usually seen as planar (a). (Observe this and sbsequent figures monocularly, and allow sufficient
viewing time for depth impressions to develop.) It is quite difficult to perceive the torsion of a solitary twisting curve from a single
iniage unless. smy. it is self-intersecting. Compare b and c, both of which arc are helices.

for example, is more obviously twisting in space.4

3.2 Intersections are generally .seen as right angle intersections in 3-D
A simple oblique intersection appears to be the image of a right-angle intersection in space (figure 6). "Ille

literal interpretation of either intersection in figure 6 as an oblique (non-right angle) intersection in the plane

ligure 6. Fiample of simple intersections that are strongly interpreted as right-angle intersections in 3-D.

4 lncidcntall) planarity seems to be applied only picce'isc along extLnded contours An image curve without inflection points in
cur miure or disconfinuifirc- in tangent is usually seen as a single plaiar curve. Bul Pt such points the curve might appear to twist
abtuptl As a result, the okerall rurne aplic.rs to he composcd of piccke-plaitar arcs in 3-1) In large part the spatial oiicrrhation of
each indvdidual arc %ents to be independcrtly deternii,icd I.c rcader i invited to drie, ,'rious isolatcd curves to rurther eaniine the
twndcncy for plarintly anid the instances where curves are en as piecceis planar or to iave torsion.
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of the page is very difficult to achieve in monocular or even binocular presentation. 'Ibis tendency to take a
right-angle interpretation has been observed in various contexts, including illusions (see e.g. [IIuckiesh 1965;

• Robinson 19721), and in conjuction %ith 3-1) interpretations of geometric figurcs [Attneave & Frost 1969;

Attncave 1972; Perkins 1972; Finch 1975; Shepard 1979: Stevens 19821. Further instances of perceived

-. right-angles occur in other figures in this article.

3.3 Intersections generate apparent surfaces in 3-1)

A simple curve having only a weak 3-1) interpretation (figure 7a) suddenly provides a strong impression of a

surface when intersected by a line segment. The apparent surface shape is subsutially independent of
whether the line intersects an endpoint (figure 7b. c. f, and g) or sonic interior point (figure 7d and e). Note

further, by comparing figures 7b. dand fwith figures 7c. e and g, that the curve can be interpreted either as a

physical boundary or an interior imnarking without substantially affecting the apparent surfaicc shape. In either

case the surface appears to be cylindrical. (In figure 7 all intersecting lines have the same orientation; the

intersection angle critically aflects the apparent surface -- see later.)

3.4 Parallel curves appear to lie on c)lindrical surfaces

Two arbitrary smooth curves that are parallel (i.e. differ only by at translation) are sufficient to elicit a 3-1)
interpretation. ihe curves are seen as the two edges otfa ribbon-like surface (figure 8o). Note that additional

_____ parallel curves enhances the impression of a surface but the apparent surfacc shape is substantially unchanged
l Y.. (figure 8b). Note firther that the spacing between curves is immaterial. In figure 9 the curves are precisely

parallel but the spacing between curves is random. Under careful inspection figure 9 defines the same

cylindrical surface as seen in figure 8b.

The random spacing between die parallel contours, however, produces an illusion of shading, which in

turn may purturb the impression of viewing a cylindrical surface. First consider figure 8b, where the line
density varies across the pattern. There is a diagonal swath across the figure where die curves nearly touch,

which appears shaded in parafoveal vision. The shading suggests surface curvature along that diagonal, which

likely enhances the impression of surface shape. (Shading due to variations in line density probably

contributes to the impression of three-dimensionality in these patterns, but as figure 2 demonstrates, shading

is not wholly responsible.) Returning to figure 9, besides the shading along the diagonal, the random spacing

of the parallel lines produces additional shading that suggests slight ripples running perpendicular to the

major troughs and crests of the surface. When the surface shape is examined closely, however, these shading

effects largely vanish.

Finally, consider figure 10, in which straight line segments intersect a given curve. If the lines segments are

parallel the surface appears cylindrical (figure 10a). If they diverge slightly (figure 10b) we attribute the

divergence to perspective. Thus the same surface is seen in each case, one in orthographic projection, the

other in perspective (i.e. from close by). It is much more difficult to take the alternative inteq)retation that the

- surface is developable but twisted, as if a sheet of paper were twisted into a helicoid. (Incidentally, observe

that the parallel rulings in figure 10a might actually appear to converge in 3-D.)
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b 

d 

e

-.. ,-

f/m9
Figure 7. In a the simple curve has only a weak 3-1) interpretation. But the addition of lines that intersect it. in b-g. cause us to see a
%urface that rcseniblcs a gently curved sheet of paper. To demonstrate that the curve can be interpreted as either a physical boundary

- or an interior marking, without changing the apparent surface shape. compare b-c, d-c and f-S. To dcnonstrate that the location of the
in'crsaction along the arc is not critical, compare b-d-f and compare c-e-g.

-. 3.5 I'arallel curves appear to be lines of greatest curvature on cylindrical surfaces
Referring back to all preceding Figures. the general impression is of curnes that follow the greatest curvature
across the surface. This is supported particularly in figures 4. 7, and 10, where the straight lines (that follow
the direction of least curvature across the surface) appear to be perpendicular to the curves. Also supporting

this is the following: the curves appear to be planar normal sections of cylinders and all planar normal
sections of a cylinder are lines of curvature.

Moreover, consider the cylindrical surfaces depicted in figure 11. The curves appear to follow the direction
of greatest curvature on the surface. Informally, they resemble flow lines over a waterfall, or sections of an

* airfoil. In each case they appear as planar normal sections, and as just mentioned, it thercfore follows that
they are lines of greatest curvature on the cylinder.

Figure 11 also demonstrates an important point regarding how the curves themselves are seen in 3-D.
Each curve in figure 11 is an air of an ellipse. Usually, an isolated arc of an ellipse assumes the 3-1)
orientation corresponding to an arc of a slanted circle, just as a complete ellipse is seen as a slanted circle in
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a

b

jFirure S. Two smooth curves that arc parallel su~ggest a ribbon-like. cylindrical surface (a). hcimpic~sion or a surface L% enhancd
* * but the apparent -surface shape is unchanged when additional parallel cuncs ~tre added (b).

F igurc 9. Randomnly-spaced parallel contours generate the same apparent surface shape as seen in figure 8b, where the contours are
spaced equally.

I-j)5 (Hence an ellipse or a section of an cllipse appears as a sction of a constant-curvature curve in 3-D).)
But when the ellipse sections arc ar-raved in parallel fashion. as in figure 11, thc dominant impression is of

5. To some extent this an be observed by scrutinizing thc bottom-most ellipse of each surface in figure 11 But note that the othecr
ellipses assumne a difrcrent orientation in 3-1).

I" "i
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a

b

igure 10. In a where the intersecting lincs are parallel. the surface appear cylindrical. In b. wheic they are not, the sane surface is
seen, but in perspective.

igure 11. Thbese cylindnotl surraces appear to be scored with lines of greatms curvature. Note that the turnes appear planar and to
he nonmal s-ections of the surface It is significant that the 3-D curves do not appear to have constant curvature despite the fact that
they are drawn a ares of difipes -see text.
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cur~es lying on a surface such that the normal curvature is not constant along the curve. The spatial

orientation of the osculating plane of each curve is apparently !lot dominated by the shape of the individual

projected curve. (This suggests that the human visual system does not first determine the orientation of the

planc containing the curve, then t,-se that to determine the surface orientation, as mentioned earlier.) The

bottom left surface in figure II presents a particularly clear demonstration since the drav% n curves are, in fact,

arcs of circles. Rather than appear to lie in planes parallel to the printed page, they appear to be cross

sections seen from an oblique viewpoint.

Figure 12 demonstrates that parallel copies of virtually any curve can induce the impression of a cylindrical

surface. Here, rather than precise sinusoids or arcs of ellipses, the repeating curve is a spline that was drawn

through some points that were chosen arbitrarily. These parallel lines appear to lie oi a surface that is

precisely cylindrical (a straight line placed on the surface parallel to the troughs and ridges would touch the

surface at all points along its length).6

Finally. observe in figure 13 that the global surface shape is not restricted to being strictly cylindrical. This

surface appears doubly curved, and resembles concentric ripples on a pool. 'llie curves arc locally, but not

globally, parallel. It is conjectured that doub!y-curved surfaces such as that depicted by figure 13 are

perceived by the same processes that derive tie 3-1) shape of cylindrical surfaces from parallel contours. That

is, the method involves a local correspondence between parallel segments of contours (to estimate the angle fi.

Figure 12. The irregular cylindrical surfaice is suggested by multiple parallel copies of a smooth spline drawn through
arl,,trarily-chosen points. ihe curves are interpreted as normal sections or the cylinder, and the ridges and troughs run perpendicular

I/

to the curx cs. thereby following the lines of least curvature or rulings of the surfaee.

6 F~cept along some ridges where the surface may appears to dip slightly hetween the contours. This effcti, curiously, seems associated
oiil) with apparent ridges. 'Ierciore when the tie figure reverses in depth so that what were seen as (convex) ridges now appear as
(conicave) troughs, the surface along tie troug±h appears precisely c) lindrical. The deptth rc% ersal can be indueed most easily hy simplya - insertimp the figure (since we tend to inicivrct distance as increasing as one %can,, from bottom to top on the figure. this biases the depth
intcrpremation in these fipures). Where the apparent surface uindulates as one scans along a ridge, the contours seem to be interpreted as
bouinding (or silhouctte), contours jN~irr 197;J of slight peaks. [he impression is enhanced by obscuring all but a ,tiple tidge and its
tlailking stopc% (on either side: eaich indidtuali curse ma% appenr to he the citlline of a smiall conical hill. Again. wshen the figure is
ins crid. this iyip lotiks like a i.uisert0.i'. cs liiidi al): iti s quit difficult to iterpret it as an inverted sie% of a tow of smll coinicat hills.
Ibis cimous phenomenon seems independent oh thc tcndcnc) to interpret parallet contours as 1) ing on a cylindrical surface.

I/
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Figurc 13. The doubly-curved surface resembling ripples on a pool arise from sinusoids having a gradually-varying phase ,hifl. the
curves are locally, but not globally, parallel. Arbitrary doubly-curved surfaces are amenable to a local approximation b. cxlinders
provided the contours are sufficiently closely spaced.

etc., as discussed in section 2.7) and this method is tolerant of gradual variations in the correspondence across
the surface. Ihlus. provided the contours are sufficiently closely spaced, arbitrary surfaces can be analyzed by
this method.

4. Demonstration or the implementation

Infonnal observation suggests that we interpret parallel curves as planar, geodesic and as lines of curvature
across cylindrical surfaces. These observations arc consistent with the hypothesis that the human visual
system incorporates assumptions (1-3). Stronger support is provided by a computer implementation of the

method defined by (14-18). The surface orientation predicted by this method is in close agreement %ith the
apparent surface orientation.

The implementation computes the surface normal at points along a curve from image configurations such
as we have examined. 'Ile bisector of the angle P3 is used as an estimate of the surface tilt r at the point where
-f is largest. lie tilt estimate allows the variable a to be computed from (18). Given a. the normal at that
point is completely specified, so the slant can also be determined from (14). (Note that the bisector solution is

but one of several independent means for estimating the orientation at a point, from which a may be
- determined.) For any other point along the contour, the value of c may be computed from (17) given a and

the measured value of b at that point. Given c at that point, the surface normal (16) is also determined, so that
the tilt and slant at that point can also be computed from (14). T1he computation of surface orientation at any
point is therefore a simple function of the local parameter P3 and the global parameter a.

0 The surface orientation computed by this method can be graphically depicted by superimposing a directed

line segment that represents the local surface normal (figure 4c) or, say, by computing how a small circle lying
on the surface would project onto the image plane, (figure 4'p. The local surface orientation predicted by this

method would seem in close correspondence with that perceived by the human observer if the superimposed
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line segments appear perpendicular to the surface or the superimposed ellipses appear to be circles that lie in

the tangent plane of the surface. A demonstration of both schemes is given in figure 14. Figure 14a shows a

,.*.: curve intersected by parallel straight line segments. Te implementation computed the surface normals

shown in figure 14b, and the equisalent foreshortened circles in figure 14c. One may compare the apparent

" surface orientation in figure 14a %ith the predictions below it. (Thefigure should be viewed monocularly,

oriented perpendicular to the line of sight, and studied for a few seconds in order to develop a strong

impression of three-dimensionality.)

While the depiction of a surface nomial by a short line segment is an excellent means for indicating local

surface tilt, the slant, indicated by the length of the line segment. is much harder to judge from the displayed

line. While we are sensitive to the length of the depicted surface normals (because they appear obviously

incorrect when all are displayed as with equal length rather than foreshortened by the sine of the s!mit angle)

it is difficult to make subtle judgments of slant from variations in the projected line lengths.7 Furthermore,

the line segments that represent surface normals may influence the apparent surface shape. In figure 14c, the

addition of short line segments to the simple configuration of figure 14a brings a complicating factor. As

noted earlier, we have a tendency to interpret intersecting straight lines segments as perpendicular and

equal-length in 3-1). tlence the added line segments in figure 14c have a strong potential for influencing the

spatial interpretation of the basic figure. (llere seems to be less interaction %hen the depicted surface normal

a

- b

C

Figure 14 The configurations in a appear in 3-D. Compare the spatial orientation at each intersection point with that predicted by the
implmentation. Orientation is depicted in b by the projection of a unit surface nonnal. and in c by the projection of a circle lying
flush on the surface.

7 Whcil one considers what infering local slant h ihis mciim would entail. this obscraiion is not suirprisiig Note how little the line
lengths vary in figure 14 compared to the differcnces in foreshortening to the corresponding ellipscs in igure l4b.

60
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a b

C d

Figure 15. 'Me shape and orientation of the ellipses in a are predicted by the theory and appear as circular disks. each lying in the "

."tangent plane to the surface at that point. In b the ellipses are systematically rotated 10 counterclockwise relative to die

an: elhp drawn on the surface.

i~

o, :..-is presented only briefly while continuously viewing the stimulus figure [Stevens 1982].)
'",. Consider now the use o)f ellipses to depict the surface orientaion predicted by ile implementation. Anellipse of given shape and orientati on is very effective in suggesting a circular disk of die corresponding

tsurface orientanion. Superimposed on the image of a surface, a ellipse is inys-lyo ted as a disk that contacts

: " "the apparent surface, and if oriented appropriately. die disk appears to lie in the uLngent plane to the surface

, .- at that point. The ellipse may be used as a probe of apparent surface orientation, since ellipses of
:i inappropriate orientation or shape will not appear to lie on die surface. T1o demonstrate. figure 15a shows a

row of ellipses, each of which appears, to most observers, to lie flush on the surface. In figure 15b the ellipses
~are systematically rotated 10 counterclock wise relative to the corresponding ellipses in figure 15a. Similarly,

in figures 15c and lddthe ellipses are rotated 10 and 20 clockwise. Observe that when the orientation of the

i ellipse is inappropriate the interpretation is either of a circular disk touching the surface at only one point on
its perimeter, or of an ellipse drawn on the surface. In figure 15 the apparent tilt of the disks was varied,

holding slant constant. Figure 16 varies the slant while holding tilt constant. Figure 16a (which is identical to
figure 15) shows ellipses that appear to be circles on the surf e, while the llipses in figure 16b correspond
to disks that are systematically slanted and additobnal o0, and in figures 16c and 16dte disks at hinted by
10 a and 20 ysmil than the corrponding disks relati.eNo th crendiselipe in igappprat slanted
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a b

C d

Figure 16. In a (which is identical to figure 15a) the ellipses appear to be circles on the surface. The ellipses in b correspond to disks0 0 0

thai arc s.stcmatically slanted and additional 10 .and in c and d the disks are slanted b% 10 and 20 less than the corresponding
disks in a Note the apparent stop-like discontinuity in the surfice in c and d(in a, on the other hand. the surface appears smooth and
continuous across the row of disks).

relative to the surlace they tend to introduce an apparent step-like discontinuity in the surface (see figures 16c

and 161). In figure 16a. on the other hand. the surface appears smooth and continuous across the row of

disks. As these figures demonstrate, we are sensitive to "errors" in the orientation and shape of the

superimposed ellipses, which correspond to discrepancies of (somewhat less than) 100 in tilt and slant relative

to the apparent orientation of the underlying surface.

The local surface orientation predicted by the theory is demonstrated, using ellipses, in figures 17, 18, and

19. Observe that in each instance the ellipses appear as disks lying on the surface, even when the figure

reverses in depth. Figure 17 shows variations in apparent surface shape with changing the amplitude of the

4I sinusoids. Likewise, in figure 18 the phase between adjacent sinusoids is varied. Finally, figure 19 shows the

implementation applied to the cylinders of figure 11, with similar results.

5. Discussion

lThe implementation supports the hypothesis that our visual interpretation is constrained by treating the

image curses as projections of lines of curvature assuming both the viewpoint and contour placement are

representative. Moreover. the specific method of estimating surface tilt at the point of greatest constraint by

the bisector, while not critical to the okerall theory, seems well supported by the implementation. 'e
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a b

C d
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ligure 17. Sinusoid patterns of differing amplitude. In each case onc sinusoid is replaced with a series of ellipses that appear to lie
flush on thc subjectie surface. Note that they continue to appcar appropriate when the figure suddenly revcrses in depthi or as one
rotates the figure.

implementation was intended only to examine these two points; it was not otherwise meant as a model of die

corresponding visual process in human vision.

0 A common geometry is shared by die configurations consisting of parallel curves (figure 1), a single curve

intersected by parallel straight lines (figure 10a) and the rather "minimal" case of a single curve intersected by
a single straight (figure 7). All visually suggest cylindrical surfaces, where the curves correspond to lines of

greatest curvature and the straight lines correspond to rulings. We saw a geometric argument for why parallel

* cur,-cs imply that the surface is cylindrical in section 2.7. Ilie same argument can be adapted to the case of a

single curve intersected by parallel straight lines -- that geometry also implies cylindricality. T[he only curious

case is why a single curve intersected by a straight line also looks like a cylinder. At most, if the line segment

corresponds to a ruling, one could conclude that the surface is developable but not necessarily cylindrical.

(Since there is only one ruling visible, one can determine from this configuration whether or not the surface

normal twists along the curve.)

Let C be the image of a givcn line of curvature r and R that of a given ruling A. Since the surface is a

cylinder. all rulings are mere translations of one another, and all lines of curvattre are likewise tr-anslations of

one another. Thuos one can teconstruct how A rulings and lines of curvature would appear in the image by
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Figure 18. Sinusoid patterns of differing phase shift, constant amplitude. Note that the ellipses appear appropriate in each case, even
when depth reverses and as the figure is rotated.

translating C in either direction along R, and by translating R in either direction along C. This would

reconstruct the orthographic projection of an orthogonal net or grid across the surface. Thus although one

starts with a simple configuration of a few parallel curves or a curve intersected by one or two straight lines,

one can effectively reconstruct how a dense grid across thc surface would appear. By this means the surface

orientation can be determined for arbitrary points along a cylinder. The interpolation of surface orientation is

conceivably applied to doubly-curved surfaces (such as figure 13) provided they may be approximated locally

by cylinders. It remains to be determined how well a simple grid interpolation accounts for the apparent

4I surface orientation in those cases.

To summarize, three assumptions (line of curvature and general position of viewpoint and contour) allow

one to conclude that the underlying surface is cylindrical when presented with parallel contours and certain

other configurations. It is possible to reconstruct the projection of an orthogonal net across the surface, and

provided that the surface orientation is determined at one point on the surface it can be solved everywhere

- - else. (The bisector is one of several methods that may be used to determine orientation at certain points in

order to seed the computation.) Thus the computation of surface orientation from the image configurations

we have examined is, at least in principle, amenable to a very simple local algorithm requiring but one global

parameter.
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Figure 19. The cylinders in figure 11 arc reproduced here with ellipses drawn by the implementation. Note that in each case the)
appear appropriate.
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